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Following the strategy of showing specific quantum effects by means of the violation of a classical inequal-
ity, a pair of Bell-type inequalities is derived on the basis of certain additional assumptions, whose plausibility
is discussed in detail. Such inequalities are violated by the quantum mechanical predictions for the interaction
of a two-level Rydberg atom with a single mode sustained by a high-Q resonator. The experimental conditions
required in order to show the existence of forbidden values, according to a hidden variables formalism, in a real
experiment are analyzed for various initial field statistics. In particular, the revival dynamics expected for the
interaction with a coherent field leads to classically forbidden values, which would indicate a purely quantum
effect. @S1050-2947~96!04108-X#

PACS number~s!: 03.65.Bz, 32.80.2t

I. INTRODUCTION

The aim of this paper is to extend our previous work@1#
on temporal Bell inequalities and its possible experimental
testing. In particular, we will analyze thoroughly the role of
the additional assumptions required in order to formulate
testable inequalities. As is well known, recent developments
in cavity quantum electrodynamics and the generation and
manipulation of atoms in highly excited states have provided
situations where the most puzzling effects predicted by the
quantum formalism might be observable. We refer to the
well known paradoxes exemplified by Einstein, Podolsky,
and Rosen@2# and Schro¨dinger @3#, which address, respec-
tively, the possible existence of nonlocal correlations and the
possibility of producing a system in a coherent superposition
of macroscopically distinguishable states.

As far as nonlocal correlations are concerned, the work by
Bell @4# indicated how to make the transition from Gedanken
to real experiments by deriving an inequality to be fulfilled
by any local realist theory and which is violated by the quan-
tum mechanical predictions in certain situations. However,
none of the empirical tests performed until now~see Refs.
@5,6# for reviews! can be considered uncontroversial@7#. Re-
cently, Phoenix and Barnett@8# and independently Cirac and
Zoller @9# have proposed a procedure for generating singlet-
like entangled states of two two-level atoms that have tra-
versed successively an initially empty resonator, which
might circumvent the loopholes remaining after the photon
polarization correlation experiments. In addition, the pro-
posed scheme could be generalized to produce entangled
states involving more than two atoms and, hence, suitable for
the one-shot experiment envisaged by Greenberger, Horne,
and Zeilinger@10#. However, the situations considered are,
for the moment, highly idealized, and a more detailed analy-
sis is necessary before we can say whether such a proposal
really provides a loophole-free test of the Bell inequality.

With respect to the so-called Schro¨dinger cat paradox, the
problem can be formalized in a similar way by introducing
inequalities to test for the existence of superpositions, distin-
guishable from statistical mixtures, of macroscopic states.

Inequalities of this kind were derived by Leggett and Garg
from the premises of macroscopic realism and noninvasive
measurability@11#. Because they involve measurements at
different times on a single system, such inequalities are often
referred to in the literature as temporal Bell inequalities.
Some proposals for their empirical testing, using semicon-
ducting quantum interference device techniques, have been
made in recent years@11–13# but the extreme difficulty of
experiments with truly macroscopic systems, as well as the
difficulty concerning the plausibility of the noninvasive mea-
surement assumptions, has made it impossible to draw any
clear conclusion, and no empirical violations of the temporal
Bell inequalities have been reported so far.~The current state
of the art is reviewed in Ref.@14#.!

A different approach to the problem is currently in
progress at the Ecole Normale in Paris@15#. Nonclassical
fields are generated in a high-Q cavity containing a coherent
field that is in interaction with a two-level atom prepared in
a superposition of two Rydberg states of different energy. If
the interaction is nonresonant, the field can be put into acat
state, namely, a superposition of two coherent states with
opposite phase. The existence of this state would be demon-
strated by studying the transitions of a second Rydberg atom.
If the cavity contains a field describable in terms of a statis-
tical mixture, the probability of detecting the atom in state
e or g is 1/2 each. However, if the field is in a cat state, the
probe should be detected always in the same state as the
initial atom. Thus, the conditional probability of detecting
both atoms in the same state is expected to change continu-
ously from 1 to 1/2 as the time delaytd between the two
detections varies fromtd!t/n̄ to td@t/n̄, wheret is the
cavity relaxation time andn̄ is the average number of pho-
tons in the coherent field.

It may appear that a similar scheme could be used in order
to test a temporal Bell inequality, using sucessive atoms for
probing the state of the field at different times. However, the
dynamic evolution of the cat state does not display oscilla-
tory behavior between the two macroscopically different
statesua& andu2a&, as would be necessary for the Leggett-
Garg inequalities to be violated.
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This paper addresses the Schro¨dinger problem at an inter-
mediate level. We shall put forward arguments, in the con-
text of a realist description, demanding that the systems in-
volved exhibit a temporal evolution consisting of transitions
between two allowed states, even though they cannot be con-
sidered as truly macroscopic. The paper is organized as fol-
lows: We first derive Bell-type inequalities in the framework
of a very general hidden variables formalism for time-
dependent processes. As we shall show in Sec. II C, the deri-
vation of testable inequalities requires that we introduce cer-
tain supplementary assumptions whose plausibility we
discuss in detail in this and the following section. On this
basis a pair of independent inequalities for the statistical pre-
dictions of a realist theory of a two-level stochastic process
can be obtained. In particular, one of the inequalities ob-
tained supersedes an inequality stated in our previous work
@1#. Secondly, we propose a specific situation where viola-
tions of such inequalities by the quantum mechanical predic-
tions might be observed, namely, a two-level Rydberg atom
initially prepared in its excited state interacting with a single
mode in a high-Q resonator. In Sec. II D we compare our
proposal with the Leggett-Garg approach for testing macro-
scopic quantum coherence.

Section III is devoted to the analysis of the quantum me-
chanical predictions with two different initial fields. We shall
see that, when the cavity contains a thermal field, the depar-
tures from the realist bounds increase with decreasing tem-
perature, being maximum in the ideal case of the cavity at
T50 K, a fact that we have already discussed@1#. A com-
parison with presently available experimental data is pre-
sented in Sec. III B. In addition, when the cavity contains
initially a coherent field, two domains leading to classically
forbidden values appear, corresponding to very short and
very long interaction times, the latter covering the revival
region. This indicates that the revival dynamics may be in-
terpreted as a purely quantum effect. Finally, Sec. IV draws
the conclusions that may be inferred from the proposed tests.

II. THE HIDDEN VARIABLES APPROACH
FOR TIME-DEPENDENT PROCESSES

A. Bell’s formulation of hidden variables theories

As is well known, a hidden variables theory starts from
the basis that a more complete specification of the state of a
given system than that provided by the quantum mechanical
wave function is possible. This idea was advocated, among
others, by Einstein@16#. Following Bell’s formulation@4#, let
this more complete description be effected by means of a
parameter or set of parametersl. In our case,l should
specify the state of the composite system atom plus cavity.
The core of a hidden variables theory is the assumption that
systems that are identical according to quantum mechanics
may be nonidentical. Then, letr(l) be the normalized prob-
ability density characterizing an ensemble of systems result-
ing from an identical preparation technique. The probability
of detecting the atom in the statee at time t would be given
by

Pe~ t !5E dlr~l!Me~l,t !, ~1!

whereMe(l,t) is a dichotomic function with values 0 or 1

and involves, somehow, the evolution of the system. This
function would exhibit, in most cases, a very complicated
dependence on the initial conditions, but the essential point
is that, once it is specified, it can be stated whether a definite
event will or will not take place at a given time. Note that
this deterministic approach allows us to classify, at any time,
the set of possiblel into two subsets corresponding to the
values that giveMe(l,t)51 andMe(l,t)50, respectively.
This can be interpreted by saying that, at any time, the atom
is either in statee or in stateg.

For the sake of clarity let us consider an example ex-
tracted from classical physics. Imagine that we throw coins
with the aid of a certain machine. According to classical
physics a complete description of the state of the coin re-
quires the specification of twelve parameters~the setl in the
general approach!. If we know exactly these values at the
initial time, then it should be possible in principle to predict
whether the coin will be instatehead or tail after the colli-
sion with the f loor. That is, it would be possible to construct
a function of the initial conditionsl and the timet, dichoto-
mic but with a complicated dependence on these variables,
such that, givenl and t, we can state the output of the
collision with the f loor. There is no doubt that, somehow,
such a function contains the temporal evolution of the sys-
tem. The second assumption, in a classical description, con-
cerns the fact that, once the mechanism for throwing the coin
is specified, the initial values for different coins will not be,
in general, identical. Hence, ensemble probabilities can be
evaluated only after introducing the probability distribution
over l. In other words, the essential ingredient of a hidden
variables formalism is the existence of the functionsr(l),
positive and normalized, andM (l,t)P$0,1%. This suffices
for determining the probabilities of all possible different
events after the interaction with a given measuring apparatus.
For instance, the joint probability for the atom to be~de-
tected! in level e at timest1 and t2 would be calculated as

Pee~ t1 ,t2!5E dlr~l!Me~l,t1!Me~l,t2!. ~2!

The single time probabilities such as~1!, two-time probabili-
ties such as~2!, three-time probabilities defined in an analo-
gous way, etc., fully define a dichotomic stochastic process
with values 0 and 1. It could be argued that probabilities
such as~2! areunphysicalbecause they cannot be measured,
in spite of the fact that they have all the mathematical prop-
erties for a quantity to be a probability. In any case, and this
will be clear later, their mere existence leads to physical
constraints in terms of certain inequalities to be fulfilled by
the statistical predictions of the hidden variables formalism.

At this point, it is worthwhile to make two additional
comments.~i! It should be noted that different values ofl
can yield, at a given time, the same result,e or g, for the
state of the atom after the interaction with a suitable two
channel detection apparatus. In other words, atoms detected
in the same state do not necessarily correspond, in a realist
representation, to ensembles ofsubquantumstates with the
same probability distribution over the hidden variables. In-
deed, if this were not the case, interference effects could not
be explained by means of a hidden variables approach.~ii ! In
the light of the preceding comment, the widespread assertion
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that according to a hidden variables formalism, a measure-
ment simply reveals a pre-existing valueseems to be, in a
certain sense, misleading. Invoking again the classical pro-
cess of throwing a coin, one can ask whether it makes any
sense to say that the coin is instatehead or tail before the
collision with the floor has taken place. However, objective
properties can be assigned to the system at any time, for
instance, the velocity and position of its center of mass.

In the general approach that we are trying to present here,
realism enters through the assumption that, given a prepara-
tion technique, the state of the system can be characterized in
terms of certainl and no restriction is made about the pos-
sible complexity of this parameter. For instance, as stated
above,l can be viewed as the initial state of the system,
which suffices to determine the probability of different out-
comes after the interaction with a given apparatus. If the
theory is deterministic, then, givenl and t, it should be
possible to determine with certainty which outcome will take
place.

It is also possible to introduce a probabilistic approach,
where only the probabilities for the different outcomes are
predicted. In that case,Me(l,t) in Eq. ~1! should be replaced
by a functionPe(l,t), taking a real value between 0 and 1.
In the example of the coin we may assume that the initial
conditions do not completely determine the result, head or
tail, due to uncontrollable perturbations such as, for example,
the wind.

Note that in this case it is not possible to divide the set of
l into two subsets at any time corresponding, respectively, to
the statese and g. Nevertheless, the probabilities~1!, ~2!,
etc. can be defined, and the evolution can be represented as a
dichotomic stochastic process. In any case, the point is that
the system has objective properties, represented by the global
parameterl before, and independently of, whether a mea-
surement is performed or not. These properties, which may
be identified with theelements of realityintroduced by Ein-
stein, Podolsky, and Rosen should be distinguished from the
experimental quantities, the outcomese andg for the atomic
state in our case. This topic has been extensively discussed in
Ref. @17#.

B. Inequalities for dichotomic stochastic processes

We have seen, in the preceding section, how a hidden
variables formalism allows us to represent a time-dependent
evolution as a stochastic process. In particular, it is easy to
show that the two-time autocorrelation functions defined as

K~ t i ,t j !5Pee~ t i ,t j !2Peg~ t i ,t j !1Pgg~ t i ,t j !2Pge~ t i ,t j !,
~3!

wherei , j ( i5 j ) stands for 1, 2, 3, are bounded by inequali-
ties of the form

K~ t1 ,t3!6@K~ t1 ,t2!1K~ t2 ,t3!#>21, ~4!

whose derivation was presented in@1#.
Taking into account thatPe(t1) can be expressed as

Pe~ t1!5Pee~ t1 ,t2!1Peg~ t1 ,t2! ~5!

or as

Pe~ t1!5Pee~ t1 ,t3!1Peg~ t1 ,t3!, ~6!

and the obvious relation

Pgg~ t1 ,t2!512Pee~ t1 ,t2!2Peg~ t1 ,t2!2Pge~ t1 ,t2!,
~7!

the autocorrelation function~3! for times t1 and t2 can be
expressed as

K~ t1 ,t2!5122@Pe~ t1!1Pe~ t2!22Pee~ t1 ,t2!#. ~8!

Now, in order to get an inequality in terms of directly test-
able quantities, let us introduce the conditional probabilities
for the process, namely,

Qee~ t1 ,t2!5
Pee~ t1 ,t2!

Pe~ t1!
. ~9!

For instance,Qi j (t1 ,t2) will denote the probability for the
atom to be in the statej ~more precisely, to be found in state
j if it were measured! at time t2 if it were in the statei at
time t1 . In terms of these quantities we can write the single
time probabilities as follows:

Pe~ t2!5Pe~ t1!Qee~ t1 ,t2!1Pg~ t1!Qge~ t1 ,t2!. ~10!

Finally we consider the concrete experimental situation
where the atoms have been initially prepared in the excited
state. Then, considering the time sequencet150, t25t, and
t352t, and the initial condition

Pe~ t1!51, ~11!

the autocorrelation functions~8! can be writen as

K~0,t !52Qee~0,t !21, ~12!

K~0,2t !52Qee~0,2t !21, ~13!

K~ t,2t !5122@Qee~0,t !1Qee~0,2t !22Qee~0,t !Qee~ t,2t !#,
~14!

taking account of relations~9! and ~10! and condition~11!.
Then, the first inequality~4! yields

Qee~0,t !Qee~ t,2t !>0, ~15!

which is a trivial result. Similarly, the second inequality~4!
can be rewritten in the form

Qee~0,t !Qee~ t,2t !<Qee~0,2t !, ~16!

which is trivial as well. In fact, adding the positive quantity
Qeg(0,t)Qge(t,2t) to the left side, we obtain the right one.

This is not a surprising result. Bell-type inequalities are
always trivial in aclassicalapproach, where the usual, Kol-
mogorovian, rules for probabilities apply. The problem is
that, in both~15! and ~16!, the quantityQee(t,2t), which is
not measurable, is involved. Note thatt corresponds to an
intermediate interaction time between the injection of the
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atom att50 and the exit from the cavity at a time 2t.1

It is then clear that the general hidden variables approach
leads to inequalities that, as well as being trivial, are not
amenable to experimental testing, due to the impossibility of
performing measurements at intermediate times. To obtain
testable inequalities we have to introduce some additional
assumptions. A possible strategy for that will be discussed in
the next section.

It should be emphasized that there is a clear difference
between the above situation and that of measurements made
on spatially separated systems; in the latter case testable in-
equalities can be obtained simply by requiring realism and
locality. But even in that case the experimental conditions
required to show divergences from the quantum-mechanical
predictions are extremely demanding, and all experiments
performed until now have had to introduce supplementary
assumptions such as no enhancement. Only recently@18–20#
have loophole-free tests for the Bell inequality been pro-
posed, and none of them has yet been performed.

C. Testable inequalities

As previously stated in Sec. II A, a hidden variables rep-
resentation of a pure quantum state is provided by certain
probability distributionr(l). Given that we are dealing here
with time-dependent processes, let us rewriter(l) as
r(l,0), in order to emphasize that this stands for the prob-
ability distribution over the hidden variables at the initial
time t50. At a latter time t, the hidden variables have
evolved from the initial valuel at t50 to certainm whose
value will depend on both the initial conditions and the
elapsed time,m5m(l,t). Denoting byL the set of all pos-
sible values ofl, this set can be divided into two disjoint
subsetsLe and Lg such that iflPLe , thenMe(l,0)51
whereasMe(l,0)50 as long aslPLg . In the same way, if
m(l,t)PLe then Me„m(l,t),0…[Me(l,t)51 and, if
m(l,t)PLg , it isMe„m(l,t),0…50. This can be generalized
by writing2

Me„m~l,t1!,t2…5Me~l,t11t2!. ~17!

As far as the temporal evolution of the probability distribu-
tion is concerned,r(l,0) induces at timet a probability
distribution over the hidden variablesm(l,t) that we will
denote asr(m,t). If no additional assumption is imposed on
either the hidden variables or the functional form of the cor-
responding probability density, it is not possible to derive
testable Bell-type inequalities, as clearly shown in the pre-
ceding section. The next step in our procedure will consist of
introducing certain supplementary hypotheses in order to
avoid the need of measuring at intermediate times and hence
to derive inequalities amenable for experimental testing.

1. Two-state hypothesis

We will assume that, at any time, the probability distribu-
tion function can be decomposed in the form

r~m,t !5w~ t !re~m!1„12w~ t !…rg~m!, ~18!

where w is a time-dependent weight factor,w(t)P@0,1#.
The probability densitiesre andrg are normalized and time-
independent and have support inLe andLg , respectively. In
other words, the state of the system at any time is supposed
to be given by a statistical mixture of just two states,e and
g.

If we consider a definite experimental situation where the
atoms are initially prepared in the upper levele, then
w(0)51 andr(l,0)5re . The assumption~18! leads us to
set the identity

r~l,0!5re~l!. ~19!

Let us analyze the meaning of this hypothesis, whose clear
understanding is essential for setting both the scope of the
testable inequalities that we will derive on its basis and the
conclusions that may be inferred from its eventual violation
in a real experiment. The idea is as follows: A set of atoms
prepared in the Rydberg statee interacts for a finite time
with a microwave cavity tuned to thee→g transition fre-
quency. Once the atoms exit the cavity, the atomic state can
be checked by means of the interaction with a suitable two-
channel apparatus, which provides two exhaustive and mu-
tually exclusive outputs. We have assumed that a hidden
variables representation of any pointer state is an ensemble
of microstates withalways the sameprobability distribution
of hidden variables. Thus, for example, an atom emerging in
the statee has precisely the same distribution of microstates
as has the incident atom, and this state is associated with a
definite state of the cavity which also coincides with its ini-
tial state. This latter state also is associated with a definite
distribution of microstates, and in this case we may identify
the hidden variables as, for example, the amplitudes and
phases of all the cavity modes. The same argument may be
used to support the idea that an atom emerging in stateg is
associated with a definite state of the cavity, which may be
informally described as ‘‘the initial state plus one photon.’’

As previously stated in Sec. II A, this assumption is quite
restrictive for a general~microscopic! object. Because some
subtle points are involved, we postpone to the next section
the discussion about its plausibility for the system under con-
sideration. For that it will be useful to compare our proposal
with the Leggett and Garg approach to the Schro¨dinger cat
problem.

Once the additional assumption~19! is introduced, it
yields immediately, taking into account the definitions~1!,
~2!, and the rule~17!, the translational invariance~stationar-
ity! of any conditional probability. That is,

Qi j ~ t i ,t j !5Qi j ~ t i1t,t j1t! ~20!

for any value oft and anyt i ,t j . In particular

Qee~ t,2t !5Qee~0,t !. ~21!

In these conditions inequality~16! yields

1In the classical macroscopic domain, it is not always possible to
measure at intermediate times~Leggett-Garg assumption of nonin-
vasive measurability!. This is, for example, the case in the example
of the coin. Therefore, measurability is not the essential feature of
classical physics, but rather the existence of the functionsr(l) and
Me(l,t) @or Pe(l,t)#.
2Note thatm(l,t11t2)5m„m(l,t1),t2….
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Qee~0,2t !>Qee
2 ~0,t !, ~22!

which is amenable to experimental testing by a two-shot ex-
periment in which the number of atoms that remain in the
excited state are measured after two different interaction
times t and 2t. The interaction time can be controlled, for
instance, by means of a suitable velocity selection.

2. Symmetry assumption

In addition, admitting as a second supplementary assump-
tion the symmetry between the statese andg,3 that is

Qeg~ t1 ,t2!5Qge~ t1 ,t2!, ~23!

which implies that

Qee~ t1 ,t2!5Qgg~ t1 ,t2!. ~24!

@Alternatively, we could postulate thatQee(t1 ,t2)
5Qgg(t1 ,t2), and then deduce that Qeg(t1 ,t2)
5Qge(t1 ,t2).# We will obtain that any two-time autocorre-
lation function will depend only on the time difference. This
property will result into two new Bell-type inequalities. In
fact, the autocorrelation function~3! can be rewritten in
terms of conditional probabilities as

K~ t1 ,t2!5Pe~ t1!@Qee~ t1 ,t2!2Qeg~ t1 ,t2!#1Pg~ t1!

3@Qgg~ t1 ,t2!2Qge~ t1 ,t2!#, ~25!

Taking into account thatPe1Pg51 and the obvious rela-
tionsQeg512Qee andQge512Qgg , we get

K~ t1 ,t2!5Pe~ t1!@2Qee~ t1 ,t2!21#1~12Pe~ t1!!

3@2Qgg~ t1 ,t2!21#. ~26!

Then, we can write on the basis of the symmetry assumption
that

K~ t1 ,t2!52Qee~ t1 ,t2!21 ~27!

and the stationarity of conditional probabilities yields the
same property for autocorrelation functions, that is

K~ t1 ,t2!5K~0,t22t1!. ~28!

The reciprocal is not true unless one admits that the single
probabilitiesPe andPg are time independent. With this re-
sult, inequalities~4! lead to the testable forms

Qee~0,2t !12Qee~0,t !>1, ~29!

Qee~0,2t !22Qee~0,t !>21. ~30!

It is easy to see that inequality~22! implies ~30!. Starting
from the obvious relation

@12Qee~0,t !#
25Qee

2 ~0,t !22Qee~0,t !11>0, ~31!

the inequality~22! leads to

Qee~0,2t !>Qee
2 ~0,t !>2Qee~0,t !21, ~32!

and this is precisely the inequality~30!. However, the in-
equality~29! is independent of~22! as can be easily verified.
As a consequence, it is worthwhile to test the inequalities
~22! and ~29!, while the inequality~30! is superseded by
~22!. We will discuss in Sec. IV the conclusions that might
be drawn if such inequalities are violated in a real test.

D. Comparison with Leggett-Garg proposal
for testing macroscopic quantum coherence

The Schro¨dinger cat paradox shows that the extrapolation
of the quantum formalism to the macroscopic level leads to
superpositions of distinguishable states that do not seem to
exist in nature. The absence of truly macroscopic systems in
superposition states is currently explained by the decoher-
ence mechanism@21#. The approach of Leggett and Garg
@11# tries to formulate the problem in a way suitable for
experimental testing. On the basis of two hypotheses,
namely, macroscopic realism~MR! and noninvasive measur-
ability ~NIM !, at first sight very natural in the framework of
a realist description of the macrolevel, they derive an in-
equality, formally equivalent to the familiar one of Clauser,
et al. @22#, that is

uK~ t1 ,t2!1K~ t2 ,t3!1K~ t3 ,t4!2K~ t1 ,t4!u<2, ~33!

which is violated, at least for idealized systems, by the quan-
tum mechanical predictions. At this point it is worth making
two comments:

~i! The assumption of MR was stated as follows:If a
macroscopic system is, whenever observed, found to be in
one of two macroscopically distinguishable states, then one
can assign to it the property of actually being in one of these
two states at any time. It should be noted that this assump-
tion does not strictly hold for any classical system~let us
think of the example of the coin advocated in Sec. II A, for
instance!. We can say, however, that it holds in a broad
sense, as long as it is possible to determine the state of the
system~the values ofl) and from that it is possible in prin-
ciple to calculate the values ofMe(l,t) at any time. In a
broad sense the MR assumption is incorporated to our de-
scription by means of the decomposition of the set of states
l asL5LeøLg .

4

~ii ! The assumption of NIM ensures the possibility of per-
forming measurements with an arbitrarily small disturbance
in the subsequent dynamics. This assumption is necessary in
order to obtain any inequality capable of contradicting the
quantum mechanical predictions. Once it is admitted, any
two-time autocorrelation function depends only on the time
difference and the resulting testable inequality involves two
measuments at timest and 2t. It should be noted that the
assumption of NIM does not hold for all classical systems.
For instance, it fails in the example of the coin, where a

3Note that the quantum formalism satisfies this requirement. On
the other hand, it is not necessary to introduce this assumption for
deriving the inequality~22!.

4In any case, we must stress that this form would not be feasible
in a hidden variables formalism admitting anessentialindetermin-
ism, where functionsMe(l,t) should be replaced byPe(l,t).
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measurement of the dichotomic observableheador tail in-
volves stopping the coin. But it holds in a certain sense,
given that noninvasive procedures can be envisaged~a se-
quence of stroboscopic photographs in the case of the coin,
for instance! to detect the hidden variables, whence the result
of the measurement may be predicted.

In the experimental situation proposed in this paper, any
measurement is obviously invasive, actually it is destructive.
In addition, the system involved is not macroscopic. How-
ever, it may be argued that it exhibits certain features resem-
bling those of a two-level macroscopic system. In particular,
~i! due to the high principal quantum number (n;60), the
system really lies in the semiclassical region.~ii ! the linear
dimensions of these atoms can be considered as mesoscopic;
in fact, its size is comparable with the size of large biomol-
ecules.

Then, the NIM in the Leggett-Garg approach is replaced
in our case by the assumption~18!, which constitutes a suf-
ficient condition for precluding the existence of superposi-
tion states. It could be argued that a less naive hidden vari-
ables formalism might admit, in addition to two states and
statististical mixtures of them, probability densitiesr(l) not
obeying ~18!. This would correspond to the quantum me-
chanical superposition states. However, we cannot formulate
any approach of this kind yielding testable inequalities. On
the other hand, Eq.~18! allows us to maintain the analogy
with the quantum formalism where the stateue& is always the
same and should correspond tore(l), and the same applies
for the stateug&. The point is to study whether the quantum
representation ceue&1cgug& can be substituted by
wre1(12w)rg , wherew5uceu2, with the obvious relation
uceu21ucgu251.

Finally, we remark that our formulation presents some
advantages compared to Leggett-Garg. As far as the experi-
mental testing is concerned, the quadrilateral Leggett-Garg
form based on NIM demands two sequential measurements
at timest and 3t

u3K~0,t !2K~0,3t !u<2, ~34!

while the inequalities that we have derived requires a second
measurement at a time 2t, and is therefore less sensitive to
dissipative effects. In addition, as showed in Fig. 1, the pair
of inequalities that we have obtained cover more extended
forbidden regions.

III. QUANTUM-MECHANICAL PREDICTIONS

Let us consider a single-mode resonator into which ex-
cited two-level atoms are injected at a rate low enough that
the time interval between successive atoms is greater than
the cavity damping timet. This requirement ensures that the
same field repeats when each atom enters the cavity. In ad-
dition, whenever the atom-field interaction time is much
shorter thant, the relaxation of the cavity mode can be
ignored while an atom is inside the resonator, the coupled
field-atom system being described by the Jaynes-Cummings
Hamiltonian @23,24#. The evolution of the field during the
intervals between successive atoms is governed by the mas-
ter equation of a harmonic oscillator coupled to a thermal
bath @25#.

A. Ideal case. Interaction with a Fock state

Provided that the atom is initially in its upper statee and
that the cavity contains exactlyn photons, the pure Jaynes-
Cummings evolution of the atom-plus-cavity systems takes a
form that suggests stationarity, namely,

ue,n&→cos@VAn11~ t12t2!#ue,n&

1sin@VAn11~ t12t2!#ug,n11&, ~35!

V being the single-photon Rabi frequency.
Then, the probability for an atom to remain excited at

time t.0 is given by

Qee~ t;n!5cos2@VAn11t# ~36!

in the case of exact resonance.
Accordingly to the preceding section, a realist two-level

stochastic process displays a temporal evolution where the
conditional probabilities involved are restricted by two inde-
pendent Bell-type inequalities. In order to fix a common
range of forbidden values, let us rewrite~22! and ~29! by
introducing functionsBi , defined as

B1~ t !5Qee~0,2t !12Qee~0,t !22>21, ~37!

B2~ t !5Qee~0,2t !2Qee
2 ~0,t !21>21. ~38!

As clearly shown in Fig. 1, the periodic behavior exhibited
by bothB1 andB2 according to quantum mechanics leads to
forbidden values for a wide range of interaction times. For
instance,B1 takes its most forbidden values forVt equal to
np/3, n being any integer that is not a multiple of 3.

B. A realistic experimental situation

However, in a more realistic situation at a nonzero tem-
perature, the cavity contains an indefinite number of photons
and the Rabi solution~34! has to be averaged over the prob-
ability distribution Pn of having initially n photons in the
mode, that is

FIG. 1. FunctionsB1 andB2 ~dashed curve! vsVt for the ideal
caseT50 K. Violations of the Bell-type inequalities occur when-
ever either curve goes below21. The dotted curve represents the
function obtained in the Leggett-Garg approach, Eq.~34!, rewritten
in a form useful for comparison with theBi .
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Qee~ t !5 (
n50

`

Pncos
2@VAn11t#. ~39!

In this case, the probabilitiesPn are easily calculated from
Bose-Einstein statistics

Pn5
n̄ n

~ n̄11!n11
, ~40!

n̄ being the temperature-dependent mean photon number. In
order to make a comparison with presently available experi-
mental data, let us consider a setup analogous to that de-
scribed in @26,27#. A velocity selected beam of rubidium
atoms is prepared in the Rydberg level 63P3/2 by laser exci-
tation and passes through a superconducting closed micro-
wave cavity, which can be tuned to two diferent Rydberg
transitions 63p3/2→61d3/2 ~21 506.5 MHz! and
63p3/2→61d5/2 ~21 456.0 MHz!. The corresponding Rabi
frequencies have been estimated to be 1.5 and 7 kHz, respec-
tively. The atoms exiting the cavity are detected in two sepa-
rate field ionization detectors. The interaction time of an
atom with the field can be varied by selecting different
atomic velocities with a Fizeau filter.

For a temperature of 3 K, the quality factor of the cavity
is Q563107. Under these conditions, the mean photon
number isn̄52.5 with a cavity damping time of 500ms. In
addition to the requirement thatt int!t for the strong-
coupling regime, the atomic lifetime fixes the accessible in-
teraction times in the range of 0–160ms. Figure 2 shows the
quantum-mechanical predictions for the functionsBi in this
domain; note that two measurements, at timest and 2t, are
required in order to obtain a single value of eitherBi . On the
other hand, the atomic flux has to be kept below 2000 s21 in
order that the cavity field relaxes back to thermal equilibrium
between successive atoms. AtT53 K, only violations of the
realistic bound forB2 may be observed using the transition
with smaller Rabi frequency. We have incorporated the ex-
perimental data presented in Ref.@26#. As can be seen in the
figure, the statistics provided by Rempeet al.do not allow us
to draw any conclusion. For instance, the pair of interaction

times of 30 and 60ms yields a value ofB2 with a range of
uncertainty between20.96 and21.19.

At a temperature equal toT52 K, the mean number of
thermal photons decreases ton̄52 with a cavity damping
time of 2 ms and aQ factor of 2.73108. We have shown in
Fig. 3 the quantum mechanical prediction in this case, for the
transition with larger Rabi frequency. Unfortunately, just a
few measurements at short interaction times were performed
~Fig. 3 in Ref. @25#! with an atomic flux suitable for our
scheme to be applicable, and no conclusions can be drawn
from those results.

In more recent experiments@28#, the temperature is re-
duced to 0.5 K by means of a3He cryostat. ThenQ reaches
the value of 331010 and the storage time increases to 0.2 s
with a mean photon number equal to 0.15. In this case, the
atomic flux has to be reduced below 5 s21. No experiment
performed to date satisfies this requirement.

As shown in Fig. 4, the decrease ofT results in an en-
hancement of the deviation from realistic bounds and the
behavior of bothBi differs only slightly from the situation in
which the state of the cavity is described by a pure Fock

FIG. 2. B1 andB2 ~dashed curve! vs t in ms atT53 K. Viola-
tions of the Bell-type inequalities occur whenever either curve goes
below21. We have represented the experimental data obtained in
Ref. @26# corresponding to the transition 63p3/2→61d3/2 ~21 506.5
MHz! of rubidium.

FIG. 3. B1 and B2 ~dashed curve! vs t in ms at T52.5 K.
Violations of the Bell-type inequalities occur whenever either curve
goes below21. We have represented the experimental data ob-
tained in Ref.@26# for the transition 63p3/2→61d5/2 ~21 456.0 MHz!
of rubidium.

FIG. 4. B1 andB2 ~dashed curve! vsVt atT50.5 K. Violations
of Bell-type inequalities occur whenever either curve goes below
21. The thick horizontal segments indicate the ranges of interac-
tion times accessible for the two Rydberg transitions.
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state, as in Fig. 1. Note that in the present case it might be
possible to observe violations of both Bell-type inequalities
using the transition with larger Rabi frequency. Finally, Fig.
5 shows the predicted behavior ofB2 compared to the func-
tion defined by the inequality~30!. This shows the signifi-
cance of the chain~31!, since~22! clearly supersedes~30!.

C. Interaction with a coherent field

In this case the probability distributionPn is Poissonian,
that is

Pn5exp@2n̄#
n̄ n

n!
. ~41!

The quantum-mechanical prediction for the functionsBi has
been plotted in Fig. 6 forn̄55. As expected, the character-
istic behavior of an initial collapse followed by a nearly time
independent evolution and then arevival displayed by the
upper-level probability for the interaction of a two-level
atom with a coherent field is exhibited by both functions
Bi . At short interaction times, these functions yield forbid-

den values at different instants but for longer interaction
times, onlyB2 goes below the limit21, in the central region
of the revival area. If such a violation of the Bell-type in-
equality ~38! were observed, the revival predicted by the
Jaynes-Cummings model could be classified as a purely
quantum feature. As we shall show below, an experiment
along these lines is feasible with present technology.

The preparation of the initial field presents no difficulty.
A coherent field can be fed into the resonator by means of
the coupling with a classical current source. The duration of
the switching fixes the mean number of photons initially
present in the cavity.

However, for long interactions, the setup of the preceding
section can no longer be used to find departures from the
realist bounds. This would requireVt int;8, which gives
t int51.8231024 s for the transition withV57.5 kHz, and
given that two measurements, att and 2t, are necessary in
order to evaluateB2(t), we require an interaction time of the
order of three times the atomic lifetime. This difficulty can
be solved using circular Rydberg states, with maximum or-
bital and magnetic quantum numbers,l5umu5n21 ~quasi-
classical Bohr atom!, see Fig. 7. The preparation of these
states of rubidium and the efficiency of the procedure is de-
scribed in@29#. Atoms prepared in circular states with prin-
cipal quantum numbersn;50 have a damping timetat of the
order of 10 ms, much longer than the interaction time of
thermal atoms crossing a cm-size resonator that our experi-
ment requires. More concretely, the typical Rabi frequency
between ann550 circular atom and the cavity isV5105

rad/s21, which gives, for instance, the pair of interaction
times t int5$0.075, 0.150% ms in order for violations of the
Bell-type inequality~38! to be observable in the long inter-
action time domain.

The use of circular states demands an open Fabry-Pe´rot
type structure for the resonator.Q factors as high as 3.109

have been already achieved@30# using superconducting nio-
bium cavities cooled at temperatures of the order of 1 K. In
this case, the cavity damping time is also of the order of 10
ms and hence, sincetat,t@t int , dissipative processes can be
neglected. In order for the stationary assumption to be ad-

FIG. 5. B2 clearly supersedes the function defined by the in-
equality ~30!, dashed curve in the figure. Note thatB2 covers the
forbidden values attached by~30! and extends to wider regions.T
has been taken equal to 0.5 K.

FIG. 6. B1 andB2 ~dashed! for the interaction with a coherent
field with n̄55. In addition to forbidden values at short interaction
times exhibited in the thermal-field case, a second forbidden region
apperars at long interaction times. It has been consideredV5105

rad/s21; the interaction time is written in milliseconds.

FIG. 7. Predicted behavior of functionB2 for elliptical ~dashed
curve! and circular Rydberg states of rubidium. The observation of
forbidden values at long interaction times is unrealistic in the
former case due to insufficiently longer atomic lifetime. Circular
states exhibit larger values of both the coupling parameterV and
tat , hence being the ideal tools for the proposed test.
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missible, the atomic flux cannot exceed 100 s21.
As shown in Fig. 6, violations of the realistic limit in the

revival region are small compared to those at very short in-
teraction times. Hence the predicted effect will be very sen-
sitive to all nonidealities present in a real experiment. In
particular, the ideal condition of exact resonance has been
considered so far. We have found that a maximum detuning
of 10 kHz is admissible for the functionB2 to exhibit values
below21, as shown in Fig. 8.

The experiment seems also to be reliable with a cavity
containing a coherent field with a somewhat higher mean
photon number, between 10 and 15. In that case there is not
a great variation in the values ofB2 , but there is a displace-
ment to longer but still accessible interaction times, as can be
seen in Fig. 9. However, from a conceptual point of view,
there is no interest in increasingn̄. Note that the state vector
for the composite system involves, in each case, two terms
differing by one photon, which is different from what hap-
pens in a genuine cat state, where two macroscopically dis-
tinct pure states of the field are involved. We will finish this
section with two comments concerning the experimental re-
alization of the proposal. The two measurements required for
obtaining a single value of each functionBi could be accom-
plished by successive measurements controlling the atomic

velocity in order to get the appropiate interaction times. Al-
ternatively, the same velocity can be used for the two shots if
a freezingelectrode technique is employed for measuring the
state of the atom after the timet. This technique consists of
the application of a nonuniform electric field that Stark shifts
the Rydberg levels out of resonance and then interrupts the
coherent coupling between the atom and the cavity mode
@31#.

The second comment concerns the atomic detectors. It
should be noted that, unless one deals with perfect detectors,
the measurement of the conditional probabilitiesQee re-
quires that we determine the number of atoms,Ne andNg ,
exiting the cavity in statese andg after the interaction time
t, Ne . Then, if both channeltrons have the same efficiency, a
sequence of such measurements would simply provide a
scaled curve that could be identified with the absolute one if
a faithful sampling assumption is made, that is,

Qee~0,t !uexpt5
Ne

Ne1Ng
. ~42!

This method is not applicable, however, if the field ioniza-
tion detectors have different efficiency. In this case the cor-
responding efficiencies have to be determined by an indepen-
dent procedure.

IV. SUMMARY AND CONCLUSIONS

As pointed out in various parts of this paper, our experi-
mental proposal addresses the Schro¨dinger cat problem at a
level that can be considered as intermediate between the mi-
croscopic and the macroscopic, in the sense that a quasiclas-
sical two-level Rydberg atom coupled to a single mode with
an indefinite number of photons may be expected to exhibit
certain classical properties. Note ‘‘mesoscopic’’ in cavity
QED often has a different meaning. It refers to situations
where a few tenths of atoms and/or photons are involved.
Here the word mesoscopic is applied only to the linear di-
mensions of the atomic system.

On this basis, we have developed arguments for the tem-
poral evolution of the composite system to be described by a
two-level stationary stochastic process. This allows us to de-
rive two independent temporal Bell-type inequalities to be
fulfilled according to the realist description, and directly test-
able by measuring the number of atoms exiting the cavity in
the two different atomic states,e or g, after a controlled
interaction time with the cavity mode. As shown in Sec. III,
the quantum mechanical predictions violate the realist
bounds in different ranges depending on the initial field sta-
tistics. In order to observe such violations in a real experi-
ment, we propose two different tests in which the cavity
contains initially a thermal field at very low temperature, and
a coherent field. The first type of test can be accomplished
with a setup analogous to that decribed by Rempeet al.
@26,27#. Using the transition with largerV and at a tempera-
ture equal to 0.5 K, violations of both Bell-type inequalities
should be observable with interaction times ranging from 20
to 60ms. The second type of experiment exhibits a different
profile where two separate forbidden regions appear. At very
short interaction times, below 10ms, both functionsBi go
below the realist limit21. Such a violation could be ob-

FIG. 8. Behavior of the functionB2 according to quantum me-
chanics for nonzero detuning. Solid line,d55 kHz; dashed line,
d510 kHz; thick line,d525 kHz.

FIG. 9. Expected behavior of the functionB2(t) in the long-time
interaction domain for the interaction with a coherent field with
mean photon numbern̄55 andn̄510 ~dashed curve!.
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served with the same setup as before. However, violations at
longer interaction times demand the use of long-lived circu-
lar Rydberg states and hence open structures as resonators
with a quality factor of the order of 109. In that case, the
central area of the revival region yields forbidden values.
This fact throws new light on the quantum nature of the
so-called revival dynamics in contrast with classical behav-
ior. The interaction times required for its observation range
from 73 to 75ms. It should be stressed that, in order to
determine a single value of each functionBi , two mea-
surents, at timest and 2t, are required. We conclude that a
violation of these Bell-type inequalities, in addition to testing
the validity of the quantum formalism at scales where some
classical properties emerge, would clarify the requirements
for a realist theory to reproduce the experimental data. As
realism alone does not constitute a source of incompatibility
with the quantum mechanical predictions, the additional as-
sumption~s! introduced in order to derive testable inequali-

ties would not hold. Then, an empirical violation of the de-
rived Bell-type inequalities would indicate that any hidden
variables interpretation of the experiment in terms of just two
states is untenable. In other words, if such an interpretation is
possible at all, the model would have to incorporate addi-
tional states to account for the fact that when an atom, ini-
tially in statee, is detected in statee after interaction times
t and 2t, the state of the cavity field is not necessarily the
same, nor is either the same as the field initially encountered.
The formal role of these states in the model would be analo-
gous to the superposition states in the quantum description.
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