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Abstract—A new simulation technique to obtain the
synchronized steady-state solutions existing in coupled oscillator
systems is presented. The technique departs from a semi-
analytical formulation presented in previous works. It extends
the model of the admittance function describing each individual
oscillator to a piecewise linear one. This provides a global
formulation of the coupled system, considering the whole
characteristic of each voltage-controlled oscillator (VCO) in the
array. In comparison with the previous local formulation, the new
formulation significantly improves the accuracy in the prediction
of the system synchronization ranges. The technique has been
tested by comparison with computationally demanding circuit-
level Harmonic Balance simulations in an array of Van der
Pol-type oscillators and then applied to a coupled system of
FET based oscillators at 5 GHz, with very good agreement with
measurements.

Index Terms—Coupled-oscillator system, harmonic balance,
phased arrays.

I. INTRODUCTION

COUPLED oscillator systems can be used in several
applications like power combination, beam-steering in

phased-arrays [1]–[7] or in sensor applications [8]–[10],
where the synchronization between the oscillators provides a
common time-scale between the nodes of the sensor network.
In previous works [11], [12] a semi-analytical formulation
(SAF) has been proposed to analyze the behavior of coupled
oscillator systems. The SAF is a frequency-domain compact
model of a voltage-controlled oscillator (VCO) under free-
running conditions or in the presence of an injection source. It
is based on the fact that, applying the implicit function theorem
[11], [12], the whole Harmonic Balance system associated
with the VCO can be compacted into a single equation in
terms of a nonlinear admittance function Y (V, ω, η,Gr, Gi).
This function is nonlinear with respect to all the variables
(V, ω, η,Gr, Gi) which are, respectively, the first harmonic
amplitude, the free-running frequency, the tuning voltage, and
the real and imaginary parts of the phasor associated with the
injection generator. In the SAF used so far, the function Y
has been approached by its first-order Taylor series about the
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free-running state (Vo(η0), ωo(η0)), corresponding to a given
tuning voltage value η0 [11]–[16], . The admittance derivatives
Yx used in this Taylor series are calculated through finite
differences in circuit-level HB simulations with the aid of an
auxiliary generator, as explained in [14], [15]. The resulting
SAF can be used to model the steady state behavior of the
VCO for tuning voltage values in the neighborhood of η0. The
SAF has been proven to be a powerful technique to model the
VCO behavior when operating under free-running conditions
[14], synchronized to an external source [12], [14]–[16] or
as a part of an array of coupled oscillators, operating both in
phased array antenna systems [11]–[13] and in wireless sensor
networks [8]–[10]. In the case of coupled oscillators, the SAF
is able to predict the coexisting solutions of the array, together
with their bifurcation loci. Indeed, in some array circuits the
SAF can be considered as an alternative to circuit-level HB
where the latter is computationally demanding and fails to
converge in some cases [13], [17].

The SAF is a general-purpose formulation that models the
coupled system behavior. Therefore, any further development
of this technique will be of great interest, since it will improve
the simulation results of these systems in all their applications.
In the present work, the SAF has been extended to simulate
the case of a coupled system whose VCOs operate under non-
linearizable variations of the tuning voltage. It must be noted
that this scenario can take place in any application where the
VCO tuning voltage needs to be swept in a given range of
values, like phased-array antenna systems or, for example,
chirped oscillators used to detect input-signal frequencies [18].
Since the SAF approaches the admittance function Y by its
first-order Taylor series, this formulation lacks accuracy as
any of the VCOs in the system is detuned farther from its
free-running state. To overcome this limitation, a piecewise
technique modeling the nonlinear variation of the admittance
function Y with the tuning voltage has been developed. The
new technique provides a piecewise (PW) SAF for the VCO
that makes use of a set of admittance derivatives that depend
on the VCO tuning-voltage. This new technique has the
advantage that these derivatives can be easily obtained in
circuit-level HB simulations of the single VCO response to
the tuning voltage. The new formulation takes into account
the whole VCO characteristic, performing a global analysis,
instead of the previous non-piecewise SAF that is based on a
local analysis resulting from linearization about a single point
of the characteristic. In addition, the technique has been tested
by analyzing the asymmetric behavior of the system in the case
of non-identical oscillators, which had not been considered in
previous works [11], [12].
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The paper is organized as follows. In Section II, the new
piecewise (PW) SAF is detailed and compared with the
previous non-PW SAF. In Section III, the technique is tested
by comparison with circuit-level HB simulations in a free-
running array of Van der Pol-type oscillators. Then, it is
applied to a coupled system of FET based coupled oscillators
at 5 GHz, both under free-running conditions and injection-
locked to an external generator [19]. This system is intended to
operate in a phased array antenna system. In beam scanning
applications, the steering angle is determining by imposing
a constant phase shift ∆ϕ between adjacent oscillators. The
free-running frequency of each individual VCO is controlled
by a tuning voltage η. As explained in [1], [2], the constant
phase shift ∆ϕ can be continuously varied by detuning the
outermost oscillators only. Since the HB technique is unable
to converge in this system, in this case the results are verified
through comparison with measurements.

II. MODELING THE OSCILLATOR ARRAY USING PIECEWISE
LINEAR ADMITTANCE FUNCTIONS

A. Piecewise model of the individual VCO
The new technique presented here to model the behavior of

each individual i−th VCO in the array departs from the semi-
analytical formulation presented in previous works [11], [12],
[14]. The procedure is schematized in Fig. 1. In this figure, the
i−th VCO of the system of coupled oscillators is represented
together with a tuning voltage source ηi and a current source
is(t) = Is cos(ωst + θs) modeling the effect of an external
injection source. For the sake of generality, the formulation
will be derived for the general case where the injection source
may be placed at any circuit node. The VCO is modeled by
the first-harmonic component Ii1 of the current entering the
VCO from the output node P . This component of each VCO
will be introduced later in the system of equations modeling
the array behavior.

An expression for Ii1 in terms of the VCO variables can
be derived in the following way. As explained in [11], [12],
[14], the Harmonic Balance (HB) system associated with the
VCO circuit can be combined with the Implicit Function (IF)
theorem to compact all the harmonic content information into
a single equation. This is the equation corresponding to the the
first harmonic component of the total current entering the node
P which, according to the Kirchhoff’s current law (KCL),
fulfills Ii1(Vi, φi, ωi, ηi, G

r, Gi) = 0, where (Vi, φi, ωi) are the
first harmonic amplitude, phase and frequency of the voltage
signal at P , and Gr, Gi are the real and imaginary parts of
the injection current source phasor G1 ≡ Isejθs . Note that, as
described in [11], [12], [14], [20], the application of the IF
theorem assures that this equation contains all the harmonic
information of the VCO, reducing the number of harmonic
variables to the pair (Vi, φi) at the cost of increasing the
complexity of the function Ii1. Following [16], [20], assuming
that the injection source amplitude is small enough, the current
function Ii1 can be approached by a first-order Taylor series

about the non-injected state as:

Ii1(Vi, φi, ωi, ηi, G
r, Gi) ' Yi(Vi, ωi, ηi)Viejφi+

+Is

(
IiG1

ejθs + IiG−1
e−j(θs−2φi)

)
, G±1 ≡ Ise±jθs (1)

IiG±1 ≡
∂Ii1(Vi, φi = 0, ωi, ηi, G

r = 0, Gi = 0)

∂G±1

where the current entering the VCO in the absence
of injection source has been expressed in terms of the
input admittance function Yi(Vi, ωi, ηi) and the influence
of the external generator is determined by the functions
IiG±1

(Vi, ωi, ηi). In order to calculate these functions, an
auxiliary generator (AG) is connected to the node P . This is a
single-tone voltage source of amplitude, phase and frequency
(VAG, φAG, ωAG). The AG is meant to affect the VCO only at
the frequency component ωAG, which is achieved by an ideal
band-pass filter of admittance YAG(ω) = δ(ω − ωAG).

i-th VCO
Ii
1P

IAG

YAG(!) = �(! � !AG)

AG VAG,!AG,�AG

Yi(Vi,!i, ⌘i)
�+ ⌘i is
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Fig. 1. Procedure to extract the model of the individual i−th VCO. An
auxiliary generator (AG) is connected to the output node P to calculate the
first-harmonic input admittance function Yi(Vi, ωi, ηi) and the derivatives
IiG±1

(Vi, ωi, ηi) providing the dependence of the input current Ii1 on the
injection source is(t).

The AG is used to determine the current Ii1. For this purpose,
the current source frequency is set to ωs = ωAG, modifying
the first harmonic KCL equation at node P as:

Ii1 = IAG(VAG, φAG, ωAG, η,G
r, Gi) (2)

Now, the functions Y and IG±1
can be evaluated at a

given point (V, ω, η) through circuit-level HB simulations
setting the AG amplitude and frequency to VAG = Vi
and ωAG = ωi . In a first stage, the injection source
is removed (Is = 0) and the current crossing through
the AG is obtained to evaluate the admittance function as
Yi(Vi, ωi, ηi) = IAG(Vi, φAG, ωi, ηi)/Vie

jφAG . Note that, due
to the oscillator autonomy, this result is independent of the
AG phase φAG. In a second stage, the derivatives IiG±1

are
obtained: The AG phase is set to φAG = 0 according to (1)
and the derivatives are calculated through finite differences in
(Gr, Gi) using the chain rule relations:

IiG1
=

1

2
(IiGr − jIiGi) , IiG−1

=
1

2
(IiGr + jIiGi) ,

IiGr,i(Vi, ωi, ηi) = (3)

=
∂IAG(Vi, φi = 0, ωi, ηi, G

r = 0, Gi = 0)

∂Gr,i

Under free-running conditions (Is = 0), the tuning
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voltage ηi determines the VCO steady state amplitude
and frequency values (V oi (ηi), ω

o
i (ηi)). These values are

a solution for the free-running VCO HB system fulfilling
Ii1
(
V oi (ηi), φi, ω

o
i (ηi), ηi, G

r = 0, Gi = 0
)

= 0 and therefore
Yi (V oi (ηi), ω

o
i (ηi), ηi) = 0, showing that the input admittance

function vanishes when evaluated at the free-running solution.
The model is intended for a VCO operating in an array under
weak-coupling and weak injection conditions. Then, for each
value ηi of the tuning voltage, the steady state amplitude
and frequency are expected to be close to the free-running
values (V oi (ηi), ω

o
i (ηi)). Taking this into consideration, in

previous works [11], [12], [14] the functions Yi and IiGr,i

have been linearized about a given free-running solution
(V oi (ηc), ωoi (ηc), ηc) corresponding to a tuning value ηc

belonging to the tuning range required for the array operation:

Yi (Vi, ωi, ηi) ' YiV ∆Vi + Yiω∆ωi + Yiη(ηi − ηc),
∆Vi = Vi − V oi (ηc), ∆ωi = ωi − ωoi (ηc), (4)
IiGr,i(Vi, ωi, ηi) ' IiGr,i(V oi (ηc), ωoi (ηc), ηc) ≡ IciGr,i ,

Yix ≡
∂Yi (V oi (ηc), ωoi (ηc), ηc)

∂x
, x ≡ Vi, ωi, ηi

where the derivatives Yix are calculated through finite
differences in x. In (4), the functions Yi, IiGr,i are approached
by the hyperplanes in the three-dimensional space (Vi, ωi, ηi)
resulting from their first-order Taylor expansion about the free-
running solution (V oi (ηc), ωoi (ηc), ηc). Since the coefficients
of this series are the derivatives Yix calculated in circuit-level
HB, formulation (4) is called semi-analytical (SAF).

Note that the SAF formulation (4) has been developed
following the notation used in the previous papers [11]–
[16]. In this formulation, the parameters ηi, i = 1, . . . , N
representing the dc tuning voltage of each i−th oscillator
are the only variables associated with the dc sources. The
rest of the variables are associated with the first-harmonic
components at the observation node of each i−th oscillator.

As the coupled system is intended to operate along a
relatively wide range of tuning voltage values, approach
(4) results inaccurate for high values of the ηi − ηc

increment. In the present analysis, this approach is extended
by dividing the tuning range into a set of subintervals[
ηck, η

c
k+1

]
, k = 1, . . . , p−1 and applying linearization (4) to

each subinterval. The sampling range
[
ηc1, η

c
p

]
is considered

long enough to contain all the ηi values attained during the
array performance. In the first place, the characteristic of
each i−th VCO is sampled under free-running conditions
in circuit-level HB at a set of p values ηc1 < · · · < ηcp
of the tuning voltage ηi, obtaining the set of steady state
solutions {V oi (ηck), ω(ηck), ηck}

p
k=1. This calculation is made

through finite differences in circuit-level HB using an AG,
as explained in [11], [12], [14]. Then, the function Yi is
considered as piecewise linear in the intervals

[
ηck, η

c
k+1

]
. For

ηi ∈
[
ηck, η

c
k+1

]
, the admittance function is approached by a

first-order Taylor series about the nearest free-running solution

in the sampling range (V oi (ηck), ωoi (ηck), ηck):

Yi (Vi, ωi, ηi) ' Y kiV ∆Vi + Y kiω∆ωi + Y kiη(ηi − ηck),

∆Vi = Vi − V oi (ηck), ∆ωi = ωi − ωoi (ηck), (5)
IiGr,i(Vi, ωi, ηi) ' IiGr,i(V oi (ηck), ωoi (ηck), ηck) ≡ IkiGr,i ,

Y kix ≡
∂Yi (V oi (ηck), ωoi (ηck), ηck)

∂x
, x ≡ Vi, ωi, ηi

In the following, the new formulation (5) will be called
piecewise (PW) SAF, to be distinguished from the previous
non-PW SAF (4).

The improvement in the accuracy achieved by the PW
SAF has been illustrated by their application to the FET-
based oscillator of Fig. 2. This oscillator represents each
individual i−th VCO constituting the array that will be
analyzed in Section III-B. In Fig. 2(a), the VCO schematic
is shown, specifying all the necessary components to connect
the oscillator to the network. This oscillator is designed using
a field-effect transistor NE3210S01 on a RO4003C substrate.
A varactor diode MA46H070 is used as a tuning element.
The VCO has an input port that allows the injection of
an external signal in the system. In order to illustrate the
effect of parasitic components that may appear during the
manufacturing process, a capacitor Cout,i has been placed in
the output path. The capacitance value Cout,i can be different
for each oscillator, modeling the possible differences between
the oscillators resulting from this process.

In Fig. 3, the set of free-running steady-state solutions
{V oi (ηi), ω

o
i (ηi)} has been represented versus the tuning

voltage ηi. These solutions have been obtained by solving
the complex equation Yi(Vi, ωi, ηi) = 0 for each value of
ηi in the sampling range

[
ηc1, η

c
p

]
= [0, 7] V. The results

using formulations (4) and (5) have been compared and the
solutions of the circuit-level HB simulations for each ηck have
been superimposed in both figures. As expected, the curves
obtained through both formulations are tangent to each other
at the tuning value ηc = 1.55 V , for which the non-PW SAF
(4) has been derived. For k = 9, at ηc9 ' ηc, equations (4)
and (5) provide similar values for the functions Yi(Vi, ωi, ηi)
and IiGr,i(Vi, ωi, ηi), since Y cix ' Y 9

ix and IciGr,i ' I9iGr,i .
As a consequence, in a small interval of the tuning voltage
about ηc, the current function Ii1 given in (1) to model
the VCO performance provides similar results when using
both formulations. Fig. 3 shows that, as ηi is shifted away
from this value, the steady-state solutions (V oi (ηi), ω

o
i (ηi))

distance from the values at ηc, making the derivatives Y kix
diverge from Yix. Then, for these ηi values, the PW SAF
(5) provides a different and more accurate model than the
non-PW SAF (4). Note that, in both figures, the PW SAF
solutions are validated through comparison with circuit-level
HB simulations at the points ηck, k = 1, . . . , p. In each interval[
ηck, η

c
k+1

]
, the PW SAF assumes the function Ii1 to be linear

in the (Vi, ωi, ηi, G
r, Gi) variables, and nonlinear in the phase

variable φi. Therefore, the samples ηck, k = 1, . . . , p must be
close enough each other for this approach to be valid.

B. Formulation of the coupled-oscillator system
The schematic of the coupled oscillator system is shown in

Fig. 4. The output port of each oscillator element is loaded
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Fig. 2. (a) Schematic of the individual i−th VCO of the array, where Vdd
and ηi are the drain and tuning voltages, respectively. The variables L and
W represent the length and the width of each line in mm. (b) Photograph
of the individual VCO.

with a resistor RL = 50 Ω and coupled to the neighbor
elements through a linear network CI , described by an (2×2)
admittance matrix [1], [2]. In order to preserve the system
symmetry, an additional monopole CL providing an admittance
reflection component Ys has been introduced to each edge
oscillator. The coupled oscillator system is injected by an input
generator, modeled by a current source is(t) = Is cos(ωst+θs)
connected to the input port of the q−th oscillator of the array.
Each i−th VCO is tuned by a varactor diode placed in the
resonant network biased by a tuning voltage ηi, as shown in
Fig. 2. These elements are used in the array performance to
control the phase shift between the VCOs [11], [12], [21],
[22].

The formulation will be developed for the general case of an
array with N synchronized oscillators, fulfilling ωi = ωs, i =
1, . . . , N . By Kirchhoff’s current law (KCL), the total current
at the output node of each i−th oscillator must fulfill iT,i(t) =
0, ∀t, i. Translating the equation of each VCO to the frequency
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(b)

Fig. 3. Evolution of the free-running steady state solution versus the tuning
voltage η. Comparison of the results obtained with the non-PW SAF with
the PW SAF. The PW SAF agrees with the circuit-level HB simulations at
the points ηi of the sampling interval. (a) First harmonic amplitude Vo. (b)
Oscillation frequency fo
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Fig. 4. Schematic of the coupled oscillator array. The output port of each
oscillator element is loaded with a resistor RL = 50 Ω and coupled to the
neighbor elements through a linear network.

domain the following system is obtained [12]:

0 = Ii1(Vi, φi, ωs, ηi, G
r, Gi) +

N∑
n=1

Ci,k(ωs)Vke
jφk ,

Ci,k(ω) =

 Ynb, |k − i| = 1,
Ys, k = i,
0, |k − i| > 1

(6)

where i = 1, . . . N . System (6) contains the set of first
harmonic KCL equations evaluated at the output node of
each VCO, with Ii1 and the summation term corresponding
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to the currents entering the VCO and the coupling network,
respectively [11], [12]. The PW SAF applied to the coupled
system is derived as follows. Let the set of tuning voltages
belong to the intervals ηi ∈ [ηcki , η

c
ki+1), i = 1, . . . , N . Then,

the admittance functions Yi are expressed using approach (5)
and system (6) becomes:

0 =
(
Y kiiV ∆Vi + Y kiiω ∆ω + Y kiiη (ηi − ηcki)

)
Vi+

+

N∑
n=1

Ci,n(ωs)Vke
j(φk−φi)+ (7)

+δqi Is

(
IkiiGr cos(θs − φi) + IkiiGi sin(θs − φi)

)
where i = 1, . . . , N and the Kronecker delta δqi determines

that the injection current source is connected to the q−th
VCO of the array. To calculate the derivatives

{
Y kiix , I

ki
iGr,i

}
for each pair (i, ki), first, the values V oi (ηcki) and ωoi (ηcki)
corresponding to the free-running i−th VCO are obtained
through circuit level HB simulations as described in Section
II-A. Then, the derivatives are calculated using the definitions
given in (5). This procedure is repeated for i = 1, . . . , N and
ki = 1, . . . , p in order to prepare system (7) to cover all the
possible scenarios of the array performance.

C. System resolution
System (7) is composed by N complex equations with

3N + 1 unknowns {Vi, φi, ηi, ωs} , i = 1, . . . , N . The
vector of coefficients k = [k1, . . . , kN ]

t indexing the set of

derivatives
{
Y kiix , I

ki
iGr,i

}N
i=1

is determined by the sampling
range subintervals containing the tuning voltage values ηi ∈
[ηcki , η

c
ki+1). To balance this system, N + 1 additional real

equations are required, which are chosen taking into account
the array performance. For beam steering applications, there
must be a constant phase shift ∆ϕ between the oscillator
elements. To assure convergence to this constant phase-shift
solution, we impose the condition φi+1 − φi = ∆ϕ, with
i = 1, . . . , N − 1. It is easy to see that system (7) is invariant
versus a global phase shift φ1+α, . . . , φN+α, θs+α. Thus, for
its practical resolution, the q−th VCO phase value φq can be
arbitrarily set to zero. To complete the set of N +1 additional
equations, the q−th VCO tuning voltage ηq can be fixed to
a specific value, which is chosen to maximize the available
tuning range in the array. Taking this into account, system (7)
can be rewritten in compact form as:

H
(
V , η, ωs,∆ϕ

)
= 0, (8)

V = [V1, . . . , VN ]
t
, η = [η1, . . . , ηq−1, ηq+1, . . . , ηN ]

t

where the N components of the complex vector function H
are given by the right-hand parts of the equations in (7). When
the constant phase shift ∆ϕ is fixed to a given value, system
(8) gets determined and the set of unknowns

{
V , η, ωs

}
can

be solved with any optimization technique. At each step of
the optimization procedure, the vector of coefficients k must
be actualized according to the subintervals containing the set
of tuning values ηi ∈ [ηcki , η

c
ki+1), i = 1, . . . , N .

The presented formulation provides a general description of
the coupled oscillator system. Indeed, in the general case of N

oscillators, for a given constant phase shift value ∆ϕ, system
(8) must be fulfilled for the set of unknowns

{
V , η, ωs

}
, where

η = [η1, . . . , ηq−1, ηq+1, . . . , ηN ]
t contains the tuning voltages

of all VCOs except ηq , corresponding to the VCO with phase
φq = 0. In the particular case of N = 3 oscillators, the
set of tuning voltages to be solved gets reduced to η1 and
η3, corresponding to the outermost VCOs. It must be noted
that, as demonstrated in [23], for N > 3, the inner tuning
voltages of the VCOs i = 2, . . . , N−1 remain nearly invariant
in the constant phase-shift interval. Note that the ability of
the injected VCO to lock on the injection signal depends on
the values of the array derivatives and the coupling network,
which must provide a real and consistent solution for the set
of unknowns.

D. Stability analysis
The stability of the synchronized solutions can be

determined by applying a perturbation analysis to the PW SAF
(7). In general, the stability of a given synchronized solution
{Vi, φi, ηi, ωs} , i = 1, . . . , N is analyzed by introducing
time-varying perturbation components in the amplitude and
phase variables [11], [12]:

Vi 7→ Vi + ∆vi(t), φi 7→ φi + ∆φi(t), i = 1, . . . , N (9)

Then, translating the frequency-domain system (7) to the
envelope domain as described in [24] and canceling the steady
state terms, the following linear time-invariant (LTI) system is
obtained:

0 = Y kiiV ∆vi + Y kiiω

(
∆φ̇i − j

∆v̇i
Vi

)
+ (10)

+
jVk
Vi

N∑
n=1

Ci,n(ωs)e
j(φk−φi)

(
∆φk −∆φi − j

∆vk
Vk

)
+

+δqi Is

(
IkiiGr sin(θs − φi)− IkiiGi cos(θs − φi)

)
∆φi

with i = 1, . . . , N and ηi ∈ [ηcki , η
c
ki+1), and where

high order terms in the perturbation components have
been neglected. Since, as explained in Section II-C, the
synchronized solution {Vi, φi, ηi, ωs} , i = 1, . . . , N and
the vector k of derivative coefficients are determined by the
constant phase shift value ∆ϕ, system (10) can be rewritten
in compact form as:

∆Ẋ = A (∆ϕ) ∆X (11)

with ∆X = [∆v1, . . .∆vN ,∆φ1, . . . ,∆φN ]
t. The stability

analysis is carried out in the following way. In the first place,
the synchronized solution corresponding to a given constant
phase shift ∆ϕ is obtained by solving system (8). The matrix
A (∆ϕ) is constructed from this solution. Then, the set of
eigenvalues {λ1, . . . , λ2N} of matrix A (∆ϕ), which are called
the system poles, are calculated. The stable range is the range
of ∆ϕ values for which max {Re(λi)}2Ni=1 < 0.
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III. APPLICATION TO THE STEADY-STATE ANALYSIS OF
THE COUPLED-OSCILLATOR SYSTEM

A. Study of the effect of asymmetries in an array of Van der
Pol-type oscillators

As stated in the Introduction, the simulation of the coupled-
oscillator system in circuit-level HB may present convergence
issues which cannot be overcome even with the aid of auxiliary
generators (AG) [11], [12], [14]. Then, in order to compare
the presented technique with circuit-level HB simulations, it
has been applied to a free-running array of N = 3 Van der
Pol-type oscillators, in the absence of injection source (Is =
0). The simplicity of the involved devices makes this system
suitable for this kind of simulation. The schematic of each
i−th oscillator is shown in Fig. 5(a). The oscillation is due to
the performance of a nonlinear current source i(vi), acting as
active device, in conjunction with a parallel RLC resonator.
The resonator capacitance is provided by a varactor diode,
biased by a dc voltage source ηi acting as a tuning voltage,
whereas the resistance is given by the output load RL shown
in Fig. 4.

Each i−th oscillator is connected to the array at the output
node i. A capacitor Cout,i has been introduced before the
output port to model small differences between the oscillators
in the array. The schematics of the linear networks CI together
with the symmetry components CL are shown in Figs. 5(b) and
5(c), respectively.

Fig. 6 shows the evolution of the outermost tuning voltages
η1,3 to obtain a constant phase-shift solution as ∆ϕ varies
along the stable range. To balance system (7), the tuning
voltage of the central oscillator has been fixed to the value
η2 = 2.5 V , corresponding to the free-running frequency value
fo2 = 5.2 GHz. In the PW SAF technique, a set of p = 33
equispaced samples in the sampling range [2.4, 4] V has been
considered. Note that, since, in this case, there is not injection
signal, the frequency unknown ωs in (8) refers to the mutual
synchronization frequency of the system.

In the first place, the case of three identical oscillators
has been analyzed, removing the capacitors Cout,i. The poles
{λi}6i=1 have been calculated for each synchronized solution,
indicating that the constant phase shift solutions are stable
in the range ∆ϕ ∈ (−π/2, π/2). In Fig. 6(a) the simulation
results provided by the PW SAF, the non-PW SAF and the
circuit-level HB techniques are nearly identical for this case.
As can be seen in this figure, the variation of η1,3 is symmetric
with respect to the in-phase solution ∆ϕ = 0. Due to the array
symmetry, in order to achieve a particular phase shift value
∆ϕ, the tuning voltages of the outermost oscillator elements
must be shifted the same amount ∆η1 = −∆η3 = ∆η(∆ϕ)
in opposite directions from the central value η1,3 = 2.5 V ,
fulfilling ∆η(−∆ϕ) = −∆η(∆ϕ).

This symmetry is broken in the case of Fig. 6(b), where the
capacitors Cout,1 = 10 pF and Cout,3 = 9.65 pF have been
introduced in the outermost oscillators of the array. In addition,
the introduction of both capacitors shifts the range of variation
of η1,3 with respect to the symmetric case. As a consequence,
the results of the non-PW SAF present discrepancies with
the circuit-level HB simulation, since the former technique

Cout,i

⌘i

Li(vi)=avi + bv3
i

i
+

�

vi
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(c)

Fig. 5. Components of the array of Van der Pol-type oscillators. (a) Schematic
of each VCO, with a = −0.023 A/V , b = 0.01 A/V 3 and L = 1.53 nH .
The varicap is constituted by a p-n diode with Cjo = 0.72 pF and M = 0.5.
The capacitor Cout,i models the parasitic components that may appear during
the manufacturing process, producing differences between the oscillators in
the array. (b) Coupling network CI , containing an ideal transmission line
with ψo = 360 deg, Zo = 50 Ω, fo = 5.2 GHz, and the resistances
Rs = 1250 Ω, Rp = 300 Ω (c) Load CL connected to each of the outermost
oscillators preserving the system symmetry.

linearizes the VCO characteristic at the central VCO tuning
value ηc = 2.5 V , far from the range of variation of η1,3. In
contrast, when using the PW SAF this range is more accurately
predicted, since it is included in the considered sampling
range. The purpose of this example is to show that, while the
non-PW SAF lacks accuracy as the tuning voltage values ηi
are shifted away from the linearization value ηc, the PW SAF
provides accurate solutions as long as the values ηi lie inside
the sampling range. In this particular case, the inaccuracies of
the non-PW SAF appearing after the introduction of capacitors
Cout,1,3 could be corrected by moving the linearization value
ηc of the outermost VCOs to the value ηc ' 3.8 V, lying in
the middle of the tuning range (see Fig. 6(b)). This correction
becomes less effective as the tuning range gets higher, as it is
the case of the coupled oscillator system analyzed in the next
Section.

B. Analysis of an array of FET-based oscillators
The piecewise SAF has been applied to an array of N = 3

FET-based oscillators, whose schematic is provided in Fig. 2.
The varactor diode MA46H070 is used as a tuning element
for the control of the phase shift. An auxiliary output port
has been implemented through an integrated coupler to take
a sample of the output voltage with the aim of measuring
the phase shifts between the oscillators. The capacitor Cout,i
modeling small differences between the oscillators due to the
manufacturing process has been introduced in VCOs 1, 3, with
Cout,1 = 3 pF and Cout,3 = 4 pF . The oscillators are coupled
following the schematic of Fig. 4 with the networks CI and
CL represented in Figs. 5(b) and 5(c), using resistively loaded
microstrip lines of length and width (W,L) and (W,L/2),
respectively, with W = 1.85 mm and L = 27.5 mm, and the
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(b)

Fig. 6. Array of N = 3 Van der Pol-type oscillators. Simulation of the
evolution of η1,3 along the stable range of constant phase-shift solutions.
(a) Identical oscillators. The tuning voltages vary symmetrically and the
PW SAF with p = 33 points, the non-PW SAF and the circuit-level HB
techniques provide similar results. (b) Non-identical oscillators. The symmetry
of the previous case is broken, and the non-PW SAF technique presents
discrepancies with HB and PW SAF techniques.

resistors Rs = 120 Ω, Rp = 220 Ω.
For a better understanding of the system and the measuring

procedure, in Fig. 7 the schematic of the measurement setup
has been shown. The oscillator array has been separated
into two boards: one with the three VCOs and other with
the coupled network. A third board has been designed in
order to develop the phase measurement. This circuit, made
with two 360 deg phase detector cells [25], takes a sample
of the outputs of the VCOs through their auxiliary output
ports through an integrated coupler to determine the phase
shift between them. All the injection ports are loaded with
Rinj = 50 Ω when the system works in free-running regime.
In the injected regime this resistor is replaced by a signal
generator in VCO 2. The resistors RL = 50 Ω in VCOs 1, 3
and the spectrum analyzer input impedance in VCO 2 take
the place corresponding to the antenna array. To control the
system, a Matlab script that communicates with the hardware
has been developed. This script establishes the control voltages
of the array and determines the phase shift between the output
voltages of the VCOs from the signals provided by the phase

measurement system. The synchronized state of the oscillators
can be checked through the spectrum analyzer.

VCO1 VCO3VCO2

CI CI

RInj RInj

RL RL
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Fig. 7. Measurement setup

The PW SAF simulation technique has been tested by
analyzing the array performance both in free-running and
injected regimes. For this purpose, the set of derivatives{
Y kiix , I

ki
iGr,i

}N
i=1

has been calculated from each free-running
VCO characteristic with p = 27 points in the sampling range
[0, 5] V , using circuit-level HB simulations in commercial
software. To balance system (7) the tuning voltage of the
central VCO has been fixed to η2 = 1.55 V . In this array,
although the circuit-level HB technique with the aid of an
auxiliary generator (AG) is able to simulate the free-running
VCO steady state, it is unable to converge when applied to
the whole array. For this reason, in the following analyses
the simulation results of the PW SAF technique have been
validated by comparison with measurements.

In the following, the main difficulty for the harmonic
balance (HB) technique to simulate the system of coupled
oscillators is explained. The autonomous oscillating solution
of a VCO always coexists with a non-oscillating one. In
the autonomous oscillating solution of a system of coupled
oscillators, the oscillating regime of each one is excited. Then,
the HB optimization technique must be able to reach the
oscillating solution of each VCO in the coupled system. Some
commercial HB simulators implement a single OscPort for
the oscillator simulation. The Keysight Advanced Design
System (ADS) software uses OscPort components to simulate
the oscillator steady state solution in HB. As explained in
[26], the OscPort component is inserted either in the feedback
loop of the oscillator, or between the parts of the circuits
that have negative resistance and the resonator. Then, in the
HB simulation, this component aids the simulator to calculate
the amplitude and frequency of the steady state oscillation.
Although this is a useful technique for the single VCO
simulation, it is in general unable to excite the oscillating
solution of all the VCOs in the system. To circumvent this
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limitation, in [27], the use of N auxiliary generators (AG),
each one connected to a VCO in the array, has been proposed
to prevent the HB optimization procedure from converging
to the non-oscillating solution. The amplitude, phase and
frequency of each AG become part of the system unknowns.
Each AG contains an ideal bandpass filter that blocks all
the harmonic components except from the first one. In this
simulation, the HB system must be solved in combination
with N additional constraints. Each constraint is given by the
complex equation IkAG = 0, k = 1, . . . , N , where IkAG is
the first harmonic component of the steady current entering
the AG connected to the k−th VCO. As the VCOs topologies
become complex, the system asymmetries, produced by the
different steady state solutions of each VCO, make it very
difficult to solve the global system of equations (including the
constraints), and this technique becomes inaccurate. This is
the case of the present system, where the asymmetries arising
as the constant phase shift between oscillators is swept make
the HB optimizer unable to find the oscillating solution in the
space of variables. In the array of N = 3 oscillators considered
in this paper, neither the use of AGs nor the OscPort technique
have been able to converge to the system oscillating solution.
When using the AG technique, three auxiliary generators have
been used, each one connected to a VCO in the array, without
success.

1) Analysis of the free-running array

In this case, the technique has been tested by predicting the
synchronized behavior of the free-running array, with Is = 0.
The set of unknowns

{
V , η, ωs

}
has been calculated from

system (8) as the constant phase shift ∆ϕ is swept in the range
[0, 2π]. Systems of coupled oscillators can present several
steady state solutions coexisting with the constant phase shift
one. As it was shown in [11], the SAF can track the path
of constant phase shift solutions with low computational cost.
The reason for this is that, under weak coupling conditions, in
the constant phase shift regime, the currents introduced by the
coupling network give rise to a relatively small variation of
the original free-running regime of the oscillator elements [1],
[2]. Then, since the SAF departs from the free-running regime
of each oscillator, it converges easily to the constant phase
shift solutions. In order to ensure that a solution provided
by the SAF is physically observable, a stability analysis
must be carried out. For each ∆ϕ value, the stability of
the synchronized solution has been analyzed following the
perturbation analysis described in Section II-D. The resulting
dominant poles λ1,2,3 have been represented in Fig. 8(a). In
this case, the length of the transmission line of the coupling
network produces a stable region centered at ∆ϕ = π rad.

In Fig 8(b), the variation of the outermost VCOs tuning
voltages η1,3 in the stable region has been shown. Note that
this variation is asymmetrical due to the slightly different
admittance derivatives of each oscillator, produced by the
capacitors Cout,i. In this analysis, the mutual synchronization
frequency keeps nearly constant with slight variations at
fs ' 5 GHz. In the same figure, the results provided by
the non-PW SAF have been superimposed. As can be seen,
the PW SAF provides a better agreement with measurements

than the non-PW SAF. As expected, this occurs specially in
the regions where the tuning voltage values are farther from
the point η = 1.55 V about which the first order Taylor series
has been calculated for the non-PW SAF.
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(b)

Fig. 8. Free-running array. (a) Evolution of the dominant poles λ1,2,3 with
the constant phase shift ∆ϕ, determining the stable range. (b) Variation of
the tuning voltages η1,3 versus ∆ϕ.

Once the SAF has provided the tuning voltages required
to obtain a certain phase shift ∆ϕ value in the free-running
array, the transient simulation using Keysight Advanced
Design System (ADS) simulator has been used to observe
the output voltage waveforms corresponding to these tuning
values. Fig. 9 shows the circuit-level transient simulation of
the output voltage waveforms. In this simulation, the tuning
voltages η1,2,3 have been set to the values provided by
the SAF for ∆ϕ = π rad. As can be seen, the transient
simulation presents discrepancies with the phase shift values
predicted by the SAF technique. These discrepancies can
be explained by the presence of distributed elements in the
circuits. Since the SAF uses a frequency domain description
of the array, which is provided by the HB system, this
formulation makes use of frequency domain models of all
the distributed elements. In nonlinear microwave circuits,
these components are more easily described and analyzed in
the frequency domain, especially in the case of dispersive
transmission lines. Then, when evaluating the steady state
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of these circuits, the frequency domain description typically
provides more reliable simulation results than the time-domain
modeling of these elements, which is used by the transient
simulation [14], [28].
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Fig. 9. Free-running array. Transient simulation of the output voltage
waveforms. The tuning voltages η1,2,3 have been set to the values provided
by the SAF for ∆ϕ = π rad.

In order to verify that the phase shift obtained in the
measurements corresponds to the range obtained in Fig 8(a),
an additional measuring procedure has been carried out in the
new version of the paper. With the aid of this procedure, the
power evolution of the signal resulting from the combination
of the output voltage signals vi of adjacent oscillators has been
measured. The measurement setup is shown in Fig. 10(a). In
the first place, the signals v1 and v2 have been combined and
the spectrum of the resulting signal v12 has been measured
in the analyzer 2. In the analyzer 1, the spectrum of v3 is
checked to assure that the array remains synchronized. Then,
the measured power P12 of the signal v12 has been measured
as the phase shift ∆ϕ is varied in the vicinity of ∆ϕ = π
rad, with the result of Fig. 10(b). The same procedure has
been repeated for the signal v23, resulting from combining
the outputs v2 and v3. The measurement results have been
compared in the same figure with the theoretical power of
the combined signal. As can be observed, the power of the
combined signal presents a minimum for ∆ϕ = π rad,
corresponding to the signals out of phase. Note that the signals
do not cancel each other completely, since the output powers
of adjacent VCOs are not equal. In addition, the attenuators,
the wires and the power combiner introduce additional phase
shifts whose effect we have tried to minimize.

2) Analysis of the injected array

In the second place, the piecewise technique has been
applied to analyze the injected array. For this purpose, an
external generator has been injected to the VCO with index
q = 2, modeled by a current source of amplitude Is = 0.5 mA.
For a given value of the constant phase shift ∆ϕ, the set of
frequency ωs values for which the array gets synchronized to
the input source will be called the synchronization range. This
range can be obtained by solving system (8) as the input phase
θs is swept in the range [0, 2π] rad.
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(b)

Fig. 10. Free-running array. (a) Measurement setup to analyze the effect of
the phase shift between the oscillators in the array (b) Measurement of the
signal power resulting from the combination of the output voltage signals of
adjacent VCOs as the phase shift ∆ϕ is varied in the vicinity of ∆ϕ = π
rad.

The constant phase shift has been fixed to ∆ϕ = 7π/6 rad
to work within the stable region measured in Fig. 8(a). The
stability of each synchronized solution has been analyzed in
a similar fashion to the previous case. In Fig. 11, the tuning
voltages η1,3(θs) have been represented versus the injection
frequency ωs(θs). A slight relative shift of 0.6% has been
observed in the measured frequencies. These curves provide
the necessary values of the tuning voltages of the outermost
VCOs in the array to maintain a constant phase shift. The
results obtained with the non-PW SAF technique have been
superimposed. As in the free-running case, the PW SAF shows
a better agreement with measurements than the non-PW SAF
as the tuning voltage values are farther from the acquiescent
point η2 = 1.55 V .

IV. CONCLUSION

A new technique has been presented for the simulation of
the synchronized solutions in arrays of coupled oscillators. The
technique makes use of piecewise linear admittance functions
to model each element of the array. These functions take
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Fig. 11. Injected array. Variation of the tuning voltages η1,3 versus the
synchronization frequency fs. The constant phase shift has been fixed to
∆ϕ = 7π/6 rad and the input generator phase θs has been swept in the
range [0, 2π] rad.

into account the whole VCO characteristic, performing a
global analysis that allows the maintenance of accuracy along
the whole synchronization interval. The technique has been
validated by comparison with circuit-level HB simulations in
a free-running array of Van der Pol-type oscillators. Then, it
has been applied to a coupled system of FET based oscillators
at 5 GHz, in which the circuit-level HB technique is unable to
converge. The synchronization ranges have been successfully
predicted both under free-running conditions and injection-
locked to an external generator. These results have been
validated by comparison with measurements. In all cases, the
new piecewise technique has shown a better accuracy than the
previous non-piecewise one.

APPENDIX A
CALCULATION OF THE SYNCHRONIZED SOLUTION

In this appendix, the procedure detailed in Section II for the
calculation of the synchronized solution providing a constant
phase-shift between the oscillators in the array is schematized:

1) Discretize the tuning range of each oscillator taking p
samples ηc1, . . . , η

c
p.

2) For each i−th oscillator, calculate the derivatives IkiGr,i

and Y kix, defined in (2) and (5), where x = Vi, ωi, ηi.
These derivatives are calculated by means of an AG, as
explained in Section II-A.

3) Build system (8) from (7) with the set of unknowns{
V , η, ωs

}
, where ηq is fixed to a constant value.

4) Solve system (8) for the given constant phase shift
value ∆ϕ through an optimization procedure. At
each evaluation of the function H , the intervals[
ηcki , η

c
ki+1

]
, i = 1, . . . , N containing the values of

the tuning voltages ηi, i = 1, . . . , N determine the
coefficients ki of the derivatives IkiiGr,i and Y kiix .

This simulation procedure has been followed to obtain the
synchronized solutions of the coupled oscillator system versus

the constant phase-shift in Figs. 6 and 8(b).

REFERENCES

[1] J. J. Lynch and R. A. York, “Synchronization of oscillators coupled
through narrow-band networks,” IEEE Trans. Microw. Theory Tech.,
vol. 49, no. 2, pp. 237–249, Feb. 2001.

[2] T. Heath, “Simultaneous beam steering and null formation with coupled,
nonlinear oscillator arrays,” IEEE Trans. Antennas Propag., vol. 53,
no. 6, pp. 2031–2035, 2005.

[3] R. J. Pogorzelski, “Continuum modeling of coupled oscillator arrays
with coupling delay,” Radio Science, vol. 43, no. 04, pp. 1–12, Aug.
2008.

[4] R. Moussounda, Analysis and design of coupled-oscillator arrays for
microwave systems. Dissertation. The Ohio State University, 2013.

[5] R. J. Pogorzelski and A. Georgiadis, Coupled-Oscillator Based Active-
Array Antennas. Wiley, 2011.

[6] T. Kijsanayotin, J. Li, and J. F. Buckwalter, “A 70-GHz LO phase-
shifting bidirectional frontend using linear coupled oscillators,” IEEE
Trans. Microw. Theory Tech., vol. 65, no. 3, pp. 892–904, March 2017.

[7] L. Qi, Q. Xie, L. Deng, and Z. Wang, “A novel terahertz phased
array based on coupled oscillators,” in 2018 IEEE MTT-S International
Wireless Symposium (IWS), May 2018, pp. 1–3.

[8] O. Simeone, U. Spagnolini, Y. Bar-Ness, and S. H. Strogatz, “Distributed
synchronization in wireless networks,” IEEE Signal Process. Mag.,
vol. 25, no. 5, pp. 81–97, Sept 2008.
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