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Resumen

Esta tesis doctoral presenta una nueva metodología de interés para un análisis preciso y efi-
ciente de circuitos de alta frecuencia en presencia de una señal de forzamiento. Puede aplicarse
a cualquier circuito en el que las curvas de solución no sean univaluadas o no presenten un
comportamiento regular, es decir, aquellas que proporcionan dos o más soluciones para ciertos
valores del parámetro frente al que se representan. La principal característica de este nuevo
concepto de simulación es la resolución del circuito externamente respecto de la simulación de
balance armónico. Esto permite evitar los puntos singulares o de pendiente infinita de las curvas
de solución multivaluadas. El nuevo método obtiene tantas curvas de solución como se desee
a partir de una simulación inicial de balance armónico sin la necesidad de volver a simular el
circuito para obtener nuevas curvas. Esto supone una clara ventaja respecto de las técnicas exis-
tentes. El procedimiento es compatible con los simuladores comerciales de balance armónico y
presenta la ventaja adicional de que no requiere la aplicación de métodos de continuación, como
el algoritmo de intercambio de parámetros o continuación por longitud de curva. El lugar del
punto de retorno y por ende el ancho de banda de sincronización se obtiene de manera efectiva
imponiendo una condición geométrica. El método permite trazar el lugar de la bifurcación de
Hopf incluso cuando éste es multivaluado considerando una perturbación adicional.

Por otro lado, esta tesis presenta un análisis de estabilidad en profundidad de los modos de
oscilación en osciladores multi-transistor enfatizando en los osciladores en anillo. El estudio trata
los mecanismos responsables de la generación y estabilización de estas soluciones periódicas a
diferentes frecuencias y condiciones de funcionamiento. Los mecanismos de estabilización dan
lugar a la coexistencia de varios modos de oscilación estables. El análisis proporciona una visión
del impacto tanto de los elementos parásitos de los dispositivos activos como el número de etapas
en la proliferación de los modos de oscilación. El comportamiento del oscilador multimodal en
funcionamiento sincronizado se estudia mediante la incorporación de una fuente de forzamiento.
Esta fuente de inyección proporciona un mecanismo de control de los modos de oscilación lo que
permite conmutar entre éstos obteniendo un sistema reconfigurable. La nueva metodología de
simulación se aplica al estudio global de los osciladores sincronizados. El lugar de la bifurcación
homoclínica se obtiene mediante métodos de simulación en el dominio del tiempo. Junto a
este análisis se estudia la posible aparición de soluciones caóticas en el entorno del lugar de la
bifurcación homoclínica.

Los fenómenos de histéresis y oscilación en amplificadores de potencia se estudian en pro-
fundidad gracias al nuevo método de simulación. El lugar del punto de retorno relacionado con
la histéresis da lugar a una oscilación que no puede detectarse mediante análisis de estabilidad
locales de la solución de continua ya que esta oscilación coexiste con un régimen de continua es-
table para la mayoría de condiciones de operación y valores de elementos de diseño críticos. Una
modificación de la red de entrada del circuito permite transformar el amplificador de potencia
en un oscilador de potencia de alta eficiencia capaz de arrancar a partir del nivel de ruido.

Todos los resultados obtenidos han sido satisfactoriamente validados mediante aplicación a
diferentes prototipos obteniendo un buen acuerdo con los resultados experimentales.
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Abstract

This dissertation presents a new attractive methodology for an accurate and efficient analysis of
nonlinear microwave circuits in the presence of a driving signal. It may be applied to any circuit
in which the solution curves do not exhibit single-valued or regular behavior, that is, those that
provide two or more solutions for some parameter values. The main feature of the new approach
is an external resolution of the circuit with respect to the harmonic-balance simulation. This
avoids numerical difficulties associated with turning points or infinite-slope points of the multi-
valued solution curves. The new method allows to trace as many solution curves as desired from
a unique initial harmonic-balance simulation, with no need to resimulate the circuit to obtain
them for different values of the analysis parameters. This constitutes a significant advantage
as compared with previous analysis techniques. The procedure is compatible with commercial
harmonic-balance simulators. It has the additional advantage of not requiring optimization or
continuation methods such as the parameter switching algorithm or arc-length continuation to
trace the multivalued solution curves. The turning point locus and hence the synchronization
bandwidth is effectively determined by imposing a geometrical condition. The method allows
to trace the Hopf bifurcation locus by considering an additional perturbation, even when it is
multivalued.

On the other hand, this thesis presents an in-depth stability analysis of oscillation modes
in multidevice oscillators, with an emphasis on ring oscillators. The study deals with the me-
chanisms responsible for the generation and stabilization of these periodic solutions at different
frequencies and operation conditions. The stabilization mechanisms give rise to coexistence of
several stable oscillation modes. The analysis allows to understand the impact of parasitic ele-
ments in active devices and the number of active devices or equivalently the number of stages on
the proliferation of oscillation modes. The inclusion of a driving source enables an investigation
of the multidevice oscillator in injection-locked operation. The injection source provides a means
to control the oscillation modes and switch between them, obtaining a reconfigurable system.
The new simulation methodology is applied for a global study of injection-locked oscillators.
The saddle-connection locus is traced using time-domain integration. The likely observation of
chaotic solutions in the neighborhood of the saddle-connection locus is discussed.

Hysteresis and oscillation phenomena in power amplifiers are studied in-depth thanks to the
new simulation method. The turning point locus associated with the hysteresis gives rise to an
oscillation that cannot be detected with a local stability analysis of the dc solution since this
oscillation coexists with a stable dc regime for most operation conditions and values of critical
design elements. A variation in the input network allows to obtain a high efficiency power
oscillator able to start-up from noise level.

All the new results are successfully validated through application to several demonstrators,
obtaining a good agreement with the experimental results.
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Introducción

La tecnología inalámbrica tiene un papel cada vez mayor en la sociedad. Tal es esta demanda que
sería muy difícil concebir el mundo sin la telefonía móvil, los teléfonos inteligentes y las tabletas,
entre otros. Existen un sinfín de aplicaciones modernas: tecnología “vestible” (dispositivos de
seguimiento de actividad y relojes inteligentes), redes inalámbricas (4G y WiFi), sistemas de
posicionamiento global, sistemas radar civiles tales como detectores de colisión en automóviles,
etiquetado por radiofrecuencia, etc. Estos sistemas de comunicaciones [1, 2] cuentan cada vez
con un mayor número de usuarios y estos a su vez demandan más capacidad de comunicación
con requisitos de calidad más altos. Las interfaces de radiofrecuencia y microondas [3, 4] son
subsistemas clave de los mismos, las cuales comprenden las etapas de amplificación y conversión
en frecuencia entre la antena y los subsistemas digitales en banda base. La única manera de
cumplir con los requisitos de calidad es mediante un diseño cuidadoso, fiable e innovador de los
circuitos que componen los sistemas de comunicaciones.

Los transmisores, receptores y transceptores de los sistemas de radiofrecuencia y microondas
modernos [5,6] requieren de circuitos no lineales para realizar funciones básicas como la genera-
ción de frecuencia (por ejemplo, osciladores locales o sintetizadores de frecuencia), translación o
conversión en frecuencia (por ejemplo, mezcladores, divisores y multiplicadores de frecuencia),
amplificación de alta eficiencia, detección y otros. Estos circuitos no lineales incluyen disposi-
tivos (por ejemplo, transistores y diodos) en los que la característica corriente-tensión no sigue
una relación lineal, con lo que no cumplen el principio de superposición. Esta naturaleza no
lineal plantea una complejidad adicional al problema de diseño. Habitualmente estos circuitos
muestran un comportamiento complejo, lo que requiere de potentes herramientas para modelar
y anticipar adecuadamente este comportamiento.

Los circuitos no lineales pueden clasificarse como autónomos o bien como no autónomos. Se
define en general un circuito autónomo como aquel en el que una o más frecuencias fundamentales
de su régimen de estado estacionario son generadas y auto-sostenidas por el propio circuito en
vez de ser entregadas por otros generadores del sistema. Este régimen de estado estacionario
habitualmente se corresponde con una solución periódica u oscilación. Los osciladores tienen un
papel fundamental en los sistemas de comunicaciones ya que se emplean para generar y trasladar
las frecuencias portadoras sobre las que se introducen las señales moduladoras que contienen
la información. Un ejemplo de estas frecuencias portadoras es la señal del oscilador local que
se aplica a un mezclador, desempeñando este último la función de conversor de frecuencia. Los
sistemas no autónomos, a su vez, proporcionan respuestas no oscilatorias, como en el caso de
amplificadores, multiplicadores de frecuencia y mezcladores habituales. El análisis de circuitos
autónomos es en general más complejo ya que el modelo matemático del circuito siempre puede
resolverse para soluciones degeneradas o triviales no oscilatorias, lo que da lugar a la inevitable
coexistencia de dichas soluciones matemáticas.

Los sistemas de comunicaciones inalámbricos frecuentemente incluyen topologías de osci-
lador [7] que involucran dos o más etapas a transistor para generar señales en cuadratura o
en general señales multi-fase [8–17], lo que da lugar a un oscilador multi-transistor. Los relo-
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jes multi-fase se emplean en sintetizadores de frecuencia, divisores fraccionales de frecuencia y
multiplicadores de frecuencia. Estas topologías pueden clasificares bien como configuraciones en
anillo [8, 9] en las que N etapas amplificadoras se cargan con una resistencia y una capacidad
(RC) y forman un lazo cerrado, o configuraciones multi-fase bobina-condensador (LC) [10–15],
en las que las etapas amplificadoras se cargan con resonadores. Esta tesis presentará un estudio
en profundidad de la configuración en anillo. Ciertamente estas topologías en anillo cuando in-
cluyen elementos de sintonización presentan la ventaja de proporcionar un gran ancho de banda
de frecuencias de oscilación y un tamaño reducido mientras que las topologías multi-fase LC
proporcionan mejor rendimiento frente a ruido de fase. Para que se produzca el arranque de
la oscilación [18] el lazo debe tener ganancia y un desfase acumulado que sea múltiplo entero
de 2π a la frecuencia de oscilación. Ello implica que para un anillo cerrado compuesto por N
elementos el retardo de fase con el que contribuye cada bloque puede tomar N valores posibles,
φn = 2nπ/N , n = 0, . . . , N−1, correspondientes a las diferentes respuestas oscilatorias a diferen-
tes frecuencias, también conocidas como modos de oscilación [13]. Por tanto, diferentes modos de
oscilación pueden coexistir para un mismo conjunto de valores de los elementos y de parámetros
(estos últimos corresponden a magnitudes físicas susceptibles a ser variadas, como un voltaje de
polarización, la temperatura, etc.). Todos estos modos son soluciones matemáticas válidas. Sin
embargo, solamente aquellas soluciones estables son robustas frente a pequeñas perturbaciones
que siempre están presentes en la vida real, así que solo los modos estables podrán ser observados
físicamente. En un circuito con un diseño adecuado solamente el modo deseado será estable y
por tanto físicamente observable. Aún así no es extraño encontrar en la práctica varios modos
coexistentes estables [11,16,17], lo que da lugar a un comportamiento impredecible e indeseado
de los sistemas. Como ejemplo, el oscilador controlado por tensión en osciladores en cuadratura
acoplados por corriente [19, 20] puede mostrar dos frecuencias de oscilación coexistentes [21],
con lo que la oscilación observada físicamente puede establecerse a cualquiera de las dos. La
oscilación podría saltar entre las dos frecuencias al variar un parámetro del circuito, como por
ejemplo un voltaje de sintonía. Se han propuesto algunas metodologías [22] para eliminar los mo-
dos indeseados, la mayoría de ellas basadas en suposiciones empíricas que habitualmente fallan,
lo que ocasiona el consiguiente aumento en los ciclos de producción y los costes de producción.

Los graves problemas de estabilidad en osciladores multi-transistor requieren un estudio
riguroso basado en conceptos de dinámica no lineal, investigación que a conocimiento de los
autores no ha sido realizada con anterioridad a esta tesis. Los problemas asociados a dicho
estudio son notables en alta frecuencia debido al empleo habitual del método de simulación de
balance armónico [23,24]. Este método de simulación se basa en la resolución de un conjunto de
ecuaciones algebraicas no lineales en el dominio de la frecuencia empleando una representación
en serie de Fourier de las variables del circuito, con lo que impone una forma de onda de la
solución o bien periódica o bien cuasi-periódica con NF frecuencias fundamentales. Debido a esta
restricción el método no contempla estados transitorios y por tanto proporciona convergencia
hacia una solución con independencia de la estabilidad de la misma. La información adicional
acerca de las propiedades de estabilidad de la solución debe obtenerse mediante un análisis
complementario [24–28] que no existe en ningún simulador comercial de balance armónico. Por
otro lado, el método convencional de balance armónico requiere de técnicas adicionales para
obtener las soluciones oscilatorias ya que por defecto se obtiene una convergencia hacia la solución
trivial de continua que siempre coexiste con la oscilación libre. El problema de coexistencia de
soluciones en la simulación es especialmente acuciante en osciladores con configuración multi-
transistor debido al mecanismo inherente mencionado que produce la generación de los distintos
modos de oscilación. En esta tesis se realizará una investigación en detalle del fenómeno que da
lugar a la generación/extinción y estabilización de los modos de oscilación, así como de aquellos
fenómenos que gobiernan las transiciones entre los diferentes modos.
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Los circuitos no lineales oscilatorios son habitualmente inyectados, es decir, se introduce en
el circuito una señal periódica para obtener una funcionalidad determinada, por ejemplo, un
oscilador sincronizado o un divisor de frecuencia por inyección armónica. En estos circuitos la
frecuencia fundamental (en el caso de un oscilador sincronizado) o una componente armónica
de la oscilación (en el caso de un divisor de frecuencia por inyección armónica) se sincroniza con
la señal de forzamiento. En esta situación se dice que el circuito se encuentra en condiciones
de “forzamiento”. Los divisores de frecuencia [29–31] son componentes fundamentales de los
sintetizadores de frecuencia o de los lazos de enganche en fase. Los osciladores sincronizados a la
frecuencia fundamental se emplean como desfasadores [32–34] y pueden emplearse también como
moduladores de frecuencia o de fase de bajo coste [35,36]. Los osciladores sincronizados presentan
para la mayoría de valores de la potencia de entrada curvas de solución multivaluadas [24,37–41]
frente a cualquier parámetro, como por ejemplo la frecuencia de forzamiento. Esto implica que
la curva obtenida proporciona dos o más soluciones para cada valor del parámetro dentro de un
determinado intervalo. En efecto, la curva de solución se pliega sobre sí misma mostrando puntos
de retorno o puntos de pendiente infinita [24]. Algunos de estos puntos singulares delimitan el
intervalo de parámetros en el que la oscilación se sincroniza con la fuente de entrada [42–44].
Otros puntos de retorno simplemente se asocian a saltos que se producen al barrer el parámetro.
El método convencional de balance armónico no permite realizar por defecto el análisis de los
osciladores sincronizados y requiere de técnicas complementarias para sustentar las soluciones
oscilatorias [24, 38, 45]. El problema se vuelve especialmente arduo en el caso de topologías de
oscilador multi-transistor ya que cada uno de estos modos coexistentes puede sincronizarse de
forma independiente con la señal de entrada o coexistir como oscilaciones independientes con la
solución sincronizada, lo que da lugar a un complejo comportamiento multimodal. En esta tesis
se llevará a cabo una investigación en profundidad acerca de los posibles tipos de soluciones de
estado estacionario que pueden obtenerse en osciladores en anillo sincronizados, los cuales son
de interés al ofrecer un gran ancho de banda de sincronización. Se hará un especial énfasis en los
mecanismos de inestabilidad que determinan las transiciones de un tipo de régimen de estado
estacionario a otro.

Aunque una gran parte de los estudios de las curvas multivaluadas se han llevado a cabo
empleando métodos propuestos en la literatura anterior [46,47], en diversas ocasiones estos mé-
todos resultan insuficientes o extremadamente exigentes desde el punto de vista computacional.
Este es el caso de algunas de las curvas de solución de los osciladores sincronizados con confi-
guración multi-transistor. En esta tesis se propondrá una nueva metodología para salvar estas
deficiencias. La principal diferencia respecto de las técnicas anteriores reside en que el circuito se
resolverá externamente a la simulación de balance armónico, la cual se emplea exclusivamente
para extraer una función de tipo admitancia o impedancia que describe la respuesta del oscilador
a una excitación externa.

Hay circuitos no lineales de alta frecuencia que sin ninguna intención de que produzcan
oscilaciones presentan curvas multivaluadas. Este es el caso bastante habitual de la curva de
transferencia de potencia de los amplificadores de potencia en la que los puntos de retorno (o
puntos de pendiente infinita) dan lugar a saltos e histéresis [47,48], fenómenos asociados a com-
portamiento anómalo del circuito. En [47] se presentó un análisis detallado de la histéresis y otros
fenómenos de inestabilidad observados en un amplificador de potencia de alto rendimiento. La
histéresis es el resultado de saltos observados al barrer ascendentemente o descendentemente un
parámetro del circuito, como por ejemplo la potencia de entrada, producidos por los puntos de
retorno de las curvas multivaluadas. El análisis en [47] permitió eliminar robustamente el fenó-
meno indeseado. Sin embargo, no se comprendía bien el mecanismo responsable de la histéresis.
En esta tesis se realizará un estudio en profundidad de los fenómenos de histéresis y oscilación
en amplificadores de potencia.



4 INTRODUCCION

Objetivo

El principal objetivo de esta tesis doctoral es proporcionar un estudio detallado de los mecanis-
mos de estabilización y comportamiento transitorio de topologías de oscilador multi-transistor
cuando existen varias soluciones oscilatorias coexistentes estables, enfatizando en los osciladores
en anillo. Los conceptos de teoría de bifurcaciones serán esenciales para llevar a cabo esta inves-
tigación. El propósito es desarrollar una metodología que permita eliminar o inestabilizar estas
soluciones coexistentes a excepción de la oscilación deseada con el desfase inter-etapa requerido.

Otro objetivo es investigar topologías con comportamiento multimodal en presencia de un
generador de forzamiento. El propósito es determinar en qué condiciones se observaría una única
solución a la frecuencia de entrada correspondiente al modo con la frecuencia de oscilación más
próxima. Esto constituiría un mecanismo de control de la frecuencia de oscilación sin la necesidad
de aplicar técnicas de estabilización, lo que permitiría obtener un sistema reconfigurable.

El ancho de banda de los osciladores sincronizados se obtendrá con el mejor método disponible
en términos de precisión y eficiencia computacional. Deberá trazarse incluso en el régimen de
operación fuertemente no lineal. Una banda de sincronización estrecha es la mayor limitación
de estos circuitos ya que cambios en la temperatura u otros parámetros podrían dar lugar a la
pérdida del sincronismo.

Por último, un estudio teórico deberá explicar la causa de los fenómenos de histéresis y
oscilación observados en los amplificadores de potencia. La histéresis puede producir un recreci-
miento espectral y el consiguiente deterioro de las prestaciones del amplificador. El análisis será
eficiente y compatible con el uso de simuladores comerciales de balance armónico.

Metodología

El estudio de los modos de oscilación en régimen de operación libre de los osciladores multi-
transistor se basará en un análisis de estabilidad global tanto del régimen de continua como de
cada modo de oscilación. El análisis se aplicará inicialmente a modelos ideales de los dispositivos
activos, lo que permitirá una determinación de los polos de la solución de continua inherentes
a la topología en anillo, los cuales darán lugar a la generación de los modos de oscilación. Esto
permitirá evaluar el impacto del número de etapas sobre los modos de oscilación. La complejidad
en la descripción del oscilador se irá incrementando progresivamente para evaluar el impacto de
los elementos parásitos en la generación de los modos de oscilación. Se emplearán conceptos de
la teoría de bifurcaciones [24,49] para el estudio de la generación y estabilización de los modos de
oscilación. Precisamente el Teorema de la Variedad Central [42,49,50] será vital en el análisis de
la compleja dinámica de estos circuitos con comportamiento multimodal. Estos conocimientos
serán de gran utilidad tanto en la predicción de los modos de oscilación como en la eliminación
de los modos indeseados.

El análisis de estabilidad global se extrapolará a osciladores multi-transistor en presencia
de una señal periódica de sincronización. Este estudio presenta cierta dificultad ya que no se
reduce al análisis de las soluciones sincronizadas a una sola frecuencia fundamental, sino que
debe aplicarse a las soluciones cuasi-periódicas en las que una de las oscilaciones sincronizada con
la fuente de forzamiento se mezcla con otro modo de oscilación coexistente. Las simulaciones
de balance armónico con dos frecuencias fundamentales que se emplearán para obtener estas
soluciones cuasi-periódicas añaden complejidad al análisis. Esto requiere de un esquema de
truncamiento adecuado que establezca un compromiso entre la precisión en los resultados y la
complejidad del análisis. Se investigará el empleo de la fuente de forzamiento para conmutar
entre los distintos modos de oscilación coexistentes.

El análisis de los osciladores sincronizados se basará en la introducción en el circuito de un
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generador auxiliar [24,38,45]. Este generador se empleaba en trabajos anteriores para sustentar y
controlar soluciones oscilatorias en la simulación de balance armónico. En los mismos la solución
se obtiene mediante optimización de una función de tipo admitancia o impedancia asociada
al generador auxiliar. El nuevo método de simulación, a diferencia de estos trabajos previos,
empleará el generador auxiliar para modelar la respuesta del oscilador a una señal de excitación.
La función externa de tipo admitancia o impedancia permitirá analizar el oscilador sincronizado
externamente a la simulación de balance armónico.

Se realizará un análisis teórico acerca de la histéresis paramétrica en amplificadores de po-
tencia. El nuevo método de simulación de curvas multivaluadas se aplicará al caso concreto del
amplificador de potencia con comportamiento anómalo. Se investigará la oscilación que a menu-
do se observa en amplificadores de potencia con histéresis, así como la relación entre estos dos
fenómenos. Se analizarán los mecanismos para la extinción de la solución oscilatoria. La aplica-
ción de metodologías de detección de bifurcaciones permitirá una investigación en profundidad
sobre el impacto de los parámetros más relevantes, tales como un voltaje de polarización, el valor
de un elemento o la potencia de entrada, en la estabilidad global del amplificador de potencia.
Esto proporcionará una visión sobre los diversos mecanismos de inestabilidad observados en el
amplificador de potencia y la relación entre los mismos. Este conocimiento se empleará para
obtener una metodología de diseño de osciladores basada en un control selectivo de valores de
los elementos que permitirá transformar el amplificador de potencia en un oscilador de potencia
de alta eficiencia capaz de arrancar desde el nivel de ruido.





Introduction

Wireless technologies have an ever-growing role in the society, to the point that it would be
difficult to think of the world without cellular telephones, smartphones and tablets, among
other. There is an endless number of modern applications: wearable technology (activity trackers
and smart watches), wireless networking (4G and WiFi), global positioning systems, radar sys-
tems such as collision sensors for vehicles, radio frequency identification tagging, etc. These
communication systems [1, 2] involve an increasing amount of users which demands greater
communication capabilities with more challenging quality standards. Key subsystems of these
are the radio frequency (RF) and microwave front-ends [3, 4], comprising the amplification and
frequency conversion stages between the antenna and the digital baseband subsystems. The
quality requirements can only be accomplished through a careful, reliable and innovative design
of the circuits inside the communication systems.

Transmitters, receivers and transceivers of modern radio frequency and microwave commu-
nication systems [5,6] require nonlinear circuits to perform essential functions such as frequency
generation (e.g. local oscillators or frequency synthesizers), frequency translation or conversion
(e.g. mixers, frequency dividers or frequency multipliers), high efficiency amplification, signal
detection and other. These nonlinear circuits include devices (e.g. transistors and diodes) in
which the current-voltage characteristic does not obey a linear relationship and hence the prin-
ciple of superposition does not hold. The nonlinear nature of these circuits poses thus additional
complexity to the design problem. They often exhibit a complicated behavior which requires
powerful tools to properly model and anticipate this behavior.

Nonlinear circuits may be classified as either autonomous or nonautonomous. In a widespread
definition, a circuit is said to be autonomous if one or more fundamental frequencies in its
steady-state regime are self-sustained and not delivered by other generators in the system. This
regime usually corresponds to a periodic signal (an oscillation). In communication systems,
oscillators are used to generate and shift the carrier frequencies over which the information-
bearing modulation signals are introduced. An example is the signal of the local oscillator that
drives a mixer, the latter acting as a frequency converter. In turn, nonautonomous circuits
provide nonoscillatory responses, as in the case of amplifiers, frequency multipliers or ordinary
mixers. The analysis of autonomous circuits is in general more involved since the mathematical
model of the circuit may always be solved for degenerate or nonoscillatory solutions, so there is
an unavoidable coexistence of mathematical solutions.

Wireless communication subsystems often include oscillator topologies [7] comprising two or
several transistor-based stages (multidevice oscillator) for the generation of quadrature signals
or, in general, multiphase signals [8–17]. Multiphase clocks are used in frequency synthesizers,
fractional-N frequency dividers and frequency multipliers. These topologies may be classified
as either ring configurations [8, 9], in which N amplifying stages are loaded with a resistance
and a capacitance (RC) and form a closed loop, or multiphase inductor-capacitor (LC) confi-
gurations [10–15], in which the amplifying stages are loaded with resonators. This thesis will
present an in-depth study of the ring configuration. Indeed, ring topologies have the advan-
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tage of providing, when tuned, a broad band of oscillation frequencies and a reduced size while
multiphase LC topologies feature better phase noise performance. In order for the oscillation
to start up [18], the loop must exhibit gain and a total phase shift agreeing with a multiple
of 2π at the oscillation frequency. This implies that for a closed loop of N elements the phase
delay contributed by each block can take N possible values, φn = 2nπ/N , n = 0, . . . , N − 1,
corresponding to various oscillating responses at different frequencies, also known as oscillation
modes [13]. Therefore, different oscillation modes may coexist for a same set of circuit element
values and parameters (physical quantities susceptible to be varied, such as a bias voltage, tem-
perature, etc.). All of them are valid mathematical solutions. However, only stable solutions
are robust against small perturbations that are always present in real life, so only stable modes
will be physically observed. In a proper design only the desired mode shall be stable and hence
physically observable. Nevertheless, it is not uncommon to observe in practice several stable
coexisting modes [11,16,17], which gives rise to an unexpected and undesired behavior of the sys-
tems. As a matter of fact, the voltage-controlled oscillator (VCO) in current-coupled quadrature
oscillators [19,20] may display two coexisting oscillation frequencies [21], so that the oscillation
physically observed may be established at any of them. The oscillation may hop between the
two frequencies as a circuit parameter is varied, such as a tuning voltage. Some methodologies
have been proposed [22] to eliminate the undesired mode(s), most of them based on empirical
assumptions which often fail, resulting in a subsequent increase in production cycles and final
production costs of the unit.

The severe stability issues in multidevice oscillators demand a rigorous investigation based
on concepts from nonlinear dynamics which, to the best of our knowledge, has not been carried
out prior to this thesis. The difficulties associated with this study are remarkable at microwave
frequencies due to the common use of harmonic balance [23,24]. This simulation method is based
on the resolution of a set of nonlinear algebraic equations in the frequency domain and converges
to a solution regardless of its stability. The additional information on the stability properties of
the solution must be obtained through a complementary analysis [24–28] which does not exist in
any commercial harmonic-balance simulator. On the other hand, the standard harmonic-balance
method needs further developments to obtain oscillatory solutions since a default convergence
toward the trivial dc solution that always coexists with the free-running oscillation is obtained.
The oscillator simulation is particularly challenging in multidevice configurations due to the
mentioned inherent mechanism for the generation of distinct modes. In this thesis, a detailed
investigation will be carried out on the phenomena that give rise to the generation/extinction and
stabilization of oscillation modes, as well as those that govern the transitions between different
modes.

Nonlinear oscillating circuits are usually injected, that is, a periodic signal is introduced in
the circuit in order to obtain a specific functionally, for instance, an injection-locked oscillator or
a harmonic-injection frequency divider. In these circuits, the fundamental frequency (injection-
locked oscillator) or a harmonic component of the oscillation (harmonic-injection frequency divi-
der) synchronizes with the driving signal. The circuit is said to be “forced” in these conditions.
Frequency dividers [29–31] are essential components of frequency synthesizers or phase-locked
loops (PLLs). Fundamentally injection-locked oscillators are used as phase shifters [32–34] and
can be also used as low-cost phase or frequency modulators [35, 36]. For most values of the
input signal, injection-locked oscillators exhibit multivalued solution curves [24, 37–41] versus
any parameter, for instance, the driving frequency. This means that the curve obtained provi-
des two or more solutions for each parameter value in a certain interval. Indeed, the solution
curve folds over itself featuring turning points or points of infinite slope [24]. Some of these
turning points delimit the parameter interval in which the oscillation synchronizes with the
input source [42–44]. Other turning points are associated with jump phenomena. The stan-
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dard harmonic-balance method cannot accomplish the analysis of injection-locked oscillators
by default and requires additional developments to sustain the oscillating solutions [24, 38, 45].
The problem becomes significantly more arduous in the case of multidevice oscillator topologies
since each of these modes may independently synchronize with the input source or coexist as
independent oscillations with the injection-locked one, giving rise to a complex multimode be-
havior. In this thesis, a thorough investigation will be carried out on all the possible types of
steady-state solutions that can be obtained in injection-locked ring oscillators, which feature an
attractive broad band of synchronization frequencies. Emphasis will be made on the instability
mechanisms that determine the transitions from one kind of steady-state regime to another.

While a significant part of the studies of multivalued solutions have been carried out using
methods proposed in previous literature [46,47], at numerous instances, these methods turn out
to be insufficient or extremely demanding from a computational viewpoint. This is the case of
some of the solution curves of the injection-locked multidevice configuration. To cope with these
deficiencies, a new methodology will be proposed in this thesis. The main difference with respect
to previous techniques is the fact that the circuit is solved externally to the harmonic-balance
simulation, which is only used to extract an admittance/impedance function that describes the
oscillator response to an external excitation.

Nonlinear microwave circuits without any intended oscillation may also exhibit multivalued
curves. This is quite common in the power-transfer curve of power amplifiers, in which turning
points (or infinite-slope points) give rise to jumps and hysteresis [47,48], associated with anoma-
lous behavior. In [47], a detailed analysis of hysteresis and other instability phenomena observed
was presented, applied to a high performance power amplifier. Indeed, hysteresis is the result
of jumps observed when increasing or decreasing a circuit parameter, such as the input power,
produced by turning points. The analysis in [47] allowed a sound elimination of the undesired
phenomenon. However, the mechanism responsible for the hysteresis remained unclear. In this
thesis, a thorough study of the hysteresis and oscillation phenomena in power amplifiers will be
carried out.

Objective

The main objective of this thesis is to provide an in-depth study of the stabilization mecha-
nisms and transient behavior of multidevice oscillator topologies when there are several stable
coexisting oscillatory solutions, with emphasis on ring oscillators. Concepts from bifurcation
theory will be essential to accomplish this. The aim is to develop a methodology to eliminate
or turn these coexisting solutions unstable with the exception of the desired oscillation with the
required interstage phase shift.

Another objective is to investigate topologies exhibiting multimode behavior in the presence
of a forcing generator. The aim is to determine in which conditions a single oscillation would be
observed, this one agreeing with the input frequency and corresponding to the mode with the
closest frequency. This would constitute a control mechanism of the oscillation frequency with
no need of application of stabilization techniques, yielding a reconfigurable system.

The synchronization bandwidth of injection-locked oscillators shall be obtained with the best
approach available in terms of accuracy and computational efficiency. It should be traced even
in the strongly nonlinear regime. A narrow band is the main limitation of these circuits since
changes in temperature or other parameters might result in a loss of synchronization.

Finally, a theoretical study shall explain the cause of the hysteresis and oscillation phenomena
observed in power amplifiers. The hysteresis may produce a spectral growth and the subsequent
deterioration of the amplifier performance. The analysis shall be efficient and compatible with
the use of commercial harmonic-balance simulators.
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Methodology

The study of free-running oscillation modes in multidevice oscillators will be based on a global
stability analysis, performed about the dc regime and about each oscillation mode. The analysis
will be initially applied to idealized yet physical models of active devices, which will allow a
determination of the poles of the dc solution inherent in the ring topology and responsible
for the generation of oscillation modes. This will enable an evaluation of the impact of the
number of stages on the oscillation modes. Next, the complexity in the descriptions of the
oscillator will be progressively increased so as to evaluate the impact of the parasitic elements
on the generation of oscillation modes. Concepts from bifurcation theory [24, 49] will be used
to study the mechanisms for the generation and stabilization of the oscillation modes. The
Center Manifold Theorem [42,49,50] will be invaluable in the analysis of the complex dynamics
of these systems involving coexisting oscillation modes. This knowledge will be useful not only
for a reliable prediction of oscillation modes but also for an efficient elimination of the undesired
modes.

The global stability analysis will be extrapolated to multidevice oscillators driven by a pe-
riodic signal. This investigation has a notable difficulty, as it does not reduce to the analysis of
injection-locked solutions at one fundamental frequency, but also to the quasi-periodic solutions
in which one of the oscillations synchronized with the driving source mixes with other coexisting
oscillation mode. An additional difficulty comes from the two-tone harmonic-balance simula-
tions that will be performed to obtain these quasi-periodic solutions. Therefore, a convenient
truncation scheme will be used providing a compromise between the accuracy of the results and
the complexity of the analysis. The use of the driving signal to switch between stable coexisting
oscillation modes will be investigated.

The analysis of injection-locked oscillators will be based on introduction in the circuit of
an auxiliary generator [24, 38, 45]. This generator has been used in previous works to sustain
and control oscillatory solutions in the harmonic-balance simulation. In fact, in these works the
solution is obtained through optimization of an admittance or impedance function, associated
with this auxiliary generator. Unlike these previous works, the auxiliary generator will be used
to model the oscillator response to an excitation signal. The extracted outer-tier admittance or
impedance function will be used to analyze the injection-locked oscillator outside the harmonic-
balance environment.

A theoretical analysis will be carried out to elucidate the cause of hysteresis in power ampli-
fiers. The new simulation method for tracing multivalued solution curves will be applied to the
particular case of the power amplifier featuring a pathological behavior. The oscillation often
observed in power amplifiers featuring hysteresis will be investigated, as well as any possible
connection between the two phenomena. The mechanisms for the extinction of the oscillatory
solution will be analyzed. The application of the bifurcation detection methodologies will allow
an in-depth investigation of the impact of the most relevant parameters, such as a bias voltage,
an element value or the input power, on the global stability of the power amplifier. This will
provide insight into the various instability mechanisms observed in the power amplifier and the
relationships between them. This knowledge will be used to derive an oscillator design meth-
odology based on a controlled selection of the element values so as to turn the power amplifier
into a highly efficient power oscillator able to start-up from the noise level.

Outline

This dissertation is organized as follows. It is structured in seven chapters. The first one is de-
voted to briefly present the essential concepts from nonlinear dynamics, stability and bifurcation
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theory. The bifurcation relationships that lead to stabilization of oscillation modes are derived.
The second chapter describes the tools and simulation methods used throughout this disserta-
tion, with a particular emphasis on the harmonic-balance method. In the last part, an example
is used to illustrate most of the analyses. Chapter 3 constitutes the core of this thesis, featuring
the powerful outer-tier contour method for the simulation of multivalued solution curves and
bifurcation loci of nonlinear microwave circuits in the presence of a driving signal. This new
methodology is extensively described to provide a general picture. The last section illustrates the
method through a detailed application to a practical example. Chapter 4 presents the analysis of
free-running oscillation modes in ring oscillators. Measurements of a demonstrator are included
to experimentally verify the results. Chapter 5 is devoted to the analysis of injection-locked
ring oscillators. Additional concepts are presented to carry out the analyses in the presence
of a driving signal. Chapter 6 applies the outer-tier contour method to the particular case of
fundamentally injection-locked oscillators. Additional bifurcation points are obtained. The last
chapter is devoted to the study of the hysteresis and oscillation phenomena in power amplifiers.
The investigation is illustrated through application to a high efficiency Class-E power amplifier.





Chapter 1

Stability and Bifurcations in
Nonlinear Circuits

1.1 Introduction

This chapter provides an overview of the theory of nonlinear dynamics. Most of its contents are
not new results but essential to study the complicated behavior of nonlinear microwave circuits
in a self-contained manner. The objective of this chapter is to introduce the stability theory in
a descriptive and comprehensive fashion avoiding whenever possible too much emphasis on the
mathematical formalisms.

Most of the mechanisms which produce a qualitative change in the stability of a circuit
solution, called bifurcations, involve the generation of new solutions termed autonomous. Au-
tonomous circuits provide a sustained steady-state oscillation with a fundamental frequency
different from any delivered by the driving sources including their harmonic components. This
kind of circuits are essentially nonlinear, that is, they contain amplitude-sensitive devices which
produce the self-sustained oscillation. The intrinsic gain or, equivalently, the negative resistance
that these devices exhibit gives rise to an oscillation that builds up from noise level with in-
creasing amplitude. Because this amplitude cannot grow unboundedly, a saturation mechanism
is necessary to produce an oscillation in a physical circuit. The analysis of this kind of circuits
is not simple due to nonlinear behavior. As a matter of fact, there is in general a coexistence of
the oscillation with a mathematical solution not observable. The circuit may be solved for this
solution even when the oscillation is the only one stable. A physical solution of the circuit is that
able to recover from small-signal fluctuations associated with noise in real-world components.
The stability of a solution is its robustness with respect to small perturbations, in other words,
the verification of the physical existence of the solution. In turn, an unstable solution cannot
be physically observed.

A circuit able to display a steady-state oscillation needs be nonconservative and nonlinear.
The dependence of the amplitude and frequency of oscillation on the initial condition in a
conservative system is unrealistic [24], so a means of dissipating energy is required, given as
positive resistance. The key aspect to self-sustain the solution is a perfect balance between
energy delivered and consumed throughout the oscillation period thanks to nonlinearity. For
low amplitude values, there is an excess of negative resistance overtaking the dissipation. This
results in a negative damping factor forcing the amplitude to increase. When the amplitude
grows enough, the damping factor becomes positive. This is associated with a reduction of the
negative resistance due to the nonlinearity, making the total resistance positive and forcing the
amplitude to decrease. When turning on the dc power supplies, the circuit initially provides an
unstable dc solution. This is because the energy delivered exceeds the energy dissipated at a

13



14 CHAPTER 1. STABILITY AND BIFURCATIONS IN NONLINEAR CIRCUITS

frequency agreeing with the imaginary part of a pair of complex-conjugate poles with positive
real part. This unstable pair of poles is responsible for oscillation startup under any perturbation
coming from noise.

Sometimes instability is desired: the dc solution initially obtained when turning on the power
supplies that feed a working oscillator ought to be unstable. This leads to an exponentially
growing transient that enables the steady-state self-sustained oscillation. Otherwise, a stable dc
solution would prevent the oscillation from building up from noise level. Other times instability
is an unexpected phenomenon. An example is an unstable amplifier which oscillates for certain
values of relevant physical parameters (a bias voltage, the driving frequency, the input power,
operating temperature, etc.).

1.2 Dynamical Systems and Steady-State Solutions
The term “dynamical” implies system behavior with respect to the time independent variable.
The mathematical model of a system is based on the concept of state, x, which provides the
description of the system for a given time, and the vector field, f , a function which determines
the time evolution of the state. If the vector field does not depend explicitly on time, the system
is said to be autonomous and otherwise nonautonomous. The state can be thought of as a
point belonging to a certain space termed phase space [42,51]. The motion of this representative
point within the phase space describes a path or curve called trajectory. The representation in
the phase space provides a picture of the state of the system at each instant for the implicit
time variable. The model allows to determine completely the behavior of the system by simply
studying the partition of the phase space into trajectories and establishing the relationship
between the structure of this partition and the physical parameters of the system. If the vector
field satisfies the principle of superposition, the system is said to be linear. A nonlinear vector
field gives rise to a nonlinear system. The models considered throughout this thesis include a
state determined by a finite set of variables, a continuous phase space and a nonlinear vector
field. In this manner, nonlinear systems are described by a set of nonlinear ordinary differential
equations.

1.2.1 Autonomous and Nonautonomous Systems

For an understanding of the dynamics, it is sufficient to regard a nonlinear circuit as a system
[42, 49]. The system is described by a set of nonlinear differential algebraic equations in terms
of a vector of state variables x. The state variables are usually constituted by inductor currents
and capacitor voltages. This choice comes naturally from the variables affected by the time
derivative in the corresponding constitutive relationships; indeed, vL = Lι̇L and ιC = Cv̇C .
The order of the system N is determined by the number of reactive elements. Hence, the order
for circuits involving transmission lines is theoretically infinite. The accurate description of
distributed elements in time domain is not simple and requires a special treatment [24, 52], so
for simplicity let only nonlinear circuits based on lumped elements be considered.

Assuming that the system admits a description in state form [49], the state equation of an
autonomous circuit is

ẋ = f(x), x(t0) = x0, (1.1)

where x(t) ∈ RN is the state at time t, f : RN → RN is a vector of smooth nonlinear functions
termed the vector field and N is the system order. Smooth means C∞ which is to say f is infinite
times differentiable and the derivatives are continuous. The essential property of autonomous
systems is that f does not explicitly depend on time, so integration of f from different initial
value x0 within the basin of attraction of the solution provides a time-shifted version of a same
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steady-state waveform (see in Section 1.2.2 the definition of “basin of attraction”). An example
is a free-running oscillator. The usual way of explicitly writing the dependence of the solution
on the initial condition is to express it as φt(x0), where φt : RN → RN is called the flow. This
determines a set of points {φt(x0) : −∞ < t <∞} called a trajectory through x0.

A circuit including a time-varying independent source is nonautonomous and it is said to be
forced. Integration of such system for different initial value x0 within the basin of attraction of
the solution provides always the same waveform. This is because the driving source establishes
a phase origin. Hence, the vector field of a nonautonomous system depends explicitly on time.
A nonautonomous circuit is described by the state equation

ẋ = f(x, t), x(t0) = x0. (1.2)

The solution to the nonautonomous system passing through x0 at time t0 is written φt(x0, t0).
Unless otherwise stated, the nonautonomous system will be time periodic, which is to say
f(x, t) = f(x, t + T ), T > 0 being the period of the solution. A nonautonomous system of
order N can be recasted into an autonomous system of order N + 1 [49,51] simply by including
an extra state θ = 2πt/T :

ẋ = f(x, θT/(2π)), x(t0) = x0
θ̇ = 2π/T, θ(t0) = 2πt0/T

. (1.3)

Note that the system (1.3) is periodic in θ with period 2π.
The flows of autonomous and nonautonomous systems, φt and φt( · , t0), respectively, are

diffeomorphisms. A smooth map φ : X → Y is a diffeomorphism if it is invertible and its
inverse φ−1 : Y → X is also smooth. A map is said to be smooth if it has continuous partial
derivatives of any order (C∞). The existence and uniqueness of solutions [49], formulated under
this assumption, have several consequences, some of which are summarized next:

1. The solution exists for all t.

2. A trajectory of an autonomous system is uniquely determined by the corresponding initial
condition and different trajectories cannot intersect.

3. The solution of a nonautonomous system is uniquely determined by the initial state. Unlike
the autonomous case, different solutions of a nonautonomous system may intersect.

4. There exists a nonsingular derivative of a trajectory. For a given t and t0, the solution is
continuous with respect to the initial state.

1.2.2 Limit Sets in the Phase Space

The structure of the partition of the phase space into trajectories is called phase portrait. From
a geometric viewpoint, a phase portrait corresponds to the geometric representation of the
aggregated phase trajectories within the phase space. It must be noted that it is usually very
difficult to address a complete description of the phase portrait of an arbitrary system. Yet,
some fundamental aspects of this structure have been studied.

The key aspect to study a dynamical system is the division of the phase space into regions
small enough, in such a way that the structure of the trajectories in every region is simple and
the problem resides in gathering these simple regions into a general global picture. With this
approach the structure of the phase space is divided into ordinary and singular trajectories.
The trajectories in the neighborhood of ordinary points correspond to sets of straight lines.
Some examples of singular trajectories are: singular points, corresponding to equilibria; isolated
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closed trajectories, called limit cycles, corresponding to periodic motion; separatrices, which are
boundaries given by curves or surfaces between regions of attraction.

The concept of limit set is the state-space equivalent of the steady state. From the time-
domain viewpoint, steady state is synonym of asymptotic behavior of a system as time evolves
to infinity and must be bounded. In turn, the transient state refers to the portion of a trajectory
that excludes the steady state. A limit set L is said to be attracting, or simply an attractor, if
all trajectories in a neighborhood of L lead to the limit set as t → ∞. In case this is true for
reverse time (t → −∞), then it is a repelling set. Attracting limit sets are the only ones that
can be physically observed. The basin of attraction of an attracting limit set L is an open set
x ⊆ RN constituted by all initial conditions that lead to L as time tends to infinity. In general,
a nonlinear system may display several limit sets, some of which may be attracting, each with
its own basin of attraction. The basins of attraction of different stable solutions are necessarily
disjoint. The initial condition rules which limit set is eventually observed. The stable manifold
W s of a limit set L is the set of limit points that approach L as time tends to infinity. The
unstable manifold W u of L is the set of limit points that approach the limit set in reverse time.
Given a stable limit set, the stable manifold is the basin of attraction whereas the unstable
manifold is the limit set itself. In turn, an unstable limit set constitutes its own stable manifold
whereas the basin of attraction in reverse time is the unstable manifold.

There are four main types of steady state: equilibrium, periodic solution, quasi-periodic
solution and chaos.

1.2.2.1 Constant Solutions

An equilibrium point or simply equilibrium of an autonomous system is a time-invariant solution,
equivalent to a dc or constant solution of a circuit. In principle, f(xe) = 0 means xe is an
equilibrium. The limit set of an equilibrium is a point in the phase space, so the associated
geometrical dimension is zero. The term equilibria is usually preferred to refer to solutions in
the phase space whereas the term fixed points is used for invariant solutions of iterated maps
(the Poincaré map for instance). Equilibria are not generally found in nonautonomous systems.

1.2.2.2 Periodic Solutions

A solution xp of an autonomous system is periodic if xp(t) = xp(t + kT ), where k ∈ Z and
T > 0 is the minimum period. The steady-state periodic solution of a dissipative autonomous
circuit (e.g. a free-running oscillator) is a limit cycle, an isolated closed orbit in the phase space.
Isolated means there is no other periodic solution in a neighborhood of xp. The geometrical
dimension of a limit cycle is thus one. The limit set of a limit cycle is the closed curve described
at steady state by the trajectory over one period. An alternative definition of periodic solution
is φt(xp) = φt+T (xp) for all t, where xp represents in this case any point of the limit cycle and
establishes the time origin. The spectrum of a periodic solution, given by the Fourier series, is
discrete at multiples of the fundamental frequency.

A solution of a nonautonomous system is periodic if, for all t, φt(xp, t0) = φt+T (xp, t0), where
T > 0 is the minimum period. In a nonautonomous system, one of the directions of the phase
space corresponds to the phase variable θ = 2πt/T . This implies that a given θ(t0) leads to a
particular closed curve and all of these closed curves are identical. This minimum period agrees
with the forcing period or a multiple K of the forcing period. In the former case φt(xp, t0) is
called a fundamental solution whereas in the latter case it is called a period-K solution or a
subharmonic of order K. A fundamental solution is identified in the phase space by the point
xp crossed at t = t0 whereas a period-K solution is identified by any of the K points crossed at
the K multiples of the forcing period.
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1.2.2.3 Quasi-Periodic Solutions

A quasi-periodic solution has no period T fulfilling x(t) = x(t+ kT ), k ∈ Z, other than infinite.
Yet, it is defined as the sum of a finite number of periodic waveforms [51] whose fundamental
frequencies are linearly independent, that is,

∑P
r=1 µrνr 6= 0 for any µr ∈ Z, where νr is the rth

fundamental frequency and P is the number of fundamental frequencies. These fundamental
frequencies form an integral base {ν1, . . . , νP }. It must be noted that the number of fundamental
frequencies is uniquely defined while the base is not. Take for instance P = 2; either the base
{ν1, ν2} or {ν1, ν2 − ν1} spans the same set of frequencies. A quasi-periodic solution with P
fundamental frequencies is called P -periodic. These solutions are referred to as quasi-periodic
because the associated waveforms have traits of periodicity. The spectrum of quasi-periodic
solutions is discrete at the frequencies given by linear combinations of the base frequencies.
Returning to the two-periodic example, the fundamental frequencies, or equivalently, their mini-
mum periods are often referred to as incommensurable, that is, there is no rational relationship
between the fundamental frequencies which means this relationship cannot be expressed as a
quotient of integers. The incommensurable periods struggle to dominate the solution but none
prevails resulting in an infinite overall period or, equivalently, a nonperiodic solution with traits
of periodicity, hence the term quasi-periodic. In a microwave circuit, a quasi-periodic solution
arises when two or more periodic signals interact in the presence of a nonlinear element, a mixer
for instance. The limit sets of P -periodic solutions are P -tori. In the common case of a two-
periodic solution, the limit set is a two-torus. The torus is a surface whereas a trajectory is a
curve, which means the torus is progressively filled as time tends to infinity.

1.2.2.4 Chaotic Solutions

A solution displaying bounded behavior which does not obey any of the previous steady states is
chaos. A characteristic of all chaotic systems is a broadband continuous spectrum which is often
wrongly identified as noise. It is not uncommon that in addition to this continuous component
the spectrum features spikes at the predominant frequencies of the solution. The limit set of a
stable chaotic solution is a complicated geometrical object called strange attractor which is not a
manifold. Most chaotic systems feature what is known as “butterfly effect” or sensitive depend-
ence on the initial condition. This implies that two solutions integrated from initial conditions
arbitrarily close diverge in time and surprisingly their long-term behavior becomes uncorre-
lated. The Lyapunov exponents indicate, as will be later discussed, the degree of stretching
along solutions, that is, the rate at which information about the initial condition is lost. The
closer the initial conditions, the longer it takes to diverge. This has an immediate consequence:
since a chaotic solution is constantly perturbed by either noise in real-world systems or errors
associated with finite precision in numerical computation, its evolution is unpredictable. This
means a chaotic system is deterministic with random behavior.

Stephen Smale proved [53] that the horseshoe map, a simple yet insightful two-dimensional
map, explains this behavior and has the same complex dynamics as transverse homoclinic orbits.
Indeed, horseshoe maps are embedded in any system featuring transverse homoclinic orbits.
A chaotic system is characterized by robust behavior involving highly irregular trajectories.
Transverse homoclinic orbits are closely related to the formation of strange attractors. The
complicated dynamics of these homoclinic orbits is later discussed in Subsection 1.4.5.1. The
Smale horseshoe maps the unit square onto itself and comprises the following three operations:
stretching, contraction and folding. The second squeezing action is required to ensure an area
equal or less than one. Figure 1.1(a) illustrates four iterations of the map. As can be seen,
the unit square is vertically stretched and folded to the right. In fact, the horseshoe map is
invertible. To understand how it is reversed, one just has to regard the evolution of the two
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(a)

(b)

(c)

Figure 1.1: The horseshoe map comprises the following three operations on the unit square: stretching,
squeezing and folding. The set of points remaining inside the unit square is marked in green. (a) Result
of four forward iterations. (b) Result of four backward iterations. (c) Invariant set obtained for four
forward and backward iterations.

vertical strips obtained after one forward iteration in Figure 1.1(a) when reversing the three
operations: unfolding to the left, expanding and vertical contraction. This produces the two
horizontal strips shaded in dark blue in Figure 1.1(b). Four backward iterations of the horseshoe
map are represented in Figure 1.1(b). The interest is on the invariant set, that is, the set of
points invariant under forward and backward iterations of the map. Each forward and backward
iteration removes a vertical and horizontal “third”. Figure 1.1(c) shows the invariant set resulting
of four forward and backward iterations of the horseshoe map. In the limit for an infinite number
of forward and backward applications of the map, the invariant points form a Cantor set. The
horseshoe map features some interesting properties. Consider the iterated application of the
horseshoe map to two points arbitrarily close and track their images. As time evolves, the
points no longer stay close together. This means the dynamics of the horseshoe map is chaotic.
As an example, think of how bakers work on their dough. Kneading randomly the dough will
not do a very good job. In contrast, the usual way to work on the dough is squeezing and
folding, which provides a great mix quickly. This is what the horseshoe map does and it is not
pure coincidence.

The use of the Cantor set is recurrent in studying chaotic systems. It possesses self-similarity
when successively magnifying the set and hence fractal dimension. The Cantor set is generated
in a simple manner. Take the unit interval [0, 1] and remove the middle third. This produces
two new intervals [0, 1/3] and [2/3, 1]. The next iteration removes the middle third of each
interval producing four new intervals of length 1/9. An iterative application of this procedure
results in a doubling of the amount of intervals and a division of the length of each by three at
each iteration. The Cantor set is obtained when this process continues ad infinitum. Figure 1.2
features five iterations of the process.

A strange attractor embeds therefore a fractal topology with underlying Cantor sets. In the
phase space, the chaotic limit set is bounded but the accumulated trajectories do not completely
fill the attractor, that is, there exist unconnected “forbidden” regions inside the attractor that
are never crossed even when letting time evolve to arbitrarily long intervals. Furthermore, the
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Figure 1.2: Five iterations of the construction of a Cantor set.

geometry features a self-similar structure at any scale of magnification revealing layers within
layers [42, 51], reminiscent of Cantor sets. The chaotic attractor possesses therefore fractal
dimension. Structures exhibiting fractal dimension (e.g. Weierstrass function or Koch snowflake)
are differentiable nowhere, in other words, they cannot be locally approximated by a straight
line at any point at any scale of magnification. In the foregoing examples the dimension is
somehow larger than one but smaller than two, this last case corresponding to a surface. The
dimension is therefore noninteger or a fraction.

Chaotic solutions may be found in some nonlinear microwave circuits. As a matter of fact,
a simple autonomous circuit comprising three reactive elements and a nonlinear element or
a forced circuit including two reactive elements and a nonlinear element may display chaotic
behavior [51,54].

1.2.3 Poincaré Map

In the following, a useful geometrical view of a system due to Henri Poincaré is presented.
Indeed, the Poincaré map, also called first return map, transforms a continuous system of order
N into an equivalent discrete system of order N − 1 called Poincaré section. In this way, the
limit sets obtained correspond to those of the original system and reflect their stability.

1.2.3.1 Definition

Let an Nth-order nonlinear system exhibit a periodic solution and Σ be a cross-sectional hy-
persurface of dimension N − 1. The system may be autonomous displaying a limit cycle with
minimum period T or periodically forced with minimum period T . The hypersurface Σ must
be carefully chosen so that the trajectories are everywhere transverse to it providing only one
intersection point [49]. Given that the system is assumed to be structurally stable and periodic,
any trajectory returns to Σ every T seconds providing a sequence of points. In this way, the
analysis of the system reduces to the study of the Poincaré map, a diffeomorfism P : Σ→ Σ, as
follows:

xk+1 = P (xk) = φτ (xk), (1.4)
where τ(xk) is the time of flight or time for the trajectory φt(xk) to return to Σ. This time
tends to T as the trajectory gets close to the periodic orbit. The Poincaré map therefore
transforms anNth-order continuous system into an equivalent (N−1)th-order discrete system. A
periodic closed curve with topological dimension 1 is mapped onto a fixed point with topological
dimension 0 and both limit sets share the same stability properties. In turn, a 2-torus is
transformed into a discrete closed curve of topological dimension 1 with the same stability
properties.

In nonautonomous systems, the intersections with Σ are easily obtained by sampling the
trajectory at multiples of the forcing period. This implies that a period-K solution provides a
closed orbit of K points in the Poincaré map.
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1.2.3.2 Limit Sets in the Poincaré Map

Only structurally stable limit sets in an Euclidean space are considered. This implies that there
is no equivalent limit set of an equilibrium point in the Poincaré map since the equilibrium point
does not lie on Σ after undergoing a perturbation in any direction.

A fixed point xp of the Poincaré map fulfills P (xp) = xp and corresponds to a period-one
solution. In turn, a period-K closed orbit of the Poincaré map is a sequence {xp,1, . . . , xp,K} if
xp,k+1 = P (xp,k), k = 1, . . . ,K, and xp,1 = P (xp,K). A period-K closed orbit corresponds to a
period-K solution. Therefore, fixed points and period-K closed orbits are limit sets associated
with periodic behavior in the Poincaré map.

The limit set of a two-periodic solution is a closed curve. In turn, the limit set of aK-periodic
solution is a (K − 1)-torus. These cases indicate quasi-periodic behavior in the Poincaré map.

The distinctive steady state of a chaotic orbit is not a simple geometrical object but a strange
attractor in the Poincaré map. It possesses a fine structure featuring noninteger dimension,
reminiscent of Cantor sets.

1.3 Stability

A system is said to be structurally stable if its qualitative behavior is not altered by any arbitrarily
small perturbation. The exact value of the perturbation is irrelevant as long as it is small. This
is an important remark meaning stability only deals with local behavior in a neighborhood of the
solution. Two systems are topologically equivalent if they display the same qualitative behavior.
Structural stability is an important property of dynamical systems since these are the only ones
that can be successfully simulated in time domain. The fact that numbers are treated in a
computer with finite precision prevents any dynamical system to be exactly represented, so the
simulation always deals with a perturbed version of the system.

Only stable limit sets are observable in numerical simulations in time domain or physically
in real-world systems. There are four qualitatively different types of stability:

• A limit set L is stable if all trajectories in a neighborhood of L remain close to L.

• A limit set L is asymptotically stable if L attracts all nearby trajectories.

• A limit set L is unstable if L is not attracting for all nearby trajectories.

This classification may be reduced to consider simply stable and unstable limits sets, in other
words, to distinguish between solutions that are or are not robust under small perturbations. An
asymptotically stable limit set is also stable. A nonstable limit set is unstable in the sense that it
is not observable in time-domain simulations and in physical systems because the perturbations
have components in all directions of the phase space. This limit set is never robust versus
perturbations regardless of the sense of variation of time, hence the term nonstable. A nonstable
limit set is neither attracting for all nearby trajectories when running the system forwards in
time nor when running the system backwards in time.

1.3.1 Eigenvalues of Equilibria

The stability of a linear system is completely determined by the real part of the eigenvalues
associated with the system matrix. This approach may not seem applicable to a nonlinear
system, or at least not directly. Nevertheless, one can exploit the local definition of stability.
Indeed, local behavior near the limit set is well described by linearization of the system about
the solution.
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Let xe be an equilibrium of an autonomous system. A perturbation produces a deviation in
the equilibrium point, represented by xe + δx, where δx is small. The state equation is given by
a first-order Taylor expansion of the vector field:

ẋe + δẋ = f(xe) + Jf (xe)δx, (1.5)

where Jf is the Jacobian matrix of the system. Because xe is an equilibrium, ẋe = f(xe) = 0.
The problem reduces then to study the linear system

δẋ = Jf (xe)δx, δx(0) = δx0, (1.6)

where δx0 represents a perturbation in a neighborhood of xe. The solution to (1.6) is obtained
by integration [43,49]:

δx(t) = eJf (xe)tδx0 =
N∑
n=1

cne
pntun, (1.7)

where pn and un are respectively the eigenvalues and eigenvectors of the Jacobian matrix, and
the constants cn set the initial condition, n = 1, . . . , N . The eigenvalues pn are also the poles
of the solution or roots of the characteristic determinant det(Jf (xe) − pnU), where U is the
identity matrix. Hence the notation pn, which is used to avoid later confusion with Lyapunov
exponents. Eigenvalues and poles are used interchangeably throughout this thesis. The right-
hand side of (1.7) constitutes a general solution of the system obtained by linear superposition
of N independent solutions. Because the perturbation is real, pn, un and cn are either real or
are grouped in complex-conjugate pairs. The real part of pn, σn, provides the rate of contraction
(σn < 0) or expansion (σn > 0) near xe in the direction of un. In this way, if all eigenvalues fulfill
σn < 0 the equilibrium is asymptotically stable. The equilibrium is unstable if all eigenvalues
fulfill σn > 0 whereas it is nonstable if at least one fulfills σn < 0 and at least other fulfills
σn > 0. Let σ be the real part of the eigenvalue with largest real part. The smaller the value
of σ the longer the transient response. This could be a symptom indicating that the solution
may undergo a qualitative change in its stability for further variation a parameter. Note that
σ > 0 yields an exponentially growing evolution of δx(t) in time. This unbounded behavior is
not realistic since it is only applicable to a neighborhood of the perturbation. For |δx(t)| large
enough the linearization no longer predicts the evolution. The actual evolution is not to infinity
but to a stable solution.

The eigenvectors associated with eigenvalues with negative real part span near the equi-
librium the stable eigenspace Es of the solution. In turn, the eigenvectors associated with
eigenvalues with positive real part span near the equilibrium the unstable eigenspace Eu of the
solution. The linearization is only valid in a neighborhood of the equilibrium. For a farther
distance the stable and unstable eigenspaces become the stable and unstable manifolds [43] of
xe. Near xe the stable manifold W s of the solution is tangent to the eigenspace Es. In turn, the
unstable manifoldW u of xe is tangent to the eigenspace Eu in a neighborhood of the equilibrium.

An unstable solution in a practical microwave circuit has typically several stable eigenspaces
due to the high order of the system. A real eigenvalue has one associated eigenvector and thus
the stable or unstable eigenspace spanned by the eigenvector has dimension one and describes
a straight line in RN . This straight line evolves to a nonlinear manifold which describes a curve
toward a different solution. A pair of complex-conjugate poles has two associated eigenvectors
and the stable or unstable eigenspace spanned by the eigenvectors has dimension two and is a
plane in RN . This eigenspace evolves to a nonlinear manifold which describes a surface in RN .

An equilibrium is hyperbolic if all eigenvalues have non-zero real parts and nonhyperbolic
otherwise. Hyperbolic equilibria are structurally stable while nonhyperbolic equilibria are not.
The local behavior based nearby the solution is well described by system linearization about the
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equilibrium. The system linearization and the nonlinear system itself are said to be topologi-
cally equivalent in a neighborhood of the solution. Indeed, the nonlinear terms may produce a
deviation in the trajectories predicted by the linearization but the behavior does not qualitatively
change near the equilibrium. In the following, a classification of hyperbolic equilibria is presented
for systems that can be geometrically represented.

In scalar systems, the phase space is the real line and an equilibrium has one real eigenvalue.
Therefore, a hyperbolic solution can be either stable or unstable. In a planar (two-dimensional)
system, the solution has two eigenvalues that are either real or complex-conjugate. The three
main types of hyperbolic equilibria are:

• Nodes. Both eigenvalues are real and have the same sign. A node is stable when the
real parts of the eigenvalues are negative whereas it is unstable when the real parts of the
eigenvalues are positive. A stable node is also called sink while an unstable node is called
source. A sink attracts nearby trajectories as t → ∞ whereas a source is attracting as
t→ −∞.

• Saddles. The eigenvalues are real and have opposite signs. Some authors [51] classify them
as non-stable equilibria since saddles are unstable or repelling regardless of the sense of
variation of time.

• Foci. The eigenvalues are complex-conjugate. A focus is stable when the real part of the
complex-conjugate eigenvalues is negative while it is unstable when the real part of the
complex-conjugate eigenvalues is positive. Trajectories near a focus describe a spiral.

To illustrate, two examples are presented in the following. The first one is an autonomous system
of the form

ẋ = f1(x, y) = a10x+ a20x
2 + a30x

3 + a11xy
ẏ = f2(x, y) = b01y + b11xy + b10x+ b20x

2 + b30x
3 . (1.8)

The system is tailored to incidentally exhibit three equilibria: a saddle, a sink and a stable
focus. Indeed, the characteristic equation of a two-dimensional system, such as (1.8), can be
easily shown to be

λ2 − τλ+ ∆ = 0, (1.9)

where τ and ∆ are respectively the trace and determinant of the Jacobian matrix of the system:

Jf =


∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

 .
The roots of the characteristic polynomial are the eigenvalues of the equilibrium:

λ = τ ±
√
τ2 − 4∆
2 . (1.10)

Therefore, a saddle implies ∆ < 0, a node τ > 2
√

∆ and a focus τ < 2
√

∆. In particular, the
node is a sink for τ < 0 and a source for τ > 0; the focus is stable for τ < 0 and unstable for
τ > 0. The saddle is desired to be at (0, 0), the sink at (−1, 0) and the stable focus at (1, 0).
This restriction imposes the following constraints for the constant coefficients in (1.8):

a10 + a30 = a20
a30 = −a10
b10 + b30 = b20
b30 = −b10

, (1.11)
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Figure 1.3: Phase portraits of the planar autonomous system (1.12) for the values of constant coefficients
a10 = 0.8, a11 = −1, b01 = −0.9, b11 = 0.8, and b10 = −0.8. It features three equilibria: a sink at (−1, 0),
a saddle at (0, 0) and a stable focus at (1, 0).

so (1.8) simplifies to
ẋ = f1(x, y) = a10(x− x3) + a11xy
ẏ = f2(x, y) = b01y + b11xy + b10(x− x3) . (1.12)

Bearing in mind the considerations and restrictions above, the constant coefficients must satisfy
the following conditions:

a10b01 < 0
(−2a10 + b01 − b11)2 > −8(a10(b01 − b11) + a11b10)
−2a10 + b01 − b11 < 0
(−2a10 + b01 + b11)2 < −8(a10(b01 + b11)− a11b10)
−2a10 + b01 + b11 < 0

. (1.13)

There are multiple sets of constant coefficients fulfilling (1.13). One of these is

a10 = 0.8; a11 = -1; b01 = -0.9; b11 = 0.8; b10 = -0.8;

as one can verify. Figure 1.3 presents the phase portraits associated with such system. Clearly,
it features a sink at (−1, 0), a saddle at (0, 0) and a stable focus at (1, 0). One can note
that the saddle and the sink are connected through the unstable manifold of the saddle. The
basin of attraction of the sink is x < 0 while the basin of attraction of focus is x > 0. This
means trajectories starting in the second an third quadrants are attracted to the sink whereas
trajectories starting in the first and fourth quadrants are attracted to the focus. The stable
manifold of the saddle (x = 0) is a separatrix between the basins of attraction. The union
between the two basins of attraction and the separatrix is the whole phase space R2.

The second example is a beautiful yet more circuit-oriented one. It is a planar autonomous
system also which provides the dc solutions of a single-ended two-stage ring oscillator. In fact,
the circuit does not oscillate since, as will be discussed in Chapter 4, it requires either an odd
number of stages or an even number of stages with differential configuration and the outputs of
one of the stages swapped. In the analysis, a cubic polynomial is used to model the drain to
source current function. A similar circuit containing three stages will be used to illustrate the
application of the describing function in the frequency domain, so for more details on the circuit,
see Section 2.5 of Chapter 2. The circuit contains one capacitor per stage so it is restricted to
two stages and in this way its phase portraits can be represented in the plane. One can easily
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Figure 1.4: Single-ended two-stage ring oscillator. (a) Circuit schematic: R = 50 Ω, C = 2.2 pF,
a1 = −43.11 mS and a3 = 7.66 mA/V3. (b) Phase portraits.

show that the circuit is ruled by the state equation

v̇1 = f1(v1, v2) = − 1
RC

v1 + a1
C
v2 + a3

C
v3

2

v̇2 = f2(v1, v2) = − 1
RC

v2 + a1
C
v1 + a3

C
v3

1

, (1.14)

where the state variables v1 and v2 correspond to the capacitor voltages of the first stage and
the second stage, respectively, a1 < 0 and a3 > 0. A symbolic resolution of (1.14) in a computer
program reveals a total of nine equilibria: five saddles and four stable foci. These results are
shown in Table 1.1. Therefore, the circuit exhibits nine dc solutions, four of which are stable.
The beautiful phase portraits of the system are represented in Figure 1.4, including the basins
of attraction of each solution. Note the symmetry inherent in the circuit: the phase space is
symmetrical with respect to the separatrix v2 = v1 and also with respect to the separatrix
v2 = −v1. The stable and unstable manifolds of the saddles are separatrices or boundaries
between basins of attraction.

Finally, the largest phase space that can be geometrically represented corresponds to the
three-dimensional system. The Jacobian matrix of such as system has three eigenvalues. A
classification of hyperbolic equilibria regarding the nature of these eigenvalues (see Figure 1.5)
is given next:

• Nodes. The three eigenvalues are real and have the same sign. All stated for the planar
case applies to nodes in systems of any dimension.
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Table 1.1: Equilibria and associated eigenvalues of a single-ended two-stage ring oscillator.

v1e (V) v2e (V) λ1 λ2 Type
0 0 −28.6864 109 10.5045 109 Saddle

−1.7369 1.7369 −21.0091 109 2.8273 109 Saddle
1.7369 −1.7369 −21.0091 109 2.8273 109 Saddle
2.8703 2.8703 −75.5545 109 57.3727 109 Saddle
−2.8703 −2.8703 −75.5545 109 57.3727 109 Saddle
−1.3284 1.9655 (−9.0909 + j2π 0.7823)109 (−9.0909− j2π 0.7823)109 Stable focus
−1.9655 1.3284 (−9.0909 + j2π 0.7823)109 (−9.0909− j2π 0.7823)109 Stable focus

1.3284 −1.9655 (−9.0909 + j2π 0.7823)109 (−9.0909− j2π 0.7823)109 Stable focus
1.9655 −1.3284 (−9.0909 + j2π 0.7823)109 (−9.0909− j2π 0.7823)109 Stable focus

• Saddles. The three eigenvalues are real, at least one of them is negative and at least
another is positive. The three-dimensional system is the best case to explain why this
equilibrium is called saddle: in an ideal scenario given by a steady horse and the absence
of environmental perturbations such as air currents, a marble will not fall off the saddle if
it is released from a position on the saddle belonging to the imaginary line that goes from
the center of the head to the tail of the horse (the stable manifold of the saddle). Since a
perturbation has components in all directions, a saddle is always unstable.

• Focus-nodes. One eigenvalue is real, the remaining ones form a pair of complex-conjugate
eigenvalues and all have real parts with the same sign. A focus-node is stable if the sign
is negative and it is unstable if the sign is positive.

• Saddle-foci. One real pole has the opposite sign of the real part of a pair of complex-
conjugate eigenvalues. A saddle-focus is always unstable.

Nodes and focus-nodes change qualitatively their stability properties when reversing time where-
as saddles and saddle-foci are always unstable.

Nonhyperbolic equilibria possess one or more eigenvalues with zero real part. In that case, the
system is not structurally stable. An infinitesimal perturbation may produce a local bifurcation
resulting in a qualitative change in the stability of the solution or even in the number of solutions.
The common scenario when analyzing a circuit is to find an equilibrium with one or several
eigenvalues with zero real parts and the remaining eigenvalues with negative real parts, referred
to as a critical solution. The stability of such an equilibrium depends on the nonlinear terms of
the vector field. Examples of nonhyperbolic equilibria are presented next.

The center is a nonhyperbolic equilibrium characterized by two pure-imaginary complex-
conjugate eigenvalues. If the remaining eigenvalues have negative real parts then the center is
(neutrally) stable but not asymptotically stable. Another example is the saddle-node equilibrium
given for solutions with one zero eigenvalue. This nonhyperbolic equilibrium appears in the
saddle-node bifurcation and is always unstable. The Bogdanov-Takens equilibrium (see the
phase portraits associated with the point BT in Figure 1.9) is also nonhyperbolic and always
unstable, and occurs in solutions with two zero eigenvalues.

A well-designed free-running oscillator is asymptotically stable meaning that all neighboring
trajectories are attracted to the limit cycle. Any perturbation gives rise to a transient with
an exponential evolution in time to the periodic solution. Inside the region in the phase space
delimited by the limit cycle there exists an equilibrium point corresponding to the unstable dc
solution that coexists with the oscillation. This solution is characterized by a pair of complex-
conjugate eigenvalues with positive real part and an imaginary part which approximately agrees
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Figure 1.5: Trajectories near hyperbolic equilibria in R3 and associated poles.
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with 2π/T . Any initial condition within the region inside the limit cycle describes a spiral-like
trajectory leading to the limit cycle. On the other hand, the dc solution of a conservative oscil-
lator is characterized by a pair of pure imaginary complex-conjugate eigenvalues. As previously
discussed, this situation corresponds to a nonhyperbolic equilibrium called center. Different
initial conditions near the center produces a family of concentric periodic curves around it. This
explains the dependence of the oscillation amplitude on the initial condition in a nondissipative
ideal free-running oscillator.

1.3.2 Floquet Theory

The linearization used to describe local behavior of equilibria also applies to a periodic solution
xp(t):

δẋ(t) = Jf (xp(t))δx(t). (1.15)

Jf (xp(t)) is periodic with minimum period T . The general solution to (1.15) is

δx(t) =
N∑
n=1

cne
pntun(t), (1.16)

where un(t), n = 1, . . . , N are periodic with minimum period T and provide at each time value
the N independent directions in which the perturbation is decomposed. The eigenvalues pn are
constant and clearly do not agree with the eigenvalues of the time-periodic Jacobian matrix
Jf (xp(t)). Because the vectors un(t) are periodic, the extinction of the perturbation,

lim
t→∞

δx(t) = 0,

will only depend on the real part of the constant exponents pn. Due to the periodicity of un(t),
if pn is increased in a multiple of ωs = 2π/T , say pn + jkωs, k ∈ Z, the perturbation will take
the same value after any integer number of periods. Determination of these eigenvalues is a
problem in Floquet theory.

As shown in (1.16), the general solution of (1.15) is given by a linear combination of N in-
dependent solutions {δx1(t), . . . , δxN (t)}. A fundamental solution matrix has these N solutions
for its columns: δX(t) = [δx1(t) . . . δxN (t)]. If each independent solution δxn(t) is obtained
through integration of (1.15) using the nth column of the N ×N identity matrix as the initial
condition δx0, then the matrix δXc(t) = [δxc1(t) . . . δxcN (t)] is the canonical fundamental
solution matrix, also called the principal fundamental solution matrix. The solution is obtained
through multiplication of the canonical fundamental solution matrix by the initial condition
vector:

δx(t) = δXc(t)δx0. (1.17)

From (1.16), δXc(t) is not periodic due to the existence of a real part in the exponents. The ma-
trix Y (t) = δXc(t+T ) is also a fundamental but not canonical solution matrix. This implies that
it can be expressed in the form Y (t) = δXc(t)Y (0), which is to say δXc(t+ T ) = δXc(t)δXc(T ).
By recursive substitution in last expression one can easily show that

δXc(t+KT ) = δXc(t) (δXc(T ))K , K ∈ Z+. (1.18)

The monodromy matrix δXc(T ) is constant as well as its eigenvalues mn and associated eigen-
vectors vn. Let δxfn(t) be an independent solution obtained using vn as initial condition in
(1.17): δxfn(t) = δXc(t)vn. From previous derivations:

δxfn(t+ T ) = δXc(t+ T )vn = δXc(t) δXc(T )vn︸ ︷︷ ︸
mnvn

= mnδxfn(t). (1.19)
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Using the property (1.18) and applying recursively (1.19):

δxfn(t+KT ) = δXc(t) (δXc(T ))K vn = δXc(t)mK
n vn = mK

n δxfn(t), K ∈ Z+. (1.20)

The property (1.20) shows that the independent solutions δxfn(t) are multiplicative and hence
the eigenvalues of the monodromy matrix δXc(T ) are called characteristic multipliers or Floquet
multipliers. The solutions are multiplicative, so the evolution of the perturbation in the nth di-
rection depends on the magnitude of mn. Whether δx(t) will decay to zero or grow unboundedly
will solely depend on the limit value of mk

n with k tending to infinity. Indeed, the magnitude
of mn provides the amount of contraction (|mn| < 0) or expansion (|mn| > 0) near xp(t) in the
direction of un(t). The Floquet multipliers are independent of the particular definition of Σ in
autonomous systems and the value of t0 in the nonautonomous case while eigenvectors un(t)
do change. In autonomous systems, there is always a multiplier m1 = 1 and the corresponding
eigenvector u1(t) = f(xp) associated with the autonomy of the solution since perturbations tan-
gent to the limit cycle in the phase space simply produces a phase shift in the solution regardless
of its stability properties. In forced systems, the multiplier m1 = 1 is associated with the varia-
ble θ. The periodic eigenvectors un(t) in (1.16) are obtained through integration of (1.15) using
vn as initial condition and dividing by epnt.

From a different viewpoint, the stability of a periodic solution reduces to the study of the
linearized Poincaré map about the associated fixed point xp:

δxk+1 = JP (xp)δxk. (1.21)

This linear system describes the evolution of the solution in a neighborhood of the fixed point
under a perturbation δx0. The solution to (1.21) is

δxk = JP (xp)kδx0 =
M∑
n=1

cnm
k
nvn, (1.22)

where mn and un are respectively the eigenvalues and eigenvectors of the Jacobian matrix of the
Poincaré map, and the constants cn set the initial condition, n = 1, . . . ,M . In nonautonomous
systems M = N whereas in autonomous systems M = N − 1. In fact, the eigenvalues mn are
the Floquet multipliers or characteristic multipliers of the periodic solution. The perturbation
δx0 is real, so mn, un and cn are either real or are grouped in complex-conjugate pairs. A
fixed point is asymptotically stable if all characteristic multipliers fulfill |mn| < 0, it is unstable
if all multipliers fulfill |mn| > 0 and it is nonstable if there is at least one Floquet multiplier
fulfills |mn| < 0 and at least other fulfills |mn| > 0. A fixed point is hyperbolic if it has no
characteristic multipliers on the unit circle and nonhyperbolic otherwise. Only hyperbolic fixed
points are structurally stable since those do not disappear under small perturbations of the
Poincaré map.

As shown in [24,55,56], the Floquet exponents pn in (1.16) agree with the poles of the solution
or roots of the associated characteristic determinant. In fact, poles and Floquet multipliers are
related through [55,56]:

mn = epnT , n = 1, . . . , N. (1.23)

This relationship is nonunivocal. As a matter of fact, there is an infinite set of poles of the form

pn + jkωs = σn + j(ωn + kωs), k ∈ Z, (1.24)

associated with each characteristic multiplier mn. Any of the poles pn provides the rate of
contraction [Re(pn) < 0] or expansion [Re(pn) > 0] while mn provides the amount of contraction
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Figure 1.6: Unstable poles resulting from numerical identification of the 120◦ mode depicted in Figure
4.11(b) for VGS = −1 V: σ± j(ω′0 + kω0), k ∈ Z. Theoretical poles (crosses) are in total agreement with
numerical identification (squares).

(|mn| < 1) or expansion (|mn| > 1) in T seconds, so both contain equivalent information on the
stability.

As an example, the stability analysis of the ring oscillator in Figure 4.9 of Chapter 4 is
presented. The circuit is a three-stage ring oscillator based on Angelov’s GaAs FET model with
typical values of parasitic elements at gate terminal: RG = 6 Ω, LG = 0.8 nH and CGS = 0.2 pF.
Each extrinsic drain is loaded by a shunt capacitor of 0.4 pF plus a shunt resistor of 50 Ω. The
chosen operation point is: VGS = −1 V, VDS = 4.5 V.

A large-signal analysis of the 120◦ oscillation mode is performed by means of the auxiliary
generator technique presented in Section 2.3.6 of Chapter 2. Once the optimization process
is complete, the final values of the auxiliary generator variables are VAG = 1.19982 V and
fAG = 6.8798496 GHz. A stability analysis is performed about the oscillatory solution through
the conversion matrix approach (see Section 2.3.4). Numerical identification, as described in
Section 2.3.8, is applied to the transfer function obtained to find the unstable set of poles. The
tool STAN [25, 57] is used for this purpose. The order of identification is N = 5 in bands
of frequencies of about 400 MHz. Unstable poles are detected at f ′0 = 15.935461 GHz, corre-
sponding to the oscillation frequency of the 0◦ oscillation mode. The nonunivocal relationship
between Floquet multipliers and Floquet exponents gives rise to the following set of poles:
[1.3064816 ± j2π(15.935461 ± k6.8798496)]109, k ∈ Z. Figure 1.6 shows the unstable poles of
the 120◦ mode. Due to the nonunivocal relationship between Floquet multipliers and poles,
there are in effect image poles at frequencies ω′0 + kω0, where k 6= 0. The previously predicted
poles (marked with crosses in Figure 1.6) are in total agreement with the results of numerical
identification (squares). The poles highlighted in Figure 1.6, corresponding to k = 0, are often
referred to as canonical poles.

A key aspect is that the identification algorithm may not detect unstable poles that are found
far away from the imaginary axis in a highly populated transfer function. This is explained by
the consequent effective reduction of the quality factor of the resonance associated with the
unstable poles, which usually results in an almost flat section, masked by other poles/zeros. In
the foregoing example the operation point has been carefully chosen so that the real part of the
unstable poles is close enough to the imaginary axis.
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1.3.3 Lyapunov Exponents

The stability of quasi-periodic solutions is determined by the Lyapunov exponents which are a
generalization of the eigenvalues and Floquet multipliers of a solution. The Lyapunov exponents
may be used to study the stability of equilibria, periodic solutions, quasi-periodic solutions and
even chaotic solutions.

Let xe be an equilibrium point of f and p1, . . . , pN represent the eigenvalues of Jf (xe). The
Lyapunov exponents of xe are

λn = lim
t→∞

1
t

ln |epnt| = lim
t→∞

1
t

Re(pn)t = Re(pn). (1.25)

The Lyapunov exponents agree with the real parts of the corresponding eigenvalues at the
equilibrium point.

Let xp be a fixed point in the Poincaré map P and m1, . . . ,mM be the eigenvalues of JP (xp).
The Lyapunov numbers of xp are given by

lim
k→∞

|mk
n|1/k = |mn|. (1.26)

The Lyapunov numbers agree with the magnitudes of the corresponding Floquet multipliers
at the fixed point. Bearing in mind the above considerations, the Lyapunov exponents of the
periodic solution are

λn = 1
T

ln |mn|. (1.27)

The characteristic multipliers provide the amount of contraction or expansion in T seconds, so
the Lyapunov exponents of a periodic solution give the average rate of contraction (λn < 0) or
expansion (λn > 0) near the periodic solution. From (1.27)

|mn| = eλnT , (1.28)

so the relationship between Lyapunov numbers and Lyapunov exponents is the same one between
eigenvalues and Floquet multipliers. The multiplier m = 1 associated with the autonomy of the
periodic solution of an autonomous system is equivalent to a Lyapunov exponent λ = 0.

A limit set is attracting or asymptotically stable if contraction exceeds expansion:

N∑
n=1

λn < 0.

In particular, none of the Lyapunov exponents of a nonchaotic attracting limit set can be positive.
Nevertheless, some Lyapunov exponents may take zero value. If the number of zero Lyapunov
exponents agrees with the dimension of the nonchaotic limit set then the solution is hyperbolic.
Therefore, the number of zero Lyapunov exponents indicates the dimension of the nonchaotic
hyperbolic limit set. A hyperbolic equilibrium is a point in the phase space, it has dimension
zero and thus none of the Lyapunov exponents is zero. A hyperbolic periodic solution is a closed
curve in the phase space or, equivalently, one or more fixed points in the Poincaré map, so
it has dimension one and one Lyapunov exponent of zero value. A hyperbolic quasi-periodic
solution with two fundamental frequencies is a torus in the phase space and a closed curve in the
Poincaré map, it has two Lyapunov exponents of zero value and an associated dimension of two.
A hyperbolic K-periodic solution is a K-torus in the phase space and one or more (K − 1)-tori
in the Poincaré map, so it has K Lyapunov exponents of zero value and dimension K.

Differently to nonchaotic limit sets, the characteristic of a strange attractor is one or more
positive Lyapunov exponents. Any limit set not an equilibrium possesses one or more zero
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Lyapunov exponents. Contraction must outweigh expansion in any attractor. These statements
imply that a strange attractor must have at least three Lyapunov exponents. Therefore, the
dimension of a system to feature chaos must be 3 or greater. This means that an autonomous
circuit must comprise at least three reactive elements to display chaotic behavior [58] while the
restriction is two or more reactive elements in a forced circuit.

In the following, an example of strange attractor is presented for a practical microwave cir-
cuit based on a commercial diode from Skyworks. Namely, it is the abrupt junction varactor
SMV1430. The system is a forced R-L-diode circuit, as shown in Figure 1.7(a). Some simplifi-
cations are considered to enable system reduction and in this way obtain a planar Poincaré map.
Indeed, the circuit requires a low resistance value, so the matching network used to transform the
50 Ω of the input generator to this low resistance value is omitted so as not to increase system
dimension. Similarly, the varactor bias network is ideal and not considered in the system. The
parasitic elements associated with diode package are not considered, or can be thought of as
part of the R-L-diode network. The nonlinear model of the diode is constituted by the junction
capacitance function Cj(vd):

Cj(vd) =


Cj0

(
1− vd

Vj

)−M
, vd ≤ FcVj

Cj0
(1− Fc)M

(
1 + M(vd − FcVj)

Vj(1− Fc)

)
, vd > FcVj

, (1.29)

where Cj0 is the zero-bias junction capacitance, Vj is the junction potential, Fc = 0.5 is the
forward-bias depletion capacitance coefficient, M is the grading coefficient, vd = Vdc + v is the
diode voltage, Vdc is the diode bias voltage and v is the RF component of the diode voltage.
The state equation of the system is therefore

v̇ = f1(v, ι) = ι

Cj(Vdc + v)

ι̇ = f2(v, ι) = −R
L
ι− 1

L
v + Vs cos(ωst)

L

, (1.30)

where ι is the inductor current and Vs is the amplitude of the driving source. The system (1.30)
is integrated from a random initial condition and sampled at multiples of the forcing period
T = 2π/ωs, where ωs is the fundamental angular frequency of the driving source. Figure 1.7(b)
presents the resulting limit set in the Poincaré map. The beautiful strange attractor features
fractal dimension displaying self-similarity at several scales of magnification and a fine structure,
as gathered from Figure 1.7(b).

The Lyapunov exponents provide at each integration step the average rate of divergence or
convergence in the N directions of the system. When talking about the Lyapunov exponent
one refers to the largest. A positive Lyapunov exponent can be thought of as the rate at which
information about the initial condition is lost; its magnitude is a measure of the sensitivity
to the initial condition. The process to generate the chaotic attractor is based on a numerical
calculation of the Lyapunov exponent in a computer program for a random set of the parameters
in (1.29) and (1.30) within certain physical bounds. At each iteration step k, the system is
integrated over one period to provide a new point xk = (vk ιk)T in the Poincaré map. The
number of samples per period is NS while the number of iterations or computed points in the
Poincaré map is NI . The system is iterated for some suitable large number NI ignoring the
first Np points to observe the steady state. The Lyapunov exponent is calculated by considering
two close points xk and xk + δxk. At the next iteration step k + 1, they evolve to xk+1 and
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xk+1 + δxk+1. The Lyapunov exponent is approximately given then by

λ ' 1
NI −Np

NI∑
k=Np+1

ln
(
δxk+1
δxk

)
. (1.31)

If contraction exceeds expansion then the limit set obtained in the Poincaré map is attracting.
One way to determine this is to verify that the points obtained at each iteration are contained
within certain reasonable bounds. Then, if the Lyapunov exponent in (1.31) is positive, the
limit set obtained is a chaotic attractor. This means nearby points diverge regardless of how
close they are. Note that the vast majority of the solutions obtained with the process described
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Figure 1.7: Strange attractor in the Poincaré map obtained in a forced R-L-diode circuit. (a) Circuit
used to generate the strange attractor: t0 = 0.515 ns, Vs = 6.77 V, fs = ωs/(2π) = 1.1 GHz, R = 3.85 Ω,
L = 7.62 nH, Vdc = −4.55 V and diode model of Skyworks SMV1430 (Cj0 = 1.11 pF, Vj = 0.86 V,
M = 0.5). (b) Successive magnifications evidencing the self-similar structure of the strange attractor.
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are attracting and nonchaotic. Only few cases correspond to chaotic behavior, which requires
to repeat the process iteratively.

1.4 Bifurcation Theory
Bifurcations delimit the intervals of parameter values with the desired circuit operation. A bi-
furcation of a dynamical system is a qualitative change in the stability of a solution or in the
number of solutions produced under the continuous variation of one or more system parameters.
Examples of circuit parameters are a bias voltage or current, a linear element value, the ampli-
tude, phase or frequency of a driving source, etc. The evolution of a particular limit set under
the continuous variation of a parameter constitutes a solution curve or solution path x(η). Most
sections of the solution curve correspond to quantitative changes in the solution. Nevertheless,
the solution may undergo a qualitative change in its stability at the critical parameter value ηb.
These qualitative changes in the stability of a particular solution are local bifurcations and can
be detected by regarding the Lyapunov exponents or the real part of the poles of the solution.
On the other hand, a global bifurcation involves one or several solutions in the phase space or
in the Poincaré map and is associated with an intersection between the stable and unstable
manifolds of equilibria or fixed points. A global bifurcation cannot thus be detected from local
information, that is, by simply regarding the Lyapunov exponents or the real part of the poles
of the solutions. A bifurcation locus is a continuous function (usually a curve) defined on certain
subset of the space of system parameters that provides all the bifurcation points of a certain type
for a family of solution curves. Bifurcation loci are essential to delimit regions with qualitative
different behavior.

The codimension of a bifurcation is the minimum number of parameters necessary to produce
the bifurcation or, equivalently, the number of conditions which characterize a bifurcation. A
classification of the main types of codimension one bifurcations occurring in practical microwave
circuits could be the following:

• Applied to equilibria

– Saddle-node bifurcation. Particular cases are the turning point and the pitchfork
bifurcation.

– Andronov-Hopf bifurcation

• Applied to periodic orbits or fixed points in the Poincaré map

– Double-point bifurcation. This includes the regular turning point and the pitchfork
bifurcation.

– Flip bifurcation, also known as period doubling bifurcation.
– Neimark-Sacker bifurcation. It may be also found as torus bifurcation or secondary

Hopf bifurcation.

• Global bifurcations

– Homoclinic bifurcation, also known as saddle-connection.
– Saddle-node homoclinic bifurcation. It is also known as limit cycle on saddle-node or

local-global bifurcation.

In codimension two bifurcations, two parameters need to be varied for the bifurcation to
occur. One of the few well-studied bifurcations of codimension two is the double zero eigenvalue
or Bogdanov-Takens bifurcation.
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1.4.1 Local Bifurcations

To study or detect a local bifurcation, the dependence on the parameter η is explicitly included
in (1.1):

ẋ = f(x, η), (1.32)

which provides the linearization:

δẋ(t) = Jf (x(t), η)δx(t). (1.33)

The key aspect is that the roots of the characteristic determinant associated with the lineariza-
tion (1.33) or poles of the solution x(t) vary continuously as continuously varying the parameter
η. At the critical parameter value ηb a real pole γ or a pair of complex-conjugate poles σ ± jωa
crosses the imaginary axis producing a local bifurcation. These poles are commonly referred to
as critical poles. In a direct bifurcation the critical poles cross from the left-hand side of the
complex plane (LHP) to the right-hand side of the complex plane (RHP). In turn, in an inverse
bifurcation the critical poles cross from the RHP to the LHP.

The essential tool to study local bifurcations is the Center Manifold Theorem [49, 50]. It
allows to reduce the dimension of a system very convenient in the analysis of local bifurcations.
A center manifold is an invariant manifold tangent to the center eigenspace [49] and is associated
with poles on the imaginary axis (critical eigenvalues). Local behavior transverse to the center
manifold simply corresponds to contraction and expansion in the local stable and unstable
manifolds. The key aspect is to isolate the complicated asymptotic behavior by identifying an
invariant manifold tangent to the subspace spanned by the eigenvectors associated with pure
imaginary eigenvalues. The Center Manifold Theorem [49, 50] states that there exist stable,
unstable and center invariant manifoldsW s,W u,W c tangent respectively to the stable, unstable
and center eigenspaces Es, Eu, Ec spanned by the eigenvectors associated with the eigenvalues
of the Jacobian matrix of the system in a neighborhood of a bifurcation. The normal forms are
analytical expressions that approximate the flow on the center manifold. The Center Manifold
Theorem implies that these normal forms are locally topologically equivalent to the system near
the bifurcation. The normal forms are computed applying averaging [49].

1.4.1.1 Bifurcations of Equilibria

There are two main types of bifurcations of equilibria: those associated with a real eigenvalue
γ crossing the imaginary axis and those associated with a pair of complex-conjugate poles
p = σ ± jωa crossing the imaginary axis. In the former case, the bifurcation conditions are:

γ(ηb) = 0
dγ

dη

∣∣∣∣
ηb

6= 0
. (1.34)

The second equation ensures a crossing through the imaginary axis and not a tangential inter-
ception. The first condition implies a singularity of the Jacobian matrix of the system at the
bifurcation point, so the system fulfills

f(xe, ηb) = 0
det(Jf (xe, ηb)) = 0

. (1.35)

The three main types of bifurcation of equilibria associated with a real critical pole are the
transcritical bifurcation, the pitchfork bifurcation and the turning point.
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In a transcritical bifurcation two equilibria with different stability properties (a saddle and
a node, for instance) exist before and after the bifurcation. At the bifurcation, the equilibria
collide and “exchange” their stability properties. The solution curve has two branches before and
after the bifurcation which exchange their stability properties at the transcritical bifurcation.

In a pitchfork bifurcation two equilibria are generated or extinguished at the bifurcation
point while the original equilibrium exists after the bifurcation. The former case corresponds
to a supercritical pitchfork bifurcation. The solution curve is composed of a single branch
before the bifurcation. At the bifurcation point, two new branches are generated with the same
stability properties of the solution before the bifurcation. The original branch extends beyond
the bifurcation point with a total number of poles on the RHP increased by one. The solution
curve reminds of a pitchfork and hence the name of the bifurcation. At a subcritical pitchfork
bifurcation the two additional branches exist before the bifurcation. The “principal” branch
extends beyond the bifurcation with a total number of unstable poles increased by one. The
additional branches are extinguished at the bifurcation point and share the stability properties
of the principal branch after the bifurcation. The cases discussed correspond to direct pitchfork
bifurcations. They still apply to inverse pitchfork bifurcations just by regarding the solutions in
reverse sense.

The occurrence of perfect transcritical and pitchfork bifurcations in most practical circuits
is unusual. In fact, perfect pitchfork bifurcations require odd symmetry in the equations. These
bifurcations are not structurally stable and are destroyed by small perturbations that break
the bifurcation conditions. Imperfect transcritical and pitchfork bifurcations may be observed
instead. These imperfect bifurcations produce nonintersecting branches.

The turning point [59] is an important and usual bifurcation found in practical nonlinear
circuits. Before the bifurcation two equilibria exist. At the bifurcation point the equilibria collide
and are destroyed, so neither of them remains after the bifurcation. This corresponds to a saddle
and a node connected through the unstable manifold of the saddle in case of a sink or through
the stable manifold of the saddle in case of a source. This is why the turning point is often
referred to as saddle-node bifurcation. The solution curve folds over itself at the bifurcation.
The turning point is thus a point of the solution curve featuring infinite slope associated with
system singularity at the bifurcation. A turning point in a stable section of a solution curve gives
rise to a jump to a different stable solution as varying the parameter. It is not uncommon to find
two consecutive turning points in a stable section of a solution curve. This is because usually
the solution cannot grow indefinitely in a “quenching” sense of variation of the parameter as a
result of the first folding (e.g. take the gate bias voltage of a FET device as the parameter).
The curve continues its natural evolution thanks to the second folding. The two turning points
produce hysteresis, that is, the parameter value for which the jump between different stable
solutions is produced depends on the sense of variation of the parameter. Hysteresis and jump
phenomena can occur also in combination with the next type of bifurcation, the Andronov-Hopf
bifurcation.

The case of a critical pair of complex-conjugate poles corresponds to a Hopf bifurcation. The
bifurcation conditions are

p(ηb) = ±jωa
dσ

dη

∣∣∣∣
ηb

6= 0
. (1.36)

The second condition ensures a crossing through the imaginary axis. After the Hopf bifurcation,
the number of poles of the equilibrium on the RHP increases in a pair of complex-conjugate
poles. At the bifurcation point, an autonomous frequency component is generated agreeing
with the imaginary part of the critical pair of poles. In the phase space this corresponds to a
degenerate limit cycle whose amplitude tends to zero at the bifurcation point and hence agrees



36 CHAPTER 1. STABILITY AND BIFURCATIONS IN NONLINEAR CIRCUITS

with the equilibrium. Due to the continuity of the equations, the new periodic solution generated
at the bifurcation inherits the stability properties of the equilibrium and the system dimension
is conserved. That is to say the number of characteristic multipliers of the periodic solution
agrees with the number of eigenvalues of the equilibrium. Indeed, the relationship (1.23) implies
that the pair of complex-conjugate poles 0± jωa of the equilibrium corresponds to two Floquet
multipliers of value +1. The relationship (1.23) is nonunivocal as gathered from (1.24), so
the multipliers of value +1 at the bifurcation point are equivalent to two poles at 0. As the
amplitude of the periodic solution increases from zero amplitude, one of these poles remains at
0 responsible for the solution autonomy. The other pole moves either to the LHP or to the RHP
indicating respectively a supercritical or a subcritical Hopf bifurcation. For further clarifications,
the bifurcations are assumed to be of direct type meaning the critical pair of complex-conjugate
poles moves to the RHP as continuously increasing the parameter η. In a supercritical Hopf
bifurcation one of the poles at 0 moves to the LHP, so the generated periodic solution shares
the stability properties of the equilibrium before the bifurcation. The limit cycle exists after
the bifurcation and hence the term supercritical. The new periodic solution coexists with the
unstable equilibrium after the bifurcation. In a subcritical Hopf bifurcation one of the poles at 0
moves to the RHP, so the generated periodic solution has one additional real pole on the RHP
as compared to the equilibrium before the bifurcation. The limit cycle is therefore unstable
with at least one real Floquet multiplier outside the unit circle and exists before the bifurcation,
hence the term subcritical. The new periodic solution coexists with the equilibrium before the
bifurcation. These criteria may be also applied to inverse Hopf bifurcations just by regarding the
variation of the parameter in reverse sense. Any branching bifurcation, that is, those providing
new solutions to the existing one, may be also classified as either supercritical or subcritical. An
example is the pitchfork bifurcation. The linearization (1.33) is unable to determine if a Hopf
bifurcation is supercritical or subcritical. This is usually accomplished by regarding the normal
forms of the bifurcation [49] resulting of application of the Center Manifold Theorem.

1.4.1.2 Bifurcations of Periodic Solutions

The most convenient means to study bifurcations of periodic regimes is the Poincaré map, as it
reduces to the analysis of a fixed point or a period-K closed orbit in case of a subharmonic regime
of order K. The characteristic multipliers allow therefore to predict qualitative changes in the
stability of the solution. The three main types of local bifurcations are determined depending on
how a real Floquet multiplier or a pair of complex-conjugate multipliers crosses the unit circle:
a real multiplier crossing the unit circle through the point (1, 0) gives rise to a double-point
bifurcation or direct type (D-type) bifurcation. A real multiplier crossing the unit circle through
the point (−1, 0) gives rise to a period-doubling bifurcation or inverse type (I-type) bifurcation,
also known as flip bifurcation. Finally, a pair of complex-conjugate multipliers crossing the unit
circle through e±jθ gives rise to a spurious-exciting bifurcation or Hopf-type bifurcation, also
known as secondary Hopf or Neimark-Sacker bifurcation.

Examples of D-type bifurcations are the regular turning point and the pitchfork bifurcation.
The D-type bifurcation conditions are:

m(ηb) = 1
dm

dη

∣∣∣∣
ηb

6= 0
. (1.37)

Bearing in mind the relationship (1.23), a real Floquet multiplier is associated with an infinite
set of poles of the form γ ± jk2π/T , k ∈ Z. Hence, a real Floquet multiplier crossing through
(1, 0) is equivalent to a real pole crossing the imaginary axis through 0. All stated for pitchfork
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bifurcations of dc solutions applies to pitchfork bifurcations of periodic solutions; in the former
case, the bifurcation involves an equilibrium point in the phase space while in case of a periodic
solution the bifurcation involves a fixed point of the Poincaré map. The regular turning point
is usually found in periodic solutions. In the phase space, this corresponds to two closed curves
that approach one another, overlap at the bifurcation point and disappear. One of the periodic
solutions has one additional Floquet multiplier outside the unit circle as compared to the other
periodic solution, or equivalently, one more set of poles with positive real part.

The I-type bifurcation conditions are:

m(ηb) = −1
dm

dη

∣∣∣∣
ηb

6= 0
. (1.38)

Note that −1 = exp [j(1 + 2k)π] = exp
[
j

(
π

T
+ k

2π
T

)
T

]
= exp

[
j

(
ωs
2 + kωs

)
T

]
, k ∈ Z

and ωs = 2π/T , so a Floquet multiplier crossing through −1 is equivalent to a set of poles
σ ± j(ωs/2 + kωs), k ∈ Z, crossing the imaginary axis which implies a frequency halving or a
flip bifurcation. An example of frequency division by two is found in the well-known Mathieu
equation [24,49], which is later analyzed in Chapter 7 for a different phenomenon. Similarly to
an equilibrium undergoing a Hopf bifurcation, the nondivided periodic solution continues to exist
after the flip bifurcation but it is always unstable and thus nonobservable. A period doubling
bifurcation is therefore a branching bifurcation, so it can be classified as either supercritical
or subcritical. As in the case of the periodic solution arising at a Hopf bifurcation in a dc
solution, the generated subharmonic regime is a degenerate solution so the amplitude of the
new solution tends to zero at the bifurcation point. The set of poles σ± j(ωs/2 +kωs), k ∈ Z, is
transferred to the new subharmonic solution and either shifts to the LHP yielding a supercritical
flip bifurcation or to the RHP yielding a subcritical flip bifurcation. Note that unlike the Hopf
bifurcation the flip bifurcation involves only one multiplier m = −1 and hence one dimension,
so there is no real pole which stays at 0 in the new solution after the bifurcation. This makes
sense since the phase origin is established by the original periodic solution undergoing the flip
bifurcation so the frequency-divided solution cannot be autonomous.

In the Poincaré map the periodic solution undergoing the period doubling bifurcation is a
fixed point. After the bifurcation the solution is a closed orbit composed of two points. This is in
agreement with period doubling; it takes twice the fundamental period T to return providing two
intersection points with the surface Σ. The nondivided solution after the bifurcation is unstable
and corresponds to a fixed point located in between the two points of the closed orbit. The
subharmonic solution after the bifurcation bounces or flips about the fixed point corresponding
to the nondivided solution and hence the name of the bifurcation.

Flip bifurcations may be observed in forced circuits, specifically in power amplifiers due
to a parametric resonance of nonlinear capacitances [24, 60, 61]. These bifurcations may also
be found in autonomous circuits as a result of frequency division by two of the self-generated
oscillation [24,62].

The Hopf-type bifurcation conditions are:

m(ηb) = e±jθ

dm

dη

∣∣∣∣
ηb

6= 0
. (1.39)

Note that exp (±jθ) = exp
(
±j θ2π

2π
T
T

)
= exp (±jαωsT ) = exp (±jωaT ), where α ∈ R cannot

be expressed as a quotient of integers. The complex-conjugate multipliers e±jθ are therefore
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equivalent to a set of poles σ ± j(ωa + kωs), k ∈ Z, crossing the imaginary axis at η = ηb.
The autonomous angular frequency ωa is nonharmonically related to the fundamental angular
frequency ωs of the periodic solution, so the new solution arising at the bifurcation is quasi-
periodic with two fundamental frequencies. In the phase space it corresponds to a 2-torus
[44] while in the Poincaré map the new solution generated at the secondary Hopf bifurcation
corresponds to a closed curve. Secondary Hopf bifurcations are structural in certain forced
circuits such as injection-locked oscillators [24,63] from relatively high input power. They may be
also incidentally observed in power amplifiers [48,64] and frequency multipliers under relatively
high input power due to negative resistance produced by nonlinear capacitances in active devices
[24]. The quasi-periodic solution gives rise to a self-oscillating mixer behavior of these circuits.
The bifurcation is said to be asynchronous in the sense that the quasi-periodic solution arises
from zero amplitude with ωa 6= ωs, in other words, the fundamental angular frequency of the
autonomous component does not agree with the fundamental angular frequency of the periodic
solution at the bifurcation point.

1.4.2 Sequence of Hopf Bifurcations

This section is devoted to the bifurcations of a dc solution that generate various periodic solutions
or oscillation modes in a nonlinear autonomous circuit. This knowledge will be invaluable for
the study of the multidevice oscillator in Chapter 4.

Let a parameter η able to quench any possible oscillation mode be considered, such as the
gate bias voltage VGS in FET-based oscillators. When varying this parameter, the oscillation
modes are generated in a sequence of direct Hopf bifurcations, occurring at particular η values.
It will be assumed that the dc solution does not become stable between Hopf bifurcations, which
is the case throughout this thesis. Then, the stability properties of the dc solutions will change
versus η in the following manner:

dc0 H1−−→ dc2 . . . dc2(m−1) Hm−−→ dc2m . . . dc2(M−1) HM−−→ dc2M , (1.40)

where M is the total number of Hopf bifurcations observed inside the interval of parameter
values considered, Hm indicates the mth Hopf bifurcation, m = 1, . . . ,M , and the superindex
refers to the number of unstable poles of the dc solution. Note that at each Hopf bifurcation an
oscillatory solution is generated with a steady-state amplitude tending to zero at the bifurcation
point [24].

For a global understanding of the qualitative stability changes, it will be taken into account
that fundamental bifurcation phenomena occurring from a dc regime involve just one or two
eigenvalues (poles) [42]. Therefore, it should be possible to obtain a reduced system in one or two
dimensions such that all the qualitative properties of the original multidimensional system are
preserved. This is the main idea behind averaging and the Center Manifold Theorem [42,49,50].
Taking this into account, a classification of the main types of bifurcations from dc solutions
(equilibrium points) is presented in [65]. The two main types of direct Hopf bifurcations are
given by:

dc p, q → dc p−2, q+2 + P p−1, q, 1 (1.41a)
dc p, q + P p−2, q+1, 1 → dc p−2, q+2 (1.41b)

where p and q are the number of stable and unstable eigenvalues of the original dc solution,
respectively, where N = p + q is the system dimension. In both cases, after the direct Hopf
bifurcation, the dc solution has (as expected) two more unstable eigenvalues, corresponding to
the pair of complex-conjugate eigenvalues that crosses to the RHP at the bifurcation point. The
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change in stability properties is indicated with two superindexes, which respectively indicate the
number of stable and unstable eigenvalues. On the other hand, P refers to the periodic oscillation
generated at the bifurcation. The corresponding superindexes indicate the number of stable,
unstable and unit-value Floquet multipliers [51, 55, 65], in this order. Note that the oscillatory
solution has one Floquet multiplier of value 1 associated with the system autonomy [24]. In type
(1.41a), a periodic solution with the same stability properties of the dc solution is generated at
the Hopf bifurcation and exists only after this bifurcation (supercritical case). In type (1.41b), a
periodic solution with q+ 1 unstable Floquet multipliers is extinguished at the Hopf bifurcation
(subcritical case).

Here, the stability of periodic solutions will be analyzed in practice by means of their asso-
ciated poles instead of using Floquet multipliers. From the point of view of the solution poles,
the critical pair of complex-conjugate poles of the dc solution ±jω0 involved in the Hopf bifur-
cation transforms into two distinct real sets of poles p0 = 0 + jkω0 and p′0 = 0 + jkω0, due
to preservation of system dimension [24]. When varying the parameter η so as to increase the
steady-state oscillation amplitude, one of these sets stays at the imaginary axis (Floquet multi-
plier of value 1) [24, 51] whereas the other will shift either to the left-hand side of the complex
plane (LHP) [case (1.41a)] or to the RHP [case (1.41b)]. The remaining Floquet multipliers
(and their corresponding sets of poles) stay near their original values.

The oscillation modes arise, in general, in a sequence of Hopf bifurcations, which may have
any of the following forms:

dcN−2m+2, 2m−2 → dcN−2m, 2m + PN−2m+1, 2m−2, 1 (1.42a)
dcN−2m+2, 2m−2 + PN−2m, 2m−1, 1 → dcN−2m, 2m (1.42b)

where m = 1, . . . ,M indicates the order of appearance in the sequence of Hopf bifurcations.
The relationships (1.42a) and (1.42b) correspond to supercritical and subcritical bifurcations,
respectively.

1.4.3 Stabilization Mechanisms

In the following, the theory that explains coexistence of several stable oscillation modes in the
multidevice oscillator of Chapter 4 is presented. As shown in (1.42a) and (1.42b), the periodic
solution generated at the mth Hopf bifurcation can have either 2m − 2 or 2m − 1 unstable
Floquet multipliers. In order to become stable, all of these Floquet multipliers must enter the
unit circle, or equivalently, the associated sets of poles must cross the imaginary axis to the
LHP. The stabilization mechanisms may involve the crossing to the LHP of both real and
complex-conjugate poles.

1.4.3.1 Crossing of Real Poles

Initially, the case of a subcritical Hopf bifurcation from a stable dc regime will be considered,
ruled by the relationship

dcN, 0 + PN−2, 1, 1 → dcN−2, 2.

The incipient periodic solution will have a real positive Floquet multiplier outside the unit
circle, or equivalently a set of poles γ± jkω0, γ > 0, k ∈ Z, on the RHP. For stabilization of the
solution, this set of poles must cross to the LHP. This will occur in a turning-point bifurcation
of the periodic oscillation curve, traced versus the parameter. In general, the stabilization of
periodic solutions with an odd number of unstable Floquet multipliers will require at least one
turning point in the solution curve at which the set of poles γ ± jkω0 crosses to the LHP.
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It must be noted that there can be a change in the nature of the RHP poles when varying
the analysis parameter η. Let an oscillation mode at the frequency ω0 have a pair of unstable
complex-conjugate poles p = σ ± j(ω0 + ∆ω), where ω0 and ∆ω are incommensurable (which,
due to the nonunivocal relationship between Floquet multipliers and poles (1.23), implies the
existence of σ± j∆ω). If under variation of η the frequency ∆ω decreases to zero, the complex-
conjugate poles σ ± j∆ω will merge and split into two real poles γ, γ′ (or γ ± jkω0, γ′ ± jkω0,
k ∈ Z), γ′ > γ, moving in opposite directions. The pole shifting to the left (γ) may cross
the imaginary axis giving rise to a turning point in the solution curve, at which the number of
unstable poles will decrease in one. The pole shifting to the right (γ′) can reverse and shift to
the left crossing the imaginary axis in another turning point.

1.4.3.2 Successive Crossings of Pairs of Complex-Conjugate Poles

Let an unstable incipient oscillation mode m with several pairs of complex-conjugate multipliers
outside the unit circle be considered. Two different situations will be analyzed: a periodic so-
lution of the form PN−2m+1, 2m−2, 1 and a periodic solution of the form PN−2m, 2m−1, 1. This
last case corresponds to a periodic solution generated at the subcritical Hopf bifurcation (1.42b)
before passing the turning point. For notation convenience, the change of variable 2r = 2m− 2
will be performed, so the incipient periodic solution will have either 2r or 2r + 1 Floquet mul-
tipliers outside the unit circle. In fact, this new index r accounts for the amount of inverse
Hopf bifurcations needed to stabilize the mode generated at the mth Hopf bifurcation from a dc
regime. To derive the possible transformations at each inverse Hopf bifurcation some properties
will be taken into account.

The local dynamics associated with multipliers different from those that cross the unit ci-
rcle simply corresponds to exponentially contracting and expanding behavior. Therefore, this
noncritical dynamics will hold after the bifurcation, in analogue manner [37, 66] to what hap-
pens in relationships (1.41). The poles of the periodic solution are given by the roots of the
characteristic determinant, resulting from system linearization about the periodic solution at
jkω0 + s, k ∈ Z, where s is the complex-frequency perturbation. This characteristic determi-
nant will be written in a compact manner as det (JΞ(jkω0 + s)), where JΞ stands for Jacobian.
At the Hopf bifurcation, there are two complex-conjugate multipliers on the unit circle. If crit-
ical multipliers are expressed as m = exp(±j∆ωbT ), the following equation can be written:
det (JΞ(j(kω0 + ∆ωb))) = 0, which is, in fact, a linearized steady-state equation (frequencies
with real part equal to zero), fulfilled by a solution with two fundamental frequencies and an
amplitude tending to zero. Consequently, a quasi-periodic solution is generated at the Hopf
bifurcation, which due to the continuity of the equations, should grow in amplitude when either
increasing or decreasing the parameter. The original periodic solution is autonomous and thus
has a multiplier of value 1. The Hopf bifurcation gives rise to the onset of a second autonomous
frequency. Hence, the generated quasi-periodic solution will have two degrees of autonomy. The
stability of quasi-periodic solutions is determined by N real numbers, known as Lyapunov expo-
nents [51, 67]—see Section 1.3.3. A quasi-periodic solution with two autonomous fundamental
frequencies will have two Lyapunov exponents of zero value. For stability, the remaining Ly-
apunov exponents must be smaller than zero. As already stated, at the Hopf bifurcation the
periodic solution has two critical complex-conjugate Floquet multipliers. In order to preserve
system dimension, the quasi-periodic solution must have two Lyapunov exponents of zero value
at the bifurcation point (besides the one associated with the original oscillation). When varying
η so as to increase the amplitude of the quasi-periodic solution, one of the two critical Lyapunov
exponents will stay at zero and the other will become negative, in the case of a supercritical
bifurcation, or positive, in the case of a subcritical one.

The first situation (PN−2m+1, 2m−2, 1) is initially considered. Given that there is no merging
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Figure 1.8: Inverse Hopf bifurcations from a periodic regime. (a), (b) Supercritical and subcritical
types, respectively, for either a periodic solution generated at a supercritical Hopf bifurcation from a dc
regime or the stable (upper) section generated at a subcritical one. (c), (d) Supercritical and subcritical
types, respectively, for the unstable (lower) section of a periodic solution generated at a subcritical Hopf
bifurcation from a dc regime.

of poles, stabilization of mode m would require r = m−1 pairs of complex-conjugate multipliers
to enter successively the unit circle in a series of inverse Hopf bifurcations versus the parameter.
Applying the above concepts, it is possible to derive the two following forms of inverse Hopf
bifurcation:

PN−2r−1, 2r, 1 + QN−2r, 2r−2, 2 → PN−2r+1, 2r−2, 1 (1.43a)
PN−2r−1, 2r, 1 → PN−2r+1, 2r−2, 1 + QN−2r−1, 2r−1, 2 (1.43b)

where Q indicates a quasi-periodic solution. The superindexes in Q refer to the number of stable,
unstable and zero-value Lyapunov exponents, in this order. Transformation (1.43a) corresponds
to a supercritical inverse Hopf bifurcation, since there is no quasi-periodic solution after the pair
of complex-conjugate multipliers enters the unit circle, unlike the situation (1.43b) (subcritical
bifurcation). As shown in (1.43), the stabilization through inverse Hopf bifurcations implies
the existence of quasi-periodic steady-state regimes, extinguished at these bifurcations. Note
that the analysis in (1.43) focuses on the stabilization mechanisms, so it does not consider the
possible occurrence of direct Hopf bifurcations or turning points in the solution curve. The
extension of the analysis to cover those situations would be straightforward.

To clarify the transformations in (1.43), some sketches are presented in Figure 1.8 which are
particularized to the last bifurcations leading to the stabilization of a mode. The transformations
in Figures 1.8(a) and 1.8(b) correspond to the stabilization of a periodic solution with only one
unstable pair of complex-conjugate multipliers. In Figure 1.8(a), the inverse Hopf bifurcation is
supercritical, agreeing with (1.43a), and a stable quasi-periodic regime is generated at the bifur-
cation point. If prior to IH there are no direct Hopf bifurcations in the periodic path, one would
expect the quasi-periodic solution to become unstable (with one positive Lyapunov exponent)
through a turning point TQ, that is, the curve cannot grow indefinitely when decreasing the
quenching parameter η. In Figure 1.8(b), the inverse Hopf bifurcation is subcritical, agreeing
with (1.43b), and gives rise to the onset of an unstable quasi-periodic regime with one positive
Lyapunov exponent.

The second situation (PN−2m, 2m−1, 1) implies the existence of r pairs of complex-conjugate
multipliers plus one positive real multiplier outside the unit circle. An inverse Hopf bifurcation
occurring with the positive real multiplier still outside the unit circle would correspond to any
of the two following transformations:

PN−2r−2, 2r+1, 1 + QN−2r−1, 2r−1, 2 → PN−2r, 2r−1, 1 (1.43c)
PN−2r−2, 2r+1, 1 → PN−2r, 2r−1, 1 + QN−2r−2, 2r, 2 (1.43d)
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where case (1.43c) corresponds to a supercritical bifurcation and case (1.43d) corresponds to a
subcritical one. Note that the periodic solution still exhibits one positive real multiplier larger
than 1 after the bifurcation point. The bifurcation relationships (1.43c)-(1.43d) must be read
in inverse sense implying poles shifting to the LHP, that is, for a reverse sense of variation of
the parameter. Regarding these two bifurcation relationships, there is mistake in [68] in the
corresponding equations (9c) and (9d). One can note that the quasi-periodic solutions appear
in the wrong side of the transformation. This is corrected in this thesis.

Figures 1.8(c) and 1.8(d) show the last bifurcations leading to the stabilization of a periodic
solution with a pair of complex-conjugate multipliers and a real positive multiplier outside the
unit circle. In both cases, the inverse Hopf bifurcations occur when decreasing η. The bifurcation
IH in Figure 1.8(c) corresponds to a transformation of type (1.43c). At IH, the pair of complex-
conjugate multipliers enters the unit circle. The remaining real multiplier is expected to enter
the unit circle at a turning point of the periodic solution (TP), leading to the stabilization of
the periodic regime from this point. The quasi-periodic solution generated at the bifurcation
is unstable with one positive Lyapunov exponent. The sketch in Figure 1.8(d) corresponds to
the transformation (1.43d). Similarly to (1.43c), the periodic solution has one positive real
multiplier larger than 1 after IH, which is expected to enter the unit circle at TP, leading to the
stabilization of the periodic solution. The quasi-periodic solution is unstable with two positive
Lyapunov exponents.

1.4.4 Double Zero Eigenvalue

The double zero eigenvalue is a codimension two bifurcation described simultaneously and in-
dependently by Bogdanov and Takens [49], so it is also known as Bogdanov-Takens bifurcation.
The bifurcation is characterized by a zero eigenvalue of multiplicity two. In the neighborhood of
the bifurcation, the system has a saddle and a nonsaddle equilibria which collide and disappear
at a turning point. The nonsaddle equilibrium generates a limit cycle at a Hopf bifurcation.
This limit cycle collides with the saddle and generates a homoclinic orbit which is destroyed at
a saddle connection (see below Subsection 1.4.5.1). In the plane defined by the two parameters
considered, three codimension one bifurcation loci meet: two branches of turning point locus, a
Hopf locus and a saddle connection locus. The Center Manifold Theorem [42,49,50,53] provides,
under some non-degeneracy conditions, an analytical normal form for an Nth-order system that
is topologically equivalent near the origin [49]. This normal form provides an interesting ge-
ometrical result: the three bifurcation loci meeting at the Bogdanov-Takens bifurcation (BT)
are tangent to each other, as can be gathered from Figure 1.9, together with the qualitative
different phase portraits in the four regions and at the point BT. This bifurcation is structural
in injection-locked oscillators.

1.4.5 Global Bifurcations

A global bifurcation involves at least one saddle equilibrium or fixed point, that is, a solution
containing both stable and unstable poles. Such a solution is attracting for some directions of the
phase space or the Poincaré map and repelling for others. This property enables the formation
of structures called homoclinic or heteroclinic orbits. The global bifurcations to be discussed
next involve exclusively homoclinic orbits. These homoclinic orbits are typically observed after
the stable and unstable manifolds of one or more equilibria or fixed points meet. An essential
feature of global bifurcations is the discontinuous generation or extinction of solutions, that is,
the new solution arises from certain amplitude.
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Figure 1.9: Phase portraits and bifurcation loci near a Bogdanov-Takens bifurcation (BT): two branches
of turning point locus (T1 and T2), Hopf bifurcation locus (H) and saddle-connection locus (SC).

1.4.5.1 Saddle Connection

Let a saddle equilibrium and a parameter η be considered. Under the continuous variation of
η the stable and unstable manifolds of the saddle may intersect giving rise to a loop called
homoclinic orbit [51]. The intersection is tangential and structurally unstable [49] which means
the homoclinic orbit will break under small perturbations giving rise to the creation of new
limit sets. This is a saddle connection or homoclinic bifurcation [49, 51]. From this point two
situations can happen. On the one hand, a perturbation of the homoclinic orbit may produce
transverse homoclinic points and the formation of horseshoes as will be discussed below. On the
other hand, the homoclinic orbit may degenerate into a limit cycle. In this situation the saddle
“comes off” the homoclinic orbit producing a limit cycle which continues to exist for further
variation of η. The limit cycle arises at the bifurcation point with infinite period and certain
amplitude determined by the area of the homoclinic orbit. The saddle equilibrium perturbs the
trajectories surrounding the limit cycle in such a way that it takes a lot of time to pass near the
saddle as compared to other sections of the limit cycle. This explains the infinite period of the
solution at ηb. The motion along the limit cycle near the bifurcation is therefore nonuniform.
The period decreases abruptly but continuously to finite values as further varying the parameter.
The bifurcation can be regarded in reverse sense meaning a saddle equilibrium collides with a
limit cycle and destroys it.

Homoclinic bifurcations may also be found for saddle fixed points in the Poincaré map. They
may give rise to a closed curve (a quasi-periodic solution) or to the onset of homoclinic chaos.
Saddle connections are structural bifurcations of injection-locked oscillators as will be shown in
Chapter 6.

To gain more insight into the complicated dynamics associated with transverse homoclinic
points, let P : Σ→ Σ be a planar Poincaré map and xp a fixed point of P . The stability of the
periodic solution xp may be investigated through linearization of the map in a neighborhood of
the fixed point:

δẋ = JP (xp)δx, (1.44)

where δx represents a small increment in xp and JP is the 2×2 Jacobian matrix of P . The fixed
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Lobe

Figure 1.10: Homoclinic tangle.

point is assumed to be a hyperbolic saddle point. The eigenvalues of JP (xp) or characteristic
multipliers are thus ms and mu, |ms| < 1 and |mu| > 1. The eigenvectors associated with
these eigenvalues define respectively linear invariant subspaces Es and Eu. The Stable Manifold
Theorem for a fixed point [49] states that there exist local invariant smooth manifolds W s

loc(xp)
andW u

loc(xp) tangent to Es and Eu. The global analoguesW s andW u are obtained by iterating
the map for the points in W s

loc(xp) backwards and for those in W u
loc(xp) forwards. In principle,

the smoothness condition ensures that these asymptotic manifolds cannot intersect but they
may intersect each other giving rise to homoclinic points. By definition, P (xp) lies on both
the stable and unstable manifolds, hence a single intersection produces an infinite number of
intersections under repeated applications of the map. The map is orientation preserving, so the
manifolds necessary fold after each intersection producing a lobe. The closer to the fixed point
the smaller is the distance between successive intersections. This implies longer lobes since the
map is area preserving, which will eventually intersect one another producing more homoclinic
points. This complicated picture is referred to as homoclinic tangle and is represented in Figure
1.10. The Smale horseshoe or simply horseshoe map discussed in Subsection 1.2.2.4, which can
be regarded as the Poincaré map of a three-dimensional autonomous or forced system, is an
abstraction to describe the behavior near a homoclinic tangle.

1.4.5.2 Local-Global Bifurcation

So far, the turning point has been presented as a usual local bifurcation of nonlinear circuits,
often referred to as regular turning point. Nevertheless, a turning point can also result in a
global bifurcation. Indeed, let a saddle and a node equilibria in the phase space be considered.
Before reaching the turning point the saddle and the node are connected through the unstable
manifold of the saddle in case of a sink while they are connected through the stable manifold
of the saddle in case of a source. The stable and unstable manifolds of the saddle may intersect
providing a homoclinic orbit that passes through the node. In a regular turning point the saddle
and the node collide and disappear for further variation of the parameter. However, in the
turning point being discussed the saddle and the node collide, disappear and the homoclinic
orbit becomes a limit cycle. The bifurcation is called limit cycle on saddle-node or saddle-node
homoclinic bifurcation. It is also referred to as a local-global bifurcation in the sense that it is a
global bifurcation produced in combination with a local bifurcation (a turning point). Similarly
to saddle connections, the limit cycle generated at a local-global bifurcation arises with infinite
period and amplitude different from zero. The trajectories surrounding the limit cycle just
after the bifurcation spend most of the time passing through the point where the saddle-node
equilibrium was.

Local-global bifurcations are also found in the Poincaré map. The collision between a saddle
and a node fixed points produces a closed curve (a quasi-periodic solution). In fact, local-global
bifurcations are structural in injection-locked oscillators as these bifurcations delimit the opera-
tion bands with periodic behavior for relatively low input power. At a local-global bifurcation
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the autonomous oscillation of the circuit synchronizes or desynchronizes with the driving signal,
that is, the frequency difference between both signals becomes zero at the bifurcation point.
In this case, the turning points that delimit the synchronization band are mode-locking bifur-
cations. For relatively high driving power, the bands with periodic behavior are delimited by
secondary Hopf bifurcations. Note that the new solution features opposite properties in each
case: the solution generated at a secondary Hopf bifurcation arises from zero amplitude with an
incommensurable fundamental angular frequency ωa, ∆ω = ωa − ωs 6= 0, whereas the solution
generated at a local-global bifurcation arises from certain amplitude with zero angular frequency
difference ∆ω.

1.5 Chapter Summary

The concepts from nonlinear dynamics, essential to the development of this thesis, have been
introduced in a self-contained manner. The mathematical model of a nonlinear microwave circuit
is a dynamical system. These are classified as either autonomous or nonautonomous. In the
former case, the nonlinear circuit features a steady-state response in which the fundamental
frequency or frequencies of the solution are not delivered by the driving sources including their
harmonic components; otherwise, the system is nonautonomous. A limit set or steady-state
solution is stable or physically observable if it is able to recover from small perturbations or
noise inherent in any real-world circuit; a perturbation produces an initially exponential transient
leading to the stable solution. On the other hand, an unstable solution is unable to recover from
small perturbations; any perturbation gives rise to an initially exponential transient leading
to a different and stable steady-state solution. In case of several coexisting stable solutions,
a large perturbation may lead to a different solution and the conclusion about the stability
would be wrong. Stability is therefore locally defined. The possible limit sets for a nonlinear
circuit are equilibrium (dc solution), periodic solution, quasi-periodic solution and chaos. The
stability of a dc solution is ruled by the sign of the eigenvalues of the Jacobian matrix of
the system. These eigenvalues are also the poles of the solution or roots of the characteristic
determinant of the system. The solution is asymptotically stable if all eigenvalues have negative
real parts. A solution is unstable if one or more eigenvalues have positive real parts. Periodic,
quasi-periodic and chaotic solutions can be represented in the Poincaré map, a transformation
providing an equivalent discrete system which yields a convenient dimension reduction of the
system. The limit sets obtained in the Poincaré map reflect the stability of those in the original
system. The eigenvalues of the linearized Poincaré map, called Floquet multipliers, determine
the stability of a periodic solution. The stability of a periodic solution, or in general any
steady-state solution, is analyzed in practice by means of the poles or roots of the characteristic
determinant of the system. In fact, each Floquet multiplier is associated with an infinite set
of poles sharing the same real part. The stability of quasi-periodic and chaotic solutions is
determined by the Lyapunov exponents. These agree with the real parts of the poles of the
solution. The Lyapunov exponents provide the average rate of contraction or expansion near
the solution. A solution is asymptotically stable if all the Lyapunov exponents are negative. This
implies that for stability contraction must outweigh expansion. The essential characteristics of
chaotic solutions are a deterministic system featuring random behavior as a consequence of
sensitive dependence on the initial condition, a continuous spectrum possibly including spikes
at the predominant frequencies of the solution and one or more positive Lyapunov exponents.
Circuit operation featuring a certain kind of steady-state solution is restricted to some intervals of
physical parameters and magnitudes of the circuit. These intervals are delimited by bifurcations.
A bifurcation is a qualitative change in the stability of a solution or in the number of solutions
when continuously varying one or more circuit parameters. The mechanisms for the generation
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and stabilization of oscillation modes have been analyzed with the aid of bifurcation theory, using
the Center Manifold Theorem [42, 49, 50]. Indeed, this theorem enables a system simplification
in the neighborhood of the bifurcation, very convenient for the study of the complex dynamics of
the multidevice oscillator in Chapters 4-5, involving several coexisting modes. The bifurcation
transformations that has been derived from periodic regime to quasi-periodic regime, and vice
versa, will be invaluable in the analysis of these circuits.



Chapter 2

Nonlinear Analysis of Microwave
Circuits

2.1 Introduction

Microwave circuits and systems based on active devices often exhibit a complex or even unex-
pected behavior due to nonlinear operation. Therefore, a realistic and accurate anticipation of
the circuit response is required. This chapter is dedicated to briefly present the main analysis
methods used for the design and simulation of nonlinear microwave circuits. These are com-
monly referred to as “quasi-exact” methods, that is, those that rigorously perform the analysis
requiring some unavoidable numerical approximation but not restricted to premises such as weak
nonlinearity or almost-monochromatic operation [37]. The quasi-exact methods are divided into
three main types, regarding the domain in which the circuit is solved: transient (time), harmonic
balance (frequency) and envelope transient (mixed).

In transient, the set of nonlinear differential algebraic equations is solved by a suitable
integration scheme, requiring the solution of the circuit equations at each iterative step. The
starting point is usually chosen as the result of a preliminary dc analysis. Shooting methods [69]
constitute a further development of time-domain integration in which a careful selection of the
initial condition allows to obtain directly the steady state. These procedures are certainly the
best option for the analysis of strongly nonlinear circuits in the absence of distributed elements.

Harmonic balance [37, 38, 70, 71] takes advantage of the most accurate and straightforward
descriptions to the analysis of both linear and nonlinear components. Indeed, distributed ele-
ments are described in the frequency domain whereas nonlinear elements are naturally described
in time domain. The harmonic-balance equation is usually solved by a quasi-Newton meth-
od. These methods are an alternative to Newton’s method when the Jacobian matrix of the
harmonic-balance error function is too expensive to be computed at each iteration. They replace
the exact Jacobian with an approximation. Harmonic balance is only suitable to analyze mild
nonlinear periodic and quasi-periodic regimes. Nevertheless, such limitation is not dramatic and
in fact harmonic balance is the most popular analysis method for a wide variety of nonlinear
microwave circuits. A set of complementary techniques [24] are presented to cover topics such
as continuation, the analysis of autonomous solutions and the stability and bifurcation analyses.

Envelope transient [72] is a general purpose analysis method for transient and steady state
of microwave circuits in the presence of modulated signals. The essential aspect is to process
separately the envelope and the RF signal. The slow time scale associated with the modulation
is treated by transient whereas the fast time scale associated with the carrier regime is treated
by harmonic balance. This wise treatment of each time scale overcomes the limitations of both
analysis methods whenever the artificial division into the two time scales is plausible.

47
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The last part of Chapter 2 is dedicated to the describing function approach. An exact
numerical solution to a problem may be of less interest to the designer than an approximate
analysis which is simple enough in an application to give insight in circuit behavior as a function
of system parameter values. The describing function is an analytical tool to answer questions
such as these in a way that is useful to the designer. The principle is that the form expected to
appear at the nonlinearity input is a sinusoid. Then, the describing function is obtained as the
complex ratio between the first harmonic of the output signal and the input signal. The theory
is complemented with an example analyzed in depth.

2.2 Time Domain Analysis: Transient

In time domain, the circuit is ruled by a set of nonlinear differential algebraic equations. Time
differentiation or integration comes, respectively, from the linear voltage-to-current or current-
to-voltage spectral dependence of passive elements on the frequency variable. Nonlinearity comes
from nonlinear functions modeling those elements with the ability to generate new spectral com-
ponents even in the presence of a dc or a hypothetical perfectly monochromatic excitation signal,
which in most modern applications correspond to semiconductor devices. These algebraic differ-
entiable constitutive relationships provide the instantaneous value of the nonlinear magnitude
from its control variable(s) [52]. Both dependent and independent variables may be voltages,
currents, charges and fluxes.

2.2.1 Nodal Formulation

Equations in the modified nodal approach [73] are written in terms of node voltages and induct-
ance currents. Let U = {k|k : R→ RP } and P be the number of state variables. Then, the set
of nonlinear differential algebraic equations [74] is given by

ξ(x, t) = q̇(x(t)) + f(x(t)) +
∫ t

−∞
h(t− τ)x(τ)dτ + g(t) = 0, (2.1)

where t ∈ R is the time variable, x ∈ U is a vector of unknown node voltage and inductance
current waveforms, g ∈ U is a vector of independent driving sources, q, f : RP → RP are,
respectively, a vector of differentiable functions of linear and nonlinear charges and fluxes and
a vector of differentiable functions of sums of resistive currents and loop voltages, h(t) ∈ RP is
a vector of impulse responses associated with distributed elements with the nonlinear elements
turned off and ξ : U ×R→ RP . Note that (2.1) is a set of P real equations in P real unknowns.

To solve the set on nonlinear differential algebraic equations, in other words, to find a nu-
merical expression of x, the derivatives q̇(x) must be numerically approximated and (2.1) be
integrated from initial time t0, giving rise to a discretization of time [51,74]: t = (t0 . . . tN ),
where N is the number of time samples. The original continuous set of equations is trans-
formed into a discrete set of equations in terms of the time samples tn [52, 74]. The possible
approximations of q̇ in terms of qn+1, qn, . . . , where qn = q(x(tn)), provide different integration
algorithms [75,76], each with its own accuracy, efficiency and stability properties. The order of
an algorithm agrees with the degree of the polynomial used to approximate the time integral.
For instance, the integral of a first order method is calculated by estimating the area under a
linear approximation of the function. In second order methods, the integral is approximated by
solving the area under a parabolic region. In turn, some are multistep algorithms; in an m-step
method the evaluation of qn+1 involves the points qn, . . . , qn+1−m. The integration algorithms
may be classified as either explicit or implicit. An integration algorithm is explicit when it takes
exclusively points already computed, that is, the new point qn+1 depends only on qn, qn−1, . . .
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Implicit methods take the present point also, that is, qn+1 depends on qn+1, qn, . . . An exam-
ple of explicit algorithm is the Runge-Kutta family [77]. They provide increased accuracy, as
compared with other methods, at the expense of increased computational cost. Implicit algo-
rithms are usually preferred as they tend to have better convergence and stability properties
than explicit methods.

A traditional implicit algorithm is the trapezoidal approximation:

q̇ ' 1
2 (q̇n+1 + q̇n) . (2.2)

From (2.2), it is an algorithm of order 2 and

q̇n+1 = 2
h

(qn+1 − qn)− q̇n, (2.3)

where h = tn+1 − tn is the integration time step. The trapezoidal algorithm can be regarded
as a combination of backward and forward Euler methods and the later may produce stability
problems. Another example of implicit algorithm is the Gear family [78], which are multistep
methods. The first-order Gear algorithm is

q̇n+1 = 1
h

(qn+1 − qn), (2.4)

which agrees with the backward Euler method. The second-order Gear algorithm is

q̇n+1 = 1
2h(3qn+1 − 4qn + qn−1). (2.5)

For exploiting maximum computational efficiency the time step hmay be adjusted during the
integration process. The integration process usually starts with an initial dc analysis, providing
x(0) ≡ x(t0). From this initial value, integration is applied recursively to obtain the next point.
In the case of multistep algorithms, the step number m is progressively made larger until enough
previous points have been computed.

When applying an implicit algorithm, the set of equations is generally solved through New-
ton’s method [51,74]. Figure 2.1 features Newton’s method applied to a curve in the plane. At
each iteration the unknown is the present point qn+1. The Newton-Raphson algorithm requires
the computation of the Jacobian matrix of the error function

ξn+1 = q̇n+1 + fn+1 +
n∑
i=1

h(tn+1 − ti)x(ti)∆ti + gn+1 ≡ 0 (2.6)

with respect to qn+1, where ∆ti = ti+1 − ti. The update mechanism for the l + 1 iteration is

q(l+1) = q(l) − (J (l)
ξ )−1ξ(l), (2.7)

where J (l)
ξ = (∂ξ/∂q)(l) is the Jacobian matrix of (2.6). Note that in (2.6), the convolution

products associated with distributed elements are calculated through a discrete sum.
Apparently, transient analysis constitutes the most natural and straightforward approach:

microwave circuits do work in the time domain and semiconductor devices are naturally described
in this domain. In addition, it can be used to analyze any kind of regime such as dc, periodic,
quasi-periodic and chaotic. Nevertheless, two major inconveniences arise with this approach.

The only means of accurately describing and measuring linear microwave components is in
the frequency domain under pure sinusoidal excitation. Therefore, the difficulties come from the
analysis of linear elements. As an example, the description of an ideal lossless transmission line
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x

f(x)

x0 x1 x2

f(x0)

f(x1) Solution

Initial guess

Figure 2.1: Results of applying two iterations of Newton’s method to a curve in R2 from the initial guess
x0. The Jacobian is simply an ordinary derivative: x(l+1) = x(l)− f(x(l))/f ′(x(l)), where l represents the
iteration number.

poses a problem in the time domain. The obvious solution is to perform frequency-domain to
time-domain conversions through convolution products [79, 80]. There are two main approach-
es for modeling distributed elements in time domain [24]. The first one, termed asymptotic
waveform evaluation [81–83], relies on the generation of reduced-order models of distributed
elements in Laplace domain [84–86], which are transformed back to time domain. Indeed, under
causality constraint, the impulse response admits a pole-residue expansion in Laplace domain.
The second approach is based on direct calculation of the impulse response of distributed ele-
ments by means of computation of the convolution at each time step [87, 88]. Both approaches
have their advantages and limitations and even at present are not so easy to be efficiently
implemented in practice.

Another aspect regarding the numerical efficiency is that direct integration of time-domain
equations implies in general most of the computation effort devoted to transient evaluation
whereas the user is rather concerned about steady-state information. The situation is even
worse for some circuits such as those involving high-Q resonant structures or operation near a
bifurcation which result in a very slow transient response. The so-called shooting methods allow
to overcome this issue at least partially.

2.2.2 Shooting Methods

The goal in shooting methods [89–92] is to bypass the transient and quickly reach the steady
state. For this, the essential aspect is usually the evaluation of a set of initial conditions from
which the circuit starts in periodic steady-state regime through an optimization iterative process
[69, 74, 93, 94]. They are possibly the most suitable methods to simulate strongly nonlinear
periodic regimes involving lumped-element circuits. It must be emphasized that these algorithms
are applied exclusively to circuits in periodic regime, so quasi-periodic and chaotic solutions are
excluded. If there are several excitation frequencies, their periods must be commensurable. The
solution must match the initial value x0 = x(t0) at the end of the period, which gives rise to the
following two-point constraint: x(t0 +T )−x(t0) = 0, where T is the solution period. In fact, the
solution can be expressed in terms of the initial state through the state-transition function [94]:
x(t) = φ(x0, t0, t). The set of shooting equations is given by

ϕ(x0) = φ(x0, t0, t0 + T )− x0 = 0. (2.8)

As in the case of (2.1), it is a system of P real equations in P real unknowns. These equations are
generally solved with a Newton-Raphson algorithm, requiring the computation of the Jacobian
matrix of (2.8):

Jϕ = Jφ − U, (2.9)
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where U is the identity matrix and the Jacobian Jφ = ∂φ(x0, t0, t0 + T )/∂x0 is a sensitivity
matrix. The iterative process uses the following update mechanism:

x
(l+1)
0 = x

(l)
0 − (J (l)

ϕ )−1ϕ(l), (2.10)

where l represents the iteration number. The time interval [t0, t0 + T ] is divided into M values:
t = (t0 . . . tM−1). Therefore, the circuit is solved through a two-level Newton-Raphson
algorithm. The outer level corresponds to the shooting equations whereas the inner level is used
to integrate (2.1). Implicit integration algorithms are usually preferred as the computational
cost increases with circuit size. Note that (2.1) is fulfilled even when the shooting equations are
not satisfied.

Shooting methods can tackle the analysis of strongly nonlinear regimes as the final state
is often a nearly linear function of the initial state. They may be applied to the analysis
of autonomous oscillations as well. In this case, the period of the solution is an additional
unknown to the system. Because of the invariance of the solution with respect to time shifts, an
orthogonal increment can be applied to the initial values, providing a set of P + 1 real equations
in the same number of real unknowns.

2.3 Frequency Domain Analysis: Harmonic Balance

Frequency-domain methods completely disregard the transient and directly focus on the steady
state. The unknowns are still represented by state-variable waveforms assumed to be time-
periodic. The harmonic-balance method [37, 38, 70, 71] allows to eliminate problems associated
with distributed elements and high-Q or narrow-band circuits by transforming the set of non-
linear differential algebraic equations into a complex algebraic representation, exploiting the
linear nature of these circuits.

Real-world circuits do have a lowpass intrinsic characteristic, so it is possible to truncate the
Fourier series expansion of the vector of state variables x(t) to a certain number of harmonics:

x(t) =
N∑

k=−N
Xke

jωkt, (2.11)

where ωk is the kth linear combination of the fundamental angular frequencies and N is the
number of spectral lines. Note that in the case of a periodic solution ωk = kωs and N = NH ,
where ωs is the fundamental angular frequency of the time-periodic steady-state regime and NH

is the number of harmonics considered in the Fourier series.
The analysis is limited to mild nonlinear regimes due to the difficulty of representing a fast

changing signal with a finite number of harmonics in a sinusoidal basis.

2.3.1 Nodal Formulation

Due to the orthogonality of the Fourier basis, it is possible to establish linear relationships
between the harmonic components of vectors in (2.1). Indeed, direct evaluation of the truncated
Fourier series expansion of (2.1) provides the nodal harmonic-balance formulation [95,96]:

Ξ(X) = jΩQ(X) + F (X) +H(jΩ)X +G = 0, (2.12)

where jΩ is a block matrix of the form diag(jω−NU, . . . , jωNU) and U is the P × P iden-
tity matrix. This results in a large set of P (2N + 1) complex equations in as many complex
unknowns. The state-variable waveforms are arranged in the vector X = (X−N . . . XN )T,
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where each subvector corresponding to the kth spectral component of x has the prescribed form
Xk = (1Xk . . . PXk)T. The left subindex in entries of Xk indicates the pth state variable
of x. Note that the convolution operation in (2.1) becomes a trivial matrix-vector product in
(2.12), which takes advantage of the natural descriptions of distributed elements in the frequency
domain. The vector Ξ(X) is the harmonic-balance error function to be minimized in the so-
lution process. Physical variables are real in time domain, so the Fourier coefficients in (2.12)
are Hermitian: Xk = X∗−k. Due to this property, it is more convenient to limit the spectral
lines to the positive frequencies only. In the case of a nonautonomous circuit, this results in
well-conditioned set of P (2N + 1) real equations in the same number of real unknowns.

Harmonic balance retains the natural descriptions of nonlinear elements in time domain by
means of inverse and direct Fourier transforms [97]. In practice, this is accomplished through
discrete Fourier transforms (DFTs), implying matrix-vector products and consequently the dis-
cretization of time. In particular, the fast Fourier transform (FFT) reaches its maximum com-
putational efficiency when the number of time samples is a power of 2. In addition, it is not
uncommon to use oversampling to reduce aliasing and reproduce more precisely rapid waveform
time transitions.

The error function (2.12) is commonly minimized by means of a quasi-Newton method [98].
The update mechanism is given by

X(l+1) = X(l) − (J (l)
Ξ )−1Ξ(l)(X(l)), (2.13)

where l represents the iteration number. The algorithm requires the computation of the Jacobian
matrix of (2.12):

JΞ ≡
∂Ξ
∂X

= jΩ ∂Q

∂X
+ ∂F

∂X
+H(jΩ), (2.14)

where the Jacobians involved are block matrices of the form

∂Q

∂X
=


∂Q−N
∂X−N

. . .
∂Q−N
∂XN

... . . . ...
∂QN
∂X−N

. . .
∂QN
∂XN

 ,
∂Qk1

∂Xk2

=


∂ 1Qk1

∂ 1Xk2

. . .
∂ 1Qk1

∂ PXk2... . . . ...
∂ PQk1

∂ 1Xk2

. . .
∂ PQk1

∂ PXk2


and ∂F/∂X has a similar structure. The Jacobians in (2.14) are the conversion matrices of the
nonlinear elements and as will be later discussed in Section 2.3.5 enable a large-signal/small-
signal analysis of the circuit [37, 99]. The meaning of the left subindex in pQk is the same as
previously defined for pXk. The entries in ∂Q/∂X and ∂F/∂X can be computed as

∂ p1Q

∂ p2X
= W

∂qp1

∂xp2
W−1, (2.15)

where W is the Fourier transformation matrix. On the other hand, the following property may
be used:

∂ p1Qk1

∂ p2Xk2

= F
{
∂qp1

∂xp2

}
k1−k2

, (2.16)

that is, the derivative of the harmonic k1 of the element p1 of q with respect to the harmonic
k2 of the element p2 of x is given by the harmonic k1 − k2 of the time-domain derivative of qp1

with respect to xp2 . Note that the left-hand side of (2.16) involves a partial derivative with
respect to a complex variable. In the case of a linear element ∂ p1Qk1/∂ p2Xk2 is 0 unless k1 = k2,
as the harmonic k1 of qp1 depends only on the harmonic of the same order k1 of xp2 . Vector
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functions q(x) and f(x) include descriptions of both linear and nonlinear elements. In general,
most of the components of a circuit are linear so the Jacobians ∂Q/∂X and ∂F/∂X are sparse
matrices [100,101], that is, the vast majority of their elements are zero.

The problem may be more conveniently rewritten in the following form:

J
(l)
Ξ ∆X(l+1) = −Ξ(l)(X(l)), (2.17)

where ∆X(l+1) is the unknown vector. It is a linear set of equations of the form Ax = b,
where A is a constant matrix and b is a constant vector. There are two approaches to solve
the set of equations. The most straightforward approach is to apply direct matrix factoring
methods [102,103] to invert the Jacobian matrix [100,104,105]. This constitutes a direct solver.
This kind of solver is generally used for relatively simple circuits, possibly involving a modest
number of spectral lines. On the other hand, advantage can be taken of the sparsity of the
Jacobian matrix.

The preconditioned equations are P−1Ax = P−1b. A suitable preconditioner P reduces the
condition number of A, improving the efficiency of the solution process [106–108]. The equations
are iteratively solved from an initial value x1. The residual rm = b−Axm is the error in Ax = b
not the error in x itself; m represents the number of iterations computed. Each ordinary iteration
xm+1 corrects xm by P−1rm:

xm+1 = xm + P−1rm. (2.18)

For simplicity, the preconditioned equations are written Ax = b, assuming that a preconditioner
has been properly chosen and used. Starting at the initial value x1 = b, it can be checked by sim-
ple backward substitution that xm may be expressed as a linear combination of b, Ab, . . . , Am−1b.
All linear combinations of b, Ab, . . . , Am−1b form the mth Krylov subspace [101]:

Km = span{b, Ab, . . . , Am−1b}. (2.19)

The columns of the Krylov matrix Km are constituted by the basis vectors:

Km =
[
b Ab . . . Am−1b

]
. (2.20)

Every iteration involves only one matrix-vector multiplication. This can be done relatively
quickly, as the number of operations involved are proportional to the number of nonzeros in
the matrix. Thus, it is possible to compute x without actually inverting the matrix A. This
procedure, involving an efficient computation of the inexact Jacobian matrix, constitutes a
Krylov solver. This kind of solver is used for the analysis of complex circuits, including a large
number of state variables and possibly a large number of spectral lines. It may not be efficient
in analyzing relatively simple structures.

Usually a different combination of the basis vectors will provide a value closer to the de-
sired x = A−1b. Among several available approaches to choosing a good xm, two traditional
approaches deserve to be highlighted:

1. The conjugate gradient method (CG).

2. The generalized minimum residual method (GMRES).

In CG, the residual rm is orthogonal to Km. In GMRES, the residual rm has minimum norm for
xm in Km. When A is not symmetric positive definite, the conjugate gradient is not guaranteed
to solve Ax = b. Thus, the GMRES is generally the preferred approach [109, 110] for practical
resolution of the harmonic-balance equation. The computation of xm can be very unstable if
a decent basis is not chosen. As a matter of fact, the columns of the Krylov matrix become
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Figure 2.2: Circuit partitioning in piecewise harmonic balance. The linear embedding network, featuring
the matrices A, B and C, interconnects three different sets of elements which are described by vectors
of harmonics: control variables of the nonlinear elements (X), constitutive relationships of the nonlinear
elements (Y ) and driving sources (G).

easily almost linearly dependent [111], so Km is ill conditioned. Arnoldi’s method solves the
problem by choosing an orthonormal basis q1, . . . , qm for the Krylov subspace Km. Each new
qm comes from orthogonalization of t = Aqm−1 to the basis vectors q1, . . . , qm. It is essentially
the Gram-Schmidt idea, but Arnoldi is factoring

AQ = QH, (2.21)

where the columns of Q are constituted by the basis vectors and H is upper Hessenberg [111].
Because the basis is orthonormal, QT

mQm = U , where U is the identity matrix. Provided
xm = Qmy, the norm of residual is

‖rm‖ = ‖b−AXm‖ = ‖b−Qm+1Hm+1y‖. (2.22)

The norm is not changed when multiplying by QT
m+1, so the GMRES problem is to choose y to

minimize ‖rm‖ = ‖QT
m+1b−Hm+1y‖.

2.3.2 Piecewise Formulation

The nodal formulation was introduced first as a logical continuation of the formulation used
to describe time-domain methods. In the following, a more compact formulation, known as
piecewise harmonic balance [112,113], will be presented. With this approach, the circuit network
to be analyzed is decomposed into a linear and a nonlinear subnetwork [113], as depicted in
Figure 2.2. Let P , Q and S be respectively the number of nonlinear elements, the number of
controlling variables of the nonlinear elements and the number of independent driving sources
in the circuit. The nonlinear subnetwork is represented by the set of time-domain expressions
corresponding to the constitutive relationships of the nonlinear elements:

y(t) = ψ

(
x(t), dx

dt
, . . . ,

dnx

dtn
, x(t− τ)

)
, (2.23)

where y(t) ∈ RP is a vector of instantaneous dependent variables of the nonlinear elements,
x(t) ∈ RQ is a vector of time-varying state variables that control y(t) and ψ : RQ → RP is a
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function analytically or numerically known. Let g(t) ∈ RS be a vector of independent driving
sources. The orthogonality of the complex exponentials of the basis allows to establish linear
relationships between the Fourier coefficients of x(t), y(t) and g(t), providing the piecewise
harmonic-balance formulation [38]:

Ξ(X) = A(jω)X +B(jω)Y (X) + C(jω)G = 0, (2.24)

where A(jω), B(jω) and C(jω) are frequency-dependent block matrices with diagonal structure
describing the linear subnetwork. Each submatrix in the diagonal corresponds to the kth spectral
line. Provided A(jω) = diag(A(jω−N ), . . . , A(jωN )), A(jωk) is a Q ×Q submatrix. The block
matrices B(jω) and C(jω) have a similar structure, where B(jωk) is a Q × P submatrix and
C(jωk) is a Q×S submatrix. The vectors X, Y and G have a structure similar to X in (2.12). In
particular, the structure of the subvectors is Xk = (1Xk . . . QXk)T, Yk = (1Yk . . . PYk)T

and Gk = (1Gk . . . SGk)T. The vector Ξ(X) is the harmonic-balance error function.
The steady state is completely determined by the vectorX. Therefore, the set of unknowns is

constituted by the control variables of the nonlinear elements. The problem consists of finding X
to verify (2.24). The algebraic nonlinear set of equations is generally solved by Newton’s method.
Taking into account that the vectors X, Y and G are Hermitian, the number of spectral lines
can be reduced to the positive frequencies only. Therefore, in the nonautonomous case (2.24) is
a well-conditioned set of Q(2N + 1) real equations in as many real unknowns.

The number of state variables is significantly reduced as compared with the nodal harmonic-
balance formulation, at the expense of increased complexity of the linear embedding matrices
in the frequency variable. This implies in general a dense (not sparse) Jacobian matrix. While
some authors [110,114,115] proposed techniques for introducing artificial sparsity to take advan-
tage of the quasi-Newton methods discussed in Section 2.3.1, the piecewise harmonic-balance
formulation is in general not suitable for commercial harmonic-balance simulators wherein the
nodal analysis can be implemented in a more general fashion. Nevertheless, the piecewise formu-
lation is compact, rigorous and excellent to illustrate further developments of harmonic balance
to cover cases such as autonomous circuits and inclusion of modulated signals. It is likewise
useful for implementation in in-house software or for the analytical resolution of a circuit.

2.3.3 Analysis of quasi-periodic regimes

In the formalisms presented so far for the analysis of periodic solutions the truncated Fourier
expansion of (2.1) is restricted to a certain number of harmonics NH . The formulation ap-
plies in a same fashion for the analysis of quasi-periodic regimes [97,116–119]. A quasi-periodic
regime does not introduce any special conceptual difficulty. In the aforementioned case, the
number of spectral lines N corresponds to the number of intermodulation products to be com-
puted. Let NF be the number of non-harmonically related fundamental frequencies. Each
intermodulation product in (2.11) is given by the inner product ωk = 2πµkν, where µk ∈ ZNF ,
ν = (ν1 . . . νNF )T and νr represents the rth fundamental frequency. More specifically, the
structure of the vector of integers is µk = (1µk . . . NFµk), where the left subindex corre-
sponds to the inner-most dimension. In this way, each linear combination of the fundamental
frequencies 1µk ν1 + · · · + NFµk νNF provides a mixing term. The subscript k is used to sort
the resulting intermodulation frequencies in increasing order. In most situations the number of
nonrationally related fundamentals will be one or two.

Two basic truncation approaches are available: the box truncation and the diamond trun-
cation [120, 121]. The box truncation criterion is | rµk| ≤ Nr, r = 1, . . . , NF . The constant Nr

represents the number of harmonics considered for the rth fundamental frequency. A graphical
representation of all possible values of µk provides in the case NF = 2 a rectangle in the plane
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Figure 2.3: Examples of truncation schemes in harmonic balance when several fundamental frequencies
are considered. (a) Box truncation: N1 = 3 and N2 = 2. (b) Diamond truncation: Nmax = 2. (c) Mixed
truncation: N1 = 3, N2 = 1 and Nmax = 2.

and hence the name box truncation [see Figure 2.3(a)]. The diamond truncation criterion [122]
is
∑NF
r=1 | rµk| ≤ Nmax, where Nr = Nmax, ∀r. The constant Nmax constitutes the maximum or-

der of the diamond truncation. Again, a representation of all possible values of µk in the plane
for NF = 2 provides a diamond and hence the name diamond truncation. Figure 2.3 presents
some graphical examples of the truncation schemes. The box truncation considers all possible
intermodulation products for a given number of harmonics of the fundamental frequencies, so
it provides the most accurate results. Nevertheless, the diamond truncation is in general more
efficient than the box truncation as intermodulation products of higher order than that corre-
sponding to one fundamental frequency are usually negligible, except, of course, for strongly
nonlinear regimes. There may be situations requiring a mixed truncation scheme in which some
of the fundamentals have a higher or lower Nr value than Nmax. The example in Figure 2.3(c)
features a case in which N1 = 3, N2 = 1 and Nmax = N1 − N2 = 2. This is because the
fundamental ν2 is a small-signal frequency.

2.3.4 Conversion Matrix Analysis

The conversion matrix approach [123–130] addresses the problem of a circuit operating in a
large-signal periodic or quasi-periodic regime perturbed by small-signal inputs at one or several
nonrationally related frequencies [37,131,132]. The theory will be particularized to the case of a
large-signal periodic regime at the angular frequency ωs driven by a weak signal. This situation
is conceptually similar to the case of a mixer in which the stronger signal is the local oscillator
and the weaker signal is the RF signal. Indeed, the fact that the amplitude of the later is small
enables a linearization of the equations in the neighborhood of the steady-state periodic regime at
ωs. This is analogous to the linearization of a nonlinear device around a fixed bias point under
small-signal operation. The process starts by a harmonic-balance analysis of the large-signal
periodic regime followed by a small-signal analysis. Because the two fundamental frequencies are
non-harmonically related, this immediately leads to the generation of intermodulation products
or sidebands in mixer terminology. Note that the situation is considerably simpler than the case
of full two-tone analysis since only first-order products in the frequency of the weaker signal
may be retained. On the other hand, the time-periodic regime may be either autonomous or
nonautonomous.

While the most common applications of the analysis are in the design of mixers and nonlinear
noise, the conversion matrix approach constitutes a generalized perturbation analysis of periodic
or quasi-periodic steady-state regimes established by a nonlinear microwave circuit. As a matter
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of fact, the analysis is profusely used throughout this thesis for the stability analysis of both
periodic and quasi-periodic solutions and for the detection of Hopf bifurcations.

Initially, the simple case of a voltage-controlled nonlinear current source with a constitutive
relationship ι = f(v) is considered. Let vs be a time-periodic steady-state solution. It is clear
that the nonlinear element provides a linear response in the presence of small-signal perturbations
due to the relatively narrow amplitude variations. This deviation in the steady-state voltage is
represented by v = vs + δv, where δv is a perturbation of vs. Because δv is small, the current is
well described by a first-order expansion of f(v) about vs:

f(vs + δv) = f(vs) + df

dv

∣∣∣∣
vs

δv. (2.25)

This equation shows that the current undergoes a deviation from its steady-state value ιs = f(vs):

δι = ι− ιs = df

dv

∣∣∣∣
vs

δv. (2.26)

A more compact description of (2.26) is:

δι(t) = g(t)δv(t). (2.27)

The existence of small-signal perturbations at incommensurable angular frequencies produces
sidebands at the angular frequencies kωs ± Ω. The perturbations are inherently small, so the
perturbation can be considered a pure sinusoid and hence no harmonics are taken at Ω other
than 1. Moreover, for the sake of the analysis, it is convenient to retain only the positive sign of
Ω, so ωk = kωs + Ω. This constitutes only half of the mixing terms: the negative components
of the lower sidebands and the positive components of the upper sidebands (see Figure 2.4).
The remaining half of the sidebands can be inferred thanks to the property ∆Vk = ∆V ∗−k. The
spectral lines to be considered are thus Ω,±ωs + Ω, . . . ,±Nωs + Ω. Considering a truncated
Fourier expansion of (2.27):

N∑
k=−N

∆Ikejωkt =
N∑

k2=−N

N∑
k1=−N

Gk1∆Vk2e
jωk1+k2 t. (2.28)

The expression (2.28) may be more conveniently expressed in matrix form by identifying the
terms affected by the same value of exp(jωkt):

∆I−N
∆I−N+1

...
∆IN

 =


G0 G−1 . . . G−2N
G1 G0 . . . G−2N+1
...

... . . . ...
G2N G2N−1 . . . G0




∆V−N
∆V−N+1

...
∆VN

 . (2.29)

The matrix G constitutes the conversion matrix of the voltage-controlled nonlinear current [99].
Note that the structure of the matrix G is also unveiled by the property (2.16). In the frequency
domain, the relationship between the harmonic components of the current and voltage of a
nonlinear element is given by the conversion matrix. As gathered from (2.29), the conversion
matrix is a Toeplitz matrix and represents a linear convolution as a matrix-vector product.
Therefore, (2.29) is the frequency-domain equivalent convolution of the time-domain product
δι(t) = g(t)δv(t).

Let Xs be the time-periodic steady-state solution fulfilling Ξ(Xs) = 0. As previously done
for the simple case of a single nonlinear element, the perturbed solution is represented to first
order by

x(t) = xs(t) + Re

 N∑
k=−N

∆Xke
j(kωs+Ω)t

 (2.30)
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Figure 2.4: Frequency mapping used in the conversion matrix analysis: ωk = kωs + Ω. The sidebands
dotted are not considered but can be obtained through the property ∆Xk = ∆X∗−k.

where ∆Xk is a vector of increments of the state variables containing the spectral components
at the kth sideband. If the nonlinear subnetwork equations are linearized about xs(t), linear
relationships are established between the sideband amplitudes. The conversion matrix approach
applied to the nodal harmonic-balance formulation provides the following set of equations:(

j(kωs + Ω) ∂Q
∂X

∣∣∣∣
s

+ ∂F

∂X

∣∣∣∣
s

+H(j(kωs + Ω))
)

∆X = −Γ, (2.31)

where Γ is a vector containing only the small-signal sources at kωs + Ω. Note that similarly
to the case of an AC analysis the actual values of the amplitudes of the small-signal sources
pose no restrictions on the validity of the approach since the equation was linearized about
the steady-state solution. The vector of sidebands ∆X is obtained by inversion of the matrix
between parenthesis in (2.31). It must be emphasized that the Jacobian matrices ∂Q/∂X|s and
∂F/∂X|s are the same ones needed to apply the quasi-Newton method for obtaining Xs, so they
are automatically available after each harmonic-balance iteration and thus the derivation of the
conversion matrix is straightforward.

The conversion matrix approach may be applied to the piecewise formulation as well, pro-
viding (

A(j(kωs + Ω)) +B(j(kωs + Ω)) ∂Y
∂X

∣∣∣∣
s

)
∆X = −C(j(kωs + Ω))Γ. (2.32)

The small-signal angular frequency Ω can take any value in the interval [0, ωs/2]. For a larger
value, the sidebands would overlap at Ω = ωs/2. The conversion matrix analysis is inherently
linear and hence it is unable to predict gain compression, intermodulation distortion in mixers or
oscillation frequency variation with respect to the input power, just to mention some examples.

2.3.5 Continuation in Harmonic Balance

A key aspect of the harmonic-balance resolution is that Newton’s method is highly sensitive to
the initial value [133]. That means successful convergence would only be obtained if the initial
value is close enough to the solution. Otherwise, convergence problems may arise. The initial
guess is obtained by default through a dc analysis of the circuit. This is usually a good starting
point for a circuit operating in small signal, but it may not be an appropriate one for large-signal
operation. Continuation methods [134] provide a means of preserving convergence toward the
desired solution.

The general continuation method [37] is formulated next. Let η be a continuation parame-
ter and Ξ′ a continuously dependent function on η. The original harmonic-balance equation
Ξ(X) = 0 is rewritten in the form

Ξ′(X, η) = 0. (2.33)
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Let X(0) be a solution which is known in advance or directly obtained for a given initial value of
the parameter η = 0. The original problem is retrieved for a final value of the parameter η = 1:

Ξ′(X(0), 0) = 0
Ξ′(X, 1) ≡ Ξ(X) . (2.34)

The solution X to the problem is obtained from the initial value X(0) through a sequence of
intermediate steps for increasing values of η. The nonlinear problem is now expected to be much
more easier since the starting point and the intermediate solution can be arbitrarily close by
simply decreasing the step of the continuation parameter. In principle, continuation methods
guarantee that a solution can always be reached by taking small steps of η. The following
techniques to be described are particular cases of the general continuation method.

A popular continuation technique is source stepping. It consists of introducing an artificial
parameter η in the independent driving sources, say G(η) = ηG. The parameter takes values
in the interval [0, 1]. Its initial value is progressively increased in steps ∆η as long as successful
convergence is obtained: η(n) = η(0) + n∆η [38, 135]. If the steps are small enough, successful
convergence would be obtained as η(0) constitutes an appropriate initial value for η(1). If no
convergence is obtained, then ∆η is reduced until convergence is found. The process is iteratively
applied up to the final value η = 1. There may be some cases in which no convergence is obtained
even for arbitrarily small values of ∆η (e.g. the solution is multivalued versus the driving sources,
so this implies the existence of turning points in the solution path).

Another continuation technique, known as Gmin stepping, relies on introducing grounded
resistances at the nodes associated with the control variables of the nonlinear elements. For
values of the resistances sufficiently small this produces small-signal operation in nonlinear de-
vices and thus favors convergence of the Newton-Raphson algorithm. The resistor values are
progressively increased until their effect in the circuit is negligible. Then, they are removed to
compute the final solution.

The continuation methods discussed are suitable to analyze forced circuits at the fundamental
frequencies delivered by the driving sources with regular behavior. Nevertheless, these techniques
are unable to initialize the frequency components associated with an autonomous solution of
the circuit or, in general, any solution coexisting with others. The complementary techniques
discussed in Sections 2.3.6 and 2.3.7 tackle the previous cases.

2.3.6 The Auxiliary Generator Technique

For an autonomous circuit (G(ωk) = 0, k 6= 0), there will be in general only dc solutions. Non-
static solutions may, of course, exist. In autonomous regimes, the frequency or frequencies of
the solution are not delivered by any driving source but self-generated by the circuit. There-
fore, these frequencies constitute additional unknowns to the set of harmonic-balance equations
that must be included into the set of state variables. Provided they are properly included in the
harmonic-balance formulation, the autonomous solution is unlikely to be obtained by a standard
analysis. This is explained from the fact that the associated homogeneous set of equations may
be also solved for a trivial null solution for which the circuit displays nonautonomous behavior.
This solution is absolutely valid from a mathematical viewpoint, so there is a coexistence be-
tween both solutions. In the particular case of an oscillator, the situation is equivalent to the
unstable dc solution that always coexists with the oscillation. On the other hand, the quasi-
Newton method used to solve the set of equations is highly sensitive to the initial value and a
default convergence would be in general obtained toward the nonautonomous solution in which
the autonomous frequencies are no excited. Therefore, reaching the autonomous regime requires
a suitable initialization of the unknowns. The inclusion of the autonomous fundamental frequen-
cies into the set of equations gives rise to a mixed harmonic-balance formulation [37]. As already
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discussed, the total number of equations in nodal harmonic balance is P (2N + 1) whereas in
piecewise harmonic balance is Q(2N + 1). In any case, each autonomous fundamental frequency
would increase the number of unknowns in 1. Nevertheless, this assumption disregards the fact
that the autonomous solution is invariant with respect to time translations [24, 37, 39, 51] so
the phase origin may be arbitrarily set. As a matter of fact, this is the cause of phase noise in
a free-running oscillator. As was discussed in Chapter 1, this is in agreement with a solution
featuring an eigenvalue at the origin of the complex plane or, equivalently, a Floquet multiplier
on the unit circle at (0, 1). Consequently, some of the remaining real unknowns (e.g. the phases
of the Fourier coefficients at each autonomous fundamental frequency associated with one of the
state variables, say p) may be fixed to 0. Thus, the total number of unknowns is not modified.
The new set of unknowns is (X ′ νa)T, where X ′ is X with the imaginary parts of the harmonic
components at each autonomous fundamental frequency removed and νa is a vector of autono-
mous fundamental frequencies. The mixed harmonic-balance equation is Ξ

(
(X ′ νa)T

)
= 0.

The resolution of such a set of equations requires the evaluation of the mixed Jacobian matrix

JΞ =
[
∂Ξ
∂X ′

∂Ξ
∂νa

]T
(2.35)

Note that the mixed Jacobian matrix is not singular since the singularity associated with the
autonomous regime is removed with the condition Im(pXk) = 0, for all k corresponding to each
autonomous fundamental frequency.

The initial value problem will be solved next by a complementary technique based on an
auxiliary generator (AG), originally proposed by Quéré et al. [38,45]. An auxiliary generator is
an artificial generator used for simulation purposes only [24, 39] which acts like the oscillation
and transforms the autonomous problem into a forced one. The technique is suitable to both in-
house and commercial harmonic-balance simulators. The principle of the auxiliary generator is
that a voltage applied between two circuits nodes agreeing exactly with the circuit solution would
have no influence on the circuit response. For this, a voltage auxiliary generator must provide
suitable values of amplitude, frequency and phase. Similarly, a current connected in series
in a circuit branch would have no influence on the circuit response as long as its amplitude,
frequency and phase agree with the solution. One may think of an auxiliary generator as a
voltage or current source, but it would respectively present a short circuit or an open circuit
at frequencies other than the one delivered by the generator. An oscillation is inherently a
nonlinear phenomenon so some harmonic content is necessarily generated. Note that considering
ideal voltage or current sources as auxiliary generators would thus introduce a large perturbation
into the circuit invalidating the technique. The problem is avoided through the use of a filter
which prevents the undesired effect on the circuit. A voltage auxiliary generator [Figure 2.5(a)]
is therefore a voltage driving source connected in parallel between two circuit nodes including
an ideal filter connected in series which breaks the connection at frequencies other than the
one delivered by the auxiliary generator. A current auxiliary generator [Figure 2.5(b)] is a
current driving source connected in series in a circuit branch including an ideal filter connected
in parallel which avoids breaking the connection at frequencies other than the one delivered by
the auxiliary generator. In the case of a voltage auxiliary generator, the ideal filter has zero
resistance at the AG frequency and infinite resistance otherwise. This may be implemented
trough a conditional sentence:

if freq = fAG then RAG = 1e-18 else RAG = 1e18 end

In the case of a current auxiliary generator, the ideal filter has infinite resistance at the AG
frequency and zero resistance otherwise. The conditional sentence would be:

if freq = fAG then RAG = 1e18 else RAG = 1e-18 end
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Figure 2.5: Inclusion of the two possible kinds of auxiliary generator into a circuit. (a) The voltage
auxiliary generator is connected in parallel between two circuit nodes and is characterized by its admit-
tance function YAG = IAG|1 /VAG. (b) The current auxiliary generator is connected in series at a circuit
branch and is characterized by its impedance function ZAG = (V+ − V−)1/IAG.

Clearly, a voltage auxiliary generator with suitable values of amplitude, frequency and phase will
deliver no current to the circuit, that is, the current-to-voltage ratio is zero. It is thus convenient
to define the admittance function of the voltage auxiliary generator, YAG, as the complex ratio
between the first harmonic of the current exiting the auxiliary generator, IAG|1, and the voltage
amplitude of the auxiliary generator VAG:

YAG = IAG|1
VAG

. (2.36)

The so-called nonperturbation condition is YAG = 0 [38] and will be met for the auxiliary
generator parameters agreeing with the solution. Note that the division in (2.36) by VAG avoids
the convergence toward the trivial solution VAG = 0. The nonperturbation condition is obtained
through an error-minimization method or an optimization process of the auxiliary generator
parameters. Similarly, the nonperturbation condition for a current auxiliary generator is voltage-
to-current ratio equal to zero. The impedance function of the current auxiliary generator, ZAG,
is given by the complex ratio between the first harmonic of the voltage drop between the circuit
nodes, (V+ − V−)1, and the auxiliary generator current amplitude IAG:

ZAG = (V+ − V−)1
IAG

. (2.37)

The nonperturbation condition is thus ZAG = 0. In general, the control variables of the nonlinear
elements in a microwave circuit are voltages. Therefore, the voltage auxiliary generator is
in principle more convenient. Nevertheless, some cases present reduced controllability and/or
observability when using this kind of auxiliary generator, as demonstrated in [136,137]. In those
cases, a current auxiliary generator would be better suited. Hereafter, the analyses will be
presented for the voltage auxiliary generator only since they are totally analogous for a current
auxiliary generator.

The strategy presented allows to obtain the autonomous solution by means of an error-
minimization technique or optimization in forced operation until meeting the nonperturbation
condition. For the analysis of an autonomous solution, the relevant parameters of the auxiliary
generator are the angular frequency, ωAG, and amplitude, VAG, since the phase, φAG, can be set
to 0. These represent two additional unknowns to the set of equations:

Ξ(X,ωAG, VAG) = 0
YAG(X,ωAG, VAG) = 0

, (2.38)
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where Ξ is the error function of the standard harmonic-balance method. The additional equa-
tions are given by the real and imaginary parts of the nonperturbation condition, so (2.38) is a
balanced set of equations. There are two possibilities for the resolution of (2.38): in parallel or
at two levels.

In the parallel resolution approach, a global error function is considered Ξ′ = (Ξ YAG)T.
The auxiliary generator amplitude VAG is included in the vector of driving sources G whereas
ωAG is one of the fundamental angular frequencies of the Fourier series. The global error function
Ξ′ is minimized through a global Newton’s method. This approach is computationally efficient.
Nonetheless, the parallel resolution is only possible in in-house software, as it requires access to
the internal harmonic-balance formulation.

The other possibility is the two-tier resolution of the mixed set of equations. The nonper-
turbation condition YAG(ωAG, VAG) = 0 constitutes the outer tier whereas the pure harmonic-
balance equation acts as an inner tier. The latter is solved through a quasi-Newton algorithm
wherein the auxiliary generator is considered a forcing source in the vector G and its angular
frequency and amplitude are taken as constant values. In in-house harmonic balance, the outer-
tier equation is generally solved through Newton’s method also. The associated Jacobian matrix
is

JYAG =


∂ Re(YAG)
∂ωAG

∂ Re(YAG)
∂VAG

∂ Im(YAG)
∂ωAG

∂ Im(YAG)
∂VAG

 . (2.39)

This Jacobian matrix is computed through finite differences. Three harmonic-balance evalua-
tions are required to obtain YAG(ωAG, VAG), YAG(ωAG+∆ωAG, VAG) and YAG(ωAG, VAG + ∆VAG),
where ∆ωAG and ∆VAG are respectively small increments of the AG angular frequency and am-
plitude. Then, they result ∂YAG/∂ωAG ' (YAG(ωAG + ∆ωAG, VAG)− YAG(ωAG, VAG)) /∆ωAG
and ∂YAG/∂VAG ' (YAG(ωAG, VAG + ∆VAG)− YAG(ωAG, VAG)) /∆VAG. The update mechan-
ism is given by (

ωAG
VAG

)(l+1)

=
(
ωAG
VAG

)(l)

− (J (l)
YAG

)−1
(

Re(YAG)
Im(YAG)

)(l)

. (2.40)

where l represents the iteration number.
In a commercial harmonic-balance simulator, there is no access to the pure harmonic-balance

formulation, so the outer-tier equation is generally solved in terms of the real and imaginary
parts of YAG through an optimization process.

The technique provides in general successful results for a proper location of the auxiliary
generator in the circuit, that is, the auxiliary generator must be placed between two sensitive
circuit nodes. Otherwise, the auxiliary generator would be unable to suitably initialize the
oscillation. The usual sensitive nodes correspond to the terminals of the nonlinear element with
the highest contribution to the total negative resistance responsible for the oscillation. In some
cases there is not a simple answer to what are the most suitable nodes for the analysis and
several locations must be tested.

In a self-oscillating mixer regime [24, 39, 138] the autonomous solution is not synchronized
with the driving source and hence the solution is quasi-periodic with two fundamental angu-
lar frequencies: the angular frequency of the driving source ωs and the autonomous angular
frequency ωa. This would be the case in a synchronized oscillator for a significant difference
between ωa and ωs. There is not any difference with respect to the analysis of the autonomous
solution other than considering the two fundamental angular frequencies in the frequency basis.

In a synchronized regime, the autonomous and driving angular frequencies are rationally re-
lated: nωa = mωs, n,m ∈ Z. This includes fundamentally injection-locked oscillators (n = m = 1),
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frequency dividers [38] (n > m) and subsynchronized oscillators (m > n). The autonomous an-
gular frequency is thus no longer an unknown. Nevertheless, the synchronization phenomenon
is associated with a phase relationship between the driving source and the oscillation, so φAG
cannot be arbitrarily set. The set of unknowns in the synchronized case are X, φAG and VAG.
The previous equations for the analysis of autonomous solutions may be reformulated in terms
of φAG instead of ωAG and they would be still valid. It is also possible to set φAG = 0 and
solve the set of equations in terms of the phase of the forcing generator φs [24]. One just has to
bear in mind that the auxiliary generator operates at the autonomous frequency and hence its
angular frequency, ideal filter and admittance function must be accordingly set.

In fundamentally injection-locked oscillators and in subsynchronized oscillators, for relatively
low driving amplitude, the synchronized solution are found in a closed curve which coexists with
a low-amplitude open curve associated with nonoscillatory solutions. For larger values of the
forcing amplitude, both solutions curves merge and give rise to a single open curve. In frequency
dividers, the desired divided solution always coexists with a nondivided solution at the frequency
of the driving source. The closed synchronization curves may be obtained by sweeping φAG [24].
In most situations, this will provide the closed synchronization curve avoiding the use of the
continuation techniques that will be later discussed in Section 2.3.7 to overcome the turning
points that delimit the operation band.

2.3.7 Solution Curves

The continuation techniques discussed in Sections 2.3.5 and 2.3.6 seek successful convergence to-
ward a single steady-state solution. Nevertheless, the circuit designer is seldom concerned about
a particular solution but on the continuous evolution of the solutions versus one or more circuit
relevant parameters, such as a bias voltage, the input power or frequency, a component value,
etc. The representation of the solutions versus the parameter gives rise to the solution curves
of the circuit. Let η be a circuit parameter. The solution curves are obtained by performing
a sequence of harmonic-balance analyses, in other words, a sweep of the parameter. The final
solution at ηn is used as initial value for the next step ηn+1. Note that the solution may undergo
a change in its stability properties when varying the parameter. Some of these bifurcations,
such as the turning point (see Subsection 1.4.1.1 of Chapter 1), have an impact on the geometry
of the solution curve. Indeed, the Jacobian matrix of the harmonic-balance equation becomes
singular [24,39,139] at the turning points where the curve folds over itself. Two techniques allow
to avoid this problem: parameter switching [135,140] and arc-length continuation [141,142].

2.3.7.1 Parameter Switching

Parameter switching can be directly incorporated into the harmonic-balance formulation or ap-
plied in combination with an auxiliary generator. In the former case, parameter switching is
applied in combination with a prediction-correction technique [38, 135, 140, 143]. At the pre-
diction stage, an exhaustive comparison of the increments undergone by all the state variables
and the parameter itself is done. The increments are given by the following linear estimation:

∆X(n) = −(J (n)
Ξ )−1 ∂Ξ

∂η

∣∣∣∣
n

∆η(n). (2.41)

where ∆X(n) = X(η(n+1)) − X(η(n)) and ∆η(n) = η(n+1) − η(n). Note that the data required
for the calculation in (2.41) are automatically available after each successful harmonic-balance
iteration corresponding the parameter step η(n). For a judicious comparison, a convenient nor-
malization of the state variables is imposed so that all are about a same order of magnitude. After
this evaluation, the state variable displaying the largest increment is taken as the new parameter
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and the remaining state variables and the physical parameter become the new set of unknowns
to be determined in the correction stage, thus the name parameter switching. The real and imag-
inary parts of each variable are evaluated separately taking the absolute value of the increment.
As an example, let Re(pXk) be the state variable displaying the largest increment. It becomes
the new parameter whose value is incremented as Re(pX(n+1)

k ) = Re(pX(n)
k ) + ∆ Re(pX(n)

k ). In
this way, the parameter switching technique automatically transforms points of infinite slope
into points of zero slope whenever its is necessary, leading to successful convergence and obtain-
ing the complete solution curve. The method may no be interesting for commercial simulators
software probably because the data structure becomes heterogeneous and requires a dedicated
treatment. It finds thus its place in in-house simulators.

The parameter switching algorithm may be also applied in combination with an auxiliary
generator, with no need to access the internal harmonic-balance formulation. The technique is
thus based on the two-tier approach previously discussed in Section 2.3.6. The common case of
an oscillation is used to illustrate the technique. The relevant AG variables are thus ωAG and
VAG, so the outer tier is constituted by the nonperturbation condition YAG(ωAG, VAG, η) = 0
whereas the pure harmonic-balance equation is the inner tier. The predicted increments for the
AG variables corresponding to the parameter step η(n) are given by the linearized equation(

∆ω(n)
AG

∆V (n)
AG

)
= −(J (n)

YAG
)−1 ∂YAG

∂η

∣∣∣∣
n

∆η(n). (2.42)

where YAG = (Re(YAG) Im(YAG))T and JYAG is given in (2.39). The advantage of the two-tier
auxiliary generator approach over the direct inclusion of parameter switching into the harmonic-
balance formulation is that it only requires the comparison of the increments ∆ω(n)

AG, ∆V (n)
AG and

∆η(n). After a convenient normalization of the absolute values of the three increments, the new
parameter is taken as that displaying the largest increment. Let VAG be the new parameter, as an
example. In the correction stage, the nonperturbation condition is solved by Newton’s method
in terms of ωAG and η since VAG is the new parameter incremented as V (n+1)

AG = V
(n)
AG + ∆V (n)

AG .
The process is repeated until completing the sweep in the original parameter η.

The implementations of parameter switching discussed so far are conceived for an automatic
algorithm. In commercial harmonic-balance simulators, this is in general not possible and the
nonperturbation condition YAG = 0 is addressed through optimization. The user is required to
watch the evolution of the solution curves and take a decision on what parameter to sweep: ωAG,
VAG or η. The parameter switching is thus performed manually by the designer in commercial
software.

The technique is also applicable to forced circuits, such as a synchronized oscillator. In this
case, the relevant variables for the parameter switching are φAG, VAG and η.

2.3.7.2 Arc-Length Continuation

The last technique presented to trace solution curves is arc-length continuation [144]. It is based
on the introduction of a second parameter α with or without a physical existence. Both the state
variables and the physical parameter η are continuous functions of α: X(α) and η(α). Instead
of directly sweeping the parameter η, the auxiliary parameter α is swept, obtaining X(α) and
η(α). Neither X nor η are expected to have turning points versus α. The turning points are
obtained when representing X(α) versus η(α). The introduction of α in the harmonic-balance
formulation adds an additional unknown. The additional equation is a normalization condition∣∣∣∣∣

(
∂X

∂α

∂η

∂α

)T
∣∣∣∣∣ = 1. (2.43)
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The increments in the unknowns are given by: (∆X ∆η)T = (∂X/∂α ∂η/∂α)T∆α, where ∆α
is the distance between two consecutive points. The normalization condition (2.43) implies that
the norm of the vector (∆X ∆η)T agrees with ∆α and hence the name arc-length continuation.

2.3.8 Stability and Bifurcations

Frequency-domain analysis methods are applied under the constraint of a particular waveform.
In the case of S parameters the waveform is a pure sinusoid [145]. In harmonic balance, the wave-
form is assumed to be periodic or quasi-periodic as the result of a sum of sinusoids. Therefore,
it can only be applied to the analysis of dc, periodic and quasi-periodic steady-state solutions,
with no information about the transient state. This means that all the solutions obtained are
mathematically valid but they are insensitive to the stability properties of the solution [146,147].
This automatically leads to the problem of coexistence of several solutions for the same element
values and circuit parameters. Physical or observable solutions are those robust versus small
perturbations coming from noise inherent in real-word components. The transient response of
a stable solution is such that it is able to return exponentially in time to the solution when
undergoing a small perturbation. An unstable solution will evolve to a qualitatively different
and stable solution.

When constraining to a particular waveform, there is no information about the stability. The
only available means of verifying the physical existence of a solution is to perform a rigorous
complementary stability analysis, in other words, consider the effect of small perturbations on
the steady-state solution. An instability can be regarded as the result of an excess of gain in a
close loop with positive feedback [148] or negative resistance at a resonant frequency. Current
through a negative resistance delivers energy to the circuit. The energy excess will give rise to
an exponentially growing transient at a frequency for which the circuit displays resonance. Any
active element is nonlinear since the transient cannot grow unboundedly and thus for certain
amplitude it will give rise to saturation of the waveform to reach a steady-state solution.

The stability properties are inherently local. A special emphasis has been put on the small
amplitude of the perturbation as a large perturbation may lead the system from one stable
solution to another and the conclusion about the robustness of the solution would be erroneous.

The quasi-Newton methods used to solve the harmonic-balance equations are sensitive to the
initial value. The algorithm will converge by default to the least demanding solution. To avoid
this, the set of harmonic-balance equations must be suitably initialized. Different complementary
procedures, such as the auxiliary generator technique, may be used to successfully accomplish
the stability analysis.

2.3.8.1 Small-Signal Stability Analysis

Kurokawa’s oscillation startup conditions [149] are applicable at a suitable loop or node with
sufficient observability:

GT (ω′o) < 0
BT (ω′o) = 0
∂BT
∂ω

(ω′o) > 0
, (2.44)

where the total admittance is YT = GT + jBT . These conditions were originally developed for a
simple van der Pol oscillator [150]. While the analysis may be applied to more complex circuits,
it may fail to detect internal instability.

In the following, a general stability analysis of a dc solution is presented. A circuit linearized
about the dc solution behaves linearly with respect to the small-signal input sources. Because
instability is a nonlinear phenomenon, these sources do not have any impact on the stability
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properties of the dc solution so they are usually eliminated when analyzing the so-called small-
signal instability. To illustrate the stability analysis, a piecewise formulation is used. The set of
equations are linearized about the dc solution:

A(s)∆X +B(s) ∂Y
∂X

∣∣∣∣
dc

∆X =
(
A(s) +B(s) ∂Y

∂X

∣∣∣∣
dc

)
∆X = 0. (2.45)

where s represents a complex frequency increment. The vector of perturbed variables ∆X is
different from 0, so the matrix between parenthesis in (2.45) must be singular:

det
(
A(s) +B(s) ∂Y

∂X

∣∣∣∣
dc

)
= 0. (2.46)

This expression constitutes the characteristic determinant. The roots of (2.46) provide the
natural frequencies or eigenvalues of the system which determine the stability of the solution.
Contrary to (2.44), it globally takes into account all the circuit dynamics, with no dependence
on any observation port or node. The small-signal stability analysis does no require a harmonic-
balance resolution of the circuit. Indeed, it is enough to perform an AC or S-parameters analysis
which directly provides the linearization of the nonlinear elements about the dc solution.

2.3.8.2 Pole-Zero Identification of a dc Solution

A transfer function can be defined in a linear system as the ratio between a particular output
and input [25,57]. Control theory states that any transfer function shares the same denominator
[148]. For obtaining the transfer function, a small-signal current source at ω is introduced at a
circuit node. Nonlinear devices are linearized about the dc solution providing the linear set of
equations: (

A(jω) +B(jω) ∂Y
∂X

∣∣∣∣
dc

)
∆X = −C(jω)Γ, (2.47)

where Γ is a vector whose elements are zero except for the one corresponding to the small-signal
current generator In. In the characteristic determinant, the perturbation is only applied at the
initial time, so it does no appear in the linearized equation. Here, the small-signal generator
is permanently connected to the circuit. The matrix on the left-hand side of (2.47) is the one
in (2.46), obtained by simply replacing s with jω. For reasons of numerical accuracy, a very
convenient output for the definition of the transfer function is the voltage Vn across In [25, 57]:

Zn(jω) = Vn(jω)
In

. (2.48)

Pole-zero identification [25, 55, 57, 136] consists of curve fitting the previous complex equation
through a least-squares technique with the following quotient of polynomials [57]:

Ẑn(jω) =

M∏
m=1

(jω − zm)

N∏
n=1

(jω − pn)
. (2.49)

Note that the poles and zeroes of the fitted transfer function are respectively given by pn, n = 1
to N and zm, m = 1 to M . Pole-zero identification ought to be performed between ω ' 0 and
ωmax. An accurate identification may require the subdivision into smaller intervals, which would
allow to use a smaller value of N . The numerator and hence the zeroes depend on the particular
definition of the chosen transfer function. Because of this, pole-zero cancellations might take
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place in the RHP [25, 57]. In this situation, the conclusion about the stability of the solution
would be erroneous. To overcome this issue, different locations of the current source might be
tried. Usually, the most convenient location corresponds to the terminals of active devices due
to the proximity to the potential sources of instability. An analysis, conceptually similar, can be
performed breaking the loop and connecting a voltage source Vn. In this case, the admittance
transfer function is:

Yn(jω) = In(jω)
Vn

. (2.50)

where In(jω) is the current passing through the voltage source. This analysis may be more
convenient if a passive impedance of small value dominates the impedance from the active part.
The possible existence of RHP zeros has no implication in the stability of the system. This
would mean a non-minimum phase behavior.

The transfer functions previously defined agree with the total impedance/admittance at a
circuit node. Assuming that this is a sensitive node, it is possible to relate Kurokawa’s oscillation
startup conditions to the existence of an unstable pair of complex-conjugate poles on the RHP.

2.3.8.3 Large-Signal Stability Analysis

The input sources do have an impact on the stability properties of a periodic solution and
therefore the stability analysis must take into account the effect of these sources. The large-
signal stability analysis is an extension of the analysis of the dc solution taking into account the
combined effect of the steady-state frequency ωs with the complex frequency s coming from the
perturbation. This gives rise to sidebands or frequency mixing. The piecewise harmonic-balance
equation of a periodic steady-state solution Xs with fundamental angular frequency ωs is

Ξ(Xs) = A(jkωs)Xs +B(jkωs)Y (Xs) + C(jkωs)G = 0, k = −NH to NH . (2.51)

It is a set of vector equations at the different harmonic frequencies. A small instantaneous
increment is represented in the frequency domain by a complex frequency perturbation s, which
will give rise to an increment ∆X of the state variables at the mixing frequencies jkωs + s.
The nonlinear elements are linearized about the steady-state periodic solution by means of the
conversion matrix approach [23,132,139]. This implies the computation of the conversion matrix
∂Y/∂X|s, composed of the derivatives of the harmonic components of the nonlinear elements
with respect to the harmonic components of the control variables. The passive elements must
be evaluated at the frequencies jkωs + s too. There are no input generators at jkωs + s, so:(

A(jkωs + s) +B(jkωs + s) ∂Y
∂X

∣∣∣∣
s

)
∆X = JΞ(jkωs + s)∆X = 0, (2.52)

where k = −NH to NH . Because ∆X 6= 0, the Jacobian matrix JΞ must be singular. The roots
of the characteristic determinant det(JΞ(jkωs+s)) provides the generalized eigenvalues or poles
of the solution [37], which agree with the Floquet exponents [55] of the periodic solution.

2.3.8.4 Pole-Zero Identification of a Periodic Solution

The denominator of any possible transfer function will agree with the characteristic determinant,
no matter what input or output were considered. The transfer function is formally the same
when written in terms of s or jω, so it can be obtained by connecting a small-signal current
source In at the frequency ω, nonharmonically related to ωs, at a sensitive circuit node [55,57].
The circuit will behave linearly with respect to In, so it can be analyzed through the conversion
matrix approach:(

A(j(kωs + ω)) +B(j(kωs + ω)) ∂Y
∂X

∣∣∣∣
s

)
∆X = −C(j(kωs + ω))Γ, (2.53)
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where k = −NH toNH and Γ is a vector whose elements are zero except for the one corresponding
to the small-signal current generator In. Everything stated for pole-zero identification of a dc
solution applies correspondingly when identifying a transfer function of a periodic solution.

2.3.8.5 Bifurcation Analysis Based on the Characteristic Determinant

A local bifurcation represents a qualitative change in the stability of a solution under the con-
tinuous variation of a circuit parameter η [37,42,43,49,51]. This is associated with a crossing of
a critical pole or poles (a real pole or a pair of complex-conjugate poles, respectively) through
the imaginary axis. Two methodologies may be applied for bifurcation detection in harmonic
balance. The first one is based on the characteristic determinant and will be described in the
following lines. This approach is only applicable to in-house harmonic balance since it requires
access to the harmonic-balance formulation and the associated Jacobian matrices. The general
formulation of the problem is given by

Ξ(X, ηb) = 0
det (JΞ(0 + jωb, ηb)) = 0
dσ

dη

∣∣∣∣
ηb

6= 0
, (2.54)

where X represents a steady-state solution (dc, periodic or quasi-periodic), ηb is the parameter
value at the bifurcation point and ωb is the imaginary part of the critical pole or poles at the
bifurcation point. The critical pole or poles are written in the form σ ± jω. The last line of
(2.54) ensures that the poles do cross the imaginary axis and are not simply tangent to it.

Assuming a dc solution Xdc, there are two possible values for the critical poles: a real
pole γ or a pair of complex-conjugate poles. In the former case, the crossing of a real pole
through the imaginary axis yields a turning point or pitchfork bifurcation. Note that the con-
dition det (JΞ(0, ηb)) = 0 is equivalent to a singularity in the set of harmonic-balance equations,
agreeing with a point of infinite slope in the solution curve Xdc(η). On the other hand, a cri-
tical pair of complex-conjugate poles (ωb 6= 0) crossing the imaginary axis gives rise to a Hopf
bifurcation from a dc regime.

For a periodic solution Xs, there are three possible values for the critical poles. A real pole
γ (ωb 6= 0) crossing the imaginary axis agrees with a D-type bifurcation (a regular turning point
or a pitchfork bifurcation from a periodic regime). The I-type bifurcation (period-doubling or
flip bifurcation) corresponds to a critical pair of complex-conjugate poles with imaginary part
ωb = ωs/2, where ωs is the fundamental angular frequency of the steady-state periodic solution.
The last possibility is a critical pair of complex-conjugate poles with ωb 6= ωs/2, agreeing with
a Hopf-type bifurcation.

2.3.8.6 Bifurcation Analysis Based on Auxiliary Generators

The second approach for bifurcation detection is based on the introduction of auxiliary generators
in the circuit [24, 63]. It is suitable to commercial harmonic-balance simulators as it relies on
calculation of outer-tier conditions. These conditions are addressed through an optimization
process.

The turning point and pitchfork bifurcations are associated with points of infinite slope. In
the case of an autonomous solution, the conditions for these bifurcations are

YAG(ωAGb, VAGb) = 0
det (JYAG(ωAGb, VAGb, ηb)) = 0 . (2.55)
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The conditions (2.55) may be also applied to synchronized oscillators, simply by substituting
ωAGb with φAGb and imposing ωAG = m/nωs. As already discussed in Section 2.3.6, the Jacobian
matrix associated with the auxiliary generator is calculated in commercial simulators through
finite differences. A successful application of the conditions (2.55) requires a careful selection
of the threshold for the determinant det(JYAG), compatible with the one established for the
nonperturbation condition YAG = 0. The accuracy of the method is thus highly sensitive to
these thresholds, so numerical issues may appear.

Hopf bifurcations are detected by exploiting the fact that the amplitude of the new generated
solution tends to zero at the bifurcation point [24]. A small-signal analysis (AC) allows to obtain
Hopf bifurcations from a dc regime. For this, a small-signal current source is connected in parallel
at a sensitive circuit node. The total admittance function at the observation node YT is given by
the current-to-voltage ratio of the small-signal source. Equivalently, a voltage auxiliary generator
with a small amplitude value, represented by VAG ∼= 0, may be used obtaining a similar result.
The bifurcation condition is given by the pair of values of ωb and ηb fulfilling:

YT (ωb, ηb) = 0. (2.56)

The analysis of a Hopf bifurcation from a periodic regime is identical to the one described
in Section 2.3.4 based on the conversion matrix approach. The total admittance function is
calculated as the current-to-voltage ratio of a small-signal current source connected in parallel
at a sensitive circuit node. The Hopf bifurcation condition is also (2.56). An equivalent problem
would be obtained when connecting a voltage auxiliary generator with VAG ∼= 0 to a sensitive
node and perform a two-tone harmonic-balance analysis.

The conversion matrix approach cannot be directly applied to detect flip bifurcations because
ωb = ωs/2 would yield to overlapping between the sidebands resulting in singular conversion
matrices [24]. The auxiliary generator technique may be applied imposing the condition

YAG(φAGb, ηb) = 0 (2.57)

for VAG ∼= 0 and ωAG = ωs/2.
It two parameters η1 and η2 are considered in any of the bifurcation conditions discussed, a

curve termed bifurcation locus [24, 151] is obtained, that is, the set of all points of a particular
bifurcation. As an example, the turning points locus is the set of all turning points of the
solution curves. A nonlinear circuit may display several kinds of bifurcations. The set of all the
bifurcation curves is called bifurcation loci.

2.4 Envelope Domain Analysis: Envelope Transient
So far, the foundations for transient and harmonic balance were presented, which constitute
the most important tools for the analysis of nonlinear microwave circuits. When there are two
different time scales in a circuit (e.g. the analysis of a nonlinear circuit involving arbitrary
modulated signals), neither transient nor harmonic balance are capable of effectively addressing
the problem. In the former case, standard time-domain integration is suitable for the analysis
of base-band signals, or, at most, it would be applicable at the fast time scale imposed by the
carrier frequency. In any case, it is unable to consider both time scales without an unacceptable
need of resources both in terms of memory and integration time necessary to appreciate the
effects on the slower time scale. On the other hand, harmonic balance is only suitable for the
analysis of periodic or quasi-periodic solutions. Envelope transient, originally proposed by Ngoya
et al. [72, 152], addresses the problem by processing separately the slow time scale (associated
with the envelope or modulation) and the fast time scale (associated with the RF carrier). The
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B/2−B/2 0

Figure 2.6: Complex lowpass equivalent of a bandpass signal. The graph features the magnitude
spectrum of the envelope associated with a driving source.

fast time scale is treated by harmonic balance whereas the slow time scale is treated by transient,
overcoming the main limitations of both analysis methods. This results in a direct integration
of the time-varying envelope.

The circuit variables are represented using a truncated Fourier series expansion, where in
this case the Fourier coefficients Xk(t) are slowly varying functions of time at the rate of the
modulation. Due to the orthogonality of the Fourier basis, when introducing these expressions
into the set of differential algebraic equations, it provides a new set of differential algebraic
equations in the slowly varying harmonic components Xk(t). The set of equations is integrated
at a much larger time step than the original one. The solution is generally periodic in the faster
time scale t2. For the purpose of the analysis, it is convenient to artificially separate the two
time scales [72,153]:

x(t1, t2) =
N∑

k=−N
Xk(t1)ejωkt2 . (2.58)

At each angular frequency ωk associated with the fast time scale, there is a vector Xk(t) of
harmonic components with the state-variable complex envelopes varying at the slow time scale.
The frequency-to-time expression for the envelopes is

Xk(t) = 1
2π

∫ B/2

−B/2
Xk(jΩ)ejΩtdΩ, (2.59)

where Xk(jΩ) represents the spectra of the state variables about the angular frequency ωk,
Ω is the offset angular frequency with respect to ωk and B is the largest bandwidth of the
envelopes, as shown in Figure 2.6. The method is efficient, as compared with standard time-
domain integration, for relatively narrowband envelopes.

2.4.1 Nodal Formulation

For the calculation of q̇ in (2.1), it must be taken into account the two different derivative
operators associated with each time scale. The derivative with respect to t1 is the usual time
derivative. Due to the periodicity of the solution, the derivative with respect to t2 is simply
obtained through multiplication by jωk. The time derivative of q is given then applying the
chain rule:

q̇ =
N∑

k=−N
Q̇k(t)ejωkt +

N∑
k=−N

Qk(t)jωkejωkt. (2.60)
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Due to the orthogonality of the Fourier basis, linear relationships can be established between
the harmonic components, so

Ξ(X, t) = F (X(t)) + jωQ(X(t)) + Q̇(X(t)) +
∫ t

−∞
H(t− τ)X(τ)dτ +G(t) = 0. (2.61)

As in the case of standard time-domain integration, (2.61) is written in terms of the convolution
of the impulse responses of distributed elements with the state-variable envelopes. The time
variable is discretized to solve the set of equations. As in the case of standard time-domain
integration, implicit algorithms are the most efficient. The backward Euler algorithm gives

Ξ(X, tn+1) = F (X(tn+1)) + jωQ(X(tn+1)) + Q(X(tn+1))−Q(X(tn))
tn+1 − tn

+
n∑
i=0

H(tn+1 − ti)X(ti)∆ti +G(tn+1) = 0.
(2.62)

An error-minimization method is required to integrate the set of equations from the initial value
t0, generally the Newton-Raphson algorithm. The initialization of the integration procedure is
obtained from a standard harmonic-balance evaluation for constant driving sources G(t0). The
final value obtained at tn is used as inital guess for the next step tn+1. The most difficult task
is to calculate the convolution associated with distributed elements. Nevertheless, it is much
less demanding than in standard time-domain integration, since the models of the distributed
elements may be narrowband about ωk.

2.4.2 Piecewise Formulation

As shown in (2.59) and in Figure 2.5, the time-varying harmonic components have a continuous
spectrum about ωk relatively narrow. Therefore, the linear embedding matrices in (2.24) must
be evaluated at j(ωk+Ω). For the sake of the analysis, the compact system (2.24) is decomposed
into several coupled subsystems, one at each frequency ωk considered in the truncated Fourier
series. The piecewise formulation for the kth spectral line is

Ξk(Xk(jΩ)) = A(j(ωk + Ω))Xk(jΩ) +B(j(ωk + Ω))Yk(jΩ) +C(j(ωk + Ω))Gk(jΩ) = 0, (2.63)

where k = −N, . . . , N . Under the assumption of slowly varying envelopes (i.e. strictly narrow-
band envelopes), the matrices describing the linear embedding subnetwork may be expanded in
a first-order Taylor series about jΩ = 0 [72]:

Ξk(Xk(t)) = A(jωk)Xk(t) + ∂A(jωk)
∂jΩ Ẋk(t) +B(jωk)Yk(t) + ∂B(jωk)

∂jΩ Ẏk(t)

+ C(jωk)Gk(t) + ∂C(jωk)
∂jΩ Ġk(t) = 0,

(2.64)

where k = −N, . . . , N and equivalences jΩXk(jΩ)←→ Ẋk(t) have been considered in Xk(jΩ),
Yk(jΩ) and Gk(jΩ). The restriction of narrowband envelopes is a significant difference with
respect to the nodal formulation. This limitation may be relaxed by considering higher-order
terms in the Taylor series expansions. TheMth order differential envelope transient equation [72]
is:

Ξk(Xk(t)) = A(jωk)Xk(t) +
M∑
m=1

1
m!

∂mA(jωk)
∂(jΩ)m

dmXk(t)
dtm

+B(jωk)Yk(t)

+
M∑
m=1

1
m!

∂mB(jωk)
∂(jΩ)m

dmYk(t)
dtm

+ C(jωk)Gk(t) +
M∑
m=1

1
m!

∂mC(jωk)
∂(jΩ)m

dmGk(t)
dtm

= 0,

(2.65)



72 CHAPTER 2. NONLINEAR ANALYSIS OF MICROWAVE CIRCUITS

but this involves higher-order time derivatives. On the other hand, the piecewise approach has
the advantage of bypassing the computation of convolution products associated with distributed
elements.

As in the case of the nodal formulation, the time variable is discretized by means of the
backward Euler method:

Ξk(Xk(tn+1)) =
(
A(jωk) + 1

∆tn+1

∂A(jωk)
∂jΩ

)
Xk(tn+1) +

(
B(jωk) + 1

∆tn+1

∂B(jωk)
∂jΩ

)
Yk(tn+1)

+ ∂C(jωk)
∂jΩ Ġk(tn+1)− 1

∆tn+1

∂A(jωk)
∂jΩ Xk(tn)− 1

∆tn+1

∂B(jωk)
∂jΩ Yk(tn) = 0,

(2.66)

where k = −N, . . . , N . Note that the analytical time derivative of the envelopes of the driving
sources is included in (2.66). As in the case of the nodal approach, Newton’s method is generally
used to integrate (2.66) from the initial value t0. The set of equations is initialized from a
harmonic-balance evaluation for constant driving sources G(t0). The last integrated point tn is
used as the input for obtaining the next step tn+1.

Regarding the analysis with more than one fundamental frequency, no limiting assumptions
have been considered when presenting the nodal and piecewise formulations, so it is applied in
a straightforward fashion, bearing in mind the considerations in Section 2.3.3.

2.4.3 Analysis of Autonomous Regimes

As in the case of standard harmonic balance, the envelope transient analysis of autonomous
regimes requires complementary techniques to avoid the nonoscillatory solution that coexists
with the autonomous regime. Ngoya et al. [154] proposed a technique based on the use of an
auxiliary generator. The nonperturbation condition mus be fulfilled at each time step in the slow
time scale of the envelope. The auxiliary generator is thus permanently connected to the circuit
and the associated parameters are time varying: ωAG(t), VAG(t) and YAG(t) = 0. The technique
allows a computationally efficient analysis of the transient of the autonomous regime. The main
limitation of the technique is that it can only be applied in in-house envelope transient. Suárez
et al. [24,155] proposed a simpler technique based also on an auxiliary generator. The technique
relies on the fact that an autonomous stable solution is an attractor and hence all the neighboring
trajectories lead to the solution for time tending to infinity. A preliminary harmonic-balance
analysis of the circuit based on the auxiliary generator technique (see Section 2.3.6) is performed
at t = t0 for constant driving sources. Note that there is no problem in neglecting the effects of
the modulation since the oscillation appears in the fast time scale. Once the nonperturbation
condition is met, the results of the harmonic-balance analysis are taken as initial value for the
envelope transient analysis at t = t0. Then, the auxiliary generator is disconnected for t > t0, so
the circuit will evolve according to its own dynamics. This is addressed through a time-varying
resistor whose value is 0 at t = t0 and infinite at t > t0. The practical implementation of the
resistance usually involves a conditional sentence:

if t = t0 then RSW = 1e-18 else RSW = 1e18 end

The technique is suitable to be implemented in commercial harmonic-balance simulators. A
possible error in the estimation of the fundamental frequency of the autonomous solution will
produce an artificial oscillation in the envelopes at the angular frequency difference |ωa−ωAG| to
compensate the error [24]. Equivalently, the spectrum of the envelopes around the fundamental
angular frequency will be shifted ωa − ωAG instead of being centered about Ω = 0.



2.5. DESCRIBING FUNCTION 73

The technique is applicable to injected oscillators. More specifically, it is invaluable to
determine the circuit response before the synchronization phenomenon and to delimit the syn-
chronization bands. Within a synchronization band, the circuit provides an injection-locked
periodic response for which the envelopes tend to a constant steady-state value. Outside this
frequency band, a self-oscillating mixer regime [155] is obtained wherein the envelopes oscillate
periodically at the angular frequency |ωa−ωs|. This quasi-periodic solution may be obtained in
envelope transient using only one fundamental angular frequency (ωs), which requires a suitable
integration time step to sample the envelopes.

Bearing in mind the consideration above, it is straightforward to determine the synchroni-
zation bands in envelope transient by means of a sweep of a parameter η (usually the forcing
frequency). The technique is applied to the initial parameter value η0. The envelope transient
equations are integrated over a time interval long enough to display steady-state behavior. Only
the last part of this interval deserves attention, agreeing with the steady-state information.
Simple continuation is obtained by keeping the values at the last point of the time interval for
the parameter value ηn as initial value for the next parameter value ηn+1. The magnitude of
the envelope of a relevant variable is represented versus the parameter. A single point means
periodic injection-locked solution whereas a vertical line of points indicates self-oscillating mixer
regime.

2.5 Describing Function
The methods discussed so far seek the most accurate solution except for computational lim-
itations. In this last section, the describing function approach will be presented. It is an
approximate analysis but its potential interest resides in its ability to provide insight into the
properties of the circuit under study at an early design stage. The describing function [156]
constitutes an extension of the concept of transfer function of linear systems to cover the analysis
of nonlinear circuits. The calculation of signal form is avoided by assuming it to have a form
which is guessed in advance. While there are several kinds of describing functions [157], the
sinusoidal describing function is particularly interesting for the analysis of nonlinear microwave
circuits. The input signal to the nonlinear element, denoted by x(t), may represent voltage,
current, charge or flux, and is assumed to be monochromatic [148, 157]: x(t) = X cos(ωt + φ),
where ω is the steady-state angular frequency. Under this constraint, it is clear that due to
nonlinearity the circuit generates new spectral components. Thus, the output signal, associated
with the nonlinear element and denoted by y(t), is periodic more or less far from sinusoidal. Al-
though the network may perform some kind of filtering due to the intrinsic lowpass characteristic
associated with real-world components, harmonics other than the fundamental are neglected.
The transfer function calculated as the complex ratio between the output and input phasors
constitutes the describing function of the nonlinear element:

NY (X) = F{y(x(t))}1
F{x(t)}1

=

1
T

∫ T

0
y(x(t))e−jωstdt

X

2 e
jφ

, (2.67)

where T = 2π/ω is the period of the steady-state waveform. When limiting the analysis to one
harmonic term, it is possible to obtain meaningful analytical expressions that provide further
information on its behavior. Of course, the accuracy of this approach will be higher for a larger
quality factor of the circuit. It must be noted that the describing function depends only on the
amplitude of the input signal, X, and not on its phase, φ. This is because (2.67) is invariant with
respect to a phase shift in the input signal [24]. When considering polynomial nonlinearities,
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instead of applying directly (2.67) it is more convenient to write the input signal in the form

x(t) = X cos(ωt+ φ) = X

2
(
ej(ωt+φ) + e−j(ωt+φ)

)
,

substitute this expression into the constitutive relationship of the nonlinear element and retain
only elements in the form A/2(ej(ωt+φ) + e−j(ωt+φ)). Then, the numerator of (2.67) is simply
given by A/2ejφ.

The analysis will be illustrated through application to an example which will be later treated
in Chapter 6 by the exact outer-tier contour approach extensively described in Chapter 3. The
circuit is a single-ended three-stage ring oscillator. The transistors in Figure 6.1(a) of Chapter 6
are described by Angelov’s GaAs FET model without parasitic elements. The model is basically
constituted by three nonlinear functions providing respectively the gate to drain current, gate to
source current and drain to source current. On the one hand, the gate to drain current and gate
to source current are not included in the analysis since their contribution to the overall behavior
is negligible. On the other hand, the drain to source current is a function involving hyperbolic
tangents of both the gate to source voltage and drain to source voltage. In the analysis, it is
enough to approximate this function by a simple manageable expression suitable to successfully
apply the describing function. The nonlinear current is given by a cubic polynomial depending
only on the gate to source voltage:

ι(v) = a1v + a3v
3, (2.68)

where v represents the gate to source voltage waveform, a1 < 0 and a3 > 0. One may argue that
the model is unrealistic since it provides a negative resistance 1/a1 at the point ι(0) = 0, which
means it is able to supply energy with no dc power consumption. Of course, this is not physical.
The dc component of the voltage was removed with the aim of obtaining simple mathematical
expressions. The actual device requires a bias voltage and provides a quiescent current. The
expression (2.68) is the current component observed at the RF port of the bias network.

From the previous discussion, the output current phasor is I|1 = (a1A/2 + a33A3/8)ejφ,
where A and φ are respectively the amplitude and phase of the gate to source voltage. This
provides the describing function

NI(A) = a1 + 3
4a3A

2. (2.69)

Figure 2.7 shows the equivalent circuit of the single-ended three-stage ring oscillator. As can
be gathered from the figure, it comprises three nonlinear elements. For ease of application, a
piecewise formulation is adopted:V1

V2
V3

− ZL
1 0 0

0 1 0
0 0 1


I1
I2
I3

− ZL
0 0 0

0 0 0
0 0 1


 0

0
Is

 =

0
0
0

 , (2.70)

where Vq = Aqe
jφq , q = 1, 2, 3 and ZL(jω) = R/(1 + jωRC). The expressions for the set of

dependent variables are given by the describing function:

I1 = NI(A3)A3e
jφ3

I2 = NI(A1)A1e
jφ1

I3 = NI(A2)A2e
jφ2

. (2.71)
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¶1(v3) v1 R C ¶2(v1) v2 R C ¶3(v2) v3 R C ¶s 

Figure 2.7: Equivalent circuit of the single-ended three-stage ring oscillator analyzed in Chapter 6.
The constitutive relationship of the nonlinear current sources is ιp(vq) = a1vq + a3v

3
q , where p = 1, 2, 3,

q = ((p + 1) mod 3) + 1, a1 < 0 and a3 > 0. Element values: R = 50 Ω, C = 2.2 pF, a1 = −43.11 mS,
a3 = 7.66 mA/V3.

The analysis starts by calculating the free-running solution of the oscillator, which is equiva-
lent to set Is in (2.70) to 0. Substituting (2.71) and (2.69) into (2.70) gives the set of equations

A1e
jφ1 − R

1 + jωoRC

(
a1 + 3

4a3A
2
3

)
A3e

jφ3 = 0

A2e
jφ2 − R

1 + jωoRC

(
a1 + 3

4a3A
2
1

)
A1e

jφ1 = 0

A3e
jφ3 − R

1 + jωoRC

(
a1 + 3

4a3A
2
2

)
A2e

jφ2 = 0

, (2.72)

where ωo is the angular frequency of the steady-state free-running solution. This is a set of
6 real equations in 7 real unknowns. The additional unknown is due to the autonomy of the
solution, that is, there is an irrelevance with respect to the phase origin. Any phase value will
provide a time-shifted solution with the same amplitude and frequency of oscillation. Therefore,
the phase φ1 may be set to 0. Rewriting (2.72) gives

A1 (cos(φ3) + ωoRC sin(φ3))−R
(
a1A3 + 3

4a3A
3
3

)
= 0

− sin(φ3) + ωoRC cos(φ3) = 0
A2 (cos(φ2)− ωoRC sin(φ2))−R

(
a1A1 + 3

4a3A
3
1

)
= 0

sin(φ2) + ωoRC cos(φ2) = 0
A3 (cos(φ3 − φ2)− ωoRC sin(φ3 − φ2))−R

(
a1A2 + 3

4a3A
3
2

)
= 0

sin(φ3 − φ2) + ωoRC cos(φ3 − φ2) = 0

. (2.73)

The direct approach would be to solve directly (2.73) using a numerical tool with a suitable
initialization of the vector of unknowns to avoid the trivial solution of the homogeneous set of
equations. This unstable solution always coexists with the desired stable steady-state periodic
solution. On the other hand, the set of equations (2.72) can be further simplified by exploiting
symmetry in the circuit. The circuit is a close loop composed of three identical stages. Therefore,
one expects to have the same voltage amplitude at each node: A1 = A2 = A3, denoted by Ao.
Furthermore, as will be discussed in Chapter 4, this structure imposes a constant 2π/3 phase
shift between stages, so φ1 = 0 implies φ2 = 2π/3 and φ3 = −2π/3. Applying these properties
to the first equation in (2.72) provides

−1
2 − ωoRC

√
3

2 −R
(
a1 + 3

4a3A
2
o

)
= 0

√
3

2 − ωoRC
1
2 = 0

. (2.74)
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The solution to (2.74) is

ωo =
√

3
RC

Ao =
√
− 4

3a3

( 2
R

+ a1

) . (2.75)

Direct numerical resolution of (2.73) in a computer program with suitable initial value for the
vector of unknowns gives the solution

A1 = 0.7357583 V, phi1 = 0 deg
A2 = 0.7357583 V, phi2 = 120 deg
A3 = 0.7357583 V, phi3 = -120 deg
fo = 2.5060404 GHz

which agrees with the one given in (2.75).
The next objective is to obtain the response of the oscillator when considering the effect

of the driving source (Is 6= 0). As will be discussed, for values of Is not too high, the circuit
provides injection-locked periodic solutions within certain parameter range, giving rise to closed
solution curves; otherwise, the solution curve would be open. In the former case, three solutions
coexist for a given parameter value, two of which are unstable. Note that a closed solution
curve must have at least two turning points where the curve folds over itself. At these turning
points a real pole crosses the imaginary axis, so one section of the curve is stable whereas the
other is unstable. The third solution belongs to a low-amplitude open curve associated with
nonoscillatory solutions in which the circuit response to the driving source is nonautonomous.
This solution is equivalent to the unstable dc solution of the autonomous case (Is = 0), so a
numerical solver would typically converge towards it unless the unknowns are suitably initialized.

Applying the describing function to (2.70) gives

A1e
jφ1 − R

1 + jωsRC

(
a1 + 3

4a3A
2
3

)
A3e

jφ3 = 0

A2e
jφ2 − R

1 + jωsRC

(
a1 + 3

4a3A
2
1

)
A1e

jφ1 = 0

A3e
jφ3 − R

1 + jωsRC

((
a1 + 3

4a3A
2
2

)
A2e

jφ2 + Is

)
= 0

, (2.76)

where Is and ωs are respectively the amplitude and angular frequency of the driving source.
Note that these variables are parameters in the nonautonomous case and different solutions are
obtained for each set of these parameters. On the other hand, the phase φ1 is now a relevant
variable since the phase origin is established by the driving source (the phase of the driving
source φs is set to 0). The set of equations is more conveniently written in terms of the real and
imaginary parts of (2.76):

A1 (cos(φ1 − φ3)− ωsRC sin(φ1 − φ3))−R
(
a1A3 + 3

4a3A
3
3

)
= 0

sin(φ1 − φ3) + ωsRC cos(φ1 − φ3) = 0
A2 (cos(φ2 − φ1)− ωsRC sin(φ2 − φ1))−R

(
a1A1 + 3

4a3A
3
1

)
= 0

sin(φ2 − φ1) + ωsRC cos(φ2 − φ1) = 0
A3 (cos(φ3 − φ2)− ωsRC sin(φ3 − φ2))−R

(
a1A2 + 3

4a3A
3
2

)
−RIs cos(φ2) = 0

A3 (sin(φ3 − φ2) + ωsRC cos(φ3 − φ2)) +RIs sin(φ2) = 0

. (2.77)
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This is a set of 6 equations in as many unknowns. As an example, let the set of values of the
parameters fs = 2.54 GHz and Ps = −22 dBm be considered, where Ps represents the power
injected by the driving source and is equivalent to Is = 1 mA. A computer program is used
to solve numerically (2.77) with suitable initial values of the vector of unknowns to obtain the
solutions:

Solution P1
A1 = 0.7334028 V, phi1 = 29.010684 deg
A2 = 0.7263726 V, phi2 = 148.67787 deg
A3 = 0.7418240 V, phi3 = -90.656502 deg

Solution P2
A1 = 0.6215175 V, phi1 = -94.21374 deg
A2 = 0.6289556 V, phi2 = 25.453446 deg
A3 = 0.6132921 V, phi3 = 146.11907 deg

Solution P3
A1 = 0.1277089 V, phi1 = -114.84608 deg
A2 = 0.1359550 V, phi2 = 4.8211076 deg
A3 = 0.1199320 V, phi3 = 125.48673 deg

A comparison with the free-running case reveals that the phase shifts between stages are no long-
er 2π/3. This is attributed to the presence of the driving source which introduces some degree of
asymmetry in the ring. According to the previous discussion, the solution P3 corresponds to the
nonoscillatory solution whereas the solutions P1 and P2 are injection-locked periodic oscillations.
The stability of each solution is analyzed next using the characteristic determinant.

The stability analysis is based on the one presented in Subsection 2.3.8.3 but in this particular
case it combines the conversion matrix approach with the describing function to linearize the
nonlinear currents about each steady-state periodic solution. The analysis requires a suitable
harmonic-balance representation of the variables. Indeed, the vectors and block matrices in-
volved have the structure discussed in Sections 2.3.1 and 2.3.2. The describing function implies
a number of harmonics NH = 1, so k = −1, 0, 1. In the case under study there are a total of
three nonlinear currents, each depending on a controlling voltage, so p = 1, 2, 3. Bearing in mind
these considerations, the piecewise harmonic-balance formulation of the circuit is

V − ZI − ZIG = 0, (2.78)

where V = (1V−1 2V−1 3V−1 1V0 2V0 3V0 1V1 2V1 3V1)T. The structure of I is similar
to that of V and IG = (0 0 Is/2 0 0 0 0 0 Is/2)T. The block matrix describing the
linear subnetwork is Z = diag(ZL(−jωs)U,ZL(j0)U,ZL(jωs)U), where ZL(jω) = R/(1+jωRC)
and U is the 3× 3 identity matrix. In the foregoing formulation in (2.70) the variables are real
whereas in (2.78) the dependent and independent variables are complex Fourier coefficients:
pV−1 = V ∗p /2 = Ap/2e−jφp and pV1 = Vp/2 = Ap/2ejφp , so Ap = |pV−1|+ |pV1|. The conversion
matrix approach allows to linearize (2.78) about each steady-state periodic solution providing(

U − Z ∂I

∂V

∣∣∣∣
s

)
∆V = 0, (2.79)

where U is the 9×9 identity matrix, (∂I/∂V )|s is the conversion matrix of the nonlinear currents
evaluated at the steady-state solution and ∆V is a vector of small increments in V as a result of
applying a small instantaneous perturbation. The conversion matrix of the linear elements has
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the structure Z = diag(ZL(−jωs + s)U,ZL(js)U,ZL(jωs + s)U), where U is the 3 × 3 identity
matrix and s is a complex frequency increment. The characteristic determinant is therefore

det(JΞ) = det
(
U − Z ∂I

∂V

∣∣∣∣
s

)
. (2.80)

For computation of (∂I/∂V )|s it is convenient to expressed the nonlinear currents in the
form

ιp(vq) = a1vq + a3v
3
q , (2.81)

where p = 1, 2, 3 and q = ((p + 1) mod 3) + 1. The property (2.16) allows a straightforward
determination of the conversion matrix of the nonlinear currents. Assuming a gate to source
voltage waveform expressed as vq(t) = Vq/2ejωt + V ∗q /2e−jωt, the transconductance function is

g = ∂ιp
∂vq

= a1 + 3a3v
2
q = a1 + 3

2a3|Vq|2 + 3
4a3

(
V 2
q e

j2ωt + (V ∗q )2e−j2ωt
)
. (2.82)

Then, the conversion matrix for the pth nonlinear current is

∂ pI

∂ qV
=



∂ pI−1
∂ qV−1

∂ pI−1
∂ qV0

∂ pI−1
∂ qV1

∂ pI0
∂ qV−1

∂ pI0
∂ qV0

∂ pI0
∂ qV1

∂ pI1
∂ qV−1

∂ pI1
∂ qV0

∂ pI1
∂ qV1


=

G0 G−1 G−2
G1 G0 G−1
G2 G1 G0



=


a1 + 3

2a3|Vq|2 0 3
4a3(V ∗q )2

0 a1 + 3
2a3|Vq|2 0

3
4a3V

2
q 0 a1 + 3

2a3|Vq|2

 .
(2.83)

Each nonlinear current depends exclusively on its own control voltage:

∂ pIk1

∂ qVk2

= 0, q 6= ((p+ 1) mod 3) + 1 (2.84)

for any k1 and k2. The properties (2.83) and (2.84) allow to fill in entries in the conversion
matrix of the nonlinear currents. Most of the elements of the block matrices are thus zero. The
following is an attempt to graphically illustrate the aspect of the block matrices in (2.80), where
the black squares represent nonzero elements:

U Z

The roots of the characteristic determinant (2.80) agree with the poles of the solution.
Instead of directly computing the roots, the Nyquist criterion [139, 146, 158] will be applied. It
may be applied to any linear complex function in the complex variable s which tends to zero or
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Figure 2.8: Stability analysis of the fundamentally injection-locked ring oscillator in Figure 2.7 based
on the Nyquist criterion applied to the characteristic determinant. The solution P1 is stable whereas the
solutions P2 and P3 are unstable.

any constant in the limit value s→∞. Assuming that the function does not pass through any
zero or pole along a closed contour of the complex plane in a clockwise sense, the number of
clockwise encirclements of the plot around the origin gives the difference between the number of
zeros and poles of the complex function [139]. The zeros of the characteristic determinant on the
RHP agree with the poles of the solution. The RHP region is delimited by the imaginary axis
and a semicircular trajectory of infinite radius. Therefore, the Nyquist criterion is applied at
s = jω, ω ∈ R+. The Nyquist plot results of representing the imaginary part of the characteristic
determinant versus its real part. The characteristic determinant has no poles on the RHP, so the
number of clockwise encirclements around the origin of the complex plane provides the number
of unstable roots of det(JΞ) and hence the number of unstable poles of the solution.

Figure 2.8 presents the Nyquist plots corresponding to the solutions P1, P2, P3. Clearly,
the solutions P2 and P3 encircle the origin of the complex plane while the solution P1 does
not. Therefore, the injection-locked periodic solution P1 is the only one stable. The previous
discussion is validated through the computation of the actual values of the roots of (2.80), just
to verify the results based on the Nyquist criterion. The roots are calculated in a computer
program using symbolic computation, which allows to obtain all the roots of (2.80):

Poles of solution P1
(-0.6997 +- j*2*pi*0.0367)*1e9
(-0.6997 +- j*2*pi*2.3132)*1e9
(-0.7371 +- j*2*pi*4.8533)*1e9
(-25.8733 - j*2*pi*0.0000)*1e9
(-25.8359 +- j*2*pi*2.5402)*1e9

Poles of solution P2
(0.3885 + j*2*pi*0)*1e9
(-0.9909 + j*2*pi*0)*1e9
(-0.3012 +- j*2*pi*2.4230)*1e9
(-0.3200 +- j*2*pi*4.9631)*1e9
(-26.6703 - j*2*pi*0.0000)*1e9
(-26.6515 +- j*2*pi*2.5400)*1e9

Poles of solution P3
(0.6640 +- j*2*pi*0.1489)*1e9
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(0.6640 +- j*2*pi*2.6891)*1e9
(0.6640 +- j*2*pi*5.2291)*1e9
(-28.6007 - j*2*pi*0.0000)*1e9
(-28.6007 +- j*2*pi*2.5400)*1e9

The last part of the analysis is devoted to the quasi-periodic solutions arising when there
is no synchronization between the oscillation and the driving source. In this situation, two
fundamental frequencies shall be considered, associated respectively with the driving source and
the autonomous component. The describing function of quasi-periodic regimes is analogous to
the periodic case. The input voltage waveform to the nonlinear current is obtained by adding the
sinusoids associated with each fundamental frequency: v(t) = As cos(ωst+φs)+Aa cos(ωat+φa),
where the subscripts s and a are respectively used to identify the driving and autonomous
components. As previously stated, the input signal in the form

v(t) = As
2
(
ej(ωst+φs) + e−j(ωst+φs)

)
+ Aa

2
(
ej(ωat+φa) + e−j(ωat+φa)

)
.

simplifies the calculations for polynomial constitutive relationships. This expression is substi-
tuted into (2.69). The nonautonomous component of the current is obtained by retaining only
the terms multiplied by ej(ωst+φs) + e−j(ωst+φs) whereas the autonomous component is obtained
by retaining only the terms multiplied by ej(ωat+φa) + e−j(ωat+φa):

I|s =
(
a1
As
2 + a3

8
(
3A3

s + 6AsA2
a

))
ejφs

I|a =
(
a1
Aa
2 + a3

8
(
3A3

a + 6A2
sAa

))
ejφa

.

The nonautonomous and autonomous components of the describing function are obtained by
dividing each current component by the corresponding phasor:

NI, s(As, Aa) = I|s
As
2 ejφs

= a1 + 3
4a3A

2
s + 3

2a3A
2
a

NI, a(As, Aa) = I|a
Aa
2 ejφa

= a1 + 3
2a3A

2
s + 3

4a3A
2
a,

. (2.85)

The set of equations ruling the circuit are now written in terms of the nonautonomous and
autonomous components:

A1se
jφ1s − R

1 + jωsRC

(
a1 + 3

4a3A
2
3s + 3

2a3A
2
3a

)
A3se

jφ3s = 0

A2se
jφ2s − R

1 + jωsRC

(
a1 + 3

4a3A
2
1s + 3

2a3A
2
1a

)
A1se

jφ1s = 0

A3se
jφ3s − R

1 + jωsRC

((
a1 + 3

4a3A
2
2s + 3

2a3A
2
2a

)
A2se

jφ2s + Is

)
= 0

A1ae
jφ1a − R

1 + jωaRC

(
a1 + 3

2a3A
2
3s + 3

4a3A
2
3a

)
A3ae

jφ3a = 0

A2ae
jφ2a − R

1 + jωaRC

(
a1 + 3

2a3A
2
1s + 3

4a3A
2
1a

)
A1ae

jφ1a = 0

A3ae
jφ3a − R

1 + jωaRC

(
a1 + 3

2a3A
2
2s + 3

4a3A
2
2a

)
A2ae

jφ2a = 0

. (2.86)
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Note that the driving source affects only the nonautonomous component. As in the periodic
case, the amplitude and angular frequency of the driving source are parameters and different
solutions are obtained for each set of values of the parameters. Rewriting (2.86) in terms of the
real and imaginary parts gives

A1s (cos(φ1s − φ3s)− ωsRC sin(φ1s − φ3s))−R
(
a1A3s + 3

4a3A
3
3s + 3

2a3A3sA
2
3a

)
= 0

sin(φ1s − φ3s) + ωsRC cos(φ1s − φ3s) = 0
A2s (cos(φ2s − φ1s)− ωsRC sin(φ2s − φ1s))−R

(
a1A1s + 3

4a3A
3
1s + 3

2a3A1sA
2
1a

)
= 0

sin(φ2s − φ1s) + ωsRC cos(φ2s − φ1s) = 0
A3s (cos(φ3s − φ2s)− ωsRC sin(φ3s − φ2s))−R

(
a1A2s + 3

4a3A
3
2s + 3

2a3A2sA
2
2a

)
−RIs cos(φ2s) = 0
A3s (sin(φ3s − φ2s) + ωsRC cos(φ3s − φ2s)) +RIs sin(φ2s) = 0

A1a (cos(φ3a) + ωaRC sin(φ3a))−R
(
a1A3a + 3

2a3A
2
3sA3a + 3

4a3A
3
3a

)
= 0

− sin(φ3a) + ωaRC cos(φ3a) = 0
A2a (cos(φ2a)− ωaRC sin(φ2a))−R

(
a1A1a + 3

2a3A
2
1sA1a + 3

4a3A
3
1a

)
= 0

sin(φ2a) + ωaRC cos(φ2a) = 0
A3a (cos(φ3a − φ2a)− ωaRC sin(φ3a − φ2a))−R

(
a1A2a + 3

2a3A
2
2sA2a + 3

4a3A
3
2a

)
= 0

sin(φ3a − φ2a) + ωaRC cos(φ3a − φ2a) = 0

,

(2.87)
This is a set of 12 real equations in 13 unknowns. Again, the additional unknown comes from
irrelevance with respect to the phase origin of the autonomous component. Therefore, φ1a is set
to 0. As an example, the set of equations are solved numerically in a computer program for the
set of values of the parameters Is = 1 mA and fs = 2 GHz:

A1s = 0.0723956 V, phi1s = -169.32869 deg
A2s = 0.0784603 V, phi2s = -43.44553 deg
A3s = 0.0667859 V, phi3s = 64.788141 deg
A1a = 0.7286028 V, phi1a = 0 deg
A2a = 0.7286024 V, phi2a = 120 deg
A3a = 0.7284106 V, phi3a = -120 deg
fa = 2.5060404 GHz

A limitation of the analysis, which could have been anticipated simply by regarding (2.83), is that
it always predicts the same values for the autonomous frequency and phase shifts between the
autonomous component of the voltages. Indeed, the lines 8, 10 and 12 of (2.83) agree with the
lines 2, 4 and 6 of (2.73), corresponding to the free-running case. The result is not surprising since
the analysis only considers the two spectral lines corresponding to the fundamental frequencies
of the nonautonomous and autonomous components and no other mixing terms are considered.
As long as the frequency of the driving source is far enough from the free-running frequency,
the result is valid. In these conditions, the driving source has near no effect on the free-running
solution. Otherwise, the driving source does interact with the autonomous solution. As a matter
of fact, for an input power value not too high, the number of spectral lines with significant power
grows when approaching to the injection-locked periodic solutions. Near the synchronization
points, the well-known Adler spectrum [159] is found.

The results of the analysis are summarized in a set of solution curves obtained for the
input power value Ps = −22 dBm previously considered, presented in Figure 2.9. The voltage
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Figure 2.9: Periodic and quasi-periodic solution curves of the fundamentally injection-locked ring
oscillator in Figure 2.7, traced versus the frequency of the driving source for an input power value
Ps = −22 dBm. The associated equations based on the describing function are numerically solved in a
computer program with suitable initial value of the vector of unknowns.

amplitude V3 is represented versus the driving frequency fs. Each solution is calculated from the
previous derived equations by sweeping fs in a computer program with suitable initial values of
the vector of unknowns. Simple continuation is obtained by using the last value of the unknowns
as initial value for the next solution.

2.6 Chapter Summary
The main analysis methods that will be used throughout this thesis were presented. A significant
amount of the chapter content is dedicated to the harmonic-balance method as it constitutes
the core tool for most of the investigations that will be performed. It is based on a prescribed
waveform of the solution, either periodic or quasi-periodic, admitting a Fourier series represen-
tation. Due to this assumption, harmonic balance neglects any transient and confines the study
to the steady state. This is advantageous for the analysis of nonlinear microwave circuits in-
cluding distributed elements, naturally described in the frequency domain, which is the common
scenario. The lack of information on the transient state yields an insensitivity to the robustness
of the solution versus small perturbations, that is, harmonic balance calculates valid solutions
of the circuit which may not be physical. A complementary stability analysis based on the
conversion matrix approach determines whether the solution is observable. Indeed, this analysis
provides a linearization of a large-signal regime about small-signal sources. Associated with
the insensitivity to the stability of the solution is the problem of coexistence of solutions and
the analysis of autonomous regimes. The analysis of an autonomous circuit poses a problem in
standard harmonic balance because a default convergence is obtained toward the nonoscillatory
coexisting solution. The auxiliary generator technique copes efficiently with the problem and
allows to obtain the solution curves and bifurcations of a circuit. An auxiliary generator is an
artificial driving source used for analysis purposes only. The main interest of the technique is
that it can be applied in combination with commercial harmonic-balance simulators.



Chapter 3

Outer-Tier Contour Method

3.1 Introduction

Nonlinear microwave circuits are effectively analyzed and simulated through the CAD technique
known as harmonic balance [37, 38, 70, 71]. As discussed in Chapter 2, it is a frequency-domain
method which allows to use the most natural descriptions of distributed elements in this domain,
such as transmission lines, often used in microwave circuits. The harmonic-balance method can
be directly applied to nonlinear nonoscillating circuits in the presence of a driving signal which
do not feature any anomalous behavior, such as amplifiers, mixers, frequency multipliers, etc.
Nonetheless, its application to forced oscillating circuits or other nonlinear circuits displaying a
pathological behavior in the presence of a periodic driving signal is more involved. Indeed, let
the analysis of a nonlinear circuit under the continuous variation of a relevant parameter, such
as the input frequency or a circuit element value, be considered. In general, the solution curve
obtained when representing for instance the output power versus the parameter is expected to
be regular, that is, it does not feature singular points or points of infinite slope. Such a curve is
directly obtained from a simple parameter sweep. A regular curve provides a single solution for
each parameter value and tracing it does not pose a problem to commercial harmonic-balance
simulators, nor pose it to in-house simulators. On the other hand, tracing the solution curve of
a nonlinear circuit in the presence of a periodic driving signal featuring turning points is not
simple. Turning points or infinite-slope points are associated with multivalued sections of the
solution curve which cannot be obtained from a simple parameter sweep. In the neighborhood
of a turning point, the Jacobian matrix of the harmonic-balance error function is ill conditioned
producing convergence problems and hence a simulation error.

In in-house harmonic balance, the solution curves are typically traced applying parameter
switching [37, 38], as described in the first part of Subsection 2.3.7.1 of Chapter 2. The main
limitation of this parameter switching algorithm is that it is not available in commercial simu-
lators and it is not compatible with them. In turn, commercial harmonic-balance simulators do
not provide the user with a method for tracing multivalued solution curves; it is the user him-
self who shall manually apply parameter switching [46, 160, 161] to obtain the solution curves,
usually by means of introduction of an auxiliary generator (AG) [38,45], as shown in the second
part of Subsection 2.3.7.1 of Chapter 2. The problem associated with this technique is that
each point of the solution curve is obtained by means of a standalone simulation. Whenever
a convergence problem arises, the user shall stop the simulation and choose a new parameter
to continue tracing the solution curve. This demands a tremendous effort from the user and it
is not guaranteed to address convergence in all cases. The procedure is of course cumbersome
in the common scenario of complicated solution curves for which the parameter switching is
involved or even impossible (e.g. two sections of infinite slope and zero slope very close). The
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designer must be able to understand and anticipate the evolution of the curves which makes the
application of the technique involved and nonautomatic.

Furthermore, the parameter switching technique does not provide essential information about
the circuit operation. Indeed, the bounds of intervals of relevant parameters displaying stable
periodic behavior are given by bifurcation phenomena. In in-house software, tracing the bi-
furcation loci requires solving a mixed system of equations composed of the harmonic-balance
equation and a bifurcation condition, based on the characteristic determinant [37, 38], which
depends on the perturbation angular frequency Ω—see Subsections 2.3.8.5-2.3.8.6 of Chapter 2.
The angular frequency Ω should take zero value at turning points and be different from zero and
incommensurable with ωs at Hopf bifurcations. This procedure may have numerical difficulties
associated with the significant variation in the order of magnitude of the characteristic deter-
minant when modifying the analysis parameters [63]. Commercial harmonic-balance simulators
are by default unable to trace bifurcation loci. Turning points are detected imposing the sin-
gularity of the 2 × 2 Jacobian matrix of the AG admittance function [47]. This requires fixing
a proper threshold for the determinant value, compatible with the one fixed for the nonpertur-
bation condition YAG = 0. In turn, Hopf bifurcations are detected by means of an auxiliary
generator with amplitude tending to zero, operating at the angular frequency Ω and fulfilling
the nonperturbation condition [24, 39, 63]. An additional problem comes from the fact that the
turning point and Hopf bifurcation loci are often multivalued, this requiring the application of
parameter switching [24,38,47,48].

The new outer-tier contour methodology will be presented to cope with these problems.

3.2 Periodic Solution Curves
Any nonlinear microwave circuit can be represented as the parallel connection of a nonlinear
block (with arbitrary complexity) and the Norton equivalent of the input source, assumed to
be sinusoidal. The simplified equivalent circuit is depicted in Figure 3.1(a). The nonlinear
block is described with an admittance function. Note that a series representation, in terms of
an impedance function, is also possible [24] and is better suited in case of reduced controlla-
bility and/or observability [136, 137] with the parallel excitation. This situation, including the
Thévenin equivalent of the input source, is shown in Figure 3.1(c).

3.2.1 Primary Method

An auxiliary generator constitutes a means to address a particular solution. It usually has
no influence on the circuit thanks to the nonperturbation condition. Differently from previous
techniques, the auxiliary generator constitutes in the outer-tier contour method an excitation
source. This is why this kind of auxiliary generator will be referred to as excitation auxiliary
generator. It is used to obtain a nonlinear model of the circuit. To do this, the driving source
is suppressed and an excitation auxiliary generator is introduced into the circuit instead. In
most cases, this auxiliary generator can be directly connected where the input source was at
[Figures 3.1(b) and 3.1(d)]. Exceptions, requiring the application of the generalized method, are
considered later in next section.

3.2.1.1 Admittance Description

A parallel representation of the nonlinear circuit, as shown in Figure 3.1(a), is assumed. A
voltage auxiliary generator is used to obtain an admittance description of the nonlinear block.
The admittance model depends on a circuit parameter or set of circuit parameters η and the AG
amplitude V . The dependence on η is optional. In fact, η can consist of one or more physical
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Figure 3.1: (a) One-port representation of a nonlinear microwave circuit using an admittance descrip-
tion. (b) After suppressing the input source, an excitation auxiliary generator of voltage type is connected
in parallel to obtain the nonlinear admittance model of the circuit. (c) One-port representation of a non-
linear microwave circuit using an impedance description. (d) After suppressing the input source, an
excitation auxiliary generator of current type is connected in series to obtain the nonlinear impedance
model of the circuit.

parameters, such as the AG angular frequency ω, a bias voltage or current, an element value,
the operating temperature, etc. The method allows to calculate the amplitude of the driving
source or the input power from V , so these parameters are not considered in η. To obtain the
admittance function YT (η, V ), a sequence of harmonic-balance analyses is performed, i.e. a sweep
in η and V . The parameter intervals should comprise those through which the nonlinear circuit
is expected to operate. In the particular case of an injection-locked oscillator and the input
angular frequency selected as parameter, this interval should include the free-running angular
frequency or frequencies, estimated from an initial stability analysis of the circuit dc solution. In
turn, the amplitude interval can be estimated from the ratings of the active device(s). For each
set of values η, V , a global harmonic-balance resolution of the AG-excited circuit, operating in
forced manner, is carried out, with as many harmonic terms as necessary. This can be formulated
as follows:

Ξ(X, η, V ) = 0 (3.1a)

YT (η, V ) = IAG|1
V

(3.1b)

where Ξ is the harmonic-balance error function, X are the Fourier coefficients of node voltages
and inductor currents and IAG|1 represents the first harmonic of the current through the aux-
iliary generator. The first equation corresponds to the pure harmonic-balance equation, with
2NH + 1 harmonic components. Indeed, the auxiliary generator operates as an independent
periodic generator connected to the circuit and included in vector G, as explicitly shown in
(3.1a). Remember that the driving source is suppressed while obtaining the admittance model
[Figure 3.1(b)]. The admittance function in (3.1b) is calculated from the ratio between the
current through the auxiliary generator (entering the circuit) and the excitation voltage.
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In a second stage, the driving source is considered. The current-type input source operates
at the fundamental angular frequency ωs and constitutes an open circuit at all the harmonic
terms kωs, k 6= 1. Applying Kirchhoff’s current law to the circuit in Figure 3.1(a), the following
relationship is found:

Ise
jφ = YT (η, V )V, (3.2)

where Is and φ are respectively the input current level and the phase shift between the current
source and the first harmonic of the voltage across its terminals. The complex quantity Isejφ is
a phasor representing the input source. Therefore, the magnitude of the right-hand side of (3.2)
must agree with the amplitude of the input source:

Is = |YT (η, V )|V. (3.3)

The phase shift φ can be calculated from the real and imaginary parts of (3.2):

φ = arg (YT (η, V )) . (3.4)

For simplicity, let η be a one-dimensional real variable. The scalar current equation (3.3)
describes a surface depending on η, V and, as shown in the following, provides the periodic
solution curves with an accuracy equivalent to a full harmonic-balance analysis of the nonlinear
circuit. Let the function

Σ(η, V ) = |YT (η, V )|V (3.5)

be considered. The periodic solution curves can be obtained from intersections of the surface
(3.5) with horizontal planes for different values of input current (Figure 3.2). This constitutes
the contour plot of (3.5). For geometrical considerations, the dimension of η is usually limited
to 2, that is, to consider two circuit parameters. In this situation, for each value η1, a surface
Σ(η2(η1), V (η1)) is obtained and thus a set of solution curves is obtained. In a more complicated
picture, “solution surfaces” are possible, in other words, isosurfaces are obtained from inter-
sections of the hypersurface (3.5) with hyperplanes corresponding to different values of input
current. A multidimensional variable η is usually preferred to trace bifurcation loci instead, as
shown in Section 7.2.4 of Chapter 7. Henceforth, for simplicity, let η be a one-dimensional real
variable. For a proper computation of the surface, it is convenient to first perform a coarse
sweep. If the curves are not smooth or regular, a finer sweep should be used. The easiest is to
use linear sweeps, just to obtain homogeneous data for computing the results.

The level curve of the differentiable function Σ : R2 → R+ corresponding to a real positive
value Is is the set of points {

(ηs, Vs) ∈ R2 : Σ(ηs, Vs) = Is
}
. (3.6)

The graphical representation of a set of level curves is the contour plot of the surface Σ. The
values η and V represent the circuit parameter and the amplitude of the excitation auxiliary
generator, which constitute the independent variables of Σ. Note that once an intersection is
obtained with (3.6), these variables represent solutions of the circuit and this is why these var-
iables appear in (3.6) with the subscript “s”. While the intersections (3.6) may be obtained
with external software, commercial harmonic-balance simulators usually provide the user with
a function that computes the contour plot. The accuracy of the solutions obtained is generally
satisfactory assuming the parameter and voltage steps used in the double sweep are properly
chosen. The solution curves are indirectly obtained, that is, the admittance function is obtained
instead avoiding the difficulties associated with points of infinite slope. As shown in Figure 3.2,
turning points and multivalued sections of the solution curves are directly obtained with the
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Figure 3.2: Graphical illustration of the outer-tier contour method. As an example, two sets of curves
are obtained corresponding to the intersections of the secant planes Is1 and Is2 with the surface Σ. These
current values are equivalent to input power values of −20 dBm and −5 dBm, respectively. The data are
obtained from the circuit in Figure 6.1(a), later analyzed in Chapter 6.

outer-tier contour approach with no need for any optimization or parameter switching proce-
dures. Note that no approximation has been performed when developing the formulation (3.3),
so the equation predicts exact circuit solutions, up to the harmonic-balance analysis error. As-
suming the double sweep intervals are large enough, equation (3.3) allows in principle to predict
every coexisting periodic solution without missing any, as for each parameter value η every
amplitude value V is covered in the double sweep. A relevant aspect of (3.3) is that there is
no explicit dependence on the phase of the input source, thus providing an interesting result:
the periodic solution curves of a forced nonlinear circuit can actually be computed from data
collected in the absence of the input source. This is why the AG phase can be arbitrarily set to
any value, zero for instance.

3.2.1.2 Impedance Description

In the second situation depicted in Figure 3.1(c), a series representation of the nonlinear circuit
is assumed, including the Thévenin equivalent of the driving source. The procedure is analogous
to the one described for the parallel representation in previous subsection, so only the basic
results are presented. The nonlinear block is described with an impedance function. To obtain
this impedance function, the driving source is suppressed and a current auxiliary generator is
introduced into the circuit instead [Figure 3.1(d)]. The impedance model depends on a circuit
parameter or set of circuit parameters η and the AG amplitude I. The mixed harmonic-balance
equation is:

Ξ(X, η, I) = 0 (3.7a)

ZT (η, I) = (V+ − V−)1
I

(3.7b)

where (V+ − V−)1 represents the first harmonic of the voltage across the auxiliary generator.
Next, the driving source is considered. The voltage input source operates at the fundamental

angular frequency ωs and constitutes a short circuit at all the harmonic terms kωs, k 6= 1.
Kirchhoff’s voltage law applied to the circuit in Figure 3.1(c) yields the relationship

Vse
jφ = ZT (η, I)I, (3.8)
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where Vs and φ are respectively the input voltage level and the phase shift between the voltage
source and the first harmonic of the current through ZT . The scalar voltage equation in the
series case is therefore

Vs = |ZT (η, I)|I. (3.9)
In turn, the phase shift φ is given by

φ = arg (ZT (η, I)) . (3.10)

The surface Σ : R2 → R+ for the series representation of the nonlinear circuit is expressed as

Σ(η, I) = |ZT (η, I)|I. (3.11)

Finally, the solution curve associated with the input voltage value Vs is given by the level curve{
(ηs, Is) ∈ R2 : Σ(ηs, Is) = Vs

}
. (3.12)

3.2.2 Generalization

A direct application of the primary outer-tier contour method described in Section 3.2.1 may
not be possible for some nonlinear circuits. The problem is that the observation nodes or circuit
branch where the input source is connected may not be suitable or sensitive enough to excite
all the coexisting solutions.

3.2.2.1 Norton Equivalent

The problem is solved by choosing a pair of sensitive nodes, termed internal nodes, and cal-
culating the Norton equivalent of the input circuit seen from those nodes [37]. The sensitive
nodes usually correspond to the terminals of the active device with the highest contribution to
the total negative resistance. The generalized method relies on identifying a linear subnetwork
of arbitrary complexity, possibly including transmission lines, which connects the input source
to the internal nodes. It is therefore plausible to represent this last one as a two-port network
described with S parameters. Figure 3.3(a) sketches this scenario. Note that the impedance
of the input source [Zs in Figure 3.1(a)] is included inside the input subnetwork. The Norton
equivalent is applied to the input circuit (that is, the one constituted by the input source and
the input subnetwork) at the fundamental angular frequency ωs, as shown in Figure 3.3(b). The
circuit used to obtain the nonlinear admittance model Yi of the internal subnetwork is presented
in Figure 3.3(c). The input source is suppressed and an ideal filter is included between the
internal nodes and the input subnetwork. The purpose of this filter is breaking the connection
between the input subnetwork and the internal nodes at the fundamental frequency while pre-
serving the circuit unmodified for other frequency components. Note that this is required since
some harmonic content will be generated due to nonlinear operation. The filter has infinite
resistance at the AG frequency and zero resistance otherwise. It may be implemented through
a conditional sentence:

if freq = fAG then RIS = 1e18 else RIS = 1e-18 end

The subscript “IS” stands for “input subnetwork”. The internal admittance model Yi is obtained,
as in the primary method, through a two-tier harmonic-balance resolution applied to the circuit
in Figure 3.3(c):

Ξ(X, η, Vi) = 0 (3.13a)

Yi(η, Vi) = IAG|1
Vi

(3.13b)
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Figure 3.3: (a) The generalized outer-tier contour method relies on identifying a linear subnetwork
described with S parameters between a pair of suitable observation nodes and the input source. (b)
Norton equivalent of the input circuit. (c) A suitable circuit to properly obtain the nonlinear internal
admittance function.

where Vi is the AG amplitude and IAG|1 is the current through the auxiliary generator. From
Figure 3.3(a), the Norton equivalent current at the internal nodes is:

IN = 2S21
1− S11 − (∆− S22)Is, (3.14)

where ∆ = S11S22 − S12S21. In turn, the Norton equivalent impedance is

ZN = Z0
1− S11 − (∆− S22)
1− S11 + (∆− S22) , (3.15)

where Z0 is the characteristic impedance. The equivalent circuit is represented in Figure 3.3(b),
which is analogous to the circuit in Figure 3.1(a), so the formulation developed applies in a same
fashion. The Norton equivalent current is frequency-dependent but it is directly proportional to
the injection current Is. Applying (3.2) to the circuit in Figure 3.3(b) gives:

INe
jφi =

( 1
ZN

+ Yi

)
Vi, (3.16)

where Yi is the internal admittance function of the nonlinear circuit seen from the internal nodes
and φi is the phase shift between the Norton equivalent current and the first harmonic of the
voltage across the internal terminals. The dependence on η and Vi has been omitted in (3.16) to
provide a general expression since η may or may not affect the input subnetwork. Substituting
(3.14), (3.15) in (3.16) and reordering terms:

Ise
jφi = YT i(η, Vi)Vi, (3.17)

where (3.17) has been written more compactly in terms of an equivalent admittance function at
the internal nodes

YT i(η, Vi) = Y0 (1− S11 + (∆− S22)) + (1− S11 − (∆− S22))Yi
2S21

(3.18)
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and Y0 = 1/Z0 is the characteristic admittance. Again, the magnitudes of both sides of (3.17)
must agree:

Is = |YT i(η, Vi)|Vi. (3.19)

Note that (3.19) is in fact (3.3) evaluated at the internal nodes, so the surface in the generalized
method is Σ(η, Vi) = |YT i(η, Vi)|Vi. The phase shift φi is calculated from the real and imaginary
parts of (3.17):

φi = arg (YT i(η, Vi)) . (3.20)

From (3.19), the solution curves of a nonlinear microwave circuit can be computed combining
the results of two independent simulations: an S-parameter simulation of the input subnetwork
and a two-tier harmonic-balance double sweep (or multivariable sweep) in η and Vi to obtain
the internal admittance function Yi(η, Vi). Note that in case the angular frequency is taken
as parameter the frequency points of both sweeps should agree for computational convenience;
otherwise, interpolation shall be used to combine the results of both simulations. This also
applies to any parameter or set of parameters η affecting the input subnetwork.

Solution curves can be traced in terms of any state variable. At this point, two approaches
are available. The first one consists of directly obtaining the solution curves from the results of
the simulations. Before continuing with the analysis it must be noted that either the phase of
the input source or the phase of the first harmonic of the voltage across the internal terminals
may be fixed to 0 (phase reference). Let it be the phase of the input source. Then, the phase of
the first harmonic of the internal voltage is −φi = − arg(YT i). From (3.17), the complex internal
voltage at the fundamental frequency is

Vie
−jφi = ZT iIs, (3.21)

where ZT i = 1/YT i. The variables contained inside the internal subnetwork are directly obtained
by the harmonic-balance simulation. Let α represent one of these variables. Its complex value at
the fundamental frequency is calculated as α|1 exp(−jφi), where α|1 is the first harmonic of the
variable (a complex value) obtained in the harmonic-balance simulation. The desired real value
of the state variable (real part, imaginary part, magnitude or phase) is attached as independent
variable of Σ. The contour plot is then computed for the desired values of Is as{

(ηs, αs) ∈ R2 : Σ(ηs, αs) = Is
}
.

This may be further extended to obtain any spectral component, k 6= 1. Indeed, the kth
harmonic of the variable is calculated as α|k exp(−jkφi), where α|k is the kth Fourier coefficient
of the variable directly obtained in the harmonic-balance analysis. Note that k 6= 1 enables the
calculation of any state variable, regardless it is inside the internal subnetwork or inside the
input subnetwork. In contrast, the variables at the fundamental frequency contained inside the
input subnetwork require further calculations. As an example, the desired variable is the original
voltage across the input source V . Retrieving this variable requires an analysis of the circuit in
Figure 3.3(a). The following relationships can be written for the circuit in Figure 3.3(a):

V − Z0Is = S11(V + Z0Is) + S12(Vie−jφi + Z0I2)
Vie
−jφi − Z0I2 = S21(V + Z0Is) + S22(Vie−jφi + Z0I2) , (3.22)

where I2 = (a2−b2)/
√
Z0 is the current entering the input subnetwork. The resolution of (3.22)

incorporating (3.21) provides the expression of V :

V = Z0 (1 + S11 + (∆ + S22)) + 2S12ZT i
1− S11 − (∆− S22) Is. (3.23)
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Figure 3.4: (a) Scenario to apply the generalized outer-tier contour method involving the hybrid Norton
equivalent of the input circuit. (b) A suitable circuit to properly obtain the nonlinear internal admittance
function.

Remember that V in this case represents a complex voltage at the fundamental frequency.
The second approach is more straightforward and has the additional advantage of not re-

quiring a preliminary analysis of the circuit. A minor drawback is that it requires an additional
harmonic-balance simulation to obtain the solution curves but this analysis is straightforward.
The approach is based on interpolation of (3.20) at the parameter values ηs and amplitudes of
the first harmonic of the voltage across the internal terminals Vis computed with the contour of
Σ(η, Vi). As in the case of the first approach, the phase of the input source is fixed to 0 and the
phase of the first harmonic of the internal voltage is −φi. Remember that the variables with
the subscript “s” represent circuit periodic solutions. Then, the values of current amplitude Is,
input angular frequency ωs, parameter ηs, internal voltage amplitude Vis and phase −φis are
provided to a new harmonic-balance analysis of the whole nonlinear circuit. These values are
respectively provided to the input source and to an auxiliary generator connected to the internal
nodes. This last one is the usual auxiliary generator fulfilling the nonperturbation condition.
No optimization is required as the solutions have already been calculated with the outer-tier
contour method. The solution curves in terms of the desired state variable are finally obtained
through a harmonic-balance sweep.

3.2.2.2 Hybrid Norton Equivalent

While a parallel representation may be suitable for a circuit, involving the extraction of an
internal admittance model by means of an excitation auxiliary generator of voltage type, one
may not be interested in using a current driving source but a voltage driving source. This gives
rise to a hybrid version of the Norton equivalent. Indeed, Figure 3.4(a) sketches this situation.
The internal admittance model Yi is obtained applying the two-tier harmonic-balance equation
(3.13) to the circuit in Figure 3.4(b). On the other hand, the Norton equivalent current at the
internal nodes is

IN = 2Y0S21
1 + S11 + (∆ + S22)Vs. (3.24)
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In turn, the Norton equivalent impedance is

ZN = Z0
1 + S11 + (∆ + S22)
1 + S11 − (∆ + S22) . (3.25)

The hybrid Norton equivalent also gives rise to the circuit in Figure 3.3(b), so equation (3.16)
applies. Substituting (3.24) and (3.25) in (3.16) and reordering terms:

Vse
jφi = GT i(η, Vi)Vi, (3.26)

where (3.26) has been written more compactly in terms of an equivalent function at the internal
nodes

GT i(η, Vi) = (1 + S11 − (∆ + S22)) + Z0 (1 + S11 + (∆ + S22))Yi
2S21

. (3.27)

The scalar voltage equation is therefore

Vs = |GT i(η, Vi)|Vi, (3.28)

which gives rise to the surface Σ(η, Vi) = |GT i(η, Vi)|Vi. In turn, the phase shift φi is given by

φi = arg (GT i(η, Vi)) . (3.29)

As a further comment, note that the equivalent admittance function (3.18) shares some
features with the y21 admittance parameter of a two-port network: it is a transfer parameter
that provides the ratio between a current and a voltage and has dimension of Siemens, as shown
in (3.17). In turn, the equivalent function (3.27) share some features with the g21 inverse hybrid
parameter of a two-port network: it is a transfer parameter providing a voltage ratio and is thus
dimensionless, as shown in (3.26). This is why the letters “Y” and “G” are respectively used to
represent the functions (3.18) and (3.27).

3.2.2.3 Thévenin Equivalent

In a series representation of the nonlinear circuit the generalized outer-tier contour method solves
the problem by choosing a sensitive circuit branch, termed internal branch, between the input
subnetwork and an internal subnetwork [Figure 3.5(a)] and calculating the Thévenin equivalent
of the input circuit [Figure 3.5(b)]. Again, the procedure is analogous to the one presented for
the parallel representation of the nonlinear circuit in Subsection 3.2.2.1, so the main aspects are
briefly discussed. The circuit in Figure 3.5(c) allows to obtain a nonlinear impedance model
Zi of the internal subnetwork. The input source is suppressed and an ideal filter is included
between the internal branch and the input subnetwork. The purpose of this filter is closing the
internal circuit branch at the fundamental frequency while preserving the circuit unmodified for
other frequency components. The filter has zero resistance at the AG frequency and infinite
resistance otherwise. It may be implemented through a conditional sentence:

if freq = fAG then RIS = 1e-18 else RIS = 1e18 end

The internal impedance model Zi is obtained through a two-tier harmonic-balance resolution
applied to the circuit in Figure 3.5(c):

Ξ(X, η, Ii) = 0 (3.30a)

Zi(η, Ii) = (Vi+ − Vi−)1
Ii

(3.30b)
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Figure 3.5: (a) In the series representation the generalized outer-tier contour method relies on identifying
a linear subnetwork described with S parameters between a suitable circuit branch and the input source.
(b) Thévenin equivalent of the input circuit. (c) A suitable circuit to properly obtain the nonlinear
internal impedance function.

where (Vi+ − Vi−)1 represents the first harmonic of the voltage across the auxiliary generator
and Ii is the AG amplitude. From Figure 3.5(a), the Thévenin equivalent voltage at the internal
branch is:

VTh = 2S21
1 + S11 − (∆ + S22)Vs. (3.31)

In turn, the Thévenin equivalent impedance is

ZTh = Z0
1 + S11 + (∆ + S22)
1 + S11 − (∆ + S22) . (3.32)

The equivalent circuit is represented in Figure 3.5(b), which is analogous to the circuit in Figure
3.1(c), so the formulation developed applies in a same fashion. Applying (3.8) to the circuit in
Figure 3.5(b) gives:

VThe
jφi = (ZTh + Zi) Ii, (3.33)

where Zi is the internal impedance function of the nonlinear circuit and φi is the phase shift
between the Thévenin equivalent voltage and the first harmonic of the current through the
internal branch. Substituting (3.31), (3.32) in (3.33) and reordering terms:

Vse
jφi = ZT i(η, Ii)Ii, (3.34)

where (3.34) has been written more compactly in terms of an equivalent impedance function

ZT i(η, Ii) = Z0 (1 + S11 + (∆ + S22)) + (1 + S11 − (∆ + S22))Zi
2S21

. (3.35)

The scalar voltage equation is therefore

Vs = |ZT i(η, Ii)|Ii. (3.36)

Note that (3.36) is in fact (3.9) evaluated at the internal branch, so the surface in the generalized
method is Σ(η, Ii) = |ZT i(η, Ii)|Ii. The phase shift φi is calculated from the real and imaginary
parts of (3.34):

φi = arg (ZT i(η, Ii)) . (3.37)
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Figure 3.6: (a) Scenario to apply the generalized outer-tier contour method involving the hybrid Thé-
venin equivalent of the input circuit. (b) A suitable circuit to properly obtain the nonlinear internal
impedance function.

In the following, the original branch current I will be retrieved as an example, as done for
V in the parallel representation of Subsection 3.2.2.1. The phase of the input source is fixed to
0, so the phase of the first harmonic of the internal current is −φi = − arg(ZT i). From (3.34),
the complex internal current is

Iie
−jφi = YT iVs, (3.38)

where YTi = 1/ZT i. The following relationships can be written for the circuit in Figure 3.5(a):

Vs − Z0I = S11(Vs + Z0I) + S12(V2 − Z0Iie
−jφi)

V2 + Z0Iie
−jφi = S21(Vs + Z0I) + S22(V2 − Z0Iie

−jφi) , (3.39)

where V2 =
√
Z0(a2 + b2) is the voltage across the terminals of the input subnetwork at the

internal branch. The resolution of (3.39) incorporating (3.38) provides the expression of I:

I = Y0 (1− S11 + (∆− S22)) + 2S12YT i
1 + S11 − (∆ + S22) Vs. (3.40)

I in this case represents a complex current at the fundamental frequency.

3.2.2.4 Hybrid Thévenin Equivalent

While a series representation may be suitable for a circuit, involving the extraction of an internal
impedance model by means of an excitation auxiliary generator of current type, one may not
be interested in using a voltage driving source but a current driving source. This gives rise
to a hybrid version of the Thévenin equivalent. Indeed, Figure 3.6(a) sketches this situation.
The internal admittance model Zi is obtained applying the two-tier harmonic-balance equation
(3.30) to the circuit in Figure 3.6(b). On the other hand, the Thévenin equivalent voltage at
the internal branch is

VTh = 2Z0S21
1− S11 + (∆− S22)Is. (3.41)

In turn, the Thévenin equivalent impedance is

ZTh = Z0
1− S11 − (∆− S22)
1− S11 + (∆− S22) . (3.42)
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The hybrid Thévenin equivalent also gives rise to the circuit in Figure 3.5(b), so equation (3.33)
applies. Substituting (3.41) and (3.42) in (3.33) and reordering terms:

Ise
jφi = HT i(η, Ii)Ii, (3.43)

where (3.43) has been written more compactly in terms of an equivalent function at the internal
branch

HT i(η, Ii) = (1− S11 − (∆− S22)) + Y0 (1− S11 + (∆− S22))Zi
2S21

. (3.44)

The scalar current equation is therefore

Is = |HT i(η, Ii)|Ii, (3.45)

which gives rise to the surface Σ(η, Ii) = |HT i(η, Ii)|Ii. In turn, the phase shift φi is given by

φi = arg (HT i(η, Ii)) . (3.46)

The equivalent impedance function (3.35) shares some features with the z21 impedance pa-
rameter of a two-port network: it is a transfer parameter that provides the ratio between a
voltage and a current and has dimension of Ohms, as shown in (3.34). In turn, the equivalent
function (3.44) share some features with the h21 hybrid parameter of a two-port network: it is a
transfer parameter providing a current ratio and is thus dimensionless, as shown in (3.43). This
is why the letters “Z” and “H” are respectively used to represent the functions (3.35) and (3.44).

3.3 Turning Point Locus
As discussed in Section 1.4 of Chapter 1, the turning point locus is the set of points of the
solution curves satisfying infinite slope, which generally corresponds to a closed curve [24,38–41].
A mathematical condition for this locus, relying on the use of an auxiliary generator, is given
in [24, 39, 63] and corresponds to the singularity of the Jacobian matrix of the AG admittance
function YAG. Using this condition in combination with commercial harmonic-balance simulators
is demanding since it requires a calculation of the AG derivatives through finite differences [46],
as well as the choice of a convenient threshold for the determinant of the Jacobian matrix.

The formulation presented in Section 3.2 offers a new methodology for the calculation of
the turning point locus, compatible with the use of commercial harmonic-balance software. The
independent variables of the surface Σ are the parameter or set of parameters η and the amplitude
of the excitation auxiliary generator. Let A represent this amplitude, which corresponds to V
(Vi in the generalized method) in case of a parallel representation of the nonlinear circuit or I
(Ii in the generalized method) in case of a series representation. Indeed, the turning point locus
is the set of points of the surface Σ satisfying zero partial derivative with respect to A. It is
convenient to compute first the numerical gradient of the surface for later use:

∇Σ =
(
∂Σ
∂η

∂Σ
∂A

)T
. (3.47)

Then, the turning point locus is given by the zero-level contour of the A component of (3.47):

T =
{

(ηs, As) ∈ R2 : ∂Σ
∂A

(ηs, As) = 0
}
. (3.48)

Remember that the subscript “s” indicates circuit solutions. Let Gs represent the amplitude
of the driving source, corresponding to Is in case of a current source or Vs in case of a voltage
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source. The turning point locus may be represented in the plane (ηs, Gs). Indeed, the cor-
responding values of Gs are obtained through interpolation of the respective scalar current or
voltage equation [i.e. (3.3), (3.9), (3.19), (3.28), (3.36) or (3.45)] at the points (ηs, As).

Some particular points of the turning point locus provide essential information on the op-
eration of injection-locked oscillators, as will be discussed in Chapter 6. In the following, the
procedure to obtain these points is presented.

3.3.1 Free-Running Solutions and Merging Points

In any injection-locked oscillator, a perfect ellipse coexists with a low-amplitude open curve
for very low input power. Note that for zero input power, the ellipse degenerates into a point
corresponding to the free-running solution and the open curve becomes the horizontal axis
As = 0, corresponding to the unstable dc solution that coexists with the free-running oscillation.
As the input power increases, the perfect ellipse gets progressively distorted and, for a particular
input power value, this closed curve merges with the low-amplitude solution providing a single
open curve. Hereafter, for convenience, the point at which both curves merge will be referred
to as “merging point”.

The usual choice for an injection-locked oscillator is to take the angular frequency as parame-
ter, so the formulation in this section will be particularized to η = ω. The free-running solution
and merging points can be easily computed from the surface Σ. It must be noted that Gs can
only take positive real values. The free-running solution O is the minimum of the surface at
(ωo, Ao), where Σ takes zero value. The point O is therefore a stationary point of Σ and satisfies
zero value of the gradient (3.47). The free-running solution is computed as the intersection of
the zero-level contours of the ω and A components of ∇Σ for Gs = 0:

O =
{

(ωs, As) ∈ R2 : ∂Σ
∂ω

(ωs, As) = 0
}
∩
{

(ωs, As) ∈ R2 : ∂Σ
∂A

(ωs, As) = 0
}
, Gs = 0. (3.49)

The merging point P of the solution curves is a saddle point of Σ and will satisfy zero gradient.
A geometrical saddle point of a surface (not to confuse with saddle-type equilibria discussed in
Section 1.3 of Chapter 1) is a stationary point but not an extremum [162]. At the saddle point,
the contour plot of the surface appears to intersect itself, that is, the contour lines merge at the
saddle point. The merging point is computed as the intersection of the zero-level contours of
the ω and A components of ∇Σ for Gs 6= 0:

P =
{

(ωs, As) ∈ R2 : ∂Σ
∂ω

(ωs, As) = 0
}
∩
{

(ωs, As) ∈ R2 : ∂Σ
∂A

(ωs, As) = 0
}
, Gs 6= 0. (3.50)

The interpolated values of Gs allows to determine whether the stationary point is a free-running
solution (Gs = 0) or a merging point (Gs 6= 0).

3.3.2 Synchronization Bandwidth

From zero input power up to that corresponding to the merging point, the synchronization
bandwidth is delimited by two turning points of the closed curve, one at each side. For higher
input power, Hopf bifurcations arise, responsible for the oscillator unlocking. Up to the point
P, the turning points are in fact local-global bifurcations [42–44] or synchronization points, as
discussed in Subsection 1.4.5.2 of Chapter 1. Therefore, the synchronization bandwidth for a
particular value of Gs is directly given by the frequency difference of the corresponding two
points of the BTa-O-BTb section of the turning points locus (3.48) when represented in the
plane (ωs, Gs). The points BTa and BTb are Bogdanov-Takens bifurcations (see Section 1.4.4
of Chapter 1) where the Hopf bifurcation locus meets the turning point locus in a tangency.
Further details of these points are discussed in Chapter 6.
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3.4 Hopf Bifurcation Locus
At a Hopf bifurcation from a periodic regime, a pair of complex-conjugate poles σ ± jΩ crosses
the imaginary axis to the right-hand side of the complex plane (RHP) [37, 38, 65, 163], which
gives rise to a quasi-periodic solution at ωs and Ω, where Ω = |ωs−ωa| and ωa is the autonomous
angular frequency generated at the bifurcation. The Hopf bifurcation locus is an open curve
in the plane (ηs, αs) composed of all points undergoing a Hopf bifurcation [37, 38], where α is
the state variable chosen for the solution curve. The procedures that will be presented in the
following are applicable to any driven nonlinear microwave circuit.

3.4.1 Primary Method

Hopf bifurcations delimit the ranges with stable periodic behavior for intermediate and high
input power levels, and generally occur in low-amplitude sections of the periodic solution curves.
These low-amplitude sections of the periodic solutions can be obtained with a default harmonic-
balance simulation, excited with the actual driving source and not requiring an auxiliary gener-
ator.

Again, let Gs represent the amplitude of the input source. At a Hopf bifurcation, the
oscillation amplitude at the incommensurable angular frequency ωa tends to zero. As briefly
explained in Subsection 2.3.8.6 of Chapter 2, taking η and Gs as parameters, the Hopf bifurcation
locus can be obtained connecting a small-signal current source at ωa between two sensitive circuit
nodes [24,39,63], fulfilling

Ya(η,Gs, ωa) =
Ip|a

Vp|a (η,Gs, ωa)
= 0, (3.51)

where Ip|a is the small-signal current level and Vp|a is the voltage across the small-signal current
source at ωa. An equivalent analysis is also possible connecting a small-signal voltage source at
ωa in a sensitive circuit branch, fulfilling

Za(η,Gs, ωa) =
Vp|a

Ip|a (η,Gs, ωa)
= 0, (3.52)

where Vp|a is the small-signal voltage level and Ip|a is the current through the small-signal
current source at ωa. To trace the Hopf bifurcation locus, the parameter η is swept, solving
respectively (3.51) or (3.52) through optimization for Gs and ωa at each sweep step. However,
in case of a multivalued locus, parameter switching is required.

An alternative method is proposed next. For each value of the parameter η, a relatively fine
sweep is carried out in Gs. At each Gs step, a harmonic-balance analysis is performed with
as many harmonic terms as necessary, followed by a conversion-matrix sweep [23, 132] in the
perturbation angular frequency ωa. The above procedure provides respectively the perturbation
admittance function Ya(η,Gs, ωa) or impedance function Za(η,Gs, ωa). Then, in the admittance
case the Hopf bifurcation locus is computed for each value of η as the intersection of the zero-level
contours of the real and imaginary parts of Ya:

H(η) =
{

(Gs, ωa) ∈ R2 : Re (Ya(η,Gs, ωa)) = 0
}

∩
{

(Gs, ωa) ∈ R2 : Im (Ya(η,Gs, ωa)) = 0
}
.

(3.53)

Similarly, the Hopf bifurcation locus for Za is obtained as:

H(η) =
{

(Gs, ωa) ∈ R2 : Re (Za(η,Gs, ωa)) = 0
}

∩
{

(Gs, ωa) ∈ R2 : Im (Za(η,Gs, ωa)) = 0
}
.

(3.54)



98 CHAPTER 3. OUTER-TIER CONTOUR METHOD

Expressions (3.53) and (3.54) provide the pairs of values (Gs, ωa) corresponding to all the Hopf
bifurcation points obtained for η.

The conversion-matrix sweep in ωa is expected to be relatively light. Nevertheless, the
new method is, in general, computationally more expensive than the one based on (3.51) or
(3.52) in case of regular (single-valued) behavior of the Hopf bifurcation locus. However, if it
is multivalued, which is not unusual in nonlinear microwave circuits, the new zero-level contour
method offers superior capabilities, since it enables a global exploration of the parameter space
in search for Hopf bifurcations. An example of Hopf bifurcation locus that could not be traced
with the existing method will be presented in Figure 6.14(a) of Section 6.7 (Chapter 6).

3.4.2 Alternative Method

While Hopf bifurcations usually occur in regular solution curves (e.g. low-amplitude sections in
injection-locked oscillators), they may also appear in multivalued sections of the periodic solution
curves, that is, those that a harmonic-balance simulation cannot trace by default. Therefore, the
zero-level contour method, as presented, is unable to detect Hopf bifurcations in these regions.
This would require an initialization by means of an auxiliary generator connected at some
sensitive nodes or at a sensitive circuit branch with suitable values of amplitude AAG and phase
φAG. A brute-force application of the previous method would require a harmonic-balance sweep
in η, Gs, AAG and φAG followed by a conversion-matrix sweep in ωa. This simulation is certainly
too expensive to be computed. In the following, a slightly different approach is presented which
makes use of optimization of the AG variables only. This allows a computationally more efficient
application of the zero-level contour method to multivalued sections.

For each value of the parameter η, a relatively fine harmonic-balance sweep is carried out in
Gs. At each Gs step, an optimization of the AG variables AAG and φAG is performed. Once
the nonperturbation condition is met, the analysis is followed by a conversion-matrix sweep in
the perturbation angular frequency ωa. This procedure provides respectively the perturbation
admittance function Ya(η,Gs, ωa) or impedance function Za(η,Gs, ωa). It is essentially the idea
previously described but incorporating an intermediate optimization stage to obtain convergence
to the desired solutions. Otherwise, the existing method would require an optimization of the
four variables Gs, AAG, φAG and ωa for each value of η and the application of parameter
switching in case of a multivalued locus.

3.5 Application to an Example: Nonlinear Resonators

The outer-tier contour methodology is illustrated next through application to an example con-
sisting of two nonlinear resonators based on a varactor diode and an inductor, in series and
parallel versions, respectively. In particular, the generalized method is applied. Different tests
performed show that the series excitation, using a current auxiliary generator, is in principle the
most suitable for the varactor. Therefore, the analyses that will be presented involve a nonlinear
impedance model of the internal subnetwork embedding the varactor, both for the series and
parallel configurations. This model depends on the AG angular frequency ω and amplitude Ii:
Zi(ω, Ii). The nonlinear resonators are expected to exhibit hysteresis for certain input power
values and therefore turning points and multivalued solution curves. All the simulation results
are directly computed in the commercial harmonic-balance simulator environment with no need
of external software.
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Figure 3.7: (a) Basic series resonator circuit: Vdc = 8 V, L = 1.65 nH. (b) Input subnetwork charac-
terization. (c) Circuit used to obtain the nonlinear internal impedance model.
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Figure 3.8: Solution curves of the basic nonlinear series resonator obtained by means of the outer-tier
contour method. The solution curves are computed for Vs from 0.05 V to 0.85 V with 0.2-V step. The
turning point locus is the red/orange line. Black dots represent the results of a standard harmonic-balance
simulation of the circuit. (a) Amplitude of the loop current. (b) Resonator impedance.

3.5.1 Basic Design

The design of the nonlinear resonators begins with a selection of the key element which is a
varactor diode. While not transcendental, the frequency of resonance is desired to be around
1.6 GHz. As will be discussed in Chapter 7, the hysteresis phenomenon requires a high quality
factor of the nonlinear resonator. Therefore, a varactor with low series parasitic resistance is
preferred and a coil with a high quality factor. The varactor model is the one used in Section
1.3.3 of Chapter 1 to generate the example of strange attractor. This model is fairly accurate
for abrupt junction varactors but it is less accurate for hyperabrupt junction varactors, so a
relatively low value of grading coefficient is desirable (M < 1). In addition, a junction potential
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Figure 3.9: (a) Basic parallel resonator circuit: Vdc = 8 V, L = 1.65 nH. (b) Input subnetwork
characterization.
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Figure 3.10: Solution curves of the basic nonlinear parallel resonator obtained by means of the outer-tier
contour method. The solution curves are computed for Is from 5 mA to 85 mA with 20-mA step. The
turning point locus is the red/orange line. Black dots represent the results of a standard harmonic-balance
simulation of the circuit. (a) Amplitude of the resonator voltage. (b) Resonator admittance.

not too high is also preferred for testing purposes. To this extent, the Skyworks SMV1400 series
is chosen, namely the varactors SMV1405, SMV1408 and SMV1413. The SMV1413 is finally
selected due to the lowest series resistance. For the inductor, the Coilcraft Micro Spring Air
Core Inductor series is selected, as it offers high quality factors due to an air core and reduced
size. The S parameters provided by the manufacturer are used in all the simulations.

Initially, a basic version of the resonators is designed, including the varactor, the inductor
and ideal bias networks. A combination of two inductors in parallel provides a frequency of
resonance near the desired value. Figure 3.7(a) presents the nonlinear series resonator. The
analysis of this circuit is based on the Thévenin equivalent of the input circuit at the varactor
branch. Figure 3.7(b) shows the setup used to characterize the input subnetwork and Figure
3.7(c) shows the circuit used to extract the nonlinear impedance model. Indeed, the most
natural excitation for a series resonator is using a voltage driving generator. This gives rise to
an impedance surface, i.e. the ratio between the driving voltage and the AG current. As an
example, the solution curves are traced in terms of the current through the resonator and in
terms of the resonator impedance. Figure 3.8 presents the simulation results. Note that in this
particular circuit, featuring a loop configuration, the internal current Ii agrees with the current
through the input generator I. Therefore, this variable is directly the one used in the harmonic-
balance sweep. Likewise, the resonator impedance (i.e. Vs/I) is given by the equivalent internal
impedance function (3.35). In the former case, the solution curves are directly calculated with
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(3.12), where ηs = ωs. In the latter case, the solution curves are obtained attaching either
the real or imaginary parts of the resonator impedance as independent variables of Σ, namely,
{(ωs, RTis) ∈ R2 : Σ(ωs, RT is) = Vs} and {(ωs, XT is) ∈ R2 : Σ(ωs, XT is) = Vs}. The solution
curves are respectively shown in Figures 3.8(a) and 3.8(b). For comparison, the results of a
standard harmonic-balance simulation of the circuit in Figure 3.7(a) are represented as black
dots. The turning point locus is also traced. In Figure 3.8(a), it is directly computed with
(3.48), where ηs = ωs and A = Ii. In Figure 3.8(b), it is computed attaching respectively RT i
and XT i as independent variables of ∂Σ/∂Ii: {(ωs, RT is) ∈ R2 : ∂Σ(ωs, RT is)/∂Ii = 0} and
{(ωs, XT is) ∈ R2 : ∂Σ(ωs, XT is)/∂Ii = 0}.

The basic design of the parallel nonlinear resonator is presented in Figure 3.9(a). The most
natural excitation for a parallel resonator is through a current generator, which gives rise to
a dimensionless surface, i.e. the ratio between the driving current and the AG current. The
analysis is therefore based on the hybrid Thévenin equivalent of the input circuit at the varactor
branch. This results in a circuit used to extract the nonlinear impedance model which agrees
with the one in Figure 3.7(c) used for the series resonator. The results of the harmonic-balance
simulation are thus reused. The setup used to characterize the input subnetwork is shown in
Figure 3.9(b). As an example, the solution curves are traced in terms of the voltage across the
resonator and in terms of the resonator admittance. Due to the structure of the circuit, the
voltage across the varactor Vv agrees with the voltage across the input generator V . Therefore,
the resonator voltage is directly obtained from the harmonic-balance simulation. The solution
curves are computed from the scalar current equation (3.45).

Calculation of the resonator admittance (i.e. Is/V ) requires an analysis of the circuit in
Figure 3.9(a). Indeed, the following relationships can be written:

V − Z0Is = S11(V + Z0Is) + S12(Zi − Z0)Ii
(Zi + Z0)Ii = S21(V + Z0Is) + S22(Zi − Z0)Ii

, (3.55)

conveniently expressed in terms of the internal impedance function Zi = Vv/Ii. The resonator
admittance is obtained solving (3.55):

Y (ω, Ii) = Is
V

= Y0
1− S11 + (∆− S22)Γi
1 + S11 − (∆ + S22)Γi

, (3.56)

where
Γi = Zi − Z0

Zi + Z0
.

As previously done, the solution curves are obtained attaching the real and imaginary parts of
the resonator admittance as independent variables of Σ. The solution curves are presented in
Figures 3.10(a) and 3.10(b), together with the results of a standard harmonic-balance simulation
of the circuit in Figure 3.9(a) and the turning point locus. The latter is computed attaching
respectively the real and imaginary parts of the resonator admittance as independent variables
of ∂Σ/∂Ii.

3.5.2 Experimental Design

An experimental characterization of the resonators requires to design matching networks that
allow to measure large-signal S parameters. As a matter of fact, this implies that 50-Ω loads
are presented at the input and output of the resonators. As will be discussed in Chapter 7, the
hysteresis phenomenon requires a high Q factor of the resonant circuit, so a careful design of
these matching structures is crucial. Possibly, the simplest way to accomplish this matching is to
use a capacitor. Indeed, in the series resonator a capacitor connected in parallel transforms the
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Figure 3.11: (a) Experimental series resonator design: Vdc = 8 V, L = 1.65 nH, Lck = 27 nH,
Cbk = 15 pF, Cm = 6.8 pF. (b) Input subnetwork characterization. (c) Circuit used to obtain the
nonlinear internal impedance model.
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Figure 3.12: Large-signal S parameters of the experimental series resonator obtained by means of the
outer-tier contour method. The solution curves are computed for the input power values in the inset. The
turning point locus is the red dotted line. Black dots represent the results of a standard harmonic-balance
simulation of the circuit. (a) Magnitude of s11. (b) Magnitude of s21.
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source and load impedances into a value near a short circuit. ATC 100A capacitor of 6.8 pF is
used for this purpose. Next, the design of the bias network takes advantage of the self-resonance
of actual passive elements, namely, the series resonance of a capacitor and the parallel resonance
of a coil. Indeed, these elements respectively provide a short circuit and an open circuit condition
near the frequency of resonance. Coilcraft Midi Spring Air Core Inductor of 27 nH and ATC
100A capacitor of 15 pF, featuring frequencies of resonance near the operation frequency, are
selected. The S parameters provided by the manufacturers are used in the simulations. Figure
3.11(a) shows the experimental series resonator design.

The analysis of the experimental series resonator is again based on the Thévenin equivalent
of the input circuit. Note that neither the input nor the output of the experimental series
resonator are inside the internal subnetwork. This scenario requires a particular calculation
to obtain the large-signal S parameters. Indeed, the concept presented in Section 3.2.2 may
be further extended to N -port linear subnetworks. The input circuit consists of the voltage
driving generator and a 3-port subnetwork. The latter interconnects the driving source, the
load and the internal subnetwork. Figure 3.11(b) shows the setup used to characterize the input
subnetwork and Figure 3.11(c) shows the circuit used to extract the nonlinear impedance model.
The large-signal reflection coefficient is calculated as

s11 = V1 − Z0I1
V1 + Z0I1

, (3.57)

where V1 and I1 represent respectively the first harmonic of the voltage and the current at the
input. In turn, the large-signal transmission coefficient is calculated as

s21 = V2 − Z0I2
V1 + Z0I1

, (3.58)

where V2 and I2 represent respectively the first harmonic of the voltage and the current at
the output. Note that lower case is used to indicate large-signal S parameters to avoid later
confusion with small-signal S parameters. The current I1 is retrieved in the same way as done
for I in Subsection 3.2.2.3 but this time referred to ports 1 and 3:

I1 = Y0 (1− S11 + (∆− S33)) + 2S13YT i
1 + S11 − (∆ + S33) Vs, (3.59)

where ∆ = S11S33 − S13S31. In turn, from the circuit in Figure 3.11(a), V1 = Vs − Z0I1 and
V2 = −Z0I2. The unknown variable is thus I2. The following relationships may be written for
the circuit in Figure 3.11(a):

Vs − Z0I1 = S11(Vs + Z0I1) + S13(V3 − Z0Ii)
−2Z0I2 = S21(Vs + Z0I1) + S23(V3 − Z0Ii)

V3 + Z0Ii = S31(Vs + Z0I1) + S33(V3 − Z0Ii)
, (3.60)

where V1 = Vs, V2 = −Z0I2 and I3 = −Ii have been substituted. Solving for I2 and imposing
(3.38):

I2 = Y0 (S21(S33 − 1)− S23S31) + (S23(S11 + 1)− S21S13)YT i
1 + S11 − (∆ + S33) Vs. (3.61)

where again ∆ = S11S33 − S13S31. The contour is more conveniently calculated in terms of the
input power Ps, bearing in mind that the surface is

Σ(ω, Ii) = 10 log10

(
V 2
s

8Z0

)
+ 30 = 10 log10

(
|ZT i|2I2

i

8Z0

)
+ 30, (3.62)
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Figure 3.13: (a) Experimental parallel resonator design: Vdc = 8 V, L = 1.65 nH, Cb = 15 pF,
Cm = 0.4 pF. (b) Input subnetwork characterization. (c) Circuit used to obtain the nonlinear inter-
nal impedance model.
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Figure 3.14: Large-signal S parameters of the experimental parallel resonator obtained by means of the
outer-tier contour method. The solution curves are computed for the input power values in the inset. The
turning point locus is the red dotted line. Black dots represent the results of a standard harmonic-balance
simulation of the circuit. (a) Magnitude of s11. (b) Magnitude of s21.

and then the solution curve corresponding to a particular value Ps is given by{
(ωs, Iis) ∈ R2 : Σ(ωs, Iis) = Ps

}
. (3.63)

The results of the analysis are presented in Figure 3.12, together with the results of a standard
large-signal S parameters simulation (harmonic-balance analysis) of the circuit in Figure 3.11(a)
and the turning point locus.

For the parallel resonator, a capacitor connected in series transforms the source and load
impedances into a value near an open circuit, which operates also as a dc block. ATC 800A
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capacitor of 0.4 pF is used for these purposes. In the parallel design, the resonator 1.65-nH
inductors are also used to bias the varactor. A pair of capacitors is added to the dc line to
induce an RF short circuit. Again, advantage is taken of the capacitor self-resonant frequency
to provide a condition near a short circuit. ATC 100A capacitor of 15 pF is selected. Figure
3.13(a) shows the experimental parallel resonator design.

The analysis is analogous to the previous case with the exception of this one is applied
to a 2-port input subnetwork. Figure 3.13(b) shows the setup used to characterize the input
subnetwork and Figure 3.13(c) shows the circuit used to extract the nonlinear impedance model.
The analysis of the experimental parallel resonator is simpler as the output is inside the internal
subnetwork. The current I1 is given by (3.40). As discussed in Subsection 3.2.2.3, the the
phase of the input source may be fixed to 0, so the output voltage is V2 = VL exp(−jφi), where
VL is the first harmonic of the complex voltage across the load in the circuit in Figure 3.13(c)
(directly obtained from the harmonic-balance simulation) and φi is given in (3.37). In turn,
from the circuit in Figure 3.13(a), V1 = Vs −Z0I1 and I2 = −V2/Z0. The results of the analysis
are presented in Figure 3.14, together with the results of a standard large-signal S parameters
simulation (harmonic-balance analysis) of the circuit in Figure 3.13(a) and the turning point
locus.

3.5.3 Final Design and Measurements

Finally, the effect of inherent distributed elements associated with the PCB are incorporated to
the design. These parasitic elements have an impact on the circuit performance which leads to
adjust matching elements. Figure 3.15(a) presents the final design of the nonlinear series reso-
nator and Figure 3.15(b) shows the circuit schematic. The analysis of the final design is quite
interesting since the outer-tier contour is applied in combination with electromagnetic cosimu-
lation of microstrip structures. Indeed, Figure 3.15(c) shows the setup used to characterize the
input subnetwork and Figure 3.15(d) shows the circuit used to extract the nonlinear impedance
model. As previously considered, the input subnetwork has three ports and the internal subnet-
work is in this case constituted by just the varactor. The analysis presented in Section 3.5.2
for the series resonator applies in a same fashion. The magnitude of the large-signal reflection
coefficient obtained with the analysis is plotted in Figure 3.16(a), together with that resulting
of a standard large-signal S parameters simulation (harmonic-balance analysis) of the circuit in
Figure 3.15(b) and the turning point locus.

The nonlinear resonators are manufactured and experimentally characterized. The measure-
ment setup is similar to the one used to measure the power amplifier demonstrator of Chapter
7. It basically comprises a signal generator, a driver to provide enough power, two directional
couplers and power sensors. One of these directional couplers takes a sample of the driving signal
to measure the input power. The other directional coupler takes a sample of the reflected signal
to measure the reflected power. The instruments are controlled by a computer through an IEEE
488 (GPIB) communication. A calibration procedure is performed to obtain a flat frequency
response of the setup, that is, constant input power. Similarly, a calibration (correction) of the
detected reflected power is performed. To do this, a short circuit or open circuit termination is
used to approximately characterize the frequency response of the setup. The magnitude of the
large-signal reflection coefficient is approximately calculated as the ratio between the reflected
power and the input power. In turn, the magnitude of the large-signal transmission coefficient
is approximately calculated as the ratio between the output power and the input power. Figure
3.16(b) presents measurements of the magnitude of the large-signal reflection coefficient of the
series resonator. The jumps observed when increasing the input frequency (represented with
dotted lines) are produced at different frequency values when decreasing the input frequency.
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Figure 3.15: (a) Final series resonator design. (b) Circuit schematic: Vdc = 8 V, L = 1.65 nH,
Lck = 27 nH, Cbk = 12 pF, Cm = 5.6 pF, Cm2 = 1.5 pF. (c) Input subnetwork characterization. (d)
Circuit used to obtain the nonlinear internal impedance model.
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Figure 3.16: Magnitude of large-signal reflection coefficient of the final series resonator. The input
power values are indicated in the inset. (a) Simulation results computed with the outer-tier contour
method. The turning point locus is the red dotted line. Black dots represent the results of a standard
harmonic-balance simulation of the circuit. (b) Measurement results.
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This is produced by the hysteresis phenomenon. Measurements show good agreement with the
simulation results. The input power required to produce the phenomenon is higher in measure-
ment that in simulation. Any quantitative discrepancy is attributed to modeling inaccuracies
and not to the outer-tier contour method itself. Note that the results of the new method agree
with those obtained by the default harmonic-balance simulation. The nonlinear model of the
varactor is only approximate and there are a number of second-order effects not considered (test
fixture, measurement approach, soldering, etc.).

Figure 3.17(a) presents the final design of the nonlinear parallel resonator and Figure 3.17(b)
shows the circuit schematic. As in the series case, the internal subnetwork is constituted by the
varactor only. Therefore, a 3-port input subnetwork is considered. Figure 3.17(c) shows the setup
used to characterize the input subnetwork and Figure 3.17(d) shows the circuit used to extract
the nonlinear impedance model. The analysis is analogous to the case of the series resonator.
Figure 3.18(a) presents the magnitude of the large-signal transmission coefficient, together with
that resulting of a standard large-signal S parameters simulation (harmonic-balance analysis) of
the circuit in Figure 3.17(b) and the turning point locus. Figure 3.18(b) shows measurements
of the magnitude of the large-signal transmission coefficient. Again, the jumps observed in
the experimental results depend on the sense of variation of the input frequency, indicating
hysteresis. The behavior is well predicted by the outer-tier contour method.

3.6 Chapter Summary

This chapter has presented the new outer tier-contour methodology to obtain the periodic solu-
tion curves and bifurcation loci of a nonlinear circuit in the presence of a driving signal. It may
be used for the stability analysis and stabilization of these circuits. In general, the outer-tier
contour method is helpful to analyze any circuit in which the curve that relates two parame-
ters does not feature a unique solution but multivalued solution curves. These circuits include,
for instance, parametric circuits, oscillating circuits in the presence of a forcing signal such as
frequency dividers and injection-locked oscillators, power amplifiers [47, 48], etc. The periodic
solution curves and the turning point locus are computed in the absence of the input source.
Two scenarios are possible: a parallel or a series representation of the nonlinear circuit. The
primary method consists of directly connecting an auxiliary generator to the nodes or branch,
respectively, where the input source was at. A harmonic-balance analysis of the circuit in these
conditions provides an admittance or impedance function obtaining a nonlinear model of the
circuit. The generalized method involves a parallel or series representation of the nonlinear
circuit at a pair of internal nodes or an internal branch, respectively. This requires a calculation
of the Norton or Thévenin equivalent of the input circuit, or a hybrid version of them regard-
ing the type of input source used (a voltage or a current generator). The generalized method
has the additional advantage of removing some elements from the nonlinear circuit (i.e. the
input subnetwork) at the fundamental frequency, which may have a significant contribution in
producing multivalued solution curves. Therefore, it may alleviate the numerical complexity
of the harmonic-balance simulation. A clear example of this was shown in Section 3.5 where
the inductor plays a critical role in the nonlinear resonance. The outer-tier contour method
is automatable and easily combinable with any harmonic-balance simulator, either in-house or
commercial. It is highly advantageous, not only for a reduction of the simulation time, which is
significant as no optimization is used, but also for the fact that no parameter switching is needed;
in simulations based on commercial harmonic-balance simulators, the user has to take decisions
on which parameter to sweep in view of the geometry of the curves. Unlike previous methods
to trace solution curves, the outer-tier contour method allows to obtain as many solution curves
as desired within the parameter and AG amplitude intervals covered in the harmonic-balance
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Figure 3.17: (a) Final parallel resonator design. (b) Circuit schematic: Vdc = 8 V, L = 1.65 nH,
Cb = 15 pF, Cm = 0.4 pF. (c) Input subnetwork characterization. (d) Circuit used to obtain the
nonlinear internal impedance model.

1.4 1.5 1.6 1.7 1.8 1.9
−35

−30

−25

−20

−15

−10

−5

Input frequency (GHz)

T
ra

n
sm

is
si

o
n
 c

o
ef

fi
ci

en
t 

(d
B

)

 

14 dBm

16 dBm

18 dBm

20 dBm

22 dBm

(a)

1.6 1.62 1.64 1.66 1.68 1.7
−30

−28

−26

−24

−22

−20

−18

−16

−14

Input frequency (GHz)

T
ra

n
sm

is
si

o
n
 c

o
ef

fi
ci

en
t 

(d
B

)

22 dBm
24 dBm
25 dBm
27 dBm
30 dBm

(b)

Figure 3.18: Magnitude of large-signal transmission coefficient of the final parallel resonator. The input
power values are indicated in the inset. (a) Simulation results computed with the outer-tier contour
method. The turning point locus is the red dotted line. Black dots represent the results of a standard
harmonic-balance simulation of the circuit. (b) Measurement results.
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simulation, with no need to resimulate the circuit. The new method allows an equally effective
determination of the turning point locus and the synchronization bandwidth. The zero-level
contour method has been presented to trace the Hopf bifurcation locus of any nonlinear cir-
cuit. It relies on the use of a small-signal source connected at any sensitive circuit nodes or
branch. The primary method presented can be applied to detect Hopf bifurcations in regions
obtained by a default harmonic-balance analysis, usually low-amplitude sections. It does not
need optimization or parameter switching and can trace multivalued sections. An alternative
method has been presented to apply the zero-level contour method to detect Hopf bifurcations
in multivalued sections of the solution curves. The outer-tier contour methodology has been
illustrated through application to a nonlinear resonator in its series and parallel versions. In
both cases, a series representation of the circuit was used. The analysis required an extension
of the generalized method to a 3-port input subnetwork. Measurements of these circuits have
also been presented.





Chapter 4

Analysis of Oscillation Modes in
Ring Oscillators

4.1 Introduction

There are a number of oscillator configurations [9, 11–13, 15–17, 28, 164, 165] widely used in
communication systems, such as cross-coupled, N -push and ring oscillators, that incorporate
multiple active elements. Such topologies are susceptible to show multimode behavior due
to the existence of various of these devices, in other words, they are able to provide several
oscillatory solutions (termed oscillation modes) at different values of frequency and amplitude
of oscillation.

Few previous works have been devoted to study the stability properties of the oscillation
modes. Some of these approaches are based on an eigenvalue calculation applied to a set of
linear homogeneous equations [12, 16] in the frequency domain or to the system linearization
about the dc solution [9]. Furthermore, the nonlinear analyses are usually limited to low-order
systems, with a particular configuration and device model [15,17]. Quite often, the linearization
about the dc solution indicates the presence of more than one pair of complex-conjugate poles
at different frequencies (different imaginary part) on the RHP. In this situation, it is widely
argued that the steady-state oscillation observed should correspond to the pair of poles with
highest real part since these poles would dominate the transient due to a much quicker growth
of the exponential terms at the frequency of the rightmost pair of poles. Nevertheless, this
assumption disregards the fact that multiple pairs of unstable poles can give rise to several
steady-state periodic oscillations (modes), each with its own stability properties [28]. Every
stable steady-state solution has its own basin of attraction [43, 49] (or set of initial values such
that the system evolves to that particular solution), so, in principle, all of the stable modes may
be physically observed, as shown in [11]. On the other hand, the work in [28,164,165] deals with
mode analysis in globally coupled oscillators, such as Rucker’s and N -push oscillators, in which
N sub-oscillators are connected to a common power combination network. The effect of circuit
symmetries is studied in detail in [164] and [165], where the oscillation modes are related to
the eigenvectors of the passive-network impedance/admittance matrix connecting the oscillator
elements. In [28], it is shown that these oscillation modes are generated in consecutive Hopf
bifurcations, each corresponding to a pair of complex-conjugate poles crossing the imaginary
axis to the RHP. The stability of each steady-state mode is analyzed, but no coexistence of
stable modes is found. In fact, only the mode generated from a stable dc solution is stable on
the interval of operation conditions considered, so no investigation is carried out on possible
stabilization mechanisms.

As shown in [28], the oscillation modes generated from unstable dc solutions are unstable too
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Figure 4.1: Equivalent circuit of an N -stage single-ended ring oscillator, showing the linearized transfer
characteristic of transistors and the connection of the small-signal current source used for the stability
analysis of the dc solution.

in the neighborhood of the bifurcation. However, as the oscillation amplitude grows versus any
circuit parameter, other bifurcation phenomena might lead to the stabilization of these modes.
The knowledge of the possible stabilization mechanisms will be useful not only for a reliable
prediction of undesired modes but also for an efficient suppression of these modes.

The analysis of oscillation modes and stabilization phenomena will be applied to ring os-
cillators. Ring oscillators are interesting for radio frequency (RF) and microwave applications
since they provide multi-phase outputs and, when tuned, enable a broad band of oscillation
frequencies due to the absence of LC resonators.

4.2 Theoretical Analysis of Oscillation Modes

An ideal ring oscillator is formed by a closed loop of N identical stages, each one constituted by
an amplifier ending in a load impedance [166–169]. The total phase around the loop must be a
multiple of 2π, that is, Nφn = 2nπ, n ∈ Z, where φn is the phase shift introduced into the ring
by each stage. Therefore, an N -stage ring oscillator may exhibit one or more oscillation modes
at the frequencies at which the following relationships are fulfilled:

φn = 2nπ
N

, (4.1)

where n = 0, . . . , N − 1. Note that the phase shifts given in (4.1) will be wrapped to match the
interval (−π, π]. As demonstrated in the following, the number of existing modes depends on
both the circuit element values and the number of stages.

The linearized equivalent circuit of a parasitic-less field-effect transistor (FET)-basedN -stage
ring oscillator is shown in Figure 4.1. The stability of the dc solution is analyzed through the
calculation of any transfer function associated with circuit linearization about this dc solution.
Actually, all possible transfer functions share the same denominator, which agrees with the
system characteristic determinant [25]. The roots of this determinant provide the eigenvalues or
poles associated with the dc solution. A particular transfer function can be obtained introducing
a small-signal current source iin in parallel at one of the N circuit nodes. The transfer function
is then calculated as the ratio between the node voltage and the current introduced as



4.2. THEORETICAL ANALYSIS OF OSCILLATION MODES 113

H(s) = v1(s)
iin

= R(1 + sRC)N−1

(1 + sRC)N − (−gmR)N

(4.2)

where N is the number of stages. Given the polynomial in the numerator, the chosen transfer
function has a real zero at −1/(RC) with order of multiplicity N − 1. The pole map can be
obtained performing the change of variable z = −(1 + sRC)/(gmR). The denominator can be
now expressed as (−gmR)N (zN − 1), whose roots are N

√
1 = exp(j2nπ/N), n = 0, . . . , N − 1.

Once the change of variables is undone, the system poles are given by

− gm
C
ej

2nπ
N − 1

RC
, (4.3)

where n = 0, . . . , N−1. This theoretical analysis proves that the pole locus of the ring oscillator
is a circle centered at (−1/(RC), 0), with radius gm/C. The poles are inherent in the system
and independent of the particular definition of the transfer function. The zeroes of (4.2) are
confined in the center of this circle.

At this point, it is important to comment on the use of transistor models throughout this
chapter. One may wonder why not go directly to the complete model of the experimental
design in Section 4.5. Due to high system complexity, one would rather start the study with
a simplified yet physical device without parasitic elements. To this purpose, Angelov’s GaAs
FET model is suitable featuring good convergence properties in harmonic-balance simulations,
in other words, it features physical behavior with minimum complexity. It will be shown that
even in the absence of parasitics and transmission lines, an increasing number of transistor stages
leads to the generation of multiple oscillation modes. Next, the inclusion of gate parasitics will
show the impact of them on the generation of oscillation modes (Section 4.3). Using directly the
complete model would not allow to investigate the influence of the number of stages, the effect
of parasitics in active devices or the distributed elements on the generation and stabilization of
the modes.

To illustrate, a ring oscillator with element values R = 50 Ω, C = 1 pF and transistors
described by Angelov’s GaAs FET model [170,171] with no parasitic elements is considered. The
transistors are operated in common-source Class-A with lumped RF chokes and dc blocks. The
transconductance calculated at the bias point VGS = −0.3 V, VDS = 4.5 V is gm = 49.59 mS.
Figure 4.2 shows the pole-zero map for different number of stages. Because R, C and gm are
positive, there is always a stable real pole at −(1 + gmR)/(RC), regardless of the number of
stages. For a more detailed analysis of the remaining poles, the cases of even and odd number
of stages will be considered.

4.2.1 Even Number of Stages

With an even number of stages, the ring oscillator has a second real pole at (−1 + gmR)/(RC),
which is the rightmost pole, lying on the RHP if gmR > 1. Depending on the element values
and the number of stages, there may be some other unstable pairs of complex-conjugate poles
with smaller real part. The unstable real pole can give rise to an undesired coexistence of dc
solutions, even in the presence of pairs of complex-conjugate poles on the RHP. As an example,
Figure 4.3 shows the coexistence of two stable dc solutions for N = 6. The analysis has been
performed using time domain integration and different initial conditions. The zero solution,
obtained with zero initial value, is unstable.
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Figure 4.2: Pole-zero map of the dc solution, corresponding to a transistor-based N -stage single-ended
ring oscillator. The results of numerical identification for a ring oscillator based on Angelov’s GaAs FET
with no parasitic elements are superimposed as squares.

4.2.2 Odd Number of Stages

In the ring oscillator comprising parasitic-less transistors with odd N there are never real poles
on the RHP. To achieve an oscillation the minimum number of stages required is 3. For N = 3,
there will be only a pair of complex-conjugate poles, lying on the RHP if gmR > 2, as gathered
from (4.3), so the corresponding oscillation will be unique. For higher odd N , coexistence of
oscillation modes will occur if several pairs of complex-conjugate poles lie on the RHP. The
minimum number of stages for this situation is obtained by checking the sign of the real part
of (4.3) with n = (N − 1)/2− 1, which provides N > 6. For the minimum number N = 7, two
coexistent oscillation modes will exist if the condition gmR > −1/ cos(4π/7) is fulfilled. With
the element values assumed here, only one mode is obtained for N = 7.

All of the above analytical results have been validated with a pole-zero identification tech-
nique [25], intended for use in harmonic balance (HB) simulators and based on numerical calcula-
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Figure 4.3: Three different dc solutions obtained in transient simulations for different initial conditions
at a drain node of a six-stage ring oscillator based on Angelov’s GaAs FET with no parasitic elements.
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Figure 4.4: (a) Simplified model of one stage of a fully differential ring oscillator. (b) Equivalent
circuit of one stage showing the linearized transfer characteristic of transistors and the connection of the
small-signal current source used for the stability analysis of the dc solution.
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Figure 4.5: Block diagram of a fully differential ring oscillator, for (a) odd and (b) even number of
stages.

tion of a closed-loop transfer function. The poles obtained with this technique are superimposed
as squares in Figure 4.2 and show very good agreement.

4.2.3 Differential Ring Oscillator

Ring oscillators are commonly implemented fully differential since the differential structure pres-
ents a number of advantages for monolithic circuits over the single-ended configuration. Some of
these advantages [18] include high rejection of supply and substrate noise and 50% duty cycle.
Furthermore, the number of stages in the ring need not be odd. As a matter of fact, the outputs
of one of the stages may be swapped to earn 180◦ extra phase shift. An even number of stages
(commonly four [8,18]) has the additional advantage of providing quadrature (90◦ out of phase)
outputs. This is also true for every of each possible oscillation mode.

In the following, a theoretical study of oscillation modes in differential ring oscillators will
be performed, similar to the single-ended case. The simplified structure and linearized model of
one stage are depicted in Figure 4.4. In the absence of the current source iin, the small-signal
gain can be shown to be vout/vin = gmR/(1 + sRC) where vout = vd2 − vd1 and vin = vg1 − vg2;
it agrees with the one of the single-ended case but is noninverting.

For the odd case in Figure 4.5(a), it can be shown that the transfer function is
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H(s) = v1(s)
iin

= 2R(1 + sRC)N−1

(1 + sRC)N − (−gmR)N

(4.4)

which is in fact (4.2), calculated for the single-ended case, but with twice the gain. Hence, the
single-ended and differential ring oscillators have the same pole-zero map for an odd number of
stages.

In the case of even number of stages, the outputs of the last stage are swapped [see Figure
4.5(b)] and thus the following phase shifts may give rise to oscillation modes:

φn = (2n+ 1)π
N

, (4.5)

where n = 0, . . . , N−1. The phase shifts (4.5) need to be wrapped to match the interval (−π, π].
On the other hand, the resulting transfer function for the stability analysis of the dc solution is

H(s) = v1(s)
iin

= 2R(1 + sRC)N−1

(1 + sRC)N + (−gmR)N

(4.6)

which has a real zero at −1/(RC) with order of multiplicity N − 1. The pole map is obtained
performing the previous change of variable z = −(1 + sRC)/(gmR). The denominator becomes
(−gmR)N (zN + 1), whose roots are N

√
−1 = exp[j(2n + 1)π/N ], n = 0, . . . , N − 1. Once the

change of variables is undone, the system poles are given by

− gm
C
ej

(2n+1)π
N − 1

RC
, (4.7)

where n = 0, . . . , N − 1. In even case, (4.7) shows that the pole locus is rotated by π/N so that
the rightmost pole corresponds to the desired pair of complex-conjugate poles, as shown in Figure
4.6, and not to the real pole of the single-ended configuration. Again, coexistence of oscillation
modes will occur if several pairs of complex-conjugate poles lie on the RHP. An inspection of the
sign of the real part of (4.7) with n = N/2−2 reveals that the minimum number of stages for this
situation is N > 6. For the minimum number of even stages N = 8, two coexistent oscillation
modes will exist if the condition gmR > −1/ cos(5π/8) is fulfilled. Only one mode is obtained for
N = 8 with the element values previously assumed. The analytical results have been validated
with pole-zero identification [25]. The resulting poles are superimposed as squares in Figure 4.6
and show very good agreement.

The stability of the dc solution of single-ended and differential ring oscillators has been
discussed; both topologies show the same pole-zero locus. The remaining investigation of oscil-
lation modes will be carried out for the single-ended case only. As will be shown, several pairs
of complex-conjugate poles on the RHP indicate the likely coexistence of oscillation modes at
frequency values near those of the detected poles. Realistic models of active devices distort the
original pole locus but traits of the original circle configuration are still maintained.

4.3 Eigenvalue Analysis
In [7,28,164,165], the oscillation modes of globally coupled oscillators (Rucker’s and N -push os-
cillators) are associated with the eigenvectors of the admittance or impedance matrix describing
the passive embedding network, with a circulant structure. The application of a similar analysis
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Figure 4.6: Pole-zero map of the dc solution, corresponding to a transistor-based N -stage fully differen-
tial ring oscillator. The results of numerical identification for a ring oscillator based on Angelov’s GaAs
FET with no parasitic elements are superimposed as squares.

to ring oscillators will be investigated here. This will provide valuable insight into the impact
of circuit symmetries on mode generation. The analysis, based on admittance matrices, is of
general application. Let the ring oscillator in Figure 4.7 be considered. Clearly, this oscillator
can be decomposed into a nonlinear network and a linear network formed by the isolated loads
YL. The admittance matrix YD(ω), corresponding to the linear network, is diagonal, where YL
is the value of the diagonal elements. The nonlinear network is composed of the closed chain
formed by the amplifiers. Due to the symmetry in the circuit, its corresponding admittance
matrix YN (ω, V ), depending on the angular frequency ω and the voltage amplitude V , has the
following circulant structure:

Y11 Y12 . . . Y1(N−1) Y1N
Y1N Y11 . . . Y1(N−2) Y1(N−1)
...

... . . . ...
...

Y13 Y14 . . . Y11 Y12
Y12 Y13 . . . Y1N Y11

 .

Eigenvalues and eigenvectors are well-known for circulant matrices [172]:

λn = Y11 + Y12e
j 2nπ
N + · · ·+ Y1(N−1)e

j
2(N−2)nπ

N + Y1Ne
j

2(N−1)nπ
N (4.8a)

Vn = 1√
N



1
ej

2nπ
N

...
ej

2(N−2)nπ
N

ej
2(N−1)nπ

N


(4.8b)

where n varies from 0 to N − 1. Due to circuit symmetry, each solution can be expected to
have the same voltage magnitude at the N nodes, which is in agreement with (4.8b). Note that
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Figure 4.7: Ring oscillators can be broken up into a linear network and a nonlinear network. The
linear network is formed by the isolated passive loads and the nonlinear network is formed by the ring of
amplifiers.
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Figure 4.8: Startup analysis of oscillation modes in a three-stage ring oscillator based on Angelov’s
GaAs FET and identification of the dc solution. (a) Transistors without parasitics. (b) Transistors
comprising gate parasitic elements.

the phase shift between the components of each eigenvector agrees with the phase shift of each
of the possible modes in the simplified analysis in (4.1), that is, φn = 2nπ/N , n = 0, . . . , N − 1.
Applying the properties demonstrated in [164] and [165], for each possible mode n, the steady-
state oscillation condition is

YT,n = λn(ω, V ) + YL(ω) = 0, (4.9)

where n = 0, . . . , N − 1. On the other hand, the startup conditions for each mode are given
[149] by Re(YT,n) < 0, Im(YT,n) = 0, ∂ Im(YT,n)/∂ω > 0, where YT,n is evaluated in small
signal (V ∼= 0). The above analysis method shows that in ring oscillators the eigenvalues of
the nonlinear admittance matrix determine the possible oscillation modes. This is different
in [164,165], where the eigenvalues of the passive matrix determine the oscillation modes.

The eigenvalue analysis will be applied to a three-stage ring oscillator. Two cases of study will
be considered. The first one corresponds to a ring oscillator based on previously used Angelov’s
GaAs FET with no parasitics and element values R = 50 Ω, C = 0.4 pF. The startup analysis
shows that only the mode n = 1, corresponding to a phase shift φ1 = 2π/3, satisfies startup
conditions at 17.09 GHz [see Figure 4.8(a)]. This frequency agrees with that corresponding
to the unstable pair of complex-conjugate poles resulting from numerical identification of the
associated dc solution: (11.9447 ± j2π 17.0878)109. In a second analysis, parasitic elements
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Figure 4.9: Three-stage free-running ring oscillator based on Angelov’s GaAs FET model comprising
gate parasitic elements. The schematic includes the one-tone current source later used in the analysis of
the injection-locked oscillator.

with typical values (RG = 6 Ω, LG = 0.8 nH, in series, and CGS = 200 fF, in parallel) are
added to the gate terminal of each transistor. These elements provide an additional phase shift
that enables the startup of a second mode for n = 0, as can be seen in Figure 4.8(b). The
two unstable pairs of complex-conjugate poles are in this case (15.0909 ± j2π 17.5578)109 and
(32.2884 ± j2π 7.4002)109. Now, there is a noticeable disagreement between the frequencies of
the poles and the startup frequencies resulting from eigenvalue analysis. In fact, this analysis
does not provide the system poles. Instead, it is an evaluation of possible existence of energy
imbalance under resonance conditions. Note that the poles on the RHP exhibit a semicircular
configuration, similar to that obtained in the idealized analysis of Figure 4.2.

The steady-state oscillation modes can be obtained in harmonic-balance simulations using
auxiliary generators (AGs)—see Section 2.3.6 of Chapter 2. A voltage auxiliary generator with
amplitude VAG and angular frequency ωAG is connected in parallel at the extrinsic drain node
of each transistor. The phase values will depend on the particular mode being analyzed. Due
to solution autonomy [24], the phase of the first auxiliary generator can be arbitrarily set to
0◦. This will be the AG at node 1. Then, for the analysis of mode n, the phase of each
auxiliary generator is given by φAGk = (k − 1)2nπ/N , k = 1, . . . , N . The admittance seen by
each node is given by the ratio between current through the auxiliary generator (entering the
circuit) and voltage delivered. To obtain each steady-state oscillation mode, VAG is swept for
a few ωAG values about the startup angular frequency, representing the admittance function
on the complex plane. The steady-state oscillation condition YAG(ω0, V0) = 0 is fulfilled at the
origin of the admittance diagram, where A0 is the steady-state amplitude and ω0 is the steady-
state fundamental angular frequency. The diagrams obtained with the ring oscillator based on
Angelov’s GaAs FET model comprising gate parasitic elements (Figure 4.9) are shown in Figure
4.10. As can be seen, for each mode, there is a significant difference between the frequency at
which the oscillation startup conditions are fulfilled and the steady-state oscillation frequency.
This is attributed to the small frequency sensitivity of the ring topology, which does not contain
any LC resonator.
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Figure 4.10: Admittance diagram of the ring oscillator based on Angelov’s GaAs FET comprising gate
parasitic elements. (a) Mode φ0 = 0. (b) Mode φ1 = 2π/3.

4.4 Bifurcation Analysis and Stabilization Mechanisms

When varying a circuit parameter, the oscillation modes are generated at direct Hopf bifurcations
from the dc regime [24,37,39,49,163]. At each of these bifurcations, a pair of complex-conjugate
poles crosses the imaginary axis to the RHP. In [24,28], the analysis parameter is selected so that
for some values of this parameter no oscillation is possible (“oscillation-quenching parameter”);
only the first mode, generated from a stable dc regime, is stable and never changes its stability
properties when further varying the parameter. The same is true for the unstable modes, which
never become stable. Taking this into account, the desired mode was stabilized modifying the
original design so as to ensure that it was the only one to be generated from a stable dc solution.

The criterion used in [28] and [24] is valid as long as that the stability properties of the
incipient modes are maintained along the whole solution curves, up to the desired operation
point, which was the case in these particular works. Nevertheless, the dynamics of ring oscillators
has been found to be more complex and exhibit different stabilization mechanisms. A reliable
prediction of the coexisting stable modes requires two different analysis steps: the sequence
of Hopf bifurcations from the dc regime and the stabilization mechanisms. The corresponding
theory has been presented in Sections 1.4.2 and 1.4.3 of Chapter 1.

4.4.1 Sequence of Hopf Bifurcations

The theory in Section 1.4.2 will be applied to the analysis of a previously analyzed ring oscilla-
tor based on Angelov’s GaAs FET with parasitic elements at the input of each transistor gate,
in which two different modes have been detected with the eigenvalue analysis of Section 4.3.
The stability of the dc solution has been analyzed with pole-zero identification for increasing
values of VGS , from −2 V, where all devices are in cutoff, to the highest value of 0 V. The
evolution of the real part of the dominant complex-conjugate poles versus VGS is shown in Fig-
ure 4.11(a). A sequence of two Hopf bifurcations is observed for VGS = −1.397 V (bifurcation
H1) and VGS = −1.121 V (bifurcation H2). The dc solution is stable for VGS < −1.397 V,
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Figure 4.11: Bifurcation diagram traced versus gate bias voltage in the ring oscillator based on Angelov’s
GaAs FET comprising gate parasitic elements. (a) Real part of associated poles versus gate bias voltage,
obtained from numerical identification of the dc solution. (b) Oscillation amplitude versus gate bias
voltage (unstable sections in dashed line). (c) Real part of the poles at ω0◦ in the solution with 120◦
phase shift, obtained with the conversion matrix approach.

it is unstable with one pair of complex-conjugate poles at about 16 GHz on the RHP for
−1.397 V < VGS < −1.121 V and unstable with two pairs of complex-conjugate poles at 16 GHz
and 7 GHz on the RHP for VGS > −1.121 V. From Section 4.3 [see Figure 4.8(b)], H1 corre-
sponds to the solution with 0◦ phase shift whereas H2 corresponds to the solution with 120◦
phase shift.

The AG technique [24], complemented with parameter switching [63], has been applied to
obtain the steady-state oscillation curve versus VGS for each mode. An essential difference
regarding other oscillator configurations, such as N -push oscillators [28], is that only one AG
is required for the HB simulation of each mode (instead of several AGs with suitable phase
shifts). This is attributed to the fact that the oscillation in the ring is unique, with each stage
contributing a fraction of the phase shift required for this oscillation. The AG angular frequency
ω0 is made equal to the angular frequency of the mode detected in the small signal stability
analysis. To trace each solution curve, VGS is swept, solving YAG(ω0, VAG) = 0, where VAG is the
AG amplitude. In high-slope sections, parameter switching is applied, and VAG is swept instead,
solving YAG(ω0, VAG) = 0. The curves resulting from this analysis are shown in Figure 4.11(b).
The bifurcation H1, occurring at VGS = −1.397 V, is of subcritical type (1.42b), with m = 1
and, therefore, no unstable poles of the dc solution prior to the bifurcation. Thus, the incipient
solution with 0◦ phase shift will be unstable with one real pole on the RHP. The bifurcation
H2 occurring at VGS = −1.121 V, where the 120◦ mode is generated, is of supercritical type
(1.42a), with m = 2. The incipient solution with 120◦ phase shift is unstable since it arises from
an unstable dc solution with a pair of complex-conjugate poles at about 16 GHz.

4.4.2 Stabilization Mechanisms

The theory presented in Section 1.4.3 is applied to the two modes detected in Figure 4.8(b). To
illustrate, the stability of each mode is analyzed along the periodic oscillation solution curves.
With this aim, pole-zero identification [25] was applied to a transfer function obtained by linear-
izing the circuit equations about each particular periodic solution, using the conversion-matrix
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approach [23, 37, 132]. In order to follow the stability variations along the periodic oscillation
curves it is necessary to keep in mind all the possible image poles; otherwise, poles associated
with the same Floquet multiplier could be wrongly identified as distinct poles (see Section 1.3.2
of Chapter 1). The stability analysis along the solution curve of the 0◦ mode in Figure 4.11(b)
shows that a real pole crosses the imaginary axis to the LHP at the turning point T1, so the
mode stabilizes at this point. On the other hand, the pair of complex-conjugate poles at about
16 GHz (transferred from the unstable dc solution) in the 120◦ mode shifts to the left and crosses
the imaginary axis to the LHP at IH2 [see Figure 4.11(c)]. From this bifurcation, both the 0◦
mode (stabilized at T1) and the 120◦ mode (stabilized at IH2) are stable. At the bifurcation
IH2, the following relationship is fulfilled:

PN−3, 2, 1 → PN−1, 0, 1 + QN−3, 1, 2.

Thus, the subcritical inverse Hopf bifurcation IH2 gives rise to an unstable quasi-periodic so-
lution with a positive Lyapunov exponent. For confirmation, this quasi-periodic solution has
also been obtained in HB simulations, which are involved due to the existence of two incom-
mensurate and autonomous fundamental frequencies. The solution has been obtained with two
AGs, each operating at one of the fundamental angular frequencies ωAG,1, ωAG,2, and fulfilling a
nonperturbation condition YAG,i = 0, i = 1, 2, with the following initial values for the incipient
quasi-periodic solution: fAG,1 = 6.82 GHz, fAG,2 = 15.9 GHz, VAG,1 = 1.304 V, VAG,2 = 0.01 V,
VGS = −0.963 V. For each parameter value a system of two complex equations YAG,i = 0,
i = 1, 2, is solved in the four unknowns VAG,1, VAG,2, ωAG,1, ωAG,2. The variation of the oscil-
lation amplitude at each of the two fundamental frequencies of this solution is represented with
two branches in Figure 4.11(b). As can be seen, the point where the quasi-periodic solution
is generated is in total agreement with the results of the large-signal stability analysis. The
quasi-periodic solution curve exhibits several turning points and folds over itself repeatedly in
the voltage interval [−0.8,−0.4], as can be gathered from Figure 4.11(b). From the turning
point TQ, the quasi-periodic solution is stable. Due to the relevance of this solution for the
study of the injection-locked oscillator, more details of its stability will be provided in Section
5.3.3 of Chapter 5.

Both the 0◦ mode and the 120◦ mode are stable for VGS > −0.963 V, so both should be
physically observable depending on the initial condition. Therefore, convergence towards one
solution or the other can be obtained, depending on this initial condition. At the operation
point previously considered (VGS = −0.3 V, VDS = 4.5 V), the dc solution has the unstable
poles (32.3218 ± j2π 7.3132)109 and (14.9654 ± j2π 17.5459)109. With an initial perturbation
at a drain node of 10−6 V [Figure 4.12(a)], the transient simulation evolves (as expected) to a
steady-state periodic solution at 6.4 GHz, which corresponds to the unstable poles with larger
real part. A short current pulse of relatively high amplitude was introduced at a drain node as
an alternative perturbation [Figure 4.12(b)] and this time the transient evolves to the solution at
16.2 GHz. It must be taken into account that, as the perturbation grows, the system evolution
is no longer ruled by the linearization about a particular solution. Instead, nonlinear manifolds
rule the actual system evolution to the steady state, which justifies the differences with respect
to the expected behavior.

4.5 Experimental Design
The three-stage ring oscillator in Figure 4.13(a) was designed to experimentally illustrate the
investigation of oscillation modes. The ring oscillator is a MIC design at about 12 GHz based on
NE3210S01 Hetero Junction GaAs FET operating in Class-A, with bias voltages VGS = −0.2 V
and VDS = 2.81 V.
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Figure 4.12: Waveform and spectrum obtained from a transient simulation of the ring oscillator in 4.9 for
different initial conditions at a drain node. (a) Initial voltage = 10−6 V. (b) Initial short high-amplitude
current pulse.

The first elements of the oscillator to be designed are the amplifiers. The goal is to obtain high
gain in the frequency band from 10 to 14 GHz. A preliminary dc analysis of the transistor has
been performed to find a bias point providing a high transconductance value in the saturation
region with the aim of maximizing the oscillation power. Each amplifying stage comprises
one transistor operating at the bias point selected, together with the corresponding gate and
drain bias networks, which are implemented using microstrip structures. The RF chokes are
implemented with a high-impedance quarter-wavelength stub and a quarter-wavelength radial
stub. Two resistors of 470 Ω and 47 Ω are respectively added to the gate and drain dc lines to
prevent low-frequency instability, together with two high-value capacitors (10 nF and 100 nF)
connected to ground for low-frequency return. These are the only lumped components used in
the design, which are SMD components in the standard 0805 size (2.0 mm × 1.25 mm). The
dc blocks are implemented with parallel-coupled lines. Several via holes are placed near the
source pads of the transistors to minimize the inductive series feedback introduced. All of these
structures have been optimized in a commercial HB simulator to provide a small-signal gain of
12 dB within the aforementioned frequency band.

An equilateral-triangle geometry [see Figure 4.13(b)] is chosen for the layout to preserve
circuit symmetry inherent in the ring oscillator. The design is completed by adding the load
impedances, originally formed by ideal lumped components: a resistor of 50 Ω and a capacitor
of 0.2 pF connected in parallel. These RC loads were replaced with 50 Ω terminations for
further ease of measurement, since low-pass filtering is contributed by parasitics in transistors
and distributed elements in transmission lines. To do this, the value of the original capacitor
was progressively reduced by means of the HB continuation method presented in Section 2.3.5
of Chapter 2.
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Figure 4.13: (a) Schematic of the experimental design, including a one-tone current source later used
in the analysis of Chapter 5, and (b) photograph of the ring oscillator with its matched loads. The port
without a load is the input to the spectrum analyzer. The wavelength at 12 GHz in RO4003 substrate is
illustrated, relative to the size of the circuit.

The prototype has been built on RO4003 substrate (h = 0.508 mm, εr = 3.38). The main
purpose of this design is to study generation and stabilization of oscillation modes. Due to its
hybrid implementation, there will be delay effects associated with the propagation in a microstrip
structure (phase-shifting effects of distributed elements), which contribute to the proliferation
of modes, especially at the scale of the prototype [see Figure 4.13(b)]. These modes are not
expected to appear outside the operation frequency band of the embedded amplifier.
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Figure 4.14: Bifurcation diagram versus gate bias voltage in the experimental design. (a) Oscillation
amplitude (measured at one of the loads) versus gate bias voltage for the seven modes detected (unstable
sections in dashed line). Turning points and inverse Hopf bifurcations have been marked to illustrate the
stabilization mechanisms. (b) Detail of the stabilization of mode at 11.9 GHz: evolution of the real part
of the unstable poles versus gate bias voltage. The imaginary parts are indicated in the inset. The mode
stabilizes after a turning point and a sequence of inverse Hopf bifurcations.

4.5.1 Simulation Results

The EE_HEMT model, provided by the manufacturer, is used for the active devices, with two
different approaches for the passive elements: one using electrical models for all the distributed
elements and the other based on an electromagnetic description of the microstrip structures.
The results of both approaches are quite similar, with seven modes detected in the two cases,
which validates the electrical description. The sequence of Hopf bifurcations from the dc regime
obtained, giving rise to seven oscillation modes, is shown in Table 4.1. The subindex indicates
the order of occurrence of these Hopf bifurcations, as considered in Section 1.4.2 of Chapter 1.

A stability analysis of the seven periodic solutions, generated at the Hopf bifurcations shown
in Table 4.1, has been performed along each curve in Figure 4.14(a). To simplify the diagram,
only the last bifurcation, leading to the stabilization of a particular mode, has been marked.
The bifurcations have been detected with pole-zero identification.

As gathered from Figure 4.14(a), all Hopf bifurcations from the dc regime are of subcritical
type, so the lower section of each curve, up to the turning point, will have a pole on the RHP.
The first mode, generated from a stable dc solution at Hdc

1 , stabilizes at the turning point
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Table 4.1: Sequence of Hopf bifurcations

Hopf bifurcation Gate bias voltage (V) Phase shift (deg) Frequency (GHz)
H1 −0.929 0 10.20
H2 −0.921 0 13.01
H3 −0.894 0 15.85
H4 −0.891 −120 10.74
H5 −0.860 −120 13.87
H6 −0.839 120 11.88
H7 −0.823 120 15.12

T1. Several Hopf bifurcations and a turning point are observed in the remaining modes. As a
matter of fact, modes 2, 3, 6 and 7 stabilize at T2, IH(2)

3 , IH(2b)
6 and IH(2)

7 , respectively, where
the superindex in brackets refers to the value of the r index defined in Section 1.4.2 of Chapter
1. Mode 5 does not stabilize because it does not undergo a sufficient number of inverse Hopf
bifurcations.

As an example, the stability analysis of the mode at 11.9 GHz has been detailed in Figure
4.14(b). The diagram shows the variation of the real part of initially unstable poles. The
frequency of each canonical pair of complex-conjugate poles is indicated in the inset. For a
correct interpretation of the diagram it must be taken into account that the curves start at
the gate bias voltage value where the Hopf bifurcation from the dc regime Hdc

6 occurs, marked
with a vertical line in Figure 4.14(b). The pair of complex-conjugate poles at the oscillation
frequency (equivalent to a real pole) passes through zero at the turning point of the solution curve
(T6). Then, the upper section of the solution curve undergoes several direct and inverse Hopf
bifurcations, and from the last inverse Hopf bifurcation IH(2b)

6 , occurring for VGS = −0.676 V,
this oscillation mode is stable.

The large amount of detected modes can be theoretically understood by the fact that the
phase condition (4.1), which determines the oscillation modes, may be fulfilled at several fre-
quencies in the gain band of the embedded amplifier. To illustrate, the small-signal voltage
transfer function of a single stage, comprising the embedded amplifier with its load, has been
analyzed. Attention has been paid to the input and output loads, which should have similar
values of the equivalent impedances seen by this stage in the ring configuration. This is ad-
dressed by unwrapping the ring into an arrangement of multiple cascaded stages so that the
central amplifier has conditions similar to those inside the ring [Figure 4.15(a)]. Actually, the
gain of the amplifier is limited by the bias networks, so it is fairly independent of the input and
output loads. The amplitude of the input generator Vs has been carefully set so as not to heavily
overdrive the last stages in the chain; the maximum power at the output of the last stage is
lower than 10 dBm. The voltage transfer function is calculated using HB simulations as the ratio
between the first harmonic of the output and input voltages of the central stage. Figure 4.15(b)
shows the magnitude and phase of this transfer function. As can be seen, within the band with
positive gain (continuous line), there are seven frequencies fulfilling the phase condition (4.1).
The frequency values agree approximately with those of the seven modes detected and the phase
values are in correspondence with the phase shifts of these modes (see Table 4.1).

4.5.2 Experimental Results

The ring oscillator has been manufactured and experimentally characterized. Three oscillation
modes have been measured at the respective frequencies 9.4, 12.6 and 11.6 GHz. In Figure
4.16(a), the measured output power of the three modes has been represented versus gate bias
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Figure 4.15: (a) Arrangement of cascaded stages for obtaining the small-signal transfer function of a
single ring stage. (b) Analysis of the voltage transfer function of a single stage of the ring oscillator:
magnitude (left axis) and phase (right axis). Points fulfilling (4.1) with positive gain have been marked.
Note that, in all cases, the phases and frequencies agree with those of the modes given in Table 4.1.

voltage. The simulation results corresponding to the modes with oscillation frequencies closer
to the experimental ones are also superimposed. The frequencies of these simulated modes are
10, 12.8 and 11.9 GHz, respectively.

When increasing VGS from −2.5 V, the circuit is initially in a stable dc regime. At −1.157 V,
the oscillation mode at 12.6 GHz arises. When further increasing VGS , this mode remains
observable on the interval of VGS considered in measurements. When reducing VGS , the mode
vanishes at VGS = −2.5 V, which confirms the existence of a hysteresis phenomenon associated
with a turning point in the solution curve. The difference between the extinction point in
measurements and the turning point obtained in simulations is attributed to an inaccurate
modeling of transistors for these low VGS values. The mode at 9.4 GHz has been measured
from VGS = −1.602 V to VGS = −0.629 V. At this last value, the mode degenerates into a
quasi-periodic solution with two incommensurable frequencies that agree with the fundamentals
of modes at 9.4 and at 12.6 GHz [see the spectrum in Figure 4.16(b)]. Then, the quasi-periodic
solution becomes unstable for VGS = −0.504 V and the system evolves to the mode at 12.6 GHz.
The mode at 11.6 GHz becomes observable (with hysteresis) at VGS = −0.602 V. In simulation,
this mode becomes stable at VGS = −0.676 V through the last inverse Hopf bifurcation IH(2b)

6 ,
showing good agreement with the experimental value.
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Figure 4.16: Bifurcation diagram versus gate bias voltage in the experimental design. (a) Comparison
between measurements (continuous line) and simulations (dashed line). Hysteresis phenomena found in
measurements have been marked. At Q, the mode at 9.4 GHz degenerates into a quasi-periodic solution.
(b) Detail of the spectrum associated with the quasi-periodic solution observed.

When there are several stable coexisting periodic solutions, a circuit is expected to evolve
to the solution corresponding to the unstable poles with larger real part. Nonetheless, the fact
that a particular mode finally turns up depends exclusively on the initial condition. Every
stable solution is robust versus small perturbations coming from noise. Its stability properties
are locally determined and therefore no information is available about its global behavior under
larger perturbations in the phase space involving multiple solutions. As an example of this,
the hop from the mode at 9.4 GHz to the mode at 12.6 GHz is observed in practice as the
spectrum analyzer switches its internal filters and attenuators to recalibrate. Mode hopping is
also observed under some other kinds of large perturbations like shaking a bias wire, hitting the
circuit slightly or touching a track directly with a finger. There are some cases in which even
random initial conditions lead to different modes: either the mode at 9.4 GHz or the mode at
12.6 GHz builds up when connecting the drain bias for a given gate bias voltage value ranging
from −0.852 V to −1.075 V.

4.5.3 Stabilization of the Solution at 12.6 GHz

The desired oscillation mode in the design of Figure 4.13(b) is the one at 12.6 GHz. As shown
in previous section, two other undesired modes, at 9.4 GHz and 11.6 GHz, are also experi-
mentally observed. As shown in measurements of Figure 4.16(a), the most disturbing mode is
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Figure 4.17: Bifurcation diagram versus gate bias voltage in the experimental design. (a) Detail of the
stubs added. (b) Comparison between measurements before and after adding the stubs.

that at 9.4 GHz, since the mode at 11.6 GHz can be avoided by biasing the transistor below
VGS = −0.5 V. In the stabilization procedure, the purpose is to eliminate the mode at 9.4 GHz
with minimum impact on the desired mode at 12.6 GHz. With this aim, an open ended stub is
connected in parallel with each output load [see Figure 4.17(a)]. Together with the associated
microstrip tee and the output 50-Ω load, the stub provides a series resonance near 9.4 GHz,
with a reduction of the equivalent shunt positive resistance at this frequency, which shunts the
mode for this VGS value. For higher VGS , the mode might reappear due to a higher transcon-
ductance compensating the introduced resistive effect. After this change, the entire bifurcation
diagram is retraced [Figure 4.17(b)]. Now, the Hopf bifurcation from the dc regime, responsible
for the generation of the mode at 9.4 GHz, occurs at higher VGS (−0.886 V), modifying the
sequence of Hopf bifurcations. The stability analysis carried out indicates that this undesired
mode is initially unstable and never becomes stable. Note the significant amplitude reduction
of this mode as VGS increases as compared to Figure 4.16(a). On the other hand, the stability
properties of the other modes, the desired one at 12.6 GHz and the one at 11.6 GHz, are not
modified. A slight reduction of output power at 12.6 GHz is observed, with minimum changes
in the qualitative behavior. The mode at 12.6 GHz is stable for a gate bias voltage between
−1.156 V and −0.616 V, as can be gathered from Figure 4.17(b).

The stabilization technique presented, using the stub, is just an example, applicable to the
particular experimental design presented. It does not aim to be of general application; each
technology should require its own stabilization procedures. As another example, a different
stabilization strategy is applied in [173] to a multifunction MMIC. On the other hand, the
graphical analysis presented in Section 4.5.1 is useful to understand the causes of generation of
multiple modes. With this information, the stabilization technique should be the most suitable
for the particular technology and the particular design.

4.6 Chapter Summary
An in-depth analysis of oscillation modes and stabilization mechanisms in multidevice oscillators
has been presented and applied to ring oscillators. Ideally, a ring oscillator consists of a closed
loop of identical amplifiers, each one ending in a load impedance [166–169]. In order for the
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oscillation to start up, the loop must exhibit gain and a total phase shift n2π, n ∈ Z, at
the oscillation frequency. Unfortunately, this condition may be fulfilled at several frequencies
for the same or different value of n, which will give rise to several oscillation modes. For N
stages, the inter-stage phase shift associated with each mode will be 2nπ/N . A global stability
analysis has been performed about the dc regime and about each of the possible steady-state
oscillation modes. In the former case, the use of linearized parasitic-less transistors has enabled
an analytical determination of the pole locus inherent in the ring topology. The N system
poles have been demonstrated to lie on a circle of a given center and radius, determined by
circuit element values. As N increases, more than one pair of complex-conjugate poles shall
lie on the RHP, responsible for the coexistent oscillation modes. As has been shown, the
parasitic elements included in models for active devices have great impact on the generation of
oscillation modes due to the frequency-dependent phase shifts introduced. The mechanisms for
generation and stabilization of the modes have been analyzed with the aid of the bifurcation
theory presented in Chapter 1. The modes are associated with the eigenvectors of the active-
device immitance matrix, with a circulant structure. This is different from the case of other
multidevice configurations, such as Rucker’s and N -push oscillators, where they are associated
with the eigenvectors of the passive matrix [7, 28, 164, 165]. The inverse bifurcation sequences
have been studied in-depth and classified, showing that some bifurcation phenomena imply the
generation of quasi-periodic solutions in the multidevice circuit. This knowledge has enabled
the understanding of the complex behavior of a ring oscillator at 12.6 GHz and has also been
used for a sound stabilization of the desired mode.



Chapter 5

Analysis of Oscillation Modes in
ILROs

5.1 Introduction

As shown in Chapter 4, the commonly used multidevice oscillator configurations [174–176],
such as cross-coupled [16], N -push [28, 164] and ring oscillators [21, 68], are prone to exhibit
coexistent stable oscillation modes or free-running periodic solutions due to the existence of
various active devices. Any of the stable modes can be physically observed [68], depending
on the initial condition. For instance, three coexistent oscillation modes were measured in the
experimental ring oscillator of Chapter 4 (Figure 4.13), where an in-depth stability analysis of
free-running multimode oscillators was performed. Multidevice oscillators can also operate in
injection-locked conditions [8,177]. In this regime, it is possible to reduce the phase noise spectral
density since the oscillator approximately replicates the noise spectrum of the driving source,
up to a certain offset frequency [178, 179]. Other applications include phase shifting [180, 181],
phase modulation [35, 36] and frequency division by harmonic injection [182, 183]. Regarding
circuits with dual-resonant tanks, injection-locking of a circuit exhibiting concurrent oscillations
was presented in [184,185]. On the other hand, harmonic injection of a dual-frequency oscillator,
operating as a switchless frequency divider, was proposed in [186], without any analysis of the
possible coexisting solutions and their stability properties. The objective of this work is to
investigate the effect of a driving source on the global behavior and stability properties of an
oscillator exhibiting multiple oscillation modes.

In [21, 187], different methods are proposed to switch the oscillation frequency of dual-
resonance free-running oscillators, which are based on a judicious action on the initial condition,
so as to ensure system evolution to the desired stable oscillation mode. Here, a suitable control
of the driving source will be used for a fast transition between stable oscillations without any
switching devices. This capability will be theoretically justified with the detailed global stability
analysis presented, which should provide a quantitative prediction of the power levels required
for the transition. The study will enable an understanding and anticipation of injection-locked
behavior of an oscillator that incidentally exhibits more than one stable mode in free-running
conditions. Moreover, it will provide insight into the capabilities and limitations of switchless
multimode oscillators [187], of interest in forthcoming communication system, since there is a
trend towards operation with multiple standards [188].

The whole investigation will be based on a detailed analysis of the qualitative stability
changes or bifurcations [24, 43, 49], obtained when increasing the input power at a frequency
close to that of one of the original free-running modes. This fundamental-frequency injection-
locking will be considered as a central case. In fact, due to the expected high complexity of

131



132 CHAPTER 5. ANALYSIS OF OSCILLATION MODES IN ILROs

the behavior, it is reasonable to start with this fundamental case. On the other hand, the most
relevant aspects of the behavior should be similar in subsynchronized oscillators and harmonic-
injection frequency dividers, due to the conceptual similarities [189,190].

5.2 Solution Curves of the Injection-Locked Oscillator

Initially, the stability analysis is applied to the simplified three-stage ring oscillator of Figure
4.9 of Chapter 4. In this analysis, FET devices are described by Angelov’s model with parasitic
elements added to the gate terminal. In free-running regime, the circuit exhibits two coexisting
steady-state oscillations, with the respective inter-stage phase shifts of 0◦ and 120◦. Figure
4.11(b) shows the evolution of each oscillation amplitude versus gate bias voltage (VGS). In
Chapter 4, a stability analysis was performed along the two periodic solution curves, showing
that both are stable for VGS > −0.963 V. In the following, the gate bias voltage will be fixed to
VGS = −0.3 V, analyzing the evolution of the two oscillation modes versus the power delivered
by a driving source. At the bias point selected (VGS = −0.3 V), in free-running conditions,
the frequencies of the 0◦ and 120◦ oscillation modes are respectively f0◦ = 16.18 GHz and
f120◦ = 6.38 GHz.

Together with the two periodic oscillations at the respective frequencies ω0◦ and ω120◦ , the
circuit exhibits a free-running quasi-periodic solution with two incommensurate fundamental
frequencies near those corresponding to the individual periodic modes, that is, ω1 ∼= ω0◦ and
ω2 ∼= ω120◦ . This quasi-periodic solution is generated at the inverse Hopf bifurcation (IH)
undergone by the curve corresponding to the 120◦ periodic mode in Figure 4.11(b). The stability
of this solution will be analyzed in Section 5.3.3 due to the relevance of its stability properties
on the circuit behavior in injection-locked conditions, as will be shown in Sections 5.2-5.3. It
must be noted that the quasi-periodic solution obtained has two autonomous frequencies (i.e.
two degrees of autonomy) which preserve the original phase shifts between the stages, that is,
0◦ at the fundamental frequency f1 = 16 GHz and 120◦ at f2 = 6 GHz. At VGS = −0.3 V, the
particular values of the fundamental frequencies are f1 = 16.22 GHz and f2 = 5.52 GHz.

For the circuit analysis in injection-locked conditions, a one-tone current source is introduced
in parallel with one of the 50-Ω loads, as gathered from Figure 4.9. This allows to represent the
input generator as a Norton equivalent. The angular frequency of the driving source, ωs, will be
initially made approximately equal to the free-running angular frequency of the 120◦ oscillation
mode, obtaining the evolution of the circuit solutions versus the input power. Then, the input
angular frequency will be made equal to that of the 0◦ mode to carry out a similar study.

Intuitively, if the frequency of the driving source is near the frequency of the 120◦ oscillation
mode, one would expect synchronization of this mode with the driving source, giving rise to a
periodic solution. However, the signal delivered by the driving source might also simply mix with
the oscillation frequency of the free-running 0◦ oscillation mode, giving rise to an asynchronous
quasi-periodic oscillation. The two possibilities are investigated in the following.

5.2.1 Injection-Locked Periodic Solution

Synchronization of the 120◦ mode with the injection source, without any other additional oscil-
lation, is initially assumed. The angular frequency of this source is made equal to the angular
frequency of the free-running mode at 120◦, within the analysis accuracy, ωs ≈ ω120◦ . The
synchronized periodic solution is analyzed with an auxiliary generator (AG) —see Section 2.3.6
of Chapter 2— operating at the angular frequency of the driving source ωAG = ωs120◦ . Due to
the phase relationship between the oscillation and the driving source, the AG nonperturbation
condition (current-to-voltage ratio YAG equal to zero) is resolved in terms of the AG amplitude
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Figure 5.1: Bifurcation diagram traced versus input power for fs = 6.38 GHz (near the free-running
frequency of the 120◦ oscillation mode). The injection-locked ring oscillator used is based on Angelov’s
GaAs FET model comprising gate parasitic elements. Unstable sections are traced in dashed line. Input
power in mW (a) and in dBm (b).

and phase. The outer-tier equation is: YAG(VAG, φAG) = 0, where VAG and φAG are the AG
amplitude and phase, respectively, whereas the inner tier equation is constituted by the pure
harmonic balance (HB) system.

The above method has been used to trace the periodic solution curve versus the input power
(Ps), marked 120◦ injection-locked periodic oscillation in Figure 5.1. A parameter switching
algorithm in commercial HB software, as described in Section 2.3.7 of Chapter 2, has been applied
to pass through high slope sections [24]. For low input power, there are three coexisting solutions.
Two of these solutions are relatively close in the diagram (sections merging at T1), whereas the
third solution has lower amplitude and corresponds to the section going from Ps = 0 up to T2,
which originates from zero amplitude at the fundamental frequency. The first two correspond
to injection-locked periodic solutions, each with a different phase relationship with respect to
the driving source, obtained for the particular ωs value considered [24]. These two solutions are
inherent in any fundamentally injection-locked oscillator with low injection power [24]. In the
lower amplitude solution, the oscillation is not excited and the circuit simply responds to the
driving source in a nonautonomous fashion [24].

As discussed in Section 1.3.2 of Chapter 1, the stability of a periodic solution is deter-
mined by a finite set of Floquet multipliers {m1, . . . ,mN}, the total number agreeing with
the system dimension N . Floquet multipliers are related to the solution poles through the
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nonunivocal relationship (1.23) [44, 51], where T = 2π/ωs is the solution fundamental period.
Each Floquet multiplier mi is thus associated with an infinite set of poles of the form (1.24).
For stability, all the poles must be located on the left-hand side of the complex plane (LHP), or,
equivalently, all the Floquet multipliers, which may be either real or complex conjugate, must
have magnitude smaller than one. Although the stability is analyzed in practice by means of
pole-zero identification [25, 55], the Floquet multipliers are conceptually essential to derive and
understand the bifurcation relationships. To perform the pole-zero identification [25,55], a small
signal current source at the perturbation angular frequency Ω, nonharmonically related to ωs,
is introduced into the circuit. The aim is to obtain a closed-loop transfer function, given by the
ratio between the node voltage and the current introduced, and then use a numerical technique
to identify the poles and zeroes of this function [25]. The results of pole-zero identification
indicate that the upper section of the periodic curve is stable (solid-line section of the curve
marked 120◦ injection-locked periodic oscillation in Figure 5.1). Section T1-IH is unstable with
one Floquet multiplier m1 > 1. In fact, the turning point T1 is a synchronization point (a
local-global bifurcation, see Subsection 1.4.5.2 of Chapter 1). Prior to this point, that is, for
Ps < Ps(T1), a quasi-periodic solution at the two incommensurable frequencies ωs and ω120◦

would be observed, which is extinguished at T1. As the input power Ps increases from zero and
T1 is approached, the oscillation angular frequency ω120◦ gets closer to ωs, with the difference
between the two frequencies becoming zero at T1 [24, 39, 63]. At this point, the quasi-periodic
solution is extinguished due to the synchronization of the oscillation at ω120◦ with the driving
signal at ωs. In the particular case of Figure 5.1, the synchronization point T1 is very close to
the vertical axis (Ps = 0) because the angular frequency of the driving source is very similar to
the free-running angular frequency of the 120◦ oscillation mode, that is, ωs ≈ ω120◦ . For bigger
difference between the two frequencies, the turning point T1 would be obtained for higher input
power.

5.2.2 Quasi-periodic regime

Prior to introduction of the synchronizing source, the 0◦ oscillation mode is stable at the bias
point considered (VGS = −0.3 V). Here, the quasi-periodic regime at the two fundamental fre-
quencies ωs and ωa0◦ will be investigated. The subindex “a” for the autonomous component
indicates that this angular frequency changes from its original free-running value when varying
the input power. On the other hand, to avoid confusion, the notation ωs = ωs120◦ will be
used to denote an input angular frequency agreeing with that of the free-running mode at 120◦,
within the analysis accuracy. To obtain the quasi-periodic solution at ωs120◦ and ωa0◦ , only
one AG [24] is initially used, operating at the angular frequency of the 0◦ mode (ωAG = ωa0◦).
Because ωa0◦ is incommensurable with the angular frequency of the driving source (ωs120◦), the
nonperturbation condition will be solved in terms of the AG amplitude and angular frequency:
YAG(ωAG, VAG) = 0, with VAG and ωAG being the AG amplitude and angular frequency, re-
spectively. This equation constitutes the outer tier of the nonlinear system whereas the pure
two-tone HB system (at ωs120◦ and ωa0◦) constitutes the inner tier.

In Figure 5.1, the quasi-periodic solution is traced versus the input power in terms of the
output power at each of the two fundamental frequencies ωs120◦ and ωa0◦ . The upper section of
the quasi-periodic solution, up to TQ1, was obtained successfully with the single-AG technique
described above. However, from the turning point TQ1, there is no longer a solution of the
outer-tier equation YAG(ωAG, VAG) = 0, so the curve cannot be completed with this procedure.
This is because the circuit has started to oscillate simultaneously at the frequencies of the two
modes. Since ωs ≈ ω120◦ , synchronization of the oscillation at ω120◦ with the driving source
at ωs120◦ can be expected. To trace the remaining sections of the quasi-periodic solution, two
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AGs have been used, at the respective oscillation frequencies ωAG1 = ωs120◦ and ωAG2 = ωa0◦ .
The first AG at ωAG1 = ωs120◦ , with amplitude VAG1 and phase φAG1, plays the role of the
oscillation at ω120◦ synchronized with the driving source. Due to this synchronization, a phase
relationship is established between the first AG and the driving source, thus the need of the
phase variable φAG1. The second AG at ωAG2 = ωa0◦ with amplitude VAG2 plays the role of the
nonsynchronized (autonomous) oscillation at ωa0◦ . The outer tier of the two-tone HB is now
constituted by the following system of equations:

YAG1(VAG1, φAG1, ωAG2, VAG2) = 0
YAG2(VAG1, φAG1, ωAG2, VAG2) = 0 . (5.1)

Using (5.1) it has been possible to complete the quasi-periodic solution curve shown in Figure
5.1. Note that the use of (5.1) is necessary in sections where the output power at ωs120◦ becomes
significant, this indicating that the oscillation at ωs120◦ has actually arisen in the circuit.

The amplitude at ωa0◦ decreases to zero at Ps = 6.07 mW. At this input power value the
curve at ωs120◦ joins the periodic synchronized solution in a branching point, which corresponds
to an inverse Hopf bifurcation (IH) undergone by the synchronized periodic solution at ωs120◦ ,
in total agreement with the results of pole-zero identification. This identification provides three
unstable poles in section IH-T2: one positive real pole and a pair of complex-conjugate poles
with positive real part and angular frequency close to ω0◦ . This new result evidences the close
relationship between the quasi-periodic and periodic injection-locked solutions in the dynamics
of the global system, with the former having a direct impact on the stability properties of the
periodic modes.

For input power tending to zero, a second turning point (TQ2) is found in the quasi-periodic
solution curve. Taking into account the phase relationship observed with the analysis in (5.1),
the turning point TQ2 should correspond to a synchronization point (local-global bifurcation)
where the oscillation angular frequency ωa120◦ synchronizes with ωs120◦ . This point is con-
ceptually similar to the point T1 in the injection-locked periodic solution curve. In fact, for
Ps = 0, the circuit exhibits a free-running quasi-periodic regime at the fundamental frequen-
cies f1 = 16.22 GHz and f2 = 5.52 GHz, as shown in Figure 4.11(b) of Chapter 4. For input
power below TQ2, the input angular frequency ωs120◦ mixes with ωa0◦ and ωa120◦ , giving rise to
a three-fundamental quasi-periodic solution. The initial section of the three-periodic solution
path has been traced in Figure 5.1(b), using two AGs, one at each oscillation angular frequency,
ωAG1 = ωa0◦ and ωAG2 = ωa120◦ , in a three-tone HB simulation. The voltage amplitude at
each independent fundamental has been traced versus Ps. It was not possible to complete the
curve due to numerical issues when solving the nonperturbation condition in the three-tone HB.
In spite of this, the achievement of good convergence in the small section represented confirms
the existence of this three-periodic solution. In Figure 5.1(b), at the turning point TQ2, the
oscillation at ωa120◦ synchronizes with the driving source at ωs120◦ and, from this point, the
solution is quasi-periodic with two fundamental frequencies: ωa0◦ and ωs120◦ . Regarding the
evolution of the three-periodic solution path in Figure 5.1(b), at TQ2, the curve at ωa120◦ is
expected to decay to zero and the curves at ωs120◦ and ωa0◦ to join the corresponding curves
of the two-fundamental quasi-periodic solution (at ωs120◦ and ωa0◦) in a discontinuous (global)
bifurcation.

It must be emphasized that the existence of a free-running quasi-periodic solution (obtained
for input power tending to zero in Figure 5.1) is not an exotic situation. On the contrary, for
the stabilization of a particular free-running oscillation mode, this mode must undergo as many
inverse Hopf bifurcations as the number of pairs of complex-conjugate poles on the right-hand
side of the complex plane (RHP) exhibited by the mode when it arises from the dc regime, as
shown in Section 1.4.3 of Chapter 1. At each of these inverse Hopf bifurcations, a quasi-periodic
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Figure 5.2: Bifurcation diagram traced versus input power for fs = 16.18 GHz (near the free-running
frequency of the 0◦ oscillation mode). The injection-locked ring oscillator used is based on Angelov’s
GaAs FET model comprising gate parasitic elements. Unstable sections are traced in dashed line. Input
power in mW (a) and in dBm (b).

regime (either stable or not) will be extinguished. Therefore, the system evolution illustrated in
Figure 5.1 can be considered general for injection-locked multimode oscillators.

To summarize, for low input power at ωs120◦ two qualitatively different solutions can be
physically observed: a periodic solution in which the 120◦ oscillation mode is synchronized with
the driving source and a two-fundamental quasi-periodic solution in which the driving signal
at ωs120◦ mixes with the 0◦ oscillation mode. In the latter case, two different situations are
possible: an asynchronous quasi-periodic solution in which the circuit only oscillates at ωa0◦

mixing with ωs120◦ and a second case in which the circuit oscillates both at ωa0◦ and at ωs120◦ ,
the later oscillation being synchronized with the driving source.

Figure 5.2 shows the solution curves obtained when the angular frequency of the driving
source approximately agrees with the free-running angular frequency of the 0◦ oscillation mode,
which is indicated as ωs ≈ ωs0◦ . The behavior is totally analogous to the one obtained for ωs120◦ .
However, there are some details that deserve a comment. First, the turning point TQ1 in Figure
5.2 is obtained for higher power than in Figure 5.1, above the point IH where the quasi-periodic
regime is extinguished. This means that the quasi-periodic regime is not actually extinguished
at IH and persists up to TQ1. As will be shown in Section 5.4.1, the input power for which TQ1
occurs has a direct impact on the size of the basin of attraction [51] of the particular oscillation
mode, that is, the set of initial values from which the system evolves to this stable mode. Second,
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the synchronization point TQ2 is obtained for higher input power in Figure 5.1 than in Figure
5.2, and this is not by chance. Similarly to what happened with the synchronization point T1
in the injection-locked periodic regime, TQ2 will get closer to the vertical axis (Ps = 0) as the
angular frequency of the driving source ωs approaches the corresponding fundamental angular
frequency (120◦ component) of the free-running quasi-periodic solution at VGS = −0.3 V. In
free-running conditions, the frequency difference between the 120◦ periodic oscillation mode and
the 120◦ component of the quasi-periodic oscillation is 837 MHz whereas the difference between
the 0◦ periodic-oscillation mode and the 0◦ component of the quasi-periodic solution is 39 MHz.
Taking into account that the frequency of the driving source has been chosen near the frequencies
of the free-running periodic modes, this explains why TQ2 is obtained for smaller input power
in Figure 5.2 than in Figure 5.1. Figure 5.2(b) shows the evolution of the voltage amplitude
of each independent fundamental of the three-periodic solution at ωa0◦ , ωa120◦ and ωs0◦ versus
Ps. In this case, it has been possible to complete the curve due to better convergence in the
three-tone HB. The discontinuous jump observed in the branch at ωs0◦ at the synchronization
point TQ2 evidences the global nature of this bifurcation.

5.3 Stability Analysis of the Injection-Locked Oscillator

The stability analysis of the solution curves in Figures 5.1-5.2 will be based on three elements:
bifurcation relationships, derived from the Center Manifold Theorem [42, 50, 65, 66, 163] and
extended to the case of quasi-periodic solutions [68], full application of pole-zero identification
and the new concept of stability constraints, that is, previous knowledge of stability properties in
limit conditions, such as input power tending to zero (free-running operation) or when periodic
synchronization is actually achieved.

As discussed in Section 1.3.3 of Chapter 1, the stability of a quasi-periodic solution with two
fundamental frequencies ω1 and ω2 is determined by the Lyapunov exponents [51,67], which are
a set of N real values (with N being the system dimension) that describe the average contraction
or expansion of the perturbation vector containing the state variables. There is a nonunivocal
relationship between the Lyapunov exponents and the poles associated with the quasi-periodic
solution, such that an ideally infinite set of poles of the form pn+j(k1ω1+k2ω2), k1, k2 ∈ Z, maps
onto the same Lyapunov exponent λn = Re(pn). In practice, these poles can be obtained by
means of pole-zero identification [25,55]. A small-signal current source at an angular frequency
Ω, that is non-harmonically related to either ω1 and ω2, is connected to a sensitive circuit node.
This small-signal source is used to obtain a closed-loop transfer function, given by the ratio
between the node voltage and the current introduced. The node voltage can be calculated with
the conversion matrix approach [37,132], used to linearize the circuit with respect to the source
at Ω about the quasi-periodic solution at ω1 and ω2 obtained with two-tone HB. Pole-zero
identification is applied to this transfer function. The repetition of poles at the intermodulation
frequencies k1ω1 +k2ω2 with k1, k2 ∈ Z will result in a highly populated pole locus, which makes
pole-zero identification involved from a numerical point of view.

Another relevant aspect of the stability analysis performed here is the fact that a quasi-
periodic solution with one autonomous fundamental possesses one Lyapunov exponent λ1 of
zero value [51]. For stability of this solution, the other N − 1 Lyapunov exponents must be
negative. In the case of a quasi-periodic solution with two autonomous fundamentals, like the
one in Figure 4.11(b) of Chapter 4, there are two Lyapunov exponents of zero value [51], λ1 = 0
and λ2 = 0, associated with each independent oscillation. For stability, the otherN−2 Lyapunov
exponents must be negative.

In the following, use will be made of stability constraints to simplify the stability analysis of
the quasi-periodic solution curves in Figures 5.1-5.2.
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5.3.1 Constraint I: Stability of the Periodic Free-Running Regime

For low input power, the quasi-periodic solution arising from the free-running mode at ω0◦ in
Figure 5.1, and having ωs120◦ and ωa0◦ as independent fundamentals, is necessarily stable. This
is because the free-running mode at ω0◦ was originally stable [as shown in Figure 4.11(b) of
Chapter 4] and a driving source at ωs with low power cannot change these original stability
properties, due to linear behavior of the circuit with respect to this source. This information
about the stability properties of the free-running periodic mode at ω0◦ constitutes Constraint I.
Pole-zero identification applied between this initial point of the curve and the turning point TQ1
confirms that the upper section of the quasi-periodic curve is stable (marked with solid-line in
Figure 5.1). Because of the solution autonomy at the fundamental angular frequency ωa0◦ , there
are poles on the imaginary axis at the intermodulation frequencies k1ωs120◦ +k2ωa0◦ , k1, k2 ∈ Z,
associated with λ1 = 0, and all the remaining poles are on the LHP. The same Constraint I is
applicable to the quasi-periodic solution with fundamental frequencies ωs0◦ and ωa120◦ in Figure
5.2, because the free-running mode at ω120◦ was also originally stable.

5.3.2 Turning Point TQ1

As the input power increases, the quasi-periodic solution path remains stable, up to the turning
point TQ1, where a Lyapunov exponent crosses through zero. The bifurcation relationship at
TQ1 is given by

QN−1, 0, 1 + QN−2, 1, 1 → ∅, (5.2)

whereN is the system dimension and the superindexes indicate the number of negative Lyapunov
exponents (constituting the stable eigenspace), positive Lyapunov exponents (constituting the
unstable eigenspace) and zero-value Lyapunov exponents. The symbol ∅ indicates the absence of
solution after the turning point. Because the upper section is stable, the quasi-periodic solution
is of the form QN−1, 0, 1 prior to the turning point. At TQ1, a Lyapunov exponent passes through
zero and the quasi-periodic solution exhibits two Lyapunov exponents of zero value at this point.
This is in agreement with the singularity observed in the quasi-periodic solution curve versus
the parameter (infinite slope). From TQ1, the quasi-periodic solution becomes unstable with
one positive Lyapunov exponent λ2, up to the turning point TQ2, where a second Lyapunov
exponent passes through zero, giving rise to a second point of infinite slope. Only two situations
are possible: either the positive Lyapunov exponent λ2 passes through zero again at TQ2 and
becomes negative after this point or a different Lyapunov exponent λ3 becomes positive at TQ2,
giving rise to an unstable solution with two positive Lyapunov exponents after TQ2. Pole-
zero identification along the remaining sections of the quasi-periodic curve became numerically
involved, which is attributed to the amplitude reduction of the autonomous component and the
high slopes observed, always associated with poles in the neighborhood of the imaginary axis.
This is why the stability properties of the free-running quasi-periodic solution are taken into
account to infer the stability of the quasi-periodic curve just after crossing the turning point
TQ2.

5.3.3 Constraint II: Stability of the Free-Running Quasi-Periodic Regime

As shown in Figure 4.11(b) of Chapter 4, prior to the introduction of the driving signal, there is
a free-running quasi-periodic solution coexisting with the two stable periodic oscillation modes
at ω0◦ and ω120◦ . The fundamental frequencies of this quasi-periodic solution are ω1 ∼= ω0◦ and
ω2 ∼= ω120◦ . As already stated, when introducing the driving signal, the angular frequency ωs
will mix with ωa0◦ ∼= ω1 and ωa120◦ ∼= ω2 to give rise to a three-fundamental quasi-periodic
solution [51]. However, for ωs120◦ near ωa120◦ and increasing the input power, synchronization
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Figure 5.3: Stability of the free-running quasi-periodic solution. (a) Pole locus assembling the results
of identification from 10 MHz to 16.5 GHz at the operation point VGS = −0.3 V. (b) Evolution of the
critical set of poles (evaluated at the intermodulation fundamentals ω120◦ and ω0◦) when crossing the
last turning point (TQ). The black arrows indicate the direction towards which the curve is analyzed.

of ωa120◦ with ωs120◦ will occur at the turning point TQ2 in a local-global bifurcation [24]. From
TQ2, the solution will be quasi-periodic at the two fundamental frequencies ωs120◦ and ωa0◦ (see
the curve in Figure 5.1). If the free-running quasi-periodic solution was originally stable, so will
be the three-periodic solution preceding the synchronization point and one of the two branches
of the two-fundamental quasi-periodic oscillation (at ωs120◦ and ωa0◦) merging at TQ2, due to
the continuity of the system equations.

The stability of the free-running quasi-periodic solution has been analyzed with pole-zero
identification. One problem associated with this analysis comes from the fact that the two
fundamental frequencies are autonomous and therefore there are two Lyapunov exponents of
zero value. The analysis has been carried out carefully. Firstly, the identification is applied at
the operation point VGS = −0.3 V, in several steps using overlapped frequency bands from low
frequency (10 MHz) up to 16.5 GHz. The results of this analysis are displayed in Figure 5.3(a),
showing that all the poles lie on the LHP. The critical set of poles has the frequencies of the
intermodulation products of ω1 and ω2. When decreasing the amplitude of the branch ω0◦ and
passing through the turning point TQ, this set of poles crosses through the imaginary axis to
the RHP [Figure 5.3(b)]. This is consistent with the system singularity at this point, since the
poles at k1ω1 + k2ω2, k1, k2 ∈ Z, are associated with a Lyapunov exponent of value zero and
constitutes a good indication of the accuracy of the analysis.

In view of the results of Figure 5.3, the upper section of the free-running quasi-periodic
solution is stable, of type QN−2, 0, 2. Because the free-running quasi-periodic solution is stable,
one of the sections of the quasi-periodic solution curve at ωs120◦ and ωa0◦ merging at the turning
point TQ2, should be stable too. Since according to (2) section TQ1-TQ2 is unstable with a
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positive Lyapunov exponent λ2, section after TQ2 is necessarily stable.
Constraint II implies that the quasi-periodic solution in Figure 5.1 is of type QN−1, 0, 1 from

TQ2. At the turning point TQ3 one Lyapunov exponent becomes positive and the solution in
the small interval TQ3-TQ4 is of type QN−2, 1, 1. At the fourth turning point TQ4, the number
of positive Lyapunov exponents should either increase or decrease in one. Again, the numerical
identification is found inaccurate due to the high slope of this section, associated with poles
near the imaginary axis. An additional constraint will be introduced to elucidate the correct
situation.

5.3.4 Constraint III: Inverse Hopf Bifurcation in the Periodic Synchronized
Solution

The third constraint is derived from the bifurcation relationship at the inverse Hopf bifurcation
(IH) in the periodic synchronized solution at ωs120◦ (Figure 5.1). In fact, the autonomous
component ωa0◦ of the two-tone quasi-periodic solution is extinguished at this Hopf bifurcation,
and the component at ωs120◦ merges with the periodic synchronized solution curve. The inverse
Hopf bifurcation in Figure 5.1 is of subcritical type (1.43d), as discussed in Subsection 1.4.3.2
of Chapter 1. This is because, in a neighborhood of the bifurcation, the quasi-periodic solution
exists before the pair of complex-conjugate poles, associated with the 0◦ oscillation mode, crosses
to the RHP [24].

Pole-zero identification applied to the periodic synchronized solution shows that section
T1-IH is unstable with one real Floquet multiplier m1 > 1. At the point IH, a pair of complex-
conjugate multipliers crosses the unit circle, so section IH-T2 is unstable with three Floquet
multipliers outside the unit circle. The Hopf bifurcation IH gives rise to the extinction of the
quasi-periodic solution at ωs120◦ and ωa0◦ . At a subcritical Hopf bifurcation from an unstable
periodic regime with a Floquet multiplier larger than one, the bifurcation relationship (valid in
the neighborhood of this bifurcation) is the following:

PN−1, 1, 0 + QN−3, 2, 1 → PN−3, 3, 0, (5.3)

where P indicates periodic solution and the corresponding superindexes indicate, respectively,
the number of multipliers with magnitude smaller than one (constituting the stable eigenspace),
the number of multipliers with magnitude larger than one (constituting the unstable eigenspace)
and the number of multipliers with magnitude equal to one. According to the bifurcation
relationship (5.3), the quasi-periodic solution extinguished at the Hopf bifurcation is unstable
with two positive Lyapunov exponents. The Lyapunov exponent of zero value is due to the
autonomy of the component ωa0◦ . This constraint completes the stability analysis of all the
solution curves in Figure 5.1. In summary, the stable sections of the quasi-periodic solution
at ωs120◦ and ωa0◦ (marked with solid line) are those comprised between Ps = 0 and TQ1 and
between TQ2 and TQ3.

An identical analysis has been applied for the investigation of the stability properties when
the driving source is introduced at the angular frequency of the 0◦ periodic oscillation mode,
that is, ωs ≈ ω0◦ . The synchronized periodic curve has the same stability properties as that in
Figure 5.1. The upper section of the quasi-periodic curve, up to the first turning point TQ1,
is stable. At the turning point TQ1, the bifurcation relationship (2) is fulfilled. Constraint II,
concerning the stability properties of the free-running quasi-periodic regime, also applies to this
case and it implies that section from TQ2 is stable. There are some sections of the curve that
could not be completed because of numerical issues. The curve geometry implies that none
or an even number of turning points may be found in those sections. On the other hand, the
constraints derived are still applicable and helpful to understand the circuit behavior in other
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regions. To derive Constraint III, it is taken into account that the inverse Hopf bifurcation in
Figure 5.2 is of supercritical type (1.43c), as discussed in Subsection 1.4.3.2 of Chapter 1. This
is because, in a neighborhood of the bifurcation, the quasi-periodic regime only exists after the
pair of complex-conjugate poles, associated with the 120◦ oscillation mode, crosses to the RHP.
The bifurcation relationship at a supercritical Hopf bifurcation from a periodic regime with an
unstable positive Floquet multiplier is given by

PN−1, 1, 0 → PN−3, 3, 0 + QN−2, 1, 1. (5.4)

Therefore, the quasi-periodic solution between TQ3 and IH is unstable with one positive Lyapu-
nov exponent.

Note that the combined use of bifurcation relationships and stability constraints provides
insight into the evolution of the stability properties along the quasi-periodic solution curves,
alleviating the numerical cost and complexity of pole-zero identification.

5.4 Dynamical Effects of the Driving Source
In the following, dynamical effects under variation of the driving signal will be analyzed with
time-domain integration, which will enable a validation of the results obtained in previous
section, devoted to the stability and bifurcation analysis of the multimode injection-locked os-
cillator. The impact of the basins of attraction of the coexistent stable solutions on circuit
behavior will be investigated, as well as possible mechanisms to switch between these solutions.

5.4.1 Basins of Attraction

The basin of attraction of a given stable solution is the set of initial values in RN , where N is
the system dimension, for which the circuit evolves to this solution [51]. The basins of attraction
of two or more coexistent stable solutions are necessarily disjoint, due to continuity of system
equations. According to the analysis in Section 5.3, both the upper section of the periodic
synchronized curve and the asynchronous quasi-periodic solution in Figures 5.1-5.2 correspond
to stable solutions. Convergence to each solution requires an initial value within the basin of
attraction of this particular solution. The basin of attraction can be much larger for one solution
than for the other. Actually, the 120◦ free-running mode (6.38 GHz) is obtained in transient
simulations for a wide set of initial conditions, suggesting that its basin of attraction is much
larger than that of the 0◦ oscillation mode (16.18 GHz). Similarly, for low input power the
dominant solution in Figure 5.1 is the periodic injection-locked mode at fs = 6.38 GHz whereas
in Figure 5.2, the dominant solution is the quasi-periodic one, resulting from mixing of the
dominant oscillation at 6.38 GHz with the driving signal at fs = 16.18 GHz. As a matter of
fact, the turning point TQ1, which delimits the extension of the quasi-periodic solution versus
the input power, occurs at much higher input power in Figure 5.2 than in Figure 5.1. Note
that in Figure 5.2 the quasi-periodic solution involves the self-oscillation at the dominant mode
f120◦ = 6.38 GHz, whereas the quasi-periodic solution in Figure 5.1 involves the self-oscillation
at f0◦ = 16.18 GHz.

In the case of Figure 5.2, one way to excite the injection-locked periodic solution at ωs0◦ is to
increase temporally the input power up to a value for which the injection-locked periodic solution
at ωs0◦ is the only stable one. Doing so, the basin of attraction of the injection-locked periodic
oscillation at ω0◦ becomes the entire phase space RN and the circuit will evolve to this solution
for any initial condition. Then, the input power can return to its original value. When decreasing
the input power, the structure of the phase space changes and so does the basin of attraction of
the desired solution. However, because the state variables are already in the neighborhood of the
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Figure 5.4: Coexistence of several solutions in transient simulations. For ωs ≈ ω0◦ and Ps = 1 mW an
asynchronous quasi-periodic solution coexists with the injection-locked periodic oscillation. The latter
is achieved with an RF pulse at ωs of 20 mW and width = 0.2 ns applied at time = 250 ns. (a) Time
variation of the drain voltage, showing that both solutions are stable. (b) Spectrum of the asynchronous
quasi-periodic solution. (c) Spectrum of the injection-locked periodic solution.

desired attractor, the circuit will keep oscillating at this desired mode. The procedure described
is implemented as follows. The frequency and power of the driving source are respectively fixed
to 16.176 GHz and 1 mW (note that for this input power value both solutions coexist in Figure
5.2). Then, at time = 250 ns the input power is increased to 20 mW during 0.2 ns. After this,
the input power is taken back to its original value of 1 mW. The simulation results are shown
in Figure 5.4(a), where clearly two sections, with qualitatively different behavior, are obtained.
The solution obtained for time > 250 ns is the injection-locked 0◦ oscillation mode. Note that
only a short perturbation of 0.2 ns (about three cycles of 0◦ oscillation) was needed to switch
between solutions. The short transient observed can be explained as follows. When a driving
source at ωs is connected to the circuit, the state variables and their rate of variation are affected
by this source, so for ωs near the free-running angular frequency of one of the coexisting periodic
modes, the state variables will generally take values close to those of the particular solution,
ensuring a fast transition.

Figure 5.4(b) and Figure 5.4(c) show, respectively, the spectra of each steady-state waveform
(calculated in the time interval of observation of each solution). The results obtained using
time-domain integration demonstrate that the two types of solutions are stable and coexistent,
in agreement with the results of Section 5.3. On the other hand, by means of introduction of a
proper perturbation it is possible to lead the circuit to the desired solution.

5.4.2 Use of the Driving Source to Switch Between Free-Running Solutions

It is also possible to use the driving source to switch between stable free-running periodic oscil-
lations, disabling this source once the circuit has switched to the desired mode. The switching
is carried out introducing a short RF pulse at the frequency of one of the stable free-running
oscillations. For an initial perturbation at a drain node of 10−6 V, and without any driving
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Figure 5.5: Mode selection technique in time-domain. (a) Drain voltage evolution. (b) Representation
in a phase plane (i.e. output current versus drain voltage). The limit cycles (LC) of the modes have been
marked, respectively. The dotted line is the evolution from LC120◦ to LC0◦ after applying an RF pulse
of frequency 16 GHz, amplitude 13 mW and width 0.2 ns at time = 50 ns.

signal at fs, the circuit evolves to the 120◦ mode at 6.26 GHz. This is the expected behavior,
since the oscillation at 6.26 GHz is the default solution or solution with the largest basin of at-
traction. Then, an RF pulse of frequency 16 GHz (agreeing with the 0◦ mode) and power 13 mW
is applied to the circuit at time = 50 ns during 0.2 ns. The time variation of the drain voltage is
shown in Figure 5.5(a). After a short transient, the solution evolves to the 0◦ oscillation mode
and remains oscillating in this mode in free-running conditions. This short transient is due to
the effect of the driving source, leading the circuit variables close to the desired steady-state
oscillation. For confirmation, the solution has been represented in a phase plane [Figure 5.5(b)],
where the transition from the limit cycle of the 120◦ oscillation mode to the limit cycle of the
0◦ oscillation mode is clearly observed. The amplitude of the RF pulse has been chosen high
enough to ensure that the synchronized oscillation at is the only stable solution in the diagram
of Figure 5.1. The input power threshold to switch from ω120◦ to ω0◦ agrees with the input pow-
er at the turning point TQ1, at which the asynchronous oscillation is extinguished. Therefore,
the frequency-domain bifurcation diagrams of Figure 5.1 and Figure 5.2 enable a quantitative
analysis of the perturbation required to make the circuit switch from one oscillation to the other,
which is believed to be a novel and relevant result.
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Figure 5.6: Photograph of the prototype used in measurements. It is an injection-locked three-stage
ring oscillator based on NE3210S01 Hetero Junction GaAs FET whose schematic can be found in Figure
4.13(a) of Chapter 4.

5.5 Experimental Design with Six Oscillation Modes

The analysis of multimode oscillators with a driving source will be applied to the same prototype
used in Chapter 4 [Figure 4.13(a)]. The former study only considered free-running operation
(without any time-varying forcing source). The experimental circuit is a 3-stage ring oscillator
based on NE3210S01 Hetero Junction GaAs FET biased in Class-A and built on RO4003 sub-
strate (h = 0.508 mm, εr = 3.38). The photograph of the circuit, including the input generator,
is shown in Figure 5.6. In the study of Chapter 4, three stable free-running oscillation modes
were detected experimentally, at the respective frequencies 9.4 GHz, 11.6 GHz and 12.7 GHz.
However, in simulation six stable modes were obtained. The additional modes could not be
experimentally obtained since in free-running operation there was no way to provide initial
conditions in their respective basins of attraction. The first objective will be to investigate
the possible use of an external generator (as shown in Section 5.4) to obtain the additional
oscillations. Then, the behavior in injection-locked conditions will be analyzed.

5.5.1 Control of Free-Running Oscillation Modes

The technique to control the free-running oscillation modes is described in the following. The
transistors are biased at a fixed gate bias voltage to avoid gate self-biasing, whereas the drain
bias voltage and the driving source are off. Next, the driving source is turned on at a frequency
close enough to the free-running frequency of the mode to be excited. For enough input power,
the injection-locked periodic solution with the desired mode is expected when turning on the
drain bias voltage at the operation value VDS = 2.81 V. Because the circuit is already oscillating
in large-signal regime at a frequency near that of the desired free-running mode, when turning
the driving source off, the circuit will continue to oscillate in this mode. This capability suggests
the possibility to apply this concept for the design of reconfigurable oscillators, using the change
in the frequency of the driving source as a mode-selection technique. One advantage in the use
of a driving source to switch between solutions is the short transient obtained when this source
is connected.
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Table 5.1: Minimum input power1 for mode selection

f0 (GHz) →
↓ VGS (V) 9.29 11.58 12.57 13.44 14.79 15.37

−0.2 N/A −∞ 0.5 6.2 3.2 N/A
−0.5 −3.2 N/A −∞ 2.8 −9.1 −1.6

1 Units in dBm. Ps min = −∞means it is the default solution obtained
for a wide set of random initial conditions.
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Figure 5.7: Free-running oscillation modes in the experimental design: output power at the first har-
monic versus gate bias voltage. Unstable sections are traced in dashed line. When applicable, the last
inverse Hopf bifurcation leading to the stabilization of the mode is indicated in the curve. Measurements
(symbols) show good agreement with simulations (lines). The operation point chosen for the analysis in
Section 6.7 of Chapter 6 has been marked in gray.

Using the driving source to initialize the oscillations, three additional stable free-running
modes that could not be detected experimentally in Chapter 4 have been measured. The fre-
quencies of these modes are 13.5 GHz, 14.8 GHz and 15.4 GHz. Table 5.1 summarizes the values
of input frequency and minimum input power to select each mode (in free-running regime) when
considering two values of the gate bias voltage: VGS = −0.2 V and VGS = −0.5 V. Note that the
stability properties of the oscillation modes change with the gate bias voltage. Once a mode is
excited using the driving source, the gate bias voltage VGS can be varied to obtain the evolution
of the mode versus VGS without repeating the technique for each VGS value. This is because
each solution point provides a nearby initial value for the next point. Figure 5.7 presents the
evolution of the seven oscillation modes versus the gate bias voltage, with measurements of the
six detected modes superimposed. Note that the simulated mode at 10.8 GHz is unstable and
this is why it could not be measured. The oscillation power and frequency of each mode show
good agreement with the experimental results (see table in the inset).

5.5.2 Multimode Oscillator in Injection-Locked Conditions

According to the study in Section 5.3, it is possible to injection-lock each of the original coexistent
oscillations in a multimode oscillator, given that the frequency of the periodic source is close
enough to that of the particular oscillation in free-running conditions. Assuming P stable modes,
for low input power, each stable (periodic) injection-locked oscillation will coexist with P − 1
stable asynchronous quasi-periodic solutions. In each of these solutions, the driving signal mixes
with an oscillation different from the injection-locked one. This coexistence of stable solutions
was demonstrated in Section 5.3.2 using time-domain integration. Here, in the experimental
design, it will be validated with measurements.
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(a)

(b)

Figure 5.8: Coexistence of the asynchronous quasi-periodic solution (a) with the injection-locked pe-
riodic solution (b) for low input power (−20 dBm) in the experimental design. The later is obtained
introducing a large perturbation, for instance, touching a track directly with a finger.

The gate bias voltage is adjusted to −0.2 V. Then, the frequency and power of the input
generator are set to 12.565 GHz and −20 dBm, respectively. The drain bias is turned on and the
quasi-periodic solution in Figure 5.8(a), resulting from the mixing of the free-running mode at
11.538 GHz with the input generator, is observed. There is no oscillation synchronized with the
source frequency fs = 12.565 GHz, as has been verified varying the input frequency. When doing
so, no Adler spectrum, characteristic of loss of synchronism [159], is observed at any frequency
value. Therefore, the quasi-periodic solution obtained is asynchronous, qualitatively similar to
those in Figures 5.1-5.2 (stable section from Ps = 0 to TQ1). Evolution to the injection-locked
periodic solution is observed [Figure 5.8(b)] when introducing a large perturbation (touching a
track directly with a finger). Therefore, coexistence of the asynchronous quasi-periodic solution
with the injection-locked solution is demonstrated experimentally.

Let a particular periodic oscillation be injection-locked. As the input power increases, the
quasi-periodic solutions, which coexist with this periodic mode, are extinguished in a sequence of
inverse Hopf bifurcations. For M original periodic oscillation modes (either stable or not), there
should be at least M − 1 inverse Hopf bifurcations, as many as the number of quasi-periodic
solutions coexisting for small input power (note that only P −1 of them are stable). Due to sys-
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tem complexity and high number of coexisting oscillations (M = 7) in the experimental circuit,
instead of tracing the entire quasi-periodic solution curves, Hopf bifurcations, occurring along
the periodic solution path, will be detected. At each inverse Hopf bifurcation, the circuit fulfills
the steady-state oscillation condition at a frequency different from that of the injection-locked
solution, with amplitude tending to zero [24]. Therefore, Hopf bifurcations can be detected
with a small-signal analysis performed about the large-signal injection-locked periodic solution,
by means of the conversion matrix approach. For detection of the successive inverse Hopf
bifurcations, the following procedure is applied. An AG at the frequency of the injection-locked
solution is introduced into the circuit, as described in Section 5.2.1. Additionally, a small-signal
current source at an incommensurable frequency is also connected in parallel, playing the role of
the vanishing oscillation. The AG is used to calculate the steady-state injection-locked periodic
solution and the small signal source is used to linearize the circuit about this solution. At each
Hopf bifurcation, the system must satisfy the following mathematical conditions:

YAG(VAG, φAG) = 0
Ya(VAG, φAG, ωa) = 0 . (5.5)

where VAG and φAG represent respectively the amplitude and phase of the AG providing the
injection-locked periodic oscillation at ωs and ωa is the angular frequency of the oscillation
vanishing at the particular inverse Hopf bifurcation. For ease of detection of M − 1 Hopf
bifurcations, the initial ωa value is set close to the oscillation angular frequency of each of the
coexisting free-running modes.

Application of the above method to the injection-locked periodic solution at 12 GHz (mode
6 in Figure 5.7) provides the results in Figure 5.9(a). The oscillation power at the fundamental
frequency has been traced versus the input power. The sequence of six inverse Hopf bifurcations,
where the coexistent quasi-periodic solutions successively vanish, is indicated in the figure. In
the notation used in Figure 5.9 (as well as in Figure 5.7) each inverse Hopf bifurcation is marked
with IH. The subindex refers to the mode being analyzed whereas the superindex in brackets
indicates the mode whose corresponding poles are involved in the bifurcation. For validation of
the analysis in (5.5), pole-zero identification has been applied along the periodic path of mode 6.
Figure 5.9(b) shows the evolution of the real part of the dominant poles along a section starting
below IH(3)

6 and ending above IH(4)
6 (last inverse Hopf bifurcation of mode 6). Note that the

scale of the input power axis is purposely the same as the one in Figure 5.9(a) to facilitate the
comparison. The input power at which each pair of complex-conjugate poles crosses through
zero shows good agreement with the results in Figure 5.9(a), which validates the analysis (5.5).

If a particular quasi-periodic solution exhibits turning points (like TQ1 in Figure 5.2), it will
coexist with the injection-locked periodic solution beyond the inverse Hopf bifurcation point.
However, this coexistence generally occurs in a small interval of input power values, since the
negative resistance, responsible for the undesired oscillation, usually decreases quickly with input
power beyond the Hopf bifurcation, due to the relatively large amplitude of the solution.

Figure 5.9(c) shows the seven coexisting injection-locked periodic solutions. The oscillation
power at the fundamental frequency is traced versus the input power. Note that the injection-
locked solution corresponding to each original oscillation mode can only be observable from
the last inverse Hopf bifurcation, indicated in Figure 5.9(c). One should keep in mind the
relevance of the turning point obtained for low input power in each injection-locked periodic
curve and marked in all the curves of Figure 5.9(c). As already discussed in Section 5.2, it is
a synchronization point (local-global bifurcation), at which the corresponding oscillation mode
gets locked to the driving source. The last inverse Hopf bifurcation occurs below this turning
point in the modes that were originally stable in free-running conditions. One example is the
mode at 12 GHz in Figure 5.9(a). In the case of originally unstable free-running modes (4 and
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5 in Figure 5.7), the solution is still unstable after the synchronization point and stabilizes for
slightly higher power in the last inverse Hopf bifurcation [Figure 5.9(c)].

The previous result is believed to be relevant since a given oscillation mode, unstable in free-
running conditions, can be physically obtained in injection-locked conditions due to stabilization
versus the input power, as the modes 4 and 5 in Figure 5.9(c). The fact that the power required
for this stabilization is relatively small is also remarkable. Measurements, corresponding to the
modes at 11.6 GHz, 12.6 GHz, 13.5 GHz and 14.8 GHz (modes 6, 2, 5 and 7), are superimposed
in Figure 5.9(c). The remaining three modes are not experimentally found in free-running
conditions at VGS = −0.2 V (as can be gathered from Figure 5.7). When injection-locked, they
should be observable from the last inverse Hopf bifurcation which is not experimentally found
in Figure 5.9(c) for the maximum power considered.

5.5.3 Synchronization Bandwidth

The synchronization frequency band about each oscillation mode has been analyzed using an
AG of amplitude VAG, angular frequency ωAG = ωs and phase φAG. For a fixed input power
value Ps, the AG phase φAG is swept from 0 to 2π, solving the nonperturbation condition
YAG(ωs, VAG) = 0. For relatively low Ps, a closed synchronization curve [24, 39] is obtained for
each Ps value. The input power is varied in measurements using a 50-Ω matched external stepped
attenuator, introduced between the input generator and the circuit. The aim is to vary the input
power while preserving the impedance conditions seen at the input port. The stable section of the
closed synchronization curves are experimentally obtained enabling the frequency sweep function
of the input generator while holding the amplitude of the first harmonic in the screen of the
spectrum analyzer. Figure 5.10(a) shows the comparison between the simulated and measured
curves corresponding to the mode 7 in Figure 5.7. Each curve is obtained for a fixed value of input
power, starting in −20 dBm, up to 5 dBm in increments of 5 dB. A frequency shift, attributed
to modeling inaccuracies, can be observed. The measured bandwidths are in correspondence
with the simulated ones. The observation of Adler’s spectrum [159] in measurements and the
closed curves obtained in simulations are evidences of synchronized behavior.

The synchronization curves obtained experimentally for input power starting in −20 dBm,
up to 5 dBm in increments of 5 dB, are represented in Figure 5.10(b). The measured bandwidths
are indicated for the particular input power value Ps = −5 dBm. The curves are measured at
a gate bias voltage value for which the original free-running mode is stable in Figure 5.7. A
comment should be made about the experimental mode at 13.5 GHz. While it has been possible
to obtain its free-running bifurcation diagram versus the gate bias voltage, its synchronization
ellipses could not be traced experimentally because any small variation in the input frequency is
enough to fall into the basin of attraction of the dominant mode at 12.6 GHz. The quasi-periodic
solution in which the oscillation mode at 12.6 GHz mixes with the input generator at 13.5 GHz
is observed instead.

5.5.4 Frequency Switching

Finally, the input power requirements for the transition between oscillation modes have been
experimentally investigated. In this case, the transistor bias will not be altered and the aim
is to determine the minimum power required to switch between oscillation modes if this is
possible. According to the diagram in Figure 5.7 and Table 5.1, the number of coexistent stable
modes depends on gate bias voltage. Thus, two values of gate bias voltage have been consid-
ered: −0.2 V, for which four modes coexist (11.6 GHz, 12.6 GHz, 13.4 GHz and 14.8 GHz), and
−0.5 V, for which five modes coexist (9.3 GHz, 12.6 GHz, 13.5 GHz, 14.8 GHz and 15.4 GHz).
The results obtained are summarized in the transition diagrams in Figure 5.11. Each arrow
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Figure 5.9: Injection-locked oscillation modes in the experimental design: output power at the first
harmonic versus input power (unstable sections in dashed line). (a) Detail of the complete sequence of
bifurcations undergone by the mode at 12 GHz. (b) Evolution of the real part of the dominant poles of
mode at 12 GHz versus input power. (c) Comparison between simulated and experimental results for the
modes. The last bifurcation leading to the stabilization of each mode is marked in the figure. The last
inverse Hopf bifurcation in the sequence is indicated in all cases. Measurements (symbols) show good
agreement with simulations (lines).
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Figure 5.10: Synchronized solution curves versus input frequency in the experimental design. (a)
Comparison between the measured solution curves and the simulated ones for the mode at 14.8 GHz in
the experimental design. (b) Complete set of synchronization curves obtained in the measurement. The
synchronization bandwidth has been indicated in each oscillation mode for the particular input power
value Ps = −5 dBm.

indicates a possible transition from one mode to other one, with the minimum power (in dBm)
required for this transition. Note that there are transitions that are not marked. This is
because no transition could be obtained up to the maximum power delivered by the input gen-
erator. For VGS = −0.2 V, 6 transitions of a total number of 12 (50%) are possible whereas for
VGS = −0.5 V, 18 transitions of a total of 20 (90%) are possible; note that the minimum power
required to switch between modes that are common to the two bias points also differs from one
point to the other. This is because the basins of attraction of the stable solutions change when
a sensitive parameter of the circuit is varied, such as the gate bias voltage that has been used
here. This fact suggests that there are some parameter values better suited for reconfigurable
operation than others.

One must take into account that the devices used in the prototype have high transconduct-
ances inside the frequency band of the design (from 10 to 14 GHz), so entering the nonlinear
regime where the dynamics enable the extinctions of the undesired quasi-periodic solutions
requires a significant amount of input power. On the other hand, the transconductance of the
devices in a specific oscillator design in MMIC technology is usually low, this meaning that the
oscillator will reach soon nonlinear operation versus the input power. This result is interesting,
since transitions in a specific design may be addressed easily for low input power.
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Figure 5.11: Transition diagrams measured in the experimental design for two operation points. (a)
VGS = −0.2 V: four coexisting modes, 6/12 possible transitions. (b) VGS = −0.5 V: five coexisting
modes, 18/20 possible transitions.
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5.6 Chapter Summary
An in-depth stability analysis of injection-locked multimode oscillators has been presented. The
global bifurcation behavior has been investigated when varying the input power at a frequency
near that of any of the original free-running oscillation modes. It has been shown that for low
driving power each injection-locked oscillation coexists with as many two-fundamental quasi-
periodic solutions as the number of stable periodic oscillation modes in the original free-running
circuit. In each of these quasi-periodic solutions, the frequency of the driving source mixes
with that of one of the autonomous oscillations. The bifurcation mechanisms giving rise to the
successive extinctions of these quasi-periodic solutions have been investigated. Furthermore, the
possible stabilization of oscillation modes that are unstable in free-running conditions has been
demonstrated. This is believed to be relevant since solutions discarded due to their instabili-
ty in free-running conditions might actually be found physically in injection-locked operation.
The combined use of bifurcation relationships and stability constraints provides insight into
the evolution of the stability properties along the quasi-periodic solution curves, alleviating
the numerical cost and complexity of pole-zero identification. The basins of attraction of the
coexistent stable solutions, as well as possible mechanisms to switch between these solutions,
have been investigated. In general terms, an injection-locked solution is more robust versus
perturbations than a free-running one. As the input power increases, the basin of attraction will
generally increase and from some input power value, the particular mode will be the only stable
one in the phase space, that is, all the coexisting quasi-periodic solutions are extinguished for a
certain input power value. One can think of the input source as a basin of attraction “enhancer”.
However, because the basins of attraction are disjoint, it would be difficult (i.e. one would need
high input power) to reduce the basin of attraction of a mode that in free-running conditions has
a large basin of attraction. That is the case of the mode at 12.6 GHz in Figure 5.7. Following the
approach of Chapter 4, the stability analysis was initially applied to a simplified three-stage ring
oscillator, based on FET devices described by Angelov’s model with parasitic elements added
to the gate terminal. The advantage is the reduced complexity, enabling an exhaustive stabil-
ity analysis with relatively low computational cost. Then, the analysis has been successfully
validated with the accurately modeled ring oscillator, which was used as a demonstrator of the
theoretical results. It must be emphasized, however, that the concepts from bifurcation theory
and injection-locking dynamics on which the analysis is based are of general application to
any multimode oscillator. By using the same circuit, results regarding the free-running modes
previously obtained were taken as a starting point, with no need to reanalyze the circuit in
free-running conditions. Note that the experimental circuit is not optimized for injection-locked
operation, so better performance could be expected with a specific design. Six stable oscillation
modes were measured at several operation points and frequencies comprised between 9.4 and
15.4 GHz.



Chapter 6

Efficient Simulation of
Injection-Locked Oscillators

6.1 Introduction

Injection-locking [191–193] has multiple applications, such as phase noise reduction [192, 193],
high-gain amplification [194–196], compact and low-cost phase and frequency modulation [197–
199], phase shifting [33, 34, 200], and in the implementation of transponders and localization
systems [201–204]. Injection-locked oscillators exhibit solution curves with intricate geometries
when traced versus the input angular frequency ωs, injection current Is and other parameters.
For small input power, two different solution curves coexist [24,37–41]: a closed curve, composed
of the actual injection-locked solutions, and a low-amplitude (nonoscillatory) open curve, defined
for all frequency values. As the input power increases, both solution curves merge into a single
one, exhibiting several turning points. Turning points (or infinite slope points) are thus intrinsic
to the behavior of injection-locked oscillators. When approaching a turning point, convergence
problems are typically found in default harmonic balance (HB) due to ill-conditioning of the
Jacobian matrix. When occurring at low input power values, turning points are associated with
desynchronization, that is, the generation of a quasi-periodic solution at the two fundamentals
ωs and ωa (autonomous angular frequency) from zero angular frequency difference Ω = |ωs−ωa|
[24, 39, 42, 49, 63]. For higher input power, the quasi-periodic solutions are typically generated
at Hopf bifurcations, with angular frequency Ω = |ωs − ωa| 6= 0 [37,38,63], while turning points
of the periodic curves give rise to jump and hysteresis phenomena.

In previous works [24,38,39], auxiliary generators (AGs) have been used to avoid an undesired
convergence to the low-amplitude nonoscillatory solution. The auxiliary generator must fulfill
a nonperturbation condition corresponding to zero value of the AG current-to-voltage ratio
(YAG = 0). The injection-locked solution curves, intrinsically exhibiting turning points, are
obtained applying continuation methods (usually parameter switching) to the full HB system in
in-house software [37, 38], or to the AG outer-tier equation (YAG = 0) when using commercial
HB software [46,160,161], as discussed in Sections 2.3.5-2.3.7 of Chapter 2. In the latter case, the
outer tier is solved through optimization and the user is required to manually apply parameter
switching, stopping each ill-convergence simulation and choosing a different analysis parameter.
The procedure becomes cumbersome, especially in the region of intermediate input power.

In oscillating circuits in the presence of a periodic driving source and, in general, in any circuit
displaying synchronized operation, the desired periodic regime is given for certain intervals of
relevant parameters. Outside these intervals, the circuit behaves in an undesired mixer-like
regime in which the input signal mixes with the autonomous oscillation (self-oscillating mixer
regime) or in a nonoscillatory regime. The bounds of these intervals are given by bifurcation
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phenomena. Hopf bifurcation and turning point loci have a valuable practical interest since
in the plane defined by the input power and input frequency (or other relevant parameters)
the loci provide a “map” showing regions with different qualitative behavior, i.e. periodic,
quasi-periodic and hysteresis [24, 37–39]. Bifurcation loci are obtained solving a mixed system
of equations composed of the harmonic-balance equation and a bifurcation condition based on
the characteristic determinant [37, 38] in in-house software, or through an auxiliary generator
[24,39,47,63] in commercial simulators. In the former case, numerical difficulties may be found
when tracing the turning point locus associated with a significant variation in the order of
magnitude of the characteristic determinant [63]. In commercial harmonic-balance simulators,
turning points are detected imposing a singularity condition to the Jacobian matrix of the
AG admittance function [47] but this requires fixing a suitable threshold for the determinant
compatible with that for the nonperturbation condition. In case of multivalued bifurcation loci,
parameter switching has to be applied [24,38,47,48].

A completely different procedure—the outer-tier contour method—was proposed in Chapter
3, which will be applied to the analysis of injection-locked oscillators. The approach, as present-
ed, is valid for unilateral injection-locking, under the usual assumption of a perfectly sinusoidal
synchronizing source.

6.2 Application Examples

For illustration, the analysis of two oscillators with different topologies is presented: a ring
oscillator and a feedback LC oscillator. The first oscillator in Figure 6.1(a) is a single-ended
three-stage ring oscillator at 2.5 GHz with transistors described by Angelov’s GaAs FET model
[170, 171] and RC loads. Initially, no parasitic elements in the transistor model are considered,
so, in time domain and in free-running conditions the circuit is governed by a three-dimensional
system. This will enable a detailed analysis of its nonlinear dynamics when injection-locked by
means of a Poincaré map (Section 6.6.2). A realistic description of the circuit, including all the
transistor parasitics, is considered in Section 6.7, where measurements are also presented.

The second circuit in Figure 6.2(a) is a feedback LC oscillator at 2.5 GHz. For the design,
the synthesis technique in the frequency domain presented in [24, 205] is used. It is based on
the complete model of NE3210S01 Hetero Junction GaAs FET. The oscillator is desired to be
injection-locked and to exhibit a relatively wide synchronization bandwidth. This implies that a
50-Ω impedance is presented at the input. To enable oscillation startup, the circuit must exhibit
an excess of small-signal negative resistance at an observation port [24]. This is accomplished
through series feedback. The objective is to find a value of the feedback reflection coefficient
that allows to obtain negative resistance with the empirical criterion |GN | = 3/RL, where GN
represents the negative conductance of the oscillator circuit and RL is the load impedance [205].
For a FET-based oscillator two basic topologies may be used: common source and common gate.
The feedback element in the common source topology results in a capacitance, which additionally
requires an RF choke to bias the active device. Hence, the common gate topology, including
a gate inductance, is chosen to simplify the circuit. For this basic design, the slope of the
imaginary part of the total admittance at the source terminal is negative. The circuit is unable
to self-sustain an oscillation in these conditions. A capacitor is connected in series between the
50-Ω impedance of the driving generator and the source terminal to provide a positive slope of
the small-signal susceptance. The capacitor is also used as dc block to minimize the number of
elements in the circuit. An inductance at the drain terminal is used to adjust the free-running
oscillation frequency. The design includes a source resistance to bias the circuit from a single
power supply. From model (6.1), to be later discussed, the linear synchronization bandwidth may
be enhanced by equalizing the magnitude of the partial derivative of the total admittance seen
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Figure 6.1: (a) Single-ended three-stage ring oscillator with transistors described by Angelov’s GaAs
FET model with no parasitic elements and RC loads: R = 50 Ω, C = 2.2 pF. (b) Periodic solution
curves versus input frequency for different values of input power (isolines with 2-dB step) and bifurcation
loci, obtained with the new methodologies described in Sections 3.2-3.4. The results (solid lines) are
compared with those obtained with the auxiliary generator technique complemented with parameter
switching (dots). In all cases, a number of harmonics NH = 15 is used.

from the nodes where the driving source is connected with respect to the angular frequency ω.
The circuit features a positive slope of both the real and imaginary parts of the total admittance
in an oscillatory regime. It is desirable to include a network which flattens the derivative and in
this way, maximizes the available linear synchronization bandwidth but does not change the total
admittance. This network shall not introduce losses, so it shall not contain resistive elements. A
series inductance allows to equalize the derivative; it introduces negative slope in both the real
and imaginary parts of the total admittance. Nonetheless, this network introduces an excess of
conductance and susceptance which leads to redesign the circuit. This analysis and optimization
of oscillator performance are carried out by means of the auxiliary generator technique [38,45].
Figure 6.2(a) shows the resulting oscillator.
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Figure 6.2: (a) Feedback LC oscillator based on NE3210S01 Hetero Junction GaAs FET using a
common gate topology: VDD = 3 V, Z0 = 50 Ω, RS = 39 Ω, RD = 47 Ω, LS = 1.1 nH, LG = 29 nH,
LD = 3.7 nH, Lck = 100 nH, Cbk = 27 pF. (b) Periodic solution curves versus input frequency for
different values of input power (isolines with 2-dB step) and bifurcation loci, obtained with the new
methodologies described in Sections 3.2-3.4. The results (solid lines) are compared with those obtained
with the auxiliary generator technique complemented with parameter switching (dots). In all cases, a
number of harmonics NH = 15 is used.

6.3 Solution Curves

The periodic solution curves, obtained applying the primary outer-tier contour method described
in Subsection 3.2.1.1 of Chapter 3 to the circuits in Figures 6.1(a) and 6.2(a), are respectively
shown in Figures 6.1(b) and 6.2(b). Note that an excitation auxiliary generator of voltage type
is used to obtain the nonlinear admittance model of the oscillator. Emphasis is made on the
fact that the outer-tier contour method is not the describing function approach [148, 156, 157]
discussed in Section 2.5 of Chapter 2. On the contrary, NH = 15 harmonic terms are consid-
ered in the calculation of the outer-tier admittance function YT (ω, V ) in all examples shown.
Furthermore, this particular number of harmonic terms enables maximizing the computational
efficiency when solving the harmonic-balance equation using Krylov subspaces [206,207], as the
computational complexity depends on the size of the FFT [110]. The solution curves obtained
fully match the results obtained with the auxiliary generator technique complemented with
parameter switching, also included in the figure. For a rigorous comparison, the same number of
harmonic terms NH = 15 have been considered in the simulations using the auxiliary generator
technique.

Tables 6.1 and 6.2 present a comparison of the computational effort of the new outer-tier
contour method and the previous method based on AG optimization to fulfill YAG = 0, plus
parameter switching. Table 6.1 corresponds to the ring oscillator in Figure 6.1(a) and shows
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Table 6.1: Computational effort devoted to the circuit in Figure 6.1(a)

Number of simulations Simulation time1 Number of solution curves
Existing method 38029 43.1 25
New method 51471 8.2 ∞

1 Expressed in minutes.

Table 6.2: Computational effort devoted to the circuit in Figure 6.2(a)

Number of simulations Simulation time1 Number of solution curves
Existing method 39923 39.52 32
New method 103389 17.2 ∞

1 Expressed in minutes.

a speedup of 5.25. Table 6.2 corresponds to the LC oscillator in Figure 6.2(a) and shows a
speedup of 2.3. In case of the existing auxiliary generator technique, the figures correspond
exclusively to active simulation time. The time devoted to inspect the curves, take decisions
on which parameter to sweep and apply manually parameter switching is not included. In the
case of the new method, the time is devoted to the double sweep used in the outer-tier contour
approach. The time required to compute the outer-tier contour is negligible. One significant
advantage of the new method is that once the nonlinear model of the circuit has been obtained
with a single harmonic-balance simulation, one can trace as many solution curves as desired,
in the frequency and amplitude intervals covered by the double sweep. On the contrary, the
existing methods can only provide a finite set of solution curves for particular values of input
power, as these curves should be obtained one by one.

Next, an exhaustive comparison of the outer-tier contour method with time-domain inte-
gration is carried out. Unlike the ring oscillator in Figure 6.1(a), the feedback LC oscillator
in Figure 6.2(a) considers a complete transistor model, including parasitics. In turn, linear
elements are assumed ideal to avoid descriptions based on S parameters by the manufacturers.
The input angular frequency ωs has been swept at a constant input power of −10 dBm. Figure
6.3(a) shows the bifurcation diagram obtained in time domain. At each input angular frequency
value, the steady-state solution is sampled at multiples of the forcing period T = 2π/ωs. In
this manner, a single point is obtained if the period of the solution agrees with T (synchronized
regime) and a distribution of multiple points if the solution is unlocked. The synchronization
bandwidth in Figure 6.3(a) shows a very good agreement with the one predicted by the new
method. After each time-domain simulation, the magnitude of the first harmonic of the node
voltage has also been calculated from the spectrum of the steady-state solution. The variation
of this magnitude versus the input angular frequency ωs is traced in Figure 6.3(b), where it
can be compared with the corresponding isoline obtained with the outer-tier contour method.
The stable section of the solution curve is delimited by the points T1 (synchronization turning
point) and H1 (Hopf bifurcation), showing good agreement. Similar comparisons have also been
exhaustively carried out for other input power values.

6.4 Turning Point Locus and Synchronization Bandwidth

Expression (3.48) has been applied to the two oscillators previously considered, providing the
results in Figures 6.1(b) and 6.2(b). The accuracy of the method is satisfactory since the turning
point locus obtained intersects the solution curves at the infinite slope points. However, the
practical interest of the turning point locus is evidenced by its representation in the plane defined
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Figure 6.3: Comparison of the outer-tier contour method with time-domain integration for an input
power value of −10 dBm. (a) Bifurcation diagram obtained in time domain. The steady-state solution
is sampled at multiples of the input generator period T . (b) Magnitude of the first harmonic from
the spectra of the solutions obtained with time-domain integration (dots) and the corresponding isoline
obtained with the outer-tier contour method. The stable section (solid line) is delimited by the points
T1 (synchronization turning point) and H1 (Hopf bifurcation).

by the input angular frequency ωs and injection current Is. In this plane, the turning point
and Hopf bifurcation loci provide a “map” showing regions with different qualitative behavior.
Obtaining the turning point locus in the plane (ωs, Is) is only possible with a dedicated solution
of the circuit, including the singularity condition. Indeed, the parameter Is is calculated through
interpolation of (3.3) at the locus points (ωs, Vs) obtained with (3.48). Figure 6.4 presents the
turning point locus in the plane (ωs, Is), corresponding to the circuits in Figures 6.1(a) and
6.2(a).

The turning point locus in the plane (ωs, Is) has a curvilinear-triangle shape, divided in two
sections by the points BTa and BTb. The lower vertex of the triangle, marked O, is given for
Is = 0 and corresponds to the free-running solution of the oscillator. In case the circuit has
several free-running solutions or oscillation modes, the turning point locus will exhibit several
vertices at Is = 0. Along the turning point locus, a real pole stays at zero. In section BTa-O-BTb,
exhibiting a V shape, all the remaining poles are on the left-hand side of the complex plane
(LHP). The turning points in this section correspond to either synchronization or jumps (the
latter occurring in hysteresis cycles). The global bifurcation [49] that distinguishes the two types
of points is analyzed in Section 6.6. The other section of the turning point locus BTa-P-BTb
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Figure 6.4: Turning point and Hopf bifurcation loci represented in the plane defined by the input
frequency and the injection current. The Hopf bifurcation points, obtained with the technique described
in Section 3.4.1 (solid lines), are contrasted with those obtained with the auxiliary generator technique
(dots). The Bogdanov-Takens bifurcations are also included, obtained by extrapolation of the Hopf
bifurcation locus. The shaded regions correspond to injection-locked periodic solutions. (a) Single-ended
three-stage ring oscillator with transistors described by Angelov’s GaAs FET model with no parasitic
elements and RC loads. (b) Feedback LC oscillator based on NE3210S01 Hetero Junction GaAs FET.

has a real pole on the right-hand side of the complex plane (RHP) (besides the real pole on the
imaginary axis). Due to the presence of this unstable pole, a crossing of section BTa-P-BTb has
no physical impact.

Expressions (3.49) and (3.50) have been applied to the two oscillators under study. The
results are shown in Figures 6.1(b) and 6.2(b), and directly provide the free-running and merging
point solutions, respectively denoted as O and P (see Section 3.3.1 of Chapter 3). The solutions
O and P have also been represented in the plane (ωs, Is) of Figure 6.4, obtained by interpolation
of equation (3.3) at the points (ωs, Vs) given by (3.49) and (3.50), respectively.

The synchronization bandwidths of the oscillators in Figures 6.1(a) and 6.2(a) have been
represented versus input power in the plots on the left side of Figure 6.5. The new method in
Section 3.3.2 of Chapter 3 to obtain the synchronization bandwidth will be compared with pre-
vious models valid for low injection current [46,160]. Under low injection current, it is possible
to linearize the admittance function describing the oscillator response about the free-running
solution. The linearized model is written in terms of the partial derivatives of the admittance
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Figure 6.5: Maximum available synchronization bandwidth. The 5% expansion point (Q) and merging
point (P) have been included to delimit the regions of operation. (a) Single-ended three-stage ring
oscillator with transistors described by Angelov’s GaAs FET model with no parasitic elements and RC
loads. (b) Feedback LC oscillator based on Hetero Junction GaAs FET.

function, calculated by application of finite differences to the same auxiliary generator used to
obtain the free-running oscillation [46, 160]. This model predicts linear synchronization band-
width versus the injection current Is:

∆ωmax(Is) = 2|YToV |
Vo(YToV × YToω)Is, (6.1)

where the product is a × b = Re(a) Im(b) − Im(a) Re(b) = |a||b| sin (arg(b)− arg(a)), YToV and
YToω are the partial derivatives of the total admittance with respect to the voltage and angular
frequency, respectively, calculated about the free-running point (ωo, Vo) and Vo is the oscillation
amplitude.

The synchronization bandwidth obtained with the new method has been compared with the
one predicted with the linearized model given in (6.1) when increasing the input power. As
expected, for low input power, there is very good agreement. However, when the injection-
locked oscillator enters the nonlinear operation regime, the actual bandwidth deviates from the
one predicted with (6.1), either compressing or expanding with respect to this linear behavior.
There are examples of both expansion [208] and compression [209] in the literature. A figure
of merit can be defined for the linearity of injection-locked oscillators, for instance, the input
power corresponding to 5% compression/expansion of the linear bandwidth. The 5% compres-
sion/expansion point, denoted Q in the diagrams of Figure 6.5, can be considered to be the limit
of linear operation with respect to the input source. The actual maximum available bandwidth,
obtained with the new methodology, has been represented versus the linear bandwidth calculat-
ed with (6.1) on the right side of Figure 6.5 for the two different oscillators considered so far.
Interestingly, both oscillators expand their synchronization bandwidths as they progressively
enter the nonlinear operation region. The merging point P has been also included in Figure 6.5.

To summarize, from input power arbitrarily low up to the 5% compression/expansion point,
the oscillator will operate mostly linearly with respect to the input source. From the 5% com-
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pression/expansion point up to the merging point, the oscillator will operate mildly nonlinearly.
From the merging point, the oscillator will operate strongly nonlinearly. The three regions have
been delimited in Figure 6.5.

The new method presented for the calculation of the synchronization bandwidth is extremely
powerful. The maximum available synchronization bandwidth is directly calculated with the
contour computation in a manner similar to the injection-locked solution curves and the turning
point locus. The method is equally accurate and effective, as well automatable and easily
combinable with any harmonic-balance simulator, either in-house or commercial. It must be
noted that everything is obtained from just a single harmonic-balance simulation in which the
double frequency-amplitude sweep is performed.

6.5 Hopf Bifurcation Locus

The primary zero-level contour method described in Section 3.4.1 of Chapter 3 has been applied
to the oscillators in Figures 6.1(a) and 6.2(a), with the respective results included in Figures
6.1(b) and 6.2(b). Figure 6.4 shows the Hopf bifurcation locus represented in the plane (ωs, Is).
The circuit behaves in periodic regime in the shaded region. Outside this region, the circuit
response is quasi-periodic at the fundamental frequencies ωs and Ω, Ω = |ωs − ωa|.

As will be discussed in Section 6.6, the Hopf bifurcation locus merges tangentially with the
turning point locus at the points BTa and BTb. As a result, the complex admittance surface
Ya folds at these two points and is multivalued in their neighborhoods. This gives rise to
severe numerical problems that equally affect the auxiliary generator technique and the zero-
level contour method. However, with the latter, the advantage is the complex surface Ya is
available to diagnose conflicting points. On the other hand, the Hopf bifurcation locus is not
expected to vary significantly in this region and will just merge tangentially with the turning
point locus. Therefore, extrapolation of the Hopf bifurcation points already calculated can be
applied to obtain the remaining ones and the intersections BTa and BTb. These extrapolated
points are shown in dashed line in the results of Figures 6.1(b), 6.2(b) and 6.4.

6.6 Additional Bifurcation Points

The Hopf bifurcation and turning point loci meet tangentially at two different points BTa and
BTb. As discussed in Section 1.4.4 of Chapter 1, these points are Bogdanov-Takens bifurcations
and hence codimension two bifurcations, this meaning that two parameters must be simulta-
neously varied to obtain the bifurcation point [42, 49, 210]. Indeed, the imaginary part of the
critical pair of complex-conjugate poles involved in the Hopf bifurcation decreases when moving
toward the Bogdanov-Takens bifurcation. It becomes zero at the Bogdanov-Takens bifurcation,
where the two complex-conjugate poles turn into two real poles of zero value. This is why this
bifurcation is known as double zero eigenvalue. The real pole on the RHP in section BTa-P-BTb
passes through zero at each Bogdanov-Takens bifurcation point.

6.6.1 Global Bifurcations

As already stated, the points within the physical section of the turning point locus (BTa-O-BTb)
can give rise to two different phenomena: synchronization or jumps. For low input power, these
points will be synchronization points as this is the only possible transition mechanism from
quasi-periodic to periodic regime (or vice versa). For higher input power, the Hopf bifurcation
locus is traversed and at each Hopf bifurcation a quasi-periodic (unlocked) solution is necessarily
generated. In these conditions, turning points are expected to correspond to jump points. Now,
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Figure 6.6: The section Tα-Tβ of the turning point locus of Figure 6.4(a) shows ambiguous behavior.
The point Tx is taken as an example. It is a synchronization point since no intersection with the
Hopf bifurcation locus is observed when crossing Tx for constant injection current. However, the Hopf
bifurcation locus is actually crossed from Tx when increasing the injection current for constant input
frequency. This fact suggests it is a jump point, so additional bifurcation points should clarify the
situation.

consider the bifurcation diagram shown in Figure 6.6. Solely with the above discussion, it is not
possible to discern the behavior of the turning points in section Tα-Tβ. The point Tx is taken
for illustration. When crossing Tx for constant injection current, the Hopf bifurcation locus is
not traversed, as indicated in Figure 6.6. Tx is thus a synchronization point. However, when
crossing Tx for constant input frequency, the Hopf bifurcation locus is actually traversed, as
indicated in the figure, which suggests Tx is a jump point. The nature of the turning points
(synchronization or jump) cannot change depending on the parameter varied. Therefore, Tx
corresponds to a synchronization point. A question arises then regarding the evolution of the
quasi-periodic solution that is necessarily generated at the Hopf bifurcation H1 in Figure 6.6.

The solution curves obtained for constant injection current Is = 3.08 mA and constant
input frequency fs = 2.34 GHz, passing through Tx, are shown in Figures 6.7(a) and 6.7(b),
respectively. The stability along the curves is verified with pole-zero identification [25], showing
the relevant poles in the insets of Figure 6.7. The nature of Tx is evidenced in Figure 6.7(a): Tx
is a synchronization point since it is the only periodic point where the quasi-periodic regime can
be extinguished. This is because the Hopf bifurcation locus is never traversed for the constant
current Is = 3.08 mA. Tx is therefore a synchronization point also in Figure 6.7(b). Solutions
in between Tx-T1 in Figure 6.7(a) are of saddle type [49,51]. In analogous manner, solutions in
between Tx-T2 in Figure 6.7(b) are also of saddle type. The periodic solution curve in Figure
6.7(b) becomes stable at T2 and remains stable up to the Hopf bifurcation point H1, where a
quasi-periodic solution is generated. This quasi-periodic regime should be extinguished in an
additional bifurcation. As will be shown, the fact that solutions in between Tx-T2 are of saddle
type is essential to understand the behavior in the uncertainty region Tα-Tβ.

The existence of additional bifurcation points (different from turning points or Hopf bifur-
cations) was conjectured by Cartwright [49] on the study of Van der Pol’s equation [150]. These
bifurcation points are in fact global bifurcations and are studied in the phase space [49, 51].
As discussed in Chapter 1, global bifurcations involve the interaction of several solutions in a
subset of the phase space [49,51,54] and cannot be detected using local stability analyses. The
study was developed with the Poincaré map [49, 51]. Cartwright noted different qualitative be-
havior in regions near the Bogdanov-Takens bifurcation point: for some parameter values, the
Poincaré map exhibits a limit cycle and fixed points, whereas for others it only exhibits fixed
points. Therefore, additional bifurcation points must be present, giving rise to the onset of a
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Figure 6.7: Periodic solution curves of the ring oscillator in Figure 6.1(a) passing through Tx. Pole-zero
identification has been applied along the curves. The evolution of the relevant poles is included in the
insets. The unstable sections are traced in dashed line. The turning point and Hopf bifurcation loci are
also superimposed. (a) Solution curve obtained for constant injection current Is = 3.08 mA. (b) Solution
curve obtained for constant input frequency fs = 2.34 GHz.

limit cycle. The missing global bifurcation points are saddle connections [49] (see Subsection
1.4.5.1 of Chapter 1).

The saddle connection bifurcation has hardly been investigated in the microwave litera-
ture [63]. In fact, obtaining the saddle-connection locus is not straightforward. As discussed
in Subsection 1.4.5.1 of Chapter 1, the limit cycle created/destructed at a saddle connection,
compared with a limit cycle generated/extinguished at a Hopf bifurcation, has non zero ampli-
tude and frequency tending to zero, as the trajectories tend to spend long time near the saddle
point. The existence of the saddle-connection locus in the ring oscillator of Figure 6.1(a) will
be analyzed next, combining the information provided by the bifurcation loci with the Poincaré
map obtained from transient simulations.

6.6.2 Poincaré Map from Transient Simulations

The Poincaré map (see Section 1.2.3 of Chapter 1) is relatively easy to compute for low-dimension
systems using transient simulations. Using proper perturbations, it is able to detect even un-
stable solutions. In the following analyses, for a better understanding of the evolution of the
trajectories, the discrete set of points of the perturbed map will be connected with straight
lines when representing the results. The perturbed Poincaré map is traced computing first a
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transient simulation from a certain initial condition. This allows to guess the simulation time
needed to reach the steady-state, integrating always the system from the same initial condition.
Then, the steady state is perturbed at a fixed perturbation time tp. In nonautonomous systems,
such as injection-locked oscillators, the Poincaré map can be computed from tp by sampling
the state variables at multiples of the forcing period T = 2π/ωs. Note that starting the map
computation at a different initial time means taking a different point of the periodic orbit with
different values of the state variables, hence the importance of fixing the perturbation time. It is
important to use a constant time step th in the integration method of the transient simulation.
For convenience, an “oversample” value M for the time step th = T/M is selected to ensure
good convergence of the transient simulation. Then, the map is simply constructed by taking
one point every M samples. The value M = 32 will be enough for most cases.

−1.2 −0.8 −0.4 0 0.4 0.8 1.2
−1.2

−0.8

−0.4

0

0.4

0.8

1.2

v1 (V)

v
2
 (

V
)

(a)

−1.2 −0.8 −0.4 0 0.4 0.8 1.2
−1.2

−0.8

−0.4

0

0.4

0.8

1.2

v1 (V)

v
2
 (

V
)

P3

P1

P2

LC

(b)

1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Input frequency (GHz)

O
sc

il
la

ti
o
n
 a

m
p
li
tu

d
e 

(V
)

2.25

T

BTa
BTb

O

H1

T1

P1

P2

P3

P

T2

H

H
H2

(c)

Figure 6.8: Coexisting solutions for fs = 2.25 GHz and Is = 5.4 mA in the ring oscillator of Figure
6.1(a). (a) Constellation map of initial conditions obtained for tp = 104th. The three perturbing currents
are swept from −200 mA up to 200 mA in steps of 20 mA. (b) Resulting Poincaré map traced from a
subset of the previous initial conditions, carefully selected, delimiting four coexisting solutions: a sink
(P1), a saddle (P2), an unstable focus (P3) and a limit cycle (LC). (c) The previous solutions over the
curve obtained for Is = 5.4 mA with the outer-tier contour method. Pole-zero identification has been
applied along the solution curve showing the relevant poles in the insets (unstable sections of the curve
in dashed line). The turning point and Hopf loci are also superimposed.
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Figure 6.9: Detection of saddle connections in the ring oscillator of Figure 6.1(a) by means of the
Poincaré map. (a) A region of the Poincaré map traced for Is = 5.1 mA and fs = 2.25 GHz showing
a saddle very close to a limit cycle. (b) The same region traced for Is = 5 mA. The limit cycle has
been destroyed due to a collision with the saddle. (c) Bifurcation loci in the neighborhood of the saddle-
connection locus obtained from direct observation of the bifurcations in the Poincaré map.

The three-stage injection-locked ring oscillator in Figure 6.1(a) will be considered. In circuits
containing lumped elements, the state variables preferred are usually voltages for capacitors and
currents for inductors. The three state variables of the ring oscillator are the load voltages. The
state variables chosen for the Poincaré map to be represented in a plane will be the two node
voltages v1 and v2 in Figure 6.1(a). Note that introducing a perturbation of a state variable
of the same kind, that is, perturbing a capacitor voltage with a voltage or an inductor current
with a current, would force the circuit response rather than adding a perturbation. Therefore,
the three node voltages will be perturbed with current sources. However, when proceeding like
this, the starting point of the Poincaré map for a particular set of perturbations is not clearly
identified. This is solved tracing what could be called “constellation map of initial conditions”,
that is, the first point of the Poincaré map from a triple sweep of the three perturbation currents.
Note that only the simulation time from tp up to the first sample needs to be computed.

The constellation map for the ring oscillator in Figure 6.1(a) has been computed for the
following parameter values: fs = 2.25 GHz, Is = 5.4 mA and tp = 104th. The three perturbing
currents are swept from −200 mA up to 200 mA in steps of 20 mA, providing the constellation
map shown in Figure 6.8(a). A subset of these initial conditions has been carefully selected to
trace the Poincaré map shown in Figure 6.8(b). Clearly, four different steady-state solutions can
be identified [49, 51]: three fixed points P1, P2 and P3, and a limit cycle LC. This limit cycle
is composed of nonconsecutive discrete points due to the rotation number [42, 44], that is, the
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Figure 6.10: Example of a synchronization point for fs = 2.35 GHz and a jump point for fs = 2.2 GHz
of the turning point locus in Figure 6.9(c). Poincaré map (a) before (Is = 2.2 mA) and (b) after
(Is = 2.1 mA) the saddle-node homoclinic bifurcation (local-global bifurcation giving rise to desynchro-
nization). Poincaré map (c) before (Is = 5.3 mA) and (d) after (Is = 5.1 mA) the saddle-node bifurcation
(regular turning point producing a jump).

nonrational relationship between the autonomous frequency and the input frequency. The limit
cycle will be eventually filled as time tends to infinity [49,51]. The fixed point P1 is a stable node
(a sink), P2 is a saddle, P3 is an unstable focus and LC is a stable limit cycle. These solutions
are in agreement with the results obtained with the new frequency-domain methodology [Figure
6.8(c)]: indeed, the isoline corresponding to Is = 5.4 mA is three times intersected by the vertical
line corresponding to fs = 2.25 GHz. The solution with largest amplitude is the sink P1, the
solution between T1 and T2 is the saddle P2 and the low-amplitude solution is the unstable
focus P3. On the other hand, the limit cycle LC observed in the Poincaré map corresponds to
a quasi-periodic solution generated at H1 in Figure 6.8(c) when reducing the input frequency.
Note that the points of the limit cycle are not connected with straight lines so that the Poincaré
map does not get smudged.

6.6.3 Saddle-Connection Locus

Saddle connection bifurcations have been investigated with the Poincaré map. The analyses in
Figures 6.9(a) and 6.9(b) have been carried out for an input frequency value fs = 2.25 GHz.
In view of the Poincaré map in Figure 6.9(a) for Is = 5.1 mA, a saddle is observed very close
to a limit cycle. In Figure 6.9(b) for slightly lower injection current Is = 5 mA, the limit cycle
is suddenly destroyed. This is due to a collision between the limit cycle and the saddle giving



6.6. ADDITIONAL BIFURCATION POINTS 167

¶s R L C ¶N          (v)

¶

v

(a)

1.49 1.492 1.494 1.496 1.498 1.5 1.502 1.504 1.506
16

16.5

17

17.5

18

18.5

Input frequency (GHz)

In
je

ct
io

n
 c

u
rr

en
t 

(m
A

)

BTa

S

H T

SC

SynchronizationJumps

(b)

Figure 6.11: Poincaré map of a forced Van der Pol oscillator. (a) Circuit schematic: ιs = Is cos(ωst+φs),
ιN (v) = av + bv3, a = −30 mS, b = 10 mA/V3, R = 100 Ω, L = 1 nH, C = 10 pF. (b) Bifurcation loci
featuring the saddle-connection locus, obtained from observations of the Poincaré map.

rise to a saddle connection bifurcation. To obtain the saddle-connection locus, the analysis is
repeated for different input frequency values, which provides the locus represented in Figure
6.9(c). Note that the circuit features a multivalued saddle-connection locus. As previously
discussed, the saddle-connection, turning point and Hopf bifurcation loci meet at the Bogdanov-
Takens bifurcation point BTa. Figures 6.9(c) and 6.11(b) evidence the three bifurcation loci
meeting at the Bogdanov-Takens bifurcation point are tangent to each other.

The saddle-connection locus meets the turning point locus at a second point S in Figure
6.9(c). The study of the Poincaré map reveals that turning points on the right of S are syn-
chronization points, whereas the turning points on the left are jump points. An important
conclusion is derived: the point S acts as a separator between synchronization points and jump
points. An example of both situations is presented in Figure 6.10. At a synchronization point,
like Tx in Figure 6.7, a saddle and a node of the Poincaré map are connected by the unstable
manifold of the saddle [Figure 6.10(a)], forming a homoclinic orbit [42,49]. After the bifurcation
(desynchronization), this orbit becomes a limit cycle (a quasi-periodic solution), as shown in
Figure 6.10(b). In case of jump points, the limit cycle already exists before the bifurcation
[Figure 6.10(c)] and the collision between the saddle and the node occurs outside the limit cycle
[Figure 6.10(d)]. In case of synchronization points, the limit cycle is created after the collision
between the saddle and the node in the homoclinic orbit [Figure 6.10(b)]. It is therefore quite
easy to distinguish between jump points and synchronization points in the Poincaré map.

An identical study has been carried out for the injection-locked Van der Pol oscillator [150]
in Figure 6.11(a) using in-house time-domain integration (see Section 2.2 of Chapter 2). The
behavior observed in this simple circuit [Figure 6.11(b)] agrees with that in Figure 6.9(c) for the
injection-locked ring oscillator in Figure 6.1(a). The saddle-connection locus in the former case
is not multivalued.

Saddle connections are susceptible to give rise to homoclinic chaos. This chaotic behavior
will be demonstrated next using envelope transient simulations.
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Figure 6.12: Detection of homoclinic chaos near the saddle connection locus of Figure 6.9(c) by means
of envelope transient. (a) Chaotic envelope. (b) Chaotic spectrum computed from the waveform.

6.6.4 Detection of Homoclinic Chaos with Envelope Transient

As discussed in Subsections 1.2.2.4 and 1.4.5.1 of Chapter 1, saddle connections in the Poincaré
map imply the formation of homoclinic orbits, leading to complicated dynamics: iterations
of the map with transverse homoclinicity have been demonstrated to provide a horseshoe map
[49,53,54], or equivalently, chaotic dynamics. Therefore, homoclinic chaos will be observed in the
neighborhood of the saddle-connection points. Note that the qualitative dynamics discussed in
this section is general to any injection-locked oscillator, so these circuits will exhibit homoclinic
chaos for certain values of input power and frequency. The size of the chaotic region will vary
from circuit to circuit.

Despite the limitations of envelope transient when dealing with broadband signals (see
Section 2.4 of Chapter 2), this method has enabled the detection of chaotic solutions of the
ring oscillator in Figure 6.1(a). The point fs = 2.26 GHz, Is = 4.11 mA, belonging to the
saddle connection locus in Figure 6.9(c), is selected. For the analysis, the technique described in
Section 2.4.3 of Chapter 2, based on an auxiliary generator, is used in a commercial simulator.
The auxiliary generator with amplitude VAG = 0.1985 V and phase φAG = 100.1◦ is connected
the first 11 ns to excite the desired solution and then it is disconnected. The envelope simulation
time is 40 µs with a time step of 0.14 ns and an initial offset of 800 ns. The results are displayed
in Figure 6.12. The irregular behavior, shown in Figure 6.12(a), is characteristic of chaos. The
continuous spectrum, shown in Figure 6.12(b), observed is also characteristic of chaotic behavior.
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Figure 6.13: Schematic of the single-ended three-stage ring oscillator based on NE3210S01 Hetero
Junction GaAs FET including an approximate model of the interconnection “tees” to apply the general-
ized outer-tier contour method.

6.7 Application to an Experimental Oscillator

The generalized outer-tier contour method will be applied to the prototype used in Chapters 4
and 5 [68, 211]. Full models have been considered for the transistor devices, including all the
parasitics. This particular circuit constitutes a challenging demonstrator of the capabilities of
the new simulation method, due to the complexity of its synchronized solution curves. The
oscillator exhibits multimode behavior, that is, stable oscillations with different frequencies and
amplitudes coexist for particular parameter values. However, a thorough observation of the
free-running bifurcation diagram versus the gate bias voltage (VGS) in Figure 5.7 of Chapter 5
reveals that monomode behavior, as in any monomode oscillator, can be obtained in a certain
interval of VGS . Indeed, only the mode 2 at 12.9 GHz is obtained in the gate bias voltage
interval [−1.71 V,−1.53 V]. This oscillation mode arises from a subcritical Hopf bifurcation
from the dc regime [65, 68, 163], and two different steady-state free-running oscillations coexist
in the interval indicated. The two solutions correspond to the same mode but only the one
with highest amplitude is stable. When connecting an injection source to the oscillator and
increasing the input power level, synchronization curves will arise around both the stable and
unstable free-running oscillations. Indeed, both solutions synchronize with the input source,
despite their stability properties. When tracing the injection-locked solution curves versus the
input frequency, for low input power, two different sets of closed curves will be obtained. Because
the amplitudes and frequencies of the free-running solutions are relatively close, the synchronized
solution curves of each solution are likely to merge and provide a single closed curve for certain
input power. When further increasing the input power, this closed curve will also merge with
the coexisting low-amplitude solution, as discussed in Section 3.3.1 of Chapter 3.

None of the load nodes v1, v2, v3 indicated in Figure 6.13 have been found to be sensi-
tive enough to excite the circuit oscillation. Therefore, it is necessary to use the methodology
described in Section 3.2.2 of Chapter 3. The microstrip “tee” interconnecting each 50-Ω load
with the ring core is modeled with three microstrip lines connected in T, as shown in Figure
6.13. This model is found accurate enough since no significant change is observed in the free-
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Figure 6.14: (a) Periodic solution curves (output power versus input frequency) and bifurcation loci
of the experimental ring oscillator in Figure 6.13. The results of the new methodologies are compared
with those of the previous AG-based techniques (represented with dots). The stable (unstable) sections
of the solution curves are in solid (dashed) line. In all cases, NH = 15 harmonic terms are used in the
simulations. The expanded view shows a multivalued Hopf bifurcation locus obtained with the technique
described in Section 3.4.2. (b) Measurements of the synchronization curves for different input power
values in the inset.

running bifurcation diagram in Figure 5.7 of Chapter 5 when using the T model extracted from
electromagnetic simulations of the structure. Inside the equivalent T, a sensitive internal node
vi, shown in Figure 6.13, is available for the application of the generalized outer-tier contour
method. The input subnetwork, as gathered from Figure 6.13, is constituted by the 50-Ω load
and the microstrip line TL1. The output power at the node v1 (where the spectrum analyzer is
connected in Figure 6.13) is calculated providing the results obtained with the outer-tier con-
tour method to an auxiliary generator connected to the node vi, following the second approach
described in Subsection 3.2.2.1 of Chapter 3 to retrieve this variable. The output power curves
are presented in Figure 6.14(a), obtained for input power values from −20 dBm up to 10 dBm
in steps of 5 dB. The results are validated with AG optimization and parameter switching.
Tracing the complicated geometries of the solution curves applying parameter switching with
no previous knowledge of the turning points is highly involved and time-consuming. On the
contrary, obtaining the solution curves with the outer-tier contour method is straightforward.

The free-running oscillation points Os and Ou, corresponding to the stable and the unstable
solutions, respectively, are in agreement with the results obtained in the free-running bifurcation
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Figure 6.15: Multivalued Hopf bifurcation locus. (a) Contour curves Re(Ya) = 0 and Im(Ya) = 0
obtained at the particular injection frequency fs = 13.055 GHz. (b) Pole-zero identification of the
solution curve corresponding to an input power of 10 dBm. The real part of the poles is traced versus
the input frequency. The four zero crossings validate the four intersections of the solution curve 10 dBm
with the Hopf bifurcation locus in Figure 6.14(a).

diagram of Figure 5.7 of Chapter 5. The oscillation power and frequency of the stable solution
are respectively 2.7 dBm and 12.91 GHz. The oscillation power and frequency of the unstable
solution are respectively −1.7 dBm and 12.99 GHz. When increasing the input power, two fami-
lies of closed curves are obtained, which, in agreement with previous discussions, merge at point
P1, corresponding to an input power of −2.6 dBm. When further increasing the input power, a
single set of closed solution curves is obtained, which merges with the low amplitude curve at
P2, corresponding to an input power of 9.3 dBm. Additional solution curves, corresponding to
injection current values Is = 65 mA, 66 mA, 67 mA and 68 mA, are included in Figure 6.14(a)
to illustrate the behavior around the merging points P3 and P4. All these sections are unstable,
as verified with pole-zero identification [25].

The turning point and Hopf bifurcation loci, together with the Bogdanov-Takens bifurca-
tions, have been superimposed in Figure 6.14(a). The intricate multivalued sections of the Hopf
bifurcation locus, shown in the expanded view of Figure 6.14(a), could only be completed with
the new method, based on condition (3.53). In fact, the alternative method discussed in Section
3.4.2 is used, as these Hopf bifurcations appear in multivalued sections of the solution curves
featuring injection-locked periodic behavior. The points obtained with the former method [24],
based on solving (3.51), are represented as dots in Figure 6.14(a). Convergence could only be
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Figure 6.16: (a) Bifurcation loci of the experimental ring oscillator in Figure 6.13 represented in the
plane defined by the input frequency and the input power. (b) Measurements of the synchronization
locus.

obtained in rather small sections of the Hopf bifurcation locus, as shown in the figure. It was
not possible to detect the lower section of this locus since a discontinuous jump was observed
between two different sections at the infinite slope point HT [see Figure 6.14(a)]. The new
zero-level contour technique predicts these sections and evidences the presence of HT. For
illustration, Figure 6.15(a) presents the contour curves Re(Ya) = 0 and Im(Ya) = 0 obtained
at the particular input frequency value of 13.055 GHz. The intersections predict four Hopf
bifurcations in agreement with those represented in the bifurcation diagram of Figure 6.14(a).
The validity of (3.53) has been verified with an independent stability analysis based on pole-
zero identification [25]. This analysis has been performed at a constant input power of 10 dBm.
The results are shown in Figure 6.15(b), where the real parts of two different pairs of complex-
conjugate poles are traced versus the input frequency. The frequency of each pair is respectively
13.156 GHz and 12.942 GHz at fs = 13.05 GHz. The four zero crossings H1, H2, H3 and H4 are
in total agreement with the four intersections of the solution curve corresponding to 10 dBm
with the multivalued Hopf bifurcation locus in Figure 6.14(a).

The stable and unstable sections of the periodic solution curves in Figure 6.14(a) have been
verified with pole-zero identification [25] and are traced with solid line and dashed line, respec-
tively. Measurement results are presented in Figure 6.14(b). Note that comparisons can only be
performed between stable sections of the curves and measurements, since unstable sections are
unphysical. There is a small offset in frequency and power attributed to modeling inaccuracies
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Figure 6.17: Measured spectrum for Ps = 12 dBm in the experimental ring oscillator in Figure 5.6 of
Chapter 5. (a) Periodic spectrum obtained for fs = 12.77 GHz. (b)-(d) Continuous spectra obtained
for fs = 12.771 GHz, fs = 12.772 GHz, fs = 12.773 GHz, respectively, evidencing chaotic behavior. (e)
Quasi-periodic spectrum obtained for fs = 12.774 GHz.

in the hybrid prototype and the transistor biasing below conduction threshold. Up to −5 dBm,
measurements should be compared with the closed synchronization curves about Os. In that
power range, the synchronization bandwidth is delimited, for each power value, by the turning
points of the corresponding closed synchronization curve (local-global bifurcations). For input
power values of 0 dBm, 5 dBm and 10 dBm, the experimental bandwidth agrees approximately
with that of the stable section of the periodic solution curve obtained in simulation. This stable
section is limited on the left side by a local-global bifurcation and on the right side by a Hopf
bifurcation, as shown in Figure 6.14(a).

The turning point and Hopf bifurcation loci have been represented in the plane defined by
the input frequency and the input power in Figure 6.16(a). The turning point locus features
two V-shaped synchronization regions [24,46]. Only the one on the left corresponds to physical
solutions, constituting the synchronization locus or Arnold tongue [42–44]. The measurements
are included in Figure 6.16(b) and show good agreement with the turning point locus on the
left-hand side. Again, a small offset in input frequency and power is observed due to modeling
inaccuracies. The major discrepancy comes from the free-running oscillation frequency which is
240 MHz smaller in measurements and represents an error of 1.9%.

Finally, chaos is measured for an input power value of 12 dBm in agreement with the dis-
cussion in Section 6.6.4. Measurements in Figure 6.17 show chaotic behavior when increasing
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the input frequency. The chaotic spectrum arises suddenly, with no intermediate observation
of quasi-periodic solution, either when increasing or decreasing the input frequency. This fact
strongly suggests homoclinic chaos. For fs = 12.77 GHz, the periodic injection-locked oscilla-
tion is observed in Figure 6.17(a). Then, for fs between 12.771 GHz and 12.773 GHz, a spectral
regrowth appears in Figures 6.17(b)-6.17(d) about the spectral line corresponding to the input
frequency. The resolution bandwidth of the spectrum analyzer is lowered to 51 kHz to verify
it is a continuous spectrum, which is characteristic of chaotic behavior. Finally, Figure 6.17(e),
corresponding to fs = 12.774 GHz, shows a discrete spectrum composed of individual spectral
lines, with no region with continuous spectrum. This quasi-periodic solution implies the tran-
sition from chaos to the mixer-like regime where the input signal mixes with the autonomous
oscillation of the circuit.

6.8 Chapter Summary
The outer-tier contour methodology presented in Chapter 3 has been applied for an efficient
harmonic-balance analysis of injection-locked oscillators, exhibiting complex multivalued solu-
tion curves in the low and intermediate input power ranges. In particular, the primary method
has been applied to two injection-locked oscillators. The first one is a relatively simple three-
stage ring oscillator using an ideal yet physical transistor model. The second example is a
feedback LC oscillator featuring a wide synchronization bandwidth. In the latter, a complete
transistor model and ideal lumped elements are used, so the design has intermediate complexity.
The analyses are based on extraction of an outer-tier admittance function describing the circuit
response to an external excitation. This function depends on the AG angular frequency and am-
plitude. Once the surface Σ has been determined in a single initial simulation, solution curves
for any input power or frequency values are directly calculated with no need to resimulate the
circuit. The outer-tier contour method has been rigorously validated with independent simula-
tion techniques. Indeed, it has been compared with the previous auxiliary generator technique
agreeing with the results and showing a speedup of simulation time. It has also been compared
with time-domain integration showing good agreement. The bifurcation loci that delimit the
stable synchronization bands have been traced, exhibiting intricate geometries. The turning
point locus has been efficiently obtained with an additional mathematical condition, applied to
the surface Σ. Indeed, the outer-tier contour method allows a straightforward determination
of the synchronization bandwidth and an accurate prediction of its evolution in the nonlinear
region. The Hopf bifurcation locus is calculated considering an additional dependence on the
perturbation angular frequency ωa. Additional bifurcation points have been obtained. The co-
dimension two bifurcation where the turning point and Hopf bifurcation loci merge has been
investigated in detail, as well as the saddle-connection locus. Indeed, the ideal injection-locked
ring oscillator has enabled an insightful analysis by means of the Poincaré map. The saddle-
connection locus has been shown to meet the turning point locus at a second point which provides
a boundary between synchronization points and jump points. The likely observation of chaos
near the Bogdanov-Takens bifurcation has been discussed. It has been detected in the ideal
injection-locked ring oscillator by means of envelope transient simulations. Finally, the analysis
of the more complex experimental oscillator has been presented, using detailed descriptions for
active devices and passive structures. High analysis sensitivity was ensured by using the Norton
equivalent of the input subnetwork seen from the analysis nodes. Measurements show a good
agreement with the results of the outer-tier contour method. A chaotic spectrum was measured
in this experimental demonstrator for certain input frequency and power ranges.



Chapter 7

Hysteresis and Oscillation in Power
Amplifiers

7.1 Introduction

Class-E power amplifiers (PAs) have been receiving increased attention, due to their potential
for simultaneously providing linear and efficient amplification when employed in bias- or load-
modulation architectures [212]. However, it is not uncommon to observe instability phenomena
in these amplifiers, some of which have been reported in [47,213]. Indeed, the undesired hysteresis
phenomenon may be found producing sudden transitions or jumps [24,47,214] between different
sections of the power-transfer curve when either increasing or decreasing the input power. From
a geometrical viewpoint, the hysteresis is due to the presence of turning points or infinite slope
points [24, 51] in the solution curves, which have been detected in [47, 161, 214] with the aid
of an auxiliary generator (AG) introduced into the commercial harmonic-balance simulator.
However, there is little insight into the mechanism for the appearance of these turning points,
often observed when approaching the intended operation conditions [47]. In [214] hysteresis
could be related to the gate current from impact ionization coupling with the bias resistor.
However, when the hysteresis is observed only in a large-signal regime, a different mechanism
should be involved, which has not been previously investigated.

For an accurate prediction/suppression of the phenomenon, the outer-tier contour method
presented in Chapter 3 will be applied to the case of the power amplifier with hysteresis, which
will allow to trace the multivalued solution curves in an efficient manner, with no need for
parameter switching [63, 135, 140, 161]. This method will also enable a direct calculation of the
turning point locus in terms of any practical analysis parameter, such as the gate bias voltage, the
input matching capacitor or the input power, by simply imposing a geometrical condition [215].

The investigation of the hysteresis phenomena and the methodologies for its analysis and
suppression will be illustrated through application to a Class-E GaN power amplifier at 0.9 GHz
with a measured close to the state-of-the-art power-added efficiency of 86.8% and 12.4 W of
output power. The observation of the hysteresis phenomenon is often empirically associated
with the onset of oscillations under a relatively small variation of the circuit parameters or
element values. The relationship between these two phenomena will be studied, apparently
quite different, which will be done through a detailed analysis of the impact of the drain bias
voltage (VDS) on the turning point locus. When injecting input power, it will give rise to a stable
self-oscillating mixer regime, coexisting with the stable periodic solution at the frequency of the
input source. The oscillation will be extinguished either through synchronization [24, 49], for
input frequencies near the free-running oscillation frequency, or through inverse Hopf bifurcations
[24,49,51].

175
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A detailed analysis of the oscillatory solution and the mechanisms for the oscillation ex-
tinction will be presented. Synchronization of an oscillation with an injection source occurs at
particular types of turning points, at which a local-global bifurcation takes place [24,43,49], also
known as a limit cycle on saddle-node in the Poincaré map. Therefore, these bifurcations will
belong to the turning point locus that is efficiently detected with the outer-tier contour method.
A methodology for Hopf bifurcation detection will be derived, which will be carried out com-
bining the outer-tier contour method with a zero-amplitude oscillation condition, imposed with
the aid of a small-signal auxiliary generator [24, 47, 63]. Because Hopf bifurcations may take
place in any section of the multivalued curves, the combination of this limit-oscillation condi-
tion with the outer-tier contour method will be very advantageous, since it avoids the need for a
large-signal non perturbing auxiliary generator to sustain solutions in sections of the multivalued
curve toward which commercial harmonic-balance simulators do not converge by default. The
outer-tier contour method will be combined with pole-zero identification to obtain the whole
evolution of the stability properties of the multivalued solution curve in a single sweep, with no
need to perform any parameter switching.

The ease of application of the bifurcation detection methodologies will allow an in-depth
investigation of the impact of the most relevant parameters, such as the gate bias voltage, the
input matching capacitor and the input power, on the global stability of the power amplifier.
This will provide insight into the various instability mechanisms observed in the power amplifier
and the relationships between them. An oscillator design methodology will be derived based on
a controlled selection of the element values that should turn the Class-E power amplifier into a
highly efficient oscillator [216], able to start-up from the noise level. RF power oscillators may
be of interest for the implementation of high power density and fast response resonant dc/dc
converters [217], wireless power transmission links [218], etc.

7.2 Parametric Hysteresis

7.2.1 Class-E Power Amplifier Demonstrator

The power amplifier at 0.9 GHz shown in Figure 7.1(a) is designed with the aim of obtaining
a very high value of power-added efficiency (PAE). Among many choices, the high efficiency
of Class-E operation is exploited, minimizing the switching loss associated with the transistor
output capacitance. A CGH35030F GaN on SiC HEMT from Cree Inc. is selected as the
switching element, due to the very low value of its on resistance times output capacitance
product (Ron ·C) and high breakdown voltage (over 120 V).

Initially, the transistor is experimentally characterized in Arlon 25N substrate (εr = 3.38,
h = 0.762 mm, t = 70 µm) for a typical drain bias voltage VDS = 28 V, after verifying the peak
value of the voltage waveform, 3.562 ·VDS [219], would stay below the process breakdown figure.
The gate bias voltage is set slightly below pinch-off: VGS = −3.3 V, while the output capacitance
(C) and off-state resistance (Roff) are estimated from the measured S22 parameter. The measured
values of on-state resistance, output capacitance and off-state resistance at 0.9 GHz are 0.6 Ω,
3.5 pF and 5.1 kΩ, respectively. An ideal dc voltage source, a capacitor and a resistance are
added to the already accurate and reliable Cree’s proprietary large-signal transistor model to
finely adjust, respectively, the values of the gate threshold voltage, output capacitance and
off-state resistance in simulations to the measured device parameters.

As a first approximation, the output network is designed based on the optimum or nominal
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conditions for a 50% switching duty cycle and maximum output power found by Raab [219]:

Ropt = 0.1836
ωC

Xopt = 0.2116
ωC

. (7.1)

Unfortunately, the required inductance value in the classic Class-E output network results
too large to be obtained with commercially available coils, as their self-resonant frequency could
be below the most significant higher order harmonics to be properly terminated [220]. One not
uncommon solution for lumped-element Class-E implementations at UHF band [221] is to take
advantage of a high-Q coil with a self-resonant frequency in between the second and third order
harmonics [222], so that a high enough impedance (either inductive or capacitive) is presented.
Here, a slightly different strategy is adopted. A smaller inductor [Lout in the schematic of
Figure 7.1(b)] is selected, with an associated smaller equivalent series resistance at dc, trying to
minimize its contribution to the circuit conduction loss [223]. In addition, advantage is taken
of its higher self-resonant frequency at about the fifth-order harmonic for properly terminating
most of them. The optimum reactance value in (7.1) is adjusted with a section of microstrip
transmission line, while the capacitor to ground (Cout) allows to synthesize the desired value of
Ropt. The reflection coefficient of the resulting output network (Γopt) is represented in the Smith
chart in Figure 7.1(c), together with the simulated load-pull contours [224] for drain efficiency
(solid line) and output power (dashed line). The contours are obtained at the fundamental
frequency with ideal terminations (open circuit) to other harmonics.

A typical single low-pass section is used to match the input of the power amplifier to in-
crease the gain and thus the power-added efficiency close to the drain efficiency value. The
experimental value of the input matching capacitor (Cin) is 10 pF, a bit lower than the one
used in simulations. A resistance is introduced in the gate bias path to improve stability at
lower frequencies. Although not included in the schematic for simplicity, a capacitor of 56 pF
and a bank of high-valued capacitors (1 nF, 10 nF, 100 nF, 1 µF, 10 µF) are added to the gate
and drain dc lines to the same purpose. The measurement setup includes a signal generator,
a driver to provide the DUT with enough input power, two directional couplers to respectively
take a sample of the input power and the reflected power, a circulator to protect the driver from
the reflected power, a set of power attenuators at the output of the DUT, power supplies and
power sensors to measure the input power, the reflected power and the output power. Beside
this, two low-pass filters with cutoff frequencies at 1 GHz are included just before the power
sensor to exclude any possible contribution of harmonics different from the fundamental to the
output power (Pout). Table 7.1 includes the measurement results and a comparison with other
RF Class-E power amplifiers in the literature.

In Figure 7.2, the measured power-added efficiency of the amplifier is represented versus the
input power (Pin). When increasing the input power, a jump is observed for 10 dBm. When
decreasing the input power, there is no longer a jump at 10 dBm but at a lower value of about
7 dBm. This behavior is evidence of hysteresis. Looking at the simulated curve, two turning
points or infinite slope points are found, responsible for the undesired phenomenon. Note that
the default harmonic balance simulation, represented with a solid line, is unable to pass through
the infinite slope points. To understand the cause of this phenomenon, a theoretical study is
presented next.

7.2.2 Theoretical Study

As will be later shown in this section, the phenomenon observed in Figure 7.2 still occurs
when short-circuiting the drain and source terminals, so it can only be due to the nonlinear
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Figure 7.1: Class-E power amplifier demonstrator at 0.9 GHz. (a) Photograph. (b) Schematic:
Z0 = 50 Ω, Cin = 13 pF, θin = 8.1◦, Lin = 1.65 nH, Lout = 5 nH, θout = 22.6◦, Cout = 2.4 pF || 2 pF,
Cs = 100 pF, Cbk = 56 pF, Lck = 150 nH. These values are for Coilcraft Air Core inductors and ATC
100B capacitors. (c) Simulated reflection coefficient of the output network and load-pull contours of drain
efficiency and output power.

gate-to-channel capacitance of the transistor. Indeed, the input impedance of MESFET and
HEMT devices has usually a small real part and a negative reactance dominated by the gate-to-
source capacitance [61]. Therefore, the simplest matching network would be a resistance and an
inductance connected in series at the input, which gives rise to the R-L-diode circuit in Figure
7.3. Clearly, the actual input matching network will be different, but some important conclusions
can be derived from this simple circuit. The diode is essentially a nonlinear capacitance varying
periodically under the signal pumped by the input generator. In terms of the diode charge q,
the circuit is ruled by the following nonlinear differential equation:

vs(t) = Lq̈(t) +Rq̇(t) + v(q), (7.2)

where v = q/c(t) is the voltage across the diode. Considering for simplicity a first-order Taylor
expansion of c(v) and sinusoidal voltage at the input angular frequency ωs:

c(t) = C0 −∆C cos(ωst), (7.3)

where a small variation about the static capacitance ∆C/C0 � 1 is assumed. To focus the
analysis on the resonator, the input source will be eliminated (vs = 0). Substituting (7.3) in
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Table 7.1: RF class-E power amplifiers in the literature

Frequency (GHz) PAE (%) Pout (dBm) Gain (dB) Transistor type Reference
0.37 84 46.5 14 GaN HEMT [225]
0.434 78.6 36.9 > 15 LDMOS [226]
0.8 80.6 46.9 16.3 GaN HEMT [227]
0.9 86.8 40.9 19.5 GaN HEMT This thesis
1 73 29.7 - GaAs MESFET [228]

1.99 82.1 22.8 > 10 GaAs HEMT [229]
2 74 40.5 12.6 GaN HEMT [230]

2.14 74 40.8 14 GaN HEMT [231]
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Figure 7.2: Power-added efficiency of the Class-E power amplifier versus input power. Solid lines are
the results of a default simulation in a commercial harmonic-balance simulator. The curve is completed
(dotted line) with the method described in Section 7.2.3. Symbols are measurements.

(7.2):

q̈ + R

L
q̇ + 1

LC0

1

1− ∆C
C0

cos(ωst)
q = 0. (7.4)

Note that 1/(1− ε) ≈ 1 + ε, ε� 1, so (7.4) can be expressed as

q̈ + γq̇ + ω2
o (1 + β cos(ωst)) q = 0, (7.5)

where γ = R/L, ω2
o = 1/(LC0) and β = ∆C/C0. Equation (7.5) is the damped linear Mathieu

equation, as can be verified performing the change of variable qu = exp(γt/2)q, which leads to
the undamped linear Mathieu equation [24,49]:

q̈u + ω2
u (1 + βu cos(ωst)) qu = 0, (7.6)

where ω2
u = ω2

o − γ2/4 and βu = β/
(
1− γ2/(4ω2

o)
)
. The Mathieu equation describes the motion

of a pendulum with a periodically perturbed support [49], which is analogue to the case of the
electrical circuit under study. Ignoring the damping term γ resulting from the resistance R and
writing (7.5) in state form:

q̇ = ι
ι̇ = −ω2

0 (1 + β cos(ωst)) q
, (7.7)

where ι = q̇ is the loop current. The stability of (7.7) is a problem in Floquet theory. Indeed,
the general solution of (7.7) can be expressed as a combination of two linearly independent
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Figure 7.3: A simple network is considered to match the input of the power amplifier, resulting in an
R-L-diode circuit.

solutions: (
q(t)
ι(t)

)
= c1

(
q1(t)
ι1(t)

)
+ c2

(
q2(t)
ι2(t)

)
=
[
q1(t) q2(t)
ι1(t) ι2(t)

]
︸ ︷︷ ︸

X(t)

(
c1
c2

)
. (7.8)

Therefore, the matrix X(t) is a fundamental solution matrix and the constants c1, c2 depend on
the initial condition, as can be verified from (7.8):(

c1
c2

)
= X−1(0)

(
q(0)
ι(0)

)
. (7.9)

Using (7.8): (
q(T )
ι(T )

)
= X(T )

(
c1
c2

)
. (7.10)

where T = 2π/ωs is the fundamental period of the solution. If the pair of independent solutions

are chosen such that
(
q1(0)
ι1(0)

)
=
(

1
0

)
and

(
q2(0)
ι2(0)

)
=
(

0
1

)
then X(t) is the principal funda-

mental solution matrix. The monodromy matrix, as can be gathered from (7.9) and (7.10), is
M = X(T )X−1(0) = X(T ) because X(0) is the identity matrix. As discussed in Section 1.3.2
of Chapter 1, the eigenvalues of M are the characteristic multipliers and determine the stability
of the periodic solution.

Now, consider the determinant of X(t):

W (q1, q2) = det(X) = q1ι2 − q2ι1 = q1q̇2 − q2q̇1, (7.11)

which is in fact the Wronskian of the independent solutions. The time derivative of W is

Ẇ = q̇1ι2 + q1ι̇2 − q̇2ι1 − q2ι̇1

= ι1ι2 − q1ω
2
o (1 + β cos(ωst)) q2 − ι2ι1 + q2ω

2
o (1 + β cos(ωst)) q1 = 0.

(7.12)

The Wronskian is thus time invariant and this is an important conclusion. Indeed, the value of
the Wronskian at t = 0 is q1(0)ι2(0)− q2(0)ι1(0) = 1 and so it is at t = T . On the other hand,
as it is well known, the determinant of a matrix is equal to the product of its eigenvalues:

m1m2 = det(M) = 1. (7.13)

This result is quite significant as the two Floquet multipliers that determine the stability of
the periodic solution of (7.7) satisfy one of the situations depicted in Figure 7.4. They may be
complex-conjugate on the unit circle, associated with a periodic solution with neutral stability
[Figure 7.4(a)]. For stability, all the characteristic multipliers must have magnitude smaller than
one. Thus, instability would be obtained for two real and reciprocal Floquet multipliers of the
same sign, associated with a periodic solution of saddle type [Figure 7.4(b)]. They may be real
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Figure 7.4: Four possible situations for the characteristic multipliers of the linear Mathieu equation.
(a) Complex-conjugate, indicating neutral stability of the periodic solution. (b) Real and reciprocal,
indicating an unstable periodic solution of saddle type. (c) Multiple and equal to −1, indicating a
resonance at the divided frequency (flip bifurcation). (d) Multiple and equal to +1, indicating a singularity
in the solution (a turning point).

at −1, indicating a frequency division by 2 [Figure 7.4(c)]. Finally, the characteristic multipliers
may be real at +1, indicating a singularity in the solution and therefore a turning point where
the solution curve folds over itself [Figure 7.4(d)]. The case m1,2 = −1 is well known [232–235]
and studied [24, 49, 60, 61]. However, the case m1,2 = +1 seems to be overlooked, although it
is the cause of the hysteresis. To see this, one must take into account the relationship between
multipliers and poles given in (1.23) of Chapter 1. Therefore, a multiplier m = 1 implies a pole
p at zero, leading to a singularity in the solution curve.

The characteristic multipliers will vary continuously as β increases from zero and depend on
the particular value of ωo. To see this, consider the unforced problem (β = 0):

q̇ = ι
ι̇ = −ω2

oq
. (7.14)

The general solution of the linear oscillator (7.14) is(
q(t)
ι(t)

)
= c1

(
cos(ωot)
−ωo sin(ωot)

)
+ c2

(
sin(ωot)

ωo cos(ωot)

)
. (7.15)

The constants c1, c2 are given by the initial condition(
q(0)
ι(0)

)
=
(
q0
ι0

)
,

c1 = q0, c2 = ι0/ωo. The monodromy matrix is obtained integrating (7.15) for one period
T = 2π/ωs of the forcing signal:

M

(
q0
ι0

)
=


q0 cos

(
ωo

2π
ωs

)
+ ι0
ωo

sin
(
ωo

2π
ωs

)
−ωoq0 sin

(
ωo

2π
ωs

)
+ ι0 cos

(
ωo

2π
ωs

)
 , (7.16)

so

M =


cos

(
2πωo
ωs

) 1
ωo

sin
(

2πωo
ωs

)
−ωo sin

(
2πωo
ωs

)
cos

(
2πωo
ωs

)
 . (7.17)
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Figure 7.5: Analytical study of the parametric hysteresis in power amplifiers. (a) Circuit used to match
the input of the power amplifier. (b) CGH35030F GaN HEMT. (c) CLY5 GaAs MESFET.

The Floquet multipliers are given by the characteristic equation:

(
cos

(
2πωo
ωs

)
−m

)2
+ sin2

(
2πωo
ωs

)
= 0, (7.18)

hence

m = exp
(
±j2πωo

ωs

)
. (7.19)

Note that for ωo = kωs/2, k ∈ Z, the characteristic multipliers (7.19) will take the critical values
+1 or −1 with multiplicity two. These Floquet multipliers will split as β increases from zero.

Equation (7.7) is unrealistic since the damping term γ has been neglected. In the presence
of γ, instability is only possible with a nonlinear capacitance. To see this, a nonlinear analysis
will be carried out short-circuiting the transistor drain and source terminals, and modeling the
transistor input with only its nonlinear gate-to-channel capacitance, as depicted in Figure 7.5(a).
The input matching network considered is the one in the original design in Figure 7.1(a), but
neglecting the impact of the parasitics in the lumped elements, the transmission line and the
RF choke.

A describing function of the corresponding nonlinear charge q(t) will be used, assuming a
sinusoidal input waveform is(t) = Is cos(ωst + φ). For simplicity, a polynomial constitutive
relationship is assumed which approximately models the behavior of the circuit in the range of
parameters of the analysis. The nonlinear charge depends on the gate to source voltage, denoted
by v(t):

q(v) = a1v + a3v
3 + a5v

5. (7.20)

Following the discussion in Section 2.5 of Chapter 2, the output current phasor in this case is
Q|1 = (a1V/2 + a33V 3/8 + a510V 5/32)ejφ, where V and φ are respectively the amplitude and
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phase of the gate to source voltage. The describing function of the nonlinear charge is thus

NQ(V ) = Q|1
V

2 e
jφ

= a1 + 3
4a3V

2 + 5
32a5V

4. (7.21)

The charge is simply obtained as Q(V ) = NQV e
jφ. The coefficients in (7.21) are extracted from

a harmonic-balance simulation of the transistor with NH = 1 through an error-minimization
procedure applied to (7.20). For Cree’s GaN HEMT CGH35030F, ωs = 2π · 0.9 GHz and
VGS = −4.8 V the coefficients are: a1 = 11.17 pF, a3 = 309 fF/V3, a5 = −6.8 fF/V5. The
phase of the gate to source voltage will be fixed to 0 (φ = 0). Then, the describing function
allows to use a piecewise formulation to describe the circuit in the frequency domain at the
fundamental frequency:

Ξ(V, φs) = V + Zq(jωs)jωsQ(V ) + Zs(jωs)Isejφs = 0, (7.22)

where linear matrices are given by

Zq(jωs) = −V
jωsQ(V )

∣∣∣∣
Is=0

= jωsLin + Z0
1 + jωsZ0Cin

and
Zs(jωs) = −V

Isejφs

∣∣∣∣
Q(V )=0

= − Z0
1 + jωsZ0Cin

.

Calculating the derivatives of the real and imaginary part of (7.22) with respect to V and φs,
the Jacobian matrix is

JΞ =
[

1− ω2
sLinQ

′ ωsZ0
(
CinV + (1− ω2

sLinCin)Q
)

ωsZ0
(
Cin + (1− ω2

sLinCin)Q′
)

−(V − ω2
sLinQ)

]
, (7.23)

where Q′ = dQ/dV . The singularity condition is

det(JΞ) =− (1− ω2
sLinQ

′)(V − ω2
sLinQ)

− ω2
sZ

2
0

(
Cin + (1− ω2

sLinCin)Q′
) (
CinV + (1− ω2

sLinCin)Q
)

= 0.
(7.24)

Condition (7.24) can only be fulfilled for a nonlinear characteristic Q(V ), since a linear ca-
pacitance leads to V = 0. The singularity is more likely to occur under good input matching
conditions, since, as derived from (7.24), it requires the nonlinear resonance of the device ca-
pacitance with the inductor. The expression of the input power (in dBm) is obtained squaring
and adding the real and imaginary parts of (7.22):

Pin =10 log10

(
(V − ω2

sLinQ)2 + ω2
sZ

2
0

(
CinV + (1− ω2

sLinCin)Q
)2
)

− 10 log10(8Z0) + 30.
(7.25)

The solution curve is simply obtain representing V versus Pin. Results obtained with the
analytical formulation (7.25) and with a commercial harmonic-balance simulator with NH = 1
are compared in Figure 7.5(b). The analysis has also been applied to a CLY5 GaAs MESFET
from TriQuint. In this case, the nonlinear charge Q(V ) used in (7.22)-(7.25) is a numerical
model directly obtained from a harmonic-balance simulation of the transistor with NH = 1.
The results are presented in Figure 7.5(c). This proves that both HEMT and MESFET devices
are prone to exhibit parametric hysteresis. The simplified analytical study of the input circuit
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Figure 7.6: Representation of the Class-E power amplifier to apply the generalized outer-tier contour
method based on the Norton equivalent of the input circuit.

based on the describing function is able to predict the existence of two turning points. Each of
these two turning points is calculated with (7.24). Discrepancies come from contributions of the
extrinsic parameters inside the transistor model, not considered when calculating the nonlinear
charge in the frequency domain and from the approximate nonlinear charge. Note that the aim
of the study is not a quantitatively accurate analysis but a successful prediction of the hysteresis
phenomenon. For an accurate description of the phenomenon, the analysis method described in
next section will be used.

7.2.3 Analysis Method

The multivalued solution curves and turning point bifurcation loci will be obtained by means of
the outer-tier contour method presented in Chapter 3. The analysis is based on the generalized
method applying the Norton equivalent (see Figure 3.3 of Chapter 3) to the input circuit at the
transistor gate terminal, as depicted in Figure 7.6.

The hysteresis phenomenon observed in the solution curve of Figure 7.2 was demonstrated in
previous section to be caused by a nonlinear resonance of the device input capacitance (due to the
gate-to-source and the input-reflected gate-to-drain Miller capacitances [236]) with the inductive
impedance of the input network. For confirmation with a quantitatively accurate analysis, the
outer-tier method will be applied to trace the magnitude of the large-signal reflection coefficient
at the input when the drain and source terminals are short-circuited (VDS = 0 V). The large-
signal reflection coefficient is obtained from a generalization of the small-signal S11 definition,
as shown in (3.57) of Chapter 3. The input power is calculated as Pin = Z0I

2
s /8. In turn, the

input voltage V1 is calculated with (3.23) and the current provided by the input generator is
I1 = Is−V1/Z0. In Figure 7.7(b), the magnitude of s11 has been represented versus input power
for some values of the gate bias voltage where it can be compared with results obtained with
measurements of the power amplifier in Figure 7.1(a) when short-circuiting the drain and source
terminals [Figure 7.7(a)].

The method has been also applied to complete the solution curve in Figure 7.2 and to trace
the whole one in Figures 7.5(b) and 7.5(c). These are particular cases for which the outer-tier
does not require to compute the contour plot: the solution curve is directly obtained representing
the desired variable versus the amplitude or power of the input generator. This is because the
current scalar equation only depends on the AG amplitude. The outer-tier contour method has
also been used to analyze the impact of the gate bias voltage (VGS) on the PAE curves [Figure
7.8(a)] and on the output power [Figure 7.8(b)]. It must be emphasized that here a complete
description of the input network is considered, including full models of discrete elements, the
transmission line and the RF choke. In turn, NH = 15 harmonic terms are used in the harmonic-
balance simulation, as in the case of Figure 7.2. It must be emphasized that any other solution
curve (power gain, dc consumption, etc.) represented versus the input power will fold at the
same values of Pin as the curves in Figures 7.8(a) and 7.8(a). Measurements are superimposed
and are in good agreement with the simulated results. Any possible discrepancy would come
from modeling inaccuracies.
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Figure 7.7: (a) Photograph featuring the Class-E power amplifier with the drain and source terminals
short-circuited. (b) Magnitude of the large-signal input reflection coefficient for some values of the gate
bias voltage. The turning point locus (T) has been included (dashed line). Solid lines are simulated
results and symbols are measurements.

7.2.4 Turning Point Loci

The evolution of the hysteresis region versus a relevant parameter η, affecting the nonlinear
resonance, can be efficiently investigated by tracing the turning point locus in the plane defined
by the parameter η and the input power Pin, as explained in Section 3.3 of Chapter 3. One of
these parameters is VGS , already considered in the analyses of Figures 7.7(b) and 7.8, and the
other is the input matching capacitor Cin. The locus resulting from (3.48) when using VGS as
parameter has been superimposed on the solution curves of Figures 7.7(b) and 7.8 in dashed line.
As can be seen, the locus passes through all the turning points of the solution curves. Figure
7.9 shows the turning point locus of Figure 7.8 represented in the plane defined by VGS and Pin.
The hysteresis region decreases with VGS and vanishes to zero near the threshold voltage Vp.
Measurement points are superimposed showing good agreement.

The outer-tier contour method is also used to evaluate the effect of the input matching
capacitor Cin on the hysteresis phenomenon, as shown in Figure 7.10, where the turning point
loci are obtained in the plane defined by the gate bias voltage (VGS) and the gate to source
voltage (Vgs). Using (3.48) multiple loci are obtained in a straightforward fashion in Figure
7.10. As can be gathered from the figure, the size of the turning point loci decreases when
decreasing the value of the input matching capacitor. For Cin = 11 pF, the solution curves
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Figure 7.8: Solution curves of the Class-E power amplifier versus input power for some values of the
gate bias voltage. Solid lines are simulation results obtained with the outer-tier contour method. The
dashed line superimposed is the turning point locus (T). Symbols are measurements. (a) Power-added
efficiency. (b) Output power.

do not exhibit hysteresis, as depicted in Figure 7.11, where two gate bias voltage values are
considered as an example. Measurements are also superimposed showing good agreement with
the simulation results. The final measurements results for an experimental capacitor value of
8.2 pF (slightly lower than the value used in simulations) are 85.4% of PAE, 16.1 dB of power
gain and 12.3 W of output power.

To get some insight into the reasons for the observation of the phenomena in the lower
VGS range, one must take into account that in these subthreshold conditions the transistor
gain increases with the excitation amplitude. As a result, the conductance function, when
looking into the circuit nonlinear section from the AG terminals [Figure 3.3(c) of Chapter 3],
initially increases with the excitation amplitude and then decreases as expected in any physical
device. Because the frequency of each coexisting solution agrees with the frequency of the input
source, the phase shift between the driving source and the AG excitation voltage is a relevant
variable. Figure 7.12 shows the contour plots of total conductance and total susceptance equal
to zero in the plane defined by the AG phase and amplitude, when the input power is set to
8 dBm. The total conductance/susceptance functions include contributions from both the linear
and nonlinear sections of the power amplifier at the observation node. There is a steady-state
solution for each intersection of the two contour plots, so three steady-state solutions S1, S2,
S3 coexist for this Pin value, in agreement with the results of Figure 7.2. The high dependence
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Figure 7.9: Turning point locus in the plane defined by the gate bias voltage and the input power.
Square symbols are measurements. For the particular value VGS = −3.3 V, it was also measured when
decreasing Pin.
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Figure 7.10: Turning point loci represented in the plane defined by the gate bias voltage and the gate
voltage amplitude for some values of the input matching capacitor. For Cin = 11 pF and lower no locus
is obtained.

of the total admittance function on the excitation amplitude gives rise to two zero susceptance
contours and a bending of the zero conductance contour. This favors the occurrence of three
intersections, corresponding to the three solutions that coexist for the particular Pin value.

Next, the impact of the input matching capacitor Cin will be analyzed. To do this, the
turning point locus is represented in the plane defined by Cin and Pin, for different values
of the drain bias voltage (VDS). For VDS = 0 V, one obtains the small-size locus in Figure
7.13(a), existing for capacitor values between 31.3 pF and 52.3 pF. This locus characterizes
the hysteresis phenomenon that is solely due to the nonlinear input capacitance, as studied
in Section 7.2.2. For each constant Cin value, the locus provides the input power values at
which the hysteresis jumps are produced. When increasing VDS , there is also an influence of the
nonlinear transfer characteristic IDS(VGS) [236], and the locus expands over larger intervals of
Cin and Pin. From a certain VDS value, the locus decays to zero value and this will give rise to
an oscillation phenomenon. For a detailed analysis, the typical drain bias voltage VDS = 28 V
will be considered, as this is the one selected for the high efficiency design.

The analysis versus Cin will be extended to the quality factor of the input network (Qin).
For estimating Qin, the transistor has been represented by a resistance in series with a li-
near capacitance, whose values were obtained from the device small-signal input impedance at
VGS = −3.3 V below the threshold voltage when short-circuiting the drain and source terminals.
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Figure 7.11: Solution curves of the Class-E power amplifier versus input power for some values of the
gate bias voltage. The hysteresis has been suppressed by lowering Cin. Solid lines are simulated results
and symbols are measurements. (a) Power-added efficiency. (b) Output power.

Despite neglecting the nonlinear nature of the device input capacitance, this approximation may
be appropriate enough as long as the signal excursion does not take the gate-to-source junction
into conduction, as described in [237]. In these conditions, the general definition of the quality
factor is applied:

Qin(Cin) = ω0
2R

∂X

∂ω

∣∣∣∣
ω=ω0

, (7.26)

where R and X are respectively the resistance and reactance of the circuit and X(Cin, ω0) = 0.
The angular frequency of resonance ω0 is found for each value of Cin, computing Qin through
a finite difference for calculating the derivative. Figure 7.13(b) presents the turning point loci
obtained for some values of the drain bias voltage versus the quality factor of the input network.

Figure 7.14(a) presents the turning point locus for VDS = 28 V. In the results presented
so far, a model of the input matching capacitor, including the parasitics, is used. For those
analysis using Cin as parameter, a lower value is selected, for which no hysteresis is found, and
then an ideal capacitor ∆Cin is connected in parallel. In this way, the value of the capacitance
can be varied continuously. As can be seen in Figure 7.14(a), there are two capacitor values for
which the turning point locus reaches the horizontal axis (zero input power value). At these
two particular points, Os and Ou, the locus should degenerate into two free-running oscillations.
An interesting fact is that the dc solution of the power amplifier is stable for all the capacitor
values considered in Figure 7.14(a), as the device is biased below the threshold voltage. In
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Figure 7.12: Zero-level contours of the total conductance (GT ) and susceptance (BT ) obtained when
introducing an auxiliary generator at the gate terminal for VGS = −3.3 V and Pin = 8 dBm. The
intersections determine the three solutions in the corresponding solution curve of Figure 7.2. Note the
multivalued nature of the contours.

measurements, the dc solution was found stable for all the capacitor values tested, even when
biasing the transistor above the threshold voltage. In simulations, the dc solution only becomes
unstable in a very reduced region when biasing the transistor above the threshold voltage for
large capacitor values. Therefore, the oscillations in Figure 7.14(a) cannot be detected with a
small-signal stability analysis of the power amplifier. The relationship between the hysteresis
and the oscillations obtained in Figure 7.14(a) will be investigated with a stability analysis
methodology adapted to the case of multivalued curves.

7.3 Stability Analysis Through the Multivalued Curves

The application of a complementary stability analysis through multivalued solution curves is
demanding since harmonic balance converges to the default solution, usually corresponding to
the one with the smallest output power, or will not converge at all. To cope with this problem, the
outer-tier contour method will be combined with pole-zero identification [25,136] and bifurcation
detection [24,39,47,48,63], as explained in the following.

7.3.1 Stability Analysis

In the analysis of Figure 7.6, the whole solution curve is traced suppressing the input source and
using an excitation auxiliary generator to calculate the outer-tier admittance function considered
in (3.18). Then, the curve is obtained by sweeping the AG amplitude VAG. The input power
is calculated from VAG using the Norton equivalent. Thus, turning points only result from
the composition of any of the circuit state variables with the input power. In this way, the
equivalent system (3.18) provides the same solutions that would be obtained with a suitably
initialized harmonic-balance equation in the original system. Therefore, the stability can be
analyzed with the auxiliary generator connected to the circuit, instead of the driving source
[Figure 3.3(c) of Chapter 3]. Note that unlike the auxiliary generator in other previous methods
the excitation auxiliary generator does not fulfill a nonperturbation condition. In the presence
of this auxiliary generator, a small-signal current source at the incommensurate frequency Ω
is introduced at a sensitive circuit node (the gate terminal). This source is used to linearize
the circuit about the large-signal periodic regime at each harmonic-balance sweep step with the
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Figure 7.13: Evolution of the turning point locus versus the drain bias voltage to illustrate the con-
nection between the hysteresis and oscillation phenomena. (a) Input power versus the input matching
capacitor. (b) Input power versus the quality factor of the input network.

conversion-matrix approach [23,132]. The following calculation is performed:

Is(VAG) = |Yeq(VAG)|VAG

Zn(VAG,Ω) = Vn(VAG,Ω)
In(VAG,Ω)

, (7.27)

where Vn is the gate node voltage and In is the current of the small-signal source. The stability
analysis is performed applying pole-zero identification [25, 136] to the function (7.27) obtained
for each VAG value. For the stability analysis to work properly, a difference with respect to [213]
and [215] must be remarked: the filter RIS should only stop the frequency of the input generator
(0.9 GHz in this case), allowing for a proper impedance termination at other harmonic mixing
terms, as discussed throughout Section 3.2.2 of Chapter 3.

For validation, the stability analysis has been applied to the solution point S1 in Figures 7.2
and 7.12. Note that it is a point to which the harmonic-balance method converges by default,
as gathered from the solid line simulation in Figure 7.2. The transfer functions obtained with
the original circuit and performing the topology change (suppression of the input source plus
introduction of the excitation auxiliary generator) are compared in Figure 7.15. The results in
the two different analysis conditions overlap.
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Figure 7.14: Synchronization with free-running oscillations. (a) Turning point (T) and Hopf bifurcation
(green line) loci: input power versus the input matching capacitor value. (b) Output power versus Cin
in free-running operation (Pin = 0 W). (c) Autonomous frequency versus Cin in free-running operation.
Note that the Cin values for which the autonomous frequency is 0.9 GHz agree with the degenerate points
of the turning point locus (Pin = 0 W). Stable (unstable) sections in solid (dashed) line. Square symbols
are measurements. Attention was only paid to values close to Cin0.
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Figure 7.15: Comparison between the transfer function obtained with the new approach (solid line)
using the circuit in Figure 3.3(c) of Chapter 3 and the transfer function obtained in the original circuit
(dots) in Figure 7.1(b).

7.3.2 Hopf Bifurcation Detection

The degenerate points Os and Ou in the turning point locus of Figure 7.14(a) evidence the
existence of a free-running oscillation for some values of the input matching capacitor. In the
presence of a relatively low value of the input power, this oscillation will give rise to a quasi-
periodic regime. Therefore, when injecting input power, one may expect the occurrence of Hopf
bifurcations, leading to a transition between periodic and quasi-periodic regime or vice versa. In
previous works [24,39,47], Hopf bifurcations are detected by introducing an auxiliary generator
at the oscillation frequency and solving the steady-state oscillation condition for oscillation
amplitude tending to zero. Again, a problem arises when dealing with multivalued solution
curves as the Hopf bifurcation may occur in sections of the curve to which commercial harmonic-
balance simulators do not converge by default. Here, the outer-tier contour method will be used
to avoid the need of an extra auxiliary generator to initialize/sustain these coexisting solutions.

Let a Hopf bifurcation leading to the generation/extinction of an oscillation at the angular
frequency ωH be considered. The oscillation amplitude tends to zero at the bifurcation point, so
this bifurcation can be detected linearizing the circuit about the large-signal periodic solution at
each harmonic-balance sweep step with the conversion-matrix approach [23,132]. A small-signal
current source at ωH is connected to a sensitive node of the circuit in Figure 7.6. Then, at each
Hopf bifurcation, the following system of combined steady-state plus bifurcation equations must
be fulfilled:

Is(VAG) = |Yeq(VAG)|VAG

Ya(VAG, ωa) = In(VAG, ωa)
Vn(VAGωa)

= 0
, (7.28)

where Vn is the sensitive node voltage and In is the current of the small-signal source. The
set of equations (7.28) is solved through optimization of VAG and ωH . Note that the standard
auxiliary generator technique [63] would also require the optimization of the amplitude and phase
of the extra auxiliary generator that is used to achieve convergence to the upper section(s) of
the solution curve and, therefore, it is a more demanding optimization process. Parameter
switching in this extra auxiliary generator would be needed for the calculation of the whole
Hopf bifurcation locus versus two relevant parameters, such as Pin and Cin.

The Hopf bifurcation locus obtained with (7.28) has been superimposed in the plane defined
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Figure 7.16: Comparison between the Hopf bifurcation locus obtained with the new approach using the
circuit in Figure 3.3(c) of Chapter 3 and the Hopf bifurcation locus obtained with the previous method
applied to the original circuit in Figure 7.1(b).

by Cin and Pin in Figure 7.14(a). As can be seen, the Hopf locus is composed of three different
sections. Section 1 corresponds to Hopf bifurcations in the lower sections of the multivalued
curves. Section 2 corresponds to Hopf bifurcations in the upper sections of the multivalued
curves and Section 3 to Hopf bifurcations obtained for capacitor values at which the solution
curve is no longer multivalued. The accuracy of the Hopf bifurcation locus calculated with (7.28)
has been validated through comparison with the one obtained with the previous method [43],
which, by default, can only detect Hopf bifurcations in the nonmultivalued sections of the curves.
As shown in Figure 7.16, the results of both methods are overlapped.

In next section, the described approach will be applied for a detailed investigation of the
relationship between the hysteresis and the oscillatory phenomena detected in Figure 7.14(a).

7.4 Relationship Between Hysteresis and Self-Oscillation

The turning point locus in Figure 7.14(a) indicates the presence of free-running oscillations that
cannot be detected with an ordinary stability analysis of the dc solution. This is because the
periodic solution at the input drive frequency (fs) is stable when the transistor is biased below
the threshold voltage. The Cin interval for which these oscillations exist will be analyzed using
one of the two degenerate turning points at Pin = 0 W as an initial value for an analysis of the
free-running oscillation. Using an auxiliary generator [24], the free-running oscillation curve has
been traced versus Cin at constant VGS = −3.3 V in Figure 7.14(b). As can be seen, the solution
curve exhibits a turning point at Cin0 = 15.8 pF. For Cin < Cin0 there is no oscillatory solution.
For Cin > Cin0, there are two coexisting steady-state oscillations for each Cin value. The point
of slope point at Cin0 [marked T0 in Figures 7.14(b) and 7.14(c)] implies that a real pole passes
through zero at this particular capacitor value [24]. Therefore, the two sections of the oscillation
curve must exhibit different stability properties. The upper section is stable whereas the lower
section is unstable, as it has been verified with pole-zero identification [25].

At each of the two points of the turning point locus in Figure 7.14(a) obtained for Pin = 0 W,
the solution of the power amplifier degenerates into a free-running oscillation with approximately
the same frequency as the input generator (0.9 GHz). In fact, there are two capacitor values for
which the free-running frequency agrees with this precise value, as gathered from Figure 7.14(c).
Each of them is responsible for one of the two degenerate points in the turning point locus of
Figure 7.14(a).

With the Cin values considered in the measurements and under a full variation of VGS ,
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Figure 7.17: (a) Output power versus gate bias voltage for Cin = 18 pF in free-running operation.
Stable (unstable) sections are in solid (dashed) line. Square symbols are measurements. (b) Stability
analysis of the dc solution versus the gate bias voltage.

the dc solution was always stable, so dc solutions were physically obtained in the whole bias
voltage range going from −8 V to −2.3 V. The described situation prevents the detection of
this oscillation when performing a stability analysis of the dc solution. As an example, Figure
7.17(a) presents the closed oscillation curve obtained for Cin = 18 pF versus VGS . The oscillation
amplitude does not decay to zero for any VGS value, so there are no Hopf bifurcations from the
dc regime. This is why this oscillation does not start-up from the noise level. Arguably, the
oscillation in Figure 7.14(b) should arise at a Hopf bifurcation from the dc regime, obtained
versus the gate bias voltage for some combinations of the capacitor Cin and other circuit element
values. Figure 7.17(b) presents the variation of the dominant poles of the dc solution versus
the gate bias voltage. The poles approach the imaginary axis but do not cross this axis, which
prevents the detection of the coexisting high amplitude oscillation of the power amplifier. To
obtain this oscillation in measurements it was necessary to inject the circuit with enough input
power from the driving source and then reduce Pin to zero for a particular value of VGS . Once
oscillating, VGS can be varied to obtain the measurement points. The measurement points
obtained in this way are superimposed in Figure 7.17(a). The reason why the input power is
able to start the oscillation will be understood after a thorough stability analysis of the periodic
solution curves obtained versus the input power.

The impact of the free-running oscillation in Figure 7.17(a) on the stability properties of the
PA power-transfer curves will be analyzed considering variations in the capacitor Cin, which
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Figure 7.18: Turning point and Hopf bifurcation loci represented in the plane defined by the input
power and the input matching capacitor. The capacitor values giving rise to a free-running oscillation
have been marked with a thick solid line. The Cin values analyzed in Figure 7.19 are marked.

directly affects the input matching and oscillation conditions, as gathered from Figure 7.14.
This capacitor will be varied from 12 pF to 23 pF. Figure 7.18 presents the turning point and
Hopf bifurcation loci, calculated with (3.48) and (7.28), respectively, in the plane defined by the
input power and the capacitance Cin. The Cin values (starting at Cin0 = 15.8 pF) that give rise
to a free-running oscillation, as detected from the solution curve in Figure 7.14(b), are indicated
with a thick vertical line at Pin = 0 W. For these capacitor values, when increasing Pin from
zero, the associated oscillation will give rise to a self-oscillating mixing regime coexisting with
the periodic stable solution. This quasi-periodic regime has never been observed experimentally
when increasing the input power from zero. Once the circuit is operating in the upper section
of a given periodic solution curve, it is observed when reducing the input power. Then, there
is a transition from a periodic regime at fs to a self-oscillating mixer regime. This solution is
mathematically extinguished at certain input power, so it only exists in the lower input power
range. Depending on the value of the input frequency, it can be extinguished in two different
manners: through synchronization or through an inverse Hopf bifurcation.

Synchronization will occur for capacitor values such that the free-running oscillation fre-
quency is close enough to the frequency of the input generator fs. Because of the similarity
of the two frequencies, the input source will have a significant influence on the self-oscillation.
Therefore, synchronization will take place for rather low input power values. Inverse Hopf bi-
furcations will be obtained for capacitor values such that the free-running oscillation frequency
is farther from fs. Because of the larger frequency difference, a higher input power will be
required for extinction of the oscillation. As described in the following, the parameter region
for the occurrence of each of the two phenomena is easily determined from inspection of Figure
7.18.

As already stated, a stable free-running oscillation will exist for all the capacitor values in the
thick solid line in Figure 7.18. In the neighborhood of the degenerate point Os, the transition
to periodic regime will take place when crossing the turning point locus as the input power
is increased. In fact, turning points do not always indicate jump phenomena, but may also
correspond to synchronization (limit cycle on a saddle-node in the Poincaré map), as described
in [49,51].

As a general rule, turning points near the free-running oscillation, having no Hopf bifurcations
in the neighborhood, will correspond to synchronization [24]. In the diagram of Figure 7.18,
this will be the case for Cin values between 15.8 pF and 20.8 pF. Oscillation extinction through
an inverse Hopf bifurcation takes place for a higher difference between fs and the original
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free-running value. In the diagram of Figure 7.18, this occurs when Section 2 of the Hopf
bifurcation locus is crossed when increasing the input power. This is the case for capacitor
values Cin > 20.8 pF. It is important to emphasize that the free-running oscillation in Figure
7.18 cannot be detected with a small-signal stability analysis.

Section 1 of the Hopf bifurcation locus corresponds to Hopf bifurcations in the lower section of
the multivalued curves. Their implications on the circuit solution will be better understood when
superimposing the Hopf bifurcation locus on the power-transfer curves obtained for different Cin
values. Figure 7.19(a)-7.19(b) presents the power-transfer curves obtained for Cin = 23 pF and
16 pF, respectively. The turning point locus obtained with (3.48) passes through all the infinite-
slope points of the solution curves (marked in the figure with T), as can be verified through
simple inspection. On the other hand, the Hopf bifurcation locus obtained with (7.28) passes
through all the Hopf bifurcaton points (marked with H), as will be validated later with pole-zero
identification.

The case Cin = 23 pF will be initially considered. The lower section of the power-transfer
curve, up to the point H1, is stable. This is because, when injecting the input power, it emerges
from a stable dc regime. At the Hopf bifurcation, a quasi-periodic regime is generated, which
should be extinguished from certain input power, due to the natural reduction of the negative
resistance with the input amplitude. When the oscillation is extinguished, a jump takes place
to the upper section of the periodic curve featuring stable behavior. Now, reducing the input
power, the circuit remains in the stable periodic solution up to the Hopf bifurcation H2, where
an oscillation is generated. Note that when increasing the input power from zero, the self-
oscillation [due to the existence of free-running solutions in Figure 7.14(b)] is extinguished at
this same bifurcation. However, because of the coexistence of the stable periodic solution with
this oscillatory regime, it will be rare to observe this oscillation when increasing the input power
from zero. The upper section of the periodic curve is unstable between the turning point and
the Hopf bifurcation, so the potential jump point T2 is never reached physically.

In the case Cin = 16 pF, when increasing Pin from zero, the periodic solution curve will
be stable up to the Hopf bifurcation point H. In a manner similar to the previous case, a
transition to quasi-periodic regime will occur at this point and then to the upper section of the
periodic curve featuring stable behavior. When decreasing the input power, the upper section
of the curve remains stable up to the turning point TS , which is in fact a synchronization point.
The reason for the different behavior is that the input frequency 0.9 GHz is quite close to the
free-running oscillation frequency obtained for Cin = 16 pF, so the transition to quasi-periodic
regime is through a loss of synchronization.

For Cin = 13 pF, there is no longer a free-running oscillation, as gathered from Figure
7.14(b), so, as can be expected, there is no Hopf bifurcation in the lower section of the periodic
solution curve in Figure 7.19(c), in agreement with Figure 7.18. The two turning points will
give rise to jumps between different sections of the multivalued periodic curve (hysteresis). For
Cin = 12 pF, a regular curve showing gain expansion, with neither oscillation nor jumps, is
obtained.

As gathered from the bifurcation loci in Figure 7.18, there can be Hopf bifurcations in the
lower section of the curves (Section 1 of the Hopf bifurcation locus) even when there are no
free-running oscillations. The quasi-periodic regime generated at these points should exhibit a
turning point when increasing the input power, as those reported in [24,63], and be extinguished
in a saddle-connection bifurcation in the Poincaré map [49]. This is a global bifurcation [49]
that requires the presence of a saddle point, such as those in the intermediate section of the
multivalued solution curves. The saddle-connection bifurcation is also associated with Bogdanov-
Takens bifurcations, at which the turning point and the Hopf bifurcation loci merge, such as the
ones indicated with BT in Figures 7.14(a) and 7.18.
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Figure 7.19: Periodic solution curves of the power amplifier: output power versus input power for
different values of Cin. The stable (unstable) sections are marked in solid line (dashed line). The
turning point and Hopf bifurcation loci, together with the bifurcations points, have been included. (a)
Cin = 23 pF. Square symbols are measurements. (b) Cin = 16 pF. (c) Cin = 13 pF and 12 pF.
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Figure 7.20: Pole locus of the solution curve in Figure 7.19(a) obtained for Cin = 23 pF.

The accuracy of the Hopf bifurcation detection has been validated with pole-zero identifica-
tion. Figure 7.20 shows the evolution of the critical poles of the solution curve corresponding to
Cin = 23 pF. The pole locus indicates that the lower section is stable up to Pout = 4 dBm, where
the poles cross to the right-hand side of the complex plane (RHP), giving rise to a Hopf bifurca-
tion from periodic regime. The poles merge and split into two real poles, and for Pout = 14.7 dBm
one of the real poles crosses to the left-hand side of the complex plane (LHP) at a turning point
in the solution curve. This real pole crosses again to the RHP at Pout = 30.9 dBm giving rise
to the second turning point in the solution curve. When further increasing the input power, the
two real poles merge on the RHP and split into two pairs of complex-conjugate poles (associated
with a same pair of Floquet multipliers [24,51,55]). At Pout = 34.6 dBm, the poles cross to the
LHP giving rise to an inverse Hopf bifurcation from which the periodic solution curve becomes
stable. The pole analysis is in total agreement with the results of the bifurcation analyses in
Figures 7.18 and 7.19(a).

Measurements of the power amplifier for an input matching capacitor Cin = 12 pF have been
superimposed in Figure 7.19(a). The capacitor value is significantly lower in measurements
that the one used in simulations. As mention in Section 7.2.1, the capacitor value that best
matched the input of the power amplifier in measurements was already lower than the one used
in simulations. The shift in the capacitor value is attributed to modeling inaccuracies. One
must take into account also that the Cin value used in simulations was a combination of a lower
capacitor value and an ideal capacitor connected in parallel, to be able to vary continuously the
capacitance, as explained in Section 7.3.1. Even under these unavoidable accuracy limitations,
the qualitative behavior and power levels are reproduced satisfactory. The measured spectra at
different input power values are shown in Figure 7.21. For low input power, the spectrum is
periodic, as shown in Figure 7.21(a). When continuously increasing the input power, a Hopf
bifurcation is obtained at Pin = 6.8 dBm, which gives rise to the quasi-periodic spectrum in
Figure 7.21(b). When further increasing the input power, the self-oscillation vanishes due to a
turning point in the quasi-periodic solution curve, so a jump takes place at Pin = 8.6 dBm to
the upper section of the periodic solution curve. Figure 7.21(c) shows the spectrum obtained for
Pin = 14.7 dBm. Now, when reducing the input power, the power amplifier continues to show
periodic behavior up to the input power value Pin = 8 dBm, at which the circuit undergoes a
Hopf bifurcation. Below Pin = 8 dBm, the circuit operates in a quasi-periodic regime [Figure
7.21(d)] that is never observed when increasing the input power from zero. The results are
in total agreement with the two Hopf bifurcation points that were detected with (7.28) and
displayed in Figures 7.18 and 7.19(a).

With the discrete capacitor values available during the experimental tests it was not possible
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Figure 7.21: Sequence of output spectra measured for Cin = 12 pF. (a) When increasing the in-
put power from very low value it is periodic (Pin = 5.9 dBm). (b) Jump to a quasi-periodic solution
(Pin = 7.5 dBm). (c) Jump to the periodic solution (Pin = 14.7 dBm). (d) Now, when decreasing the
input power a quasi-periodic solution, resulting of the mixing with the free-running oscillation, is observed
(Pin = −5.1 dBm). Synchronization with the latter is obtained reducing the input frequency. (e) Adler
spectrum near synchronization (fs = 0.866 GHz).

to observe a synchronization phenomenon with the input frequency fs = 0.9 GHz. This is
because for those capacitor values the frequency of the free-running oscillation that coexists with
the dc solution is too different from fs = 0.9 GHz. To validate the existence of the phenomenon,
a small shift was applied to the input frequency, using, instead, the value fs = 0.866 GHz,
together with the capacitor value Cin = 12 pF. With these parameter values, synchronization
could be measured. The typical near-synchronization spectrum, with a triangular shape [159],
is shown in Figure 7.21(e).

As previously shown, the input power is able to start an oscillation in the power amplifier
which persists when reducing the power to zero, even when the dc solution is stable in the whole
range considered. In next subsection, the above study will allow to turn the power amplifier
into a highly efficient power oscillator.

7.4.1 High Efficiency Class-E Power Oscillator

In simulation, a shift of the pole locus in Figure 7.17(b) to the right is observed when suppressing
the 50-Ω load of the input source. This gives rise to an interval of VGS values for which the
dc solution becomes unstable, allowing the oscillation to start-up from the noise level. Fig-
ure 7.22(a) presents the free-running oscillation curve obtained for the original capacitor value



200 CHAPTER 7. HYSTERESIS AND OSCILLATION IN POWER AMPLIFIERS

−11 −10 −9 −8 −7 −6 −5 −4 −3 −2
−20

−10

0

10

20

30

40

50

60

70

Gate bias voltage (V)

O
u
tp

u
t 

p
o
w

er
 (

d
B

m
)

100

80

60

40

20

0
E

fficien
cy

 (%
)

(a)

104 105 106 107 108
−160

−140

−120

−100

−80

−60

−40

Offset frequency (Hz)

S
p
ec

tr
a
l 
d
en

si
ty

 (
d
B

c/
H

z)

(b)

Figure 7.22: (a) Output power and efficiency of the RF Class-E power oscillator, represented versus
the gate bias voltage. Square symbols are measurements. (b) Phase noise spectral density measured at
VGS = −3.3 V.

Cin = 13 pF in the design of Figure 7.1(a). Note that the oscillation persists in a large gate
bias voltage interval. The Hopf bifurcation from the dc regime is subcritical [24,49,238], so the
oscillation amplitude grows for decreasing values of VGS . In measurements, the value of VGS
for which the oscillation starts up (−2.8 V) agrees with the Hopf bifurcation point obtained in
simulation. The evolution observed versus VGS is in total agreement with the predicted results.

In comparison with other configurations, requiring an accurate synthesis of a feedback net-
work [238], the oscillator topology is greatly simplified. Indeed, the feedback path is provided
by the device gate-to-drain capacitance (CGD). In Figure 7.22(a), the efficiency variation has
also been represented versus the gate bias voltage. A peak value as high as 86.4% was measured
for VGS = −4 V, staying above 80% for VGS ≤ −2.5 V. The gate bias voltage provides a simple
way to control the oscillation frequency. For the voltage interval considered in Figure 7.22(a),
it varies between 0.826 GHz and 0.98 GHz.

Finally, the phase noise spectral density was captured for several oscillation frequencies and
no noticeable difference was appreciated. In Figure 7.22(b), it is represented at VGS = −3.3 V.
Phase noise values of −114.8 dBc/Hz and −141.4 dBc/Hz were estimated for frequency offsets
of 100 kHz and 1 MHz, respectively, in the ranges reported in the literature for GaN HEMT
based oscillators [239].
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7.5 Chapter Summary
An in-depth investigation of hysteresis and oscillator phenomena in a GaN HEMT based Class-E
power amplifier at 0.9 GHz has been presented, featuring a measured power-added efficiency of
86.8%, close to the state-of-the-art, and an output power of 12.4 W. The hysteresis has been
demonstrated to be produced by a nonlinear resonance of the transistor input capacitance with
the inductive input network under near optimum matching conditions. The dynamics has been
studied by approximately describing the subnetwork containing the nonlinear capacitance with
the Mathieu equation. The set of circuit parameters and operating conditions that give rise to
turning points in the solution curves have been efficiently detected with the outer-tier contour
method. This has allowed an elimination of the undesired phenomenon with no significant impact
on the performance of the power amplifier. The turning point locus, which at zero drain bias
voltage is solely due to the input nonlinear capacitance, spreads over lower input power values.
From certain value of drain bias voltage, some discrete points of the locus reach zero input
power and degenerate into free-running oscillations that coexist with a stable dc solution. For
most input matching conditions, this oscillation cannot be detected with any standard stability
analysis, even under an exhaustive variation of the bias voltages. It coexist with a stable dc
regime even for gate bias voltages above conduction threshold. Under input power injection, this
oscillation gives rise to an undesired self-oscillating mixer regime, extinguished either through
synchronization or inverse Hopf bifurcations. The Hopf bifurcations in the multivalued curves
have been efficiently detected combining the outer-tier contour method with a limit-oscillation
condition imposed with the aid of a small-signal source. The great flexibility in the bifurcation
analysis has enabled a thorough investigation of the circuit stability properties under extensive
variations of bias voltages, input power levels and circuit element values. In this way, it has
been possible to modify the original power amplifier design so as to make a practical use of the
oscillation originally associated with the degenerated turning points. It has been possible to
obtain a high efficiency Class-E power oscillator with a slight variation of the input network,
providing 154 MHz of frequency coverage with an efficiency figure above 80%.





Conclusion and Future Work

This thesis has two main contributions. The first one has been the derivation of a new simulation
method for an accurate and efficient analysis of nonlinear microwave circuits in the presence of
a driving signal. The second main contribution has been the in-depth stability analysis of
multidevice oscillators, with emphasis on ring oscillators.

The new simulation method constitutes a new efficient approach, compatible with commercial
harmonic-balance simulators. It relies on extraction of a nonlinear outer-tier admittance or
impedance function, which describes the circuit response from the driving source terminals.
This function depends on the amplitude of an auxiliary generator and the desired analysis
parameters. The analysis is based on the new concept of excitation auxiliary generator. It
consists of an auxiliary generator which replaces the original driving source and provides a
means of exciting the circuit when the input generator is suppressed. This avoids analysis
difficulties associated with turning points. The nonlinear function that characterizes the circuit
is used to define a surface whose contour plot determines a whole family of periodic solution
curves, obtained in a simple and reliable fashion from the results of an initial harmonic-balance
simulation of the circuit introducing the excitation auxiliary generator. The approach may
be also applied to a general scenario involving the Norton or Thévenin equivalent of the input
circuit. It does not require any optimization or parameter switching procedures and any solution
curve may be obtained with no need to resimulate the circuit, this constituting a significant
advantage compared with previous analysis techniques. The turning point locus and hence
the synchronization bandwidth is obtained in the plane defined by any two relevant analysis
parameters in a straightforward manner, using a geometrical condition. By introducing an
additional perturbation, it enables a determination of the Hopf bifurcation locus that delimit
regions with the desired operation mode.

An in-depth investigation of oscillation modes in ring oscillators has been presented. The
small-signal stability was initially considered, demonstrating that the poles associated with the
dc regime are uniformly distributed on a circle on the complex plane, with increasing density
for a higher number of stages. The existence of multiple pairs of poles on the right-hand side of
the complex plane gives rise to different oscillation modes, related to the eigenvectors of the cir-
culant active-device admittance matrix. The stability properties of the detected modes depend
on both the order of appearance from dc regime, in a sequence of Hopf bifurcations, and the
bifurcations undergone by each steady-state mode until reaching the final operation point, when
varying a parameter (a bias voltage, for instance). Thus, the stability analysis has combined a
bifurcation analysis from a dc regime and a bifurcation analysis of each individual oscillation
mode in a large-signal regime. The large-signal global stability analysis presented has shown
the possible stabilization mechanisms, which lead to the common physical observation of some
of these modes. The stabilization of the desired mode, using concepts from bifurcation theory,
has also been presented. All techniques have been successfully applied to a ring oscillator at
12.6 GHz.
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Chapter 5 has presented an in-depth stability analysis of injection-locked multimode oscil-
lators. Hopf and turning point bifurcations occurring in these circuits when varying the input
power have been studied in detail. It has been shown that for low injection power, each stable
injection-locked oscillation coexists with as many two-fundamental quasi-periodic solutions as
the number of stable periodic oscillations in the original free-running circuit. The mechanisms
leading to the successive extinctions of these undesired stable quasi-periodic solutions have been
investigated in-depth, as well as the possible stabilization of the oscillation modes that were
originally unstable in free-running conditions. The overall study has enabled a thorough under-
standing and anticipation of the complex nonlinear dynamics of these multimode circuits. It has
been demonstrated that by changing the injection frequency, together with a suitable control of
a bias voltage, it is possible to switch between the various injection-locked oscillations, obtaining
a reconfigurable system. The study has been illustrated through application to a demonstrator,
consisting of a ring oscillator in which six stable oscillation modes were measured at different
operation points and frequencies comprised between 9.4 and 15.4 GHz.

The new outer-tier contour method has been applied to study the multivalued synchronized
solution curves of fundamentally injection-locked oscillators. Due to its computation efficiency,
the new approach can be used for an optimized design of injection-locked oscillators, globally
accounting for their full response versus input power and frequency or other parameters. The
turning point and Hopf bifurcation loci, obtained with the aforementioned procedure, have
been used to delimit the stable injection-locked operation bands in a straightforward fashion.
The Bogdanov-Takens bifurcation point at which the turning point and Hopf bifurcation loci
merge has been analyzed in detail, as well as the saddle-connection locus. As it has been
shown, a second intersection of the saddle-connection locus with the turning point locus acts as
a boundary between synchronization points and points associated with jumps and hysteresis.
The likely observation of chaotic solutions in the neighborhood of the saddle connection locus
has been discussed. The results have been validated by application to several injection-locked
oscillators, obtaining good agreement with the experimental results.

Parametric hysteresis in power amplifiers has been investigated in detail, thanks to the new
outer-tier contour method. In circuits based on MESFET and HEMT devices, the hysteresis
phenomenon has been demonstrated to be due to a nonlinear resonance of the device input
capacitance under near optimum matching conditions. This knowledge, together with the effi-
cient outer-tier contour methodology, has enabled a prediction and elimination of the undesired
phenomenon. Bifurcation loci have been used to evaluate the impact of the phenomenon under
variation of critical design parameters. When increasing the drain bias voltage, some points
of the associated turning point locus degenerate into a large-signal oscillation that cannot be
detected with a stability analysis of the dc solution. In driven conditions, the oscillation was
extinguished either through synchronization or inverse Hopf bifurcations in the upper section
of the multivalued curves. For an efficient stability analysis, the outer-tier contour method has
been applied in combination with pole-zero identification and Hopf bifurcation detection. De-
parting from the detected oscillation, a slight variation of the input network has been carried
out so as to obtain a high efficiency power oscillator able to start-up from the noise level. All the
tests have been carried out in a Class-E GaN power amplifier with measured 86.8% power-added
efficiency and 12.4 W output power at 0.9 GHz.

At the end of this thesis, additional training on MEMS devices [240–244] and MEMS reso-
nators [245–247] was acquired during the stay at the University of Limoges, Limoges, France.
MEMS (micro-electro-mechanical systems) components are electromechanical devices that ad-
mit an equivalent electrical representation consisting of a nonlinear capacitor, an inductance
and a resistance [240–242]. As in the case of the circuit in Figure 7.3 of Chapter 7, representing
the input network of the power amplifier under study, the electrical equivalent of MEMS de-
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vices constitutes a nonlinear resonator circuit, which produces multivalued solution curves [245]
featuring hysteresis versus the driving frequency for certain power levels of the driving signal.
Bearing in mind the manufacturing time of MEMS devices, an analogue circuit constituted by
an inductor and a varactor was designed in parallel and series versions, conceptually similar to
MEMS resonators. These circuits were used in Chapter 3 to illustrate the outer-tier contour
method and develop further improvements on it, such as an extension of the generalized method
to a 3-port input subnetwork and electromagnetic cosimulation of distributed elements.

Phase noise performance in an oscillator may be improved by taking advantage of the reso-
nator nonlinearity [248, 249]. Noise reduction relies on device operation in the neighborhood of
turning points or points of infinite slope of the amplitude of motion versus frequency curve of
the nonlinear resonator [250, 251]. At these points, the phase versus frequency curve is locally
vertical, this meaning the frequency is insensitive with respect to small relative phase variations.
Turning points are bifurcations wherein the solution curve folds over itself, so in principle these
points are unstable. Indeed, a real pole crosses the imaginary axis to the right-hand side of the
complex plane at the bifurcation leading to instability in one of these sections. On the other
hand, a cusp or point of inflection is a codimension two bifurcation, a particular turning point
belonging to the turning point locus for which the solution curve changes from concave to convex
or vice versa. A real pole moves to the right as increasing the frequency, becomes tangent to
the imaginary axis at the cusp and then moves to the left, so the real pole never crosses to the
right-hand side of the complex plane. The solution curve is thus stable for any frequency value
and features locally a vertical slope at the cusp, so this point should be interesting to apply the
phase noise reduction technique.

Results
During the development of this thesis, four papers have been published in the IEEE Transactions
on Microwave Theory and Techniques, the preeminent publication concerning radio frequency
and microwave technology:

1. J. de Cos, A. Suárez, and F. Ramírez, “Analysis of oscillation modes in free-running ring
oscillators,” IEEE Transactions on Microwave Theory and Techniques, vol. 60, no. 10,
pp. 3137-3150, Oct. 2012.

2. J. de Cos and A. Suárez, “Stability analysis of injection-locked multimode oscillators,”
IEEE Transactions on Microwave Theory and Techniques, vol. 61, no. 8, pp. 2878-2891,
Aug. 2013.

3. J. de Cos and A. Suárez, “Efficient simulation of solution curves and bifurcation loci in
injection-locked oscillators,” IEEE Transactions on Microwave Theory and Techniques,
vol. 63, no. 1, pp. 181-197, Jan. 2015.

4. J. de Cos, A. Suárez, and J. A. García, “Hysteresis and oscillation in high-efficiency power
amplifiers,” IEEE Transactions on Microwave Theory and Techniques, vol. 63, no. 12, pp.
4284-4296, Dec. 2015.

In fact, the latter is an extended version of:

J. de Cos, A. Suárez, and J. A. García, “Parametric hysteresis in power amplifiers,” in
IEEE MTT-S International Microwave Symposium Digest, 2015, pp. 1-4.

This conference paper was selected as finalist in the IEEE Microwave Theory and Techniques
Society (MTT-S) 2015 International Microwave Symposium (IMS) Student Paper Competition
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held in Phoenix, Arizona. The purpose of the Student Paper Competition is to recognize out-
standing technical contributions from individual students, organized every year by the IEEE
MTT-S IMS, the premier annual international meeting for technologists involved in all aspects
of microwave theory and practice.

The paper “Hysteresis and oscillation in high-efficiency power amplifiers” was in 5th position
on the top 50 most popular articles of the special issue of December 2015 of the Transactions
on Microwave Theory and Techniques.

The outer-tier method has been published under a Spanish Patent:

J. de Cos and A. Suárez, “Method for analysis and design of circuits,” Spanish Patent: 2
528 305, application number P201400937, issued date November 17, 2014.

After the investigation of the high efficiency Class-E power amplifier, an efficient and linear
Doherty power amplifier at 3.6 GHz was designed and manufactured. This power amplifier
was presented at IEEE MTT-S 2016 IMS Student Design Competition held in San Francisco,
California. It was awarded the Third Place for “High Efficiency Power Amplifier Student Design”.

Future Work
There are a number of topics on which further research may be of interest.

The analysis of oscillation modes in free-running ring oscillators was carried out for a MIC
demonstrator. It is true however that a ring oscillator finds its practical implementation in
an MMIC context, where the circuit dimensions are reduced. In these conditions multimode
behavior can still occur as parasitic elements in active devices have a significant impact on the
generation of oscillation modes. Moreover, the complexity of the pole locus of the dc solution
has been demonstrated to increase with the number of stages regardless of the technology used
for the design, so in a ring oscillator including a significant number of stages, which is not an
unusual practice, multiple oscillation modes are likely to arise. Therefore, a further work may
tackle the investigation of coexistence of oscillation modes in a practical MMIC design involving
multiple active devices.

Practical ring oscillators usually employ differential stages due to the number of advantages
associated with this structure. The stability of the dc solution has been analyzed for a basic
version of these oscillators. A future study might perform a global stability analysis of differ-
ential ring oscillators. This investigation would allow to determine any possible impact of this
differential topology on the coexistence of oscillation modes.

Injection of multiple signals with suitable phase shifts can significantly enhance the synchro-
nization bandwidth of a ring oscillator [8]. In case of multimode behavior, the solution curves
might merge an provide an even larger synchronization bandwidth. A study of a ring oscillator
featuring this behavior would be worth. On the other hand, the outer-tier contour method may
be applied for effectively calculating the actual synchronization bandwidth. It may also be used
for an optimized design methodology of injection-locked ring oscillators with multiple injection
points.

The outer-tier contour method has been applied at the fundamental frequency. Although
not straightforward, an extension of this method to cover the analysis of frequency dividers
would be valuable. It is also interesting to extend the outer-tier contour method to the analysis
of subsynchronized oscillators or frequency multipliers. On the other hand, the new method
is based on the assumption of a purely sinusoid as driving signal. This would be a limiting
condition in the analysis of a circuit or a system forced by an input signal rich in harmonic
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content or even in the presence of modulated signals. An extension of the method would cover
these cases.

The stability analysis presented in Chapter 7 has been successfully applied to a high efficiency
Class-E power amplifier. However, an extension of this analysis to complex power amplifier to-
pologies, such as envelope tracking, Doherty power amplifier or outphasing, would be interesting.
These topologies involve modulated signals, so the expected complexity of the analysis would
be high.

Finally, a future work might be devoted to the design of an oscillator based on the nonlinear
resonators used in Chapter 3. An initial demonstrator would consist of an oscillator loaded with
these two resonators, used as a proof of concept of the phase noise reduction technique. The
ultimate goal would be the application of the phase noise reduction technique to an oscillator
based on MEMS resonators [252,253].





Conclusiones y Líneas Futuras

Esta tesis doctoral presenta fundamentalmente dos contribuciones. La primera consiste en la
concepción de un nuevo método de simulación que permite un análisis preciso y eficiente de
circuitos no lineales de alta frecuencia en presencia de una señal de forzamiento. La segunda
contribución fundamental es un análisis de estabilidad en profundidad de los osciladores multi-
transistor, en especial de los osciladores en anillo.

El nuevo método de simulación constituye una nueva forma eficiente de análisis, compatible
con los simuladores comerciales de balance armónico. Se fundamenta en la extracción de una
función externa no lineal de tipo admitancia o impedancia, la cual proporciona una descripción de
la respuesta del circuito desde los terminales de la fuente de forzamiento. Dicha función depende
de la amplitud de un generador auxiliar y de ciertos parámetros de análisis. El análisis se basa
en el nuevo concepto de generador auxiliar de excitación. Consiste en un generador auxiliar que
reemplaza a la fuente de forzamiento y proporciona una vía de excitación del circuito cuando
dicho generador de entrada es eliminado. Esto permite evitar problemas en el análisis asociados a
los puntos de retorno. La función no lineal que caracteriza al circuito se emplea para confeccionar
una superficie cuyo mapa de contorno permite trazar una familia de curvas de solución, obtenidas
de forma sencilla y fiable a partir de los resultados de una única simulación de balance armónico
del circuito en presencia del generador auxiliar de excitación. Esta idea puede aplicarse al caso
más general que involucra la obtención del equivalente Norton o Thévenin del circuito de entrada.
El procedimiento no requiere ni optimización ni métodos de continuación como por ejemplo
intercambio de parámetros. Además, puede obtenerse cualquier curva de solución para diferentes
valores de los parámetros de análisis sin necesidad de repetir la simulación del circuito, lo que
constituye una clara ventaja respecto a las técnicas de análisis predecesoras. El lugar del punto
de retorno y a su vez el ancho de banda de sincronización se obtiene de manera directa en el plano
definido por un par de parámetros de análisis relevantes, empleando una condición geométrica.
Con la introducción de una perturbación adicional, permite obtener el lugar de la bifurcación
de Hopf, el cual delimita regiones con el modo de funcionamiento requerido.

Se ha presentado una investigación en profundidad de los modos de oscilación de los os-
ciladores en anillo. Inicialmente se ha analizado la estabilidad de pequeña señal del circuito
demostrando que los polos de la solución de continua están uniformemente distribuidos en un
círculo en el plano complejo, cuya densidad crece conforme aumenta el número de etapas. La
presencia de varios pares de polos complejos conjugados en el semiplano derecho da lugar a los
diferentes modos de oscilación. Estos polos están relacionados con los autovalores de la matriz
circulante asociada a los elementos activos del circuito. Las propiedades de estabilidad de los mo-
dos detectados dependen tanto del orden en el que se generan a partir del régimen de continua,
dando lugar a una secuencia de bifurcaciones de Hopf, como de las bifurcaciones que aparecen
en cada modo en el estado estacionario hasta alcanzar el punto de operación final frente a la
variación de un parámetro de análisis (un voltaje de polarización, por ejemplo). Es por ello que
el análisis de estabilidad de dichos modos ha combinado un análisis de bifurcaciones del régimen
de continua y un análisis de bifurcaciones en régimen gran señal de cada modo de oscilación

209
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individual. El análisis global de estabilidad en régimen gran señal presentado ha mostrado los
posibles mecanismos de estabilización de cada modo, los cuales permiten que alguno de estos
modos pueda ser observado físicamente. Se ha presentado la estabilización del modo deseado em-
pleando conceptos de teoría de bifurcaciones. Todas las técnicas propuestas han sido aplicadas
con éxito a un oscilador en anillo a 12,6 GHz.

En el capítulo 5 se ha presentado un análisis en profundidad de los osciladores multimodo
en operación sincronizada. Se han estudiado en detalle las bifurcaciones de Hopf y del punto
de retorno que aparecen en dichos circuitos al variar la potencia de entrada. Se ha mostrado
que para una potencia de inyección baja cada oscilación sincronizada estable coexiste con tantas
soluciones cuasi-periódicas con dos frecuencias fundamentales como número de oscilaciones es-
tables periódicas hay en el circuito original en operación libre. Se han estudiado en profundidad
los mecanismos que dan lugar a las extinciones sucesivas de estas soluciones cuasi-periódicas es-
tables indeseadas, así como los posibles mecanismos de estabilización de los modos de oscilación
originalmente inestables en operación libre. Este estudio global ha permitido una comprensión
en profundidad y anticipación de la compleja dinámica no lineal de estos circuitos multimoda-
les. Se ha demostrado que al cambiar la frecuencia de inyección junto a un control adecuado
de un voltaje de polarización es posible conmutar entre las diversas oscilaciones sincronizadas
coexistentes, lo que permite obtener un sistema reconfigurable. El estudio se ha aplicado a un
circuito demostrador que consiste en un oscilador en anillo en el que se han medido seis modos
de oscilación para diferentes puntos de operación, cuyas frecuencias están comprendidas entre
9,4 y 15,4 GHz.

El nuevo método del mapa de contorno de nivel externo se ha aplicado al estudio de las
curvas de solución multivaluadas de los osciladores sincronizados a la frecuencia fundamental.
Debido a su eficiencia computacional este novedoso concepto de simulación puede emplearse
para un diseño optimizado de osciladores sincronizados, ya que proporciona una respuesta global
de los mismos frente a la frecuencia, potencia de entrada u otros parámetros. Los lugares del
punto de retorno y de la bifurcación de Hopf obtenidos con dicho procedimiento han permitido
delimitar las bandas con comportamiento sincronizado estable. Se ha analizado en detalle la
bifurcación Bogdanov-Takens en la que los lugares del punto de retorno y de la bifurcación
de Hopf confluyen, así como el lugar de la bifurcación homoclínica. Se ha mostrado que una
segunda intersección del lugar de la bifurcación homoclínica con el lugar del punto de retorno
proporciona una frontera entre los puntos de retorno de sincronización y los que simplemente
producen saltos e histéresis. Se ha analizado la posible observación de soluciones caóticas en
el entorno del lugar de la bifurcación homoclínica. Los resultados se han validado mediante
aplicación a varios osciladores sincronizados obteniendo un buen acuerdo entre los diferentes
métodos de simulación y los resultados de medida.

Se ha investigado el fenómeno de la histéresis paramétrica en amplificadores de potencia
mediante el nuevo método del mapa de contorno de nivel externo. Se ha demostrado que dicho
fenómeno es producido en transistores de tipo MESFET y HEMT por una resonancia no lineal
de la capacidad de entrada de estos dispositivos en condiciones de adaptación próximas a las
óptimas. Este conocimiento junto a la metodología del mapa de contorno de nivel externo ha
permitido predecir y suprimir satisfactoriamente el fenómeno indeseado. Los lugares de bifurca-
ción se han empleado para evaluar el impacto de la histéresis frente a variaciones de parámetros
de diseño críticos. Al incrementar el voltaje de polarización de drenador algunos puntos del lugar
del punto de retorno asociado degeneran en una oscilación gran señal que no puede ser detectada
con un análisis de estabilidad de la solución de continua. Se ha mostrado que en condiciones
de forzamiento dicha oscilación se extingue a través del fenómeno de sincronización o mediante
bifurcaciones de Hopf inversas en la zona superior de las curvas de solución multivaluadas. El
método del mapa de contorno de nivel externo se ha aplicado en combinación con identificación
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de polos y ceros y con la detección de la bifurcación de Hopf para un análisis de estabilidad
eficiente del circuito. Partiendo de la oscilación detectada se ha realizado una pequeña modifi-
cación en la red de adaptación de entrada que ha permitido obtener un oscilador de potencia de
alta eficiencia que es capaz de arrancar desde el nivel de ruido. La investigación se ha llevado
a cabo en un amplificador de potencia clase E basado en tecnología GaN con una eficiencia
añadida en potencia de 86,8 % y una potencia de salida de 12,4 W medidas a 0,9 GHz.

Al finalizar esta tesis se adquirió formación complementaria sobre dispositivos MEMS [240–
244] y resonadores MEMS [245–247] durante la estancia en la Universidad de Limoges en Li-
moges (Francia). Los componentes MEMS (sistemas microelectromecánicos) son dispositivos
electromecánicos que pueden modelarse a través de su circuito equivalente, formado por un con-
densador no lineal, una bobina y una resistencia [240–242]. Como en el caso del circuito de la
figura 7.3 del capítulo 7, que representa la red de entrada del amplificador de potencia estudia-
do, el circuito equivalente del dispositivo MEMS es un resonador no lineal, el cual da lugar a
curvas de solución multivaluadas [245] que presentan histéresis frente a la frecuencia para cier-
tos niveles de potencia de la señal de forzamiento. Teniendo en cuenta los plazos de fabricación
de los dispositivos MEMS, se ha optado por diseñar un circuito conceptualmente similar a los
resonadores MEMS, constituido por una bobina y un diodo varactor en sus versiones serie y
paralelo. Estos circuitos se emplearon en el capítulo 3 para ilustrar en detalle la aplicación del
método del mapa de contorno de nivel externo y permitieron aplicar el método generalizado a
una subred de entrada de 3 puertos y emplear cosimulación electromagnética de los elementos
distribuidos.

El ruido de fase de un oscilador a resonador no lineal puede mejorarse si se aprovecha
la nolinealidad del resonador [248, 249]. Esta reducción de ruido se basa en la operación del
dispositivo en las proximidades de los puntos de retorno o puntos de pendiente infinita de la
curva amplitud de desplazamiento frente a frecuencia del resonador no lineal [250, 251]. En
estos puntos la curva de fase frente a frecuencia es localmente vertical, lo que implica que
dicha frecuencia es insensible a pequeñas variaciones relativas de fase. Los puntos de retorno
son bifurcaciones donde la curva de solución se pliega sobre sí misma, luego estos puntos son
inestables. En efecto, un polo real cruza al semiplano derecho en la bifurcación lo que da lugar
a la inestabilidad de una de las dos secciones de la curva. Por otro lado, un punto cúspide o
punto de inflexión de la curva es una bifurcación de codimensión dos perteneciente al lugar del
punto de retorno para el cual la curva de solución cambia de cóncava a convexa y viceversa. A
lo largo de esta curva un polo real en el semiplano izquierdo se mueve hacia la derecha del plano
complejo al aumentar la frecuencia, es tangente al eje imaginario en el punto cúspide y vuelve
hacia la izquierda. Por tanto, el polo real nunca llega a cruzar al semiplano derecho. La curva de
solución es por ello estable para cualquier valor de frecuencia y presenta pendiente localmente
vertical en el punto cúspide, con lo que este punto podría ser interesante para aplicar la técnica
de reducción del ruido de fase.

Resultados
A lo largo del desarrollo de esta tesis doctoral se han publicado cuatro artículos en la presti-
giosa revista internacional sobre tecnología de alta frecuencia IEEE Transactions on Microwave
Theory and Techniques:

1. J. de Cos, A. Suárez, and F. Ramírez, “Analysis of oscillation modes in free-running ring
oscillators,” IEEE Transactions on Microwave Theory and Techniques, vol. 60, no. 10, pp.
3137-3150, Oct. 2012.

2. J. de Cos and A. Suárez, “Stability analysis of injection-locked multimode oscillators,”
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IEEE Transactions on Microwave Theory and Techniques, vol. 61, no. 8, pp. 2878-2891,
Aug. 2013.

3. J. de Cos and A. Suárez, “Efficient simulation of solution curves and bifurcation loci in
injection-locked oscillators,” IEEE Transactions on Microwave Theory and Techniques,
vol. 63, no. 1, pp. 181-197, Jan. 2015.

4. J. de Cos, A. Suárez, and J. A. García, “Hysteresis and oscillation in high-efficiency power
amplifiers,” IEEE Transactions on Microwave Theory and Techniques, vol. 63, no. 12, pp.
4284-4296, Dec. 2015.

La última publicación es de hecho una versión extendida de:

J. de Cos, A. Suárez, and J. A. García, “Parametric hysteresis in power amplifiers,” in
IEEE MTT-S International Microwave Symposium Digest, 2015, pp. 1-4.

Este artículo de conferencia fue seleccionado como finalista en el Concurso de Artículos de Estu-
diantes organizado por el Congreso Internacional de Microondas (IMS) de la Sociedad de Teoría
y Técnicas de Microondas (MTT-S) del Instituto de Ingeniería Eléctrica y Electrónica (IEEE),
celebrado en Fénix (Arizona) en mayo de 2015. La finalidad de este concurso es el reconoci-
miento de contribuciones técnicas destacadas por parte de estudiantes individuales. El Congreso
Internacional de Microondas es a su vez la conferencia anual líder a nivel internacional para
aquellos inmersos en cualquier aspecto relacionado con la teoría y práctica de alta frecuencia.

El artículo “Hysteresis and oscillation in high-efficiency power amplifiers” estuvo en la quinta
posición de los 50 artículos más populares del número especial de diciembre de 2015 de la revista
Transactions on Microwave Theory and Techniques.

El método del mapa de contorno de nivel externo ha dado lugar a una patente española:

J. de Cos and A. Suárez, “Method for analysis and design of circuits,” Spanish Patent: 2
528 305, application number P201400937, issued date November 17, 2014.

Tras la investigación del amplificador de potencia clase E de alta eficiencia, se optó por diseñar
y fabricar un amplificador de potencia Doherty eficiente y lineal. Este diseño se presentó al
Concurso de Diseño de Estudiantes de 2016 celebrado en San Francisco (California), organizado
por el Congreso Internacional de Microondas de la Sociedad de Teoría y Técnicas de Microondas.
Recibió el tercer premio en la categoría “Diseño de Amplificadores de Potencia de Alta Eficiencia
de Estudiantes”.

Líneas Futuras
Existen diversos temas para los que puede ser interesante continuar la investigación.

El análisis de los modos de oscilación en condiciones de operación libre se llevó a cabo para
un demostrador MIC. Es cierto que la aplicación más común de los osciladores en anillo es en
tecnología MMIC donde las dimensiones de los circuitos son reducidas. En estas condiciones
es todavía posible encontrar comportamiento multimodal ya que los elementos parásitos de los
dispositivos activos tienen un impacto significativo en la generación de los modos de oscilación.
Además, se ha demostrado que la complejidad de la configuración de polos de la solución de
continua del oscilador en anillo aumenta conforme crece el número de etapas y esto es inde-
pendiente del tipo de tecnología empleada en el diseño. Un oscilador en anillo que incluya un
número significativo de etapas, lo cual es bastante frecuente, es susceptible de que aparezcan
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varios modos de oscilación. Por tanto, un trabajo futuro podría tratar la investigación de los
modos de oscilación en un diseño práctico MMIC que involucre múltiples dispositivos activos.

Los osciladores en anillo se realizan en términos prácticos mediante etapas diferenciales
debido a las ventajas que aporta el uso de dicha estructura. En esta tesis se ha presentado el
análisis de estabilidad de la solución de continua para una versión elemental de dichos osciladores.
Un estudio futuro podría llevar a cabo un análisis global de la estabilidad de los osciladores en
anillo con configuración diferencial. Esto permitiría evaluar cualquier posible impacto de la
topología diferencial en la coexistencia de modos de oscilación.

La inyección de múltiples señales de sincronización en diversos puntos del anillo con los
desfases adecuados permite aumentar el ancho de banda de sincronización de un oscilador en
anillo [8]. En caso de comportamiento multimodal las curvas de solución se fundirían dando lugar
a una única curva de solución que proporcionaría un ancho de banda de sincronización todavía
mayor. El estudio de un oscilador en anillo con este tipo de comportamiento sería valioso. Por
otro lado, el método del mapa de contorno de nivel externo podría ser aplicado para calcular de
manera efectiva el ancho de banda de sincronización real del oscilador. Podría emplearse a su
vez como metodología para el diseño optimizado de los osciladores sincronizados en presencia
de múltiples señales de inyección.

El método del mapa de contorno de nivel externo se ha aplicado a la frecuencia fundamental.
Aunque no es trivial, la extensión del análisis a divisores de frecuencia sería valiosa. Sería asimis-
mo interesante aplicar el método al análisis de osciladores subsincronizados y a multiplicadores
de frecuencia. Por otro lado, el método de contorno del mapa de contorno de nivel externo asume
una señal de forzamiento puramente sinusoidal. Esto podría ser un factor limitante en el análisis
de un circuito o sistema en presencia de una señal de entrada con cierto contenido armónico o
incluso de señales moduladas. Una extensión del método permitiría cubrir estos casos.

El análisis de estabilidad presentado en el capítulo 7 se ha aplicado satisfactoriamente a un
amplificador de potencia clase E. Sin embargo, la extensión de este análisis a topologías de am-
plificación de potencia más complejas, de tipo seguimiento de envolvente, Doherty o outphasing,
sería interesante. Estas topologías involucran señales moduladas, luego es de esperar que dicho
análisis presente cierta complejidad.

Por último, un trabajo futuro podría consistir en el diseño de un oscilador basado en los
resonadores no lineales empleados en el capítulo 3. Un primer prototipo consistiría en un oscilador
cargado con estos resonadores, como prueba de concepto para ilustrar la técnica de reducción
de ruido de fase. El objetivo final sería la aplicación de la técnica de reducción de ruido de fase
a un oscilador basado en resonadores MEMS [252,253].
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List of acronyms

AC Alternating current.

AG Auxiliary generator; artificial generator used for simulation purposes.

CAD Computer-aided design.

CMOS Complementary metal-oxide semiconductor; a technology making use of both P and N
channel metal-oxide semiconductor devices in the same substrate.

DFT Discrete Fourier transform.

DUT Device under test.

EER Envelop elimination and restoration; a technique to achieve high efficiency in power am-
plifiers.

FET Field effect transistor.

FFT Fast Fourier transform; an algorithm that reduces the number of operations required to
compute a discrete Fourier transform.

GaAs Gallium arsenide; a semiconductor material which shows higher mobility and higher
saturation velocity than silicon, and are therefore used in higher frequency applications.

GaN Gallium nitride; a newly emerging semiconductor material for high power, high frequency
applications.

HB Harmonic balance.

HBT Heterojunction bipolar transistor; a bipolar junction transistor incorporating at least two
different semiconductors to provide improved performance.

HEMT High electron mobility transistor; an FET device incorporating a layer of high mobility
material for better performance.

ILRO Injection-locked ring oscillator.

LHP Left-hand side of the complex plane; also known as left half-plane, is the portion of the
complex plane with negative real part.

LDMOS Laterally diffused metal-oxide semiconductor; a power metal-oxide semiconductor
field effect transistor offering a number of advantages for RF amplification as compared to
MESFET and HEMT devices.

LO Local oscillator.
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MEMS Micro-electro-mechanical systems; a technology based on miniaturized mechanical and
electro-mechanical elements.

MESFET Metal-semiconductor field effect transistor; an FET device using a Schottky junction
to isolate the gate from the channel, used mainly for high performance RF and microwave
applications.

MIC Microwave integrated circuit; a term used to describe microwave hybrid circuit technology,
incorporating transmission lines and discrete (chip) elements.

MMIC Monolithic microwave integrated circuit; a term used to describe a monolithic integrat-
ed circuit which generally operates above 3 GHz.

PA Power amplifier.

PAE Power added efficiency; a useful efficiency definition that accounts for the gain of the
amplifier.

PCB Printed circuit board.

pHEMT Pseudomorphic high electron mobility transistor; a variant on the HEMT reaching
higher frequencies.

PLL Phase-locked loop; a feedback system which maintains a constant phase relative to a
reference signal in a voltage-controlled oscillator.

RF Radio frequency.

RFIC Radio frequency integrated circuit.

RHP Right-hand side of the complex plane; also known as right half-plane, is the portion of
the complex plane with positive real part.

SMD Surface-mount device; components that are mounted directly onto the surface of printed
circuit boards.

SiC Silicon carbide; a semiconductor material which offers high voltage and high saturation
velocity but low mobility. Potentially useful as a high power RF device technology in the
low GHz frequency range.

SiGe Silicon germanium; a technology combining silicon with germanium to improve the elec-
trical properties of the former.

SOM Self oscillating mixer; it refers to the quasi-periodic regime that would be obtained as a
result of the mixing of the frequency delivered by an input source with the self-generated
or autonomous frequency of the circuit.

STAN Stability analysis; an utility for performing the numerical identification of a transfer
function, implemented in Scilab, an open source software for numerical computation.

UHF Ultra high frequency; a frequency band of the electromagnetic spectrum ranging from
300 MHz to 3 GHz.

UWB Ultra wideband.

VCO Voltage-controlled oscillator.
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