SINGULAR TROPICAL HYPERSURFACES

ALICIA DICKENSTEIN AND LUIS F. TABERA

ABSTRACT. We study the notion of singular tropical hypersurfaces of any di-
mension. We characterize the singular points in terms of tropical Euler deriva-
tives and we give an algorithm to compute all singular points. We also describe
non-transversal intersection points of planar tropical curves.

1. INTRODUCTION

The concept of a singular point of a tropical variety is not well established
yet. A natural definition is the following. Let K be an algebraically closed field
of characteristic 0 with a valuation val : K* — R. We say that a point ¢ in a
tropical variety V' C R? is singular if there exists a singular algebraic subvariety
of the torus (K*)¢, with tropicalization V, with a singular point of valuation ¢
(see Definition . This definition of singularity in terms of the tropicalization of
classical algebraic varieties has been considered in [I0] in the case d = 2 of planar
curves, and indirectly in [4] and [I3], in the general hypersurface case. Thus, in
principle, one should study all the preimages of V under the valuation map to
decide whether V' is singular. We present an equivalent formulation when V is a
hypersurface defined by a tropical polynomial with prescribed support A and the
residue field of K has also characteristic 0 (but our approach can be extended if
this hypothesis is relaxed).

Recall that given a finite set A C Z¢, Gel'fand, Kapranov and Zelevinsky [7] de-
fined and studied the main properties of the A-discriminant A 4 associated to the
family of hypersurfaces with support A. Let V be the variety of Laurent polynomi-
als F' with coefficients in K and support in A which define a singular hypersurface
{F =0} in the torus (K*)9. If V, has codimension one, then there exists a unique
(up to sign) polynomial A4 € Z[a;|i € A] such that if F =", _ , a;a" has a singular
point in (K*)¢ then A 4((a;)ica) = 0. This polynomial is called the A-discriminant
and its locus coincides with the dual variety X% of the equivariantly embedded
toric variety X 4 rationally parametrized by the monomials with exponents in A.
If codim(V) > 1 (in which case X4 is said to be defective), the polynomial A 4 is
defined to be the constant polynomial 1, and we call in this case A-discriminant the
ideal of X% . The varieties X4 and X7, as well as the A-discriminant, are affine
invariants of the configuration A.

A tropical polynomial f = €, , pi © w® with coefficients in R defines a singular
tropical hypersurface precisely when its vector of coefficients p lies in the tropi-
calization 7(X?%) of the A-discriminant. The concept of singularities of tropical
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varieties, as well as the concept of tropical tangency, can thus be addressed via
the tropicalization of the A-discriminant described in [4]. We call A € Z4*4 the
integer matrix with columns (1,4),7 € A. Theorem 1.1 in [4] states that the tropical
discriminant equals the Minkowski sum of the co-Bergman fan B*(ﬁ) and the row
space of the matrix A. The co-Bergman fan B* (A) is the tropicalization of the ker-
nel of E, or equivalently, the tropicalization of the space of affine relations among
the vectors i € A. Following the notations in Section [2] (cf. also the discussion in
Section , we can give an equivalent appealing definition of singular point of the
tropical hypersurface defined by f = @, 4 pi ©w'. Let ¢(x) = >, 4 x; be the lin-
ear form with all coefficients equal to 1, and denote by ® the tropical hypersurface
® := T (Trop(¢)) consisting of those vectors v € R# for which the minimum of the

-~

coordinates of v is attained at least twice. Clearly, B*(A) C ®. We then have
T(f)={weR:w-A+pec d},
and the singularities sing(7(f)) € T(f) are described by
sing(T(f) = {g € R :q- A+ pe B (A)}.

Deciding whether a given tropical polynomial defines a singular tropical hy-
persurface, amounts with this approach to finding a way of writing its vector of
coefficients p as the sum of an element in B* (/T) plus an element in the rowspan of
A. This is particularly involved when X 4 is defective, and there was no algorithm
known in the general case (cf. [I3], where an algorithm is presented under some
geometric assumptions, or the arguments in the proof of [10, Lemma 3.12]).

Instead, we give in Theorem [2.9] a direct characterization of tropical singular
points in terms of analogs of Euler derivatives of tropical polynomials, which allows
us to recover Theorem 1.1 in [4]. Our tropical approach translates into an algorithm
to decide whether the tropical variety associated to f is singular and to detect all
the singular points.

Note that, given a Laurent polynomial F' =}, , a;x?, if the vector of valuations
q = (val(a;))ica defines a non singular tropical hypersurface, we get a “certificate”
that F defines a non singular hypersurface in the torus (K*)¢. However, it is not
possible to find a simple combinatorial formula to describe all singular points be-
cause the situation is not, as one could expect, completely local (cf. Proposition
and the concept of A-equivalence by Gel’fand, Kapranov and Zelevinsky). We give
several combinatorial conditions which characterize singular tropical hypersurfaces.

In [I1] or [3], tropical smooth curves are defined in terms of coherent subdivisions
where all points in A are marked, and which define primitive triangulations of the
convex hull N(A) of A (cf. also the concept of singular tropical curves of maximal
dimensional type in [10]). If the dual subdivision of N(A) induced by a tropical
curve T (f) is a primitive triangulation, 7 (f) will always be a smooth curve in our
sense too. But our definition allows for certain non primitive triangulations which
correspond to smooth tropical hypersurfaces, that is, tropical hypersurfaces that
cannot be the tropicalization of an algebraic hypersurface with a singularity in the
algebraic torus (K*)? (see Examples and Proposition . When A does
not admit a unimodular triangulation or if not all the lattice points in the convex
hull of A are marked, we can have smooth points at facets where the weight (as it
is currently defined, see [12]) is > 1. Note that we concentrate on affine singular
points, that is points in the “torus” R of the tropical semifield.
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Our study includes all coherent subdivisions of A. Thus, we refine the definition
in [II] and we explore the whole A-discriminant. Our method also generalizes
trivially to hypersurfaces in arbitrary dimension. In the last section, we apply our
tools to define and study the non-transversal intersections of two tropical curves
with fixed monomial support, that is, the tropicalization of mixed discriminants of
bivariate polynomials.

2. TROPICAL SINGULARITIES THROUGH EULER DERIVATIVES

We fix throughout the text a finite lattice set A in Z¢ of cardinality n. We
will assume without loss of generality that the Z-linear span of A equals Z?¢. The
R-affine span of a subset S in R? will be denoted by (S).

We consider the tropical semifield (T, ®, ®), where T = RU{oo} and the tropical
operations are defined by w @ v’ = min{w,w’'}, w ® w’ = w + w’. Our object of
study are tropical polynomials [ = @;c , i © w® € T[wy, ..., wq] with support A,
that is p; € R for all i. To simplify the notation, we will write w® = w? = (j, w).

The tropical hypersurface defined by a non zero tropical polynomial f with sup-
port A, is the set
(1) T(f) = {weR*: iy # 4> € A such that f(w) = (i1, w) + pi, = (i2,w) + pi, }-

Any tropical hypersurface is a rational polyhedral complex. For any ¢ € T(f), its
associated cell o* is the closure of all the points ¢’ € T(f) for which f(q) and f(q’)
are attained at the same subset o of A. Each cell 0* comes with a marking, given
by the subset 0. So, a tropical hypersurface associated with a tropical polynomial
with fixed support A will be a marked rational polyhedral complex. This marking
will be transparent in the notation. We refer to the beginning of section [4] for
further details.

We will also work with Laurent polynomials F' with support A and coefficients
in an algebraically closed field K of characteristic 0, that is

(2) F(z)= Zaixi € Kz, ... 23

€A
We will assume that the field K is provided with a rank-one non-archimedean
valuation val : K — R, and that the residue field k of K is also of characteristic
zero. The tropicalization of a non zero polynomial F as in is the tropical
polynomial

(3) f=Trop(F)= @val(ai) o w'.
icA
When the valuation group is not the whole of R, we will suppose that the coeffi-
cients p; of a tropical polynomial f = @, , pi © w®? or a tropical point ¢ that we
want to lift lie in the image of the valuation map. To accompany our notions in
the classical and tropical settings, the elements of K, K% and K™ will be denoted
systematically by the letters a, b, ¢, z,y, z and the elements of T, T¢ and T" by the
letters p, g, w,v,l. We will denote by ¢ a fixed element of K of valuation one. The
elements of A C Z¢ with be denoted by the letter i.
We introduce now the notion of singular point of a tropical hypersurface.

Definition 2.1. Let A C Z¢ as before. Let f = Dicari Ow' € Rlwy,...,wq] be a
tropical polynomial. Let ¢ be a point in the tropical hypersurface 7(f). Then, ¢ is

a singular point of T (f) if there is a polynomial F' =}, , a;x’ € K[xlﬂ, ce ;U;ltl]
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and a point b € (K*)? such that val(a;) = p;, val(b) = q and b is a singular point
of the algebraic hypersurface V(F') defined by F. If T(f) has a singular point, we
call it a singular tropical hypersurface.

For instance, if A = {0,...,m} € Z, with m > 2, and f = EB?T:OO ® w, then
g = 0 is always a singular point of T (f) since for all m there exist univariate
polynomials of degree m with coefficients of valuation 0 and multiple roots with
valuation 0 (just consider F' = (x — 1)™ which has a multiple root at 1).

Let L(w) be an integral affine function on R9,

(4) L(w) = jrwi + ... + jawa + B,

where (j1,...,j4) € Z¢ and B € Z. The Euler derivative of a tropical polynomial f
with support in A with respect to L is defined as follows.

Definition 2.2. Let f = @,c,pi ©w' and L = jiwy + ... + jqwa + f be an
integral affine function. The Fuler derivative of f with respect to L is the tropical
polynomial

of i
a—L = | EB pi ©w’.
1€A,L(1)#0

We also have the standard Euler derivative of classical Laurent polynomials.

Definition 2.3. Let F = Y, , a;z" € Klzit,... 25 and L = jiw; + ... +
jawgq + B be an integral affine function. We associate to L the Euler vector field
Lo = 7101 + ... + ja©Oq + B, where O, = xj% for all j = 1,...,d. The FEuler
derivative of F' with respect to L is the polynomial

oF . or . oF
3L L@(F) —]1.%‘187:171 + ...+]d$daixd + BF.

It is clear that for any singular point b € (K*)¢ of V(F), it holds that g—};(b) =0
for all integral affine functions L. Note that if L is the constant function 1, then

9L —F
or — -
We relate the derivative of F' with respect to L with the derivative with respect

to L of its tropicalization.
Lemma 2.4. Given a tropical polynomial f with support A and an integral affine
function L, the equality

0 OF

of =Trop ()

oL oL
holds for any polynomial F with support A such that Trop(F) = f.

Proof. Take any F' with Trop(F) = f. Note that the Euler derivative of F' with

respect to L equals g—f = Y ,ea L(i)a;z'. From our assumption that the residue
field of K is also of characteristic zero, it follows that val(L(i)) = 0 whenever

L(i) # 0 and val(L(i)) = co otherwise. The result is then a direct consequence of
Definition of the Euler derivative with respect to L in the tropical context. [

As A is finite, the set {g—ﬂL}, with L ranging over all possible integer affine

linear functions, is finite for any f with support A.
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Example 2.5. Consider the tropical conic f = 16000 w; P0Qws 0O w; ©
we ®1ow? 1O ws. Let Ly = wy, Ly = wo and let F = a,0) +a(1,00% + a@,ny+
a(Ll)xy+a(270)x2+a(072)y2 be any polynomial with tropicalization f. The associated
A discriminant A 4 equals 1/2 of the determinant of the matrix

2020) @@y AL0)
(5) ag,1y 2002  @@01) |

a@o) o) 20(0,0)
which is non zero since 2a(; 0)a(1,1)@(o,1) is the only term in the expansion of the
determinant with lowest valuation 0. Thus, as one could expect, T(f) is a non
singular tropical hypersurface according to Definition It is straightforward to
verify that g—fl = x%—f = a@1,00% + a@1,1)TY + 2a(270)x2, g—LFZ = y%—g = a1y +
a@,nxy + 2a0,2)y%, and ;—Lfl =00w B0 w; ®wy ® 1O w?, ;—LfZ =00 ws ®
0®w; ®wy ®1E w3, correspond to the standard partial derivatives. Note that
g = (0,0) € T(f) is non singular but it also lies in the intersection of the tropical
hypersurfaces T(%) and T(aa—LJ;). Consider now the affine form Lz = w; — 1.

Then, ;—Lfs =1®00w ®1Ow?®1ews and ¢ = (0,0) does not lie in the

associated tropical hypersurface ’T(%) since the minimum of the linear forms
associated to the 4 terms is attained only once at q.

The main result in this section is Theorem [2.9] which characterizes singular
tropical hypersurfaces (with a given support) in terms of tropical Euler derivatives.
As we saw in Example it is not enough to consider the d Euler derivatives
corresponding to the coordinate axes. It is not difficult to solve this problem by
appealing to the notion of a tropical basis [2], which we now recall.

Definition 2.6. Let I € K[zi',..., 21! be an ideal. Then, Trop(I) consists of
all those weights w € R? which satisfy the following: w € T (Trop(F)) for every
nonzero F € I. By [5l 4], Trop(I) coincides with Trop(V(I)), that is with (the
closure of) the image under the valuation map of the zeros Vik«(I) of I in the torus
(K*)4. A tropical basis of I is a finite set of polynomials F1, ..., F, generating [
such that Trop(I) = N_, T (Trop(F;)).

Given a finite lattice set A C Z¢ with n elements, we will identify in what follows
the space of polynomials with coefficients in K and support A with (K*)™. Denote
by 1 the point (1,...,1) € (K*)?. The subvariety

H, = {F € (K*)"|F is singular at 1}

of polynomials with support A and a singularity at 1 is a linear space. Its closure
in P"~1(K) equals the dual space to the tangent space at the point T of X 4. See
the discussion of this space and the following results in Section [

Denote by L the set of integer affine functions L = jyw; + ... + jqwg + B such
that ged(j1,...,J4) =1 and dim{({L =0} N A) =d — 1.

Proposition 2.7. Let (vy,...,v,) be variables. The finite set of tropical linear
polynomials
P=¢ P oow|LeL
i€ A—{L=0}

is a tropical basis of Trop(Hy).
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Proof. Let F =Y., yix’ € Klzi?, ..., 23, y;(i € A)] be the generic polynomial
with support A. Note that as L runs over all integer affine functions, the Euler
derivatives g—i are precisely all integral linear combination of F, xlg—fl, . ,mdg—:;.
H, is the linear space (in the variables (y1,...,y,)) defined by the linear equations
F(z =1), xngFj(x =1)=0,1<j <d. We know that the linear forms vanishing
on H; form a tropical basis of H; [14], and it is enough to consider linear forms with
rational (and a fortiori, integer) entries. Now, Tmp(g—};(x =1)) = Dica(1-0,0©
v;. Moreover, by [2], the set of linear forms in H; that have minimal support define
a tropical basis of Trop(Hy). This set corresponds to the affine functions L such
that {L = 0} N A spans an affine space of maximal dimension d — 1. O

We have defined a tropical basis of the set of polynomials with a singularity at
1. If we have another point a € (K*)¢, we can easily provide a tropical basis of the
variety H, of hypersurfaces with a singular point at a by considering a diagonal
change of coordinates. Explicitly, if F' = >, , a;xz' is a Laurent polynomial with
coefficients in (K)* with a singularity at T and such that val(a;) =p; ©¢' ©...®
' = pi+ (i, q), then the polynomial F; = >iea @it T T T4kt has a singularity
at (t1,...,t%) and val(a;t~N"~~d4a) = p,. We can easily deduce the following.

Proposition 2.8. Let A C Z< with Z-linear span Z%. As before, identify (K*)"
with the space of polynomials with support A. Consider the incidence variety H =
{(F,u) € (K*)" x (K*)4|F is singular at u}. Let F = Y ,_, yz’ be the generic
polynomial with support A, where (x1,...,xq) and (y;)ica are variables. Then the
finite set

P = {Trop(g—i) with ({L =0} N A) of mazimal dimension d — 1},

is a tropical basis of Trop(H).

We have now the tools to prove the following tropical characterization of singular
tropical hypersurfaces with fixed support.

Theorem 2.9. Let f =@, 4 pi © w' be a tropical polynomial with support A. Let
q € T(f) be a point in the hypersurface defined by f. Then, q is a singular point
of T(f) if and only if q € T(%) for all L.

Thus, f defines a singular tropical hypersurface if and only if

N7 20
L

This intersection is given by a finite number of Fuler derivatives of f; for instance,
we can take only the affine linear functions L € L defined before Proposition [2.7]

Proof. One implication is trivial. If ¢ is a singular point of 7(f) there exists a
polynomial F' = ._, a;a’, val(a;) = p; with a singularity at a point b with
val(b) = q. Then, %X (b) = 0 for all L, and so val(b) = q € ’T(g—}j) for all L.

For the converse, let ¢ be a point in [, T(g—{). In particular, ¢ € T(f). Then,
for any integer affine function L, the minimum min;c 4 riy20{pi + (¢,7)} is at-
tained at least twice. This happens if and only if for all L the point (p,q) €
T(@ica_ir—oyvi ©w'). It follows from Proposition that (p,q) belongs to

the incidence variety Trop(H). So, by Kapranov’s theorem [5], there is a point
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FIGURE 1. The curve f (bold) and 887’0) (pointed) in Example

(w1 +ws

(F,b) € V(H) such that F is an algebraic polynomial with support in A and a
singularity at b such that Trop(F) = f and Trop(b) = q. O

We present two examples that illustrate Theorem [2.9]

Example 2.10. Let A = {(0,0),(1,0),(2,0),(1,1),(2,2),(0,2)}. Consider the
tropical polynomial f = 0B0Ow; B0OW? HOGW; Owe HOOW? OwiB6EwWS. Let us
compute its singular points. Let L1 = wy—2, aa—Lfl = 0B0Cw; @0@10%@0@11}1@102,
Ly = wy, ;—sz = 00w QW ®0OW? ®w3®6Gw3. The intersection set of these three
curves is the segment S whose ends are (0,0), (3, —3). Consider now Lg = w; — ws
that contains all the monomials dual to S (cf. the beginning of Section {4 for a
more precise explanation of this duality). Then, {%fg =00w 0O w? 66 ws.
The intersection of this tropical curve with the segment S is the set of points
{(0,0),(2,—2)} (See Figure[l]). Let us check that these two points are valid singular
points. The polynomial Fy := —1 + 4z + (=2 + t5)2? + (=2 — 2t%) 2y + 22y + 592
has support A. It defines a curve with a singularity at (1,1) and Trop(F1) = f. On
the other side, Fy = (1 — 2 +t1) + (2 — 2t?)x + 2% + (=2 — 2t*)wy + 2%y? + %% is
a polynomial with support A. F defines a curve with a singularity at (#2,¢t=2) and
such that also Trop(Fy) = f. It is not difficult to see that it is not possible to find
a single polynomial F' with two singular points with valuations (0,0) and (2, —2).

Example 2.11. Let A = {(0,0),(1,0),(2,0),(1,1),(2,2),(0,2)} be as in Exam-
ple[2.10]and let A’ = AU{(2,10),(0,1), (1,2)}, so that A" are all the lattice points
in the convex hull of A. Consider the tropical polynomial f' = 000G w; ®0Ow? ®
O®w1@U&EBO@@U%@H}%EBG@UJ%EBO@w%wQEBSng@Zi@wlwg with support
in A’. That is, the coefficients of the 3 new points are given by interpolation of
the linear functions defining the subdivision associated to the polynomial f in the
previous example. Note that all points in A’ are thus marked. It is easy to check
that all points in 7(f’) are singular. Indeed, in this case f’ can be lifted to the
polynomial F = (1 + x + ay + t3y)2.

We now present Theorem [2.9] into action in a defective example, where the
tropical A-discriminant can be explicitly computed.
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Example 2.12. Let A C Z? be the configuration A = {a; = (0,0,0),a =
(1,0,0),a3 = (2,0,0),a4 = (0,0,1),5 = (0,1,1),a6 = (0,2,1)}. Thus, A is
the union of two one dimensional circuits and the convex hull of A is the lattice
tetrahedron with vertices {a, a3, ag, ag}. Note that A does not contain any circuit
of full dimension 3. The zero set of any integer affine function L such that the affine
span of {L = 0}N A is equal to 2, consists of one of the circuits plus one more point.
Consider a tropical polynomial f = &9_p,, ® w* with support in A. Thus, there
exists a singular point ¢ € 7(f) if and only if

(6) 2pa2 = Poy T Pas, 2pa5 = Poy t Pag-

This corresponds to the fact that this configuration is self-dual; indeed, the dual
variety X% C P?(K) has (projective) dimension 3, it is isomorphic to the toric
variety X4 and it is cut out by the binomials y3 — 4y1y3 = 0, y2 = 4ysys, where
(y1 : -+ : ys) are homogeneous coordinates in P5(K). The tropicalization of this
binomial ideal is the rowspan of the associated matrix A in R%, which is defined by
the equations @

3. MARKED TROPICAL HYPERSURFACES AND TROPICAL SINGULARITIES

Given a tropical polynomial f = @;c ap; ©w® with support A, most of the (finite)
Euler derivatives g—i do not provide relevant information to detect singular points
of T(f). In this section we give further conditions and characterizations to detect
singular points.

We need to recall the following duality [7]. The vector of coefficients p = (p;)ica
of f defines a coherent marked subdivision II,, of the convex hull N(A) of A. That
is, p defines a collection of subsets of A (called marked cells) which are in one-to-
one correspondence with the domains of linearity of the affine function cutting the
faces of the lower convex hull of the set of lifted points {(i,p;),i € A} in RI+L.
Assume that a lower face I', equals the graph of an affine function ¢(w.,...,w,) =
(94, w) + B,. The corresponding marked cell o, of the subdivision of N(A) is the
subset of A of all those i for which p; = (7).

The marked subdivision II,, is combinatorially dual to the marked tropical variety
T(f). As we saw, this is a polyhedral complex which is a union of dual cells o7,
where we also record the information of the dual cell o,, and not only of the
geometric information of the vertices of o,. More explicitly, the dual cell ¢* in
T(f) of a given cell o of II, equals the closure of the union of the points g, for
all ways of writing o = o, and we also record the information of all the points in
o, that is, of all the points at which the minimum f(q,) is attained for any point
g, in the relative interior of ¢* (which is the marking of the cell). The sum of the
dimensions of a pair of dual cells is d. In particular, vertices of T(f) correspond to
marked cells of II, of maximal dimension d.

We now prove that IT, is a (coherent) triangulation, then the tropical hypersur-
face associated to f is non singular, as expected. As we will see, the converse to
this statement is not true and involves a complicated combinatorial study. Recall
that a point configuration is a pyramid, if all but one of its points lie in an affine
hyperplane.

Lemma 3.1. Let g € T(f) lying in the relative interior of a cell o* such that the
dual cell o in 11, is a pyramid. Then, q is non singular. In particular, if 11, is a
coherent triangulation, then the tropical hypersurface T (f) is non singular.
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FIGURE 2. The subdivision of Example 3.3

Proof. If o is a pyramid, let L be a linear functional such that {L = 0} intersects
o in a facet and leaves out one point. This means that the minimum of g—f at q
is attained at exactly one monomial. Hence, ¢ ¢ T(g—}j) and ¢ is not a singular
point. [

Example 3.2 (Example continued). Consider the same configuration A of
Example that is, the six lattice points of the 2-simplex in the plane and the
tropical conic g =01 O w; ®1Owe B 1O w; ©wy ® 0O wd ®0Ew3. Then
the associated marked subdivision has only one cell o = {(0,0),(2,0),(0,2)} and
it is not singular by Lemma [3.1] even if there are points in A that do not occur
in the subdivision and this single cell has lattice volume bigger than one. Also,
it is straightforward to check that any polynomial G = a0y + a(1,0)% + a(,1)y+
ag,ry + a(270)x2 + a(o)g)yQ € K|z,y] with the given valuations is non singular,
because this time the only term in the expansion of the determinant of the matrix
with smallest valuation 0, is the diagonal term 8a,z 0ya(0,2)@(0,0)-

Example 3.3. Consider the tropical polynomial f =000 w; D0Qw: 1O
w3 P 0O w; ©ws D0 wy ®ws. We read the support A from f. The coefficients
of f induce the coherent marked subdivision depicted in Figure 2] which has two
cells of dimension 3 and it is not a triangulation. One of these top dimensional
cells is a unimodular 3-simplex. The second top dimensional cell contains a circuit
Z =1{(1,0,0),(0,1,0),(1,0,1),(0,1,1)} of dimension d — 1 = 2 and it is a pyramid
over the point (0,0,0). The affine integer function L = 1 — wy — ws verifies that
Z C {L = 0}. Computing %, we check that f defines a non singular tropical
surface.

We now analyze some further conditions that a point ¢ € 7 (f) must satisfy in
order to be a tropical singular point.

Theorem 3.4. Let f =@, ,pi © w' be a tropical polynomial and q € T(f) lying
in the interior of a cell o*. Then, q is a singular point if and only if the dual cell o
is not a pyramid and we have that q € T(g—{) for all affine linear functions L such
that dim({L =0} NA) =d —1 and 0 C {L = 0}. So, in the particular case of a
vertex q of T(f), q is singular if and only if o is not a pyramid.
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Proof. If ¢ is a singular point, o is not a pyramid by Lemma Asq e T(%) for
any L by definition, in particular this happens for those L of the form described in
the hypotheses. Suppose now that ¢ is not a singular point and let L’ be an affine
integer function such that g ¢ ’T(%). Let i € A—{L' = 0} be the unique point of
A at which T ( gLf, )(g) is attained. Then, if o is not contained in {L’ = 0}, we have
that ¢ € o and it is the unique point of ¢ outside {L’ = 0}, and so ¢ is a pyramid.
Otherwise, take any integer hyperplane {L = 0} such that AN{L' =0} C An{L =
0}, AN {L = 0} spans an affine space of dimension d — 1 and i ¢ L. For any such
L we have that q ¢ T(%), as wanted. O

As a consequence, we can easily describe the polynomials that define singular
hypersurfaces in the case of 1 and 2 variables. Recall that, if A is not defective,
then 7 (Trop(A(A))) is a subfan of the secondary fan of A. In the simplest case
of one variable, A C Z, it holds that 7 (Trop(A4)) equals the union of the non
top dimensional cones in the secondary fan (since the only proper faces of A are
vertices). Hence, a univariate polynomial is singular if and only if the induced
marked subdivision is not a triangulation. With our notation, this is a simple case
of Theorem because all circuits of A are of maximal dimension 1.

The following result, in the smooth case, appears in [7, Prop. 3.9, Ch. 11].

Corollary 3.5. Let A C Z2 with n elements. Suppose p € R™ induces a coherent
marked subdivision I, in A that is not a triangulation. Then p is in T (Trop(Aa))
(equivalently, the polynomial f = @icap; © w' defines a singular tropical hypersur-
face) in exactly the following situations:
i) There exists a marked cell of II,, which contains a circuit of dimension 2.
ii) All circuits contained in a cell of II, have affine dimension 1 and there
exists a marked cell o of I, of dimension 1 and cardinality |o| > 3 with the
following property: Let L be an integer affine function such that o C {L =
0}. Then, o* N T(g%) #0.

The first item is contained in Theorem [3.4] With respect to the second item, note
that o contains a circuit Z (of dimension 1) and for any integral affine function L,
Z C {L =0} if and only if 0 C {L = 0}. The result follows again by Theorem

In case item ii) of Proposition holds, ¢* N T(g—{) # () if and only if there is
a cell o’ of dimension 2 containing o, such that o’ N {L # 0} = {i1} consists of a
single point i1 € A and, assuming L(i;) > 0, there exists another point iy € A — ¢’
with L(iz) < L(i1). This is a particular case of the following more general result.
Recall that we always assume that the convex hull of our exponent set A is full
dimensional.

Proposition 3.6. Let A C Z¢. Letp € R™ such that IT, contains a top dimensional
cell o’ which contains a circuit Z of dimension d — 1 and it is a pyramid over a
point i1. Let L be an affine integer function such that Z C o' N{L = 0} and
L(iy) > 0. Then, there exists a singular point ¢ € T (®icap; © w) N{(c’ N{L =
0})*} with (g,i1) > 0 if and only if there exists another point ia € A not in o’
such that L(is) < L(41). In particular, if Z intersects the interior of N(A), then
T (Dicapi ©w) is singular.

Proof. We can assume that L(w) = jiwy + - + jqwg + B, with ji, ..., jq coprime.
To make the notation easier, we apply an invertible affine linear transformation to
our configuration A so that L(w) = wy. Denote by o(w) = prwy + + -+ + @qwq
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the linear form which interpolates p over the cell ¢/, that is ¢(i) = p; for all
i € o and p(i) < p; for all i ¢ o’. Thus, p’ € R™ defined by p, := p; — (i)
defines the same marked subdivision. So we can assume that p; = 0 for all i € ¢’
and p; > 0 otherwise. Therefore, ¢ = (0,...,0) is the vertex of 7 dual to o¢’,
which is not singular since it does not lie in ’T(g—i). There will be a singular point
q=(q1,0,...,0) in (¢'N{L = 0})* with (g, ¢1) > 0 if and only if there exists ¢; > 0
and two points is,43 in A such that
q1L(i2) + pi, = 1 L(i3) + piy < q1 L(i) + ps,

for all i € A with L(¢) # 0. Note that as ¢’ is a pyramid over 4y, for any point iy
in A for which L(i1) = L(iz) it holds that iz is not in o', or equivalently, p;, > 0.
Assume first that there is a point ¢ in A’ :== A— o’ with L(i) < L(i1) and let i with
these properties and such that moreover % = min;¢ A/W. Then, it
is enough to take q; = m and i3 = i1. Reciprocally, assume there exists a
singular point ¢ = (¢1,0,...,0) with ¢; > 0. As g € T(%), there exist two points
io # i3 such that g1 L(i2) + pi, = q1L(i3) + pis < q1L(i1). Assume iy # 1. Then,
0 < pi, < q1(L(i1) — L(i2)). Therefore, L(i2) < L(i1), as wanted. The condition
that Z intersects the interior of N(A) guarantees the existence of a point io € A—o’

Note that the point i in the statement of Proposition does not need to
belong to any cell in IL,.

4. WEIGHT CLASSES AND THE CO-BERGMAN FAN OF A

In this section, we relate our definitions to the results and definitions in [TI, 4] [10].
As before, f = @, 4 pi © w®" € Rlwy, ..., wq] denotes a tropical polynomial with
support A.

Definition 4.1. Let ¢ be in the interior of a cell o* C T(f). We define the flag
of f with respect to ¢ as the flag of subsets F(q) of A defined inductively by:
Folg) =0 € Fi(q) € ... € Fr(q), dim(F,(q)) = d, and for any £: Fyi1(q) — Fi(q) is
the subset of A—(Fy(q)) where the tropical polynomial €, 4 _ (g, (,)) Pi©Ow" attains
its minimum at g. The weight class of the flag F(q) are all the points ¢’ € T(f) for
which F(q) = F(¢)

Theorems and provide an algorithm to decide if ¢ € T(f) is singular or
not, which is similar to the method presented in [I3] but which works without any
restrictive hypothesis on A. The algorithm returns an L such that ¢ ¢ T(g%) or “q
is a singular point”. First, we compute Fy(q) = 0. If o is a pyramid, there exists
i € Fo(q) such that i ¢ (Fy(q) — {i}) and we can compute an L defining the facet
(Fo(q) — {i}) of Fy(q), which verifies g ¢ T(%). If this is not the case and the
dimension of (Fy(q)) < d, we compute F}(q) and we iterate the procedure. We stop
when we find an L that certifies that ¢ is not singular or when F; spans an affine
dimension d, in which case ¢ is singular.

Number the elements i . . ., iy, of A and call A € Z%*™ matrix with these columns.
Let A, as in the Introduction, be the integer matrix with columns (1,ig),k =
1,...,n. Thus, the vector T = (1,...,1) lies in the row span of A. TIn fact, as
the A-discriminant is an affine invariant of the configuration A, we could assume
without loss of generality that A has this property, but we prefer to point out the
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fact the we are interested in affine properties of the configuration A, equivalent to
linear properties of A.

Let L(w) = jiwy + ... + jqwq + [ be an affine linear function. We can associate
to L the linear form ¢ (z1,...,2n) = > p_; L(ix) xx. Then, the support of ¢, is
precisely A — {L = 0}. Moreover the coefficient vector (L(ix))}_, lies in the row

span of A as it is obtained as the product (B,]h ceesJd) 117 and all linear forms in
the row span of A (which span the ideal of ker(A)), are of this form. Let B C Z¢ be
a Gale dual configuration of A. The linear forms in the row span of A with minimal
support correspond to the circuits in B and to the affine linear forms L such that
dim(AN{L=0})=d-1.

Denote by vy, ..., v, (tropical) variables. The tropicalization Trop(¢r) equals:
Trop(Lr) @ 00O vg.
L(ix)#0

We recover the fact that H; is an incarnation of ker(A) and so Trop(Hy) equals the
co-Bergman fan B*(A) (cf. Proposition . The flag of sets F(¢) and the weight
classes in Definition coincide for instance with those occurring in [II, Page 3.

Our previous algorithm can be modified to decide whether f = @, pi ©
w' contains a singular point, that is, to decide whether p lies in the tropical A-
discriminant, and in this case, to compute all the singular points. Just notice that,
as weight classes induce a fine subdivision on the co-Bergman fan B* (A\), they also
induce a finer polyhedral subdivision of 7(f). Two points ¢ and ¢’ € T(f) belong
to the relative interior of the same cell of the fine subdivision if and only if ¢, q’
belong to the same weight class. If o is a cell of the fine subdivision of 7(f), then
either every point of ¢ is singular or all points are regular. Since the number of
cells in this subdivision is finite and computable, we can derive an algorithm to
compute all singular points of 7(f) that uses this information.

Proposition 4.2. The (finitely many) weight classes associated to a tropical poly-
nomial f =@, Pi © w? with support A, are relatively open polyhedral cells which
refine the polyhedral structure of T(f) dual to the marked coherent subdivision IL,.
If C is a cell in this new subdivision, then all points in C are singular or all of them
are regular. The previous algorithm applied to any of the points in C, allows us to
decide if C is a set of singular or regular points.

We can thus reprove [4, Theorem 1.1]: a point p = (p;)ica lies in the tropical-
ization Trop(X?%) of the A-discriminant if and only if there exists a singular point
q € T(@,capri © w?). This happens if and only if the n-th dimensional vector
v = (v;)ica =D+ (g, ) defined by the equalities

vi = pi +(q,4), i€ A,

lies in B*(A ) by the characterization given in Theorem |2 . (expressed by the pre-
vious algorithm). Equivalently, if and only if

(7) p=v+(=q,)

with v in B*( A) and g € R?. That is, if and only if p lies in the Minkowski sum
of B*(A) and the row span of A, which equals the Minkowski sum of B*(A) and
the row span of A, since the vector T € B*(A). It follows that if p € T(X%), the
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o

FIGURE 3. Newton subdivision and singular curve of Example [£.3]
(in bold) and % (pointed)

singular points of 7 (D, 4 pi © w?) are those g which occur in a decomposition of

the form (7).

We end this section with some examples that exhibit different interesting features
of these objects. The next example shows a tropical polynomial f whose coeflicients
lie in a codimension one cone of the secondary fan of A, for which 7(f) has two
singular points.

Example 4.3. Let f = 00w 00w Qws B00wi Quwi®B7Owr G446 w; O wy
@7Ow}®wy. The subdivision induced by f in its Newton Polygon is a triangulation
except for the circuit of exponents in {w?, w?ws, w?w2}. The A-discriminant of the
support of f is (with the obvious meaning of the variables a;;)

256a2; a5, —192a%; az0ad;aze —4096a2; azpaS; azs — 6144ag1a?;a3gad; a2, + 2457602 a3gas a3y — 1024a};ad,

ado+ 8192ap1a;adganiad, — 65536a2;adga3,ad,+ 6553603, a5gas,+ 21648 a3 a1 — 2016a01a};ad a1 +

5632 a2 a?, a3 aa1 — 409643, a$; aq1+ 2592 af; aspaziazsasr — 20736a01at, az0ad; azsaqr + 2867243, a?; asp
a3, assaqr+ 16384a3, aspas;azsasr+ 4608ag1at;aZgad,aqr — 20480002, a? a3, az1 aZ,a41+ 6553643, a3
a2 a3,a41— 2621440, a3gad,aa1+ 72908 a2, — 7776 ap1 afiazial,+ 2764842, a}; a2, a3 — 3891243 4%,
a3qa?; + 24576ad,a%; a3, — 55296 a2;a};azpazzal; + 122880 af; a?jazpaziazeal; + 65536 afiazpad;azea’?;
+393216a3; a3gad a2, — 13824ad; a}jad,+ 73728ad,a? az1ad; —65536a8; a3, al; —262144a3az0a20a3;+
65536 aS; af;+ 768a;a3ga3;ady+ 16at;aS; — 128ag1a? al; = 1536a01a%;a20a3; azs.

The minimum valuation of the terms in the A-discriminant is attained for any
choice of coefficients a;; with valuations prescribed by the coefficients of f, in
the five underlined monomials of the A-discriminant. Three of these monomi-
als a3;a3,a3,a3,, a3 az0aS;aze, a2 adya3 a3, lie in the convex hull of the other two
a2 a8, a3 a3,a3,. Hence, the exponents of the monomials of the A-discriminant
where the minimum is attained lie on an edge, and the vector of coefficients of f
belongs to a maximal cell of the tropicalization of the A-discriminantal variety. The
singular points of this curve are (3,0), (—1,0) (See Figure|3]). Two lifts of the curve
and the singular point are: t"z4y+22y?+ (=313 +t—2) 22y + 2%+ (2t -2t 2y +t7y
with a singularity at (¢3,1), and t"zy + 2%y? + (t° — 3t° — 2)2%y + 22 + (=25 +
2t1)zy + t7y with singularity at (1/¢,1).

Our next example shows that for two vectors of coefficients inducing the same
coherent subdivision of A, the associated flags need not coincide.

Example 4.4. Let A = {a; = (0,0), az = (0,1), ag = (0,2), as = (2,0), a5 =
(1,2),a6 = (—2,0)} and p, = (0,0,0,0,v1,v2), with v = (v1,v9) € R2, arbitrary.
In this case, p, defines the curve given by f, = 0800w, 0O w3 B 0O wT B vy ©
w; ® w? ® vy © wy 2. The marked subdivision IT induced by any p, contains three
maximal cells: o1 = {1, a0, a3, a4}, 02 = {as, a4, a5}, 03 = {1, a2, a3,a6}. We
claim that all these curves are singular, with a singular point in the cell dual to
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Ve \
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—4vy + vg < 0 (left), —4v; + v2 = 0 (center), —4vy + v > 0 (right)

FIGURE 4. Cases of Example

the marked edge {a1, as,az}. However, as we will see, the number and locations
of the singular points vary.

Cell 07 is dual to the point (0,0) in the curve and o3 is dual to the point
(v1/2,0). By Theorem there is a singularity if there is a point in the segment
[(0,0), (v2/2,0)] that also belongs to the partial derivative g, = % =00wi®
v Ow; O wl Pug® wl_Q. In the segment, g, attains its minimum at (0,0) on the
linear form associated to a4 and g, attains its minimum at (v2/2,0) on the linear
form associated to ag. Since g, is a continuous function, there must be a point
(g,0) where the minimum of g, is attained twice, so this point will be a singularity
of f (cf. [10]). This reasoning works for any hypersurface in dimension d with a
circuit in the interior of A of dimension d — 1.

o If —4v; 4+ v < 0 there is a singular point at ¢ = (v2/4,0), the flag with
respect to ¢ is: {a1, g, ag} C {a1, as, a3, a4, a6} C A.
e If —4v; 4+ vo = 0 there is a singular point at ¢ = (v2/4,0), the flag with
respect to ¢ is: {a1, a9, a3} T A
o If —4v; 4+ vy > 0 we get two different singular points:
— ¢ = (v1,0) with flag with respect to g¢:
{051, Qag, 013} g_ {Otl, Qg, (3, (4, 045} g_ A.
— ¢ = ((v2 —v1)/3,0) with flag with respect to ¢:
{a1,a9, a3} € {a1, as,a3,a5, 06} C A.
Thus, we can take different values of v, v’ € R2>0 such that, while keeping II =1II,,, =
II, , invariant, it is not possible to find singular points ¢y, ¢, in T(fy), T (f.) for
which the flags coincide Fy(q,) = Fe(gy) for all £.

It is worthwhile to note that the set of singular points in a hypersurface is not,
in general, a tropical variety.

Example 4.5. Let f =00 00w ®00 w3 00 w; @00 w; © wy &1 © w?
represents a tropical conic. So, if it is singular, it is a pair of lines. It happens that
this conic is the union of the lines 0 0 © w1 0O we and 0P 1 © wy © 0 O wa.
The intersection of these two lines is the ray (0,0) + p(1,0), p > 0. This is not a
tropical variety. However, any of its points is a valid singular point of the conic.
We can take any point ¢ in the intersection set and lift the whole configuration, as
it is an acyclic configuration (see [I5]). In fact, for the point (p,0), p > 0 we can
take the lift £ = (14+2— (1+t")y)(1+tz— (1 +tP T )y) =1+ (1 +t)z+ (—2—tP —
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Py +ta? + (=1 —t — P )y + (1 + P + P 4+ 12PT1)y2 that has a singularity
at (tP,1).

5. TROPICAL CURVES WITH NON TRANSVERSAL INTERSECTION

We fix two finite subsets A1, Ay of Z? with |A;|,|A2| > 2 and such that ZA; +
ZAy = 7Z2. In this section we define and study non transversal intersections of two
tropical curves associated to tropical polynomials with respective supports A;, As.
As in Definition[2.1], we will say that the intersection is non transverse when it comes
from the tropicalization of a classical non transverse intersection of two curves. In
this case, we will see that the standard definitions do not have a straightforward
translation to the tropical setting.

Definition 5.1. Let f = @;c4, pr O wl g = Dica, p? ® w' be two tropical
polynomials in Rfwy, ws]. Let ¢ be a point in the intersection of the tropical curves
T(f)NT(g). Then g is a non-transversal (or non-smooth) intersection point of T (f)
and T (g) if there exists two Laurent polynomials F = Y7, 4 ajz’,G =Y., ajx’
in K[z, 2], with respective supports A;, As and a point b € (K*)? which is a non-
transversal intersection of {F = 0} and {G = 0} such that Trop(F) = f (that is,
val(al) = p} for all i € A1), Trop(G) = g and val(b) = q.

Recall that b € {F = 0} N {G = 0} is a non-transversal intersection point if
moreover the Jacobian Jg g vanishes at b. This Jacobian is the determinant of
the Jacobian matrix (or the matrix of the differential of the map (F,G)), and also
?ZEZ; g: EZ;) The condition that Jpg(b) = 0 is
obtained from elimination of variables from the following equivalent fact: {F = 0}
and {G = 0} intersect non transversally at b if and only if their tangent lines
coincide, or equivalently, the matrix Mg ¢ has a non trivial kernel, that is, there
exists a non trivial vector (y1,y2) which is a solution of the system

(8) Fo (b)y1 + Gay (b)y2 = Foy(D)y1 4+ Gay (b)y2 = 0.

Given two Laurent polynomials F = )

of its transpose Mp g = <

icA, atxt, G = D icA, a?xt in Klzy, xa],
with respective supports A1, Ay C Z2, the mized discriminant of F' and G is the
A-discriminant associated to the polynomial y1 F' + yoG € Klzy,29,y1,y2] with
support in the Cayley configuration (cf. [7])

€1XA1U62XA2CZ4.

In fact, this is a three dimensional configuration lying in the plane defined by the
sum of the two first coordinates equal to 1. This mixed discriminant vanishes
at the vectors of coefficients ((a})ica,,(a?)ica,) whenever F and G have a non-
transversal intersection at a point b € (K*)? for which the system (8) has a solution
(y1,92) € (K*)2. In particular, note that horizontal and vertical tangents are not
necessarily reflected in the mixed discriminant (cf. [6, Section 3] for a more general
definition of discriminants which takes into account different supports). Hence, we
do not take cover these extremal cases and will only describe the non-transversal
intersection points for which the system has a solution (y1,v2) € (K*)2.

Lemma 5.2. Let f,g € Rlwy,ws] be two tropical bivariate polynomials with re-
spective supports A1, Aa. The tropical plane curves that f and g define intersect
non-transversally at an intersection point ¢ = (q1,q2) € R? if and only if there
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exists | € R such that § = (q1,q2,1) belongs to the tropical discriminant associ-
ated to the polynomial f ® w3 ® g € Rlwy, wa, ws] with support in the configuration
C(A1, Ay) = Ay x{0}UAax {1} C Z3, that is if G is a singular point of T (f ®w3®g).

Note that the configurations C(A;, As) C Z3 and the Cayley configuration
e1 X A1 Ueg X Ay C Z* are affinely equivalent. Therefore, the associated sparse
discriminants coincide (up to the names of the variables).

Proof. Suppose that there is an element [ € R such that (q1,¢2,!) belongs to
the tropical discriminant of f ® w3 ® g. So, (f ® ws ® g, (¢1,492,1)) belongs to
the incidence variety Trop(H) associated to A = C(Aj, As). Then, there are
algebraic polynomials F,G € K[z, 72] and a point (by,be,b3) € K3 such that
(F(z)+z3G(x), (b1, be, b3)) lies in the incidence variety H, Trop(F') = f, Trop(G) =
g, val(by,ba,bs) = (q1,q2,1). Hence (b1,be,b3) is a singular point of F' + 3G, and
so the partial derivatives must vanish:

Fy (b1,b2) + b3Gy, (b1,b2) =0, Fy,(b1,b2) + 3G, (b1,b2) = 0,G(b1,b2) = 0.

It follows that F'(by,b2) =0 and b = (b1, bs) is a non-transversal intersection point
of {F =0} and {G = 0}. To prove the converse, suppose (q1, ¢2) is a non transversal
intersection point of f and g. There exists F, G € K[z, 23] with respective supports
A1, As such that Trop(F) = f,Trop(G) = g and b = (b1, b2) as in Definition
Then F(b) = 0, G(b) = 0, and let (y1,y2) be as in (8). It follows that (b, bo, y2/y1)
is a singular point of the surface defined by F+x3G, so (F+xz3G, (b1,ba,y2/y1)) € H
and (f w3z ®g, (q1,¢2,val(y2/y1))) € Trop(H). Therefore, (¢1,g2,val(y2/y1)) is a
non-transversal intersection point of f & ws ® g. O

Example 5.3. Let f =08 00w; P00 ws and g =180 w; & 0O ws be
two tropical lines. These lines intersect at an infinite number of points (all the
points in the ray {w; = wy < 0}). However, two algebraic lines intersect non-
transversally if and only if they are the same, and we expect that this also happens
in the tropical setting. Since f # g, let us check that they intersect transversally
according to our definition. Consider the surface defined by f @ ws © g = 0@
00w 0w @1Ows 00w ©®ws P0G wy ® ws. Both lines have the
same support A; = As = {(0,0),(1,0),(0,1)}. The associated mixed subdivision
of C(4;1, As) = {(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,0,1),(0,1,1)} is precisely the
marked subdivision occurring in Example[3.3]and depicted in Figure[2] so f®ws®g
is indeed non singular according to Lemma [5.2

We now revisit Example [2.12

Example 5.4. Let 4; = {(0,0),(1,0),(2,0)}, A2 = {(0,0),(0,1),(0,2)}. So, f
and ¢ are in fact univariate polynomials in different variables. The associated
configuration C(Aj, As) is just the configuration A occurring in Example In
this case, the mixed discriminant has codimension bigger than 1 and a point of
intersection ¢ = (q1,¢2) is non-transversal if and only if ¢; is a singular point of
T (p1 ®p2 ®wi ®p3 ©®w?) and go is a singular point of T (py ® ps © we ® ps © w3),
which is the translation of the fact that ¢ is singular if and only if it lies in the
rowspan of A.

Since we are looking for the singular points (q1,¢g2,1) in T(f ® w3 ® g), we could
use the known tropical basis of the discriminant of this surface to compute them, as
in the discussion above. However, we would like to obtain a method that involves
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only f and g and no new variables. Just checking if the Jacobian matrix is singular
will not work.

Example 5.5. Let [ = OEBOleGBO@wg@O@wl@wg@Ong@lG}w%,
g=0010w; ®0Ows. Consider the intersection point ¢ = (0,0). If we would like
to use a kind of tropical Jacobian matrix, a natural choice would be the matrix

of of
9wy =07 D{w=0} | _ 00w @00 W Qwa DLOwW? 0Qw2 B0 w; O wa B0 wi
__9g __ 99 10wy 00O wsa :
{w1=0] 0{wy=0]}

When we evaluate at g, we get the matrix <(1) 8) which is nonsingular because

00 # 0 1. However, take F' = (1—t)+2x+2y+2xy+y? +2%t, G = (1+t)+tx+y,
b= (-1, —1) is an intersection point and Trop(F) = f, Trop(G) = g, val(b) = (0,0)

T (o E)-ea(E )-w

So the tropical point (0,0) is a non-transversal intersection point. The problem
is that in general, given a polynomial J € K[zq,...,2,] and a point b € (K*)",
Trop(J)(val(b)) # val(J(b)). In our case J is the Jacobian Jpg = 2— 2t +y(2 — 2t)
and b = (—1,—1). We have that Trop(Jrg)(val(b)) = (0® 0 ®ws2)(0,0) = 0, while
val(Jra)(b) = oo.

We now show another phenomenon that occurs.

Example 5.6. Let ' = G = 1+ 21 + 2. f = Trop(F) and g = Trop(G)
equal 0 ® 0 ® w; ® 0 ® we and intersect non transversally at any point of 7(f) =
T(g). The toric Jacobian zix2Jpq is the determinant of the 2 x 2 matrix M with
columns the Euler derivatives of F' and G with respect to L = wy,ws, and so
it is identically zero. If we consider the matrix Trop(M) obtained by taking the
tropicalization of each of the entries of M, we get the 2 x 2 matrix with two equal
rows [0 © wy 0 ® wg]. The tropical determinant of Trop(M) equals the permanent
0ow)® (00 w)® (00 w)® (0 ws). If we forget the fact that we have twice
the term (0 ® w1) ® (0 ® wa) = 0 ® w1 © we, we lose information. We just get a
monomial, which defines an empty tropical curve.

We deal now with two easy cases.

Proposition 5.7. Let f, g be two tropical bivariate polynomials with respective
supports Ay, Ay. Let ¢ = (q1,q2) be a tropical point that is a vertex in both T (f)
and T (g). Then q is a non-transversal intersection point of f and g.

Proof. Set 1 := f(q) — g(¢) € R. We claim that § = (¢1, g2,!) is a singular point of
the tropical surface 7(f @ ws @ g). To see this, note that the points in C(A;, As)
where the minimum in g is attained are of the form (i,0) € A; x 0, for all ¢ such that
f(g) attains its minimum and those of the form (i,1) € Az x 1, for all ¢ where g(q)
attains its minimum. Since ¢ is a vertex of both 7(f) and 7 (g), the minimum of
f(q) is attained in a 2-dimensional cell o1 in A; and the minimum of g(q) is attained
in a 2-dimensional cell o9 in As. Let L = jiw; + jows + jsws + § be any integer
affine function in three variables, L # jsws + S. Then {L = 0} cannot contain o4
nor oz, so there are at least two different points of C(A;, A3) where the minimum

of f ®ws ® g is attained at g. It follows that g € T (W) In case L is of
the form jsws + B, {L = 0} is disjoint from C(A1, A3) unless § = —j3 — 1,0, and in
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this case either all the monomials corresponding to the points in A; x 0 or As x 1
occur in the Euler derivative with respect to L of f + w3 ® g. So, by Theorem [2.9
q is a singular point of f ® w3 ® g and ¢ is a nontransversal intersection point of f
and g. [

Proposition 5.8. Let f, g be tropical polynomials with respective supports Ay, As.
Suppose that q is a vertez of T(f) and lies on a segment or ray of T (g). Moreover,
suppose that, locally, p is the only local intersection point in T (f) N T (g). Then q
is a non-transversal intersection point of f and g.

Proof. The minimum of f at ¢ is attained in at least three non-collinear monomi-
als associated to the points {7, as, a3} and the minimum in g is attained in at
least 2 monomials associated to the points {81, 82}. Take again | := f(q) — g(q)-
Then, (q1,¢2,1) of f ® w3 © g is attained at the monomials corresponding to C' =
{(a1,0), (ag2,0), (a3,0), (B1,1),(B2,1)}. By construction, {(ai,0), (asg,0),(as,0),
(B1,1)} is a simplex. Since the intersection of 7(f) and 7 (g) around g is just
the point g, it follows that the line through (53, 1) and (82, 1) is not coplanar with
any line generated by two different points among {(«7,0), (a2, 0), (3,0)}. In other
words, C is a circuit of dimension 3. By Theorem (3.4} (g1, ¢2,!) is a singular point
of f ® w3 ® g and thus ¢ is a non-transversal intersection point of f and g. O

In order to deal with the general case, we introduce some notation. Let L' =
jiwi + jows + cws + B be an integer affine function in 3 variables. Call L =
Jiwy + jows + B € Rlws, ws], so that

(9) L/ = L+cw3.
We clearly have:

Nfows0g) Of dg
(10) 8[/ _aL@MBQa(L—I—C).

Lemma 5.9. Let ¢ € R? be an intersection point of T(f) and T (g) and let L' be
an integer affine function in 3 variables. There exists | € R such that § = (q1,q2,1)

is a point in the tropical surface T(W),

Proof. Define L as in (9). It is enough to take [ = g—]{(q) - %(q). O

In fact, keeping the notations of the previous Lemma, we can make a finer
classification of the affine linear forms L’ into 4 types and describe all possible
choices of I in each case. We say that L’ is of type 1 if the minimum of g—{ at

q is attained at least twice and exactly once in a(giic)' In this case, we can take

any | > %(q) - %(q). We say that L’ is of type 2 if instead the minimum
at q is attained at least twice in ag—ic and once in g—{. In this case, we can take

any | < g—{(q) - %(q). The integer affine linear function L’ is said to be of

type 3 if the minimum is attained at least twice in both g% and %. In this
case, we can take any [ € R. Finally, we say that L’ is of type 4 if the minimum

is attained once in both g—i and %. In this case, the only possible choice is

_ of 0
l=5z(a) — Wﬂ@(Q)-
We now present the main result in this section.
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Theorem 5.10. Let f, g be two tropical bivariate polynomials with respective sup-

ports Ay, As and q an intersection point of T(f) and T(g). Consider the set

A(q) = {(L1, La,c1,¢2)} of all 4-tuples where Ly, Lo are integer affine functions

in two variables and cq,co € R, for which q belongs to at least one of the tropical

curves associated to ;—Lfl, 83—52, 8(L?ic1)7 6(L§icz). Let B(q) = {(L1, La,c1,c2)} be

the set of 4-tuples for which q does not belong to any of these four tropical curves.
Then, q is a non-transversal intersection point of f and g if and only if

e For all (L1, Lo, c1,c2) € A(q), g belongs to the tropical curve associated to
the tropical polynomial
of 99 of 99

9L, C 0Ls +ea) T 0Ly C Lyt )

e The following equalities hold for all (L1, La,c1,¢2) € B(q):
of g _of g
0L, © 8([;2 + Cg) q) a 0Lo © 8([/1 + 01) (q)

It is enough to check these conditions for a finite number of 4-tuples.

Proof. By Theorem a point ¢ € R? is a non-transversal intersection point if
and only if there is an [ such that (g1, g2,1) belongs to all the partial derivatives

%. Assume first that ¢ € R? is a non-transversal intersection point and let

I € R such that (g1, ¢2,1) belongs to all the partial derivatives W. Let L1, Lo
be integer affine functions of 2 variables and c¢;,co € R. Call L} = Ly + clwg, L, =
Ly + caws. Then, by (10), we have that the minimum at —( YBIE a(L g )(q) is
attained twice for ¢ = 1,2. It is not difficult to see that the two conditions in the
statement of the Theorem hold, separating the arguments for the different types of
functions L’. Reciprocally, assume that these conditions hold for all 4-tuples of the
form (Lq, Lo, c1,¢2) and let ¢ be an intersection point. Then, any (¢1, g2,1) belongs

to the tropical surfaces defined by f @ ws ® g and % for all constants .

Hence, it remains to check the Euler derivatives when L’ for which L # 0.

Let I; be the maximum of g—{(q) - %(q) for all L’ = L + wsc of type 1. If
there are no L' of type 1 set [y = —oco. Let I3 be the minimum of %(Q) — %(q)
for all L’ = L + wsc of type 2. If there are no L’ of type 2, set I = oo. Finally,
let L},..., L be the integral affine functions of type 4 whose supports represent

all possible supports with this type, and write L, = L; 4+ ¢;. Call I4(L}) = af (q)
%(q). Then, it is clear that there exists an [ such that (g1, ¢2,1) belongs to
all partial derivatives if and only if

< la(L)) = La(Lh) = ... = l4(L)) < Iy

We have to translate these conditions into Jacobian like equations.
Let L) = L1 + wseq, Ly = Ls 4+ wscy be two integral affine linear functions.
If L; and Lo are of the same type 1 or 2, or if one of the types is 3, then it

of
always happens that ¢ is a point in the curve 8L ® m( q) D 515 © 8(L1+cl)( q),
because we are adding two polynomials for which ¢ is a “zero”. If L] is of type
1 and L} is of type 2 then: ;—Lfl and % attain its minimum at least twice
in q7 and ;Tf and

% attains its minimum once in q. Hence q is a point in

8L1 ®8(L2+02) @3L2 ®3(L Fer ) lfand Only lf a(L2+('z) (q) >~ 8Lz ®8(L1+(‘1)( )
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This is equivalent to aT( )+ m( q) < %(Q) + %(Q)- So, 2 9L, L(q) -
m(q) < %(q) — M( ). This happens for every pair of integral affine
functions L of type 1 and Ly of type 2 if and only if lh < lg Let L} be of type
1 and L} of type 4. Then ¢ is a point in aL ® 6(L2+52) &) 8L2 ® B(L% for all
L} of type 1 if and only if I} < l4(L’). Let L} be of type 2 and L} of type 4.
Then ¢ is a point in adL ® % &) BLQ ® B(Lag for all L] of type 2 if and
only if l4(L5) < l. Finally, if both equations are of type 4, then the condition
I4(L) = l4(L’) translates into: F7-(g) — 5% (a) = a%(q) — s (0). We

deduce that 57~ © 57%9(q) = 315 © 57242 (a), which ends the proof. O

Note that in the last equality of the above proof, there is only one monomial
on each side of the equality where the minimum is attained. If this monomial
happens to be the same on both sides, we cannot ensure that ¢ is on the Variety
a L1 ® m D a L2 ® m Both items in the statement of Theorem are
similar but the first one concerns tropical varieties, while the second one needs to
deal with equalities of the values taken by two tropical polynomials, that do not
represent tropical varieties. A more homogeneous approach can be given if we use
the supertropical algebra introduced by Izhakian and then developed by Izhakian
and Rowen, to unify both conditions.

Recall that one can consider an extended tropical semiring (T',&',®’') con-
structed from our tropical ring (T, ®, ®) [8]. This semiring structure has a partial
idempotent addition that distinguishes between sums of similar elements and sums
of different elements. Set theoretically, this bigger semiring T’ is composed from the
disjoint union of two copies of R, denoted R and R”, plus the neutral element for
the sum oco. There is a natural bijection v : R — R” and the operation @' verifies
a®'a =v(a), for all a € R. The elements in R” are called ghosts, so a®'a is a ghost
element. This terminology reflects the idea that in a field K with a valuation, if
two elements have the same valuation, we cannot predict in general the valuation of
their sum. We refer to [8, @] for further details, in particular for the full definition
of the operations in this supertropical algebra.

An element ¢ € T’ lies in the variety 77 (h) defined by a supertropical polynomial
h= @;eApi " w' with a finite support set A € Z¢, when h(q) is a ghost element.
Given Aj, As as before and two supertropical polynomials f, g with respective sup-
ports in A;, Ay and coefficients in R (the so called tangible elements of T”), we can
mimic our previous definitions. Thus, a point ¢ € R? is said to be a non-transversal
intersection of f and g if there exists [ € R such that (%)(ql,qz,l) is a
ghost element for any integer affine linear form L’ in 3 variables.

We can translate Theorem [5.10]in the following terms:

Theorem 5.11. Let f, g be two supertropical bivariate polynomials with respective

supports Ay, As and let g € T'(f)NT'(g). Then q is a non-transversal intersection

point if and only if for all 4-tuples (L1, L2,01,02) it holds that q lies in the variety
of

defined by the supertropical polynomml @ 3(L2+cz) @/8L2® a(L1+C1)’ that 1s,

the value of this polynomial at q is a ghost.
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