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NEW REGULARITY RESULTS AND IMPROVED ERROR ESTIMATES
FOR OPTIMAL CONTROL PROBLEMS WITH STATE CONSTRAINTS*
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Abstract. In this paper we are concerned with a distributed optimal control problem governed by
an elliptic partial differential equation. State constraints of box type are considered. We show that the
Lagrange multiplier associated with the state constraints, which is known to be a measure, is indeed
more regular under quite general assumptions. We discretize the problem by continuous piecewise linear
finite elements and we are able to prove that, for the case of a linear equation, the order of convergence
for the error in L?(£2) of the control variable is h|log h| in dimensions 2 and 3.
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1. INTRODUCTION

This paper deals with the following optimal control problem

(P) min J(u),

UEUaa

where

I =5 [ ule) = @) do+ 3 [ o)

2 o
Usa = {u € L*(22) : a(z) < yu(z) < b(x) for all x € 2},
and y,, is the solution of the Dirichlet problem
Ay=wu in 2,
{ y=0 on /[,
A being an elliptic operator.
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The inherent difficulty of these control problems is the fact that the Lagrange multiplier associated with
the state constraints is a Borel measure iz in {2 C R™. This leads to an adjoint state ¢ € VVO1 #(02) for every
1 < s < %5 In this paper, under mild assumptions, we prove that the adjoint state ¢ belongs to HY(2)NL>(£2)
and ji € H1(£2). This implies, in particular, that Dirac measures are excluded as Lagrange multipliers for n > 1.
As a consequence we also obtain the H(£2) N L>°(§2) regularity for the optimal control @. As far as we know,
H'(£2) regularity results for 4 were proved in [11], where the presence of pointwise control constraints played a
crucial role in the proof. However, no additional regularity for the adjoint state ¢ and the Lagrange multiplier
i was obtained there. Our regularity result has been inspired by a recent result by Pieper and Vexler [27] for a
sparse control problem with controls in a measure space.

We use this new regularity result to improve the error estimates for the finite element discretization of the
control problem. For the error between the optimal control u and its discrete counterpart u, we prove an
estimate of order O(h|loghl) for both the two and three dimensional case.

Error estimates for optimal control problems with state constraints governed by elliptic equations are derived
in several publications. In [9,10,22] error estimates are given for optimal control problems with finitely many
state constraints. In Deckelnick and Hinze [15,16] error estimates of order h'~ in 2d and hz~¢ in 3d are derived
for a problem with pointwise state constraints, see also Meyer [26] for a proof of similar results with a different
technique. These estimates are obtained for domains with smooth boundary I". For a convex polygonal domain,
Meyer [26] obtains an order of O(h*) where A € (1/2,1) depends on the biggest interior angle of 2. For the three
dimensional case an improvement to k3 is achieved in Résch and Steinig [28] and an estimate of order hllog h|
is shown in [21] for a problem with control and state constraints. For the proof of the later result the presence of
control constraints ensuring the uniform boundedness of @ and @y, plays a crucial role. Liu, Gong and Yan [23]
and Gong and Yan [19] treat problem (P) by transforming it into a biharmonic obstacle problem. They deal
with the linear-quadratic case and the Laplace operator in dimension 2. For the error analysis, they suppose
that (2 is polygonal, the obstacle is in H*({2) and, following [3], some extra assumptions on the active set are
needed to have the adjoint state in H{ (£2). Discretization is made with the nonconforming Morley finite element
in the first reference and with Lagrange P; finite elements in the second one. They prove O(h) convergence for
the Morley finite element. For P, elements they obtain again O(h) in superconvergent meshes, and O(h'/?) in
quasi-uniform meshes. These results are valid if the optimal state is in H3(£2).

This means that our result improves the known estimate of almost order O(hz) to O(hllogh|) for a purely
state-constrained problem in the three dimensional case and also for plane polygonal convex domains, where in
general the optimal state is only in H?T({2), for some « € (0, 1) depending on the biggest interior angle of the
domain (see, e.g. [20], Thm. 5.1.1.4, or [4] for a general regularity result about the biharmonic operator).

The plan of this paper is as follows. In Section 2 we recall the optimality system and we discuss some
consequences of it. In particular, the structure of the Lagrange multiplier f is studied. Section 3 is devoted to
the proof of our main regularity result. In Section 4 we consider some extensions of this result to more general
control problems. In particular, the case of semilinear state equations is considered. The error estimates for the
finite element approximations are proved in Section 5 and some numerical examples confirming these estimates
are given in Section 6.

2. ASSUMPTIONS AND PRELIMINARY RESULTS
Concerning the Dirichlet problem (1.1) we make the following hypotheses.

Assumption 2.1. {2 denotes an open bounded subset of R", n = 2 or 3, with a Lipschitz boundary I". A is
the linear operator

Ay == 95,lai () zy] + ao(@)y,

ij=1
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with a;j,a0 € L*(2), ap(x) > 0 for almost all 2 € 2. Furthermore, there exists some A > 0 such that

Z aij(r) & & > A€ for aa. x € 2 and V€ € R™.
ij=1

Some additional regularity will be required for {2, I" and the coefficients a;; in the section devoted to the
numerical approximation.

Under this assumption, it is well known that for every u € H~1(§2) equation (1.1) has a unique solution in
the Sobolev space Hg (£2). This solution will be denoted by y,,. Moreover, if u € W ~1(§2) for some p > n, then
Y. belongs to the Holder space C?(£2) for some 0 < 6 < 1 depending on p; see [18], Theorem 8.29. We also have
the estimate

{ Yl 2 () < Mollull =12, 2.1)
lyullce(2y < Mpllullw-10(0)- '

Since n = 2 or 3, we have that L?(£2) ¢ W~1P(§2), with continuous embedding, for any p < oo if n = 2 and any
p < 6 if n = 3. Hence, the above estimates remain valid replacing the norm of u in the corresponding Sobolev
space by the L?(£2)-norm, with the obvious changes of the constants My and M,,.

Assumption 2.2. Along this paper y; is an element of L2?({2) and v > 0. We also assume the following
hypotheses on the functions a and b.

a,be C(02). (2.2a)
a(z) < b(x) Vo € 0. (2.2b)
a(x) <0< b(x) Ve eI (2.2¢)
Aa, Ab € L*=°(2). (2.2d)

Associated with these data we define the set
Yo = {y € Co(9) : ala) < y(a) < bla) Vo € 2},

where C(£2) is the space of continuous functions in {2 vanishing on I'. Then, the admissible control set can be
rewritten as follows

Usa = {u € L*(2) : yy € Var}-

Notice that the assumptions (2.2a)—(2.2d) hold if a and b are constants satisfying a < 0 < b. This is the
case for the typical state constraint |y, (z)| < 0. The assumptions (2.2a)—(2.2¢) are natural and similar to
assumptions usually required for optimal control problems with state constraints. The additional regularity
assumption (2.2d) is crucial for our main regularity result, see Theorem 3.1, as well as for the error estimate,
see Corollary 5.7.

It is obvious that the control problem (P) is strictly convex. Hence, it has at most one solution. The existence
of a solution can be proved by standard arguments. Hereafter, @ will denote the solution of (P) and 7 the
corresponding state. Before establishing the first-order optimality conditions fulfilled by the optimal control «,
we introduce some notation. We denote by M({2) the space of real and regular Borel measures in {2, which is
identified with the dual of Cy(§2). This is a Banach space for the norm

lelaei = (@) = sup / ydu.
y€Co(2),|lylloo <1V £2

Above |u| denotes the total variation measure corresponding to p. We also consider the Jordan decomposition
p=pt —p~. Then, we know that |u| = ut + p~; see, for instance, Rudin ([29], Chap. 6), for details.
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Theorem 2.3. Under the Assumptions 2.1 and (2.2a)—(2.2c), there exist a measure i € M(£2) and an element
@€ Wy s(2), for every 1 < s < ="~ such that

n—17
Ag=1a in £,
_ (2.3a)
y=0 onl,
Ap=g—ya+pa in 2,
{ co g (2.3b)
p=0 on I
/ (y—9da<0 Vye Vup, (2.3¢)
Q
¢+vu=0, (2.3d)

where A* is the adjoint operator of A, given by the expression

At == 3" 0y faji(z) Ou, 0] + ao(x)ep.

i,j=1
Moreover, the Lagrange multiplier i and the adjoint state ¢ are unique.
Proof. First, let us prove the uniqueness of @ and fi. The uniqueness of ¢ follows from the uniqueness of u
and (2.3d). Hence, (2.3b) implies the uniqueness of i as a distribution, which is equivalent to the uniqueness of
[ as a measure.

The existence of i and @ satisfying (2.3b)—(2.3d) is well known under the assumption of the Slater condition,
see, for instance, [6]. Let us check that the Slater condition is fulfilled:

Jug € L*(2) such that a(x) < yu,(x) < b(x) Vo € 2.
Define
p1 = min(b(z) — a(z),
€S
Due to (2.2a) and (2.2b), we have that p; > 0. Moreover, using (2.2c) we can find € > 0 and p > 0 such that
a(zr) < —pa < pa < b(z) Vx € 2 such that d(x, ') <e. (2.4)
Set p = min{p1, p2}. Now, we use Uryshon’s lemma to obtain a function ¢ € Cy(§2) such that

0if d(x,T")

€
< Z
0<¢$<1 and ¢(x) = -2’
¢ #) {lifd(a:,F)Ze.
Setting agy = ¢a and by = ¢b, we have that ay, by € Co(£2) and
a(r) < ag(w) < bg(x) < b(x) Vo € 0.

We know that the space C§°(£2) of smooth functions having a compact support in (2 is dense in C(§2). Therefore,
we can select one of these functions, denoted by ¥, such that

<
L>=(£2)

RS

1
= 3(as+00)

It is obvious that Ay € W~1P(£2) for every p > 1. Fix some p € (n, +oc) and take ug € LP({2) such that

p
_A . S
(o yllw -1 ) < 1M,
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1 1
Yuo — (a9 + b¢)‘ < N Yuo — Yl 2y + Hy = 5(as +bg)

L>(2)

where M, is given by (2.1). Let us prove that ug satisfies the Slater assumption. First, we observe
Le=(92)
My ||uo — A L 2.5
< Mylluo = Ayllw 1.0y + 5 < £ (25)

4
To prove that a(z) < yu,(z) < b(z) in 2 we distinguish three cases.

)
Case I. d(z,I') < 5. In this case, ag(z) = by(x) = 0, therefore (2.4) and (2.5) lead to
a(z) < —p2 < —p < Yu,(z) < p < p2 < b(w).

Case II. d(z,I") > . For this « we have that ag(z) = a(x) and bg(x) = b(z). From the definition of p; and p
we get
—p>—p1 2 alw) ~b(z) and p < p1 < b() — a(a).

Thus, we obtain with (2.5)

a(z) < =(a(z) + b(z)) — 2

DN = N =

Case III. 5§ < d(x,I') < e. Using again (2.4) and (2.5), it follows

a(r) < 5ao(r) + yala) < 3(ag(x) + by(a) — 2

< S (a6(0) + bs(2)) = & < s (@) <

< %(a(;s(x) +bg(x)) + by(x) + =b(z) < b(x). O
Remark 2.4. Let us notice that the assumption (2.2d) was not necessary for the proof of the Slater condition.
We only used the assumptions (2.2a)—(2.2¢). Moreover, the proof can be simplified if we assume that the
coefficients a;; of the operator A are Lipschitz continuous in 2. Indeed, under this assumption, if we take ¢ of
class C? in £2 and satisfying the conditions of the proof, then ug = A[%(ay + by)] € L?(£2) satisfies the Slater
condition. Furthermore, if ¢ and b are constants, with a < 0 < b, then ug = 0 satisfies the Slater condition.

Regarding the adjoint state equation (2.3b), some explanation is necessary. Following Stampacchia [31], given
a measure 1 € M({2), we say that an element o € L'(§2) is a solution of the Dirichlet problem

Afp = in {2,
comm (2.6)
=0 onl,
if
/(pAzdas:/ zdp Vze Z,
Q 0
with

Z={z€ Hy(2): Az € Co(2)}.

Using again ([18], Thm. 8.29), we deduce that Z C Cy({2), hence the above integrals are well defined. With this
definition, we know that there exists a unique solution that additionally belongs to WO1 *(£2) for every s < .
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Moreover, if E denotes the support of u, then p € HL (2\ E)NC(2\ E), and for any compact K C 2\ F
the following estimate holds

lellery < Crllullame), (2.7)

see ([31], Thm. 9.3). Of course, all these properties are enjoyed by @.

The following complementarity result is well known, but we have not found any proof in the literature for
the case of non-constant bounds a and b. For the sake of completeness we give a proof, see also e.g. [6] for the
proof in the case of constant bounds.

Proposition 2.5. Let a,b be two functions satisfying (2.2a)—(2.2¢) and let § € Co(82) and g € M(S2) sat-
isfy (2.3c). Then, the following embeddings hold

supp it C {z € 2: y(x) = b(x)},
{supp p- C{ze 2:y(x)=a(x)} (2.8)

where ji = g™ — i~ is the Jordan decomposition of [i.
Proof. Let us denote
K,={ze2:g(x)=a(x)} and K, ={z € 2:g(x)=>b(x)}.

For every integer k > 1, we set

Qk:{xeﬂza(:ﬂ)le<y(x)<b(x)—%}.

ol

From the assumptions (2.2a)—(2.2c) we infer that {2 is a nonempty open set for every k sufficiently large.
Let us take an arbitrary element y € Cy(£2;;) such that ||y|lcc < 1. We extend y by zero to £2 and denote this
extension again by y. Then, y € Cy(£2) and yr, = ¢ + %y € Vab, hence (2.3c) implies

/ ydﬂ=k/(yk—§)dﬂ§0.
o [7)

This implies that |g|(£2;) = 0 for every k, therefore
A2\ (Ko U Ky) = Jim [7(42) = 0.

This means that the support of ji is contained in K, U K. It is enough to prove that i is nonnegative on Kj
and nonpositive on K, to conclude (2.8). We show that f is nonpositive on K,; the proof of the nonnegativity
of i on K} is analogous. Take a number p satisfying

0<p< %xuelffz(b(x) —a(x)).

This choice is possible thanks to (2.2a)—(2.2¢). Now, we define the sets
2,={zeR:y) <alzx)+p} and 2, ={x € 2:y5(x) > blx)—p}.
Since § € Cyp(£2), we get with (2.2a)—(2.2¢) that (2, and {2, are open sets and
K,C 2, K,C 2 and 2,02 =0.

Let y € C(K,)\ {0} be a nonnegative function. Using Tietze’s extension theorem, we can extend y to {2, denoted
y again, in such a way that suppy C 2,. Moreover, taking max{y(z),0}, we can assume that y > 0 in 2. Then,
we have

Yo =G+ oy € Van.
llyll o
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Indeed, if « & £2,, then y, =7 and a(x) < y,(z) < b(x). If x € £2,, the definition of p and (2, implies
a(z) < y(x) <yp(r) <ylr) +p < alz) +2p < bl2).

Finally, from suppy C §2,, supp i C K, U K} and (2.3c¢) it follows

/ ydﬂz/ydﬂzm/(y,}—ﬂ)dﬂso.
K, Q P n

Since this inequality holds for every nonnegative function y € C'(K,), we conclude that i is nonpositive on K,
as desired. g

The classical regularity result for @ is deduced from the equality (2.3d): u € WO1 () for every 1 < s < L.
In the next section, we will show that 4 € HE(£2).
3. A REGULARITY RESULT FOR THE ADJOINT STATE @ AND THE LAGRANGE MULTIPLIER ﬂ
The goal of this section is to prove the following theorem.
Theorem 3.1. Under the Assumptions 2.1 and 2.2, the following regularity result holds:
g, u€ HY(Q)NL®(2) and je€ M(Q)NH ().
We state two auxiliary lemmas before proving the theorem.

Lemma 3.2. Let p € M(£2) be a positive measure with a compact support in 2 and ¢ € Wol’s(ﬂ) be the
solution of (2.6). Define

@)= [ aa@ e vren
where ga is Green’s function corresponding to the Dirichlet problem (2.6). Then, we have that

peL®() s sup " (v) < oco.
zeSUPP p

Proof. For the case A = —A this lemma is proven in [27]. For the general case, let us consider the solution
z € Wol’s(Q) of the Dirichlet problem
{ —Az=p in 2,

z=0 onlI.

Observe that the positivity of 1 implies that ¢ and z are nonnegative almost everywhere in (2. Moreover, since
A*p = Az = 0 in the open set 2\ supp p and ¢ = z =0 on I', we deduce that ¢,z € C(£2\ supp ). Therefore,
given € > (0 we can choose a compact set K. such that supp u C K. C 2 and

olx) + z(x) <e foraa. ze R\ K.. (3.1)

We know from [31] that there exists a positive number C. such that

1
69(1'75) SgA('Tag) Sng(l',f) Vw,fEKE,

where g denotes the Green’s function associated with the Dirichlet problem corresponding to —A. Analogously
to ¢* we define

() = /Q oz, €) du().
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Integration with respect to p in the above inequalities and taking into account that g > 0 and supppu C K.
yields for all z € K,

57 @ =g /Q ol €) dul) = o /K 9 (o) < / 94 (2, €) du(€)

€

- / 04z, €) du(€) = ¢*(z) < C. / oz, €) du(€) = C. 27 (x).
N Ke

Since ¢ = ¢* almost everywhere in {2, these inequalities imply that

pel) e el®2) e e l™®(2)< sup 2F(z) < oo,
zeSUPP p

where the last equivalence is due to a result by Pieper and Vexler [27].
Finally, the inequalities

1
Fz*(aj) <" (z) < Cez*(x) Vresuppp C K.

and the above equivalences imply that

sup ¢ () <oco&e  sup 2 (x) < oo s p e L™(N). O
zESUPDP p z€SUpP p

For any function ¢ and o < 3, we denote Projj, g(¢)(z) = min{max{a, p(z)}, 8}

Lemma 3.3. Let p € M(2) and let ¢ € W, *(2) for all s < n/(n — 1) be the solution of (2.6). Then,
Proji_ () € HX () for every M > 0.

Proof. This result can be deduced from ([14], Thm. 10.1 and Eq. (2.22)) or ([17], Eq. (7)). For convenience, we
provide the reader with a simple proof.

Let us take a sequence of functions {u}x C L?(£2), such that g, = g in M(£2) and ||prl| 10y < |l meo)-
Let ¢ € H}(§2) be the unique solution of

Ao = py in 2,
wr=0 onlI.

Due to the compact embedding of M(£2) into W—15(2) for all s < -2+, we have that ¢, — ¢ strongly in

Ws(£2). Take M > 0 fixed and define @} = Proj;_y; as (k). By the continuity of Proji_ys ay: WH*(2) —
Whs(02) we also have

li]1cn oM = Proji_prar () strongly in Wy (R2)V1<s < % (3.2)

On the other hand, using the uniform ellipticity of the operator A*, we have

AT 2oy < 3 /Q 035 (2)0s, oM Oy o} i + /Q ao(@) oM o} de
ij=1

<Y [ as@n et dot [ an)onet da
Q=179 2
= /Q/imp% dz < lor" e lxllLr @) < Ml v
Therefore the sequence {2}, is bounded in H}(£2) and there exist ¢p € Hi(§2) and a subsequence of {pM },

denoted in the same way, such that ¢! — @ weakly in H}(£2). Using this fact and (3.2) we readily have that
Proji_nsa(p) = oM € Hg(£2). U
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Proof of Theorem 3.1. Let us consider the Jordan decomposition of ji: ji = g™ — ji~. We also decompose

$ =0+ Py — P

where ¢, ¢+ and p_ are the solutions of (2.6) with right hand side equal to § — yq, 1™ and 1™, respectively.
Since § — ya € L*(£2), then we know that wg € H}(£2) N C(2). We will prove that ¢ € L>(£2), the proof of
the boundedness of ¢_ being analogous, which implies the boundedness of @. Then, the H}(§2)-regularity of ¢
follows from Lemma 3.3. The proof of the theorem is concluded by (2.3b) and (2.3d): i = A*@¢—§+ya € H 1(2)
and 4= —1¢p € HJ(£2) N L>(12).

Let us prove the boundedness of . First, we observe that ¢ and ¢_ are nonnegative functions and
@ € C(2\supp i~). By Lemma 3.2, we have that ¢, € L>(2) if and only if ¢* is upper bounded in supp it
where ¢ is defined as in Lemma 3.2 by

o () = /ﬂ ga(,€) dut(€) Vre .

We argue by contradiction and we assume that ¢7 is not bounded in supp T, Take 0 < p < 1 such that
a(x) < pb(x) for every x € {2. The existence of p follows from (2.2a) and (2.2c). We define the compact set

K ={ze2: ) > pb(a)}.

By (2.7) and (2.8) we have
le-llew) < Crlli™ | meo)-
Let us set
M = |lpollciry + Cr i lae) + v (llaoll Lo () 1 = all oo () + | Ab]| Lo () -

Since ¢ is not bounded in supp [T, there exists an element 2° € supp fiT such that @i(aco) > M. From the
positivity of Green’s function g4 we deduce, with Fatou’s Lemma, that o7 is lower semicontinuous. Hence, the
set {& € 2: ¢* (x) > M} is open. Let us take ¢ > 0 such that ¢* (z) > M Vz € B:(2") and B:(z") C K.
Therefore, we have for almost every x € B.(z?)

@(x) = po(z) + @1 (z) — ¢~ ()
> M — [leollcx) — lleZllcx)
>V (HGOHLM(Q)Hb —allp(o) + HAbHLm(Q)) .
We consider the difference § = 3 — b. There holds § < 0 and due to the fact that zq € supp ™ we have by

Proposition 2.5 that §(zo) = y(zo) — b(xo) = 0 takes its maximum at x = x¢. Now, (2.2a), (2.2d) and the above
inequality imply

= 37 By () e (72))] = () — ao()(3() — b(a)) — Ab
ij=1
= () ~ ao(@)(3(x) ~ b)) ~ Ab
< ~Jaollz=(sn 1o~ all sy — ao(a) (3(z) ~ b(z) <O

for almost all 2 € B.(2°). Hence, the maximum principle implies that § is constant in the ball B.(z%), which
contradicts the above inequality. O

Remark 3.4. The assumptions (2.2a)—(2.2c) are quite natural for the study of pointwise state constraints.
However, the assumption (2.2d) is unusual, but it is necessary to prove the regularity results of Theorem 3.1.
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Indeed, Theorem 3.1 can fail if it does not hold. There are several examples in the literature where the multipliers
fi are Dirac measures; see e.g. ([24], Sect. 8.1), ([25], Sect. 6.2) or [12]. In these examples, Ab ¢ L*(§2). We
provide an example of a linear quadratic control problem such that Ab € LP({2) for all p < +o0, and however
the Lagrange multiplier is a Dirac measure.

Consider 2 = B;(0) C R? the unit ball, y; = 1, v = 1 and A = —A. Let @ be the solution of the unconstrained
linear quadratic control problem

. 1 1 2
(P) L& J(u) = §Hyu —Ydllr2(0) + §||U||L2(n)~

Let y = y5. From the optimality system

Aj=-¢, —Ap=j-1in2, j=¢=0o0nTl, ii=—@in 2,
we deduce that § # 0. Now, consider the point zp = (0,0) and take some b < §(xp). We define the problem
with a state constraint only at the point z(

(Po) Iél[l]n J(u), with Usq = {u € L*(£2), yu(x0) < b}.
u ad
This problem has a unique solution u with related state y. Moreover, the state constraint at x¢ is attained:
Yy(wo) = b. Indeed, if y(xo) < b, then fi = 0 and u would satisfy the optimality system for problem (P). Therefore,

@ would be a solution of the unconstrained problem (P), and by uniqueness % = @. This would imply 7 (zo) > b,
which is a contradiction. The optimality system for (Py) reads like

~Aj=—¢, —Ap =71+ N, in 2, j=@=0o0n I,i=—pin {2,

and A € R, A > 0. Again, if A = 0 we would have @ = @ leading to a contradiction. Recall that n = 2; then
we have that ¢ € W1 (02) for all s < 2 and hence @ € LP(£2) for all p < oo, but ¢ ¢ L°(£2). Therefore, we
conclude that —Ay € LP(2) for all p < oo, but —Ay & L>*(£2).

Consider b(z) = g(z) + |z|?, where |z| denotes the Euclidean norm of z in R? and the problem

(P) min J(u), with Uy = {u € L*(2), yu(z) < b(z) Vo € 2}.

uEUaq

The function b satisfies the assumptions (2.2a)—(2.2c), but not (2.2d) because —Ab = —Agy — 4. We have that
y(r) < bin 2 since b — gy = |z|> and @, ¥,  and i = A\J,, satisfy the optimality system for (P). Since the
problem is convex, necessary conditions are also sufficient and hence we have found that the solution does not
satisfy the claims of Theorem 3.1.

We finish this section establishing a corollary of Theorem 3.1 that will be useful to prove the error estimates
in Section 5.

Corollary 3.5. Let us suppose. that the Assumptions 2.1 and 2.2 hold, and a;; € C%1(2) for 1 <i,j < n.
Then, for every open set £2' C ' C 2 and any 1 < p < 0o, there exists a constant C' > 0 independent of u and
p such that

9llw2r 0y < Cplla] Loy (3.3)

The fact that § € W2P(§2") follows by elliptic regularity. The exact dependence of the constant on p can be
traced for example from Theorem 9.9 in [18].
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4. SOME EXTENSIONS

More general formulations for state-constrained optimal control problems of elliptic equations can be found
in the literature, see for instance [7] or [11]. The formulation of the problem (P) was given in a simple way for
an easier reading of the paper and the technique used in the Proof of Theorem 3.1. In this section, we point out
under which assumptions Theorem 3.1 can be extended to more general formulations.

4.1. A general cost functional and control constraints

Instead of the quadratic cost functional considered in the formulation of (P), a more general functional can
be treated

J(u) = /Q L(z, yu(z), u(@)) dz,

with L: 2 x R? — R a Carathédory function. Some differentiability hypotheses on L must be assumed to get
the corresponding optimality system (2.3a)—(2.3d). We make the following assumption: L is of class C'! with
respect to the second and third variables, L(-,0,0) € L(§2), and for all M > 0 there is a function ¢y, € L*(2)
such that

+

oL oL
— — < .a. < M.
ou (w,y,u) 8y (x,y,u) = 1/)M($)» for a.a. z € {2 and |y‘, "LL| = M

Additionally, we can consider control constraints u € U, g, with
Upp={u e L®(2): —co < a<u(zr) < B <+oco fora.a. zec 2}

with «, 3 € R and o < (. In this case, the control problem is in general not convex and we can have local
and global solutions. To prove the existence of a solution of the control problem, besides the Assumptions 2.1
and 2.2, we need the convexity of L with respect to u. Assuming that the Slater condition is fulfilled, if @ is
a local solution then the optimality system (2.3a)—(2.3d) holds with the following changes. Instead of (2.3b)
and (2.3d), we have

. OL, .

A - 8y(xayau)+ﬂ m Q’ (4]_)
®=0 on I,
_ 0oL, _ _ _

/Q ot 5 (@71 ) (u—w)de >0 Yu€lng. (42)

Relations (2.3b) and (2.3d) played an important role in the Proof of Theorem 3.1. Relations (4.1) and (4.2)
can be used in a similar way to get the same regularity results. If L is independent of u, then we get from
from (4.2) that u(z) = « for a.a. z € B-(2?). If L depends on u, then we additionally assume that L is of class
C? with respect to u and

2

0*L
Jk > 0 such that W(ac,y, u) >k foraa. xe€f and VyeR.

Then, (4.2) leads to the formula
u(z) = Proji, g/(5(z)),
where 5(x) is (uniquely) defined through the equation

o(z) + g—i(x,y(w)j(w)) =0 fora.a. ze 2

see [1] for more details. The above equality and the assumption %(m,y,u) > k implies that §(x) < 0 is as
small as needed assuming that @(z) > M for M sufficiently large. To argue as in the Proof of Theorem 3.1, the
assumption (2.2d) is not enough. We need new one involving «, 3, a and b: o« < Ab and § > Aa in 2. If a and

b are constants satisfying a < 0 < b, then the precedent conditions are simplified: @ < 0 < .
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Remark 4.1. The conditions relating « with b and 3 with a cannot be removed. We provide a model example
where b is constant and o = 0 and the multiplier is not an element in H~'(£2). Consider problem (P) as in
Remark 3.4, but with yg(z) = |z|*—4|z|?>+67. The unique solution of this problem is given by @(x) = 16(1—|z|?),
whose associate state is §(z) = yq(z) — 64. Define a(x) = 0, fix some 0 < € < 1, define b = €g(0) and consider
the problem

. 1 1 _
(P%) min J(u) = §||yu — de%z(Q) + §HUH%2(Q)’ u(xz) >0 for all z € 2, y(xg) <b

Since u = %eﬂ is admissible for (P°), it is clear that this problem has a unique solution %. The optimality system
reads like:

~Ay=1uin 2, y=0onI',—A@p =7 — ya + Nz in 2, =0 on I, @i(xr) = max(—@(z),0) in 2

Notice that the state constraint must be attained and the Lagrange multiplier A € R associated to the state
constraint must be strictly positive (in other case, the solution of the optimality system would be @, which is
impossible). Notice also that due to the radial symmetry of the problem and the fact that —Ay =4 > 0 in (2,
we gather that g attains its absolute maximum at xg, with value b. Therefore u is the solution of problem

1 1 _ _
(P) minJ(u) = §Hyu = de%2(Q) + 5””“%2(9), w(z) >0 foral z € 2, y(x) <bforal z € 2

and the associated multiplier to the state constraint is i = A\d,,, which does not satisfy the claims of Theorem 3.1.

4.2. A semilinear elliptic equation

We can extend our results to semilinear equations replacing (1.1)

Ay + ao(z,y) =u in £2,
y=0 onl
with
n
Ay == 0, laij(x) x,y).
i,j=1
Here, ap: 2 x R — R is a Carathéodory function of class C'' with respect to the second variable, with

a(-,0) € LP(§2) for some p > %, and satisfying

%(w,y)zo fora.a. z € 2 and Vy e R,
Y

0
VM >0 3Cy > 0 s.t. %(w,y) < Cp foraa. z e 2 and V|y| < M.
Y
In this situation, the regularity results of Theorem 3.1 still hold under the assumption (2.2d) and assuming
that the functions ag(z,a(x)) and ag(x,b(z)) belong to L>(§2). The proof follows the same steps of the one of
Theorem 3.1. It is enough to take into account the monotonicity of ap with respect to the second variable and
to take

M = |[pollex)y + Crll 2™ [|mee) + v (1Ab]| oo (o) + lao(z, a(@))|| L (o)) -
Then, we have with y =y — b

Ay = u(x) — ao(z,y(x)) — Ab

IA

—%@(az) — ap(z,a(z)) — Ab < 0 in B, (2°),

and we can use again the maximum principle to get the contradiction.
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5. NUMERICAL APPROXIMATION

In this section, we make some additional assumptions on {2 as well as on the coeflicients a;; and on the
bounds a, b, which avoid some technicalities and which are necessary to assure a higher regularity of the optimal
state and adjoint state. This extra regularity is needed to improve the error estimates.

Assumption 5.1. Hereafter we will suppose that {2 is convex and a;; € C19($2), for some 0 < 0 < 1.

Under Assumptions 2.1 and 5.1, the solution y,, of (1.1) belongs to H2(£2) N H}(£2) if u € L*(£2), and there
exists a constant C' such that
Iyull 2y < Cllullz2e)  Yu € L*(92); (5.1)

see in Chapter 3 of [20].

Let {7,}n be a quasi-uniform family of triangulations of {2 and let 2, be the interior of U{T : T € 7,}.
As usual, we assume that |2\ £2;| < ch?. This holds if I" is of class C1! or if §2 is a polygonal or polyhedral
domain. For the discretization of the control, the state and the adjoint state we use the space of linear finite
elements Y,o C H}(02)

Yhoz{yec(é):thPI(T) VT €Ty, yo =01in Q\Qh}

For the discrete Lagrange multiplier we use the space Mj; C M(§2) which is spanned by Dirac measures
corresponding to the interior nodes {x; ;?gl of the finite element mesh. For every u € L2(£2), yn(u) is the
unique element in Yo such that

aa(un(u), 1) = / wenda Ve € Yio,
2

where as: H}(2) x HE(£2) — R denotes the bilinear form associated to the elliptic operator A. Problem
(Py) reads like

) 1 v
min Jy(u) = 3 lyn(u) — yall72(a,) + §||U||2L2(nh)
(Pr)
u € Yho, yn(u) € Vab,h,

where
Yabh ={yn € Yno : a(z;) <yn(x;) <b(zx;) forallj =1,...,n4}.

Proposition 5.2. Under Assumptions 2.1, 2.2 and 5.1, problem (Py) has a unique solution u, € Yho, with
related state gy, = yp(un). Moreover, for every h < hg, for some hg > 0, there exist ¢, € Yo and an, € My,
such that the following optimality system is satisfied.

aa(Yn, 2n) = (Un, 21) Vzn € Yo, (5.2a)
aa(zn, #n) = (Yn — Yd> 2n) +/ zp dfin Vzp € Yo, (5.2b)
2n
/ (Yn — un) dfin < 0 Vyn € Vab,n, (5.2¢)
2n
on + v, =0, (5.2d)

where (-,-) denotes the inner product in L*(£2).

Before proving this proposition, we establish a technical lemma that we will use several times in the sequel.
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Lemma 5.3. Under Assumptions 2.1 and 5.1, we have the following estimates

||yu — yh(’u)HLz(Q) < Ch”u”H—l(Q) Yu € Hil(Q), (53&)
1Yu = yn (W)l 2(2) + Plye — ya (W)l 10y < Ch?[|ull 20y Vu € LP(£2), (5.3b)
1Y — yn(u)| Loe(a) < Ch27%||u||L2(Q) Yu € LQ(Q), (5.3¢)

where the constants C are independent of h. Moreover if {upn}n>o C L?(£2) converges weakly to u in L?(£2),
then

lim (Hyu = yn(un)llmr(2) + lyu — yh(uh)\lm(n)) =0. (5.4)

Proof. For the proof of the estimates (5.3a)—(5.3c) the reader is referred e.g. to Chapter 3 in [13]. For the proof
of (5.4) it is enough to use the triangle inequality and the above estimates as follows

Yu — yn(un)ll 51 (2) < lYu — Yur |1 (2) + 1Yun — yn(un)|| 10

< |Yu = Yuy |51 (2) + ChllunllL2(2)-

Now, the weak convergence uj, — u in L?({2) implies the strong convergence u;, — u in H~1({2), which gives
the convergence to 0 of the first addend above. For the second addend it is enough to observe that {up}n>o is
bounded in L?(2). For the convergence in L>(§2) we proceed in a similar way, using (5.3c) instead of (5.3b).
For the convergence of y,, — y. in L>(§2), it is enough to observe that uj, — u in W~17(£2) for all p < 6, and
apply (2.1). O

Proof of Proposition 5.2. Problem (P,) is a finite dimensional strictly convex optimization problem and the
constraints define a convex set, so existence and uniqueness of solution follow from the existence of an admissible
control. First order necessary and sufficient optimality conditions follow in a standard way from the Slater
condition. Therefore, we only need to prove that the Slater condition holds, which also implies that the set of
admissible controls is nonempty. To this end, we take ug € L?(§2) satisfying the Slater condition of problem (P),
whose existence was shown in the proof of Theorem 2.3. Denote by gy, the L2-projection of ug on Y. We know
that upg — ug strongly in L%(£2). Hence, from (5.4) we have that yp(uon) — yu, strongly in HE(£2) N Co(£2).
Since a(z) < yu,(z) < b(x) Vo € 2, we deduce the existence of hg > 0 such that every yy(uno) satisfies the
same strict inequalities for all h < hyg. O

Analogously to (2.8), we can write fi, = p;” — p,, with both u,jf > 0, and we deduce from (5.2¢)
supp iy C {x; : gn(z;) = b(z;)},
Hip, Y (5.5)
supp fiy, C {x; : yn(x;) = alz;)}.

Therefore, we have

nhp .
_ 3 . 3 201fgjh(xj):b(xj),
fin = ;Ajémj, with A, { 20t gr(r)) = alz)), (5.6)

where ¢, denotes the Dirac measure centered at ;.
In the next theorem, we analyze the convergence of the solutions of problems (P,) as well as the convergence
of the optimality system (5.2a)—(5.2d).

Theorem 5.4. Let hg be as in Proposition 5.2. Under the Assumptions 2.1, 2.2 and 5.1, for every h < hg the
system (5.2a)—(5.2d) has a unique solution and the following convergence holds

(aha ?hv @hv ﬂh) - (ﬂ, gv @a ﬂ)
strongly in L2(2) x [HL(2) N C(2)] x Wy *(£2) x W=15(2) as h — 0 for all s < .
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Proof. In a similar way to Theorem 2.3, the uniqueness of @;, and fiy, follows from (5.2d) and (5.2b), respectively.
Let us prove the convergence of (@, Jn, @n, fin). First, we observe that the optimality of @, implies

14
§Hﬂh\|iz(n) < Jn(un) < Jn(uon),

where ugy, are the admissible discrete controls found in the Proof of Proposition 5.2. The convergences indicated
in the afore-mentioned proposition imply that {uos } and {yon} are bounded in L?(2), and hence {4} is bounded
in L2(£2). Now, taking a subsequence if necessary, we can assume that {i}n~o converges weakly in L?(2).
With (5.4), this leads to the strong convergence of the associated discrete states {7 }n=0 in Hg(£2) N Co(£2).
The proof of the convergence of {up } >0 to @, the solution of (P), is standard. Even more, due to the structure of
the cost functional, we have that 1, — @ strongly in L?(§2). We also have that g, — 9 strongly in H}(£2)NC(02);
see, for instance, [8] for the details. Moreover, from (5.2d) and (2.3d), we deduce the strong convergence @, — @
in L2(02).

Let us prove the boundedness of {fis }5>0. To this end, we take ug and {uop }rh<n, as in the Proof of Proposi-
tion 5.2: upg — ug in L2(§2) and wgy, satisfies the Slater condition for problem (Py,). Denote by yon, the discrete
state associated with ugy,. We have that yo, — 4, strongly in HE(£2) N Co(£2). Select a number p > 0 such that

a(x;) < yno(w;) —p <yno(zj) +p <bx), j=1,...nn, Yh < ho,

which is possible because ug also satisfies the Slater condition for problem (P). Counsider the element y;, € Y,
given by -
yn(z3) = { —pif A; < 0.

Then, yp, + Yor € Vab,p and using (5.2¢) we get

np
plinlascay =03 il = [ ancin < [ (= o) i

j=1 h h

= aa(Un — Yon, Pn) — / (Un — ya)(Un — yor) dx
On

= / (@n — uon)pn de — / (Un — ya)(@n — yon)dx < C.
.Qh -Qh,

Since {fin}n>o is bounded in M(£2), we can take a subsequence such that fi;, — fi in M(£2). From the
compactness of the embedding M(£2) € W=1#(£2) for every 1 < s < -5, we infer the strong convergence
fn — fin W=hs(0) for every 1 < s < 5. From here, using WL stability of the Ritz-projection, see ([5],
Sect. 7.5), we deduce the strong convergence @, — ¢ in Wol’s((Z) for every 1 < s < 2. Thus, we have proved
that (@, Gn, Pn, fin) — (@, 7, §, i) strongly in L2(2) x [HE (2)NC(2)] x Wy * (£2) x W~1%(£2) as h — 0. Observe
that no subsequence is necessary because any subsequence has the same limit. O

Corollary 5.5. There exists hg < ho and an open set 2y C 2o C £2 such that supp fi C 29 and supp fip, C 2o
for every h < hyg.

Proof. From (2.2a)—(2.2¢) we deduce the existence of € > 0 and p > 0 such that
a(x) +p <glx) <blx)—p ifdxI)<e.
From the uniform convergence 7, — 7 in Co(£2), we deduce the existence of hy € (0, ho] such that

a(z) + g < Gn(z) < b(z) — g if d(z, ") < ¢, Vh < ho.
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Now, we set
0 ={x€2:dxTI)>ec}.
Obviously, if yn(x;) = a(z;) or gn(x;) = b(x;), then x; € £2y. Hence, the proof is concluded by (5.5). O

To every control u € L2?(£2) we will relate po(u) € H}(2) and ¢on(u) € Yy the unique solutions of,
respectively

aa(z,po(w) = (yu — ya,2) Vz € Hy(£2)
aa(zn, po,n(u) = (Yn(w) — ya,2n) Vzn € Yo

and for every p € M(R2), we define () € Wh(£2) for all s < n/(n — 1) and @5 (i) € Yo as the unique
solutions of (2.6) and

aa(zh, (1)) :/ endp Van € Yi,
2

respectively. In this way, we can also split @, = @o 5 (an) + @n(fn) and @ = po(@) + @ ().
Theorem 5.6. Let {2y be as in Corollary 5.5 and assume that a,b € W (§2). Let u and uy, be the solutions
of problems (P) and (P},), respectively. Then, there exists C > 0 independent of h < hg

[a — a2 < C(IISOO(ﬂ) — @on(@| 720y + lle(i) = en(@) 720

17 = yn (@)l 2= (20) + B (lallwe. (a0) + [llw=<(20) )

Proof. Since the problem is linear quadratic, we have

(po(@) — po(tn), & — un) = aa(y — Ya,, po(@) — wo(tn)) = (J = Yan, ¥ — Yu,) >0,
and hence
vlju— ﬂh\l%z(m < (v(u —un) + @o(u) — wo(tn),u — up)
= (v + po(u),w — un) + (¢o,n(tn) — ¢o(tin), & — up)
— (vap, + wo,n(ap), @ — up)

Therefore, we have that

14— anlZ2(0) < C(H@(ﬂ) — on(i)1 7200y + llpo(@n) = @o.n(@n)llz20) + (en(fn) — en(@), @ — @h))

We have just to get an estimate for the last term. By means of the discrete state equation, the definition of
wn (@) and g (fr) and the decomposition of the measures, we obtain

(en(iin) — on(p), u — tun) = aa(yn (@) — Yn, r(in) — en(i))

— [, yn () — Yn)

Un — yn(w) — (™, Yn — yn())

+ (g, yn (@) — gn) — (g, yn (@) — ).
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For the first two addends we introduce the nodal interpolation operator Ij,: Cy(§2) — Y0 and use that § = b
on supput, ¥ = a on supp i, Ina < gn < Ib and the estimates for the error of interpolation to obtain

(Et, gn —yn(@) — (&, Jn — yn(a))

< (@b —yn(w) + (5, Inb — b) + (5, —a+yn(w)) + (2™, a — Ira)

=t b—9) — (i a—g) + (" — a7, 5 —yn(@) + (@t Inb = by + (i~ ,a — Ira)
= (

Yy — yh(ﬂ» + <ﬁ+a Ib — b> + <:U’_,a - Iha>
< il ae) (Hﬂ = yn(@)l| oo (20) + CRA([|allwz.os (20) + Bl w200 (20))) -

To finish, we use that g, = b on supp ﬂ;, y—0b<0, Yy, =aonsuppji, and y —a > 0 to obtain

(i yn (@) = gn) — (g yn (@) — gn) = (i yn (@) — b) — (i, yn (@) — a)
= () yn(@) — 9) + (B 5 — b) — (B yn(@) — 9) — (B 5 — a) < (fn, ya (@) — 7)
SN Enllsme) 17 = yu (@) || Los (20)

which completes the proof. O
Corollary 5.7. Under the assumptions of Theorem 5.6, there exists C > 0 independent of h < hg such that

1@ — @in | £2(2) < Chllog h. (5.7)

Proof. Usual finite element error estimates for regular problems lead to the estimate:
lleo(@) — @o,n (@)l L2(2) < Ch?||tl| p2(g).-

Thanks to the regularity stated in our main result, Theorem 3.1, we have that i € H~'(£2) and () € H}(£2).
Again usual finite element error estimates lead to

() — on(@)llz2(2) < Chlle(B)| a2 (2) < ChllAlE-1(0)-

The estimates for the final term follow from ([30], Thm. 5.1), the error estimates for the error of interpola-
tion, (5.3b) and (3.3).
Indeed, let us take and open set 2 satisfying 2y C 2’ C 2’ C {2, then for every p < 0o we have

19 — yn(@)]| Lo (o) < C(\log P — Iyl oo 2y + Il — yh(ﬂ)HL?(nf))

< C(og hlh* =% glwas () + h2 1l 2e) )

n

< C(p|log h|h2 %

ll ey + B2l 2 )-

Now, taking p = |log k|,

19— yn(@)|| = (20) < CR?|log h*||E| 1= ()

and the proof is complete. O
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TABLE 1. Coefficients for §41, 742 and l;O.

Ja1 Ja2 bo
r8 —31.434189678717527 0 —31.434189678717527
r® +46.159111917905442 +12.13291524916886 + 46.159111917905442
rt —18.560977582095056 —17.996278998962907 —18.560977582095056
rs 0 +7.3349388302866316 0
r? —2.6404719330122726 —1.1774263620970444 0
T +1.6617280290445962 0 0
1 +0.26726826901485923 +0.5 +0.49

6. NUMERICAL EVIDENCE

In this section we present the numerical results obtained for a control problem in dimension 3, that confirm
our theoretical error estimates. The reader is referred to [15] for an example in dimension 2.
Let {2 be the unit ball in R3 and I its boundary. We are concerned with the problem

1 v
i 2l — vl + %l

—Ay=wuin 2, y=0o0n I
agygbin(_).

We build an example with spherical symmetry. Let » = |z| be the euclidean distance of z to the origin. All our
data are piecewise polynomial in r. We fix some of the parameters that appear in the functions, and the others
are computed imposing the optimality conditions and some differentiability properties. For the convenience
of the reader, we have written the coefficients of the polynomials (computed in double precision) in Table 1,
starting in every case with the coefficient of 9.

Let us take v = 10~* and define y,4, a and b as follows:

Jar(r) if r < 0.25,
ya(z) = Yao(T) if 0.25 <r <0.75,

0.375r2 — 1.125r + 0.75 if r > 0.75,

(r —0.25)? if r < 0.25,
a(x) = —1 and b(z) = bo(x) + 0 if 0.25 < r < 0.75,
(r —0.75)% if r > 0.75,

bo(r) if r < 0.485,

bo(z) =
0.375r2 — 1.1257 + 0.75 if r > 0.485.

This problem has a unique solution

a(r) if r <0.485,

2.2
—2.25 + —5 if > 0.485,
r
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TABLE 2. Coefficients for @ and fi; and jio.

U 1 fl2
7r° 0 +31.434189678717527 0
rd 0 —34.026196668736581 +12.13291524916886
rt +1320.235966506136 +0.56469858313214871 —17.996278998962907
s -1384.7733575371633 +7.3349388302866316 7.3349388302866316
r? +371.21955164190115 +1.4630455709152281 —1.5524263620970444
T 0 —1.6617280290445962 +1.125
1 0 0.23273173098514077 -0.25

821

TABLE 3. Mesh size, error and experimental order of convergence

h It — unll2n) | EOC
0.43 1.56 -

0.26 0.82 1.31
0.15 0.55 0.75
0.084 0.272 1.15
0.043 0.136 1.06
0.022 0.0673 1.05

where @ is a polynomial whose coefficientes are shown in Table 2. The optimal state is § = by and the related
adjoint state is ¢ = —va. The lower constraint a is not attained. The multiplier i can be written as the sum of
a regular part u,. € L°°(§2) plus a singular part us. The regular part is a piecewise polynomial function

0 ifr < 0.25,

g (r) if 0.25 < r < 0.485,

() =
fio(r) if 0.485 < r < 0.75,

0 ifr>0.75.

The coefficients of the corresponding polynomials ji; are given in Table 2. The singular part can be written as

(s, z) = //=0 . poz(z)do(x) Yz € Hy($2)

with po = —0.00044855057616469.

Notice that b € W2 (£2y) for any open set §2y satisfying supp i C 2o C 25 C 2, with 0 ¢ (2. Hence the
estimate (5.7) holds.

We have solved the finite element approximation of the control problem using an active set strategy as
described in [2]. We have obtained the results summarized in Table 3, where EOC denotes the experimental
order of convergence. These numbers show the sharpness of our theoretical results. Our finest mesh has more

then 5 x 10° tetrahedra and almost 9 x 10° nodes.
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