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ABSTRACT 16 

Traditionally, simplified methods have been used to try to solve and understand impacts. These 17 

simplified methods sometimes assume hypotheses that excessively limit their applicability or 18 

are not sufficiently simplified and require numerical solutions. Thus, to analyse the influence 19 

of projectile flexibility in the structural response to impacts, FE models are commonly used due 20 

to the limitations of simplified methods. This article proposes a new simplified model that 21 

enables the calculation of both structural displacement and contact force during an impact on 22 

simple structures, which can be represented as a spring-mass system, such as beams. The model 23 

takes into account projectile deformation and the effect of gravitational force on the structural 24 

response, providing an analytical solution. The proposed formulation has been validated by 25 

means of experimental impact tests and with finite element models of impacts on beams. The 26 

effect of gravity, multiple-impacts, and the influence of projectile flexibility when defining soft 27 

or hard impact are discussed in depth in this article. This research enables the calculation of 28 

complex impacts in an easy way while also facilitating the understanding of the phenomenon 29 

and the key parameters for managing it. 30 



KEYWORDS: Soft impact; Projectile flexibility; Structural displacement; Contact force; 31 

Gravitational influence; Multiple-Impacts. 32 

HIGHLIGHTS 33 

A general analytical formulation is proposed to solve impacts on structures. 34 

The general analytical formulation solves both displacements and contact forces. 35 

The simplified method considers both projectile and structure flexibility. 36 

The formulation considers the gravitational influence on forces and displacements. 37 

FEM and experimental tests are performed to verify the formulation in 12 cases. 38 

The formulation results match those obtained in the tests and in the FE models. 39 

SYMBOLS 40 

Dp(t) Projectile displacement at time t 

Ds(t) Structure displacement at time t 

ds,o Initial displacement of the structure 

E Elastic modulus 

F(t) Contact force between projectile and structure at time t 

g Gravitational acceleration 

𝐻଴ Height from which the projectile is dropped 

I Moment of Inertia 

𝐾௦ Equivalent stiffness of the structure in the fundamental mode of vibration 

𝐾௣ Stiffness of the projectile 

L Length of the structure 

𝑀௦ Equivalent mass of the structure in the fundamental mode of vibration 

𝑀௣ Mass of the projectile 

𝑀௣,௦ Effective mass of the projectile for the structure during impact 

𝑀௣,௣ Effective mass of the projectile during the impact 

𝑡௙ Instant when the impact ends 

𝑡଴ Instant when the impact begins 



𝑇௣ Projectile Period of vibration  

𝑇௦ Structure Period of vibration 

Vp,o Velocity of the projectile the instant just before the impact 

Vs,o Velocity of the structure the instant just before the impact 

Vp(t) Velocity of the projectile at time t 

Vs(t) Velocity of the structure at time t 

𝑊௦ Frequency of vibration in the fundamental mode of the structure 

𝑊௦,௜ Lowest Frequency of vibration of the structural response during the impact 

𝑊௣ Frequency of vibration of the projectile 

𝑊௣,௜ Highest Frequency of vibration of the structural response during the impact 

𝑊௦,௣ Frequency of vibration of the fundamental mode of the structure modified by the mass of the projectile 

𝑊௣,௦ Frequency of vibration of the projectile modified by the structure. 

y Variable of integration 

𝛼 Mass ratio between mass of the projectile and equivalent mass of the structure 

𝛼 ∗ Mass ratio between equivalent mass of the projectile and equivalent mass of the structure 

𝜌 Density 

1. INTRODUCTION 41 

The potential level of damage that impacts of vehicles, vessels or rockfalls can cause in such 42 

slender structures necessitates improvement in knowledge about the behaviour of structures 43 

under impact loads [Zhang et al. 2021][Chen et al. 2021][Hao 2015]. The principal design codes 44 

treat these impacts as an equivalent static force [Eurocode][AASHTO]. However, it has been 45 

demonstrated that this method has obvious drawbacks as it neglects the particular features of 46 

dynamic calculations [Zhao et al. 2017][Jin et al. 2020][Zhao and Qian 2019][Gurbuz et al. 47 

2019]. One of the most important parameters when analysing impacts is the deformation of the 48 

impacting projectile [Louw et al. 1992]. If the projectile is sufficiently rigid, all the kinetic 49 

energy will be transferred to the structure during impact, while if the projectile is deformable, 50 

it absorbs deformation energy during the impact which will not be transferred to the structure. 51 



Based on this property, the literature establishes two kinds of impacts, hard impact (rigid 52 

projectile) and soft impacts (deformable projectile) [ Louw et al. 1992]. 53 

The impact process is a complex event but, on many occasions, an accurate simplified method 54 

may provide sufficiently accurate results [Abrate 2001]; the key point is knowing when this 55 

simplified method can be applied. Simplified methods that consider flexibility of the projectile 56 

have been under development for years [Lee et al. 1983][Yang et al. 2012][Yang et al. 2012]. 57 

However, even the most recent ones still require relatively complex calculations based on 58 

matrix calculations [Lam et al. 2010][Alonso et al. 2019]. In order to assess their accuracy, 59 

different simplified methods have been compared [Yang et al. 2012]. It is worth noting that 60 

some simplified methods are also being developed but under certain assumptions, such as 61 

neglecting the structural mass to avoid considering inertial forces [Al-Thairy and Wang 62 

2013][Utzeri et al. 2021]. However, this hypothesis limits the applicability of the method. Other 63 

simplified methods take into account the structural mass but consider only rigid projectiles in 64 

calculations [Zhao and Ye 2022]. FE modelling is usually carried out today to solve impacts 65 

analysing the influence of projectile deformability in the structural response [Sharma et al. 66 

2012] or even the level of structural damage [Viviani et al. 2021]. 67 

This article presents an analytical formulation with two degrees of freedom: a spring-mass 68 

system (1DoF) to characterize the projectile, and another spring-mass system (1DoF) to 69 

represent simple structures in a simplified form. The theory of impact considering deformable 70 

projectiles is based on these mass-spring systems [Chopra 1995]. As a result, the proposed 71 

formulation is obtained and verified with transverse impacts on beams through both FE models 72 

and experimental tests with well-fitting results. However, beams were chosen to facilitate the 73 

experimental campaign in this case. The main novelty of this research is a closed analytical 74 

solution to solve impacts. In addition, the frequently neglected effect of acceleration due to 75 



gravity is included in the solution. The limits of soft and hard impacts are discussed based on 76 

the analytical solution results. 77 

This article is organised as follows: the introduction sets out the general background and the 78 

main objectives of the research; in the ‘Materials and Methods’ section the 12 scenarios (case 79 

studies) analysed are presented, explaining the equivalent stiffness and equivalent mass of the 80 

structure in each case. Then, detailed descriptions of the FE models are provided, offering 81 

enough information to allow any researcher to reproduce the 12 cases studied. The last part of 82 

this section describes the measurement system used to obtain the data from the experimental 83 

tests. In the next section ‘Theory’, the projectile’s influence is analysed for a general impact 84 

considering its deformability, obtaining the proposed formulation used to calculate the impact 85 

force and the displacement produced in the structure. In the ‘Results and Discussion’ section, 86 

results are presented and validated by means of FE models and experimental tests, and then 87 

they are discussed. The following section ‘Additional Checks’ analyses the influence of gravity 88 

and multiple impacts in order to validate the formulation. Finally, the main conclusions drawn 89 

in the investigation are highlighted. 90 

2. MATERIALS AND METHODS 91 

2.1. Case studies 92 

The proposed formulation for simulating elastic impacts has been validated against beams in 93 

two ways. On the one hand, displacements have been verified with experimental tests, and on 94 

the other hand, contact forces have been checked using FE models (Fig. 1). 95 

With this aim, two beams have been defined. Beam 1 (simple supported steel beam of 1 m long 96 

and 0.05x0.01 m2 cross section, E=2.1·e11 N/m2, 𝜌=7,850 Kg/m3), or a rigid beam, and beam 97 

2 (simple supported steel beam of 1 m long and 0.05x0.004 m2 cross section, E=2.1·e11 N/m2, 98 

𝜌=7,850 Kg/m3), or a flexible beam. 99 



Different real projectiles with different masses and springs have been used to generate 5 impact 100 

cases in both beams, which have been tested in laboratory, as can be seen in Fig. 2. 101 

In [Sánchez-Haro et al. 2022][Sánchez-Haro 2017], some examples of structures transformed 102 

into an equivalent 1DoF spring-mass system are provided. For this research, 2 simply supported 103 

beams with transverse impacts at the centre have been verified. In [Sánchez-Haro 2017], it is 104 

demonstrated that the spring stiffness can be obtained from the expression: 𝐾௦ = 48EI/𝐿ଷ for 105 

beams. In the same reference, in an analogous way, it is shown that the effective mass for the 106 

same assumption is half of the total mass for beams 𝑀௦ = 0.5 · 𝑀்௢௧௔௟. The frequency of the 107 

fundamental mode of vibration of the spring-mass system, 𝑊௦, can be obtained from the 108 

expression 𝑊௦ = ඥ𝐾௦/𝑀௦ . The mass ratio between projectile and structure defines the 109 

parameter 𝛼 = 𝑀௣/𝑀௦. In hard impacts, values of this parameter higher than 1 ensure that the 110 

fundamental mode of vibration is the main one involved, which means that the impact energy 111 

is absorbed mainly by the fundamental mode [Sánchez-Haro et al. 2022]. Thus, values of 𝛼 112 

higher or slightly lower than 1 have been chosen to analyse the validation of considering only 113 

the fundamental mode of vibration in the analysed beams.  114 

Twelve impact cases have been analysed in this article. The total stiffness of the projectile 𝐾௣, 115 

together with the previously defined parameters for the 12 cases are shown in Table 1. The 116 

parameter 𝐾௣ has been obtained as the sum of the nominal stiffness of each spring. After putting 117 

together all the pieces of the projectile, the total stiffness 𝐾௣ was verified experimentally. 118 

Different projectile drop heights 𝐻଴ were considered in the impact cases, which define the 119 

projectile velocity at the instant just before impact 𝑉௣,଴ according to the well-known expression 120 

𝑉௣,଴ = ඥ2𝑔𝐻଴ . The values of 𝑉௣,଴ and  𝐻଴ for the 12 cases analysed in this article are also 121 

shown in Table 1. 122 



The first 5 cases have been defined to check the proposed formulation regarding the 123 

displacements of the centre of the beam in experimental tests and FE models. Cases from 5 to 124 

10 have been included specially to verify the contact forces, and they have been modelled only 125 

by FE software. Cases 11 and 12 have been added to complete the analysis of hard impact (rigid 126 

projectile) vs soft impact (deformable projectile) in this article. 127 

2.2. Description of the models in Midas NFX 128 

The proposed formulation is compared with all the data obtained from the FE software Midas 129 

NFX for all the cases [Suthan et al. 2018] [Gridnev and Ravodin 2018].  For each case analysed, 130 

the structure was modelled through solid elements, defining a contact without friction between 131 

bodies and using a nonlinear explicit transient analysis type. The mesh size of beam 1 is 0.010 132 

x 0.010 x 0.010 while for beam 2, it is 0.010 x 0.010 x 0.004 (length x width x height, in metres). 133 

The time increment used for the numerical integration in Midas NFX is 1e.-4 s in all cases. The 134 

elastic modulus Ec of the beam has been set to 2.1e8 kN/m2 and its density to 7850 kg/m3. In 135 

order to reproduce the hypothesis of a deformable projectile, the projectile has been modelled 136 

as 2 bodies connected to each other: one to represent the stiffness of the projectile (called 137 

stiffness body), and the other to represent its mass (mass body). The connection between those 138 

bodies has been modelled as a series of rigid links, to make sure that both of them move in an 139 

analogous manner. In addition, to ensure vertical movement, a series of supports have been 140 

added to the sides of both bodies. Both the stiffness and mass bodies are shown in Fig. 3. 141 

The dimensions of the projectiles are compiled in Table 2 for the mass body and the stiffness 142 

body.  143 

The equivalent elastic modulus Ec,st of the stiffness body is calculated to reproduce the stiffness 144 

of the projectile 𝐾௣ in each case (𝐸௖,௦௧ =
௄೛·ுೞ೟

ௐೞ೟·௅ೞ೟
). The body that represents the mass is modelled 145 



as a rigid body and, in order to reproduce the hypothesis of an infinitely rigid mass, its elastic 146 

modulus 𝐸௖,௠ has been set to 1e15 N/m2. 147 

The self-weight of the springs 𝑆𝑊௦௣in the experimental model is 0.02 kg. To represent that 148 

weight in the FE model, a correct density 𝜌௦ is assigned to the stiffness body in each case (𝜌௦ =149 

ௌௐೞ೛

ுೞ·ௐೞ·௅ೞ
). Similarly, the density 𝜌௠ of the mass body is calculated in each case to represent the 150 

mass of the projectile 𝑀௣ (𝜌௠ =
ெ೛

ு೘·ௐ೘·௅೘
), minus the mass already computed in the stiffness 151 

body. All cases have been modelled with stiffness body 1 except cases 3 and 8 that have been 152 

modelled with stiffness body 2 in order to avoid errors due to numerical convergence. The 153 

values of these parameters for FEM analysis are shown in Table 3. 154 

To model the impact with the software Midas NFX, the same nodal force was set at the nodes 155 

of each element of the projectile in order to simulate the acceleration due to gravity. These 156 

nodal forces (Table 3) have been applied to the projectile (54 nodes) in each case. All cases 157 

were calculated with the explicit method of Midas NFX, Fig. 4. 158 

Vertical displacement results have been obtained directly from the software. However, contact 159 

forces come from the solid stresses in the vertical direction in all nodes of a section of the 160 

stiffness body. The stresses of each node have been multiplied by the corresponding influence 161 

area. A summation of all of them has been made to obtain the total contact force. 162 

2.3. Description of the measurement system in experimental tests. 163 

To empirically characterize the structural response of the beams, the authors have installed one 164 

unit of Tokyo Sokki FCA-3-11-1L bidirectional strain gauge to determine the deformation 165 

undergone [Dally et al. 1978][Iriarte et al. 2021] by the lower fibre of the beams on their mid-166 

span section. The bidirectional strain gauge band is made up of two bands, the first is oriented 167 

in the direction of the strain that is intended to be experimentally determined and the second is 168 

oriented in the direction perpendicular to this strain. Both bands are connected to each other by 169 



means of an electronic mounting in a half Wheatstone bridge that enables compensation for 170 

thermal phenomena during the course of the test [Iriarte et al. 2021][Hoffmann 2012]. The 171 

acquisition, recording and monitoring of the information provided by the sensors is carried out 172 

through a Structural Monitoring System (SMS) composed of the following elements: a) a NI-173 

CDAQ-9188 modular central data acquisition and processing unit (MCDA&PU), with the 174 

capacity to simultaneously manage the signal from up to eight Data Acquisition Units (DAU); 175 

(b) a NI-9237 extensometer that powers the Wheatstone Bridge's electronic assembly of the 176 

extensometers and the treatment of the analogue signal from these sensors [Dally et al. 177 

1978][Iriarte et al. 2021][Hoffmann 2012]; (c) a workstation responsible for communicating 178 

with the MCDA&PU and recording and viewing data provided by sensors through a Data 179 

Acquisition and Monitoring Program designed and programmed by the authors (Fig. 5). 180 

Due to the dynamic features of the test, the measurement was done with a calibrated 181 

extensometer because of the absence of friction that it introduces into the system.  182 

3. THEORY 183 

3.1. Initial Hypothesis 184 

Initially, some assumptions must be defined in order to state and solve the problem of impact 185 

of a deformable projectile on structures. The closer the initial assumptions are to the actual 186 

impact conditions, the closer the results of the formulation are to the exact ones. The following 187 

is a description of the assumptions adopted. 188 

Hypothesis 1: The structure is composed of an isotropic linear elastic material, indicating that 189 

the stiffness properties remain constant throughout the entire impact. If this assumption is not 190 

satisfied, a reasonable approximation of the impact can be achieved with the proposed 191 

formulation by using the average stiffness over the impact duration, e.g., in an inelastic impact. 192 



If the material is not isotropic, the stiffness properties have to be calculated considering this 193 

effect  in the direction of the structural response. 194 

Hypothesis 2: The structure is initially at rest, i.e., it has no movement. 195 

Hypothesis 3: Regarding impacts where bending is the primary resistance mechanism, shear 196 

and axial forces, as well as local deformation, have not been considered in the simplified model 197 

(however, they have obviously been accounted for in the FE models and experimental tests 198 

conducted). Thus, in bending impacts axial forces (or membrane forces in 2D structures) could 199 

only exert influence with significant displacements, but such effects are not anticipated under 200 

the test conditions or in the structures analyzed. Nevertheless, the influence of axial or 201 

membrane forces can be incorporated into the proposed simplified method by accounting for 202 

their impact on the parameter Ks. Shear forces and local deformation increase the total 203 

displacement, so they have some influence depending on the case. However, the aim of the 204 

paper is to analyse the impact easily in order to predesign structures and to check FEM results. 205 

Thus, it does not make sense to include them in the formulation if the contribution is limited 206 

and they do not modify the general behaviour of structures under impact loads. Local and shear 207 

deformation are not important from a predesign or verification point of view. In any case, the 208 

correctness of these hypotheses will be analysed later. 209 

Hypothesis 4: The projectile is considered deformable in comparison to the stiffness of the 210 

structure. 211 

Hypothesis 5: The projectile has no dimensions, it is assumed to act at a point. 212 

Hypothesis 6: The initial velocity of the projectile is perpendicular to the structure. Furthermore, 213 

the impact is considered elastic, that is, viscous behaviour from the materials is excluded. 214 

Hypothesis 7: Structural damping has not been considered due to the short duration of the 215 

impact, which does not allow for significant energy dissipation. The proposed formulation 216 

analyzes the time taken to reach the first peak of displacement, where the maximum contact 217 



force has already occurred, thus this initial peak is not significant affected by the normal 218 

damping ratios. Additionally, energy losses due to heat or noise during the impact are not 219 

accounted for the same reason. 220 

Hypothesis 8: The impact is centred, that is, the point of contact and the centres of gravity are 221 

aligned. 222 

Hypothesis 9: The impact begins when the projectile contacts the structure (t଴), and ends when 223 

the contact force becomes a tension (t୤). This contact is considered continuous from t଴ to t୤.  224 

3.2. Problem description 225 

A projectile mass Mp and a projectile stiffness Kp is assumed with velocity Vp(t) in a 226 

perpendicular direction to the structure. The fundamental mode of the structure has an effective 227 

mass 𝑀௦ and an effective stiffness 𝐾௦, initially being at rest (𝑡 < 𝑡଴), Fig. 6(a). When the impact 228 

between the structure and the projectile begins (𝑡 = 𝑡଴), the projectile has an initial impact 229 

velocity 𝑉௣,଴, the structure remains at rest, and the contact force between the bodies F(t) has not 230 

developed yet, and hence its value is null, Fig. 6(b). From this point on (𝑡 > 𝑡଴), because of the 231 

impact, the structure deforms at the same time as the projectile’s velocity reduces. At any 232 

moment between the beginning and the end of the impact (𝑡଴ < 𝑡 < 𝑡௙), the displacement of 233 

the projectile Dp(t) and the structure Ds(t) are the same because of the initial hypotheses, Fig 234 

6(c).  235 

Equations (1) and (2) express, respectively, these displacements at time 𝑡. Note that dissipative 236 

forces, represented as a viscous damper in Fig. 6 (constant C is the viscous damping 237 

coefficient), are neglected due to the fact that the impact occurs so fast that structural damping 238 

has no time to develop significantly. Moreover, note that is not necessary to consider 239 

acceleration due to gravity in the mass of the structure since the structure is balanced prior to 240 

impact. Thus, the gravitational acceleration g only influences the projectile during the impact. 241 



It has been demonstrated that a spring-mass system can represent the dynamic behaviour of a 242 

vehicle during a collision [Al-Thairy and Wang 2014], so this kind of projectile considered as 243 

a spring-mass system has a wide-ranging applicability in real cases if the final solution of the 244 

simplified method is correct.  245 

Based on the previous problem description, the displacement of the projectile (1) and the 246 

displacement of the structure (2) can be defined in the following equations: 247 

𝐷௣(𝑡) = 𝑉௣,଴ · 𝑡 − ඵ
𝐹(𝑡)

𝑀௣
𝑑𝑡 𝑑𝑡 −

𝐹(𝑡)

𝐾௣
+ ඵ 𝑔 𝑑𝑡𝑑𝑡 + 𝑑𝑠,𝑜

𝑡

0

௧

଴

 
(1) 

𝐷௦(𝑡) = 𝑉௦,଴ · 𝑡 + ඵ
𝐹(𝑡) − 𝐾௦(𝐷௦(𝑡))

𝑀௦
 𝑑𝑡 𝑑𝑡

௧

଴

 
(2) 

By developing the following change of variable expressed in equation (3), equation (1) and 248 

(2) can be expressed as equations (4) and (5). 249 

𝑑ସ𝑦

𝑑𝑡ସ
= 𝑦̈̈ = 𝐹(𝑡) 

(3) 

𝐷௣(𝑡) = 𝑉௣,୭ · 𝑡 −
𝑦̈

𝑀௣
−

𝑦̈̈

𝐾௣
+

1

2
𝑔𝑡2 + 𝑑𝑠,𝑜 

(4) 

𝐷௦(𝑡) =
𝐾𝑠 + 𝐾𝑝

𝑀𝑠𝐾
𝑝

𝑦̈ +
𝐾𝑠

𝑀𝑠𝑀
𝑝

𝑦 + −
𝐾𝑠 𝑔

24𝑀𝑠

𝑡4 −
𝐾𝑠𝑉

𝑝,𝑜

6𝑀𝑠

 𝑡3 −
𝑑𝑠,𝑜𝐾𝑠 

2𝑀𝑠

𝑡2 + 𝑉௦,୭ · 𝑡 + 𝑑𝑠,𝑜 
(5) 

While contact between structure and projectile happens 𝐷௣(𝑡) = 𝐷௦(𝑡), and rearranging in 250 

equations (4) and (5), equation (6) is obtained 251 

𝑀௣,௣((𝑉௣,௢ − (𝑉௦,௢)𝑡 +
𝑑௦,௢𝑤௦

ଶ + 𝑔

2
𝑡ଶ +

𝑤௦
ଶ𝑉௣,௢

6
 𝑡ଷ +

𝑤௦
ଶ 𝑔

24
𝑡ସ) = 𝑤௦,௣

ଶ𝑦 + 𝑦̈ +
𝑦̈̈

𝑤௣,௦
ଶ
 

(6) 

Note that natural vibration frequency of the structure Ws and the natural vibration frequency of 252 

the projectile Wp before impact can be obtained from expressions (7) and (8), respectively. 253 

𝑊௦ = ඨ
𝐾௦

𝑀௦
 

(7) 



𝑊௣ = ඨ
𝐾௣

𝑀௣
 

(8) 

In equation (6) there are some parameters requiring clarification. Firstly, the frequency of the 254 

structure modified by the projectile 𝑤௦,௣ (equation (9)) and the frequency of the projectile 255 

modified by the structure 𝑤௣,௦ (equation (10)), assuming both vibrate without interfering with 256 

each other's vibration, are defined below. 257 

𝑤௦,௣ = ඨ
𝐾௦

𝑀௦ + 𝑀௣,௦
 

(9) 

𝑤௣,௦ = ඨ
𝐾௣

𝑀௣,௣
 

(10) 

Where the effective mass of the projectile considered in the frequency of the structure 𝑀௣,௦ and 258 

the effective mass of the projectile considered in the frequency of the projectile 𝑀௣,௣ are defined 259 

in equations (11) and (12). 260 

𝑀௣,௦ = 𝑀௣ ቆ1 +
𝐾௦

𝐾௣
ቇ 

(11) 

𝑀௣,௣ = 𝑀௣

⎝

⎛
1

1 +
𝑀௣

𝑀𝑠
൬1 +

𝐾௦
𝐾௣

൰
⎠

⎞ = 𝑀௣ ൮
1

1 +
𝑀௣,௦

𝑀𝑠

൲ 

(12) 

It is worth highlighting that 
ெ೛,ೞ

𝑀𝑝
≥ 1 and 

ெ೛,೛

𝑀𝑝
≤ 1. This means that during the impact the 261 

structure considers an effective mass of projectile heavier than the real mass in the modification 262 

of its natural frequency (equation (9)), and the projectile considers a lighter mass of itself in its 263 

own vibration (equation (10)). 264 

3.2.1. Problem resolution 265 

The general solution 𝑦 of equation (6) can be found as the sum of the particular solution 𝑦௉ and 266 

the homogeneous solution 𝑦ு (equation (13)). 267 



𝑦 = 𝑦௉ + 𝑦ு  

𝑦௉ = 𝑃ଵ𝑡ସ + 𝑃ଶ𝑡ଷ + 𝑃ଷ𝑡ଶ + 𝑃ସ𝑡 + 𝑃ହ 

𝑦ு = 𝐻ଵ 𝑠𝑖𝑛(𝑊௣,௜  𝑡) + 𝐻ଶ 𝑐𝑜𝑠൫𝑊௣,௜  𝑡൯ + 𝐻ଷ 𝑠𝑖𝑛൫𝑊௦,௜  𝑡൯ + 𝐻ସ 𝑐𝑜𝑠൫𝑊௦,௜  𝑡൯ 

(13) 

Coefficients of the particular solution 𝑦௉ from P1 to P5 can be obtained if the particular solution 268 

is substituted into equation (6), simply by matching “t” terms with the same power. The 269 

coefficients found for the particular solution are shown in equation (14). 270 

𝑃ଵ =
𝑀௣

24
𝑔 ;  𝑃ଶ =

𝑉௣,௢𝑀௣

6
;  𝑃ଷ  =

(𝑀௣,௣ − 𝑀௣)𝑔 + 𝑀௣,௣𝑑௦,௢𝑊௦
ଶ)

2𝑊௦,௣
ଶ  

(14) 

𝑃ସ =
𝑉௣,௢൫𝑀௣,௣ − 𝑀௣൯ − 𝑉௦,௢𝑀௣,௣

𝑊௦,௣
ଶ  ;  𝑃ହ = −

𝑀௣𝑔

𝑊௦,௣
ଶ𝑊௣,௦

ଶ −
(𝑀௣,௣ − 𝑀௣)𝑔 + 𝑀௣,௣𝑑௦,௢𝑊௦

ଶ

𝑊௦,௣
ସ  

The coefficients of the homogenous solution 𝑦ு (𝐻ଵ 𝑡𝑜 𝐻ସ) in equation (13) can be obtained by 271 

simply applying the following initial conditions. The first initial condition results from making 272 

the impact force null at 𝑡 = 0, 𝐹(𝑡଴) =
ௗర௬

ௗ௧ర
= 0 (equation (3)). The second initial condition 273 

results from attributing an initial displacement 𝑑௣(𝑡 = 0) = 𝑑௦,௢ (equation (4)). The third initial 274 

condition results from attributing an initial velocity of the projectile 𝑉௣(𝑡 = 0) =
𝑑(ௗ೛ (೟సబ))

dt
=275 

𝑉௣,଴ (derivative of equation (4)).The fourth initial condition results from attributing an initial 276 

velocity of the structure 𝑉௦(𝑡 = 0) =
𝑑(ௗೞ (೟సబ))

dt
= 𝑉௦,଴ (derivative of equation (5)). Note that 𝑉௦,଴  will 277 

be zero at the first impact because the structure is at rest, but in a case with multiple impacts, it 278 

will not be zero in the additional impacts.  279 

The coefficients of the homogenous solution (𝐻ଵ 𝑡𝑜 𝐻ସ) after applying the above initial 280 

conditions are shown in equation (15). 281 

𝐻ଵ  =
𝑀௣𝑉௣,௢ − 𝐻ଷ𝑊௦,௜

ଷ

𝑊௣,௜
ଷ  ;          𝐻ଷ  =

−
𝑀௣𝑉௣,௢

𝑊௣,௜
ଶ −

𝑉௣,௢൫𝑀௣,௣ − 𝑀௣൯ − 𝑉௦,௢𝑀௣,௣

𝑊௦,௣
ଶ

 𝑊௦
∗ଷ

𝑊௣,௜
ଶ −  𝑊௦

∗

 

𝐻ଶ = −𝐻ସ  
 𝑊௦

∗

 𝑊௣
∗ସ

ସ

−
𝑔𝑀௣

 𝑊௣
∗ସ ;       𝐻ସ =

𝑔𝑀௣

𝑊௣,௜
ଶ +

(𝑀௣,௣ − 𝑀௣)𝑔 + 𝑀௣,௣𝑑௦,௢𝑊௦
ଶ

𝑤௦,௣
ଶ

𝑊௦,௜
2

−  
𝑊௦,௜

ସ

𝑊௣,௜
ଶ

 

(15) 



Equation (13) shows the two frequencies of the structural response. The higher frequency 𝑊௣,௜ 282 

is related to the frequency of the projectile during impact and the lower frequency 𝑊௦,௜ is related 283 

to the frequency of the structure during impact. Both are defined in equation (16). 284 

𝑊௣,௜ = ඩ
1

2
𝑊௣,௦

ଶ

(1 + ඨ1 − 4(
𝑊௦௣

𝑊௣௦

)ଶ) ;  𝑊௦,௜ = ඩ
1

2
𝑊௣,௦

ଶ

(1 − ඨ1 − 4(
𝑊௦௣

𝑊௣௦

)ଶ) 
(16) 

Thus, substituting the appropriate derivative of equation (13) into equations (3) and (5), the 285 

analytical closed-form expression for structural displacements (17) and contact forces (18) in 286 

impacts can be expressed as follows: 287 

𝐷௦(𝑡) = 𝑑௦,௢ + 𝑉௣,୭ · 𝑡 +
1

2
𝑔𝑡ଶ −

𝑀௣𝑔

𝐾௣

+ (
𝑊௣,௜

ଶ

𝑀௣

−
𝑊௣,௜

ସ

𝐾௣

 ) 𝐻ଵ𝑠𝑖𝑛൫𝑊௣,௜  𝑡൯ + (
𝑊௣,௜

ଶ

𝑀௣

−
𝑊௣,௜

ସ

𝐾௣

)𝐻ଶ𝑐𝑜𝑠൫𝑊௣,௜  𝑡൯ + (
𝑊௦,௜

ଶ

𝑀௣

−
𝑊௦,௜

ସ

𝐾௣

)𝐻ଷ𝑠𝑖𝑛൫𝑊௦,௜  𝑡൯ + (
𝑊௦,௜

ଶ

𝑀௣

−
𝑊௦,௜

ସ

𝐾௣

 )𝐻ସ𝑐𝑜𝑠൫𝑊௦,௜  𝑡൯ −
12𝑃ଵ𝑡ଶ + 6𝑃ଶ𝑡 + 2𝑃ଷ

𝑀௣

 

 

(17) 

𝐹(𝑡) = 𝑊௣,௜
ସ𝐻ଵ 𝑠𝑖𝑛൫𝑊௣,௜  𝑡൯ + 𝑊௣,௜

ସ𝐻ଶ𝑐𝑜𝑠൫𝑊௣,௜  𝑡൯ + 𝑊௦,௜
ସ 𝐻ଷ𝑠𝑖𝑛൫𝑊௦,௜  𝑡൯ + 𝑊௦,௜

ସ 𝐻ସ 𝑐𝑜𝑠൫𝑊௦,௜  𝑡൯

+ 𝑀௣𝑔 
(18) 

In order to study the multiple impacts before the projectile is totally stopped, the research 288 

considers when the contact between structure and projectile does not happen. The criteria to 289 

define when this contact takes place is defined in equation (19). 290 

𝐹(𝑡) ≥ 0 (19) 

The structure and the projectile will be separated at instant t’ when the condition expressed in 291 

equation (19) is not met due to the fact that contact forces cannot develop tension forces. In that 292 

situation, both the structure and projectile will have independent movements. The structure will 293 

move under free vibrations, equation (20), and the projectile under uniform acceleration, 294 

equation (21). 295 

𝑑௦(𝑡) = 𝑑௦(𝑡ᇱ) cos൫𝑤௦(𝑡 − 𝑡ᇱ)൯ −
𝑉௦(𝑡ᇱ)

𝑤௦

sin (𝑤௦(𝑡 − 𝑡ᇱ)) (20) 

𝑑௣(𝑡) = 𝑑௦(𝑡ᇱ) + 𝑉௣(𝑡ᇱ)(𝑡 − 𝑡ᇱ) −
1

2
𝑔(𝑡 − 𝑡ᇱ )ଶ (21) 



While there is no contact, 𝑑௦(𝑡) > 𝑑௣(𝑡). Contact will take place again at instant t’’ when the 296 

displacement of the projectile and the displacement of the structure will be the same. Thus the 297 

criterion for the new contact is expressed in equation (22). 298 

𝑑௣(𝑡ᇱᇱ) = 𝑑௦(𝑡ᇱᇱ) (22) 

From the instant t’’, and while equation (22) is fulfilled again, equations (4) and (5) can be 299 

applied to produce the new impact, considering the time variable to be t-t’’ and the initial 300 

velocities and displacements of the structure and projectile just before this new impact, equation 301 

(23). 302 

𝑑௦,௢ = 𝑑௦(𝑡ᇱᇱ);  𝑉௦,௢ = 𝑉௦(𝑡ᇱᇱ);  𝑉௣,௢ = 𝑉௣(𝑡ᇱᇱ)  (23) 

All the following impacts can be analysed in the same way as was explained previously.  303 

Finally, the equivalent mass of the projectile from the structure’s point of view defines a new 304 

ratio of masses 𝛼 ∗ for soft impacts. 305 

𝛼 ∗ =
𝑀𝑝,𝑠

𝑀𝑠

  
(24) 

The last consideration in the theoretical basis of the previous Deformable Projectile theory and, 306 

consequently, the proposed formulation, is that the parameters of the structure defining the 307 

fundamental mode Ks have been considered to be elastic for the sake of simplicity of the 308 

laboratory test. If the secant line in the stress-strain curve of the material and inertia 309 

modifications are considered in parameter 𝐾௦, the inelastic behaviour of the structure can also 310 

be modelled with the proposed formulation in an iterative process. Additionally, parameter 𝐾௦ 311 

can be incremented to take into account, for example, membrane forces or another type of 312 

hardening. Thus, considering that different types of structures can be modelled and considering 313 

the proposed formulation can be adapted to assess anything from membrane forces to inelastic 314 

behaviour of structures in an easy way, the simplified method is widely applicable. The aim of 315 

this article is to establish the basis of the simplified method, so general elastic cases have been 316 

verified, but more complex cases will be analysed in further research.  317 



4. RESULTS AND DISCUSSION 318 

4.1. Displacements Results 319 

The first step in the validation of the proposed formulation defined in the previous section is to 320 

check the solution for the displacement at the centre of the beam under impact. To do so, the 321 

displacements in cases 1 to 5 are compared with experimental tests and FE model results. Thus, 322 

from the impact parameters (equivalent stiffness, equivalent masses, etc.) previously calculated, 323 

Table 1, and through equation (17), the theoretical results obtained using the simplified model 324 

considering a Deformable Projectile are shown in Fig. 7, comparing them with those of the FE 325 

models and the experimental tests. Additionally, the impact solution for a Rigid Projectile 326 

defined in [Sánchez-Haro et al. 2022] is included in order to have a reference as if the impact 327 

was hard. It is worth highlighting that case 1 and case 2 are similar, excepting the beam under 328 

impact. In case 1 the structure under impact is beam 2 (the flexible one) and in case 2 the beam 329 

1 (the rigid one). Therefore, the mass of the projectile, the stiffness of the projectile and 330 

projectile drop heights are exactly the same. However, the response of the beam in case 1 (Fig. 331 

7(a)) is closer to hard impact behaviour and in case 2 (Fig. 7(b)) it is clearly different, that is, a 332 

soft impact. 333 

The structural response of the beam for the Deformable Projectile defined in section 3 is based 334 

on two waves. The wave related to the frequency 𝑊௣,௜ depends mainly on the projectile, while 335 

the frequency 𝑊௦,௜  depends mainly on the structure. In the five cases shown in Fig. 7, the main 336 

wave is associated with 𝑊௦,௜ and the wave which oscillates on the main wave is associated with 337 

𝑊௣,௜. The mechanical system of springs in the projectile for the experimental tests has a big 338 

damping effect (more than 15%) while the steel beam has a small damping effect (around 1%). 339 

For this reason in the experimental tests the wave associated with 𝑊௦,௜ can be seen fully 340 

developed but the wave associated with 𝑊௣,௜  undergoes greater difficulties to fully develop. In 341 



any case, the results obtained by means of the proposed formulation considering a Deformable 342 

Projectile, FE models and experimental tests clearly fit well. Maximum displacements of the 343 

structure, 𝐷௦(𝑡), from cases 1 to 5 are summarized in Table 4 to check the relative error between 344 

the simplified model considering a Deformable Projectile, the FE models and test results. 345 

As can be seen in Table 4, the relative error regarding the maximum displacement between the 346 

simplified model results and the FE model results is less than of 8%. Additionally, both curves 347 

fit quite well during the whole impact test in all cases shown in Fig. 7. Case 2 has a null relative 348 

error because both curves are perfectly matched. The relative error between the simplified 349 

method results and the experimental test results are slightly larger but less than 11% in all cases 350 

shown in Table 4. The large damping of the spring’s mechanism is the cause of this difference, 351 

as was commented before. In any case, the shape of the displacement versus time curves is well 352 

matched in all cases depicted in Fig. 7. Fig. 7(f) shows a comparison of cases 1, 3 and 5 in order 353 

to demonstrate how the simplified method adapts to different scales and shapes. 354 

4.2. Force results 355 

The second step in the validation of the proposed formulation defined in section 3 is to check 356 

the solution for the contact force between the structure and the projectile, equation (18). It is 357 

important to emphasize that the validation of the contact force is significantly more accurate 358 

than the validation of the displacement. This is because the contact force is the fourth derivative 359 

of the solution function (equation (3)), whereas the displacement is derived as the second 360 

derivative (equation (5)). In this regard, the contact force and also the displacements of cases 6 361 

to 10 are compared with the FE model results in Fig. 8. 362 

As can be seen in Fig. 8, the displacement and force results match very well. Maximum 363 

displacements of the structure, 𝐷௦(𝑡), and contact forces from cases 6 to 10 are summarized in 364 

Table 5 to check the relative error between the simplified model considering a Deformable 365 



Projectile and the FE models, both in terms of displacements and forces. Note that the relative 366 

error shown in Table 5 in contact forces is slightly higher than in displacements. 367 

As can be seen in Table 5, the relative error regarding the maximum displacement between the 368 

simplified model and the FE model results is less than 4%. In addition, both curves are quite 369 

well matched during the whole impact test in all the cases depicted in Fig. 8. Regarding the 370 

contact force, the relative error between the simplified method and the FE model results is 371 

slightly larger but less than 7% in all cases shown in Table 4. This increase in error is due to 372 

the presence of higher modes of vibration which are negligible regarding displacements. These 373 

higher modes of vibration can be neglected as long as parameter 𝛼 ∗ > 1 [Sánchez-Haro et al. 374 

2022]. In any case, the shapes of the contact force versus time curves match well in all the cases, 375 

as shown in Fig. 8. Fig. 8(f) shows a comparison of cases 7, 9 and 10 in order to demonstrate 376 

how the simplified method adapts to different scales and shapes also for force results. 377 

4.3. Soft impact Vs. Hard Impact. 378 

Usually, the limit between a rigid impact and a soft impact is established based on the 379 

parameter 𝑇௣/𝑇௦. If  ೛்

ೞ்
> 1 , it is considered a deformable impact, while if  ೛்

ೞ்
≪ 1, it is 380 

considered as a rigid impact [Al-Thairy and Wang 2014]. Table 6 shows this ratio for the 12 381 

cases studied in this article. 382 

Case 1 (beam 2) and case 2 (beam 1), both with the same projectile and the projectile drop 383 

heights, present ೛்

ೞ்
  values of 0.61 and 1.52, respectively. Based on the observations from Fig. 384 

7(a) and Fig. 7(b), it would seem that the classical definition works perfectly. 385 

As this research obtained a closed formulation for impacts, where the stiffness of the projectile 386 

is a parameter, and it is easy to increase the number of cases analyzed, case 11 and case 12 were 387 

added. 388 



Firstly, deformable impact according to its classical definition has been analysed. Case 3, case 389 

6 and case 11 have values of  ೛்

ೞ்
≫ 1, so deformable impacts would be expected. In order to 390 

compare these cases in the same graph, non-dimensional axes of displacement and time have 391 

been used in Fig. 9. The displacement of the projectile has been divided by the maximum 392 

displacement obtained as a Rigid Projectile, while the time has been divided by the time it takes 393 

for the structure to return to its pre-impact equilibrium position if the impact were rigid. This 394 

enables a graphical comparison of how close cases 3, 6, and 11 are to rigid impact. 395 

Cases 3 and 6 clearly exhibit deformable impacts because their curves differ significantly to 396 

Rigid Projectile curves. However, case 11 shows a curve similar to a Rigid Projectile curve. 397 

The key is in the parameter 𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄  (Table 6), which compares how the number of waves 398 

associated with 𝑊௣,௜ fits with a wave associated with 𝑊௦,௜. As shown in Fig. 9, the curve in case 399 

3 (𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄ = 3.72) and the curve in case 6 (𝑊𝑝,𝑖 𝑊𝑠,𝑖 = 3.11) ⁄ have comparable wave 400 

amplitudes. In case 11 (𝑊
𝑝,𝑖

𝑊𝑠,𝑖⁄ = 9.27), the amplitude of the curve associated with 𝑊௣,௜ is 401 

much smaller than that of the wave associated with 𝑊௦,௜  , and the oscillation of the  wave 𝑊௣,௜ 402 

around the main wave 𝑊௦,௜ is easily noticeable. Based on this analysis, it can be concluded that 403 

the parameter ೛் 

ೞ்
> 1  alone is not sufficient to define a soft impact, and the parameter 𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄  404 

needs to be considered. 405 

Secondly, impacts with parameter  ೛்

ೞ்
< 1 have been analysed. Thus, for cases 1 and 12, rigid 406 

impacts would be expected under the classical definition. As shown in Fig. 10, the curve in case 407 

1 ቀ
೛்

ೞ்
= 0.61ቁ is very similar to the curve of a Rigid Projectile, but the curve in case 12 408 

ቀ
೛்

ೞ்
= 0.73ቁ shows a very different shape to the Rigid Projectile one. In this analysis, the 409 

parameter 𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄  is also key. Case 1 has a ratio of 𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄ = 9.76, while case 12 has a ratio 410 

of 𝑊௣,௜ 𝑊௦,௜⁄ = 3.09. Therefore, based on the previous analysis, it can be concluded that the 411 



parameter ೛்

ೞ்
< 1 is not sufficient to define a rigid impact, and the parameter 𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄  needs to 412 

be considered. 413 

In the same way as the classical definition, the proposed limit between hard and soft behaviour 414 

is qualitative. It is not easy to define an exact limit to know whether an impact should be 415 

classified as hard or soft because it is a progressive process. However, based on the analysis of 416 

the 12 cases described in this article and their results, the following recommendation is 417 

proposed: 418 

 If  ೛்

ೞ்
> 2.5, the impact should always be considered as soft. 419 

 If  ೛்

ೞ்
< 2.5  and the parameter 𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄ < 5, the impact should be considered as soft. 420 

 If  ೛்

ೞ்
< 2.5  and the parameter 𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄ > 5, the impact can be considered as hard. 421 

 The recommendation has been formulated to clarify when the rigid projectile formulation or 422 

the flexible projectile formulation can be applied. There are other parameters that may influence 423 

the separation between hard and soft impacts, such as projectile velocity and local penetration. 424 

However, these parameters are of lesser importance compared to the proposed parameters, and 425 

for the sake of simplicity , they have not been considered. 426 

4.4.  Limitation of the proposed formulation 427 

The simplified method shown in [Sánchez-Haro et al. 2022] to solve impacts under the 428 

hypothesis of a rigid projectile demonstrates that the ratio between the projectile mass and the 429 

equivalent mass of the structure (α parameter) defines whether the fundamental mode is enough 430 

to represent the dynamic behaviour of simple structures. In this regard, the main conclusion in 431 

that reference was that if α>1 then the fundamental mode absorbs the majority of the energy of 432 

the impact. Thus if  α<1  more than one mode of vibration would be needed to represent the 433 

dynamic behaviour of the structure. In Table 1, the values of the α parameter in the 12 cases 434 



analysed in this paper are presented. As can be seen in Fig. 7(d), case 4 (α = 0.95) does not 435 

exhibit any significant contribution of higher modes of vibration in either FEM or experimental 436 

results. 437 

For a deformable projectile, the effective mass of the projectile from a structural point of view 438 

is defined in equation (11). Similarly to the α parameter for a Rigid Projectile, shown in 439 

[Sánchez-Haro et al. 2022], the Deformable Projectile requires that the parameter 𝛼 ∗, defined 440 

in equation (24), takes values greater than 1 to ensure that there is no large influence of higher 441 

modes of vibration. Table 6 presents the values of the parameter 𝛼 ∗ in the 12 cases analysed in 442 

this investigation, and as can be observed in all cases, 𝛼 ∗ > 1. This is the reason why there is 443 

no significant vibration due to higher modes of vibration. 444 

5. ADDITIONAL CHECKS 445 

5.1. Influence of Gravity. 446 

There is a lack of knowledge in the literature about the influence of gravity on impacts, as can 447 

be seen in the main reference books [Goldsmith 2001][Stronge 2004]. Only in the case of hard 448 

impacts, has gravity been considered recently [Sánchez-Haro et al. 2023]. In order to verify 449 

whether the proposed formulation considers the effect of gravity correctly, case 3 has been 450 

analysed using a value of 𝑔=9.806m/s2, Fig. 11(a), and also using a value of 𝑔=0 m/s2, Fig. 451 

11(b). 452 

As can be seen in Fig. 11, the proposed formulation considers the effect of gravity in an 453 

appropriate way as the FE model and Experimental curves are much better matched with the 454 

simplified model considering a Deformable Projectile curve in Fig. 11(a) than in Fig. 11(b). 455 



5.2. Multiple impacts 456 

In this section, the suitability of the proposed formulation for reproducing all the multiple 457 

impacts that take place during the whole impact is verified. To this end, a specific analysis of 458 

case 1 has been performed. 459 

Firstly, case 1 has been calculated without considering the condition defined in equation (19) 460 

and compared with FE model. This means that the contact force could develop tension forces 461 

in the proposed formulation. As can be verified in Fig. 12(a), tension forces exist for the first 462 

time around 0.02s. Fig. 12(b) illustrates that the displacement curves are in complete agreement 463 

before 0.02s, but diverge after that point. 464 

Case 1 has been recalculated considering the condition defined in equation (19). Note that the 465 

contact force shown in Fig. 13(a) is always greater than zero. In this second analysis, the 466 

displacement curves between the FE model and the the simplified model considering a 467 

Deformable Projectile fit much better, as can be verified in Fig. 13(b). As a result, it can be 468 

observed that case 1 undergoes 5 impacts before the beam returns to its equilibrium position. 469 

Based on this analysis, it can be concluded that the proposed formulation is capable of 470 

accurately reproducing the multiple impacts that occur during a collision. 471 

 472 

6. CONCLUSIONS 473 

The research presented is an adaptation of the rigid impact theory referenced throughout this 474 

article, aimed primarily at incorporating the effect of projectile flexibility (i.e., considering the 475 

projectile's deformation energy during impact), as well as the effects of gravity and multiple 476 

impacts. Because the original rigid impact theory was applicable to various types of simple 477 

structures, the soft impact theory developed here also maintains that general applicability to 478 

different simple structural systems, as the initial methodology has been preserved. Therefore, 479 

this new formulation has been validated only on beams, which have been transformed into 480 



spring-mass systems for the application of the proposed formulation. In this article, twelve cases 481 

of soft impacts were analysed in two different beams and in all of them the suggested simplified 482 

model considering a deformable projectile provided results well-fitted to those offered by FE 483 

models and experimental tests, both for displacements and contact forces. The proposed 484 

formulation matched the peak of forces, the maximum displacements, and the modification of 485 

frequency of vibration of the structure during the impact, and in general both the displacement 486 

time-history and acceleration time-history were well matched. The structural damping was not 487 

considered in the proposed formulation since, for typical values, the dissipation occurring in 488 

the first wave produced after each impact is very small. The matched results obtained have 489 

shown that this simplification is acceptable for the purposes of the proposed formulation. The 490 

investigation also shows that some considerations such as shear strain and local deformations 491 

are not necessary to approximate the general behaviour of the structure under impact load. Other 492 

effects not considered in this article, such as axial stiffening, can be easily incorporated into the 493 

formulation by adding the axial stiffness term to the general stiffness. 494 

Regarding the gravity influence and multiple impacts, specific checks were performed to prove 495 

the accuracy of the proposed formulation and good results were obtained.  496 

In order to easily identify when the rigid impact formulation or the soft impact formulation is 497 

applicable, the classic limit ( ೛்

ೞ்
= 1)   was analyzed in the article. Some cases were found in 498 

which this parameter does not represent the limit in an accurate way. An additional parameter  499 

𝑊𝑝,𝑖 𝑊𝑠,𝑖⁄  was proposed to complement the classical criteria. New limits for both classical and 500 

new parameters are proposed. Other parameters for the differentiation between rigid and soft 501 

impact have not been considered because the ones analyzed are sufficient for a qualitative 502 

separation that indicates which formulation is applicable. 503 

Similarly to what happens with rigid impact theory and the parameter α, a limitation in the 504 

proposed formulation based on the parameter 𝛼 ∗ was established. Values of  𝛼 ∗ > 1  mean that 505 



the fundamental mode of vibration is sufficient when reproducing the dynamic behaviour of a 506 

structure under impact loads, because that mode of vibration absorbs the majority of the impact 507 

energy. Regarding the main advantages of the proposed formulation, it can be summarized in 508 

three points. Firstly, the proposed formulation enables structural engineers to perform checks 509 

on FE model results easily, in the same way that engineers do in static cases. Secondly, a 510 

fundamental aspect enabled by the formulation is the integration of impact analysis into the 511 

design phase and alternative studies. The time required to calculate impacts in complex models 512 

under impact loads is substantial, often deferred until the final solution is reached. Having an 513 

agile tool for decision-making will allow for more efficient structural design against impact 514 

loads.  Finally, the proposed formulation is also useful to establish the integration parameters 515 

in a FEM model, greatly reducing the computational cost, because impact duration, maximum 516 

displacement and maximum contact force are already well known from the proposed 517 

formulation.  518 

This article has fundamentally established the basis of the proposed formulation. However, 519 

further research in ongoing to show that this formulation can be applied in more complex 520 

structures such as plates, bridges, etc. and will be addressed in future research, as well as the 521 

inelastic behaviour of structures. 522 
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 613 

10. TABLES 614 

Case Beam 
𝑴𝑺 
(kg) 

Ks 

(N/m ) 
𝑾𝒔 

(Rad/s) 

𝑴𝒑 

(kg) 

𝑲𝒑 

(N/m) 

α 

(𝑀௣/𝑀௦) 
𝑯𝟎 

(m) 

Vp,0 

(m/s) 

1 2 0.78 2,688 58.52 3.63 33.68 4.62 0.10 1.40 

2 1 1.96 42,000 146.29 3.63 33.68 1.85 0.10 1.40 

3 1 1.96 42,000 146.29 3.63 8.32 1.85 0.05 0.99 

4 1 1.96 42,000 146.29 1.87 8.32 0.95 0.10 1.40 

5 1 1.96 42,000 146.29 5.40 33.68 2.76 0.10 1.40 

6 1 1.96 42,000 146.29 3.63 18.92 1.85 0.10 1.40 

7 1 1.96 42,000 146.29 5.40 33.68 2.76 0.03 0.78 

8 2 0.78 2,688 58.52 3.63 8.32 4.65 0.01 0.44 

9 2 0.78 2,688 58.52 1.87 8.32 2.40 0.10 1.40 

10 2 0.78 2,688 58.52 1.87 4.56 2.40 0.01 0.44 

11 2 0.78 2,688 58.52 10.89 9.12 13.87 0.05 0.99 

12 1 1.96 42,000 146.29 1.87 75.68 0.95 0.10 1.40 

Table 1. Definition of structural parameters of the projectiles and impact parameters in each case.  615 

 616 

Mass 

body 

Length, Lm 

(m) 

Width, Wm 

(m) 

Height, Hm  

(m) 

0.02 0.05 0.02 

Stiffness 

body 

Length, Lst 

(m) 

Width, Wst 

(m) 

Height, Hst 

(m) 

1 0.02 0.05 0.05 

2 0.02 0.05 0.10 

Table 2. FE model definition: mass body and stiffness body of the projectile. 617 

 618 

Case 𝝆𝒎 (kg/m3) 𝝆𝒔(kg/m3) 𝑬𝒄,𝒔(N/m2) 𝑭𝒏𝒐𝒅𝒆(𝑵) 

1 181500 400 1684 0.659 

2 181500 400 1684 0.659 

3 181500 200 832 0.659 

4 93500 400 416 0.340 

5 270000 400 1684 0.981 

6 181500 400 946 0.659 

7 270000 400 1684 0.981 

8 181500 200 832 0.659 



9 93500 400 416 0.340 

10 93500 400 228 0.340 

11 544500 400 456 1.978 

12 93500 400 3784 0.340 

Table 3. Values of parameters for FEM analysis. 619 

 620 

Case 

Simplified model 

-deformable projectile- 

(m) 

FE models 

(m) 

Relative error(1) 

(%) 

Experimental tests 

(m) 

Relative error(2) 

(%) 

1 6.31∙10-2 6.16∙10-2 2.4 5.69∙10-2 10.9 

2 1.30∙10-2 1.30∙10-2 0.0 1.17∙10-2 11.0 

3 5.62∙10-3 5.85∙10-3 3.9 5.21∙10-3 7.8 

4 6.38∙10-3 6.93∙10-3 7.9 5.95∙10-3 7.2 

5 1.49∙10-2 1.50∙10-2 0.6 1.36∙10-2 8.9 
(1) Displacement relative error (Simplified model considering Deformable Projectile – FE models) 
(2) Displacement relative error (Simplified model considering Deformable Projectile – Experimental tests) 

Table 4. Maximum displacement (m) and relative error (%) for cases 1 to 5. 621 

 622 

Case 

Maximum displacement Maximum force 

Simplified model 

-deformable project.- 

(m) 

FE models 

(m) 

Relative 
error(1) 

(%) 

Simplified model 

-deformable project.- 

(kN) 

FE models 

(kN) 

Relative 
error(2) 

(%) 

6 1.12∙10-2 1.16∙10-2 3.3 3.09∙10-1 3.25∙10-1 4.9 

7 8.63∙10-3 8.60∙10-3 0.4 3.27∙10-1 3.33∙10-1 1.8 

8 3.40∙10-2 3.42∙10-2 0.7 1.04∙10-1 1.04∙10-1 0.4 

9 3.88∙10-2 3.85∙10-2 0.8 1.56∙10-1 1.64∙10-1 4.8 

10 1.88∙10-2 1.85∙10-2 1.7 5.73∙10-2 6.16∙10-2 7.0 
(1) Displacement relative error (Deformable projectile – FE model) 
(2) Force relative error (Deformable projectile – Experimental model) 

Table 5. Maximum displacement (m), force (kN) and relative error (%) for cases 6 to 10. 623 

 624 

Case 𝑻𝒑 𝑻𝒔 𝑻𝒑 𝑻𝒔⁄  𝑾𝒑,𝒊 𝑾𝒔,𝒊 𝑾𝒑,𝒊 𝑾𝒔,𝒊⁄  α* 
Rigid (R) / 

Deformable (D) 

1  0.07 0.11 0.61 234.59 24.04 9.76 4.99 R 

2 0.07 0.04 1.52 207.97 67.76 3.07 4.16 D 

3  0.13 0.04 3.05 161.43 43.43 3.72 11.17 D 

4 0.09 0.04 2.19 162.82 60.03 2.71 5.75 D 

5 0.08 0.04 1.85 203.96 56.65 3.60 6.18 D 



6  0.09 0.04 2.03 181.27 58.26 3.11 5.96 D 

7 0.08 0.04 1.85 203.94 56.65 3.60 6.18 D 

8 0.13 0.11 1.22 125.88 22.28 5.65 6.12 R 

9 0.09 0.11 0.88 132.83 29.45 4.51 3.15 D 

10 0.13 0.11 1.18 104.52 27.70 3.77 3.78 D 

11  0.22 0.11 2.02 125.38 13.52 9.27 17.96 R 

12  0.03 0.04 0.73 301.59 97.65 3.09 1.48 D 

Table 6. Periods and frequencies for 12 cases analysed. 625 

11. LIST OF FIGURES 626 

Fig. 1. Structures studied: (a) Sketch of beams, (b) Beam 1 test, (c) Simple support, and (d) Beam FE-627 
model.  628 

Fig. 2. Deformable projectile (steel): (a) Projectile in case 1&2, (b) Projectile in case 3, (c) Projectile in 629 
case 4, (d) Projectile in case 5, (e) Set of 3 masses and 4 kinds of springs used in the whole research. 630 

Fig. 3. FE Model: Connection between stiffness body (lower) and mass body (upper) and lateral supports 631 
added to ensure vertical movement. 632 

Fig. 4. FE Model: Impact output data analysis. 633 

Fig. 5. Real-time display of the deformation undergone by the lower fibre of the beam span centre. 634 

Fig. 6. Idealized impact sequence. (a) Situation before the impact between the structure and the 635 
projectile. (b) Instant of impact (𝑡 = 𝑡଴). (c) Situation between the beginning and the end of the impact 636 
(𝑡଴ < 𝑡 < 𝑡௙) [Sánchez-Haro et al. 2022]. 637 

Fig. 7. Comparison between the results obtained using the simplified model considering a Deformable 638 
Projectile, the FE models and the tests. (a) Case 1. (b) Case 2. (c) Case 3. (d) Case 4. (e) Case 5. (f) 639 
Case 1, case 3 and case 5 comparison. 640 

Fig. 8. Comparison between the results obtained using the simplified model considering Deformable 641 
Projectile and the FE models. (a) Case 6. (b) Case 7. (c) Case 8. (d) Case 9. (e) Case 10. (f) Case 7, case 642 
9 and case 10 comparison. 643 

Fig. 9. Relative results of displacements for cases 3, cases 6 and case 11. 644 

Fig. 10. Relative Results of displacements for cases 1 and case 12. 645 

Fig. 11. Influence of gravity. (a) Case 3 results considering 𝑔=9.806m/s2. (b) Case 3 results considering 646 
𝑔=0m/s2. 647 

Fig. 12. Case 1 results if the contact force can cause tension forces. (a) Contact force-time. (b) 648 
Displacement-time. 649 

Fig. 13. Case 1 results if the contact force could cause tension forces. (a) Contact force-time. (b) 650 
Displacement-time. 651 



 

 

 

 

 

 



 

 

 

 

 

 

 

 



 

 

 

 

 

 



 

 

 

 

 



 

 

 

 



 

 

 

 

 



 

 

 

 

 


	SimplifiedModelAnalysing
	Figures

