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Analysis of a Beat-Frequency Sensor Operating
Near the Locking Boundary
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Abstract—We present an in-depth investigation of a beat-
frequency sensor based on an injected oscillator operating near
its locking boundaries. Under these conditions, the beat frequency
exhibits higher sensitivity to the material under test (MUT)
than the free-running oscillation frequency. We will derive a
general expression for the beat frequency as influenced by the
MUT. This expression depends on an admittance function that
can be extracted from harmonic-balance (HB) simulations, so
it can be applied to oscillators of arbitrary complexity. In the
new formulation, both the free-running solution and the locking
bandwidth will vary with the sensing parameter. We will analyze
in depth the beat-frequency curve relative to the parameter
under test, as well as its dependence on the design elements. We
will also present a new method to establish the selected locking
boundary at a suitable value for the anticipated MUT variation
range. Additionally, we will demonstrate the potential to sense
at a multiple of the beat frequency, thereby increasing frequency
sensitivity. For the first time to our knowledge, we will analyze the
oscillator phase noise when operating near the locking boundaries
by means of a perturbation formulation in the frequency domain.
The methods will be illustrated through their application to a
cubic-nonlinearity oscillator, enabling a deep theoretical insight,
and to a realistic transistor-based oscillator with the MUT placed
on top of a capacitive transmission line.

Index Terms—Envelope transient, injection locking, noise
analysis.

I. INTRODUCTION

M ICROWAVE sensors have the advantages of high sensi-
tivity to the material properties, low cost, and versatility

[1], [2], [3], [4], [5], [6], [7], [8] since they can be applied
to a broad range of materials, including solids, liquids, and
powders. Sensors based on oscillators enable a compact imple-
mentation thanks to their direct readout capabilities [9], [10],
[11], [12], [13], [14]. Due to their inherent gain, they may
also provide a higher sensitivity in comparison with their
passive counterparts. Most oscillator-based sensors operate
in a free-running regime and rely on the variation of the
oscillation frequency with the material under test (MUT).
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However, a few recent works have proposed sensors based on
injection-locked oscillators [15], [16], [17], [18], [19], [20],
[21], [22]. In [15], [16], [17], and [18], the sensing relies
on the detection of the phase shift between two oscillator
circuits locked by the same input source when only one of
the oscillators is affected by the sensing parameter. When
using one oscillator only, the sensing may be based on the
variation of the central frequency of the locking band [19] or
on the variation of both the central frequency and bandwidth
[20], [21]. We should note that under a low input power,
the central frequency of the locking band agrees with the
free-running one. Thus, the sensitivity will be conditioned
by the variation of the oscillator free-running frequency with
the MUT. A third sensing mechanism, recently proposed in
[22], uses two coupled oscillators in unlocked conditions, but
operating near the locking boundary. Unlike [15], [16], [17],
[18], [19], [20], and [21], where the oscillator-based sensor
operates in a periodic regime, the sensor in [22] operates in a
quasi-periodic regime, with two incommensurate fundamental
frequencies. The sensed quantity is the frequency difference
between the two unlocked oscillations or beat frequency, ωb,
when the MUT affects one oscillator only. As shown in [22],
near the locking boundaries, the beat frequency ωb varies
significantly faster than the individual oscillation frequencies,
thus enabling a sensitivity gain. The enhanced sensitivity is
maintained within a limited range near the locking boundary.
Therefore, the concept will be of interest for detecting small
MUT variations. The analysis in [22], based on Kuramoto and
Araki’s model [23], neglects the variation in the oscillation
amplitude due to coupling effects. Thus, the model is overly
simplified and will have limited accuracy when applied to
transistor-based oscillators.

In this work, we will consider an oscillator injected by an
independent source, delivering a low input power. As in [22],
the oscillator will operate outside the locking range, but near
the locking boundaries. The use of an independent source
should enable better system controllability and less drift in
comparison with two coupled oscillators. With respect to [22],
we will present three main novelties: a realistic semianalytical
prediction of the beat frequency, a method to set the locking
boundary at a suitable value for the anticipated MUT variation
range, and an investigation of the oscillator phase noise when
operating near the locking boundaries. All these elements are
integral to providing a comprehensive understanding of the
sensor’s operation and capabilities.

We will begin by applying bifurcation theory [24], [25]
to understand how the oscillator frequency transforms when
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it surpasses the locking boundaries. Following this, we will
derive a realistic, semianalytical expression for the beat fre-
quency as influenced by the MUT. Given the low input
amplitude, this expression will be based on a system lin-
earization around the free-running oscillation, as in [26],
[27], and [28]. However, unlike [26], [27], and [28], our
formulation will depend on a general admittance function,
extracted from harmonic-balance (HB) simulations [14], [29].
Thus, the method can be applied to oscillators of arbitrary
topology. In the new formulation, both the free-running point
and the locking band will vary with the sensing parameter. The
results will be compared with circuit-level envelope-transient
simulations [30], [31], using a new procedure to determine the
beat frequency. We will analyze the spectrum and demonstrate
the potential to sense at a multiple of the beat frequency,
thereby increasing frequency sensitivity.

We should be able to establish the selected locking boundary
at a suitable value for the anticipated MUT variation range.
Otherwise, the boundary will vary with the circuit elements
and parameters, leaving the designer with no control. To enable
this control, we will present a new methodology compatible
with commercial HB tools that relies on a bifurcation condi-
tion, derived in terms of the sensing parameter. This approach
enables us to optimize the beat-frequency sensitivity without
modifying the sensing-parameter range.

Finally, we will address phase noise, an undesirable
characteristic of oscillator circuits that can degrade both
performance and reliability. In quasi-periodic solutions with
an autonomously generated fundamental frequency, there is
invariance to phase shifts associated with this frequency [32],
[33], which will lead to an accumulation of noise perturba-
tions. To the best of our knowledge, we will analyze for the
first time the phase-noise spectrum of the unlocked oscillator
operating near the locking boundaries, which was identified
as a pending research topic in [22]. We will represent the
phase perturbation in a Fourier series and derive an equation
relating its power spectral density (PSD) with that of the
oscillator noise sources in terms of Toeplitz matrices [34].
This will allow an insightful understanding of the evolu-
tion of the phase-noise spectrum when varying the beat
frequency.

The methods will be illustrated through their application
to a cubic-nonlinearity oscillator, which will enable a deep
theoretical insight, and to a realistic transistor-based sensor
oscillator, which has been manufactured and experimentally
characterized. Note that the objective of this work is not to
obtain a record sensitivity (which would depend on the original
oscillator design), but rather to demonstrate new methods for
accurately predicting and enhancing the sensing capabilities
when operating near the locking boundaries.

Section II describes the semianalytical formulation for pre-
dicting the beat frequency and establishing the upper or lower
locking boundary. Section III presents a detailed analytical
study of a cubic-nonlinearity oscillator, which functions as a
beat-frequency sensor. Section IV describes an analysis and
design method, based on harmonic balance, illustrated with
a transistor-based oscillator. Finally, Section V presents the
phase-noise analysis and characterization.

Fig. 1. Injected oscillator. (a) Cubic-nonlinearity oscillator used to get insight
into some of the analysis procedures. Element values: a = −0.03Ω−1, b =
0.01 A/V3, C = 2.5 pF, L = 4 nH, and R = 50 Ω. (b) General oscillator
considered for the analytical derivations.

II. SEMIANALYTICAL FORMULATION OF THE
BEAT-FREQUENCY SENSOR

Rigorous analysis and design require an understanding
of the bifurcation phenomena that define the stable locked-
operation intervals of the injected oscillator. These phenomena
are general and independent of the specific oscillator. Here,
we describe them based on previous works [35], [36], [37]
and illustrate them using the circuit shown in Fig. 1(a). Next,
we will derive the semianalytical formulations for the beat
frequency, the upper and lower locking boundary, and the
unlocked spectrum.

A. Bifurcation Phenomena at the Locking Boundaries

The circuit in Fig. 1(a), with a voltage-controlled current
source i(v) = av + bv3, where a < 0 and b > 0, is driven at a
constant frequency f = 1.592 GHz and the analysis parameter
is the capacitor C. The periodic-solution curves, obtained with
the method in [20] for different values of the input amplitude
Ig, are shown in Fig. 2(a). For the lower Ig values, we have
two disjoint periodic curves, as in the case of Ig = 3 mA.
The closed curve is composed of the locked solutions and is
delimited by two turning points, at which the curve exhibits
an infinite slope, denoted as T1 and T2. At each turning point,
a real pole crosses the origin of the complex plane. Thus,
either the upper or lower section of the closed curve is stable,
whereas the other section is unstable [35], [36], [37]. Here, the
upper section is stable. In the low-amplitude curve, the self-
oscillation is not excited, and the circuit responds to the input
source in a nonautonomous manner. The entire low-amplitude
curve is unstable [35], [36], [37]. As Ig increases, the two
disconnected curves approach each other and merge at a
particular Ig. After merging, the single solution curve exhibits
four turning points (denoted as T1, T1’, T2, and T2’), as seen
for Ig = 4.5 mA. When further increasing Ig, the turning points
on each side approach each other and eventually vanish (see
the case of Ig = 7 mA). Depending on the input amplitude Ig,
the stable locked-operation interval is determined by different
phenomena: local-global turning-point bifurcations, for low Ig,
and secondary Hopf bifurcations, for higher Ig [34], [35].

The local-global turning-point bifurcations occur at lower
input amplitudes, typically at the boundaries of closed
periodic-solution curves. They are due to the collision of a
stable periodic solution [of node type (N)] and an unstable
periodic solution [of saddle type (S)] in a turning point at
which the stable and unstable manifolds of the two periodic
solutions intersect [24], [25]. The intersection gives rise to
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Fig. 2. Bifurcations delimiting the locked-operation intervals, illustrated using
the circuit in Fig. 1(a). (a) Periodic-solution curves for three different input
amplitudes (Ig) and f = 1.592 GHz versus C. Unstable sections are traced in
dashed line. (b) Spectrum just after a local-global turning-point bifurcation,
when Ig = 3 mA and C = 2.77 pF. It is centered at the input frequency f.
(c) Spectrum just after a Hopf bifurcation when Ig = 7 mA and C = 3.195
pF.

a quasi-periodic solution with two fundamental frequencies,
ω and ωa. The difference ωb between these two frequencies,
known as beat frequency, is ωb = ω − ωa = 0 at the turning
point. Just after the turning point, the spectrum, composed
of spectral lines spaced by ωb, is very dense, as shown in
Fig. 2(b), corresponding to C = 2.77 pF and Ig = 3 mA. Note
that the represented spectrum is centered at the input frequency
ω. The beat frequency grows fast when moving away from
the turning point and tends to ωbo = ω − ωo when the input
source has a negligible effect on the oscillation frequency.
Unlocking due to local-global turning-point bifurcations can
also be obtained after the curve merging [36], [37]. This is the
case of T1 and T2 at Ig = 4.5 mA in Fig. 2(a). However, as Ig

continues to increase, the turning points become simple jump
points [36], [37].

The secondary Hopf bifurcations are typically obtained at
higher input amplitudes [35], [36], [37]. See H1 and H2 at
Ig = 7 mA in Fig. 2(a). A pair of complex-conjugate poles
(σ ± jωa) of the periodic solution at ω crosses the imaginary

axis to the right-hand side of the complex plane. This leads to
the onset of a quasi-periodic solution with two fundamental
frequencies, ω and ωa, which fulfill ωb = ω − ωa , 0
at the bifurcation point. See the spectrum in Fig. 2(c), for
C = 3.195 pF and Ig = 7 mA. The amplitude of the newly
generated fundamental frequency ωa is zero at the secondary
Hopf bifurcation and grows in a continuous manner when
moving away from it. At the bifurcation, the frequency ωa

tends to be close to the free-running one ωo, due to the limited
impact of the input source for a large difference between ω
and ωo. Thus, we cannot expect a sensitivity gain with respect
to free-running operation, unlike the case of unlocking at a
local-global turning-point bifurcation.

B. Variation of the Beat Frequency

Our goal, as inferred from Section II-A, is to achieve
unlocking through a local-global turning-point bifurcation,
which requires the amplitude Ig to be relatively low. We
will analyze the dependence of the beat frequency ωb on the
sensing parameter η, which will affect both the free-running
oscillation and locking band. We would like to emphasize
that although our oscillator is driven by an independent RF
source, it operates in an unlocked mode, as the sensing is
based on the variation of the beat frequency, that is, the differ-
ence between the injection frequency and the self-oscillation
frequency (under injection). The oscillator is described with
the admittance function Y(V , ω), calculated at the fundamental
frequency at the analysis node n, in terms of the excitation
frequency ω and voltage amplitude V [see Fig. 1(b)]. The
function Y(V , ω) can be numerical in nature and extracted
from HB simulations. Unlike previous works [26], [27], [28],
which assume a dependence Y(V , ω) = Yr(V) + jYi(ω), our
admittance function will have the general form Y(V , ω) =

Yr(V , ω)+ jYi(V , ω), as is typically the case when considering
multiple harmonic terms. The general applicability to arbitrary
oscillator designs will be demonstrated in Section IV, where
we address a single-ended transistor-based oscillator with
series feedback.

As stated, the amplitude of the input source Ig will be
small. Thus, the oscillation will only undergo small variations
in amplitude and frequency with respect to the free-running
solution: Vo(η), ωo(η). We will consider small increments
in the amplitude, Vo + ∆V , and frequency, ω − js, noting
that multiplication by the complex frequency s acts as a
time differentiator [37], [38]. The increments are small, so
we can expand Y(V , ω) in a first-order Taylor series about
Vo(η), ωo(η). Splitting the resulting complex equation into real
and imaginary parts, we obtain

∂Yr
�
Vo(η), ωo(η)

�
∂V

�
V(t) − Vo(η)

�
+
∂Yr

�
Vo(η), ωo(η)

�
∂ω

�
ω+

dφ
dt
− ωo(η)

�
=

Ig

Vo
cos φ(t)

∂Y i
�
Vo(η), ωo(η)

�
∂V

�
V(t) − Vo(η)

�
+
∂Y i

�
Vo(η), ωo(η)

�
∂ω

�
ω+

dφ
dt
− ωo(η)

�
= −

Ig

Vo
sin φ(t)

(1)
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where φ(t) is the phase shift between the analysis node and
the input source, the derivative of the amplitude increment
d∆V(t)/dt � 0 has been neglected, and the superscripts
indicate real and imaginary parts. Solving for ω+dφ/dt−ωo(η),
we can write

dφ(t)
dt

= −
Ig

Vo(η)
sin
�
φ(t) + αv(η)

�ˇ̌̌
∂Yo(η)
∂ω

ˇ̌̌
sinαvω(η)

− ∆ω(η) (2)

where ∂Yo/∂V and ∂Yo/∂ω are the amplitude and frequency
derivatives calculated at the free-running solution, respec-
tively; αv = ang(∂Yo/∂V); αvω = ang(∂Yo/∂ω) − ang(∂Yo/∂V);
and ∆ω(η) = ω−ωo(η). Note that in previous works [22], [23],
[24], the angles are assumed to be: ang(∂Y(Vo, ωo)/∂V) = 0
and ang(∂Y(Vo, ωo)/∂V) = π/2.

Next, we will address the analysis of the locked mode,
which is needed to determine or impose the upper or lower
locking boundary from which the sensor operates. Under
locked conditions, dφ/dt = 0 and (2) simplifies to

ω − ωo(η) = −B(η) sin
�
φ+ αv(η)

�
(3)

where, for notation simplicity, we have introduced the follow-
ing function B(η):

B(η) =
Ig

Vo(η)
1ˇ̌̌

∂Yo(η)
∂ω

ˇ̌̌
sinαvω(η)

. (4)

Note that the above expression particularizes to the one in
[15], [26], [27], and [28] when αv = 0 and αvω = π/2. For
each constant ϕ, the amplitude V (which is also constant)
is directly obtained from (1) by solving for the amplitude
increment [V − Vo(η)] as a function of the terms on the
right-hand side: (Ig/Vo) cos φ(t) and −(Ig/Vo) sin φ(t). This
provides

V − Vo(η) =
Ig

Vo(η)
1ˇ̌̌

∂Yo(η)
∂V

ˇ̌̌
sinαvω(η)

sin
�
αω(η) + φ

�
(5)

where αω = ang(∂Yo/∂ω). Due to the sinus function, expres-
sion (5) provides two solutions for each ω, with the phases
φ1 = θ − αv and φ2 = π − θ − αv, except at the locking
boundaries (corresponding to the turning points), where there
is only one solution, fulfilling φ1 = φ2 = ±π/2 − αv. Note
that each boundary is obtained for a different sign. The two
solutions coexisting for each ω and the two turning points are
consistent with the closed solution curve of Fig. 2(a), obtained
for small Ig. In the approximation (5), the two solutions have
amplitude increments ∆V of the same magnitude and different
sign, which is also consistent. If the oscillator is stable in free-
running conditions, one solution will be stable and the other
will be unstable, as is easily derived by introducing a small
perturbation δφ(t) in (2)

δϕ̇(t) = −B(η) cos
�
φ+ αv(η)

�
δϕ(t). (6)

The stable solutions will fulfill: cos[φ+ αv(η)] < 0. The two
solutions will merge at the two turning points that delimit the
locking band, which satisfy: cos[φ+ αv(η)] = 0. In the sensing
application, the input frequency is kept fixed at ω, so we will
define the locking boundaries in terms of the parameter η.

The two turning points that define the locking boundaries are
denoted as ηT1 and ηT2. They are given by

ω = ωo(ηT1) − B(ηT1)
ω = ωo(ηT2) + B(ηT2). (7)

Note that the magnitudes |ω − ωo(ηTm)|, where m = 1, 2,
must be small enough for the linearization (1) to be valid.
Outside the locked-operation interval ηT1 < η < ηT2, the
system is governed by (2). If the free-running frequency
ωo decreases (increases) with η, the sensor should operate
for η > ηT2 (η < ηT1). To derive the expression of the
beat frequency (in unlocked conditions), we will apply the
procedure in [26], [27], and [28] to the arbitrary oscillator
considered in (1), described in terms of Y(V , ω) = Yr(V , ω) +
jYi(V , ω). First, we integrate (2) with respect to time, which
provides

−
B(η)

∆ω(η)
−

s
1 −

�
B(η)

∆ω(η)

�2

tan (ξ(t − to))

= tan

�
φ(t) + αv(η)

�
2

(8)

where ξ = ((1/2)([∆ω(η)]2 − [B(η)]2)1/2). Let us assume that
there exists T such that φ(t+T ) = φ(t)+ 2π,∀t. Then, we can
write

−
B(η)

∆ω(η)
−

s
1 −

�
B(η)

∆ω(η)

�2

tan (ξ(t + T − to))

= tan

�
φ(t) + αv(η) + 2π

�
2

= tan

�
φ(t) + αv(η)

�
2

(9)

where the property tan(ϕ + π) = tan(ϕ),∀ϕ has been applied.
Now, comparing (8) and (9), the equality ξT = π is obtained,
yielding

ωb =
2π
T

=

q�
∆ω(η)

�2
−
�
B(η)

�2
=

q�
ω − ωo(η)

�2
−
�
B(η)

�2

(10)

where for better insight, we have introduced the explicit
expression of ∆ω(η). The beat frequency ωb is zero at the
two locking boundaries, ηT1 and ηT2, and increases when
moving away from the boundaries. The sensitivity of ωb to
the parameter η is given by

S b =
∂ωb

∂η
= −

�
ω − ωo(η)

� ∂ωo(η)
∂η

+ B(η) ∂B(η)
∂η

ωb(η)
. (11)

From inspection, S b is infinite at the two boundaries, which
fulfill ωb(ηT1) = 0 and ωb(ηT2) = 0. Making use of the
expression of ωb, we can also write

S b =
∂ωb

∂η
= −

∂ωo(η)
∂η

+ 1
2[ω−ωo(η)]

∂[B(η)]2

∂ηr
1 −

�
B(η)

ω−ωo(η)

�2
. (12)
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We will have a higher S b for a smaller denominator. This
implies similar values of |ω − ωo(η)| and B(η), under the
condition |ω − ωo(η)| > B(η). Thus, under a fixed ωo, one
way to expand the interval with sensitivity gain is to increase
the locking bandwidth B. When doing so, we must ensure
that the locking boundary still corresponds to a turning-point
bifurcation, as in the case of Fig. 2(b). As discussed in
Section II-A, when the unlocking mechanism corresponds to
a turning point, the beat frequency exhibits high sensitivity
to the parameter in the vicinity of the locking boundary. As
also discussed, the sensitivity is lower in the case of unlocking
through a Hopf bifurcation [see Fig. 2(c)].

As already stated, the targeted interval of the sensing
parameter will depend on the particular application. Thus, one
should be able to preset one of the locking boundaries (ηT1
or ηT2), which can be done by properly selecting the input
current amplitude Ig and frequency ω. The pairs ω and Ig that
provide the same ηT1 or ηT2 are given by

ω = ωo(ηT1) −
Ig

Vo(ηT1)
1ˇ̌̌

∂Yo(ηT1)
∂ω

ˇ̌̌
sinαvω(ηT1)

ω = ωo(ηT2) +
Ig

Vo(ηT2)
1ˇ̌̌

∂Yo(ηT2)
∂ω

ˇ̌̌
sinαvω(ηT2)

. (13)

Note that the above expressions require a previous cal-
culation of the free-running solution Vo(ηTm) and ωo(ηTm),
where m = 1, 2, and the derivatives of Y about this
solution.

C. Oscillator Spectrum Outside the Locking Boundaries

The spectrum near the locking boundaries can be obtained
by calculating the Fourier series of the voltage v(t) at the
analysis node

v(t) = 2Re
˚
V(t)e jωte j(φ(t)+αv)	 (14)

where V(t) is the slowly varying oscillation amplitude in
unlocked conditions. Following [28], we will express the
complex exponential term in (14) as:

e j(φ(t)+αv) =
1 + j tan φ(t)+αv

2

1 − j tan φ(t)+αv
2

. (15)

Because B < |∆ω|, we can represent the quotient (B/∆ω) as the
sinus of an angle variable θ, by defining sin θ = −B(η)/∆ω(η),
where −π/2 < θ < π/2. The variable θ relates B, ∆ω, and
ωb through a trigonometrical expression, which will enable
an analytical calculation of the Fourier-series expansion of
e j(φ(t)+αv), in terms of θ and tanθ. Making use of (10), it is
easily derived that ωb = −sgn(∆ω)∆ω cos θ. Then, introducing
(9) in (15) and setting to = 0, we obtain

e j(φ(t)+αv) =
cos ωbt

2 + j sin
�
−sgn(∆ω)ωbt

2 + θ
�

cos ωbt
2 − j sin

�
−sgn(∆ω)ωbt

2 + θ
�

=
1

j tan θ
2

 
1 − tan2 θ

2

1 − j tan θ
2 e j(−sgn(∆ω)ωbt+θ)

− 1

!
. (16)

Finally, the expansion of (16) in a Fourier series leads to

e j(φ(t)+αv) = j tan
θ

2

+
1 − tan2 θ

2

j tan θ
2

∞X
n=1

�
j tan

θ

2

�n

e jn(θ−sgn(∆ω)ωbt). (17)

Note that the frequency difference between consecutive spec-
tral lines predicted by (17) is ωb. When ω is above (below)
the upper (lower) locking boundary, the harmonic components
provided by (17) are located below (above) ω. Then, making
V(t) � Vo(η) in (14), the magnitude of the spectral lines is
given by

U0 = Vo (η) tan
θ

2
. . .

Un = Vo (η)
�

1 − tan2 θ

2

��
tan

θ

2

�n−1

= Vo (η)
�

1−tan2 −B (η)/∆ω (η)
2

��
tan
−B (η)/∆ω (η)

2

�n−1

(18)

where U0 is the node amplitude at the input frequency ω.
Note that B(η)/∆ω(η) < 1, so the tangent function is smaller
than 1. In the logarithmic scale, the amplitude of the spectral
lines n ≥ 1 decreases linearly with n, as indicated in [28]. The
spectral line at ω, with voltage amplitude U0, evolves in a
manner different from those at n ≥ 1. As ∆ω(η) increases, sin θ
and tan(θ/2) decrease and the spectral line at n = 1 becomes
dominant. The spectral lines at ω and ω + 2sgn(∆ω)ωb tend
to exhibit the same amplitude, as observed in [28].

The frequency variation of a multiple n of ωb for the same
variation of the sensing parameter, η, is nωb. Thus, at nωb

the sensitivity increases from S b to nS b. Due to the amplitude
decrease with n, the order must be limited to a relatively small
value, such as 2 or 3. On the other hand, the amplitude V0
of the spectral line at ω can constitute an additional sensing
variable. Note that both U0 and ωb depend on ∆ω and B, so
there are two independent variables. This will provide a well-
conditioned system to sense both the real and imaginary parts
of the dielectric constant.

In Section III, we will address a cubic-nonlinearity oscillator
at the fundamental frequency, where the above formula-
tion leads to manageable analytical expressions, providing a
detailed understanding of the sensor’s performance. In con-
trast, the analysis of the transistor-based oscillator will rely
on the semianalytical formulation, using numerical derivatives
of the oscillator’s admittance function, which is extracted from
harmonic balance.

III. CUBIC-NONLINEARITY OSCILLATOR

To get analytical insight, we will address the cubic-
nonlinearity oscillator of Fig. 1(a), at the fundamental
frequency, which will enable the derivation of analytical
expressions. Note that for this analysis to be valid, the har-
monic content must be sufficiently low. This condition is met
with the passive element values provided in Fig. 1.
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A. Analytical Calculation of the Beat Frequency and
Locking Boundaries

In sensor applications [1], [2], [3], [4], [5], [6], [7], [8], the
MUT often affects an equivalent capacitance, so here, we will
take the capacitor C as the analysis parameter (η = C). For a
given C, the free-running frequency ωo and the bandwidth B
(assuming a small Ig) are given by

ωo(C) =
1
√

LC

B(C) =
Ig

Vo

1ˇ̌
∂Yo
∂ω

ˇ̌
sinαvω

=
Ig

Vo

1
2C

. (19)

In view of the above expressions, under a constant input
frequency ω and a low amplitude Ig, the locked-operation
interval is centered about Co = 1/(Lω2) and its boundaries
CT1 and CT2 fulfill

ω =

s
1

LCT1
−

Ig

Vo

1
2CT1

(20a)

ω =

s
1

LCT2
+

Ig

Vo

1
2CT2

. (20b)

Outside the locking band, the beat frequency ωb varies
with C as follows:

ωb =

s�
ω −

1
√

LC

�2

−

�
Ig

Vo

1
2C

�2

. (21)

As expected, at CT1 and CT2, one obtains ωb = 0. Note that
the above expression, which particularizes (10) to the circuit
in Fig. 1(a), takes into account the effect of C on both the
free-running frequency and the locking bandwidth.

As an example, we will consider the input frequency
f = 1.592 GHz, input amplitude Ig = 1 mA, and induc-
tor value L = 4 nH. The free-running amplitude is Vo =

((−a −G)/(3b/4))1/2 = 1.547 V, where a, b, and G are
given in Fig. 1. Using (3)–(5), one obtains the locked-
solution curve traced in blue in Fig. 3(a), in terms of the
periodic-oscillation amplitude (right vertical axis). The ana-
lytical curve has been validated with HB, considering the
fundamental frequency only, that is, using NH = 1, where
NH denotes the number of harmonic terms. The periodic
solutions have been calculated with the method in [21], which
also provides the low-amplitude periodic curve. Note that,
for this validation, the method in [21] has been limited to
the fundamental frequency. As expected, the locked-solution
curve is centered about Co = 1/(Lω2). The evolution of ωb

[calculated with (21)] versus C when moving away from
the locking boundaries is also traced in Fig. 3(a), with its
values shown in the left vertical axis. Note that the locked-
operation interval fulfills ωb = 0, so it lies on the horizontal
axis.

B. Detection of Beat Frequency From
Envelope-Transient Simulations

Predictions by (22) have been validated with circuit-level
envelope transient [30], [31]. The general representation of
the voltage at the analysis node n is v(t) =

PNH
p=−NH Vp(t)e jpωt,

Fig. 3. Analysis of the oscillator in Fig. 1(a). (a) Periodic-solution curves
and evolution of the beat frequency ωb, calculated with (21) and with circuit-
level envelope transient, using the method in Section II-D. There are two
vertical axes. One is for the oscillation amplitude in locked conditions and
the other is for the beat frequency in unlocked operation, as indicated by
the arrows. (b) Beat-frequency detection for C = 2.3 pF. The signal |V1(t)|
has been represented together with the samples u−(tc, j) for j = 1, 2, using
s = 1.16 V.

where ω is the input frequency and Vp(t) is the slowly varying
harmonic term. When the oscillator reaches a locked state, the
voltage phasors Vp(t) become constant since the solution is
periodic. When the oscillator is unlocked, the magnitude |Vp(t)|
exhibits, in a steady state, an oscillation at the beat frequency
ωb or the difference between the input frequency and the
self-oscillation frequency. Note that the latter is affected by
the input source and, thus, is different from the free-running
one. The solution is quasi-periodic at the two fundamental
frequencies ω (in the exponentials e− jpωt and e jpωt) and ωb

[in the envelopes V−p(t) and Vp(t)]. The aim will be to detect
ωb from the evaluation of V1(t). Once the steady state is
reached, this frequency can be calculated from the succession
of time samples at which the waveform u(t) = |V1(t)| takes a
particular value s, comprised in the excursion of u(t). For the
integration of the envelope-domain system, the time variable is
discretized, so the waveform is constituted by the discrete time
samples uk = |V1(tk)|, where tk = (k − 1)∆t, k = 1, . . . , n, and
∆t is the time step [see Fig. 3(b)]. We will denote as u+(tc, j)
or u−(tc, j), where j = 1 to m, the sequence of u(t) values that
cross the straight line u(t) = s with positive or negative slope,
respectively. Mathematically, these two sequences are defined
by the two following conditions:

sgn (uk − s) · sgn
�
uk+1 − s

�
< 0

sgn
�
uk+1 − uk

�
= ±1. (22)

Once we have either u+(tc, j) [corresponding to +1 in 20(b)]
or u−(tc, j) [corresponding to −1 in 20(a)], the beat frequency
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is approached as the average ωb ' 2π/Tb, where

Tb =

m−1X
j=1

�
tc, j+1 − tc, j

�
/(m − 1) =

�
tc,m − tc,1

�
/(m − 1). (23)

The results obtained with the above procedure have been
represented in Fig. 3(a) and are overlapped with the analytical
calculations.

C. Sensitivity Analysis

Next, we will analyze the impact of two parameters: the
inductor L and the input amplitude Ig. Under the usual case
of an increase in C under the MUT variations, there will be
a reduction of ωo. Because the oscillator must be unlocked
in the full sensing interval, we will set the upper boundary
CT2. For each L or Ig, we will calculate the required input
frequency ω from 20(b). Introducing (19) and 20(b) into (12),
we obtain the following expression for the sensitivity of ωb

with respect to C:

S b =

L
(LC)3/2 +

1
2∆ω2

I2
g

VoC3

2

r
1 −

�
Ig

2CVo∆ω2

�2
(24)

where

∆ω2 =
Ig

Vo

1
2CT2

−
1
√

L

�
1
√

C
−

1
√

CT2

�
. (25)

We will initially consider variations in L. Under the same
values of Ig, Vo, and C, a smaller L increases the magnitude
of the numerator and reduces that of the denominator, leading
to higher sensitivity. This is verified in Fig. 4(a) by setting
CT2 = 2.58 pF. The input current amplitude is Ig = 1 mA
and the free-running oscillation amplitude is Vo = 1.547 V.
Note that the locked-operation interval fulfills ωb = 0, so it
lies on the horizontal axis. As can be observed, the sensi-
tivity is higher for smaller L. The predictions by (21) have
been validated with envelope-transient simulations considering
NH = 1 and making use of (23) to calculate the beat frequency.
They are overlapped in all cases. In Fig. 4(b), the sensitivity
of the beat frequency ωb is compared with that of the free-
running frequency ωo for two different pairs of values (L, ω).
Note that we have made the subtraction ω − ωo to have
comparable magnitudes. The sensitivity of ωb is higher than
that of the free-running frequency (for the same two L values),
consistent with the findings of [18]. The comparison also
demonstrates that the higher sensitivity of ωb is maintained
over a sufficiently large parameter interval. Remember that
we intend to sense small parameter variations. In Fig. 4(c),
we compare the spectra obtained for the same increment of C
(given by: ∆C = 0.02 pF) and two different L’s. The spectra
are composed of multiple spectral lines, spaced by ωb. They
have been calculated using (18), represented with circles, and
circuit-level envelope transient with NH =1. As can be seen,
there is a very good agreement. Discrepancies are attributed
to the assumption of a constant amplitude V(t) � Vo in (18).
The improvement of sensitivity at nωb is evident from Fig.
4(c) and agrees with previous discussions. Care must be taken

Fig. 4. Analysis of the oscillator in Fig. 1(b). Influence of the inductor L.
(a) Sensitivity of the beat frequency ωb for different values of L. The upper
locking boundary is maintained at CT2 = 2.58 pF. The results are validated
with envelope transient considering NH =1. (b) Comparison of the variation
of ωb with that of ω−ωo. (c) Spectra obtained under the same increment of C
(given by: ∆C = 0.02 pF) for two different L values. Calculations with (18),
represented with circles, are compared with envelope transient, considering
NH =1. (d) Variation of the beat frequency ωb versus the capacitor C when
considering NH =1 and NH =3, for L = 5.3 nH.

to avoid an integer value n for which the amplitude of the
spectral line is too low.

Under a fixed ωo, without modifying the original design, we
can improve the sensitivity by increasing the input amplitude
Ig, which gives rise to a larger bandwidth B, as seen in (19). A
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Fig. 5. Influence of the input amplitude Ig. (a) Sensitivity enhancement when
increasing Ig from 1 to 4.2 mA while maintaining the upper locking boundary
at CT2 = 2.58 pF. The variation of ωb is compared to that of ω−ωo. (b) Spectra
obtained, for the two Ig values, under the same increment of C, given by:
∆C = 0.02 pF. They have been calculated using (18), represented with circles,
and envelope transient, considering NH =1.

higher Ig increases the magnitude of the numerator of (24) and
reduces that of the denominator, leading to higher sensitivity.

Fig. 5(a) shows the improvement of sensitivity when
increasing Ig from 1 to 4.2 mA. The variation of ω − ωo

versus C is also shown. The beat frequency ωb is significantly
more sensitive. Note that for Ig = 4.2 mA, there is a slight
discrepancy between the upper locking boundary CT2 obtained
with (20) and with envelope transient. This is because, under
a higher input amplitude, the locked-solution curve deviates
from the perfect ellipse resulting from the approximation (5).
This problem will be fully solved with the HB-based method
presented in Section IV. The new method will allow setting
the upper or lower locking boundary for arbitrary shapes of the
locked-solution curves, in the presence of multiple harmonic
terms. The spectra in Fig. 5(b) enable the comparison of the
beat frequency obtained for Ig = 1 mA and Ig = 4.2 mA
under the same capacitor increment ∆C = 0.02 pF. The
increment of ωb is about twice the one obtained when varying
L [see Fig. 5(b)]. The analytical results of (18) (represented
with circles) have been validated through their comparison
with the numerical spectra of Fig. 5(b), obtained with circuit-
level envelope transient. As expected, accuracy decreases when
increasing the driving amplitude Ig, because the linearization
considered in (1) becomes less accurate.

It is relevant to note that when considering NH =3, the
oscillator admittance has the general expression Y(V , ω) =

Yr(V , ω) + jYi(V , ω). Then, all the components in expression
(4) of the bandwidth B, including the amplitude Vo and the
angle αvω, depend on the sensing parameter. In this particular

Fig. 6. Sensor implemented with a transistor-based oscillator. (a) Schematic.
The AG is introduced to calculate the derivatives through finite differences.
The arrows indicate the two consecutive variable sweeps. (b) Layout for liquid
sensing. A left-side view with the resin holder sealed with epoxy glue and
screws on a polyethylene terephthalate (PET) film is shown. (c) Photograph.
(d) and (e) Simulation setup to obtain the injection-locked curves. Oscillator in
the absence of the injection source [in (d)] and input network in the presence
of this source [in (e)].

case, this gives rise to an increase in sensitivity, as shown in
Fig. 4(c).

IV. METHODOLOGY BASED ON HARMONIC BALANCE

In this section, we apply the semianalytical formulation
from Section II to the transistor-based oscillator in Fig. 6.
While this method provides valuable insights into perfor-
mance, it may have limitations in accuracy. To overcome these
limitations, we will introduce a new method that allows precise
setting of either the upper or lower locking boundary to match
the expected variation range of the sensing parameter.

A. Application of the Semianalytical Method

The sensor oscillator in Fig. 6 is based on a PHEMT tran-
sistor ATF34143 and is manufactured on Rogers 4003C, with
εr = 3.55 and h = 32 mil. It is a single-ended oscillator design,
having a transmission line as a series feedback element. The
50-Ω load enables the extraction of an output signal for the
experimental characterization. The inductor L2 and capacitor
C2 are tuned to obtain negative resistance at the gate terminal.
In turn, the resonance condition is achieved with the network
connected to the gate terminal, considering the imaginary part
of the admittance seen from the transistor’s gate terminal. This
network includes the stepped-impedance resonator and an LC
network (L1 and C1), which prevents oscillations at higher
resonance frequencies of the stepped-impedance resonator.
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Fig. 7. Semianalytical method applied to the transistor-based oscillator.
(a) Variation of the beat frequency ωb for εM,T1 = 3.55 and four different
pairs (ω, Ig), having Ig = 0.5, 1, 2, and 3 mA and ω calculated with (13).
The results are compared with those obtained with circuit-level envelope
transient and (18). (b) Comparison of the locked-solution curves versus ω
obtained through (3) and (5), for εM = 3.55 and the same four Ig values, with
those obtained with the HB-based method in [21]. The open solution curve
obtained for f = 2.370 GHz and Ig = 3 mA is validated with commercial
harmonic balance, unable to circumvent the turning points. (c) Comparison
of the unlocked spectrum obtained for Ig = 0.5 mA, f = 2.3768 GHz, and
εM with the semianalytical expressions (18) and with circuit-level envelope-
transient simulations.

The high-slope resonance of this resonator has the greatest
influence on the oscillation frequency. In this type of resonator,
sections with high and low characteristic impedances alternate.
We have considered ZH = 120 Ω and ZL = 30 Ω. In the
case of an odd number of sections, as in the circuit of Fig. 6,
the electrical length of the outermost section is π, with a low
characteristic impedance at the desired resonance frequency,
fr = 2.4 GHz. The electrical lengths of the other sections are
π/2 at fr [1], [14]. In the absence of the MUT, the free-running
oscillation frequency is fo = 2.42 GHz. The MUT is placed
over the stepped-impedance resonator. The MUT dielectric
constant is εM , which will be varied within a small interval
below εM = 3.55. Thus, εM plays the role of the parameter
η. Because the oscillation frequency increases when reducing
εM , the selected locking boundary will be the lower one, so
we will set ηT1 = εM and T1 = 3.55.

To apply the method in Section II, we must calculate
the derivatives of an admittance function Y(V , ω) about the
free-running solution obtained for each εM < 3.55. For this cal-
culation, we will introduce a voltage-type auxiliary generator
(AG) [37], [39] in parallel at the analysis node n. In the circuit
of Fig. 6(a), this node corresponds to the gate terminal. The
AG has amplitude V and frequency ω. We first obtain the free-
running solution Vo(εM) and ωo(εM) (with NH =7 harmonic
terms) and then apply finite differences with respect to V and
ω to numerically calculate the derivatives ∂Yo(εM)/∂V and
∂Yo(εM)/∂ω [37], [39], considering NH harmonic terms [see
Fig. 6(a)]. For each εM , these derivatives are calculated at
Vo(εM) and ωo(εM) by doing

∂Yo(εM)
∂V

=
Y(Vo + ∆V , ωo) − Y(Vo, ωo)

∆V

=
Y(Vo + ∆V , ωo)

∆V
∂Yo(εM)
∂ω

=
Y(Vo, ωo + ∆ω) − Y(Vo, ωo)

∆ω

=
Y(Vo, ωo + ∆ω)

∆ω
(26)

where ∆V and ∆ω are small increments, which must be large
enough to ensure sensitivity of the HB simulation and small
enough to ensure a linear response of Y about Vo(εM) and
ωo(εM). As an example, for εM = 3.55, we have

∂Y(Vo, ωo)/∂V

= (2.37917 × 10−2 − j4.3188 × 10−3)Ω−1/V

∂Y(Vo, ωo)/∂ω

= (7.34176 × 10−12 + j1.36818 × 10−10)Ω−1s. (27)

To set the lower locking boundary at ηT1 = εM and T1 = 3.55,
we will apply (13) considering four different input amplitudes:
Ig = 0.5, 1, 2, and 3 mA. For each of the four resulting
pairs (ω, Ig), we obtain the beat frequency ωb versus εM using
(10), which provides the curves in Fig. 7(a). This requires the
calculation of the sequence of numerical derivatives of Y(V , ω)
about the sequence of free-running points [Vo(εM), ωo(εM)],
obtained versus the parameter εM . As expected, in all cases,
we obtain the same lower locking boundary εM,T1 = 3.55. In
the same figure, we compare the semianalytical prediction of
the beat frequency ωb with the one obtained through circuit-
level envelope transient and (23). For the lower Ig values, the
curves overlap near the locking boundary εM,T1 = 3.55. The
semianalytical formulation accurately predicts this boundary
for Ig = 0.5 mA. However, as Ig increases, the circuit-level
envelope-transient analysis predicts ωb = 0 (locking boundary)
at progressively lower εM . This discrepancy, as well as the
degradation in the prediction of ωb, can be attributed to the
failure of the linearization with respect to the frequency ω. To
illustrate this, Fig. 7(b) compares the locked-solution curves
versus ω obtained through (3)–(5) for εM = 3.55 with those
obtained with the HB-based method in [21] (summarized in
Section IV-B). The free-running solution, with frequency: fo =

2.378 GHz and voltage amplitude Vo = 0.509 V, agrees with
the center of the perfect ellipses that are obtained for small
input amplitude, as easily derived from (3) to (5). Commercial
HB converges by default to the low-amplitude curves, missing
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the closed ones. As Ig increases, there is a significant deviation
from the perfect ellipse predicted by (3)–(5). Of course,
(3) and (5) are totally unable to predict the curve merging, in
the same manner as the less realistic approaches [26], [27],
[28]. Note that, for Ig = 3 mA, this merging has already
taken place. The resulting open solution curve is validated
with commercial harmonic balance, unable to circumvent the
turning points. Thus, a methodology with general applicability
is needed, which will be presented in Section III. However,
for low Ig, we can expect a good prediction capability of the
circuit behavior. This is shown in Fig. 7(c), which presents
the unlocked spectrum for Ig = 0.5 mA, f = 2.3768 GHz,
and εM . The results of the semianalytical expressions (18) are
successfully compared with those obtained with circuit-level
envelope-transient simulations.

B. Solution Curves in Injection-Locked Conditions [21]

In this section, we will summarize the method to obtain
the locked-solution curves versus a given parameter ρ. Note
that this parameter is a general one with respect to which
the injection-locked-solution curve will be calculated. It does
not necessarily agree with the sensing parameter η. We must
emphasize that commercial HB does not provide injection-
locked solutions by default. To obtain the locked-solution
curves, we will carry out a simultaneous simulation of two
circuits [21]: the oscillator in the absence of the injection
source [see Fig. 6(d)] and the input network in the presence
of this source [see Fig. 6(e)]. The first one is used to obtain
the oscillator nonlinear admittance function Y at the selected
analysis node, calculated with NH harmonic terms. With this
aim, a voltage AG with amplitude V is connected in parallel
to the analysis node n. We will perform a double sweep in the
parameter ρ and the AG amplitude V. At each sweep step, we
perform an HB simulation with NH harmonics and calculate
Y as the ratio between the AG current and the voltage V.

The second (simultaneous) analysis addresses the input
network [see Fig. 6(e)] defined between the driving source
and the analysis node n. The aim is to obtain the linear
function F(ρ) that relates Norton’s equivalent current to the
input source. Assuming a current input source, Ig, we will
have: IN = F(ρ)Ig. The periodic-solution curve(s) is described
with

H(ρ,V) =
Y(ρ,V)

F(ρ)
V = Ige− jφ (28)

where φ is the phase shift between V at the analysis node and
the input source. For each Ig, the periodic-solution curves (in
terms of V) are given by the constant-amplitude contour(s)
|H| = Ig. The above method was applied to obtain the solution
curves versus ρ = ω, as shown in Fig. 7(b). In the circuit of
Fig. 6, F = 1. The method has been validated through AG
optimization [37] for the case Ig = 1 mA.

C. New Method to Set the Locking Boundaries

As already discussed, the increase in sensitivity should be
obtained without altering the selected locking boundary, ηT1
or ηT2. However, the semianalytical method in Section II is
only accurate for lower values of the input amplitude, due

to the deviation of the locked-solution curve from a perfect
ellipse. To address this issue, we will present a general method
that utilizes the mathematical condition satisfied at turning-
point bifurcations. At these points, the Jacobian matrix of the
steady-state equation system becomes singular, consistent with
the infinite slope. To derive the mathematical condition, we
will make ρ = η in (28). The Jacobian matrix is obtained by
splitting (28) into real and imaginary parts, which provides the
following singularity condition, to be fulfilled at the desired
boundary ηT :

det
�
H(ηT ,V)

�
= det

264 ∂Hr(ηT ,V)
∂η

∂Hr(ηT ,V)
∂V

∂Hi(ηT ,V)
∂η

∂Hi(ηT ,V)
∂V

375 = 0.

(29)

Considering the equality H(η,V) = Ige− jφ, it is straightfor-
ward to derive

det
�
H(ηT ,V)

�
=
∂ |H(ηT ,V)|2

∂V
= 0. (30)

The aim is to maximize the sensitivity by tuning an addi-
tional parameter µ, as well as the input amplitude Ig. In the
procedure, we will impose η = ηT and perform a double
sweep in ρ = µ and the excitation amplitude V. Note that
the parameter ρ = µ is an auxiliary one, with respect to which
the locked-solution curves will be traced. The set of µ and V
values that provide the same locking boundary η = ηT is given
by the condition

det
�
H(µ,V , ηT )

�
= 0. (31)

Note that for each pair of values (µ, V) fulfilling (31), we
should have a different input amplitude Ig, given by (28).
The curve (31) is easily obtained as the zero-value contour
of the determinant function det. The pairs (Ig, µ) that provide
the same ηT are given by the intersections of the curves (28)
(with ρ = µ) and (31).

As shown in Section II, the sensitivity increases with the
bandwidth B. Without modifying the design, this bandwidth
is broader for a higher input amplitude Ig, if the amplitude
does not reach excessively high values. This is not an issue
since those high values must be avoided as they will lead to
unlocking through secondary Hopf bifurcations (instead of the
desired local-global turning-point bifurcations). The additional
parameter considered will be the input frequency, so we will
have ρ = µ = ω. We will set εM,T = 3.55 and will carry out a
double sweep in µ = ω and V, performing an HB simulation
(with NH =7) of the two circuits in Fig. 6 at each sweep step.
Next, we will obtain the function H(ω,V) [see (28)] and the
following zero-value contour:

det [H(ω,V)] =
∂ |H(ω,V)|2

∂V
= 0. (32)

As stated, the pairs (ω, Ig) that provide the same locking
boundary εM,T = 3.55 are given by the intersections of
the turning-point locus det[H(ω,V)] = 0 with the constant-
amplitude contours |H(ω,V)| = Ig. The results are shown in
Fig. 8(a). For intersections on the left-hand side (right-hand
side), εM,T = 3.55 will be the lower (upper) boundary. As
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Fig. 8. Procedure to set the boundaries of the locking band. (a) Family of
periodic-solution curves versus the input frequency ω when setting εM =
εM,T = 3.55. The pairs (ω, Ig) that provide the locking boundary εM,T = 3.55
are given by the intersections of the turning-point locus (in red) and the
constant-amplitude contours |H| = Ig. (b) Periodic-solution curves versus εM .
We have selected three intersection points (ω, Ig), corresponding to the lower
locking boundary. All of them exhibit a lower turning point at εM,T = 3.55.

stated, our goal is to set the lower boundary, so we have
selected pairs (ω, Ig) on the left-hand side. The accuracy of
the procedure is validated in Fig. 8(b), where we have traced
the periodic-solution curves versus εM , for three pairs (ω, Ig).
Note that to obtain the curves in Fig. 8(b), we have calculated
the constant-amplitude contours of (28) with ρ = η. The three
solution curves exhibit a turning point at the imposed lower
boundary εM,T = 3.55. Note that the amplitude V at the turning
point is different in the three cases, which does not affect the
accuracy of the boundary.

To validate this new method, we have analyzed the oscillator
in Fig. 6 with circuit-level envelope transient, using (18) to
detect the beat frequency ωb. We have considered NH =7
harmonic terms for consistency with the HB-based method.
Note that the two analysis methods are independent. When
taking the same three pairs (ω, Ig) of Fig. 8(b), we obtain
the results in Fig. 9(a). When reducing εM from εM,T = 3.55,
the beat frequency starts from zero in the three cases, which
further demonstrates the accuracy. In agreement with the
theoretical study of Section II, the sensitivity increases with
Ig, due to the associated increase of the locking bandwidth
B. As stated, the objective of this work is to demonstrate
new analysis and simulation methods to enhance sensitivity
near the locking boundaries, rather than achieving record
sensitivity, which would depend on the original oscillator
design.

Fig. 9. Oscillator in unlocked conditions. (a) Variation of the beat frequency
ωb obtained by applying (18) to the waveforms resulting from circuit-
level envelope transient. We have considered the same three pairs (ω, Ig)
of Fig. 8(b). When reducing εM from εM,T = 3.55, the beat frequency
starts from zero in the three cases. The results obtained with the analytical
expression (9), using numerical derivatives of the AG admittance Y are also
plotted. Measurements carried out with Rogers 4003C substrate with holes
drilled are superimposed. (b) Spectra measured for Ig = 1 mA and the two
estimated values εM,eff = 3.536 and εM,eff = 3.544.

In Fig. 9(a), we have also represented the variation of ωb

versus εM obtained with the analytical expression (9), for Ig =

1 mA, which is traced in solid green. As already shown in
Fig. 7(a), there is a significant deviation with respect to circuit-
level envelope transient.

D. Experimental Results

The sensor has been experimentally characterized using the
system in Fig. 10. The output port of the sensor is connected
to the R&S FSWP8 phase-noise analyzer to display both the
output and phase-noise spectra. The drain and gate ports are
biased using the low-noise internal sources of the analyzer. An
Anritsu MG3710A Vector Signal Generator is used to generate
the injection signal. The MUT samples cover the stepped-
impedance resonator and are fixed to the printed circuit board
(PCB) with nylon screws. To produce the small variations of
εM considered in Fig. 9, holes have been uniformly drilled
and distributed in the substrate, as proposed in [40] and [41].
Following [42] and [43], the effective εM is calculated with:

εM,eff = εM
1 + 2VF

1−εM
1+2εM

1 − VF
1−εM

1+2εM

(33)

where VF is the volumetric fraction of air in the material,
which changes with the radium and/or number of holes.
As shown in Fig. 9(a), the measurements show excellent
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Fig. 10. Measurement setup. The output port of the sensor is connected to the
R&S FSWP8 phase-noise analyzer to display both the output and phase-noise
spectra. (a) Schematic. (b) Photograph.

TABLE I
SENSITIVITY COMPARISON

agreement with the analysis results. The spectra measured for
the two estimated values εM,eff = 3.536 and εM,eff = 3.544
are shown in Fig. 9(b). The experimental shift of the beat
frequency is 0.62 MHz, whereas in simulation, it is 0.7
MHz. The experimental shift of the free-running frequency
is 0.16 MHz, whereas in simulation, it is 0.29 MHz. Thus,
there is good qualitative agreement. The sensitivity could
be improved with a more sensitive free-running oscillator
design, as the beat-frequency sensor provides a sensitivity
gain compared to free-running conditions. Nevertheless, in
Table I, we compare our results with those of sensors based
on the variation of the resonance frequency, when considering
defective substrates.

We have also evaluated the capability to sense liquid mix-
tures. To achieve this, a ultraviolet (UV)-sensitive resin holder
was designed and fabricated using a 3-D printer. The holder
ensures that the liquid is contained over the sensing area.
To prevent potential absorption by the substrate, the sensing

Fig. 11. Envelope-transient simulation of the transistor-based oscillator with
NH =7 harmonic terms. We have used an experimental description of the
stepped-impedance resonator with the deposit over it. (a) Variation of the
free-running frequency when adding one drop of ethanol to the water volume.
(b) Variation of the beat frequency for the same experiment.

surface is first laminated with a PET film with a thickness
of 25 µm [48], [49]. The holder is positioned so that it does
not rest on the microstrip lines responsible for sensing the
liquid. To ensure a proper seal, the holder is glued to the PCB
using a two-component epoxy adhesive and further secured
with nylon screws. A resin holder has been made with a 3-
D printer and sealed with epoxy glue and screws. To avoid
possible absorption by the substrate, a PET film was placed
over the sensing area [see Fig. 6(c)]. We have added drops
of ethanol, with dielectric constant εr = 24.3, to a volume
of 5 mL of DI water, with dielectric constant εr = 80. Each
drop has a volume of 0.0125 mL. The added drops should
slightly increase the effective dielectric constant εM of the total
volume.

To accurately predict the variation of the beat frequency
ωb in simulation, we have experimentally characterized the
scattering parameter S 11 of the stepped-impedance resonator
with the deposit over it when adding one to seven drops. The
measured parameter S 11 is introduced in the circuit (replacing
the stepped-impedance resonator), and envelope-transient sim-
ulations with NH =7 are performed. Under injected conditions,
the input frequency is set to f = 2.086 GHz, with the input
power –28 dBm. When adding just one drop, the free-running
frequency ωo and the beat frequency ωb undergo the shifts
shown in Fig. 11. As can be seen, fo varies 480 kHz, whereas
fb varies 4.32 MHz. Fig. 12 presents the experimental results.
There are slight discrepancies between measurements and
simulations, attributed to modeling inaccuracies and tolerances
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Fig. 12. Experimental results. (a) Variation of the free-running frequency
when adding one drop of ethanol of 0.0125 mL to a water volume of 5 mL.
(b) Variation of the beat frequency for the same experiment.

Fig. 13. Experimental validation of the sensing capabilities. (a) Variation of
ωb and 2ωb with the number of ethanol drops of 0.0125 mL in 5 mL of DI
water. (b) Variation of output power at ω–ωb and ω − 2ωb.

in the active device. To estimate the variation of the dielectric
constant, we will consider: εw = 80 + j8, for DI water, and
εeth = 8+ j8, for ethanol, as provided in [50] and other sources
while accounting for the volumetric concentrations. By adding
one drop of ethanol, the dielectric constant decreases from
εM = 80 + j8 to εM = 79.8 + j7.99.

Fig. 13(a) shows the variation of ωb and 2ωb with the num-
ber of ethanol drops. The results demonstrate the possibility to
sense at higher multiples of ωb, thereby increasing the sensi-
tivity. Clearly, sensing at 2ωb doubles the sensitivity. We have
also represented the difference f − fo, to further demonstrate
the higher sensitivity of the beat frequency. Remember that
f = 2.086 GHz. The frequency increment ∆ω increases with

the number of ethanol drops. Thus, according to (18), the
power at the spectral line at ω − ωb should increase and the
power at ω−2ωb should decrease, as experimentally verified in
Fig. 13(b). Using both the beat frequency and output power, it
should be possible to obtain the real and imaginary parts of the
dielectric constant, after a suitable calibration. The procedure
would be analogous to the one in [14] and [21], so it is not
presented here.

V. PHASE-NOISE ANALYSIS

In this section, we will investigate, for the first time to our
knowledge, the oscillator phase noise when it is unlocked and
operating close to a turning-point local-global bifurcation. In
the unlocked oscillator, we will have two incommensurable
fundamental frequencies ω and ωb. Since the time dependence
of the amplitude and phase components in (14) is due to
the beat frequency ωb, these components can be expressed
as follows:

V(t) = V0(η) +
∞X

k=−∞

∆Vke jkωbt

φ(t) = −sgn(∆ω)ωbt +
∞X

k=−∞

Φke jkωbt. (34)

Introducing (34) in (14), the unperturbed voltage becomes

v(t) = 2Re
˚
V(t)e jωte jφ(t)	

=

∞X
k=−∞

Xke j(ωt+kωbt) (35)

where Xk is the harmonic component resulting from the time-
varying amplitude and phase components V(t) and φ(t). To
address the phase-noise analysis, we will take into account
that the system is autonomous in ωb. Applying Dirichlet’s
theorem [51], it can be deduced that the injected oscillator
system is invariant under any constant phase shift α in its
autonomous components [33]. Thus, any steady-state solution
of the form, the following equation will necessarily fulfill the
system equations:

v(t, α) =

∞X
k=−∞

Xke j(ωt+k(ωbt+α))

= 2Re
˚
V(t + α/ωb) exp ( j (ωt + φ(t + α/ωb)))

	
. (36)

Then, in the presence of the noise sources, the perturbed
solution can be expressed as follows:

v(t) = (V(t + δϕ(t)/ωb) + δV(t))
× exp ( j (ωt + φ(t + δϕ(t)/ωb))) . (37)

As observed in the first line of (36), the phase perturbation
affecting each kth harmonic component is kδϕ(t), which leaves
the component at the input frequency (k = 0) unperturbed.

To get analytical insight, the derivation will make use of
the linearized admittance function Y, with derivatives ∂Yo/∂V
and ∂Yo/∂ω extracted from HB through finite differences. The
noise perturbation will be modeled with the equivalent noise
source In(t) = In,r(t) + jIn,i(t). The value of this equivalent
source, connected in parallel at the analysis node, is obtained
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through the fitting procedure described in [52]. We obtain
a single equivalent noise current source from the simulation
of the standalone free-running oscillator at the circuit level.
This equivalent current source is connected in parallel to
the analysis node. To obtain its spectral density, we perform
a detailed simulation of the phase-noise spectrum of the
standalone free-running oscillator, considering all the noise
sources existing in the transistor model. They correspond to
a gate current white noise source and a drain current noise
source, accounting for white and flicker noise, as well as
thermal noise generated by the resistors.

Introducing the equivalent current noise source in the semi-
analytical formulation (1), we obtain

∂Yr
�
Vo(η), ωo(η)

�
∂V

�
V(t + χ) + δV(t) − Vo(η)

�
+
∂Yr

�
Vo(η), ωo(η)

�
∂ω

�
ω+

dφ(t + χ)
dt

− ωo(η)
�

=
Ig

Vo
cos

�
φ(t + χ)

�
+

In,r(t)
Vo

∂Y i
�
Vo(η), ωo(η)

�
∂V

�
V(t + χ) + δV(t) − Vo(η)

�
+
∂Y i

�
Vo(η), ωo(η)

�
∂ω

�
ω+

dφ(t + χ)
dt

− ωo(η)
�

= −
Ig

Vo
sin
�
φ(t + χ)

�
+

In,i(t)
Vo

(38)

where δϕ(t) and δV(t) are the phase and amplitude perturba-
tions, χ(t) = δϕ/ωb is the stochastic time perturbation, and we
have neglected the time derivative d[δV(t)]/dt. Expanding in
a first-order Taylor series the sinusoidal terms, we get

δϕ̇(t) = a
�
φ(t)

�
∆φ(t) + h̄

�
φ(t)

�t
�

In,r(t)
In,i(t)

�
(39)

where

a
�
φ(t)

�
= −ωb

�
B(η) cos

�
φ(t) + αv(η)

�
+ φ̈(t)/φ(t)

�

h̄
�
φ(t)

�
= −

ωb

φ̇(t)

�
sin
�
φ(t)

�
cos

�
φ(t)

�
− cos

�
φ(t)

�
sin
�
φ(t)

� �
0BB@
∂Yr

o(η)
∂V

∂Y i
o(η)
∂V

1CCA
Vo(η)

ˇ̌̌
∂Yo(η)
∂V

ˇ̌̌ ˇ̌̌
∂Yo(η)
∂ω

ˇ̌̌
sinαvω(η)

.

(40)

Expression (39) is a stochastic differential equation with
time-periodic coefficients at the beat frequency. Thus, both
the phase perturbation and the noise source can be expressed
in a Fourier series as

δϕ(t) =

NHX
k=−NH

∆Φk(t)e jkωbt (41a)

In(t) =

NHX
k=−NH

Nk(t)e jkωbt. (41b)

The harmonic terms in the above expressions are slowly
varying, with their spectra confined in the interval (−ωb/2,
ωb/2] as follows:

∆Φk(t) = lim
T→∞

Z ωb/2

−ωb/2
∆φ̃(Ω + kωb,T )e jΩtdΩ

Nk(t) = lim
T→∞

Z ωb/2

−ωb/2
Ĩn(Ω + kωb,T )e jΩtdΩ (42)

where we have used the following notation for the frequency-
domain representation of any time-domain signal x(t):

x̃(Ω,T ) =

Z T/2

−T/2
x(t)e− jΩtdt. (43)

Now, introducing (41) in (39) and translating the time-
varying harmonics ∆Φk(t) and Nk(t) to the frequency domain
using (43), we obtain the following relationship:

∆Φ̃(Ω,T ) = A(Ω)Ñ(Ω,T ) (44)

where ∆Φ̃(Ω,T ) and Ñ(Ω,T ) are, respectively, the vectors
containing the components ∆Φ̃(Ω,T ) and Ñk(Ω,T ) for k =

−NH, . . . ,NH. In turn, the matrix A(Ω) is given by

A(Ω) =
��

jk̄ωb + Ω
�
− Ta

�−1 � Th1 Th2

�
. (45)

In the above expression, [ jk̄ωb + Ω] is a diagonal matrix
with k = −NH, . . . ,NH, and Ta, Th1 , and Th2 are the Toeplitz
matrices [23] associated with a[φ(t)] and the two components
of the vector h̄[φ(t)]. The phase noise about the component
ωb can be approached by the PSD of the phase perturbation
process δϕ(t), which is calculated from 41(a) as follows:

S δϕ(Ω)

= lim
T→∞

1
T

˝
|δϕ̃(Ω,T )|2

˛
= lim

T→∞

1
T

NHX
k,l=−NH

˝
∆Φ̃k(Ω − kωb,T )∆Φ̃l(Ω − lωb,T )∗

˛
. (46)

Expansion (46) can be simplified taking into account that
In,r(t) and In,i(t) are uncorrelated white noise processes fulfill-
ing 〈In(t1)In(t2)∗〉 = Γδ(t1 − t2), which implies

lim
T→∞

˝
Ñk (Ω1,T ) Ñl (Ω2,T )∗

˛
= Γδl

kδ (Ω1 −Ω2) (47)

where k, l = −NH, . . . ,NH, δl
k is the Kronecker delta, and we

have considered the bandwidth limitation of Nk(t)

lim
T→∞

Ñk(Ω,T ) =

(
lim

T→∞
Ĩn(Ω + kωb,T ), |Ω| < ωb/2

0, |Ω| ≥ ωb/2.
(48)

Because of (47), the terms ∆Φ̃k and ∆Φ̃m, where k , m,
are uncorrelated. Then, using (44) and applying (47), the PSD
in (46) becomes

S δϕ(Ω) = lim
T→∞

1
T

NHX
k=−NH

Dˇ̌
∆Φ̃k(Ω − kωb,T )

ˇ̌2E
=

NHX
k=−NH

Ck,k(Ω − kωb) (49)
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Fig. 14. Phase-noise spectrum of the injected oscillator for two values of
the MUT dielectric constant: εM,1 = 3.544 and εM,2 = 3.536. (a) Analytical
prediction through (49). (b) Measured phase-noise spectra for the same two
dielectric samples (Rogers 4003C substrate) with sparse holes as in Fig. 9.

where each Ck,k(Ω−kωb) is the kth component of the diagonal
of the correlation matrix C(Ω − kωb). This matrix is obtained
from (44) as follows:

C(Ω) = lim
T→∞

1
T

˝
∆Φ̃(Ω,T )∆Φ̃(Ω,T )+

˛
= ΓA(Ω)A(Ω)+. (50)

Note that (49) is composed by the translation of the spectra
provided by the components 〈|∆Φ̃k(Ω,T )|2〉 to the frequen-
cies kωb, for k = −N, . . . ,N. The above method has been
applied to calculate the phase-noise spectral density S δϕ(Ω)
of the oscillator in Fig. 7 when operating under a low input
amplitude. Note that this is required for the validity of the
Taylor series expansion of the admittance function Y, on which
the semianalytical formulation is based.

To validate the analysis, we have considered a solid sub-
strate and two values of the MUT dielectric constant: εM,1 =

3.544 and εM,2 = 3.536, which provide the beat frequencies
fb,1 = 1.15 MHz and fb,2 = 1.77 MHz, respectively. The
analytical spectra obtained in the two cases are shown in
Fig. 14(a). The reference frequency is the one corresponding
to the frequency offset 0 Hz in the spectrum of Fig. 14. This
reference frequency agrees with the difference between the
input frequency and the beat frequency, ω−ωb. Each spectrum
contains resonances at the multiples nωb. For a smaller ωb,
the resonances are closer, which gives rise to an increase
in the phase-noise spectral density. Thus, the PSD is higher
for εM,1 = 3.544 (closer to the locking boundary) than for
εM,2 = 3.536. The phase noise is also compared with that
of the standalone free-running oscillator, where the reference

frequency is the free-running one. From the analytical study,
we conclude that there may be a potential increase in phase
noise compared to standalone free-running operation due to
the resonances at nωb, where n is an integer. In principle, this
effect is expected to be more significant for smaller ωb, as the
resonances are closer together.

The results of the phase-noise analysis have been compared
with the experimental measurements, obtained with the R&S
FSWP8 phase-noise analyzer for the two εM values. They have
been achieved by drilling holes in Rogers 4003C substrate,
according to (33). The quantitative discrepancies with the
semianalytical predictions arise from the accuracy limitations
associated with neglecting the correlation between sidebands
at different harmonic components of the beat frequency, as
done in (46). However, there is good qualitative agreement,
which enables an understanding of the phase-noise behavior.
The phase noise increases for a lower ωb due to the presence of
the nearby resonances. Note that the phase-noise increase with
respect to free-running operation is smaller in the experimental
characterization. Outside the resonances, the PSD levels are
very similar to those obtained in free-running conditions,
which demonstrates the usability of this operation mode.

VI. CONCLUSION

This article presents a comprehensive study of a beat-
frequency sensor based on an injected oscillator operating
near its locking boundaries. Under these conditions, the beat
frequency exhibits significantly higher sensitivity to the MUT
compared to the free-running oscillation frequency. We have
derived a general expression for the beat frequency, which
is influenced by the MUT and determined through an admit-
tance function obtainable from HB simulations. We have also
introduced a method for establishing the locking boundary at
a value suitable for the anticipated MUT variations. For the
first time, to our knowledge, we have carried out a detailed
investigation of the oscillator phase noise near the locking
boundaries. This is based on a Fourier-series representation of
the phase perturbation that allows the derivation of an equation
relating its PSD with that of the oscillator noise sources in
terms of Toeplitz matrices. This provides valuable insights into
the impact of phase noise on the oscillator performance. The
methods were illustrated through a cubic-nonlinearity oscilla-
tor and their application to a transistor-based oscillator with
the MUT positioned over a capacitive transmission line. The
sensitivity was evaluated in response to very small variations
in the MUT’s dielectric constant, achieved by drilling holes in
a solid substrate and by adding drops of ethanol to a volume of
deionized water. The sensitivity obtained is significantly higher
than that achieved with a standalone free-running oscillator.
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[48] P. Vélez, X. Canalias, J. Muñoz-Enano, P. Casacuberta, L. Su, and
F. Martı́n, “Effects of losses on the sensitivity of reflective-mode phase-
variation liquid sensors,” IEEE Trans. Microw. Theory Techn., vol. 72,
no. 2, pp. 903–918, Feb. 2024.
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