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On the Stability of the RK-FDTD Method for Graphene Modeling

José A. Pereda

Abstract—The Runge-Kutta finite-difference time-domain (RK-
FDTD) method is an extension of the conventional finite-difference
time-domain (FDTD) technique to include graphene sheets. According to
this method, the relationship between the current density and the electric
field for graphene is discretized by applying an explicit second-order
Runge—Kutta (RK) scheme. It has recently been concluded that the RK-
FDTD method is subject to the same Courant-Friedrichs-Lewy (CFL)
stability limit as the conventional FDTD method. This communication
revisits the stability analysis of the RK-FDTD method. To this end, the von
Neumann method is combined with the Routh-Hurwitz (RH) criterion.
As a result, closed-form stability conditions are obtained. It is shown
that in addition to the CFL stability limit, the RK-FDTD method must
also satisfy new conditions involving graphene parameters. Unfortunately,
the RK-FDTD method becomes unstable for commonly used values of
these parameters. The theoretical results are confirmed with numerical
examples.

Index Terms—Finite-difference time-domain (FD-TD) method,
graphene, second-order Runge-Kutta (RK) scheme, stability.

I. INTRODUCTION

Since graphene was first isolated in 2004, this 2-D material has
attracted a great deal of interest in a wide range of fields due to its
outstanding properties [1], [2]. From an electromagnetic viewpoint,
graphene is characterized by a dispersive surface conductivity [3].
Thus, the study of graphene devices requires the extension of previ-
ously available computational electromagnetic tools [4].

The finite-difference time-domain (FDTD) method is one of the
most popular numerical techniques for solving Maxwell’s equations
in the time domain [5]. There are currently two main approaches
to include graphene sheets within FDTD simulations. The first one
relies on the surface boundary condition (SBC) concept [6]. In the
second one, the current density is related to the electric field through
an equivalent volumetric conductivity [7], [8], [9], [10].

A finite-difference scheme is stable when numerical rounding
errors do not grow unboundedly as the simulation goes on. For the
FDTD method to remain stable, the maximum time step size must be
limited by the Courant—Friedrichs—Lewy (CFL) condition [5]. Thus, it
is crucial to study to what extent the stability of the FDTD method is
affected when graphene is included. Recently, stability analyses have
been performed for the SBC-FDTD technique [11] and for schemes
based on the volumetric conductivity approach [12], [13], [14].

An FDTD scheme for gyrotropic graphene was introduced in [10]
and then adapted for isotropic graphene in [14]. This method assumes
a Drude-like conductivity for graphene. The resulting relationship
between the electric field and the current density is discretized in
the time domain by applying an explicit second-order Runge—Kutta
(RK) scheme. Thus, we will refer to this technique as the RK-FDTD
method. A stability analysis of the RK-FDTD method was carried
out in [14] concluding that this technique retains the CFL time-step
limit.
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This communication revisits the stability analysis of the RK-FDTD
method. To achieve this goal, the von Neumann method is used in
conjunction with the Routh-Hurwitz (RH) criterion [15]. As a result,
stability conditions are obtained in closed-form for the RK-FDTD
method. Specifically, we find that jointly to the CFL stability limit,
the RK-FDTD method must also satisfy new conditions involving
graphene parameters. Unfortunately, the RK-FDTD method becomes
unstable for commonly used values of these parameters. Based on our
experience, the instability is present throughout the entire simulation,
but it typically manifests after the initial transient response has settled.
It often becomes more apparent when the simulation is well into
the late-time region of the time evolution. This behavior is usually
referred to as a late-time instability.

II. GOVERNING EQUATIONS

The time-dependent Maxwell curl equations in an isotropic
graphene sheet can be expressed as
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where gy and y, are the free-space permittivity and permeability,

respectively.

For frequencies up to 10 THz and considering the graphene
sheet as a volumetric material, the current density is related to the
electric field, in the frequency domain, by the following Drude-like
constitutive relation:

E(w) 2)

where d is the thickness of the graphene sheet and o is given by

kT | —He
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with 7 being the electron relaxation time, y. the chemical potential, T
the temperature, —e the electron charge, kp the Boltzmann’s constant,
and 7 the reduced Planck’s constant.
Considering the transformation jw < d/dt, (2) can be expressed
in the time domain as the following first-order ordinary differential
equation:
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where o, = 0/d. In Section III, we discuss the discretization of (1)
and (3) using the RK-FDTD method.

III. RK-FDTD METHOD

According to the conventional FDTD method [5], Faraday’s equa-
tion in (la) is approximated at t = nA, as
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where A, is the time step. Analogously, Ampere’s law in (1b) is
discretized at t = (n + (1/2))A, as
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where the current density term has been approximated using time
averaging. The same spatial discretization as in the conventional
FDTD method is assumed in (4) and (5), [5].

Based on the RK-FDTD method [14], (3) is approximated by
applying an explicit second-order RK scheme, leading to

J_thl = aIJ_h + azﬁ” (6)

where
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with T = 7/A,. In (5) and (6), J and E are collocated in space and
time.

Note that (6) is a fully explicit expression for updating J at
each time step. This feature makes the application of the RK-FDTD
method to gyrotropic graphene simpler than using other non fully
explicit schemes [10].
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IV. STABILITY ANALYSIS

In this section, the stability of the RK-FDTD method is studied
by combining the von Neumann technique with the RH criterion
[15]. Starting from the governing difference equations (4)—(6), and
following the procedure described in [15], we arrive at the stability
polynomial S(Z) given by

S@) =[Z- 1) +4°Z](Z-a) + azng’ -1 ®
0

where the coefficients a;, have been given in (7) and v = A,/ASTL

is the CFL number, with ASh: being the largest stable time step

permitted by the CFL stability limit, given by [5]
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where A, is the size of the spatial cell in the a-direction, and c is
the speed of light in free space.

According to the von Neumann method, to ensure stability all the
roots Z; of the polynomial S (Z) must lie inside or on the unit circle
in the complex Z plane, i.e., |Z] < 1 Vi. The root-locus method was
used in [14] to investigate the location of the roots of the stability
polynomial S(Z). Alternatively, the RH criterion is used here. To this
end, the bilinear transformation

r+1
r—1

is first applied to the polynomial S(Z) in (8), resulting in a new
polynomial S () in the r plane given by

S (r) = bor® + byr?* + bor + by (10)
where
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This transformation maps the exterior of the unit circle in the Z plane
onto the right-half side of the r plane. Thus, the stability condition is
now that S (r) must have no roots in the right-half side of the r plane.
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Routh’s table is then built up for S(r), and the stability conditions
are found by enforcing the entries of the first column of this table to
be nonnegative quantities.

Routh’s table for the polynomial S () in (10) is

cio =bo by
¢20 = by b;
30 = blhzb—]bo% 0
Cqp0 = b3 0

Enforcing ¢,y > 0 leads to the condition 1 —1/(27) > 0. In addition,
it is easy to see that ¢, > 0 is met provided that ¢, > O is fulfilled.

For c¢;p to be nonnegative, we enforce b1b, — bob; > 0, which
results in the following additional condition:
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Finally, c4p > 0 leads to v? < 1. For this condition, the case v* = 1
deserves particular attention.
For v? = 1, the polynomial S (r) in (10) reduces to

S (Do =1 (FPbo + rby + b)) o,

where the coefficients by, have been given in (11). Routh’s table
for the polynomial inside parentheses is
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Clearly, there is always a sign change in the first column of the above
table, and therefore, the case v* = 1 is unstable.

Summarizing, the stability conditions for the RK-FDTD method
are

1

1-—=2>0 (12a)
2T
_ i _ i _ LAY 2
F)= 7 (1 27__) (1 7280 ) v >0 (12b)
V< 1. (12¢)

According to (12¢), the RK-FDTD method must satisfy the CFL
condition in a strict sense, i.e., the case v> = 1 is unstable. Moreover,
the choice of a stable time step depends on graphene parameters, as
shown in (12a) and (12b). In particular, the condition (12b) is very
restrictive, making the RK-FDTD method unstable in practice. This
idea is illustrated with the following example.

We consider a working frequency f = 10 THz. The FDTD cell
size is Ay = A, = A, = A = A/N,, where A is the wavelength in free
space and N, is the number of cells per wavelength. The graphene
parameters are 7 = 0.5 ps, u. = 0.5 eV, T = 300 K, and d = A.
Fig. 1 shows plots of the left-hand side (LHS) of inequality (12b) as
a function of the CFL number v for several values of N,. It can be
seen that the LHS of (12b) is negative across the entire range of v
for all the considered spatial resolutions. Therefore, for this example,
the RK-FDTD method is unstable.

V. SIMULATION EXAMPLES

As an application example, we consider the 1-D RK-FDTD
simulation of a Gaussian plane wave propagating in free space along
the z-direction and impinging normally on an infinite graphene sheet.
The simulation domain has 1000 spatial cells and is terminated
with absorbing boundary conditions. The graphene sheet is located
in the middle of the simulation domain. The maximum effective
frequency of the Gaussian pulse iS fh.x = 1 THz. The spatial
step iS A, = Apin/100 =~ 3 um, where A, is the minimum
wavelength in free space, i.e., Amin = ¢/ fmax. The graphene parameters
are 7 = 0.5 ps, uo = 05 eV, T = 300 K, and d = A,. For this
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Fig. 1. LHS of the stability condition (12b) versus the CFL number for several
spatial resolutions. Stability requires F(v) > 0.
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Fig. 2. Root locus of the polynomial S(Z) for v varying from O to 1.

problem ASE: = A_/c. Taking, for instance, v = 0.95, the resulting

time step is A, = vASE = 9.5 fs. Using these data to evaluate the
stability conditions in (12), we find that (12b) is not fulfilled since
F(v) ~—0.9 # 0, consequently the simulation will be unstable.

To answer the question of whether there is any value of v that
makes the simulation stable, the root locus of the stability polynomial
S(Z) is shown in Fig. 2 for v varying from 0O to 1. It can be seen that
for v = 0, the three roots of S(Z) are equal to the unity. Increasing
the value of v, the root Z; moves inside the unit circle. However, Z,
and Z; become a complex-conjugate pair of roots that immediately
move outside the unit circle. For v = 1, Z; = —1, but Z, remains
outside the unit circle. Therefore, the RK-FDTD method is unstable
for all the values of v.

Despite the unstable nature of the RK-FDTD method, we have
carried out the simulation example described above. Fig. 3 depicts
the electric field in the whole simulation domain at four different time
steps. Fig. 3(a) shows the incident Gaussian pulse traveling toward
the graphene sheet at the time step n = 800. In Fig. 3(b), the resulting
reflected and transmitted pulses can be seen at n = 1300. After these
pulses have been absorbed by the boundary conditions, the electric
field reduces to numerical noise in the whole domain, as shown in
Fig. 3(c) for n = 2000. The simulation can be finished at this time
step with useful results. However, if the simulation continues, the
graphene instability leads to a growth of numerical noise, which ends
up contaminating the entire domain as shown in Fig. 3(d) for n =
67000.
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Fig. 3. Electric field snapshots at the time steps (a) n = 800, (b) n = 1300,
(c) n=2000, and (d) n = 67000 for a Gaussian pulse impinging normally
on an infinite graphene sheet. v = 0.95.
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Fig. 4. Graphene-loaded parallel-plate resonator.

As a second example, we consider a 1-D parallel-plate resonator
consisting of two perfectly conducting plates in free space separated
by a distance ¢ = 24 um. This resonator is loaded with a graphene
sheet located at a distance ¢/2 from each conducting plate, as shown
in Fig. 4.

The exact complex resonant frequencies of this graphene-loaded
parallel-plate resonator can be obtained by solving the following
characteristic equation:

sin(kf)—!—j%[l—cos(kf)] =0 (13)
where 7 is the intrinsic impedance of free space and k = 2xf,/c, being
f. the complex resonant frequency. Taking the graphene parameters
as 7 = 05ps, uo = 1eV,and T = 300 K, and solving (13) for
the lowest resonance, we obtain f, ~ 7.912 + j0.059 THz. Thus, the
resonant frequency is fz = Re(f.) and the quality factor

Re(f) _
20m(f)

To solve this problem using the RK-FDTD method, the space
between the two conducting plates is discretized with 160 spatial
cells, resulting in a cell size A, = 0.15 um. The CFL number is set
to v = 1, so the time step used is A, = ASEL ~ 0.5 fs. The resonator is
excited with a Gaussian pulse with an effective maximum frequency
of 10 THz. The lowest resonant frequency of the structure is obtained
from the first amplitude peak of the discrete Fourier transform (DFT)
of the electric field recorded at the position of the graphene sheet. In
this communication, the DFT series summation is computed directly
instead of applying the fast Fourier transform algorithm [16].
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Fig. 5. Electric field recorded at the position of the graphene sheet for the
resonator shown in Fig. 4. Results calculated by (a) RK-FDTD and (b) TR-
DI-FDTD methods.
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Fig. 6. Normalized DFT magnitude of the time-domain responses shown in
Fig. 5.

For this example, it is worth noting that the graphene data and
the FDTD parameters are the same as those used in [14, Sec. 6.1],
where it was concluded that the RK-FDTD method was stable. This
conclusion was drawn by interpreting in [14, Fig. 3] that all the roots
of the stability polynomial remain within or on the unit circle as the
CFL number varies from 0 to 1. However, according to the stability
conditions (12), the simulation should be unstable since > = 1 £ 1
and F(v) = —1.0 # 0. In fact, for this example, the magnitudes of the
roots of the stability polynomial S (Z) are |Z,| ~ 0.999, |Z,| ~ 1.011,
and |Z;| = 1. Thus, Z, lies outside the unit circle in the Z plane.

Fig. 5(a) shows the electric field calculated using the RK-FDTD
method over 2.5 x 10° time steps at the position of the graphene
sheet. It can be seen that the electric field decays during the early-
time response. However, it begins to increase without bound as
the number of time steps exceeds approximately 5 x 10* steps.
For comparison, the same simulation has been repeated using the
trapezoidal direct-integration (TR-DI) FDTD method [13]. It can be
observed in Fig. 5(b) that this method remains stable for all the time
steps.

Despite the unstable behavior of the RK-FDTD method, useful
results can still be obtained from the early transient response. To
illustrate this idea, Fig. 6 depicts the DFT magnitude of the time-
domain responses shown in Fig. 5. The DFT of the RK-FDTD
response has been calculated using only the first 5 x 10* time
steps, while the entire time-domain response has been used in the
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TR-DI-FDTD case. It can be seen that the two methods predict
the same resonant frequency fz = 7.912 THz. However, the quality
factors are Q = 114 and Q =79, which differ appreciably from each
other. The higher value of Q obtained with the RK-FDTD method
can be understood as a result of the underlying growth (instability)
of the electric field computed by this method.

VI. CONCLUSION

A stability analysis of the RK-FDTD method for graphene mod-
eling has been carried out. To this end, the von Neumann method
has been combined with the RH criterion. It has been found that the
RK-FDTD method must satisfy not only the CFL stability limit but
also stability conditions involving graphene parameters. Moreover,
it has been shown that the RK-FDTD method becomes unstable
for commonly used values of these parameters. In fact, no stable
graphene parameters have been identified. The theoretical results have
been confirmed with numerical examples. In the examples considered,
an instability arises in the late-time response. Therefore, it is still
possible to obtain some useful results from the early-time response.
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