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Abstract

Let £ be a real analytic vector field with an elementary isolated singularity at 0 € R* and
eigenvalues +bi, ¢ with b, ¢ € R and b # 0. We prove that all cycles of £ in a sufficiently
small neighborhood of 0, if they exist, are contained in the union of finitely many subanalytic
invariant surfaces, each one entirely composed of a continuum of cycles. In particular, we
solve Dulac’s problem for such vector fields, i.e., finiteness of limit cycles.
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1 Introduction and Statements

Dulac’s problem is a central topic in the study of the dynamics of real analytic vector fields. In
general terms, it consists in proving that there are no infinitely many limit cycles accumulating
and collapsing to a singular point. Recall that in general, a cycle (or a closed orbit) of a vector
field in a given manifold M is the image of a non-trivial periodic solution y : R — M (also
denoted by y), and a limit cycle is a cycle possessing a neighborhood free of other cycles.

The authors are supported by the Spanish research projects PID2019-105621GB-100 and
PID2022-139631NB-100 funded by the Agencia Estatal de Investigacién - Ministerio de Ciencia e
Innovacién. The second author is also supported by a predoctoral contract cofunded by the Universidad de
Valladolid and Banco Santander.

B Nuria Corral
nuria.corral @unican.es

Maria Martin-Vega
maria.martin.vega@uva.es

Fernando Sanz Sanchez
fsanz@uva.es
Departamento de Matemdticas, Estadistica y Computacién, Universidad de Cantabria, Avda. de los

Castros s/n, 39005 Santander, Spain

Departamento de Algebra, An4lisis Matematico, Geometria y Topologia, Universidad de Valladolid.,
Paseo de Belén 7, 47011 Valladolid, Spain

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10884-024-10377-4&domain=pdf

2982 Journal of Dynamics and Differential Equations (2025) 37:2981-3023

In dimension two, the problem was answered by Dulac in 1923 [9], but his proof had
an important gap. It was solved nearly 70 years after by Ilyashenko [15] and Ecalle [11],
with two independent and different proofs, both very intricate. Recently, alternative proofs
in some particular cases have been published, using o-minimal geometry [8, 12, 17, 30].
Dulac’s result can be used to prove the finiteness statement of (the second part of) Hilbert’s
16th problem. Namely, any polynomial vector field in R? has finitely many limit cycles (see
Ilyashenko’s survey [16] for more information).

Non-accumulation of limit cycles for planar analytic vector fields implies a stronger prop-
erty: either there are none in a neighborhood, or there is a continuum family of nested cycles
filling a whole punctured neighborhood (a central configuration). In fact, given a cycle y, we
can define the Poincaré first return map in a transversal segment at some point p € y. Itis
an analytic local diffeomorphism whose fixed points correspond exactly to cycles in a neigh-
borhood of y. Thus, there are necessarily finitely many of them or they form a continuum
annulus around y. This is also the argument for proving Dulac’s result in the easiest case in
dimension two (apart, of course, from the trivial hyperbolic or semi-hyperbolic situations,
when no local cycles exist). Namely, the case where the linear part of the vector field has
purely imaginary non-zero eigenvalues (a so-called Hopf singularity) since after a blowing-
up centered at zero, the exceptional divisor is a cycle and the Poincaré first return map is an
analytic map. Hence, the set of fixed points is an analytic set and it can only be either a finite
set or a continuum.

In this paper, we solve Dulac’s problem for analytic three-dimensional vector fields with
isolated singularity with a pair of conjugated imaginary non-zero eigenvalues (a three-
dimensional Hopf singularity). In fact, we determine a finite number of invariant surfaces
where local cycles may be placed and theses surfaces present a central configuration. Let us
provide precise statements.

Denote by X“(R3, 0) the family of germs of analytic vector fields & at 0 € R3, singular at
the origin, thatis, £(0) = 0.If & € X®(R3, 0) and U is an open neighborhood of 0 where (a
representative of) £ is defined, we denote by Cyy = Cy (&) the union of all cycles of & |y (that
is, entirely contained in U). It is called the cycle-locus of & in U. Notice that this cycle-locus
depends strongly on the neighborhood U and that it does not behave as a germ of a set that
we can associate to the germ & (i.e., if U’ C U we can only assert that C;y» C Cy, but not
Cyr=U'NCy).

Consider the following family:

H = {& € X(R3,0) : Spec(D&(0)) = {%bi, ¢}, where b, ¢ € R and b # 0}.

Observe that any £ € H> has a unique formal invariant curve Q= ﬁg at 0, which is non-
singular and tangent to the eigenspace corresponding to the eigenvalue c. It is called the
(formal) rotational axis of £&. When ¢ # 0 (the semi-hyperbolic case), the rotational axis
is convergent and provides an analytic invariant curve, since in this case Q coincides with
the stable or unstable manifold of &€ (see for instance [7]). On the contrary, when ¢ = 0 (the
completely hyperbolic case or zero-Hopf singularity), the rotational axis Q may be convergent
or not, although there is always an invariant C*°-curve whose Taylor expansion at 0 coincides
with Q. This is a result by Bonckaert and Dumortier in [3] in the case where & has an isolated
singularity since & satisfies the required Lojasiewicz inequality condition in this case). It is
trivially true if the singularity is not isolated since, in this case, Q coincides with the singular
locus Sing (&), an analytic curve. Notice that in the semi-hyperbolic case, & has an isolated
singularity.
The main result in this paper can be stated as follows.
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Theorem 1.1 (Structure of cycle-locus) Let € € H> with isolated singularity. Then there is
some neighborhood U of 0 € R3, where a representative of & is defined, for which exactly
one of the following possibilities holds:

@) Cu) =0

(ii) There is a finite non-empty family S = {Si, ..., S;} of connected regular analytic two-
dimensional submanifolds of U\{0}, mutually disjoint, invariant for &, subanalytic sets
in U and satisfying Sj NU = §; U{0} for any j, such that, for any element V. .C U in
some neighborhood basis at 0, we have

Cv)=(E1USUu---Us)Nv.
As a consequence, Dulac’s property is true for these vector fields:

Corollary 1.2 Let £ € 'H> with an isolated singularity. Then there are not infinitely many
limit cycles of & accumulating and collapsing to 0 € R3.
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Fig. 1 Illustration of case (ii). Each surface has a center configuration

In the second possibility (ii), see Fig. 1, the germs of the surfaces §; € S are uniquely
determined. Each of them, in a sufficiently small neighborhood, is composed of a continuum
of nested cycles around the singularity, i.e., each §; is a surface with a central configuration
as in the planar case (although §; could be singular at the origin). Let us call each §; € S
a limit central surface, by analogy with the concept of limit cycle. The following example
defines two limit central surfaces, both being singular at the origin.

Example 1.3 Consider the following vector field in H>.
d d a
E=(—y—xZ +x(@ 4y =+ r =y + Y& ) — + (@ — 2+ D))
ox ay 0z

It has isolated singularity. The two half-cones S| = {(x, y, 2) : x24+y2—72=0,z> 0}
and S = {(x,y,2) : X2+ y2 — 72 =0, z < 0} are invariant. The restriction of & to any of
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the surfaces S; is &|s,= — y% +x %, which proves that £ defines a central configuration in
S;,fori =1,2. ’

As an application of Theorem 1.1 to this example, one can see that there are not cycles
outside S7 U S> in a neighborhood of 0.

The result stated in Theorem 1.1 for the semi-hyperbolic case (¢ # 0) has been already
proved by Aulbach [1], in a more general situation of n-dimensional analytic vector fields
with a pair of purely imaginary non-zero eigenvalues and n — 2 eigenvalues with non-zero
real part. Before Aulbach, the same situation has been considered in the literature by other
authors [18, 19, 27, 28], under the assumption that the vector field has a first integral (as in the
classical Lyapunov’s result [20]). Using that any center manifold contains every local cycle
(see [6]), one obtains that the possibility (ii) can only occur for a unique limit central surface
(r = 1), which coincides with the center manifold W¢ of £ (hence unique, non-singular and
analytic in this case).

Vector fields with a Hopf singularity in the completely non-hyperbolic case (¢ = 0) have
been studied in the literature. For instance, Dumortier in [10] considered such vector fields
of class C® at 0 € R3, satisfying two Lojasiewicz-type inequalities: one for the vector field
itself, which implies that O is an isolated singularity; and a second one for the infinitesi-
mal generator of the Poincaré first-return map associated to the cycle that appears after the
blowing-up of an invariant C*° realization of Q. He obtains a complete description of the
asymptotic behavior of all trajectories in a neighborhood of the origin, as well as a weak topo-
logical classification of the vector field. However, those assumptions prevent the existence
of any local cycle (that is, one has only the possibility (i) of Theorem 1.1). In our situation
where £ is analytic, Lojasiewicz’s inequality for & is equivalent to the property of isolated
singularity, but we do not require the second assumption, thus permitting the existence of
cycles and hence the possibility (ii).

We should mention that vector fields in > have also been considered in families for
different purposes. We can mention Guckenheimer and Holmes [14], where there is a com-
plete description of the bifurcation diagrams for small codimension singularities; Baldoma,
Ibafiez and Martinez-Seara [2] where the appearance of certain chaotic behavior, associated
to a Shilnikov configuration, is studied; Garcia [13], where, for each k € N, it is shown the
existence of a bound for the number of limit cycles, appearing in certain generic families
inside H3, which make at most & turns around the rotational axis.

Let us summarize the ideas for the proof of Theorem 1.1 and the plan of the article.

In Sect. 2, we propose a simple proof in the semi-hyperbolic case, in spite of the existing
references already mentioned for this situation. Our aim, apart for the sake of completeness,
is to introduce some of the arguments involved in the proof of the general case, absent in
Aulbach’s proof [1] but appearing in Dumortier’s work [10]. Namely, blowing-up techniques
and Poincaré first return map along the cycles emerging from the blowing-up.

The rest of the article is devoted to the proof in the completely non-hyperbolic case. We fix
a formal normal form é (for instance in the sense of Takens [31]) and a sequence of analytic
vector fields {&;}, that approximate é The approximation must be understood in terms of jet
equalities, thatis, j¢ (&) = j¢ (é). Neither the formal normal form é nor the sequence {&;}, are
univocally determined. However, once £ is fixed, we choose the vector fields & to be analyti-
cally conjugated to £. Thus, itis enough to prove Theorem 1.1 for some &;, with £ large enough.

In Sect. 3, we use blowing-ups to study é and its jets approximations &,. The rotational
axis € is not necessarily convergent and we cannot blow it up (or any realization of it) if we
want to preserve analyticity. Starting from the blowing-up of the origin, we define recursively
sequences of admissible blowing-ups: a composition of blowing-ups centered at either the
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infinitely near points of Q (characteristic singularities) or invariant closed circles of the cor-
responding strict transforms of & (characteristic cycles). The main result of this section is a
reduction of singularities of the normal formé‘ adapted to our problem. This process may be
understood as a refinement, for this situation, of Panazzolo’s result on reduction of singular-
ities of general three-dimensional analytic vector fields [26] (notice that a Hopf singularity
is already in the final elementary situation in the sense of Panazzolo). Essentially, the formal
normal form é can be viewed as a vector field of revolution by rotating a planar vector field
7; the adapted reduction of singularities corresponds to the reduction of singularities of 7.
In a second part of Sect. 3, we discuss how to apply sequences of admissible blowing-ups to
the jet approximations &;. We find lower bounds for £ so that certain dynamical properties
of é‘, that depend on a finite jet, are inherited by &,. In particular, the characteristic cycles are
actual cycles of the strict transform of &,.

In Sect. 4, we prove that, after any sequence of admissible blowing-ups, the characteristic
cycles and the characteristic singularities are the only possible limit sets of families of cycles
of the transform of &, provided that ¢ is large enough. Thus, in order to prove Theorem 1.1,
we only search for cycles near the characteristic cycles and characteristic singularities.

In Sect. 5, we study the different local situations appearing after an adapted reduction
of singularities 7 : (M, E) —> (R3, 0) of é . We have specific monotonic functions along
the trajectories of the transformed vector field Eg = *& in neighborhoods of characteristic
singularities or corner-characteristic cycles, preventing the existence of cycles of & in suffi-
ciently small neighborhoods of them. Around a non-corner characteristic cycle y, we work
with the associated Poincaré first return map P, of “;‘g First, we find a formal invariant non-
singular surface S, of ég supported by y and transversal to the divisor, using that this is the case
for the transform n*é ofé . This surface S, provides a formal invariant curve I'y, for P, and,
around I',, we can describe the periodic orbits of P, . Namely, there is a conic neighborhood
%, around I'), such that: if I'), Q Fix(P) ), there are not periodic points of P, inside X, ; if,
otherwise, I'), € Fix(P)), thenT, is exactly the set of periodic points (thus fixed) inside X, .

Finally in Sect. 6, we give the proof of Theorem 1.1 gathering the results of the previous
sections. First, we fix a vector field &, to which the reduction of singularities 7 can be applied.
By means of the results in Sects. 4 and 5, cycles of EK sufficiently near to (but not contained
in) the divisor E can only be located in neighborhoods of the non-corner characteristic cycles
y . Moreover, the conic neighborhoods %, above provide solid conic neighborhoods iy of
S, in such a way that if a cycle of %}z is contained in f)y, then the curve T, is contained
in Fix(P)) and supports a continuum of cycles inside the saturation of I';, by the flow, an
analytic surface around y. The projection of this surface under = provides a limit central
surface. This would finish the proof of Theorem 1.1 if we could guarantee that all cycles of
Ee in a neighborhood of y are contained in the cone Ey This is achieved by “opening” the
cones %, to actual neighborhoods of y by means of further blowing-ups. In this way, it is
possible that we need a larger jet approximation &y with £ > ¢, for which the order of its
cones could change, a priori. We overcome this last difficulty showing that the order of a cone
around y where the cycles have the desired properties may be uniformly bounded for ¢ > £.

Notation and Conventions About the Power Series

If A is a R—algebra and x = (x, ..., x,) are variables, A[[x]] denotes the R—algebra of
formal power series in x with coefficients in A. Elements f € A[[x]] are written as
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f= Z Sfax?, where x¥ := x‘l’” cexprifo = (ar, .., op).

“eano

For any k > 0, the k—jet of f is defined as

KO =R =) fax®

a:la|<k

where |o| := o1 + - - - + «y. The order of f, denoted by v(f) is the first k > 0 (or +oo if it
does not exist) such that ji(f) # 0. If we separate the variables into two groups x = (y, z)
where y = (y1,...,y) and z = (z1, ..., Zy), the k—jet jE(f) of f with respect to the
variable z is the k—jet of f as an element of A[[y]][[z]] under the natural identification

Al[x]] S Allyll[[z]], that is, the jet jZ(f) is given by

WO =1 D fopy |7

BI<k \yeNL,
We will use freely the following basic properties of jets:

e ji(f-2) = jr(x(f) - jx(g), for f, g € A[[x]]. In fact, this property can be refined: if
k > max{v(f), v(g)}, then ji(f - &) = JjxUrk—v(ge)(f) - Jk—v() (&)

o Jk(f7Y) = je(G(f) ™Y if £ s a unitin A[[x]].

o ji(f(xr,....xi+a, ..., xx) = jE(Hx1,....,xi+a,...,x,) fori <randa e A.

o i (f) = jGEUH).

We extend the use of k—jets (respectively with respect to z) for formal vector fields n =
Mge +- -+ a5 withn; € A[[x]] or tuples F = (fi, ..., fn) € A[[X]]" in the obvious
way

U A U a U 8 U U U
@ =g+ i), F) = G s (fm))s
0X1 9xp
with u = x (respectively u = z).
When A is a normed space, the subalgebra of convergent series with coefficients on A is
the subalgebra of A[[x]] defined by

Afx} = Afx)s

§>0

where, by definition, a series f = ZaeN'; . fux® € A[[x]] belongs to A{x}s if there exists

C > Osuchthat|| f,|| < C8'*! for any . The main examples for the algebra of the coefficients
used along the article are the following:

e A = R with the standard norm of the absolute value.

e A = R[cos#, sin 0], the algebra of trigonometric polynomials, whose elements are consi-
dered indistinctively as a function on R or on S!, via the covering T : 6 — (cos @, sin0).
It will be endowed with the supremum norm || || := supycg f(6). Notice that given
a convergent series F' € R[cos, sin #]{x}s, its partial sums converge absolutely and
uniformly in the compact sets of the neighborhood V = S' x (=8, 8)" of S' x {0} (or
the neighborhood V = R x (=46, §)" of R x {0}), thus providing an analytic function
that we denote again f.
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e In the case of A = R[z] (respectively R[cos 8, sin 6, z]), where z = (zy, ..., z,), there
is no unique natural norm on A. We will consider a norm for each compact set K of R”
(resp. S' x R”) with non-empty interior, defined by

Il fllg == sup{lf(a)}.
ack

Denoting Ax = (A, || - ||x) such a normed space, we have the corresponding algebra
of convergent series A g {x}. We define the algebra of convergent series with coefficients
in A as the intersection of algebras Ak {x} where K runs all compact sets of such form.
With an abuse of notation, we name this algebra A{x} for convenience. Each element
f € A{x} defines an analytic function on a neighborhood of R” x {0} (resp. S'xR” x {0})
inR" x R” (resp. in S! x R” x R").
Moreover, for a formal vector field é we will use the expression é;: (z) to denote the formal
series obtained by the apphcatlon of the formal derivation E to the function z, and it coincides
with the coefficient of 3z in E.

2 The Semi-hyperbolic Case

In this section, we provide a proof of Theorem 1.1 in the semi-hyperbolic case, i.e., the linear
part D&(0) has eigenvalues {+bi, ¢} with both b, ¢ different from zero.

Assume for instance that ¢ < 0. Then, the stable manifold W* of & at 0 is one-dimensional
and, as we have said, it coincides with the rotational axis, which is therefore convergent. Fix
some center manifold W€ of & at 0 of class C¥, with k > 2. In general, it is not analytic, nor
unique. But it contains any cycle of & that is contained in a sufficiently small neighborhood
U of the origin, i.e., Cy(§) C W€ (see [6]).

Take a neighborhood Uy inside which, both the stable manifold W* and the chosen center
manifold W€ are regular embedded submanifolds, and such that Cy,(§) C W€ Let & :
M — U be the polar blowing-up with center W*. It is a proper analytic map. The divisor
E=n"'W%isa cylinder and the fiber y = 7! (0) over the origin is a cycle of the
transformed vector field S = r*&. The strict transform We = g1 (we \{0}) is a surface of
class CK=!, invariant for € and transversal to E. Moreover, y = E N we.

Now, Con51der a point @ € y, and two nested analytic discs A’ C A transverse to £
close to a so that the Poincaré first-return map P), : A — A of E associated to y is well
defined and analytic. Notice that if ¢ is any cycle of E such that L N A = ¢ N A/, then the
intersection { NAis a perlodlc orbit of P, (see Fig.2). In particular, if ¢ is the inverse image
by m of a cycle inside Cy, (§), then, ¢ is contained in we. Taking into account that W€ is
two-dimensional and using classical arguments based on the Jordan Curve Theorem (see for
instance [25]), we conclude in this case that ¢ cuts A’ in a single point, necessarily a fixed
point of P,. Hence, the family of cycles of & in a given neighborhood of the origin are in
bijection w1th the set of ﬁxed points Fix(P,) of P, notin E, and hence, Fix(P), ) is contained
in the intersection H = W¢ N A’. Let us prove now Theorem 1.1.

Suppose that item (i) does not hold, i.e., Cy (&) # @ for any open neighborhood U of 0.
Then we have infinitely many cycles of & that accumulate and collapse to 0. By the above,
there are infinitely many fixed points of P, in H accumulating to the point a. Being P, an
analytic map, its set le(Py) of fixed points is an analytic set of positive dimension. Since
Fix(P,) C H and H is a curve of class C*=1 (transversal intersection of We and A/ ), we
conclude that H = Fix(P)).

Let U be a neighborhood of y in M satisfying:
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|

Fig.2 Definition of the Poincaré map P

e UNA=A. B ~
e U N W¢ is the saturation of H N U by the flow of §.
e U = n(U) is contained in Uy.

We get that U is a neighborhood of 0 and Cyy (§) = W€ N U\{0}. Notice also that wenUis
an analytic set since H is an analytic curve. Since 7 is proper, we conclude that W¢ N U is
a subanalytic set and Theorem 1.1 is proved.

Remark 2.1 The proof above shows that, in the semi-hyperbolic case, there is at most one
limit central surface S;. Moreover, if S; exists, then S; = W€ is a center manifold which is
unique and analytic (using Tamm’s Theorem [32], because W is of class C* and subanalytic
in this case).

3 Admissible Blowing-Ups and Adapted Reduction of Singularities

Consider a vector field £ in the family > with completely non-hyperbolic linear part, that
is, Spec(&) = {£bi, 0}. Without loss of generality for the study of the foliation generated by
&, we will assume b = 1. In some coordinates, the vector field is written as

a a ad
E = (‘}""Al(x’ yaZ))a +(X+A2(xay7 Z))a + (A3(X, Y, Z))87Z7 (1)

with A1, A, A3 € R{x, y, z} of order at least two.

3.1 Formal Normal Form and Truncated Normal Forms

Using Takens’ theorem on normal forms (see [31]), there exists a formal automorphism at 0,
expressed in terms of the chosen coordinates as

G, y,2) = (x +@1(x, ¥,2), y + 2(x, ¥, 2), 2 + $3(x, ¥, 2)) € RI[x, y, zII°,

with ji(¢;) = 0for j = 1,2, 3, such that the formal vector field £ = ¢*(&) is written in the
form

A ) 2 B B] ) 2 Bl ad
E=Tx" +y, |-y —+x— )|+ R&"+y,2)|x—+y—
ax ay ax ay
2 2 0
+Z(x"+y",2)—, 2
0z

where R, T,Z € R[[u,v]] and T(0,0) = 1. Note that R(u, v), Z(u,v) € (u,v) and
Z(0, v) € (v%). Remark also that neither the automorphism ¢ need to be convergent, nor the
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components of £ need to belong to R{x, y, z}. Any formal vector field £ as in (2) obtained
as above is called a formal normal form of £&. We remark that £ is not uniquely determined

by &.

Remark 3.1 The z-axis is sent to the formal rotational axis £ of & by ¢, that is, Q= (0,0, 2).
On the other hand, since ¢ must preserve the (formal) singular locus, the hypothesis that &
has isolated singularity implies that Z(0, v) # 0.

Once we fix a formal normal form § of & given by é = @*&, we can consider truncated
normal forms of £ in the following way. For any ¢ € Nx», let ¢, be the polynomial tangent
to the identity diffeomorphism of (R3, 0) given by

W(xa Y, Z) = (ji-‘rl@)(xv Yy, Z) = (.j@-‘rl(x O(ﬁ), je+1(y O@), jk-‘rl(z Oé)))

The vector field &, = (¢¢)* (€) has the same £— jet as the formal one é in coordinates (x, y, z),
that is, j,(§,) = je(&). Notice that the vector field &, is analytically conjugated to & and
formally conjugated to & for any £. More precisely, we have the following formal equation:

E=y}e, where ¥y ==, ' 0. 3)

It is sufficient to prove Theorem 1.1 for &, for any £. The strategy is the following: we use
é as a guiding vector field so that, after a sequence of blowing-ups, we get a transform of
£ with a specific good expression. Both the choice of the sequence of blowing-ups and the
expression of the transform will depend only on a finite jet of g, allowing us to choose ¢
sufficiently large so that all the construction is applied to &;.

The blowing-ups will be real (oriented) ones, thus generating boundary and corners, either
with center at a point or at an analytic curve isomorphic to the circle S'. See for instance the
work [24] for intrinsic and general definitions of real blowing-ups.

3.2 The First Blowing-Up

The first blowing-up to be done is the real blowing-up og : (Mo, Eg) —> (R3, 0) with center
at the origin. The blown-up space My is a manifold having the divisor Eg = o, 10) as its
boundary. This divisor is homeomorphic to a sphere and represents the space of all the half-
lines through 0. The morphism og defines an analytic isomorphism from Mo\ Eg to R3\{0}.
We consider My covered by three charts (Co, (0, 29, p@)), (Coo, (x©, y(®) 7(>))) and
(C_oo, (x(729 y(=09) 2(=22))y where Cp ~ S x R x Rxg and C1oo = R? X Rx. In these
charts, the expression of oy is given by:

X = ,0(0) cos 6

InCo: {y=pQ@sing (cosd,sinf) € S', 20 e R, p@ >0 )
2= p®;0
= (09,00

InCoo: 1y =y () ) R ) > S
z= 2z
x = x (-9 ;(-09)

INCon:{y= y(—oo)z(—oo) x(*oo)7 y(foo) c R, Z(700) > 0. 6)
7= —z(7®
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Remark 3.2 Strictly speaking, Cp is not the domain of a usual chart of My, since it is not
homeomorphic to an open set of R? x R. Considering the usual covering Co=R?x Rxo
with 7 : C‘o —> Cy given by (8, z, p) +— (sinf, cosb, z, p), we can treat 6 as a true
coordinate (and we will tacitly do), so that op o t has the expression in (4). This convention
justifies our abuse of terminology in expressions like “a chart (Co, (0, 7O pOyy~,

The origins of the charts C, and C_, will be denoted by y~, and y_, respectively. They
are the points of the divisor Eq corresponding to the half-lines contained in the z—axis and
they are the only points of Eq not covered by Cy. More explicitly, o9(Co) = R3\{x = y = 0}.

We define the (fotal) transform of ?:-‘ by o in the chart Cy as the pull-back

EO = (0plcy)*E.

Using simplified notation (z, p) := 9, p©)y and Egs. (2) and (4), the vector field é O s
given by

EO = By(z, p)a + B.(z, ,0) ~+ Bz, p) O

where By(z,p) = T(p, p2). B:(z.p) = %Z(p ,02) = ZR(p%, pz) and By(z,p) =
,oR(,oz, pz). Notice that, by the definition of the blowing-up, we have that By, B;, B, €
R[z][[p]] since z is replaced by zp. Moreover, (B;, B,) # (0,0) since Z(u,v) # 0 by
Remark 3.1 and p divides B;, B,.

The coefficient By(z, p) is a unit in R[z][[p]] since By(z,0) = 1. This allows us to
consider 6 as the “time variable" and, consequently, é © s completely described by the
associated two dimensional formal vector field 7o given by the system of formal ODEs

. { = By(z.p)"'B.(z. p) = p “”A (2. p)

: ®
" b = By(z. ) Bp(z. p) = p"" Ap(z. p).

In this expression, A; € R[z][[p]] for i = z, p and n(? is the maximum exponent n such

that p" divides both B, and B;. The associated reduced vector field is by definition 7 :=
_n© A

P no-
There are two possible scenarios determined in the following definition.

Definition 3.3 The blowing-up oy is called non-dicritical if A,(z,0) = 0 and dicritical
if Ay(z,0) # 0. Alternatively, we say that Eq is non-dicritical or that E is dicritical,
respectively.

Despite of the fact that 7 is just formal, the restriction 7 |F0 to the curve Fy := EqgN{O =
0} is a well defined vector field (under the natural 1dent1ﬁcat10n {0 =0} =R2 (0,z,p) =
(z, p))- This restriction has polynomial coefficients in the coordinate z. Therefore, its singular
locus:

Sing(fg|ry) 1= {a € Fo : flglr (@) = 0} = {(z,0) : Ap(z,0) = Az(z, 0) = 0}

is finite. Singular points are points where we have to focus in order to define successive
blowing-ups. But, in the dicritical case, we have to add those non-singular points where the
vector field is tangent to the divisor. To be used for later, we recall the definition of such non-
transversal points in the general situation of a normal crossing divisor (see Cano, Cerveau
and Deserti’s book [5] in the complex holomorphic context).

Let x be a formal vector field defined at O and F a non-empty normal crossing divisor.
Consider a chart (U, (x, y)) centered at 0 where F = {xy¢ = 0} and the coefficients of the
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vector field in these coordinates belong to R[y][[x]] if € = 0 or to R[y][[x]] N R[x][[y]] if
€ = 1. Take any point a = (a1, az) € F N U, the vector field x, := x(x + a1,y + a2) is
well defined as a formal vector field in coordinates (X, y).

Definition 3.4 Let F be a non-empty normal crossing divisor and let x be a formal vector
field defined at F. The adapted singular locus ﬁg( X, F) of x relatively to F, is the set of
points p € F in which either x (p) = 0 or C U F has no normal crossings at p, where C is
the formal invariant curve of x through p.

Applied to our reduced vector field 7, and to Fy, we have
(a) If Ey is non-dicritical, then %(%, Fo) = Sing(1jy| r,)-
(b) If Ey is dicritical, then Sing(7jo, Fo) = Sing(ijy|r,) U {(z,0) : A,(z,0) =0}
In both cases, the adapted singular locus §i\ﬂ§(ﬁo, Fp) is finite.

We define also the transforms é(oo) = (00lcy, )*é andé (=99) .= (g Cow )*é of § in the charts

Coo, C_o, respectively. The expressions for é(o"), using simplified notation (x, y, z) :=
(x(%) y(®9) 7(%9)y g the following:

o d d d d
§09 = RGP 4y 2) (x o +y o= |+ T+ 5% )~y +a—
ax ay ax ay )
d
+ Z(OO)(XZ + y2’ Z)*,
0z
where R(®), 7() 7() ¢ R[x? + y?][[z]] are given by:
1
ROV 4%, 2) = R0 + D2 0) = EZ((XZ + 922, 2),
T2 +y% 2) = T((x* + yH)z*. 2) and
(00) (2 2 _ 2 28,2
Z(x" +y%,2) = Z((x" + y9)z5, 2).

In a similar way, we obtain expressions for £ (),

3.3 Characteristic Cycles and Successive Blowing-Ups

Recall that the adapted singular locus %(% Fp) of 7y relative to Fy is finite. Its elements,
belonging to Fy = {# = p@ = 0} are determined by the z(¥) —coordinate in the chart C.
Denote them by

Sing(#ig, Fo) = {(@”.0) i =1,....mo}, withw” <o ifi < j.

Definition 3.5 The characteristic cycles of § in My are the connected components of the
set ST x m(n{)wg) C Cy, that is, the circles in the divisor Eg given by y; = (z© =
wl.(o), p©@ =0}fori =1,2,...,mp. The origing Yo, Y—oco Of the charts Coo and C_ (cf.
Egs. (5) and (6)) are called the characteristic singularities of é in M. We use the term char-
acteristic elements to refer to either the characteristic cycles or characteristic singularities.

In the rest of this section, we inductively define certain sequences of blowing-ups attached
to & starting from the data defined above for the first blowing-up . More precisely, consider
the tuple Mg := (Mo, 09, Ao, Do), where:
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e Ay is the atlas of My composed by the charts C_,, Cp, Coo,
e Dy is the family of characteristic elements of & in My, that is, Dy 1= {yV_co, V1, .-,

Yimgs Yool

By definition, we say that My is a sequence of admissible blowing-ups of length [ = 0 for é‘
Suppose that we have already defined sequences of admissible blowing-ups for & of length
I — 1, consisting on tuples M = (M, 7, A, D) satisfying the following hypothesis:

HD 7 : (M,E) — (R3,0)isa sequence of (real) blowing-ups with smooth analytic
closed centers and factorizing through og (i.e., 7 = 09 o T, where 7 : M — M is
either the identity or a sequence of blowing-ups with smooth analytic closed centers).

(H2) D = {yr}1e7 is a finite family of disjoint closed subsets of the divisor £ = 7~ 10),
such that:

— There are two elements in D with indices Io/;’t = (00, .%.,00) and Ii\go = (—o00,.1.
, —oo) for some s, ¢ € N>, that are the two points where E intersects the strict trans-
form 7 *({x = y = 0}) of the z—axis. They are called the characteristic singularities
of é‘ in M.

— Therest of the elements y;, with I # [ fg‘o, 1 g‘o/l , are analytic embedded circles called
characteristic cycles (of § in M).

— The intersection of any pair of components of E is an element of D. Each of them
is called a corner characteristic cycle. The corner characteristic cycles are those
indexed by tuples I = (iy, ..., i) # I, I2X! for which i, = Fo0.

(H3) A ={C;}jes is an atlas of M with the following properties:

(1) There are charts (Cy, (x), y¢/ ), z(1)) centered at the characteristic singularities
vy, withJ € {Io/‘o/‘, If‘g‘o}, satisfying ENC; = {z(” = 0}. Moreover, the expression
of 7 in the chart C; with J = I/}, fore = +1, is

n(x(J), y(f)’ Z(J)) — ((Z(J))rx(f)’ (z(J))ry(J), ezu))

with » € N> (r and € depend on J). Furthermore, the coefficients of é“ ) =
(lc,)*€ belong to R[x ), y][[z /7).

() It J ¢ (I, 1M}, the chart (Cy, (0,2, p)) is defined for 6 € R, z/) in R
or R>¢ and o) e R>0 (with the same convention as in Remark 3.2), and satisfies
ENCy = {pY(z)¢ = 0} withe = 0 or 1 according to /) being defined either in
R or R, respectively. In the case € = 0, the chart C; is a non-corner chart and the
characteristic cycles contained in E N C; are given by equations {z/) = g;, p() =
0}, where {a;}; is a finite collection of real numbers. In the case ¢ = 1, the chart
Cj is a corner chart and the family of characteristic cycles contained in E N Cy
consists of a unique corner characteristic cycle given by {z/) =0, p¢/) = 0} and a
collection of non-corner characteristic cycles given either by {z/) = b s o) =0} j
for a family {b;}; of positive numbers or by (z) =0, p) = ¢} for a family
{ck}k of positive numbers.

(3) Forany J ¢ {I, I} the expression of |c, is polynomial in (cos 6, sin 6, z¥),
) and the transformed vector field é(l ) = (7|c J)*é written, with simplified
notation (0, z, p) = (0, 7D, ,0(1)), as

. a a )
O = g — + B — + B — 10
5 6 (Z7 10)89 + z (Za p)aZ + P (Zv p)ap5 ( )
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satisfies that, for i = 6, z, p, the coefficient Bl.(j) belongs to R[z][[p]] if C; is a
non-corner chart, or to both algebras R[z][[p]] and R[p][[z]], if C is a corner char-
acteristic chart. In any case, Bem (z, 0) = 1 and hence itis a unit of the corresponding
algebra.

When J = I or J = I, we define n/) to be the maximum n such that £/) (z/)) =
@ B(xY) |y 2Dy with B an element in R[x), y(D[[z()]).

Observing (H3)-(2), for J ¢ {10/54, 1 i‘g‘o}, we define the vector field associated to the
transform £ as the formal two dimensional vector field 7 given by the following system

of ODEs (using (10) and simplifying (z, p) = (z?, p))):

J —1p( 0 Dy
2 {% = Bé "2, )7 'B (2, 0) = o™ 2 AV (2, p) an

- d J 1 pU @,
4 — B (z.p)'BY (2. p) = 0" 2 A (2, p).

Here, ngj) is the maximum 7 such that p” divides both B,(,J) and BZ(J) (and thus, A,(oj) and Ay)
are formal series not both together divisible by p). On the other hand, if C; is a non-corner
chart, we take néj) = 0, and, if Cy is a corner chart, we take ngj) to be the maximum m such
that z’" divides both B;J) and BZ(J). We define n/) := max{ngj), ny)} in all cases.

It is clear that M fulfills (H1-H3). Now, a sequence of admissible blowing-ups for é of
length [is atuple M’ := (M’, 7', A’, D') built from a sequence of admissible blowing-ups
M= (M, n, A D) oflength ! — 1 in such a way that 7’ = 7 o oy, where

oy M — M

is the blowing-up centered at some y; € D. The expression of o7, in charts and the descrip-
tion of the families D’, A’ are exposed in what follows (see Fig.3 for an illustration of the
different situations). We consider two cases: the blowing-up o,, is centered at a characteristic
singularity or at a characteristic cycle.

(i) First case. The blowing-up oy, is centered at the singular point y; with I = Io/gt (or
analogously for I = Ii\go). PutJ =1, Jx = (J,00) and Jp = (J,0). The point y; is
the origin of a chart (Cy, (x/), y), z(1))) e A where the divisor E = 7~1(0) is given
by {7 = 0}. Then, the exceptional divisor 01;1 (y1) is covered by two charts of M’, say
(o (xUeo) | yUo)  2(J)yy and (Cyy, (0, V0 p0)y) 5o that 0y, is written as:

x) = pUo) cos h

mCy: Yy = pPsing 6 eR, U, pW0) >0 (12)
2 = U0 ;00)
() = xUs) 7o)

InCy : y(f) = y(-]oo)Z(Joo) X(JOC), y(/oc) c R, 7(Jo0) > 0. (13)
7D = ZUx)

We set the atlas of M’ to be A" = (A\{C;}) U {Cy,, Cs,} (under the identification oy, :
M/\O‘V_JI (ys) — M\yy). The chart C, is a corner chart in this case.

Letus define D. We consider first the vector field é (Joo) == (oylcyy )*é () Define n/>) as
the maximum n € N such that (z/>))" divides é‘”m) (z/>)). In the chart C/,,,the expression

of the vector field é(l ) is similar to (9). The origin of C_ is named y;_, . Secondly, consider
the formal vector field é(fo) = (oy, |CJO)*(§(1)). Use the expression in (10) for é(”, and
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Fig.3 Several sequences of admissible blowing-ups

rename (z, p) = (z/0), p/0))_ Then, 5(10) is given by
£ = BV (¢, )2 55 TG p) B, p) : (14)

where B{"” € R[z][[p]] is a unit in the algebra R[z][[p]] (because BéJO) (z,0) = 1) and

o) (o) ~ (Jo) (Jo) ~ ~
(Jo) — (Jo) (Jo) — p (Jo) o) pUo)
B =ph " B, B =M B BYY B e Rizll[pll, (15)

where nEJO), ngj(’) are defined similarly as we have defined nﬁj) and ngj). The vector field

associated to é”") is the two dimensional vector field 7}, with coefficients in R[z][[p]],
defined in a similar manner as 7 in (8). That is,

(J) Jo)
fj = p" " <A”0><z P +A”°><z p)— ) (16)

where A(JO) ,EJO) . (B(gj(’))_1 for k = z, p. The vector field ﬁ/Jo = ﬁﬁh is called
2

0
P b4
the reduced vector field associated to €0, We distinguish two cases:
e The blowing-up oy, is non-dicritical if Aﬁ,JO)(z, 0) = 0. In this case, we say that the
divisor 0_1 (y1) is a non-dicritical component of the total divisor E’ := (7’ )y~10).

e The blowing-up oy, is dicritical if A(JO)(z, 0) # 0 and ay_,l (yr) adicritical component
of the total divisor E’.

Put £, := o, (yl) N CJO and Fy, := Ej, N {6 = 0} and consider Slng(njo, Fyy) the
adapted smgular locus of i/ 7o relatively to Fy,, it is a finite set, taking into account that the
coefficients of 7 belong to R[z][[p]]. Denote those elements contained in the regular part
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FJO = Fj, N {z > 0} of Fy, as (in coordinates (Y0, pto)y)

Sing(#,. Fip) 0 Fry = (@™, 0) 1i = 1,....mp}, with 0 < 0 < " if i < j.
The circles y;; := {z = a)( 0), p =0} C Ey,foreachi =1, ..., my, are by definition the

non-corner characteristic cycles in Cj,. The circle y;, oo 1= {z = 0, p = 0} is by definition
a corner characteristic cycle.

Gathering all the above objects, we define the family D' := {y;};c7 of characteristic
elements of M', where

mjo

=@\{IHu | JIU. D} | uld, —o0), (I, 00)}.

i=1

The elements of D’ are subsets of E/ = (/)1 (0), once we identify y; = o, Y(yp) for
L € Z\{Il}. They are either the two points Vo, oo and ¥Y_wo,. . —co (Whose indices are
denoted also by Io/;" and / i\go respectively) called the characteristic singularities of § in
M’ or circles (the characteristic cycles of & in M').

(ii) Second case. o, is centered at one of the characteristic cycles y; € D with I =

.....

(i1, ..., 1r). It can be a corner characteristic cycle (in which case i, = F00) or not. The
charts after the blowing-up o,, are defined in a different manner in each case. In order to
simplify the notation, name I’ = (iy, ..., i,—1).

(a) When y7 is a corner characteristic cycle, it can be seen as {(p =0,z) =0}ina
chart Cjy by (H3). Put Jo = (/,0) and J5, = (I, 00). The set ay_ll (yr) is covered by two
new charts (Cy_, (0, 2/, p/=))) and (Cy,, (0, z/0), p()), where the blowing-up o, is
written as:

6 = 6

In Cjo: 1z = U | geR, V), pe) >0, (17)
pU) = plse) 70Usc)
0 = 0

In Cy: {2 =pW0z00  geRr, ) p00 >0 (18)
o) = p)

The new atlas is defined by A" := (A\{C;}) U {Cy,, C;}, where we have identified
M'\a,,' (yr) and M\y; via o,

To determine the new family D’ of characteristic elements in this case, we write the
transformed formal vector fields é”‘)) = (0, |CJo )*é ), é‘(Jm) = (oy,lcy, )*é‘ ) in the two
charts. Both are similar and, in fact, to determine D’ only one of the expressions is sufficient.
Considering for instance the chart C,, and with similar computations and notations as in the
precedent paragraphs, we write (simplifying (z, p) = (z(JO), p0)y)

§ = Bé’”(z,p)a + B (2 p) o +B<’°><z p) (19)

where B(JO) B(JO) B(JO) € R[z][[p]] and B(JO) is a unit. The vector field associated to & /0
is 7 7= (BJ")™ lB(JO) L+ (BB L " . We put

(Jo) Jo) n Jo)

(o)
g = p" 2", = p" 2" (A“O)(z P+ AN p)*)
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where the natural numbers n,({JO) for k = 1, 2 are defined as in case (i). The vector field ﬁ’lo
is the reduced associated vector field. We distinguish the cases when o,,, or the component
Ej, = 0, (yp), is dicritical (A5 (z,0) # 0) or non-dicritical (A} (z,0) = 0). Put

Fjy == EjN{0 =0}, FJO := Fj, N {z > 0} and denote
Sing(,. Fiy) 0 Egy = (@™, 0) 1i =1, my,} with 0 < o < 0" if i < j.
With these data, we set:
yii o =S x (G, pU0) = @™, 0}, i =1,...my,
VI—oo : = S! x (@, p) = (0,0)} € Cyy

Vioo : =S x {z%), p/>)) = (0,0)} c Cy,

and we define the family of characteristic elements of M" as D' := {y;};e1, where
oam
T = (Z\{I) U{(. D)}, U{(, —00)} U {(, 00)},

again identifying y; with a};l (yr) for L € Z\{I}. Notice that, among the new characteristic
cycles, y1.00, ¥I,—o0 are corner cycles and the other ones are non-corner characteristic cycles.

(b) When y; is a non-corner characteristic cycle (that is, by (H2), when I = (i, ..., i)
with i, % =£00), it can be seen as the set y; = {z/) = w,(cj), o) = 0} for some w](cj)
in the domain of z(/) of a chart Cy, by (H3). Set J_o = (I, —00), Joo := (I, 00) and
Jo := (1, 0). The blowing-up oy, : (M', E') — (M, y;) of y; is given in three new charts
(Cu. (0,2, p)), for u € {Joo. Jo, J—o0}. by

0 = 0
InCy: 1z =00~ 6 eR, pl=) V=) >0. (20)
pU) = ple) 7 U0
0 = 0
InCy, : 72 = plo) (o) — w](cf)) 6 R,z R, p(Jo) > 0. Q1)
o) = o)
0 = 0
InCy :{z) = V=) 4o 0eR, p) V) >0 (22)
) = pl=se) ;(U-cc)

The new atlas is A" := (A\{Cs}) U {Cy,, C;.,Cs . }. The family D’ of characteristic
elements of & in M’ is defined analogously as in case (a), studying the corresponding
transformed vector field é (o) = (oy,lc o )*é (1) its associated two-dimensional vector field
11, and the adapted singular locus of the reduced associated vector field 7 J, Telatively to
Fj,=Cy N a};l(yl) N {6 = 0}. We just observe the following:

e Thecharts C;,_ and C;__ are corner charts and the curves y;, = {z/=) =0, p/~) = 0}
and yy_ = {zJ-) = 0, p(J*OO) = (} are corner characteristic cycles.
e The chart Cy, is a non-corner chart and contains the new non-corner characteristic

cycles yr; where y;; = S! x {(wi(JO), 0)}, i =1,...,my, being %(ﬁ}o, Fy) =
(@™,0), i =1,....my).

From the construction, we can check that the hypothesis (H1-H3) are fulfilled for M. Thus,
we have defined admissible sequences of blowing-ups of £ of any length.
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Remark 3.6 By construction, a non-corner characteristic cycle y; € D is defined in some
chart C; by equations y; = {z/) = w,((J), o) = 0} for some k € Nx1. It may happen that

the same characteristic cycle y; is defined in a corner chart Cj by {z(j ) =0, ,o(j ) = ¢}, for
some ¢ € R.

Remark 3.7 Notice that for any given sequence of admissible blowing-ups M = (M, «, A, D)
and for any chart C; of A, the associated vector field 7 is not identically zero. This can be
seen from the construction of M and using Remark 3.1.

3.4 Adapted Reduction of Singularities

Recall (see the book [5]) that a formal vector field y = A(x, y) % +B(x,y) % at (R2, 0) has
a (real) simple singularity if Sing(x) = {0}, the eigenvalues A1, A of the linear part D x (0)
are real and at least one of them is different from zero, for instance X, # 0, and % ¢ Q-o.
In this case, x has exactly two formal invariant curves, also called separatrices, which are
tangent to the corresponding eigenspaces, non-singular and mutually transverse. We need an
extended notion of simple singularity, also taken from that reference, that takes into account
the existence of a divisor and the possibility that the singularity is not isolated.

Definition 3.8 Let F = {xy© = 0}, where € € {0, 1}, be a normal crossing divisor atQ € R2.
A formal vector field x at (R2, 0) has an adapted simple singularity relatively to F if one
of the two following situations occurs:

(1) Sing(x) = {0}, the singularity is simple and each component of F is invariant for x
(thus, if € = 1, the two components of F are the two separatrices).

(2) € = 0, there is a formal non-singular curve I' transversal to F = {x = 0} given by an
equation I' = {y — g(x) = 0} contained in Sing(x), and x = (y — g(x))" x, withr > 1,
such that either yx is non-singular at 0 and F is the only invariant curve of x through O,
or x has a simple singularity at O and the set of separatrices of y atQis {F, I'}.

To distinguish the two cases of this definition, in the situation of (2), we say that x has
a non-saturated adapted simple singularity. Usually in this situation, one divides x by an
equation of Sing(x) to get the situation in (1) or a non-singular point. However for us, the
vector field x will come from some three dimensional vector field, hence it will be important
to keep unaltered the singular locus placed outside the divisor.

Before introducing the reduction of singularities of £ adapted to our problem, we recall
Seidenberg’s Theorem ([29]) of reduction of singularities of a two dimensional analytic (or
formal) vector field &, following the lines of the book [5]. In this reference, it is assumed that
the vector field is saturated, i.e. that y has an isolated singularity at the origin. For us, it is
important to consider the non-saturated case: that x writes as x = f x, where f is non-zero,
non-unit and a generator of Sing(y ). Moreover, we cannot “saturate”" x just by dividing by
f since we treat the formal case and we want to preserve the analytic nature of the given
coordinates. Instead, we adapt the result in [5] to the non-saturated case, which only involves
a slightly modification and encompasses both a reduction of singularities of the singular locus
of x and a reduction of singularities of x. For the sake of completeness, we provide here a
precise statement and we sketch the modifications to be made for its proof.

Theorem 3.9 Let x be a formal vector field at (R?, 0) not identically zero, saturated or not,
FO be a normal crossings divisor and 0 € §i\n§( %, FO). Then there is a composition of
a finite number of punctual blowing-ups  : (N, F) - (R2, FO) fulfilling the following
conditions:
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(a) For any point q € F = = W(FO), ifxé is the strict transform of x by w at q (that is,
X; = ﬁn*(x), where uv€ is a local reduced equation ofl:" atqg (e =0orl)andk,l
are maximal so that x, has no pole), then q € %(Xé, F) ifand only if ¢ € Sing(xg)-

(b) If g € Fisa singular point of Xc//’ then q is an adapted simple singularity relatively to
F (cf. Definition 3.8).

(c) Any dicritical component is isolated as a dicritical component (i.e. any other component
that intersects it is non dicritical).

Proof In the case where x has as an isolated singularity at 0, the existence of the reduction of
singularities 7 is given by the result in [5], where one eliminates points in the adapted singular
locus relatively to the divisor that are not singular points (to get (a)). In the case where the
singular locus S := Sing(x) of x at 0 is not reduced to {0} (thus S is a finite union of formal
curves), we first consider a reduction of singularities ¥ : (N, F) — (R2, FO) of .
Then, let x| be the strict transform of x by ¥, we blow up any ¢ € %(}({, FU) that is not
a singular point to get (a). After that, we may assume that such strict transform, named X[;,
either has an isolated singularity at ¢ (and hence we apply again [5]) or ¢ is a point in the
strict transform S;l) of the curve S by . In this last case, there are coordinates (x, y) at g
such that F( = {x = 0}, and x/ is written as x, = (y — §(x))" X/, where {y — g(x) = 0}
is an equation of Sc(,l), r > 1and x/ has at most an isolated singularity at g.

If X; (g) = 0, after a reduction of singularities of )Zq’, we may assume that ¢ is a simple

singularity of )Z[;. By further blowing-ups, we separate S’;U from the two separatrices of )'((;

unless one of them coincides with S‘;l). We will get in this way adapted simple singular-
ities of (the transform of) )Zq/ either saturated (cf. Definition 3.8-(1)) or non saturated (cf.
Definition 3.8-(2)).

When )_([; (q) # 0, if T is the formal solution of )Z(; through ¢, a new blowing-up at ¢
produces an adapted simple singularity for the transform of )Zq’ at the point corresponding to

the tangent line of I". If I" coincides with S’,gl), we get an adapted simple singular point for

)Z(;. Otherwise, by further blowing-ups, we separate I" from S‘él) and we get either adapted
simple singularities or points in the situation already treated.

Note that condition (c) is obtained as a consequence of the result in [5] since only normal
crossings are allowed. O

Now, we can state the result which gives the reduction of singularities of a formal normal
form & of a vector field & € H> with isolated singularity.

Proposition 3.10 (Adapted resolution of singularities) Leté be a formal vector field written
as in Eq. (2) with isolated singularity at 0 € R3. Then there exists a sequence of admissible
blowing-ups M = (M, r, A, D) foré‘ with A = {Cy}jeg, D = {yr}iez and total divisor
E = n~Y(0) such that

(1) ForJ e {Ig‘o/‘, Ifg‘o}, the transformed vecmrﬁeldé(]) = (7t|cj)*§ satisfies é(J)(z(J)) =
YN G wheret > 1 and G is a unit in R[[x), y(D) (D7),

(2) Forany J € J \{Ic{\o/‘, 1 i\go}, the singularities of the reduced associated vector field 7,
are adapted simple singularities relatively to the divisor EN C; N {6 = 0}.

() If Eg is a dicritical component of E, then Eq is isolated as a dicritical component
(i.e. any other component that intersects E is non dicritical). Moreover, for any J €
INILE, 172}, one has Sing(d), Fo.j) = § where Fo; = EgN C; N {0 = 0}, in
particular, i, is everywhere transversal to F ;.

@ Springer



Journal of Dynamics and Differential Equations (2025) 37:2981-3023 2999

Proof From Remark 3.1, there exists a term c.,-zj in the coefficient é (z) with¢; # 0. Assume,
without loss of generality, that j is the minimum exponent with this condition. Notice that
j > 0. Write £(z) € R[[x, y, z]] as

o
E@D =22 +y. ) =2"Cr.y.0=2" Y Gilx.y.2),
k=v(G)

where Gy is an homogeneous polynomial of degree k for each k, #9p > 0 is defined as
the maximum integer such that z divides é(z) and v(G) is the order of G as a series as
defined in the Introduction. Then G ;4 (x, y, z) contains the monomial ¢ jzj ~ (notice that
Jj = to and the equality holds if and only if v(G) = 0). Consider the first blowing-up og
and study £ (z(>)), where £ = (0y|c..)*E. Omitting super-indices for the coordinates
(x®), y<°°), z(®)), we have:

oo o0
E@) =" Y Grlr,y, DF=2" Y Grlxy, DTV,

k=1(G) k=v(G)

where 1, = t9 + v(G) > fy. Rewrite the series GV := Z,fiv(c) Gr(x,y, DzF=©) jn
homogeneous components:
o0
) =60y 9=2" Y Gy
k=v(GD)

If j = 11, we see that G(()l) = ¢, and thus GW is a unit, which gives statement (/) of the
proposition for ¢ = #;. Otherwise, if 1; < j, we see that G5 ) o (x, y, z) contains the term
cj izJ =1 Notice that, in this case, we have 7 > #( since, otherwise, if f; = fo then v(G) = 0
and j =1t =1t.Thus, j —19 > j—1 =0 By recurrence over j — fo, there exists an
admissible sequence of blowing-ups M= (M,%, A D)with7a composition of s blowing-

ups at the corresponding characteristic singularities Y M such that, defining 7, #1, ..., ts as
[o]
above, we have j = t;. We conclude (1) for 7*¢ at the characteristic singularity y, &1 with
o]
t = t;. Analogously, up to blowing-up repeatedly the characteristic singularity ¥, A » We may
—00
assume that (/) holds at Y, M-
—00

According to the construction of sequences of admissible blowing-ups in the Sect. 3.3, A
is composed by the two charts C M and C, 1 and a finite number of charts named:

{CJ}JEjO, wherejo =10, (00,0),...,(00,...,00,0), (—00,0),...,(—00,...,—00,0)}

with coordinates of the form (0, z, p) € R x (R>0) except for the first one with z taking
values in R. For any J € jo, consider the transformed vector field S ) = (F|¢c ¥ “;‘ and the
correspondmg reduced associated vector field 77';. Denote by E := 7#71(0) the total divisor
of M. Notice that the coordinate 6 is well defined in the union U = | sed, Cr so that
F:=EnN {6 = 0} N U has a perfect sense. In fact, F=En 7~ 1({y =0, x > 0}). Now,
given J € Jo» we apply Theorem 3.9 at each point a € §i§§(ﬁ’,, F) in order to obtain a

reduction of singularities 7, of the two dimensional vector field ﬁ/l at a adapted to F.
Notice that in the sequence of of blowmg ups that Theorem 3.9 provides, we start blowmg

up with center at points a € S1ng(77 D F) for the different J € JO The pomts in Slng(n 7 F)

correspond exactly to the family of characteristic cycles of M (elements of D) Considering
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admissible blowing-ups oy, centered at those y; € D, the restriction oy, lie=0y is exactly
the blowing- up centered at the corresponding point y; N {# = 0} of the two-dimensional
vector field n 7. Moreover, this property repeats for the subsequent points to be blown up to
achieve 1, and the corresponding strict transform of 7’ ;- In other words, havmg defined the
sequence of blowmg ups 7, as above, satisfying (a), (b) and (c) for any a € Smg(nj, F)
and for any J € Jo, the composition of these sequences of two dimensional blowing-ups 7,
provides a sequence of admissible blowing-ups M = (M, r, A, D) factorizing through 7
(i.e. 1 = 7 ox’) such that M satisfies (2) and (3) of the statement. Since 7" does not modify
the characteristic singularities Y, /\Z’ Y, ,\ZO , we have also (1), and we are done. O

Remark 3.11 Notice that after an adapted reduction of singularities, the non-corner charac-
teristic cycles that we obtain are contained in non-dicritical components of the total divisor.

3.5 Behavior of Jet Approximations of Normal Forms Under Blowing-Ups

In this section, we study the effect of sequences of admissible blowing-ups to the jet approx-
imations &, of the formal normal form &, for convenient values of £. First, we establish the
jet dependence of the transform of & by such blowing-ups in the different charts.

Proposition 3.12 Leté be a formal normal form of & € H3. Consider an admissible sequence
of blowing-ups M = (M, 7, A, D) for & of length | > 0, with A = {Cs}jeg. For every
J € J and for every k > 1, if u is a coordinate of the chart Cj such that {u = 0} C E =
77 10), then we have

JHED) = jlGrle) i1 €)). (23)
Proof The proof uses the following standard fact.

Fact Let  be a vector field with coefficients in A[[x], ..., x,]] and let T be a quadratic
morphism of the form 7 (xy, ..., x,) = (X1X;, ..., Xi—1Xi, Xi, Xi41Xi, ..., XpX;). Then,

Je @) = i (@ e ()

Xj Xj X X (24)
) =l @) = g @G ), A

We proceed by induction on the length [ of M. If I = 0, that is, w = oy is the blowing-up

of the origin 0 € R3 described in Sect. 3.2. We have (with simplified notation p := p©, 7 :=
0)
)

L (©@0lcy) ) = jif ((oley)* jir1(E)),
JE(0lc.)*8) = ji(oolc) k1)), (25)
Ji(@0le_)*6) = Ji(@olc_) k1)),
which proves the result.
Suppose [ > 0 and that 7 = 7 o oy,, where oy, is the blowing-up centered at some

characteristic element y; of a sequence of admissible blowing-ups M= (M %, A, D) of
length [ — 1. It is enough to study the transform f,:(“ in the charts C; when awl (ynNCy # 9,

since the map oy, is an isomorphism out of O'}Zl (yr). According to the construction of M
from M and using the same notations as in Sect. 3.3, we have several cases:
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ey

(@)

3

The point yy is the origin of a chart (C,, (xUn), y(J’) ZDy) of A (for instance 1 = IM)
where z/1) = 0 is the equation of the divisor EN Cy,and J = IM (00, .5.,00).
In this case, u = z/) is the only coordlnate of the chart C; in the condmons of the
statement. Using the induction hypothesis j ] (S Uy = Z( 1>((71|C !1) JK+(=1)+1 (5))

for k' = k + 1, we have that
JEED) = (o, 1e)ED) = (o le )it EDY)
= @y e T (G le) Gaansa—n+1E))
= j 0y lc) (@) Grat+1()))
= i (Tle,) G (B))

The point y7 is the origin of a chart (Cy,, @YD yUD DYy of A where zD = 0 is
the equation of the divisor ENC J; and oy, |c,: Cj — Cy; has the same expression as
(4) for oy, considering coordinates (9, 7D, p(J )) for C; and with the obvious change
of notation. Notice that in C; the two coordinates u = p) and u = z) are in the
conditions of the statement. By the induction hypothesis, renaming z = z/) for sim-
plicity, we have, for any k > 1, that j{ (V) = ji((F|c,)* jkt1(€)). By the fact that

kG0 = jkGi () for any vector field x, we also have ji(§V0) = ji((Flc,,)* jes1(§)).
From this last equality, the result follows for u = p(/) similarly to the case of the first
blowing-up og. For u = z/), it is a consequence of the second equation of (24).

yr is a characteristic cycle of M. Taking into account Remark 3.6, we may assume
yi C {pWYD = 0} for some chart (Cy,, (0, 2D pUnyy A. Let us put for simplicity
(z, p) = (YD, pUD). We distinguish two cases:

(a) yr is a corner characteristic cycle. In this case, o, 1()/1) is covered by two charts

(Cy, 0,2z, py) with J = Js, Jo, for Wthh the expression of oy, is given
by (17) and (18), respectively. By symmetry, both are treated similarly, and we
assume the case J = Joo. Notice that the coordinates u = z) and u = p*/) are in
the condition of the statement. For u = z/), we have, for any k > 1:

JHED) = jl oy e ) k1 GV = jE oy le) i1 Gl EY))

= ji' oy le) i1 i (Fley,)* okfm éN)) 6
= ji Oyl 1 (Fle,,)* G D)
= ji' oy e G, ) Gk ) = ji((rle,) Girir ())).

Here, we have used the first formula of Eq. (24) for the quadratic map o, in the first
and fifth equalities, general properties of jets (cf. Sect. 1) in the second and fourth
equalities and the induction hypothesis in the third equality. This proves (23) for
u=2zY) Foru = p), we have, for any k > 1:

JHED) = ji oy e jf EYD))
= ji oy le) it (G, U1 (E))) 7)
= ji' oy le))* Fley, ) Grsre1 €)= ji(Grle,) Giri+1 ),

where we have used the second formula of (24) for the quadratic map o, in the
first and third equality and the induction hypothesis in the second equality. This
proves (23) for u = o).
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(b) yr is a non-corner characteristic cycle. In this case 01;1()/1) is covered by three
charts Cy, Cy, and Cy__, for which the expression of oy, is given by Egs. (20),
(21) and (22), respectively. In the chart (C;_, (6, 7o) pU °°))), the two coordinates
u = z=) and u = p/>) are in the hypothesis of the statement. The proof of the
result is analogous to the one in case (a), namely Eqgs. (26) and (27). The chart C;__,
is similar to C . Finally, in the chart (C,, (6, U0 plo)yy only u = ) is in the
hypothesis of the statement. The proof for this coordinate is just the same sequence
of equalities as in (26) with the interchange of the role of the coordinates z and p in
Cy,.

O

Now, let us discuss the validity of Proposition 3.12 for the jets approximations of the
normal form &.

Consider the first blowing-up o at 0 € R3, a singular point of & for any £. Being &
analytic, the total transform o€, exists and is analytic in a neighborhood of the divisor
Eo =0, ! (0). Moreover, in terms of coordinates of the charts C_,, Cqy, Coo (cf. Sect. 3.2),
we can prove (see for instance the computations in [1, sec. 3])

(a) For (Coo, (x(®), y(>) z(>))) (and analogously for C_n) the coefficients of £, () .
(00lc.,)*&e belong to R[x©) | yOI[[7]NR{x (), y(o) 7o)} Tn fact, they belong
to the algebra R[x (%), y(oo)]{z(oo)} of convergent series with polynomial coefficients (cf.
notations at the end of Sect. 1).

(b) For (Co, (8, z, p)), the coefficients oféz(o) := (00lc,)*&¢ belongtoR[cos 6, sin 6, z][[p]IN
R[cos 6, sin0]{z, p}. In fact, they belong to R[cos 8, sin 6, z]{p}.

Finally, taking into account that £ > 1 (i.e. &, has the same linear part as & or é), we may

observe that ‘Eg(J)|E0ﬁCJ= é(J)lEomcj for any J € {—o00, 0, 0o}. In particular, the character-

istic elements of é in Eq are invariant for the transform o, then &, admits a transform
which is analytic if we blow up again one of those characteristic elements. Using recursively
the same kind of arguments, and with a similar proof, we obtain the following version of

Proposition 3.12 for the jets approximations of the normal form.

Proposition 3.13 Let M = (M, t, A, D) be an admissible sequence of blowing-ups of length
I with A = {Cy}je. Then, for £ > 1 + 1 and J € J, the transform &\ := (xt|c,)*& is
analytic. Moreover, forany k € N, ifu is a coordinate of C j suchthat{u =0} C E = 71_1 )
and £ > k + [ + 1, then, we have

JrEDY = jrEW).

Remark 3.14 As apart of the proof, we can see that the restriction of Sz(j) and é” ) to the divisor
coincide. Hence, the characteristic elements y; € D are invariant for the total transform 77 *&,.

They are called characteristic singularities or characteristic cycles, accordingly, of éeu) .

Moreover, we observe that the coefficients of & e(J) are convergent series in the coordinates of
the chart Cy, i.e., they satisfy the corresponding property (a), respectively (b), above when
J e {1—00» IM} (resp. J ¢ {(IM R IM}) In the last case, we can also interchange the roles
of the coordinates z and p if C; is a corner chart.

Recall, from Sect. 3.3, the definition of the associated two dimensional vector fields
”J to E Dfor J e J 1L MM %) and the corresponding reduced vector fields ﬁ’] =

(p Z”z ) ‘n 7, where (0, z, p) are the coordinates in C;. Write the transform SL/(]) as

£ =B, p)—+B(”(9, ,p)f+B”)(9 z, P)* (28)
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Then, the associated (to (;?Z(J)) system of ODEs 1, is defined as:

{% = B0.2.p) - (B} 0.2, p) " 09)

% = B<’><9, 20 (B‘”(e 2o

Recall also that, if J € (I MM ) and we use simplified notation (x,y,z) :=
x), y(J) 7)), we have defined n(” as the maximum n € N such that S(J)(z) is divisible
by z". As well, if J € J\{IM ™M o), we have defined nt) = max{nm (J)} With those
notations, we have the following Corollary of Proposition 3.13.

Corollary 3.15 Let M = (M, , A, D) be an admissible sequence of blowing-ups of length
1 > 0 with A= {Cy}jes. Define Lpq := max{n) : J € J}+1+ 1. Fixk € Nxo.

(1) LetJ € j\{lfoo,IM}andput (z, p) := (Y, pY)). Forevery £ > ZM +k themono-

mial (p)"l (z)" dlvzdes the system ng, j. Moreover, putting ’7@ g =" 7 z"2 ) lng J»
if u is a coordinate with {u = 0} C E N Cy, then

JEg. ) = Ja.
2) Let J € { _OO,IM}andput (x,y,2) = D,y 2D Forevery £ > taq + k, the

2l

series EZ( )(z) is divisible by 7", and

i (e @) = i (@),

Proof Both statements are direct consequence of the jet equality stated in Proposition 3.13.
Since k + Lpq > nu) + 1+ 1fori = 1,2 and for very J € J\{I_OO,IM} and k + g >
nY) 41+ 1whenJ € {I_OO, IM}, we have that the monomials of type (p“))”(lj) (Z(J))"éj)
divide the system 5, ; when J € J\{I™, I}, or " divides SZ(J)(ZU)) when
J e (IM, 1. u]

3.6 Lifting of Automorphisms by Admissible Blowing-Ups

Recall from Eq. (3) that there is a formal automorphism v/, at 0 € R3 that conjugates é and &,
that is, é = we* (&¢), and that ¥, is tangent to the identity up to order ¢, i.e., jo (Y¢ —Id) = 0.In
what follows, we will need to lift such a conjugation to the charts of a sequence of admissible
blowing-ups. As well, we will need to lift the (analytic) conjugation between different jet
approximations &; and &,. We provide a proper statement covering all those situations.

Proposition 3.16 Let M = (M, t, A, D) be a sequence of admissible blowing-ups of length
l. Take € > | + 1 and let ¥ € R[[x,y, z]] be a formal automorphism satisfying j¢(Y —
(x,v,2)) = 0. Then, for any C; € A, there exists a formal automorphism ) in the
coordinates of Cj satisfying

e, oy =y omlc,. (30)
More precisely, if ¢ = k + 1 + 1, we have:
(1) Suppose J = Iioo and denote (u, v, w) := (x(J),y(J),z(J)), then there is W(J) €
Rlu, vI[[w]]? that satisfies Ji Y — (u, v, w)) =0.

@ Springer



3004 Journal of Dynamics and Differential Equations (2025) 37:2981-3023

2) Suppose J # Ii\go and denote 0,7z, p) = 0,2z, p) (notice that {p = 0} C
ENCy). Then, ¥ = 6,2, p) = (0 + Fy,z + F;, p + F,,) where each F; €
R[cos 8, sin b, z][[p]] and I/I(J) satisfies j,f(w”) — 0,2z, p) = 0. Moreover, if {z =
0} C ENCy (Cy is a corner chart), then we have also F; € R[cos 0, sin6, p][[z]].

(3) In the same conditions, assume moreover that € Rix,y, z}3 is convergent. Then,
v e Rlu, vi{w} in case (1) and ) € Rlcos 0, sin b, z|{p} in case (2).

Proof We can write 1 =0go0j0---000---00, witho; =0, and0 <r’ <r, where
r VI
1
y1; are characteristic singularities of the form Yoo, for0 <i <r and ¢ = £1, and
v1; are characteristic cycles for 1 + rr<j<r.

'i £00)

Suppose that ' > 1. First, the automorphism 1 can be lifted to () at the point ys (or,
correspondingly, to 1 (~°°) at the point y_): using the chart (Coo, (x©), y(®, 7())) and
the quadratic expression of og|c,, given in (5), the formal automorphism defined by

xXoy yoiy
zoy zoy

satisfies that og|c,, 0¥ = ¥ o 09|c,,. Moreover, using that j, () = Id and the explicit
expression of Y we get that jp_1 (¢©®)) = Id. In addition, it is standard to prove from
(31) that 1 belongs to R[x (), y(oo)][[z(oo)]], and more precisely to R[x (), y(oo)]{z(oo)}
when 1 is convergent. Thus, ¥ (/) satisfies the required properties (/) and (3) for J €
{—00, 0o} when r = 1. Moreover, ¥ (> satisfies at y», the same properties as i does at 0,
renaming ¢ := £ — 1. Repeating the same arguments for each blowing-up in the composition
71 = 0p o ---0,_1 whenr’ > 1, we obtain that there is a formal automorphism 1/f1r’ atyr,

P (O (x (00, (o) 7)) = ( . Zo w) 0 apley, (x, y© 700y (31)

such that ¢, oYl =om |c,, and satisfying the same hypothesis as v at 0, but putting
¢ — v/ instead of ¢. Thus, for J = [ 10/;4, we have shown items (/) and (3). Renaming

o
the point Vi, s the origin when r’ > 1, we can assume that ' = 0. Let us analyze the chart

(Co, (0, z, p)) of the blowing-up op. Write ¥ (x, y,z) = (x + G1, y + G2, z + G3) where
each G; € R[[x, y, z]] has order at least £ 4+ 1. We have

Y ooplcy(0,z, p) = (pcost + Gi(pcosh, psinb, pz), psiné + G2(psinb, psinb, pz),
pz+ G3(pcosh, psinb, pz)). (32)

Hence, G; o oplc,€ Rlcos0, sin6, z][[p]] and ,0“‘1 divides each G; o o¢|c,. Moreover,
tpese series G; o og|c, belong to R[cos b, sin 6, z]{p} if ¥ is convergent. We introduce
G; = %G i 0 00lc,. We look for a formal automorphism of the form

v 00,2, 0) = O+ pFi(0.2.p). 2+ pF20.2,0), p + pF3(6. 2. p))
such that 00|cooxp(0) = ¥ o 0ylc,. The tuple (Fy, F>, F3) must fulfill
pcost + pGi = (p + pF3)cos(@ + pFy),
psind + pGs = (p + pF3)sin(@ + pFy),
pz+pGs = (z+ pF2)(p + pF3).

Put Fl = pF and 152 = pF,. Using classical formulas for trigonometric functions,
and dividing the above expressions by p, we obtain the following system of formal equa-
tions with coefficients in the ring R[cos®,sin6, z, p] and in the variables (G, F) =
(G1, G2, G3, Fy, I, F3).
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G| =cosOF; —sinOF) —sinOF3F + O(F?),
Gzzsin9F3 +cos<9151 +cos9F3ﬁ1 +0(ﬁ12), (33)
G3 = 2F3 + P, + F3F,.

The differential of the system with respect to the unknown variables F at F = 0 is
invertible, as a matrix with entries in R[cos 6, sin6, z, p]. We apply the implicit function
theorem to find a solution F € R[cos b, sin0, z, p][[@]]3, see for example [4, A.IV.37].
Notice also that G € R[cos 6, sin 0, z][[p]], and hence F e R[cos 8, sin 6, z][[p]]3. Since
jr (G = 0fori = 1,2,3, we find that p* divides pFy, pFa, F3 and je—1 (¢ ?) = Id.
Once more, if ¥ is convergent, then we get that @ e Rlcosb,sinb, z]{p}’ since
G; € Rlcos6,sin0, z]{p}. (Notlce that the system (33) is composed by equations that
belong to R[cos 9, sin b, z, pl{G, F}, in this case). We get the desired lifting (@ of ¥ in
the chart Cy.

We proceed studying the rest of the blowing-ups o;, i > 1, by recurrence. Let us simply
discuss the first step of the recurrence, the rest is done similarly. Up to a translation z — z+w
in {p = 0}, the expression of o7 (omitting super-indices) is either o1(0, z, p) = (0, pz, p)
(in the non-corner chart Cy, as in Eq. (21)) or 01(6, z, p) = (6, £z, zp) (in a corner chart,
say Cy_. ., as in Egs. (20) or (22)). We obtain the desired expression of Y proceeding as
in (31). For example, in the situation of the corner chart J = J, we define

(0)
po
p. 2. p) = <0ow<°> 2oy, zm)) oailc,.

Considering the expression of o | ¢, the coefficients of Y belong to R[cos @, sin 8, p][[z]]
and alsotoR[cos 0, sin 6, z][[p]] since the coefficients of W(O) belong toR[cos @, sin 8, z][[p]].
By the fact that jf_l (w(o) — (0,z,p)) = 0 and the above expression, we deduce
jéﬂz(l/f”) —(,z,p)) = 0 foru = p,z. This shows (2) for J = J. To prove (3) for
this same index, we observe that through all the operations made above (including the trans-
lation in z), the convergent nature of ¥ ) ig inherited from that of (@ . m]

4 Characteristic Cycles as Limit Sets

In this section, we use the analytic approximations &, to the formal normal form é with
an objective: proving that the characteristic elements of &, after a sequence of admissible
blowing-ups M are the only possible limit sets of the family of local cycles of & for £ large
enough.

Along this section, we fix a sequence of admissible blowing-ups M = (M, x, A, D)
for é‘, with A = {C;}je7 and D = {ys};ez. Denote by E = 771(0) the total divisor of
. We define also the support of D as SuppD = U yr1. Recall the definition of £ in

IeT
Corollary 3.15.

Proposition 4.1 Let £ > lrq + 1 and W be a neighborhood of SuppD = U yr1. There is

IeZ
some neighborhood U = U(W) of 0 € R3 such that 7= (Cy (&) € W.
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To prove this result, we need to introduce new notation and a technical lemma. Consider the
set

E = E\ U v vy
1:y;€D corner
The set E has a finite family of connected components denoted by Eaq = {Lo, L1, ..., Lk}
Each L; € Enq is openin E and contained in a chart Cj, fori =0, 1, ..., kaq. Therefore,

we will call them simply open components (of E). In addition, in case L; is contained in
two different charts, we choose C, such that L; C { p) = 0}, which is always possible by
the hypothesis (H3) of sequences of admissible blowing-ups. Then, each open component
L; =S'x (A )\;L) x {0} in the coordinates of C j; where ;" € RU{—o0} and )»i+ € RU{o0}.
An element L; € E,q is said to be dicritical (respectively, non-dicritical) if the component
of E that contains L; is dicritical (respectively, non-dicritical).

Fix L = L; € Epq, with L = S! x (A7, A1) x {0}, and the corresponding chart C; with
J = J;. Consider the formal vector field 7; associated to é(” = (n|cj)*§ as in Eq. (11).
For the purpose of this section, we write, removing super-indices in (z, p):

N () 0 9
s =p"" (A (2, p)— + A (2, p) ). (34)
0z ap

Notice that there is a small modification here with respect to Eq. (11): we include the factor

o, . . . S .
Z"2 in the coefficients A;J) for j = z, p (which may be non-trivial if C; is a corner

chart) in Eq. (34). The reduced vector field ﬁ; = p’”(lj) 7 considered here (not necessarily
equal to ﬁ/J) has a finite number of points in the adapted singular locus of ﬁ/J relatively to
F = EN{6 = 0} along {p = 0}, which determine the characteristic cycles contained in
L. The z—coordinates of the characteristic cycles in L are denoted by a)lL, R wrﬁ . and the
associated characteristic cycles by ylL, cee y,ﬁL.

Define the collection of sets V(L, ¢, 8) := {Vo, V1,..., Viu, 1, Vin, } depending on two
parameters €, § > 0 by:

Vo =S" x Qoe) x (0,81, Qoe) = [, of —el,
Vi =S'"xQj(e) x (0,8], Qj(e) =[of +e 0l —cl, j=1....m —1,

Vi, =8' X Quuy () X (0,81, Ry () = [wh, + &, s, (35)
where uy = A% F & when |A¥| < oo, u_ = a)lL — é when A~ = —oo0, and 4 = a),%L + é

when AT = co. Define the surfaces d,in V; and 0,45 V; as follows:
® OminVo =S x {u_} x (0, 8]and din V; = S' x {0k +6} x (0, 8] for j = 1,2,...,mp.
o OmarVj =S x {wh, | — e} x (0.8]for j = 0.1,....mp — 1 and dpaxV, = S' x
{4} x (0, 8].
Notice that elements of the family V(L, ¢, §) are subsets of the corresponding elements of
V(L, ¢, §) forany &’ < e.

Lemma 4.2 Assume £ > £ x4 + 1 and denote by “;‘éj) = (mwlc,)*&¢. There exists eo > 0 such
that for every small € with g > ¢ > 0, there exists 6 = §(g) > 0 such that the collection
V(L,¢&,8) ={V; };’ZO satisfies:

(1) In case L is non-dicritical, the function z is monotonic along the trajectories of SK(J) in
each V; for any j. Otherwise, if L is dicritical, the function p is monotonic along the

trajectories of&z(l) in each Vj, for any j.
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(2) If L isdicritical and p" s does not divide éej)(z), then Sé”(z) has constant sign along
the surfaces 0yin Vi and 9yqy V;, for any j.

(3) Suppose that L is dicritical and p" ni 41 divides S (z) Denote V(L, £ 5,8 =
(Vg Vi, ... } Then, each element V’ € V(L, & 5. 8) fulfills (1) and, moreover, any

trajectory of n*&g containing a point in V remains inside VJ{ either for any positive time
t > 0 or for any negative time t < 0.

Proof Taking into account Corollary 3.15 and since £ > € 4, the vector field Seu) is described
by a non-autonomous two dimensional system of ODEs (see Eq. (29))

) f, J
{jg = p" A0,z p),

d U e.(J
£ = pnl Ap( )(95 2, P)

(36)

where AK v )(0, ,0) = A(J)(z 0) for u = p, z. (As for the formal system of ODEs (34),
we include the factor z"zJ in A[ (I))
We choose ¢ satistying the following conditions:

e In any case, we require gy < é m1n,¢1{|a) — a)L|}

e When L is dicritical, if we have that Aﬁ D 0,z,0) #0and {1z, ..., t;} isits set of zeroes,
in order to prove property (2), we require also

1
g0 < yminflof —ul 1<j<mp, 1 <k<s, of #u).

In the non-dicritical case, the function Aﬁ’(l)(e, z,0) = Agj)(z, 0) is not identically zero

and only depends on z. Being its zeroes a)lL e a),ﬁL by definition, it has constant sign

when z belongs to the interval of ©;(e) for j € {0,...,m} forany 0 < ¢ < gp. By

continuity and periodicity in 6, Aﬁ’(h (0, z, p) has constant sign for (0, z, p) in a set of the
form S! x Qj(e) x (0,4,] for some §; = §;(g). Take § fulfilling § < Omin {6;} and
my,.

B(J) = 5@”)(9) has positive sign in S' x j(&) x (0,8] forevery j =0,...,my. This is
possible since B(J)(G 0, 0) = 1. Then, we define V; := St x Qj(e) x (0, 4]. Takmg into
account that E[( )(z) = p ﬁ ) @, z,p)- B[ 0 (9, Z, p), we obtain the property (/) for the

non-dicritical case.
In the dicritical case we proceed in the same way. Notice that Af,’(” ©0,z,0) = AE,J) (z,0)

only depends on z and its set of zeros is by definition a)f e w,ﬁ .- We get that SZ(J) (p) has
constant sign in each V; and statement (/) holds.

Let us show (2), assuming that ,o”(IJ)Jrl does not divide ééj)(z). By the choice of g9, we
have that AZ’(J) ©0,z,0) = Ay) (z, 0) does not vanish at any of the extreme values of 2 (¢).
Since S,Z )(z) p"g”Ay)(Q, Z,p) - BE{O) @, z, p), we obtain (2), up to taking a smaller 8.

Finally, we show (3). Assume that L is dicritical and that Aﬁ’m 0, z,0) = 0. Then, the
system (36) associated to fEZ(J) can be written as

Dy 7o
%= H1AT0,2,0)

dp

W b (37)
b= 45702, p)

where A%(J)(Q, z,0) does not depend on 6 (by Corollary 3.15), vanishes exactly for z €
{a)lL, R w,ﬁL}, and Zﬁ’(l)(é, z,0) € R[cos#, sinb, z]. Proceeding as in the beginning of
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the proof, we take a constant § > 0 such that the collection V(L, 5,8) = {V{, V|,..., V,

mp,
fulfills (7), so that p is monotonicinevery V', i Being V ; j compact, there are constantsa, K > 0

such that for any V’ eV(L, & 5 8), we have
inf (A5 ()N} = a,  sup (1AL (p)]} < K. (38)
pev; pev/

Fix V]f and suppose, for instance, that Af;(l) |yr< 0. Then, if o : R — M is a trajectory of
J

EK(J) parameterized as a solution o () = (0, z(0), p(0)) of system (37), as long as it remains
in ij \ L, the function p (0) is strictly decreasing. Hence, o can be parameterized by p instead
of 6 and we obtain from (37) and (38) that

K
< Cp, where C = —
a’

dp
Now, consider the collection V(L, ¢, ) = {Vp, V1, ..., Vj, } whose elements fulfill V; C ij
for j =0, 1,...,my. If the trajectory o starts at a point py = (6o, 20, po) € V; C V]f with
po > 0, it satisfies, for 6 > 6p:
c 2 Co
[z(8) — zo0] < |p(9) —pyl < 5P = 58

as long as Im(o |gy,6]) C Vf. We obtain similar bounds for |z(6) — zo| when AZ’(1)|V4 > 0.

Imposing § < we can conclude that [z9 — z(0)] < 5 £ and guarantee, for any j and for

C ’
any pg € V; € V(L, &, §), that the trajectory o starting at py satisfies Im(o'|[g,,00)) C V]f (or

I (0| (—oo,601) C V} in case Af;“)|vlf> 0). o

From the proof above, we may observe that V(L, ¢, §’) also fulfills (1-3) of the lemma
for any 8" < 8.

Notation 4.3 Given an open component L € Epq as above, with the notations of Sect. 3.3
for j € {0,...,my}, let I; € T be the index of the corresponding characteristic cycle
Vi, = {z = wj, p = 0}. Let Iy, Iy, +1 be also the indices of, either the corner characteristic
cycles or characteristic singularities in the component L. We say that the box Vi e V(L,¢,0)
with j = 1,...,mp — 1 is adjacent to VI and to VI and we denote 81j Vi = OminV; and
0., Vi= 8max Vi.

Jj+l1

j+1

Proof of Proposition 4.1. Let W be a neighborhood of SuppD. For every I € Z, we consider
an open neighborhood W; C W of y; such that W; N Wy = @ if I # I'. Consider the
collection €, and apply Lemma 4.2 to each L; € £, taking € and § small enough so that
each family V(L;, ¢, §) also satisfies:

e Forany V € V(L;, ¢, §), we impose V N W; # @ if and only if y; is adjacent to V.
e Forany V € V(L;, ¢, 8), the boundaries 9,;, V and 9,,,, V are contained in the corre-
sponding neighborhoods W; and Wy, where y; and y; are adjacent to V.

o The set
Uwo U U v

IeT LeEpag VEV(L,e,8)

is a neighborhood of the divisor E = 7 ~1(0) in M.
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Fig.4 Cross-section of the neighborhoods le - W,j and of U

Now, we define a closed neighborhood W{ C Wy of yy for each I € 7 in such a way that
(see Fig.4):

(i) The set

g=im|Umu Uy U v

IeT Le€pq VeV(L,e,8)

is a neighborhood of the divisor E in M.

(i) Foranyl € Z,L € Epqand V € V(L, ¢, 9), WI NV is empty, in case V is not adjacent
to yy, or, otherwise, it is of the form VT/I NV =S!x {c} x (0, u], where 0 < u < 6 and
¢ =c(V, 1) satisfies 3; V = S! x {¢} x (0, 8].

Now, the set U := 7(U) is an open neighborhood of 0 satisfying the requirements of the

proposition. More precisely, we claim that Ny (&) C U VT/I.
IeZ

To prove this, suppose that there is a cycle Z of & contained in U and such that Z =
a1 (Z) intersects some V € V(L, ¢, §) for some L. Consider a parametrizationo : R —> U
of Z as a trajectory of w*&, such that o (0) € V. By the property (/) of Lemma 4.2, one of
the coordinates z or p is monotonic along o inside V, so it cannot be completely contained
in V. As a consequence, o leaves V so that for some 7y > 0 we have o (f9) € Fr(V) N VT/I,
where / € 7 and yy is adjacent to V. By construction (cf. item (ii) above), o (f9) belongs to
the boundary d; V. We have two cases to consider (we take notations as in Lemma 4.2).

° Aﬁ’(n @, z,0) # 0. By statement (2) of Lemma 4.2, the vector field 7 *&; is transverse to
a1V, so that, for instance, we have o ((fp — ¢, 1)) C int(V) and o ((tg, tg +¢)) C ext(V)
for some ¢ > 0. Since o is periodic, we must have that o crosses Fr(V) at a first time
t; > to necessarily along one of the boundaries 8, V, Opax V Where 7 *&, points towards
int(V). If we denote {0;V, 0V} = {0minV, Omax V}, we must have o(ty) € 9;V,
o(ty) € 9pV and o ((t9, 11)) C ext(V). Now, by construction, U\V = ﬁl U ﬁz, where
01, 172 are non-empty open sets such that 171 N Uz = () and the closure of each Ui
cuts V only along exactly one of the sets {d;/V, d; V'}. We get the desired contradiction:
o ((to, 1)), being connected, is contained either in U, orin U, and the extremities o (to),
o (t1) should belong to the same set among d;V, dp/ V.
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° Ag’(]) (0, z,0) = 0. Using statement (3) of Lemma 4.2, we know that either o ((¢9, 00)) or
o ((—00, 1)) is contained in the corresponding element V' of the collection V(L, %, )
and p o o is monotonic along that interval. This is also a contradiction with o being
periodic.

Consequently, we have proved that ZcC U le71 (in fact, included in a single WI by connect-

1eT
edness). Therefore, we have that:

r 'y c | Wi c|wicw,

1€T 1eT

as we wanted to prove. m}

5 Analysis of Final Adapted Simple Singularities

Along this section, we consider some £ € H> with fixed singularity. We fix a formal normal
form & of £ and an adapted resolution of singularities M = (M, , A, D) of & according to
Proposition 3.10. Denote by E = 7 ~!(0) the exceptional divisor of .

5.1 Infinitely Near Points of the Rotational Axis

We see first that we can find a neighborhood of the two characteristic singular points that
does not contain cycles of a jet approximation &, of &.

Proposition 5.1 Given £ > {aq + 1, there exist neighborhoods W, of Yim and W_s of
Yim in M such that neither Woo\ E nor W_oc\ E contains cycles of m*&,.

Proof According to the construction in Sect. 3.3, the point y, M is the origin of the chart
(€, D,y 2Dy with J = M and E N C; = {7 = 0}. Being M an adapted
resolution of singularities of é and by means of Corollary 3.15, we have in a neighborhood of
Yiam that g[(l)(Z(J)) — (z“))”m CF(xD, yD (D) where 542(1) = (n]c,) &, nd) ¢ Ns |
and F(xY), y(J), zy e R{xYD), y(J), zU converges and satisfies F(0,0,0) # 0. Take
a neighborhood Wy, of IC{‘O" in M where F has a constant sign, positive or negative. We
have that the trajectories of 7*&; in Wao\ E can be parameterized by z\/), which avoids the
existence of cycles of 7%&y in W\ E. The proof for y,{v; is analogous. O

5.2 Simple Corner Characteristic Cycles

We prove that cycles of 7*&, cannot accumulate along corner characteristic cycles. Once
again, the argument is to find a function, around such corner characteristic cycle, which is
monotonic along the trajectories of w*&, if £ is sufficiently large.

Proposition 5.2 Let £ > ¢ g + 1. Consider a corner characteristic cycle yp ofé‘ in M. Then,
there exists a neighborhood Wy of vy in M such that w* (&) does not contain cycles in Wi\ E.

Proof By construction, the corner characteristic cycle y; is given by {z/) = p¢/) = 0} for
some chart (Cy, (0, 27, p))) € A for which ENCy; = {pz/) = 0}. For simplicity,
from now on, we remove the super-indices of the coordinates. By definition of & being an
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adapted resolution of singularities, at least one of the two components of the divisor {p = 0}
and {z = 0} is non-dicritical. More precisely, let 7; be the two dimensional vector field
associated to €M) = (r|¢ ;)*(§) and consider ﬁ/] = ﬁf; J the reduced associated vector

field, i.e., a = ni]), b= ngj)‘ We have two cases:

(a) The origin is not a singular point of 7, and one of the components, say {z = 0}, is the
solution of 7’;.
(b) The origin is a simple singularity of 7}/, and both components are invariant for 7/,

In the case (a) write

. Bl B
) = zF.(z, p)aiz + (A2 + Fy(z, P))%
where A2 # 0 and F;, F,, € R[p][[z]] N R[z][[p]] with F,(0, 0) = 0. We have that

ED(p) = p2" - (2 + Fplz, p))EY(0). (39)

Since £ > €4 + 1, Corollary 3.15 implies that:
£7(0) = p2" - G2+ FL(O. 2. p)E ).

where F g is analytic and F /f(é, 0,0) = 0. Considering that the monomial p“zb > 0 for
(z,p) € Rio, and taking into account that Ap # 0 and ééj) (#) > 0 along yy, there is a
neighborhood Wy of y; such that EZ(J) (p) has constant sign in W;\ E. Hence, the trajectories

of & [(J) can be parameterized by p in W;\ E and thus & Z(J) cannot have cycles in W/ \E.
In the case (b) being both components of the divisor invariant, we can write:

R a a
) = Mz +2F(z, )=+ Q2p + pFp(z, p) 5,
0z ap
where A2 + A3 # 0 and F, F, € R[p][[z]] N R[z][[p]] satisfy F,(0,0) = F;(0,0) = 0.
Suppose without loss of generality that A1 7% 0. Then, we write:
ED@) = p*dM - O + Foz, p)EY0).
Since £ > ¢4 + 1, Corollary 3.15 implies that:
&7 @) = p - u + FLO, 2 008 0),

where F. Z[ is analytic and FZZ (@, 0,0) = 0. As in the first case, we find that the trajectories of
Sé]) can be parameterized by z in W;\ E and Ee(]) cannot have cycles in W\ E. O

5.3 Simple Non-corner Characteristic Cycles

All along this subsection, we suppose that y; is a non-corner characteristic cycle of M
contained in a chart C; for which {p/) = 0} is the equation of E N C; and y; = {p) =
0, zY) = wy} for some w; € R. Consider the transform é‘(” = (7T|c,)*§ in the translated
coordinates (z := z) — wy, p = p(J )). Its associated two-dimensional vector field is

D a ED 9
Y=gy op T Doy oz
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More precisely, we write 77y = p“7), where a > 0 and 7, is a formal vector field in
coordinates (z, p) with a simple singularity at the origin, One of the separatrices of 7/, is the

divisor {p = 0} and the other one, denoted by r I, 1s smooth and transverse to the divisor.

5.3.1 Invariant Formal Surface Along y;

Being I'; a formal non-singular curve transverse to {p = 0}, it can be expressed as a formal
graph z = hj(p), where h;(p) € R[[p]]. Since L%g(” = 0, we have that §; := S! x I';

is a formal invariant non-singular surface of é /) supported along the cycle y;. Its vanishing
ideal id(S‘,) in the ring R[cos 0, sin 0][[z, p]] is generated by H(z, p) :=z — fu(,o). Using
this surface, we can also construct a formal invariant surface for the transformed vector
field fg’l(l) = (m|c,)*& along the characteristic cycle y7, when £ is sufficiently large. More
precisely,

Proposition 5.3 Suppose that £ > Caq + 1. Then, there is a formal invariant surface 3’“
of EZ(J) along y; expressed in coordinates (0, z, p) as the ideal in R[cos @, sin0][[z, p]]
generated by some series of the form Hy (0,z,p) = z — hy (0, p), where hyj €
R[cos 0, sinO][[p]] with he 1(0,0) = 0.

Proof Consider the formal conjugation /&, = £ (cf. Eq. (3)). From Proposition 3.16, there
is a formal automorphism 1//21) defined by:

6,2, p) o) = W YE4D) = 0+ 0%, 2+ 0(p?), p+ 0(p)),

conjugating é'(l) to Séj) and such that ng) —(0, z, p) € R[cosh, sin6, z][[p]]>. We consider
the formal surface Sy ; whose defining ideal is id(S;. ;) = (Hy.7 (6., z., p)) where

He 10,2, p) == (W) (H) = Hy o 9\ =y — hi(yf) € Rlcos, sin 6, zl[[p]].

Using that Mgﬁ" (0,0,0) # 0 and applying the implicit function theorem to ﬁg’ 1, we find
an expression of the form H, ; = z — hy,1(0, p) for a generator of id(S'gJ), with hy €
R[cos @, sinO][[p]]. O

5.3.2 Poincaré First-Return Map Associated to y;

By Remark 3.14, y; is a trajectory of the vector field & K(J)

= (m|c,)*E for £ > €pq+ 1. Let
P = Py : A — {6 = 0} be the Poincaré first-return map of f,:é]) relatively to y;, where A
is a sufficiently small neighborhood of (z, p) = (0, 0) in {# = 0} in which P is analytic.
Notice that the Poincaré map does not depend on the parametrization of the trajectories of
the vector field, and hence, we can define it using any equivalent vector field. In particular, we
are going to consider the vector field 551)

by the inverse of Seu) (). That is, we put

equivalent to & Z(J) obtained by the multiplication

§'@00 g0
SROLE O

~ ad
E) == +x. where x = (40)

BT

Notice that the components of x are the right members of the system of ODEs 5, ; introduced
in Sect. 3.5. They belong to the R—algebra R[cos 8, sin 0]{z, p} (by Remark 3.14). Thus, we
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consider E}” as an analytic vector field on the domain (0, z, p) € R x (-4, 8)2, for some

8 > 0, 2w —periodic in the variable 8. Moreover, from Corollary 3.15, we have that p divides

Dle= 5.

Denote by @' := @ém the flow map of 5(3(”. It is defined and analytic for (¢, (9, z, p)) €
14

x and hence Elf

(—&,2m + &) x ((—&,2m + ) x V) where V is a neighborhood of 0 € R2. Using that
=) _ :
&,77(9) = 1, we obtain

'O, z,p) = (0 +1, V6,2, 0), ¥, (0,2, 0), (41)
that is, the angle 6 is the natural time for £ z( N, By definition, the Poincaré map is given by

P(z,p) = (W (0,2, p), W7 (0, 2, p)). (42)

We are going to express the flow via the exponential map. To be precise, given any G €
R[cos 6, sin0][[z, p]l, we define:

o
- . .
Exp(t€")(G) =) =" (G),
i!
i=0
where, for any vector field ¢, ¢©(G) = G and ¢D(G) = ¢ (¢~ V(G)), if i > 1. Tak-
ing into account the above properties of the components of 5{(1), it is immediate to check

that Exp(tézm)(G) € R[cos 6, sin0][[?, z, p]]. In the following result, we get some useful
properties of this exponential map and its relation with the flow map. Notice first that, if
G € R[cos 8, sin0][[z, p]], then the composition G o ®', due to the analyticity of ®’, has a
formal Taylor expansion at ¢ = 0, denoted by Ty (G o ®'), a formal power series in variables
(t, z, p), with analytic functions of 8 € (—¢, 2w + ¢) as coefficients.

Proposition 5.4 Let G € R[cos 6, sin0][[z, p]]. We have:
(1) To(G o @) = Exp(1€\”)(G) € Rlcos 6, sinO][[1, z, p1]

oo i
. 1. )
(2) For any ty € [0, 2], the expression Exp(toéeu))(G) = Z _—(:(SZ(J))(’)(G) has a sense
i!
i=0
as a series in R[cos 8, sin 0][[z, p]] and we have
G o @ = Exp(10£”)(G) 43)

Proof We prove (1) with the same arguments as the case in Loray’s text for holomorphic
vector fields [23, p. 15]: expand Go®' as a Taylor series in ¢ at t = 0, so that we get

0o i o

' 3" (God")

T()(GOCDt) = Z FT
i=0

)

t=0

and check that & (gﬁqy) = (SZ(J))(")(G) o ® foranyi > 1.

Let us prove item (2). First, we show that there exists & > 0 such that (2) is true for any
to € [0, «]. For that, consider the particular case where G is either the coordinate z or p (with
the notations of (41), z 0 @ = W2 and p o & = ). By analyticity of these functions
and by item (1), we get that Exp(t&”)(2), Exp(t&\”)(p) € Rlcos®, sin0]{t, z, p}. More
precisely, they belong to R[cos 6, sin 6]{t}g[[z, p]] for some 8 > 0O (recall the notations stated
in Sect. 1, that is, all coefficients in R[cos 6, sin 8]{¢} have a common radius of convergence).
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We conclude that W2 = z o & = Exp(to&,”’)(z) and W} = p o & = Exp(to&,”")(p) for
any 79 € [0, ¢] with 0 < o < B.
Let G € R[cos 9, sin0][[z, p]] be any formal series and write

G = Z Gup(0)Z" p", with Gy (9) € R[cos, sin6].
u,v

Consider the series

G=) Gu@+np’
u,v

which belongs toR[cos 6, sin 81{¢}g[[z, p]] since each G, (¢) is a trigonometric polynomial.
Taking into account the expression of the flow @', we have that G o @ is the result of
substituting in the series G the variables z, p by W, W), respectively. Since the series W1, W},
belong to R[cos @, sin 0]{t}g[[z, p]] and have posmve order with respect the varlables z, ,0,
substitution has perfect sense and provides an element in R[cos €, sin 61{¢}g[[z, p]]. Since, by
item (1), To(G o ®') coincides with Exp(tz-‘}]))(G) as aseries in R[cos 0, sin 0][[z, z, p]], we
conclude item (2) and expression (43) for 79 € [0, «]. Notice that we can choose & > 0 which
does not depend on G. Let us show that we can extend the property(43) to any 7 € [0, 2]
(and hence similar extensions will prove (2)). Let ty € [«, 2] and write o = 5o + o, where
5o € [0, «]. We have G o @0 = (G o ®%°) o ®*. Applying (43) for the values sy and «, and
for G and G o ®%, respectively, we get

Goot =Y L&V Goom = LEN | L R EN @)

i ’ i J

>z s‘) LE)0 )
k

1+]_k
2> %(éé“ﬂ“(m = Expltof;)(G).
D

as it was to be proved. O
We can now prove two important features of the Poincaré map.

Lemma 5.5 There exists €1 such that, for any £ > £, the Poincaré map P = Py 1 satisfies:

(a) P istangent to the identity but P # Id as a germ of diffeomorphisms at (0,0) € A.
(b) The formal curve I' =Ty j 1= Sp,; N A is invariant for P.

Proof Recall that the two-dimensional formal vector field 7 associated to the formal vector
field £) has an adapted simple singularity corresponding to the characteristic cycle y;.
As mentioned, the deﬁnmg ideal of the formal curve " 1 is generated by 7 — hl(p) where

h/ (IO ) Zt >1 ai /0
Therefore, we can write 77; = p"7 w1th

iy =G —hi(p) ((M(Z —aip) + Bi(z, ,0)) + (A2p + Ba(z, p))*)

where n = n(lj), r € Nx>o, (A1, 22) # (0,0) and B; € R[z][[p]] has order greater or equal
than 2 for i = 1, 2. Up to making a new admissible blowing-up with center y;, we may
assume that p divides B; and that p? divides Bj.
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Define ¢; = € + r + 1. Applying Corollary 3.15 to k = r + 1, we get, for any
>l + k=45

P ) = P @), (44)

Assume first that A # 0. From (44), and taking into account that y coincides with the two
dimensional system 7, ; (cf. Eq. (40)), we obtain

- 9 d
JPED) = g Trp" ! " (45)

Using this in the computation of the exponential Exp(t§ K(J))(z), written as a series as
Exp(tgl(”)(z) =z+1t01+ 12 0>+ ---, with Q; € R[cos 6, sinf][[z, pll,
one can show by recurrence that
Q1= p"0uzt + 0(p)).
Qj=0("). j=2
Using Proposition 5.4 and Eq. (42), we deduce, since A; # 0 andn > 1,
20 P(z, p) = V27 (0, z, p) = Exp2rE\")(2) = 2+ p" Qi 2 + 0(p)) # z.
This proves (a) if A1 # 0.
On the contrary, if A1 = 0 and A # 0, we obtain

- 9 9 0
-0 (€)) n+1 n+l1_r
= + 4 + A . ,
-]n+1('i:l ) P) 1Y g(Z) 9z 2P Z ap

0
where g(z) € R{z}. We deduce, similarly, that, if we write again
Exp(tE")(p) = p +1Q1 + 17 Q2+ -+, with Q; € Rcos6, sin0][[z, p]l,

then Q1 = p" "' (h2z" + O(p)) and Q; = O(p"/*1)if j > 2. Hence,

po Pz p) =¥," (0,2, p) = ExpQrd;)(p) = p + 0" Qriaz + 0(p)) # p,

and (a) equally holds.

Let us show (b). Let H = Hy; € R[cos6, sin0][[z, p]] be a generator of the ideal of
the invariant surface S‘g, ; obtained in Proposition 5.3. The series g(z, p) := H(0, z, p) is
a generator of the formal plane curve I' = S’g, 1 N {0 = 0}. We need to check that the
composition g o P is divisible by g. Using Proposition 5.4, we have

How¥ =3 F @i (46)

!

i>0

Since 3‘@»1 is invariant for 5,51), we have ééj)(H) € id(s‘[,[), that is, H divides élf“(H). By
recurrence, H divides (§éj))(i)(H ) for any i > 0. Thus, from Eq. (46), we get

Ho®> = H.K, where K € R[cos6, sin0][[z, oll.
We conclude, using that P(z, p) = @27 (0, z, 0),
go P = (Ho®)|p_o=H(0,2,0)K(0,2,p) =g K, K € R[[z, p]l,

as we wanted to prove. ]
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5.3.3 Periodic Orbits of the Poincaré Map Around the Invariant Curve

We are interested in the periodic orbits of P near (0, 0) since, as we know, they correspond
to cycles of ééj) near y;. As it was the case for defining cycles, periodic orbits depend on the
domain of (arepresentative of) P. To be more precise, if P is defined in some neighborhood W
of (0, 0), a periodic orbit in W is a finite set { p; };’:_01 contained in W such that p; = P(pi_1)
fori=1,...,n—1and po = P(py—1).

Denote by Fix(P) the (germ of the) locus of fixed points of P. It is an analytic set with
empty interior (since P # id), thus either reduced to the origin or an analytic curve with
finitely many branches. We can distinguish two different situations:

(a) The invariant curve I" is not contained in Fix(P).
(b) The invariant curve I" is contained in Fix(P).

In particular, in case (b), I' is a real branch of Fix(P), and thus it converges. In both cases,
we investigate periodic orbits of P in some “neighborhood” of I". To be precise, consider
a parametrization of I' of the form z = h(p), with h(p) € R[[p]] and 2(0) = 0. A conic
neighborhood of T is a set of the form

T = ZN5 M) = (@ p) 11z — jn(h(p))] < pV.0 < p < 8.

where N € N> and any 6 > O sufficiently small.

Remark 5.6 By its definition, these conic neighborhoods depend on the chosen coordinates.
However, after a simple change of variables consisting in a transformation of type z = z+a(p)

with a(p) € R[[p]], the sets Zl(\f’g)) and Eg:f) coincide exactly under this change.

Case (a) In this case, we prove that there are no periodic orbits in a conic neighborhood of T.
The arguments are inspired by the papers [21, 22], devoted to treat this case for holomorphic
diffeomorphisms.

Lemma 5.7 Suppose that ' is not contained in Fix(P). Then, there is some N € N> and
some § > 0 such that (a representative of) P does not have periodic orbits in L s(I).

Proof First, since the divisor is contained in Fix(P), we have that p o P — p can be divided
by p. On the other hand, being I" invariant for P, there is a formal diffeomorphism ®(p) =
p+ 0(p?) € R[[p]] satisfying:

P(h(p), p) = (h(O(p)), O(p)).

The formal diffeomorphism © is called the restriction of P to I', denoted by P|r:= © (see
[21]). The order of P|r, defined as ord, (®©(p) — p) — 1, does not depend on the coordinates
nor the parametrization (h(p), p) of I'. In this case, it is a natural number m < 0o, because
otherwise, ®(p) = p and I" would be contained in Fix(P). We deduce that there is a maximal
k > 1 such that p¥ divides p o P — p, so that we can write

poP —p=pAp) +zB(z. p)). 47

where A € R{p}, B € R{z, p} and p*(A(p) + zB(z, p)) # 0. Up to taking new coordinates
(z, p) withz = z— jiu+1(h(p)) (which we rename (z, p) for simplicity) and using Remark 5.6,
we may assume from the beginning that ord,(h(p)) > m + 2. From equation (47), the
definition of ® = P|r and its order m, we have

ap™ 4. = 0(p) — p = pF(A(p) + h(p) B(h(p), p)), & # 0,
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which implies that A(p) = p°* Z(,o) withk+s = m+1and Z(O) = « (in particular s is finite).
Put N = m+1 and let us prove the required property for acone Xy s = 21(5 g) ) (I') with some
8 > 0. Notice first that, for the chosen coordinates (z, p), we have jy(h(p)) = 0,50 Xy 5
is given simply by equations |z| < p" and 0 < p < 8. On the other hand, N =k + 5 > s,
since k > 0. Assume for instance that « < 0 (analogous arguments apply if « > 0). Take
a preliminary §; > 0 such that Z(p) < % if p < &1 and let K > 0 be a bound for |B| in a

neighborhood of (0, 0) that contains Xy 5,. We have in Xy s,

~ ~ o
P AP) + 2B < p Alp) + pNK < p' (5 + pN K. (48)
Now take 8 < 8| such that V% < J%Kl, and hence we obtain from (48)
;~ o .
poP—p=ppAp) +2B) < p(p*}) < 0in Ty . (49)

We conclude that, if {pg, p1 = P(po), p» = P(p1), ...} is an orbit (finite or not) of P
completely contained in Xy s, then the sequence of p—coordinates decreases strictly:

p(po) > p(p1) > -+-

This proves the result. O

Case (b) Suppose that I" is convergent and contained in Fix(P). Convergence means that I"
is an analytic curve given by a graph I' = {(h(p), p) : p € [0, )}, where h(p) € R{p}. Up
to taking new analytic coordinates (z — h(p), p), we will assume that #(p) = 0. Thus, the
conic neighborhoods Xy s = 21(55 )(I) will be simply defined by the equations |z| < pV

and 0 < p < §. With these assumptions, we prove the following result.

Lemma 5.8 Suppose that ' = {z = 0} C Fix(P). Then, there is N € N>1 and § > 0 such
that the fixed points of the set I' N X s are the only periodic orbits of P in Xy .

Proof The two coordinate axis {p = 0} and {z = 0} are contained in Fix(P). Thus, both
components (zo P —z, p o P — p) of the map P — Id are divisible by a positive power of
z and by a positive power of p. In particular, we can write z o P = z(1 4+ ¥ (z, p)) where p
divides . From this, we prove the following observation.

Claim There is a neighborhood V of (0, 0) such thatif { pg, p1, ...} is an orbit of P contained
in V, then the sign of the z coordinate of its elements is constant.

Proof of the claim: Since (0, 0) = 0, we can consider a neighborhood V where we have
A+ Yz, p) > % Hence, Sign(z o P) = Sign(z(1 + ¥ (z, p))) = Sign(z) and the claim
follows.

On the other hand, since P # Id (cf. Lemma 5.5), the two components zo P —z, poP —p
cannot be identically zero simultaneously. Suppose that p o P — p # 0. Then we can write

poP—p=p"1*2(A(p) + zB(z, p)). (50)

where k1, ko € N> and A(p) is a convergent non-zero series. We write A(p) = p*(a+---),
where s > 0 and « # 0. Analogously as in the proof of Lemma 5.7, if N is any given natural
number with N > s, then there exists § > 0 such that the function A(p) + zB(z, p) has
constant non-zero sign on X 5. Taking into account the claim above, if § is sufficiently small
sothat ¥y s C V, we conclude form Eq. (50) that if { po, p1, ...} is an orbit of P contained
in Xy s\ = (ZN,g N{z > O}) U (EN’g N{z < O}), then the sequence {po(po), p(p1), - - -}
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is strictly increasing or strictly decreasing. This proves the lemma in case po P — p % 0. On
the contrary, if po P —p = Obut zo P —z # 0, we obtain analogously that the z—coordinate
of elements of an orbit in X s\I" is strictly increasing or strictly decreasing, which proves
the lemma equally. O

6 Proof of the Main Theorem

In this section we provide a proof of Theorem 1.1. It is enough to prove the result for some
jet approximation &, of a formal normal form £ of &, since all those vector fields are locally
analytically conjugated to & at 0 € R>.

Fix an adapted reduction of singularities M = (M, 7, A, D) of & given by Proposi-
tion 3.10 and denote by D" the subset of D consisting on non-corner characteristic cycles.
For any y; € D"¢, we consider a chart C; and coordinates (6, 70 = 7D — gy, p(l) = p(J))
as in Sect. 5.3, such that y; C C; and given by y; = (zD =0, p» = 0). Let f‘l be the
formal plane curve at the origin ", pMy = (0, 0) of {# = 0}, invariant for the associ-
ated vector field 7; and transversal to the divisor {p) = 0}. Consider the parametrization
of f; given in these coordinates as z = ﬁI(p(”), fz; € R[[p(l)]], fz;(O) = 0. Consider
also the formal surface S§; = S! x I'; invariant for £) and given by the same equation
z = h;(pD), but considering it in R[cos 6, sin 8, z][[p]]. Let £ be the first natural number
such that £ > £; forany y; € D"¢, where £; is given in Lemma 5.5 (notice that £ > £+ 1).
Denote by 3‘4, 1 the formal invariant surface of EL,(]) given in Proposition 5.3 with defining ideal

id(S¢.1) = (Hy.p), where Hy; = 2z — hy (6, pD) with hy; € Rlcos 6, sin0][[pD]].

Denote by Py ; the Poincaré map of 5{(1) along y; defined in some neighborhood of the

origin of {§ = 0} and I'y; = 3‘4, 1 N {6 = 0} its corresponding formal invariant curve
(by Lemma 5.5). Denote furthermore D¢ = D"¢-fix J D¢ fi* a5 3 disjoint union, where
VI € D fiX if and only if I'y ; C Fix(Py ).

Apply Lemmas 5.7 or 5.8 according to whether y; € D"™i¥ or y; € D" /X and get
conic neighborhoods Xy, ; s = Xy, ,.6(T'¢,1) (in coordinates (zD, p(’ )) and where we have
unified § > 0) where P, ; has no periodic orbits except for the fixed points I'y ; N Xy, ;5
when y; € D fix,

This information is of course relevant in order to describe the union of cycles of the
transform & Z(J) near y, but it is not enough a priori, since Xy, , s is not a full neighborhood
of the origin at {# = 0}. By further blowing-ups along the characteristic cycles y;, one can
eventually open these conic neighborhoods to full neighborhoods of y; but, if the order of
tangency Ny, is too large, the sequence of blowing-ups to be done may not follow the formal
curve I'7, and thus we could skip the context of sequences of admissible blowing-ups. We
can take a bigger ¢’ so that the formal curve Iy ; approximates [/ better than the curve et
does. But the order Ny ; may increase with £" a priori.

In the strategy that follows we overcome these difficulties. We have to consider first
the same kind of conic three-dimensional neighborhoods of the surfaces 3’@, 7. With more
generality, consider coordinates (6, z, p) in S! x R x Rso, puty = S! x {(0,0)} and let S
be a formal non-singular surface along y given by an equation of the form

z—h(0, p) =0, where h(0, p) € R[cos 9, sinO][[p]].

For N € N> and constants C, § > 0, we define

Ens.c(8) = ENTES) ={0.2.p) |z~ jihO. p)I< CoN.0 < p < 8.
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I:I iN,C|,5|
‘:l 99_1(21\7702,52)

{91,+ =0}

Fig.5 Sy.c;.0,(SD and 1Sy ¢,.5,(52))

In particular, notice that X s(I'y,;) = fJN,(g,] (3‘5,1) N {6 = 0}. We need two results, the first
one is just aremark that follows from the construction of sequences of admissible blowing-ups
in Sect. 3 and the definition of adapted simple singularities.

Remark 6.1 If y; € D"¢ and M = (1\7 7T, ,Z, ﬁ) is the sequence of admissible blowing-
ups obtained from M by blowing-up along y; (that is, 7 = 7 o oy,), then Mis again
an adapted reduction of singularities ofé with D = (D\{y1}) U {y1,—cos V1.0, Vi,1} and
e = (D™"\{yr}) U{yr.1}. We will say that y; | emerges from y;. Moreover, the new non-
corner characteristic cycle y; 1 is given by equations {z/"? = p(-9 = 0} in coordinates for
which o, is written as

7D = p(l,O)(Z(l,O) +ary), p(l) — p(l,O)’

A I 1
where 1, (0) = ay 1. We deduce that if N € Nand j§ (h;) = j§ (her), then the strict
transform a;f[ S¢,1 by 0y, is a formal surface along y; | and

1,020 My ~(0.20:0 U0 A
o N ENE T S =S 0 @ Sen).

Lemma6.2 Let ¢(0,z,p) = (0 + @o,2 + ¢z, p + @p) be a diffeomorphism along y =
{z =0, p =0}, where gy, ¢;, 9, € R[cos 8, sinb1{z, p} are of order at least two in (z, p)
and divisible by p. Let S;, i = 1,2, be formal surfaces with defining ideals generated by
F; =z — fi (8, p) where f;(0, p) € R[cos8, sin 9][[£]] and such that S; = ¢*($?), i.e. in
terms of ideals (Fy) = (Fy o ¢). Then, for every cone Xy c, s, (S1) with 81 sufficiently small,
there exist some constants Ca, 8y > 0 such that:

0 (EN..5,(52) S By, (S).
See Fig. 5 for an illustration of this lemma.

Proof Consider the functions g; (0, z, p) =z— jf,(f,-(@, p)) —eCipN fori = 1,2 and
€ € {—1, +1}. The boundary of the cone Xy ¢; s, (S;) is given by three surfaces with equations
gi.+ =0,g - =0and p = §;. It is enough to prove that there exists C2, 6o > 0 such that
the following holds.

(1) The function p o ¢ — 87 is positive in the points K := {p = §1} N iN,Cl,SI (S1).
(i1) The function g2 4+ o ¢ is positive in the set {g1,+ = 0,0 < p o ¢ < 82}.
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(iii) The function g2, o ¢ is negative in the set {g1 - = 0,0 < p o ¢ < 82}.

To get (i), we can take any & < inf((p o ¢)|k), taking into account that K is compact and

that p o ¢ = p + ¢, only vanishes along the divisor o = 0 in a neighborhood of St x {0}.
Notice that we have 7z — jﬁ,(fi) =F+0("tY, i=1,2,and F, o = F; - U where

U=1+4+Tand T € R[cos®, sinf][[z, p]] such that p divides T. Then, we deduce

g409=(F,—Cp" + 00" ™) op=F U+ (Cp" + 00" ") oo

Using that po ¢ = p + ¢, = p(1 + ¢,) with ¢, € R[cos b, sinf]{z, p} of positive order,
we have:

@109 =F -U—Cp" +00p"™).

Now, we evaluate g» + o on the sets {g| 4+ = 0}, in other words, when z = j,f, (f)+C1p".
Considering that Fy (0, jy(f1) + CipY, p) = fi + 0" ™) + C1p"N — fi = C1p" +
0 (pNth, we get:

82+ 09O, jn(fi)+ Ci1p". p)
= (C1pN + 0" ) - L+ T O, ji(f1) + C1p". p)) — C2p™ + 0(p" .

Since p divides T, we obtain finally

.4 090, jh(f)+Cip", p) = (C1 — C)pN + 0" ).

Thus, taking C; < C1, we have that g2 4 o (6, j;\),(fl) +C1p", p) > 0for p small enough.
We get (ii), up to taking a smaller §,. The arguments to get (iii) are similar. O

Denote D"¢/1% = {yi,...,y} and DMOfix = {Vr+1,...,¥s}and, forany j,letI; € 7
be defined by y; = yy;. Let J; € J be the index of the chart (Cy;, (6, 2V, pUiy) as
presented in the beginning of Sect. 5.3, where the cycle y;, is given by 2/ = p1) = 0.
Denote also N; = N“j.

Consider the sequence of admissible blowing-ups M’ = (M’, 7', A’, D’) over M con-
structed as follows. For each j =1, ..., s, let t; be the composition

Tj =0'j710~-~ooijj,

where o 1 is the admissible blowing-up whose center is the characteristic cycle y; = yy,,
0,2 is the admissible blowing-up whose center is the non-corner characteristic cycle yy; |
emerging form y;; (cf. Remark 6.1), and so on. Then, M’ is the resulting sequence of
admissible blowing-ups by setting 7’ =7 o7y 0+ - 0 T.

Notice that M’ is an adapted reduction of singularities of é with the same number of
non-corner characteristic cycles as M. We put D' = {y|, - - - , v/} where y/’. emerges from
y;j by the composition of 7;. Now, we take ¢’ € N satisfying £ > max{¢, EM/ + 1}

Proposition 6.3 The vector field &y satisfies Theorem 1.1.

Proof Choose 0 < 8" < § sufficiently small and an open set V; with izvj,scl (3’5,1].) cV;c
ENJ.’(S,I(S&[J.) forany j =1, ..., s so that they satisfy

(a) The Poincaré map P, is defined in f]Nj,(;yl(S‘g,[j) N{0 = 0} = Zn,6(T¢r;) and
satisfies there the conclusions of Lemmas 5.7 or 5.8, correspondingly.
(b) If Z is a cycle of the transform & z( ) contained in V/, it intersects {6 = 0}.
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() If j € {1,...,r} then Ler; C Fix(Png) admits a representative in f]Nj,{g,l(S‘uj)
denoted again I'¢ ;; whose intersection with V; N{¢ = 0} is a connected analytic regular
curve.

(d) Foranya € 'y ;; N V; when j € {1, ..., r}, the cycle of&éjj) through a is contained in
V.

The existence of these objects with such properties is guaranteed by standard arguments

using the continuity of the flow of & L,( D and the fact that each y; is a cycle of & zz( 7 ). Notice

thatif j € {r+1, ..., s} wecantake SL: 8 and V to be equal to the solid cone f)Nj,gﬁl(S’g,[j)
Define, for j = 1, ..., r, the set §; given by the saturation of ngljﬂVj by the flow of
Ee( D By the above properties, g, is an analytic submanifold of V; C M, intersecting the

divisor 7w ~1(0) along y i and completely filled up with cycles of Eé D We have, furthermore
from (a):

Cus_, v, (T80 = Su---US,. (51

With the notations of Eq. (3), the diffeomorphism v ¢ := ¢ 0 ¥, Uis analytic and con-
jugates & and &y, namely & = ¥/, &. Moreover, since ' > € > €+ 1, we have that
Jje(Ye.¢) = Id and we can apply Proposition 3.16 to v/, . We obtain an analytic conjuga-
tion wéjej,) between {-‘K(]j ) and E[(,Jj ) in a neighborhood of ;. Up to shrinking § and &', we
may assume that wé JZ//) is well defined and one-to-one in V; for any j. Moreover, W(JZ,)
in the conditions of Lemma 6.2 with respect to the coordinates (6, zY) | pUiY and satisfies
3'@71_,. = (W;JZ’}))*(&/J].). Let W; = 1//215,)(Vj) for j = 1,...,r. Using the conclusion of
Lemma 6.2 and the fact that EN_/.’g/,l (3’5,1./.) C Vj forany j, we have that each W; has a solid

is

cone around S‘g/Jj of the form iNj’g/, 1 (S‘ggj) (same order N;).
We deduce from (51) and by conjugation the following:

Cus_, w; (T760) = Siu--us, (52)

where §; = (WZ.JZ,))(S,-) C Wj,for j =1,...,r. By Remark 6.1 and taking into account

that £ > [ + N; + 1 for any j, we have that W]{ =71 I(Wj), together with the intersection

of its closure with the divisor 1.';1 (vj), is a neighborhood of yjf in M’. We may assume that

)
W; N W, = @if j # k. Complete the union U W]’- to a neighborhood W’ of Supp(D’)
j=1
in M’ adding two by two disjoint neighborhoods of the elements y € D'\D"¢ where,
correspondingly, Propositions 5.1 or 5.2 holds. We apply finally Proposition 4.1 to W’ (recall
€' > g + 1): there is a neighborhood U of 0 € R such that (')~ (Cy (&) € W'. By
Propositions 5.1 or 5.2 we get moreover that

@) Cu e c |J Wi
j=1

This equation, together with (52) shows that, if we put §; := n(g}) NnUforj=1,...,r,
then

CuGe) CS1U---US,. (53)
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Notice that each S; is an analytic smooth surface in U\{0} and that 0 € S;. Up to taking a
smaller U, we may assume that §; N U = §; U {0}. Moreover, S; is a subanalytic set, since
7 is proper and S} is semi-analytic. Finally, by construction, we have that S; C n(S;.) for

Jj =1,...,r, the two sets have the same germ at 0 € R3 and the later is entirely composed
of cycles for every j = 1, ..., r. This implies, together with (53) that, if V C U is any open
neighborhood of 0 € R3 such that Fr(V) N S ; coincides with one of such cycles for every
j=1,...,r, then we have

Cy(Ep)=(S1U---US)NV.

This ends the proof. O
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