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ABSTRACT

We study operators on the Kalton—Peck Banach space Z2 from vari-
ous points of view: matrix representations, examples, spectral properties
and operator ideals. For example, we prove that there are non-compact,
strictly singular operators acting on Z2, but the product of two of them is
a compact operator. Among applications, we show that every copy of Za
in Z3 is complemented, and each semi-Fredholm operator on Z> has com-
plemented kernel and range, the space Za is Zs-automorphic and we give
a partial solution to a problem of Johnson, Lindenstrauss and Schechtman
about strictly singular perturbations of operators on Zs.

1. Introduction

In spite of being a by now classical Banach space, many aspects of the cele-
brated Kalton—Peck space Z3 introduced in [21] remain unknown. For instance,
it is not known whether Z, is a counterexample to the hyperplane problem:
is Z5 isomorphic to its closed subspaces of codimension 17 The space is clearly
isomorphic to its closed subspaces of codimension 2. For a short exposition of
the few known facts about the structure of Z and its subspaces we refer to [6,
Section 10.8] (The Kalton-Peck spaces) and [6, Section 10.9] (Properties of Z,
explained by itself) and, for a condensed exposition, to the remainder of this
section.

In this paper we study operators on the space Z, from several points of view.
In Section 3 we introduce a matrix representation for these operators, and the
results obtained are refined for operators that admit an upper or lower triangu-
lar representation in Section 4. In Section 5 we consider an involution ' — T
on the algebra £(Z2) of bounded operators on Z, introduced in [19] and obtain
several new results that we apply to show that every copy of Z5 in Z5 is com-
plemented, that the space Z5 is Zs-automorphic and that each semi-Fredholm
operator on Zs has complemented kernel and range. Section 6 contains a list
of natural examples of operators on Z,. In Section 7 we follow ideas of Kalton
to show that the operator ideals of strictly singular, strictly cosingular and
inessential operators coincide and contain each proper operator ideal of £(Z2),
we prove that the product of two strictly singular operators on Zs is compact,
although there are non-compact, strictly singular operators, and we show that
the perturbation classes problem has a positive solution for operators on Z,.
The final Section 8 outlines a few open directions of research.
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Next we summarize some facts about the space Zs and operators on it. We
refer the reader to the Preliminaries (Section 2) for any unexplained notation.

1.1. FACTS ABOUT THE SPACE Z5. Let us briefly describe the space Z,. We
refer to the Preliminaries section for all unexplained notation. Consider the ho-
mogeneous map KP : lo — £, given by KP(z) = 2z log |z| for normalized x € £s.
Then
Zy ={(w,x) € loo X by : w— KPzx € {3}

endowed with the quasinorm ||(w, )|z, = ||lw — KPz||2 + ||z]|2. The space Z,
is a nontrivial twisted Hilbert space in the sense that it contains an uncom-
plemented subspace M isomorphic to ¢5 such that Z/M is again isomorphic
to f5. Indeed, there is a nontrivial exact sequence

(P1) 0 by — s 7y, —2 5 4, 0,

with inclusion iy = (y,0) and quotient map p(w,x) = x. The quasinorm above
is equivalent to a norm [21, Theorem 4.7] and thus Zs is a reflexive and #5-
saturated Banach space (see [12]) isomorphic (actually isometric, see below) to
its dual [21, Theorem 5.1], something we will write as Zy ~ Z;. We will also
consider the following quasi-Banach spaces:

o DomKP = {x € {5 : KPz € {5} endowed with the quasinorm
2]l = IKPzl2 + [zl

which is equivalent to the norm of the Orlicz space ¢; generated by the
Orlicz function f(t) = t?logt [21]; so we can identify DomKP = ¢;.

e RanKP = {w € { : Tz € l3,w — KPz € {3} endowed with the quasi-
norm

lwll = inf [lw — KPz[]2 + [lz]2,
zE€ly

which is equivalent to the norm of £}; so we can identify Ran KP = £} [5].

There is another natural nontrivial exact sequence

(Py) 0 by 1 2o 1 0,

with inclusion jz = (0,2) and quotient map ¢(w,x) = w, which has associated
a quasilinear map KP~! : E? — loo. This map KP~! provides an alternative
description of Z; as a twisted sum of {; and £}. Indeed, the space

22 = {(Z',(AJ) GEOO XE}J?—KP_leEf}
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can be endowed with the quasinorm ||(z,w)| = [lz — KP~'w||;; + ||w ¢, so that

the map (w,x) — (x,w) defines an isomorphism from Z onto Z5. Thus there

exists constants m, M > 0 so that

(1) ml|(w,2)]z, < l|lz — KP™ wlle; + o

6 < M|(@,2)] 2,
Moreover, the map w — (w, KP~lw) is a bounded homogeneous lifting for ¢
(see [9]) and
e DomKP~! = {w e £} : KP7'w € £} is endowed with the quasinorm
leoll = [IKP~ il + [|ew

é;a
which is equivalent to the norm of £5. So we can identify DomKP~! = /5.
e RanKP™! = {z € {, : 3w € 0,2 — KP~lw € £} is endowed with the

quasinorm

el = jnf Iz~ kPl + ol

which is equivalent to the norm of £5. So we can identify Ran KP~! = /5.

There is no known explicit formula for KP~! (see [8]). Both KP o KP~1: (% — (%
and KP~1 o KP : f5 — /5 are bounded maps, and condition () in Theorem 3.2
for T' = Iz, implies that the map Iz, — KP o KP~!: £ — {5 is bounded.

The space Z5 also appears as the derived space obtained by complex inter-

polation of the scale (¢, ¢1) at 1/2. This means that if C is the corresponding
Calderén space, 0 : C — £ denotes the evaluation map at 1/2 and ¢’ : C —
denotes the evaluation of the derivative map at 1/2; then Zs is the quotient
space C/(kerd Nkerd’), which means that (isomorphically)
(2) Zy ={(w,z) €l X by : Af €C: f(1/2) =x and f'(1/2) = w}
endowed with the natural quotient norm. We will use this approach in Sec-
tion 6.4.

The space Z3 is not only isometric to its dual, but also KP is “self-dual”, in

the sense that the quasilinear map KP* associated to the exact sequence dual
to (Py) satisfies KP* = —KP [21, Theorem 5.1], which is reflected in

[(KPz,y) — (z, KPy)| < 2|[z[|2][yl|2-

This implies that the dual of Z5 is Z5 = {(w*, 2*) € loo X g : w* — KP*z* € (s}
with duality formula

(3) (W 2"), (W, 7)) = (W, ) + (w, "),

and D : Zy — Z3 given by D(w,z) = (—w, ) is a bijective isometry.
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1.2. FACTS ABOUT OPERATORS ON Z>. The knowledge about operators on Zs
is even scarcer than that about Zs itself and can be summarized in two results:

THEOREM 1.1 ([19, Theorems 7 and 8]): Let S € £(Z3) and T € £(Z,Y).

(1) If S is not strictly singular, then there exists a subspace E of Z5 isomor-
phic to Zy such that S|g is an isomorphism and S[E] is complemented
in Zy (hence E also is complemented).

(2) If T is not strictly singular, then there exists a complemented sub-
space F of Z5 isomorphic to Zy such that T|p is an isomorphism.

COROLLARY 1.2: In (Py) and (P,), the quotient maps p, q are strictly singular
and the inclusions i, j are strictly cosingular.

Proof. The result for ¢ and p is proved in [21]. Since ¢; has cotype 2 [22,
Corollary 13], (% has type 2; hence £} contains no copies of Z since Zy ~ 73,
and ¢ is strictly singular. The result for j can be derived by duality.

PROPOSITION 1.3 ([2, Lemma 16.15]): A scalar 2 x 2 matrix A = (§ g) defines
an operator in £(Zs) in the obvious way A(en,,en) = (e, + Bem, den + vem)
if and only if « = v and § = 0.

2. Preliminaries

2.1. GENERAL OPERATOR THEORY. An operator ideal [29] is a subclass A of
the class £ of bounded operators between Banach spaces such that finite range
operators belong to A, A+ A C Aand £A4L C A.

Let X and Y be Banach spaces, and let T € £(X,Y"). We denote by N(T') the
kernel of T" and by R(T) the range of T'. The operator T is strictly singular if
no restriction of T to an infinite-dimensional subspace of X is an isomorphism;
T is strictly cosingular if gy 7T is never surjective when gy is the quotient map
onto an infinite-dimensional quotient Y/N. The classes & of strictly singular
operators and € of strictly cosingular operators are operator ideals [29, 1.9
and 1.10]. The operator T is upper semi-Fredholm, 7' € &, if R(T) is
closed and N(T) is finite-dimensional; it is lower semi-Fredholm, 7' € ®_,
if R(T) is finite codimensional (hence closed), &1 = @, U ®_ is the class of
semi-Fredholm operators, and & = & NP_ is the class of Fredholm operators.
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For T € &, (X,Y), the index of T is defined by
i(T) = dim N(T) — dim Y/R(T) € Z U {00}.

Also T is inessential, denoted T' € Jn, if Ix — AT is a Fredholm operator for
all A € £(Y, X) or, equivalently, Iy — T A is Fredholm for all A € £(Y, X). The
operator ideal Jn was introduced by Kleinecke [23], and contains both & and €.

2.2. EXACT SEQUENCES AND QUASILINEAR MAPS. Let X and Y be quasi-
Banach spaces with quasi-norms || - ||x and || - ||y. We suppose that Y is a
subspace of some vector space ¥. A map Q : X — ¥ is called quasilinear
from X to Y with ambient space ¥ and denoted 2 : X ~ Y if it is homo-
geneous and there exists a constant C' so that for each x,z € X,

Nrx+2)—Q—QzeY and [|Qz+2)—Qz—Qz|y <C(|lzllx + ||2]lx)-

A quasilinear map € : X ~ Y is said to be bounded if there exists a
constant D so that Qx € Y and ||Qz||y < D||z|/x for each 2 € X. Tt is said to
be trivial if there exists a linear map L : X — Y sothat Q — L: X — Y is
bounded.

A quasilinear map 2 : X Y generates an exact sequence 0 =Y — 7 — X —0
(namely, a diagram formed by quasi-Banach spaces and continuous operators so
that the kernel of each operator coincides with the image of the previous one),
as follows:

Z={(w,z) eExX:w—-QreY}

endowed with the quasi-norm
[(w, z)l[a = [lw—Qzlly + [|lz]|x,

with inclusion y — (y,0) and quotient map (w,x) — x. The quasilinear
map (equivalently, the exact sequence) is trivial if the image of YV in Z is
complemented.

The space Z is called a twisted sum of Y and X and denoted Y ®q X. If Q
is bounded, then Y ©q X =Y x X and ||y — Qz||y +[|z||x and [|y[|y +[|z[ x are
equivalent quasi-norms on this space. If Q is trivial then Y &g X is isomorphic
toY x X.

The general theory of twisted sums developed in [21] establishes a correspon-
dence between exact sequences 0 — Y — Z — X — 0 of quasi Banach
spaces and quasilinear maps € : X ~ Y. The quasilinear map generating
0— by — Zy —> V9 —> 0 is KP.
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3. Matrix representation of operators on 7,

The space Z3 admits two presentations as a twisted sum space: (Py) and (Py).
Operators on Z; can be represented by a matrix (§ 5), whose entries «, 3,6
and ~ are linear maps between sequence spaces and depend on whether one is
using (P1) or (P). Unless specified otherwise, we will always refer to (Py); in
which case the matrix above acts as

(4) (f; f) (w,z) = (aw + Bz, dw + yx).

This same operator acting on Zs has representing matrix ( :/; i ) and takes (z,w)
into (yx + dw, Bz + aw).

T = (% g) is a bounded operator on Z, then a = ¢T'i : ly — [},
B=qlj:ly — 0}, 6 =pTi:ly — by and v = pT'j : £y — {5 are bounded
operators. Note that the operator 1" is determined by its restriction to o @ £,
which is a dense subspace of Z5, and on this dense subspace the entries of the
matrix are bounded operators. However, we assume that Equation (4) is valid
for all (w,x) € Zs.

LEMMA 3.1 (Necessary conditions): Let T = (§ 5) be a bounded operator
on Zy. The following conditions are satisfied:

(d) 0 : by —> Lo is bounded.

(2) v :ly — by and (f — KP o) : £y — ly are bounded.
(d+gK") 0 +~yoKP™!: 0% — Ly is a bounded map.
(g+dK) v+ 00KP: s — {5 is a bounded map.

Proof. (d) and the first part of (g) were shown before. For the second part
of (g), let x € £;. Then

ITjzllz, = T, )l 2, = [|(Bx, v2)l| 2, = [[(B=KPoy)zlla+vlls < T [[z]le,-

Thus f —KP o~y : ¢y — {5 is bounded.
(d+gK’) A bounded lifting L, for g is given by L,w = (w, KP~'w). Then for
every w € (%,

IpT Lgwll2 = [1(6 + v o KP™Hw|l < IpT - | Lgll - llc]le; -

Hence § + v o KP~": £ — £y is bounded.



192 J. M. F. CASTILLO, M. GONZALEZ AND R. PINO Isr. J. Math.

(g+dK) A bounded lifting L, for p is given by L,y = (KPy,y). Then for

each y € /5, we have
[PTLypyll2 = [I(v + 6 o KP)yl| < [IpT'[| - [ Lyl - [[yl2-

Hence v+ § o KP : /5 — £5 is bounded.

Now we characterize the bounded operators on Z5 .
THEOREM 3.2: The operator T = (§ 5) is bounded on Z, if and only if the
four necessary conditions in Lemma 3.1 hold as well as
(*)  a+BoKP™'—KP({+yoKP™!): 0 — {3 is a bounded map.
Proof. Condition (x) is necessary: if T is bounded then

low + Ba — KP(dw + yz)ll2 < 17| (w, z)| 2,
and the choice (w, KP~1w) = L,w yields
law + 8 0 KP™'w — KP(dw + v 0 KP~w) 12 < || Lg || T[l|wlles-

Conversely, we will show that there exists a constant C' > 0 so that for
each (w,z) € Zy we have (aw + Sz, dw + yx) € Z3 and
[(aw + Bz, 6w + )| 2, < Cll(w, )]l 2,
We need to show that
(1) dw+ vz € Lo,
(2) aw + Bz — KP(dw + vx) € £y (hence aw + Sz € ), and
(3) |Iow + yz||2 + [Jaw + Bz — KP(dw + v2)||2 < C||(w, z)| 2, -
Recall that there exists M > 0 such that [|a—KP~tw||s, +||w o <M[(w, )|z,
for each (w,z) € Zs.
(1) Observe that w — KPx € f5 and  — KP~1w € £, and by assumption, the
maps Y+ 6 oKP : fo — 5 and § + yo KP~!: {3 — {5 are bounded. Thus

dw+yx = ;(5(w7 KPz) +v(z — KPlw) + (y+ 5o KP)x 4 (§ +yo KP™Hw) € £y
and
[l6w + y|2 < ;(||5||||w = KPz [z + [[9lllz — KP~ wlle, + [|7 + 8 o KP[ ]|zl
+ 118+ v o KP~H[[wlles)

IN

1 _
o (1811 + IVl + [l + 8 0 KP[| + (|6 +y 0 KPH|M) | (w, )] z,-
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To prove (2) we decompose aw + Sz — KP(dw + ) in three pieces:
aw+ BoKPlw — KP(6 +~v o KP™ 1w
+ Bz — KP™'w) — KP(yz — v o KP~1w)
+ KP(yx — 7o KPT1w) + KP(§ + v 0o KP™Hw — KP(dw + vz).
The first piece is bounded by (*); and for the third piece, note that KP: ¢y ~ £
is quasilinear, hence KP(x + y) — KPz — KPy € /5 and
IKP(z +y) — KPz — KPyll2 < [[KP|([|[|2 + [|yll2)

for z,y € f5. Moreover, v : £y — o and § +yo KP~ 1 : {3 — {5 are bounded.
Thus
|KP (72 — v 0 KP™w) + KP(6w + v 0o KP™1w) — KP(dw + 7)||2
< [IKPII(flyz =7 0 KP™ w]l2 + [|dw + v 0 KP™lw]|2)
< [IKPII(IVlllz = KP~ wlle, + 118+ 0 KPH ]|
< IKPI(IyIE+ 116+ 0 KPTH) M| (w, )| ..

o)

For the second piece, since z—KP 1w € £, (B—KPov) : £ — {5 is bounded
and B(z — KP~1w) — KP(yx — v o KP~1w) is equal to

Bz —KP'w) —KPovy(z — KP'w) = (B — KP o y)(x — KP™w),
one has
1(8 = KPov)(z — KP™'w)[[2 < [[(B = KP ov)llllz — KP™w|ls,
< M|[(B = KPo)|l[[(w, 2)]| z,-

(3) clearly follows from the arguments in the proof of (1) and (2).

Condition (x) for T' = Iz, implies that I —KP o KP~": £} — {5 is bounded,
from which we can derive the Benyamini-Lindenstrauss characterization of
Proposition 1.3: if (§ 5) is a bounded operator on Z, with «, 3,7,d scalars
then the boundedness of v + 0KP : ¢ — /{5 implies that § = 0 while the
boundedness of a + BKP~! — yKP o KP~1 : E} — {5 yields that, since SKP~! is
also bounded for any scalar 3 and o — v + (I — KP o KP~1) is bounded, then
also a — v : £} — {5 is bounded, and thus a = 7.

Apart from (%) and the necessary conditions in Lemma 3.1, we have some
additional ones that were not needed in the proof of Theorem 3.2:
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LEMMA 3.3: If T = (§ 5) € £(Z,) then the following conditions are satisfied:

(a) a:ly — (£} is a bounded operator.
(b) B: €y — €} is a bounded operator.
(co) a—KPod:¥ly — ly is bounded.

(c1) aoKP+ 3 :ly — £} is bounded.

(c2) a+ foKP™: ¢4 — ¢} is bounded.

(c3) aoKP+ 3 —KP(§oKP +7):¥la —> £y is bounded.
(ca) v —KP™toB: ¢y — ly is bounded.

C3

Proof. (a) and (b) follow from o = ¢T'i and 8 = ¢qT.
(co) For y € £y,

1Tyl z, = 1T (y,0)l| z, = l(ay, 0y)|| z, = [[(a = KPod)ylla+[|6yll2 < |7 - [yl2-

Therefore (aw — KP 0 §) : £o — {5 is bounded.
(c1) For each y € {5,

4T Lpyll = laT (KPy, )|l z, = [[(a 0 KP + B)ylles < [IT|[| L]l ly]]2-

(c2) and (c3) are proved in a similar way, using that ¢7'L,w = (a+BoKP~ 1w
for each w € £} and

ITLyyllz, = [[((aco KP + By, (6 0 KP +7)y)l| z, < [ITIl[| Lol [[l2-

and (c4) follows from the continuity of 7'j.
Let us see some applications.

PROPOSITION 3.4: Let T' = (§ 5) be an operator on Zs .
(d*) If v : €3 — {5 is bounded then ¢ : 03 — €y and § o KP : ly — [y are
also bounded.
(d) If o : €5 — {5 is bounded then 6 : fo —> (l; is bounded. Hence
KPo ¢ : {9 — ¥5 is bounded.
(d**) If v : €y — £s is bounded then KP~' o 3 : {; — {; is also bounded.
(d") If a: £} — €} is bounded then 3 o KP—1: {3 — €} is bounded.

Proof. (d*) Since KP~! : ¢} — Ly and v : l —> [y are bounded, so
is yo KP~™': £3 — £y, By (d+gK’) in Lemma 3.1, § : £; — {2 is bounded,
hence 6 o KP : /5 — /5 is also bounded.

(d’) By (cp) in Lemma 3.3, a—KPo¢d : {5 — {5 is bounded. Then « : fo — {5
bounded implies KP 0 § : £ —> f5 bounded; hence KP~1 o KP o § : f5 —> Ly
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bounded; equivalently, §(¢2) C £y. Hence ¢ : 5 — £y is bounded by the
closed graph theorem. For the last equivalence observe that, by the definition
of domain of KP and KP~1, for = € /s,

KP~!oKPx € (; = KPz € by = x € {.

The assertions (d**) and (d”) can be obtained analogously.

Proposition 3.4 yields the boundedness of KPod,§ o KP, 3o KP~! or KP~1 0 3
but only under additional conditions that, in general, are not guaranteed. It is
for that reason surprising that one has

PROPOSITION 3.5: Let T = (§ ) € £(Z5). Then:

(1) KPod:ly Uy and 6 o KP : Uy ~ Uy are trivial quasilinear maps.
(2) KP~'op: 0y ~ Ly and Bo KP™!: £ ~ €} are trivial quasilinear maps.

Proof. We prove assertion (1). Consider the pull-back diagram

0 lo—" 5 7, -2 5 0y 0
P
0 ls PB ls 0

Then KPo¢ is a quasilinear map generating the lower exact sequence and KPo §
is trivial if and only if § admits a bounded linear lifting fo—Z5 [6, Lemma 2.8.3].
Since a« —KPo ¢ : 5 — f5 and ¢ : {5 — {5 are bounded, dx = (aux, 0x) provides
the lifting. Indeed, ||(az, 0x)| 2, = |[(a — KP 0 8)z||2 + [|0x]|2-

Analogously, if we consider the push-out diagram

i p

0 ly Zy ly 0
|
0 ly PO ly 0

then § o KP is a quasilinear map generating the lower exact sequence which
is trivial if and only if § admits a bounded linear extension 6 : Zo — ¢5 [6,
Lemma 2.6.3]. In the proof of Theorem 3.2 it is shown that §(w, z) = dw + yx
provides such an extension.
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The proof for (2) follows in a similar way: to show that KP~1o 8 : 0y ~ £y is
trivial, just consider the pull-back diagram

0> by~ Zy e s —0
b
0——l —>PB——(; —>0

(where 3 is continuous by Proposition 3.3 (b)) and observe that w — (fw, yw)
is a bounded lifting for 8 by (c4). To show that BoKP~!: 0} ~ £} just consider
the push-out diagram

J q

0 ¢ Zs I 0
|
0 o PO I 0

and use (cz2).

4. Triangular operators

An operator T' € £(Z2) is said to be compatible with the presentation (P) if it
satisfies T'[i[(5]] C i[¢2]. This occurs if and only if its corresponding matrix ( g )
is upper triangular, namely, § = 0. In that case, the diagram

% p

0 ls Zs ls 0
)
0 lo — > Zy 2 o 0y 0

is commutative. The operator T' = (§ 5) above is said to be compatible with
the presentation (Ps) if it satisfies T'[j[¢f]] C j[¢s], and this occurs if and only
if its matrix is lower triangular, namely, 8 = 0. In that case, the diagram

J q

0ty Loz o it 0
|k
0—t—1> 2, s i ——0.

is commutative.
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LEMMA 4.1 (Necessary conditions): If T' = () g) : Zy — Zy Is a bounded
operator then:
(a’+¢’) a: o —> Lo and vy : o —> {2 are bounded operators.

(k) « —~ is compact.

Proof. Since § = 0, a : b5 —> 5 and 7 : {5 —> {5 are bounded by (cg) in

Lemma 3.3 and (g+dK) in Lemma 3.1.
(k) was proved in [10, Corollary 5.9].

Next we give a characterization of upper triangular operators.

THEOREM 4.2: An operator T' = (§ 5) is bounded on Z, if and only if «, =
and oo KP — KP o v 4+ 8 are bounded maps from {5 into /5.

Proof. Suppose T € £(Z3). If (w,z) € Z3 then T(w, ) = (aw + Sz, vz), and «
and ~ are bounded on ¢ by Lemma 4.1. Moreover, for every x € {5,

[(a o KP = KP oy + p)zlz < IT(KPz,x)| 2, < [IT]l[]l2-
Conversely, if a, v and a o KP — KP o v 4+ 3 are bounded maps on ¢5 then

[(aw + Bz, vz)|| 2, = [low + Bz — KP o y|l2 + [|yz]l2
< la(w — KPz)||2 + ||aw 0 KPx + Bz — KP o vz ||2 + [|yx||2
< (all + [lero KP = KP oy + B[ + [[vID I (w, 2) | 2,
Thus T € £(Z3).

A few variations of the previous result are possible:

PROPOSITION 4.3:

(a) S=(90) € £(Ze) ifand only if KPod —av: £F — £y and & : £} — £y
are bounded. If so, S € &. In particular, (§ §) € £(Z2) if and only
if a € £(3,42); and (§0) € £(Z2) if and only if § € £(€},0y).

(b) R= (8’5) € £(Zy) ifand only if KPoy — 3 : fo —> 5 and v : b5 — {
are bounded. If so, R € &. In particular, () 5) € £(Z,) if and only
if B € £(lz,02); and (§9) € £(Z2) if and only if v € £(la, ly).

(c) T=(25)€L(Z)ifand only if 6o KP+ B : by — Ly and vz by — Uy
are bounded. If so, T € &.

(d) M =(39) € &(Z) ifand only if 5o KP + 1 : by — Ly and § : £y — L
are bounded. If so, M € &.
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Proof. (a) Suppose S € £(Z3). If (w,z) € Zs then S(w,z) = (aw, dw) does not
depend on x. Moreover,
18 (w, KP~ w)] 2, = [|(er = KP 0 d)w][2 + [[dwl|2 < [[S]I] (w, KP™ )| z,-
By Equation (1),
ml(w, KPTlw)|| < flwlle;.-

Hence o« — KP o ¢ : Z? — /o and 0 : E? — f5 are bounded, and so is the
operator B : £} — Z defined by Bw = (aw,éw). Since S = Bgq, we get S € &
by Corollary 1.2.

Conversely, if KPod —a : £} — €y and ¢ : £} — (5 are bounded, then

1S(w, 2)]| 2, = [[(v = KP o d)wlla + [[0w][2 < Chl|wle;-

By Equation (1),

[wlle; < Ml|(w, 2)|2,;

hence S € £(Z3).
The equivalences in (b) and (c) follow directly from Theorem 4.2. Moreover,
R € & because Cx = (B, vyzx) defines C € £({3, Z2),

1Bz, y2)l| 2, = [ R(KPz, 2)|| 2, < || Rl[[[ ]2,

and R = Cp, and T € & because R(T) C i[l2].

(d) Suppose M € £(Z;). If (w,xz) € Zy then M(w,z) = (0,0w + yx).
Since R(M) C j[¢2], we get M € &. Moreover, if w € 5, then M (w,0) = (0, dw).
Thus § : ¢ — {5 is bounded. Also, if z € {5, then

M(KPz,z) = (0, (0 o KP + ~v)z).

Hence § o KP + v : £ — £y is bounded.
Conversely, if 6 o KP + v : o — {f and 0 : ¢ — (¢ are bounded,
since dw + v = §(w — KPz) 4 (6 o KP + 7)z, we obtain

1T (w, z)l[z, < Csldw +yzlle, < C3([|6(w — KPz)([¢, 4 [[(6 0 KP +)z]l¢))
< Cull(w, )|z,
Johnson, Lindenstrauss and Schechtman [18] asked whether every operator
T : Zy — Zy is a strictly singular perturbation of an operator sending i[¢s] into

itself. We could also consider operators sending j[¢;] into itself and formulate
the corresponding conjecture. One has the following partial result:
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PROPOSITION 4.4: Let T = (§ ) € £(Z,).
(1) If 6 € £(¢},€5) then T is a strictly singular perturbation of an upper
triangular operator.
(2) If B € £(l2,¢3) then T is a strictly singular perturbation of a lower
triangular operator.

Proof. (1) follows from (§ 5 ) =

(
follows from (0‘6) = (“0)+(8§

’8‘ )+ (§9) and Proposition 4.3(a), and (2)
) 0 ) ¥ )

and Proposition 4.3(b).

5. Complemented copies of 75 in 75

Kalton [19] considered the continuous alternating bilinear form  : Z3 x Zs — R
given by
Q(w1, 71), (w2, 22)) = (w1, 22) — (w2, 71),

and for every T' € £(Z2) he defined an operator T'" : Zy — Zs by
UTry,2)=Qy,Tz) fory,z € Zs.
Note that (Dz)y = —Q(x,y) for z,y € Z>. Hence TT = D™T*D € £(Z,),
where T € £(Z%) is the conjugate operator of T. Indeed, for z,y € Z> we have
(DT 2)y = —UT"x,y) = —Q(x, Ty) = Dx(Ty) = (T"Da)y;

hence DT = T*D. Moreover, the map T — T'" is an involution on £(Z3)
[31, Definition 11.14].

Since D is a bijective isometry, most of the properties of T coincide with
those of T*. Namely, ||| = ||T"||, R(T) is closed if and only if R(T") is so, T'
is an isomorphism into if and only if 7T is surjective, and T' € ®_ if and only
if T+ € ®,. In particular, T+ =T and T € ®, imply T € ®.

It is easy to check that if T'=(§ 5) then T =(7. 2 ) and TH=( .. ;”6 ).
Definition 5.1 ([19]): A subspace E of Zs is said to be isotropic when

Q(u,v) =0 for every u,v € E.

An operator T' € £(Z5) is isotropic when its range is isotropic, equivalently,
when TTT = 0.

Clearly i[ls], j[l¢] and {(z,2) € Z3 : © € {;} are isotropic subspaces of Zs.
Moreover, the operator ip = (§{) € £(Z,) is isotropic, non-compact, strictly
singular and strictly cosingular, with R(ip) = N(ip) and (ip)T = —ip.
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LEMMA 5.2: For each T € £(Z5), R(T) N N(T") is an isotropic subspace.

Proof. Let (w1, 1), (w2,22) € R(T) N N(TT). Then (w2,22) = T(w,z) for
some (w,x) € Zy and

Q<(w15 :171), (wQ, :Z?2)> = Q<(w1; :171)5 T(wvx» = Q<T+(w1; :171)5 (wa :L‘)> = Oa
concluding the proof.

PROPOSITION 5.3: Let T € £(Z5).

(a) If TFT is strictly singular then so is T
(b) If T is strictly singular then so is T.
(c) IfTi e ®, then T € &,

Proof. (a) and (b) are [19, Theorem 9 and Lemma 5].

(c) Suppose that T' ¢ ® . Then there exists an infinite-dimensional subspace
M C Zs such that T'|)s is compact. Since p is strictly singular, we can find a nor-
malized basic sequence (z,,) in M and sequences (z}) in Z5 biorthogonal to (z,,)
with C'=sup,, ||z || <oo and (y,) in i[f2]=N(p) with ||z, —yn||<27™/C. Then

Kr = Zwi‘(éﬂ)(wi —¥i)

defines a compact operator K € £(Z2) with || K| < 1 such that, denoting by N
the closed subspace generated by (x,,), we have (I — K)[N] C i[2]. We claim
that T'|(;_ [ is compact, hence T & ®.

Indeed, if (w,,) is a bounded sequence in (I — K)[N] then w, = (I — K)z,
with (z,) a bounded sequence in N, and (Tw,) = (Tz, — TKz,) has a con-
vergent subsequence because both (T'z,) and (TKz,) are relatively compact
sequences.

LEMMA 5.4: Let T € £(Z,). If T € &, then TTT € ®.

Proof. Since (THT)* = T*T, it is enough to show that 77T € ®,. Sup-
pose that 77T ¢ ®,. Then TFT%i ¢ ®,; hence there exists a normalized
block basis sequence (w(”)) in £5 such that, if we denote by iy, : lo — £
the isometric embedding defined by ipe, = w™, then T*Tii, is compact.
Let W be the block operator associated to the sequence (w(™) in [19, Sec-
tion 4]. Since TYTWie, = TYTiiye, for each n € N, TTTWi is com-
pact; hence TTTW € & by (b) in Proposition 5.3. Thus WTTHYTW € &,
hence TW € & by (a) in Proposition 5.3, implying T' ¢ ® .
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It is known [2, Theorem 16.16] that every infinite-dimensional complemented
subspace of Zs contains a further complemented subspace isomorphic to Zs. It
is not known whether every infinite-dimensional complemented subspace of Z5
is isomorphic to Z5 (which in particular would imply that Zs is isomorphic to
its hyperplanes). We add now a new piece of knowledge:

THEOREM 5.5: Every subspace of Zs isomorphic to Z, is complemented.

Proof. Let T € £(Z3) be an isomorphism into with range R(7"). Then T*T € ®,
hence there exists a finite codimensional subspace N of R(T') such that 7|y
is an isomorphism and T*[N] is finite codimensional, hence complemented;
thus N is complemented and so is R(T).

An extension of Theorem 5.5 in operator terms is available now:

THEOREM 5.6: Every semi-Fredholm operator on Zs has complemented kernel
and range.

Proof. Let T be an operator on Zy. If T € & then the kernel is finite-
dimensional, and we can prove that R(T) is complemented with the proof of
Theorem 5.5. If T € ®_ then R(T) is closed finite codimensional
and T* € &, (in Z3). Since Zi ~ Zy, R(T*) is complemented by the first
part, hence N(T) =1 R(T*) is also complemented.

Recall from [1] that a Banach space X is said to be Y-automorphic if every
isomorphism between two infinite codimensional subspaces of X isomorphic to Y
can be extended to an automorphism of X. It is clear that ¢ is s-automorphic
and that Zs is not fy-automorphic: indeed, Zs ~ Z5 & Z5, and an isomorphism
between the subspaces £2®0 and {2 {5 cannot be extended to an automorphism
of Zy & Zs, because the corresponding quotients ¢o & Zs and fo @ {5 are not
isomorphic.

Surprisingly, one has:

PROPOSITION 5.7: Z5 is Zy-automorphic.

Proof. As Kalton remarks in [19, p. 110], Pelczynski’s decomposition argument
shows that if F is a complemented subspace of Zy and £ & F ~ E then F
is isomorphic to Z5. Suppose that Zs ~ Z5 @ F. By Theorem 1.1(2) one has
F~7Z®N,and thus FOF ~ F®ZydN ~ Zy;®N ~ F. Hence F ~ Zs.
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Now if E' is an infinite-dimensional complemented subspace of Zs, then
E~7,0FE ~2:07,6F ~7Z,&F
and thus F is isomorphic to its 2-codimensional subspaces since
EoK*~2Z,0E0K*~Z, 0 E~E.

We conjecture that £ @ F ~ Z,.
Since Z3 ~ Zy and i is strictly cosingular [21] (hence i* strictly singular), one

can easily derive the following results, by duality, from the previous ones:

PROPOSITION 5.8: Let T € £(Z5).

(a) If T*T is strictly cosingular then so is TT.
(b) If pT is strictly cosingular then so is T'.

(c) If pT € ®_ then T € _.

(d) IFT+ € ®_ then THT € ®.

6. Examples of operators on 7,

6.1. RANK-ONE OPERATORS. Given (z*,w*) € Z3 and (u,v) € Zs, the rank-
one operator (z*,w*) ® (u,v) acts on Zs as follows. For each (w,z) € Zs,

[(x*’W*) ® (u,v)](w,x) = ((z",w"), (Wa$)> : (uvv) = (ww* + ") - (U,U).

Thus the matrix associated to (z*,w*) ® (u,v) is
wR®u r*Ru
Wwrev T*eu)’
6.2. NUCLEAR OPERATORS. Fix v* € Z3 and v € Z, and obtain the ma-

trix representation for the one-dimensional map u* ® v. If v* = > ayul
and v = > byvy, set

u(2n—1)" = Za%—wzn—l
the “odd” part of u* and

u(2n)* = Z AopU2p
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the “even” part of u*. Define in the same manner the odd and even parts
v(2n — 1) and v(2n) of v to obtain

W@ = 11(27L - 1)* ®V(2n — 1) 11(271)* ®V(2n _ 1)
u(2n —1)* ® v(2n) u2n)*@v(2n) |’

Consequently, if T'= ) uj ® vy, is a nuclear operator on Z3 one gets

T (Zk u,(2n—1)*@vp(2n—1) >, up(2n)* @ vi(2n — 1))
Yo uk(2n —1)* @ vi(2n) YL ue(2n)* @ vi(2n) )

6.3. OPERATORS ACTING ON THE SCALE OF /, SPACES. The fact that Z,
is the derived space at {5 for the scale of ¢, spaces provides some elements
of £(Z3). We say that an operator « : {3 — {5 acts on the scale when there
are 1 <p < 2 < ¢ < oo such that both a: ¢, = ¢, and o : {; — ¢, are bounded.
In this case 7, = (§ 9) is a continuous operator on Zs (see [9, Proposition 3.6]).

Against the naive intuition, 7, can be a bounded operator on Zs and still « is
not necessarily an operator acting on the scale, as the following simple example
shows: Let z € ¢4 such that z ¢ ¢, for p < 2. Then ag(x) = ej(z)z defines a
bounded operator on ¢ but ag(¢,) ¢ £, for p < 2; thus g does not act in the
scale. However, 7,, is a bounded operator on Z5 because (0, e3), (e},0) € Z3,
(2,0),(0,2) € Zy and 74, = (0,€]) ® (2,0) + (e},0) ® (0, 2).

We next present several natural examples of operators a acting on the scale:

(1) « a diagonal operator D, with ¢ € fo, or a a right (or left) shift
operator.

(2) «asurjective isometry on ¢, for some p # 2. It was proved in [25, Propo-
sition 2.f.14] that these operators have the form a((7n)n) = (enTo(n))n
for some permutation o : N — N and some sequence of signs (&,,),. The
induced operator 7, is then an isometry [20].

(3) a the Cesaro operator C defined by C((zn)n) = () Y r_1 Tk )n-

It is bounded on ¢, for p > 1 with [|C]|, = |7, [30]. It is not bounded
on {1 since C'(e1) is the harmonic series. See [4] for the properties of C
as an operator on fs.

(4) « a Hilbert matrix operator H) defined by a Hilbert matrix

(n—i—rz-i—)\):m:o’ AeC\{0,-1,-2,...}.

The operator Hy is bounded on ¢, for 1 < p < co. See [32].
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(5) a a Hausdorff operator A associated to a sequence of complex sca-
lars {pn, : n =0,1,2,...} (see [3, Section 3.4]). It has the form

A((xp)k) = <ki_0 ank:ck) )

with
(A", 0<k<n
0, k>n

Qnk =

where A(py,) = fin — pint1. Many Hausdorff operators are bounded on
some spaces £, [3, 30]:
(i) The generalized Cesaro operator C2 arising from

INa+a)T(n+a)

fin = Fa)T(n+a+a)’

where T' is the Gamma function. For o« > 0, a > 1/p the opera-
tor C¢ is bounded on ¢, (p > 1) with norm equal to

I'(a+ a)'(a—1/p)
I(a+a—1/p)

Note that C] = C, the Cesaro operator.
(ii) The Holder operator H, arising from p, = (n+1)~. For a > 0,
H, is bounded on ¢, with norm (,*,)".
(iii) The Euler operator (F,r) arising from p, =a”, where 0 < a < 1,
r=17% and its norm on £, is (1+r)"/?.
(iv) The Gamma operator I'y arising from u, = (,%,), where
a>0, and it is bounded on ¢, with norm (afl/p)o‘ whenever a>1/p.
We do not know whether every Hausdorff operator which is bounded on 5

acts on the scale.

The following result belongs to Sneiberg [33]: Let (Xo, X1) and (Yo, Y1)
be two interpolation pairs such that 7' : X; — Y; is bounded for ¢ = 0, 1.
If T-1: Xy — Yy exists and is bounded for some 0 < 6 < 1, then there is € > 0
such that 771 : X, — Y exists and is bounded for |s — §] < . We can infer
from that
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PROPOSITION 6.1: For an operator « : {5 — {5 acting on the scale, the following
statements are equivalent:
(i) 7o is an isomorphism.
(il) «:ly — o is an isomorphism.
(iii) There exists ¢ > 0 such that « : ¢, — {, is an isomorphism for
all 2 —p| <e.

Consequently o(7,) = o(a).

Proof. If « acts on the couple (£, £,+) then the operator o — AI also acts on
that same couple. Moreover, if 7, is an isomorphism then « : {5 — /5 is an
isomorphism. And that if both o and a~! act on some scale (£,,¢,) then 7,
is an isomorphism on Zs.

If o is an operator acting on the scale, its spectrum on ¢, may be independent
of p, as is the case of diagonal operators or the left and right shift operators,
but it also may vary with p: Leibowitz [24] proved that, for 1 < p < oo the
Cesaro operator C on £, has no eigenvalues and its spectrum is

o(C) ={reC: [A—p" /2 <p*/2}.

Moreover, AI — C'is a Fredholm operator with index —1 for |\ — p*/2| < p*/2,
and has dense proper range for |\ — p*/2| = p*/2 [15].

The Hilbert matrix operator Hy on ¢2 has no eigenvalues and o(H;) is the in-
terval [0, 7], see [26], while the spectrum on ¢, varies with p and has eigenvalues
for p > 2 and residual points for p < 2 [32]. Since the matrix representing Hq
is symmetric, the conjugate operator of Hy : ¢, — £, is Hy : £y« — {p-. Thus
the spectra of H; on ¢, and /- coincide.

6.4. OPERATORS ON THE CALDERON SPACE. We obtain operators on Z by
picking operators on the Calderén space T : C — C such that

Tker 6 Nkerd'] C kerd Nkerd’.

The simplest way to do that is to pick an operator 7 on the scale and then
set T(f)(z) = 7(f(2)). If ¢ : S — D is a conformal map, then the opera-
tor S(f)(z) = 7(¢(2)f(2)) induces (7). Therefore, given two operators o, ¢
on the scale, T(f)(z) = a(f(2)) + B(¢(2)f(2)) induces the upper triangular
operator ({ g) on Zs.
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6.5. DIAGONAL OPERATORS. The continuity of diagonal operators D, on Zs
is related to the unconditional structure of the space. Recall that the se-
quence (Un)nen given by ug,—1 = (€,,0) and ug, = (0,e,), where (e,), is
the canonical basis of {5, is a basis on Z which is not unconditional. Therefore
not all o € { define a diagonal operator on Z. Let us denote a = (02,-1)
and b = (b, = 09,,). f D, = (%‘1 gb ) is an operator on Zs then D, — Dy = Dy
is compact by Lemma 4.1; thus a — b € ¢o. It is startling that an additional
condition is required:

PROPOSITION 6.2: A diagonal operator D, : Zs — Zs defined by a monotone

decreasing sequence o is bounded if and only if (|oag—1 — ook|)ken = O(loén).

Proof. Cabello and Garcia showed in [7] that a diagonal operator D, : fo — {5
can be lifted to Z; if and only if the decreasing rearrangement sequence (a )y
is O(, ! ). The self duality of the Kalton-Peck space yields the result.

logn

6.6. BLOCK OPERATORS. Let U = (u,) be a bounded sequence of disjointly
supported blocks in /5. We define a bounded operator w : £5 — {5 by

ur = E Ty,

Kalton [19] defined the operator Ty on Z3 by
Tu(en,0) =u, and Ty(0,e,) = (KPuy,,u,),

and proved that it is an into isometry. Let us call Ty a block operator.
As we said in Section 6.3, if « is an operator acting on the scale then 7, is
an operator on Zs. In general, a perturbation of 7, is required to make u an
upper triangular operator. In particular, the operator u defined by a sequence
of disjointly supported normalized blocks in ¢; is not an operator on the scale.
In [11, Theorem 4.6] it is explained how to obtain the required perturbation and

u KPu

how this perturbation yields the Kalton block operator Ty = (% 0 ) mentioned

above.

7. Operator ideals on 7,

The classes & and € are not dual to each other. In general T* € &6 —= T € €
and T" € € = T € &. But since Zs is reflexive, it turns out that an operator
T : Zy — Zy is strictly singular (resp. cosingular) if and only if T* : Z; — Z3
is strictly cosingular (resp. singular). One moreover has
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THEOREM 7.1: &(Z2) = €(Z3) = In(Z3). Moreover, that set contains every
proper ideal of £(Z3).

Proof. By the first part of Theorem 1.1, if S € £(Z3) \ &(Z2) then there ex-
ist A, B € £(Z3) so that ASB = Iz,; hence S does not belong to any proper
operator ideal, and In(Z;) C &(Z2). Since &(X) and €(X) are contained
in Jn(X) for each X and Zy ~ Z3, the equalities follow.

Observe that &(Z2,lx)) # L£(Z2, L) = IN(Za,lso): let T € £(Z3,0). For
every A € £(leo, Z2) = 6(lso, Z3), I — AT is Fredholm. Similarly,

C(El, Zg)) 75 E(fl, Zg) = jﬂ(fl, Zg)
The next result is a dual version of the second part of Theorem 1.1.

PROPOSITION 7.2: Let T € £(X,Z3). If T ¢ €, then there exists a com-
plemented subspace N of Zy with Zs/N isomorphic to Zs such that QnNT is
surjective, where Qn : Zo — Z2/N is the quotient map.

Proof. f T € £(X,Z3) is not in € then T* € £(Z;, X*) is not in &. Since
Z5 =~ Zs, by Theorem 1.1 there exists a complemented subspace M of Z3
isomorphic to Zj such that T*|p; is an isomorphism. Then N = +M is a
subspace of Z; satisfying the required conditions.

Let £ be the class of compact operators and let L, = L,(0,1) for 1 < p < oo.
Then &(L,) # R(L,) for p # 2 [27], but T € &(L,) implies T2 € K(L,) [14].

THEOREM 7.3: &(Z3) # R(Z2), and S, T € &(Z3) implies ST € &.

Proof. As we mentioned before, i p € £(Z2) is strictly singular but not compact.

For the remaining part, recall that an operator S acting on a reflexive space X
is compact if and only if for every normalized weakly null sequence (x,,) in X,
(Sxy,) has a norm null subsequence; and it was proved in [21, Theorem 5.4] that
every normalized weakly null sequence (x,,) in Z; has a subsequence equivalent
either to the (usual) basis of 5 or to the (usual) basis on ¢y.

Let S, T € &(Z3) and let (x,) be a normalized weakly null sequence Zs.
If (z, ) is a subsequence equivalent to the basis of £, then (T'z,, ) has no sub-
sequence equivalent to the basis of £; because T is strictly singular; hence (T'z,,,)
has a subsequence equivalent to the basis of ¢ or it is norm null. Also, if (2,,)
is a subsequence equivalent to the basis of 5 then (T, ) has no subsequence
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equivalent to the basis of /5, and has no subsequence equivalent to the basis
of £ because £y C f3: a bounded operator cannot take the unit basis of /5 to
the unit basis of £;; hence it is norm null. In each case, (STz,) has a norm
null subsequence.

The perturbation class of a class of operators A C £ is defined by its
components as follows when A(X,Y") # 0:

PAX,Y)={Le&X,Y): T+LeAX,Y) forall T € A(X,Y)}.

Kato and Vladimirskii (see [29, Section 26.6]) proved that & C P®,
and € C P®_, and it is known that Jn = P®. The perturbation classes
problem asks whether & = P®, and € = P®_. This problem has a positive
answer under certain conditions but not in general (see [16]), and also for Z,
although this space does not verify those conditions.

PROPOSITION 7.4: We have P®(Zy) = PP, (Z3) = PO_(Z2) = &(Z2).
Proof. In general,
S(X)C PP (X)C PP(X)=Tn(X) and ¢(X)C PP_(X)C In(X),

where the inclusions of P®(X) and P®_(X) in PP®(X) are a consequence
of the continuity of the index ¢ : ®4L(X,Y) — Z U {00} (see [25, Proposi-
tion 2.c.9]). Hence, if T € &4 (X) and A € PP, (X) then (T +tA) = i(T) for
each t € [0,1]. But Theorem 7.1 implies &(Z3) = €(Z3) = In(Zz); so all these
inclusions are equalities for X = Zs.

8. Further directions of research
The overall tone of these suggestions is to determine which properties of oper-

ators on /5 are valid for operators on Z5 and which are not.

8.1. THE CONVOLUTION ON £(Z3). Here we consider the relation between T'
and T as operators in £(/5).

Question 1: Suppose that T' € £(Z2) is an isomorphism into. Is 77T bijective?
What does THT =1 or TTHT =T for T € £(Z3) mean?

Question 2: Is £(Z2)/6(Z2) isomorphic to a C*-algebra?
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Clearly £(Z5) is not isomorphic to a C*-algebra since there exists T # 0 such
that 77T = 0. However, TTT € &(Z5) implies T' € &(Z2), and T € &(Z,) if
and only if T+ € &(Z,).

8.2. POLYNOMIALLY BOUNDED OPERATORS. A contraction is an operator 7'
with || T|| <1, and for a polynomial p we denote

[plloe = sup |p(2)|-
|z|<1

Question 3: Is every contraction in £(Z3) polynomially bounded? Equivalently,

(5) 3C >0sothat |T|| <1=|p(T)] < C|pl|l for every polynomial p?

Note that (5) with C' = 1 isometrically characterizes Hilbert spaces. More-
over, if X is isomorphic to a Hilbert space, clearly (5) holds for some C' > 1;
however, the converse implication fails (see [34]).

8.3. THE GROUP OF INVERTIBLE OPERATORS. We denote by .£(X) the group
of invertible operators on a Banach space X. It is known that &£(¢3) is con-
nected in the complex case, while & £(¢,, x{;) is not connected for 1 < p < ¢ < oo
[13, 28].

Question 4: In the case K = C, is £(Z2) connected?
Is the subgroup {T € &£(Z5) : T is upper triangular} connected?

The latter question could be tackled by obtaining a characterization of the
invertible operators T' € £(Z2) in terms of the components «, 3,5, of the
matrix representation of T'.

8.4. REPRESENTATIONS OF Zs. A basic question whose meaning is not even
clear is whether there are other “natural” presentations of Zs beyond the £ and
the ¢; presentations considered in this paper. In homological terms,
since Zy ~ Z5 @ Zs one could obtain other nontrivial representations such as

0 Uy Zo lo® Zy —=0,
0 Ly Zo ;@ Zy —=0,

etc., or even the trivial one

0 Zs Zy Zs 0.

None of these presentations are even isomorphic to either (P;) or (Ps).
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