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 A B S T R A C T

The present paper is concerned with the existence of traveling wave solutions of the asymptotic model, derived 
by the authors in a previous work, to approximate the unidirectional evolution of a collision-free plasma in 
a magnetic field. First, using bifurcation theory, we can rigorously prove the existence of periodic traveling 
waves of small amplitude. Furthermore, our analysis also evidences the existence of different type of traveling 
waves. To this end, we present a second approach based on the analysis of the differential system satisfied 
by the traveling wave profiles, the existence of equilibria, and the identification of associated homoclinic and 
periodic orbits around them. The study makes use of linearization techniques, normal forms, and numerical 
computations to show the existence of different types of traveling wave solutions, with monotone and 
non-monotone behavior and different regularity, as well as periodic traveling waves.
1. Introduction

The motion of a magnetized cold plasma consisting of singly-
charged particles can be described by the following hyperbolic–
hyperbolic–elliptic system of PDEs [1,2] 

𝑛𝑡 + (𝑢𝑛)𝑥 = 0, (1a)

𝑢𝑡 + 𝑢𝑢𝑥 +
𝑏𝑏𝑥
𝑛

= 0, (1b)

𝑏 − 𝑛 −
(

𝑏𝑥
𝑛

)

𝑥
= 0, (1c)

where 𝑛 represents the number density of ions, 𝑢 is the ion velocity 
and 𝑏 the magnetic field. In (1) the unknowns are functions of (𝑥, 𝑡) ∈
R × [0,∞).

The system (1) was introduced in [2] to study hydromagnetic waves 
traveling across a magnetic field. Later studies regarding the oblique 
propagation of hydromagnetic waves were investigated in [1,3]. The 
rigorous justification of the KdV limit of (1) is provided in [4]. The 
first and third author showed in [5] the local well-posedness of classical 
solutions to (1) with initial data in (𝜌0 − 1, 𝑢0) ∈ 𝐻2(R) ×𝐻3(R). Later, 
in [6], Bae, Choi and Kwon demonstrate that solutions to (1) blow-up 
in finite time for a certain class of initial data.

Recently in [7], by means a multi-scale expansion approach, the 
authors derived asymptotic models of (1). We make a brief description 
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of it, see [7] for details. From the formal expansions 

𝑛 = 1 +
∞
∑

𝓁=0
𝜀𝓁+1𝑁 (𝓁), 𝑏 = 1 +

∞
∑

𝓁=0
𝜀𝓁+1𝐵(𝓁), 𝑢 =

∞
∑

𝓁=0
𝜀𝓁+1𝑈 (𝓁), (2)

then the first one is the nonlocal Boussinesq system 

ℎ𝑡 + (ℎ𝑣)𝑥 + 𝑣𝑥 = 0, (3a)

𝑣𝑡 + 𝑣𝑣𝑥 + [ℒ ,𝒩 ℎ]ℎ +𝒩 ℎ = 0, (3b)

where the nonlocal operators are given by 

ℒ = −𝜕2𝑥(1 − 𝜕2𝑥)
−1, 𝒩 = 𝜕𝑥(1 − 𝜕2𝑥)

−1 (so 𝜕𝑥𝒩 = −ℒ ), (4)

with Fourier symbols

ℒ̂ℎ(𝜉) =
𝜉2

1 + 𝜉2
ℎ̂(𝜉), 𝒩 ℎ(𝜉) =

𝑖𝜉
1 + 𝜉2

ℎ̂(𝜉),

and where [ℒ , ⋅] ⋅ denotes the commutator

[ℒ , 𝑓 ] 𝑔 = ℒ (𝑓𝑔) − 𝑓ℒ𝑔.

In (3)ℎ = 𝜀𝑁 (0) + 𝜀2𝑁 (1) and 𝑣 = 𝜀𝑈 (0) + 𝜀2𝑈 (1) represent, respectively, 
second-order approximations in a multi-scale expansion of the ionic 
density and ionic velocity variables. The additional assumption 𝑈 (0) =
𝑁 (0), concerning the first-order terms of the expansions (2) leads to a 
second asymptotic model, in the form of a bi-directional non-local wave 
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equation for ℎ which can be simplified, after some change of variables, 
to the single, scaled, unidirectional, nonlocal wave equation for ℎ given 
by 

ℎ𝑡 = −1
2
(

3ℎℎ𝑥 − [ℒ ,𝒩 ℎ]ℎ −𝒩 ℎ − ℎ𝑥
)

. (5)

Furthermore, besides the derivation of (3) and (5), the well-posedness 
of the corresponding initial-value problems (ivp’s) and additional prop-
erties, such as the Hamiltonian structure

ℎ𝑡 =
1
2
𝜕𝑥𝛿𝐸(ℎ),

where 𝛿𝐸 = 𝛿𝐸
𝛿ℎ  denotes the variational derivative and

𝐸(ℎ) = 1
2 ∫

∞

−∞

(

ℎ2 − ℎ3 + (ℬℎ)2 + ℎ(𝒩 ℎ)2
)

𝑑𝑥, ℬ ∶= (𝖨 − 𝜕𝑥𝑥)−1∕2,

existence of additional conserved quantities and the formation of sin-
gularities in finite time are also studied in [7].

Our next step in the analysis of (3) and (5) is concerned with the 
existence of traveling wave solutions. These are solutions of permanent 
form and traveling with some constant velocity. Their determination 
transforms (3) and (5) into the corresponding ordinary differential 
equations (odes) for the wave profiles, depending on the speed. If 
the profiles are known to go to zero asymptotically (surely along 
with their derivatives up to some order), that is, if the profiles are 
localized, they are usually called solitary waves. When the odes are 
complemented with periodic boundary conditions, the corresponding 
solutions (if they exist) are called periodic traveling waves. The present 
paper is focused on the existence of these two types of traveling waves 
for the unidirectional Eq. (5), while the system (3) will be considered 
in a forthcoming work.

The existence of solutions with special structure of partial differen-
tial equations is a classical topic in mathematical modeling. This is a 
natural consequence of the relevance of these solutions in the general 
dynamics of the model under study, [8], with particular emphasis on 
solitary, periodic or other forms of traveling waves, [9,10]. While the 
literature on waves in plasma and cold plasma models is extensive see, 
e. g. [11,12], the study of traveling waves, to our knowledge, seems to 
be focused on plane wave solutions (cf. [12,13] and references therein), 
which serves as motivation for the present paper.

The main contributions of the paper are the following:

• The first result is the existence of periodic traveling waves of 
small amplitude and 𝑂(1) velocity, cf. [7]. The proof hinges on 
non-linear bifurcation techniques via Crandall–Rabinowitz the-
orem. The bifurcation approach to prove the existence of trav-
eling waves for different equations has been used by different 
authors [14–17].

• We also show the existence of different types of traveling wave 
solutions of (5) (including, but not only, solitary waves). The 
approach is based on the application of normal form theory for 
reversible vector fields, [18–20], to the differential system for 
traveling wave profiles obtained from a reformulation of (5) with 
only local terms. Due to the lack of conclusive results in some 
parts, the discussion is supported by some experiments from an 
efficient numerical procedure to compute approximations to the 
profiles. The numerical results suggest some additional properties 
of the waves, concerning amplitude, speed and decay at infinity.

Plan of the paper

The paper is structured as follows. In Section 2 we fix the notation 
and present some auxiliary results on bifurcation theory. In Section 3 
the existence of smooth periodic traveling waves of small amplitude is 
proved via a bifurcation argument. Section 4 is devoted to derive the 
local formulation of (5) and to identify the families of equilibria of the 
corresponding ode system satisfied by the traveling waves. For two of 
2 
these equilibria and from the reversibility property of the differential 
equations, the existence of traveling wave solutions as homoclinic and 
periodic orbits around them is discussed in Section 5. The discussion is 
based on the application of normal form theory of the corresponding 
reversible vector fields, [20], with the help of literature for similar 
equations, (cf., among others, [18,19,21–23] and references therein), 
and the numerical experiments of generation of approximate waves. 
Some concluding remarks are outlined in Section 6. The numerical 
procedure to compute approximations of traveling wave profiles is 
described in Appendix.

2. Notation and auxiliary results

In this section, we fix the notation used throughout the paper 
and recall some classical results on bifurcation theory. For a periodic 
function 𝑓 with values in R we define the Hölder norms as

‖𝑓‖𝐶0(T) = sup
𝑥∈T1

|𝑓 |, ‖𝑓‖𝐶𝑘(T) = ‖𝑓‖𝐶0(T) +
𝑘
∑

𝓁=1

‖

‖

‖

𝜕𝓁𝑥𝑓
‖

‖

‖𝐶0(T)
, 𝑘 ∈ N,

‖𝑓‖𝐶0,𝛼 (T) = ‖𝑓‖𝐶0(T) + sup
𝑥1 ,𝑥2∈(T)

|𝑓 (𝑥1) − 𝑓 (𝑥2)|
|𝑥1 − 𝑥2|𝛼

, 0 < 𝛼 < 1,

‖𝑓‖𝐶𝑘,𝛼 (T) = ‖𝑓‖𝐶𝑘−1(T) +
‖

‖

‖

𝜕𝑘𝑥𝑓
‖

‖

‖𝐶𝛼 (T)
, 𝑘 ∈ N, 0 < 𝛼 < 1.

The Banach space of continuous functions for which the above norms 
are finite will be denoted 𝐶𝑘(T) and 𝐶𝑘,𝛼(T).

We denote by 𝒬 ∶= (𝖨− 𝜕𝑥𝑥)−1 the Helmholtz operator with Fourier 
symbol

𝒬𝑓 (𝜉) = 1
1 + 𝜉2

𝑓 (𝜉).

Acting on square integrable periodic functions 𝑓 , the Helmholtz oper-
ator has the representation 
𝒬𝑓 (𝑥) = [(𝖨 − 𝜕𝑥𝑥)−1]𝑓 (𝑥) = [𝖦T ⋆ 𝑓 ](𝑥), (6)

where the Green function 𝖦T is explicitly given by 

𝖦T(𝑥) =
cosh(𝑥 − 2𝜋[ 𝑥

2𝜋 ] − 𝜋)

2 sinh(𝜋)
. (7)

We have the following bound whose proof can be found in [24, Theo-
rem 4, §4.4]: 

Lemma 2.1.  The operator 𝒬 maps 𝐶𝑘,𝛼(T) isomorphically onto 𝐶𝑘+2,𝛼(T). 
More precisely, there exists a constant 𝐶 > 0 such that 
‖𝒬𝑓‖𝐶𝑘+2,𝛼 (T) ≤ 𝐶 ‖𝑓‖𝐶𝑘,𝛼 (T) , 𝑓 ∈ 𝐶𝑘,𝛼(T), 𝑘 ∈ N ∪ {0}. (8)

Therefore as a direct consequence the non-local operators in (4) 
written as 
ℒ = −𝜕2𝑥𝒬, 𝒩 = 𝜕𝑥𝒬. (9)

enjoyed the following estimates 
‖ℒ𝑓‖𝐶𝑘,𝛼 (T) ≤ 𝐶 ‖𝑓‖𝐶𝑘,𝛼 (T) , ‖𝒩 𝑓‖𝐶𝑘+1,𝛼 (T) ≤ 𝐶 ‖𝑓‖𝐶𝑘,𝛼 (T) . (10)

The previous bounds (8)–(10) are particular cases of a more general 
theory of mapping properties for pseudo-differential operators in Besov 
spaces, cf. [25, Theorem 6.19, §6.6].

Next, let us revisit the Crandall–Rabinowitz Theorem, an essential 
tool in bifurcation theory that we will use to show the existence of 
smooth periodic traveling waves. Before we dive in, let us first go over 
the following definition:

Definition 1 (Fredholm Operator). Let 𝑋 and 𝑌  be two Banach spaces. 
A continuous linear mapping 𝑇 ∶ 𝑋 → 𝑌 , is a Fredholm operator if it 
fulfills the following properties,
(1) dim Ker 𝑇 < ∞,
(2) Im 𝑇  is closed in 𝑌 ,
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(3) codim Im 𝑇 < ∞.

The integer dim Ker 𝑇−codim Im 𝑇  is called the Fredholm index of 
𝑇 . Moreover, we also remark that the index of a Fredholm operator 
remains unchanged under compact perturbations, cf. [26,27]. Next, let 
us state the classical Crandall–Rabinowitz theorem [28] which reads as 
follows: 

Theorem 1 (Crandall–Rabinowitz Theorem). Let 𝑋, 𝑌  be two Banach 
spaces, 𝑉  be a neighborhood of 0 in 𝑋 and 𝐹 ∶ R × 𝑉 → 𝑌  be a function 
with the properties,
(1) 𝐹 (𝜆, 0) = 0 for all 𝜆 ∈ R.
(2) The partial derivatives 𝜕𝜆𝐹 , 𝜕𝑓𝐹  and 𝜕𝜆𝜕𝑓𝐹  exist and are continu-

ous.
(3) The operator 𝜕𝑓𝐹 (𝜆0, 0) is Fredholm of zero index and

Ker(𝜕𝑓𝐹 (𝜆0, 0)) = ⟨𝑓0⟩ is one-dimensional.
(4) Transversality assumption: 𝜕𝜆𝜕𝑓𝐹 (𝜆0, 0)𝑓0 ∉ Im(𝜕𝑓𝐹 (𝜆0, 0)).

If 𝑍 is any complement of Ker(𝜕𝑓𝐹 (𝜆0, 0)) in 𝑋, then there is a neighbor-
hood 𝑈 of (𝜆0, 0) in R×𝑋, an interval (−𝑎, 𝑎), and two continuous functions 
𝛷 ∶ (−𝑎, 𝑎) → R, 𝛽 ∶ (−𝑎, 𝑎) → 𝑍 such that 𝛷(0) = 𝜆0 and 𝛽(0) = 0 and
𝐹−1(0) ∩ 𝑈 = {(𝛷(𝑠), 𝑠𝑓0 + 𝑠𝛽(𝑠)) ∶ |𝑠| < 𝑎} ∪ {(𝜆, 0) ∶ (𝜆, 0) ∈ 𝑈}.

3. Existence of periodic traveling wave solutions

This section is devoted to show the existence of smooth periodic 
traveling waves of small amplitude. The precise statement of result 
reads: 

Theorem 2.  For any 𝑚 ≥ 1 there exists a one dimensional curve 𝑠 ↦
(𝑐𝑠, 𝜑𝑠), with 𝑠 ∈ 𝐼 , such that
ℎ(𝑥) = 𝜑𝑠(𝑥) ∈ 𝐶1,𝛼([0, 2𝜋],R),

ℎ ∈ 𝑋𝑚 ∶=

{

𝑓 ∈ 𝐶1,𝛼([0, 2𝜋]),

𝑓 (𝜉) =
∑

𝑘≥1
𝑓𝑘 cos(𝑚𝑘𝜉) with norm‖𝑓‖𝑋𝑚

= ‖𝑓‖𝐶1,𝛼

}

,

and ℎ is a traveling wave solution to (5) with constant speed 𝑐𝑠 where

𝑐𝑠 ≈ −1
2
− 1

2(1 + 𝑚2)
.

We use the name 𝑚−fold traveling waves to denote traveling wave 
solutions to (5) with profiles in 𝑋𝑚.

3.1. Formulation and functional spaces

We look for periodic traveling waves for ℎ and hence we make the 
Ansatz

ℎ(𝑥, 𝑡) = 𝜑(𝑥 − 𝑐𝑡),

for some speed 𝑐 ∈ R. Hence, plugging it into (5) we find the problem 

− 𝑐𝜑′ = −1
2
(

3𝜑𝜑′ − [ℒ ,𝒩 𝜑]𝜑 −𝒩 𝜑 − 𝜑′) . (11)

As a consequence, the equation reduces to
𝐹 [𝑐, 𝜑](𝜉) = 0, 𝜉 ∈ [−𝜋, 𝜋],

where 
𝐹 [𝑐, 𝜑](𝜉) = 1

2
(

3𝜑(𝜉)𝜑′(𝜉) − [ℒ ,𝒩 𝜑(𝜉)]𝜑(𝜉) −𝒩 𝜑(𝜉) − 𝜑′(𝜉)
)

− 𝑐𝜑′(𝜉). (12)

We observe that, regardless of the value of 𝑐 we have the following line 
of trivial solutions
𝐹 [𝑐, 0] = 0.
3 
Following [14], we define the functional spaces

𝑋 ∶=

{

ℎ ∈ 𝐶1,𝛼 ([0, 2𝜋],R), ℎ(𝜉) =
∑

𝑘≥1
ℎ𝑘 cos(𝑘𝜉) with norm ‖ℎ‖𝑋 = ‖ℎ‖𝐶1,𝛼

}

,

𝑌 ∶=

{

ℎ ∈ 𝐶0,𝛼 ([0, 2𝜋],R), ℎ(𝜉) =
∑

𝑘≥1
ℎ𝑘 sin(𝑘𝜉) with norm ‖ℎ‖𝑌 = ‖ℎ‖𝐶0,𝛼

}

.

Furthermore, we also introduce the space

𝑍 ∶=

{

ℎ ∈ 𝐶2,𝛼 ([0, 2𝜋],R), ℎ(𝜉) =
∑

𝑘≥1
ℎ𝑘 sin(𝑘𝜉) with norm ‖ℎ‖𝑍 = ‖𝑓‖𝐶2,𝛼

}

.

It is straightforward to check that the embedding 𝑍 ↪ 𝑌  is compact 
and the functions in 𝑋 are zero-mean.

3.2. Spectral and transversality properties of the linearized operator

In this subsection, we will check that the hypothesis of the Crandall–
Rabinowitz Theorem  1 are satisfied. To start with, let us show that the 
operator 𝐹 ∶ R ×𝑋 → 𝑌  given in (12) is well-defined and 𝒞 1(R ×𝑋 →
𝑌 ). We first observe that if 𝜑 is an even function, 𝜑(𝜉) = 𝜑(−𝜉), then 
𝐹 [𝑐, 𝜑] is an odd function (and as a consequence we only need to check 
the regularity to show that 𝐹  maps 𝑋 into 𝑌 ), i.e.,
𝐹 [𝑐, 𝜑](𝜉) = −𝐹 [𝑐, 𝜑](−𝜉).

To that purpose, we first notice that 𝜑′(−𝜉) = −𝜑′(𝜉). Moreover, using 
the representation (6)–(7) for the Helmholtz operator, we easily check 
that

𝒬𝜑(𝜉) = 𝒬𝜑(−𝜉).

Invoking (9) we find that
𝒩 𝜑(𝜉) = 𝒬𝜑′(𝜉) = −𝒩 𝜑(−𝜉), ℒ𝜑(𝜉) = (𝖨 − 𝒬)𝜑(𝜉) = ℒ𝜑(−𝜉),

and hence [ℒ ,𝒩 𝜑]𝜑(𝜉) = −[ℒ ,𝒩 𝜑]𝜑(−𝜉). Thus, by combining the 
previous identities and recalling (12) we conclude that 𝐹 [𝑐, 𝜑](𝜉) =
−𝐹 [𝑐, 𝜑](−𝜉) satisfying the symmetry property.

In the following let us show that 𝐹 ∶ R ×𝑋 → 𝑌  is well-defined. It 
is straightforward to check that
‖

‖

‖

‖

−1
2
(

𝒩 𝜑 + 𝜑′) − 𝑐𝜑′‖
‖

‖

‖𝑌
≤ 𝐶 ‖𝜑‖𝑋 .

Similarly, the non-linear terms can be bounded by
‖

‖

‖

‖

1
2
(

3𝜑𝜑′ − [ℒ ,𝒩 𝜑]𝜑
)‖

‖

‖

‖𝑌
≤ 𝐶 ‖𝜑‖𝑋 ‖𝜑‖𝑌 + ‖𝜑‖2𝑌 ,

where we have used estimate (10) and the fact that
‖𝑓𝑔‖𝑌 ≤ ‖𝑓‖𝑌 ‖𝑔‖𝑌 .

Thus, since 𝑋 ↪ 𝑌 , we conclude that
‖𝐹 [𝑐, 𝜑]‖𝑌 ≤ 𝐶

(

‖𝜑‖2𝑋 + ‖𝜑‖𝑋
)

.

In order to prove that 𝐹 ∈ 𝒞 1(R ×𝑋 → 𝑌 ) it is sufficient to show that 
the Gateaux derivative of 𝐹  verifies 
‖𝜕𝜑𝐹 [𝑐, 𝜑1]𝑓 − 𝜕𝜑𝐹 [𝑐, 𝜑2]𝑓‖𝑌 ≤ 𝐶‖𝑓‖𝑋‖𝜑1 − 𝜑2‖𝑋 . (13)

We compute the Gateaux derivative of 𝐹  and find that

𝜕𝜑𝐹 [𝑐, 𝜑]𝑓 = 3
2
𝜑′𝑓 + 3

2
𝜑𝑓 ′ − [𝒬,𝒩 𝑓 ]𝜑− [𝒬,𝒩 𝜑]𝑓 − 1

2
𝒩 𝑓 − 1

2
𝑓 ′ − 𝑐𝑓 ′.

Repeating the same estimates by making use of estimates (10) and 
Lemma  2.1 to deal with the Helmholtz operator 𝒬 we can easily check 
that (13) is indeed satisfied. Hence, we can conclude that the Gateaux 
derivative is continuous (indeed, it is Lipschitz) and then we can ensure 
the existence and continuity of the Fréchet derivative.

Next, we analyze the linearized operator at the trivial solution 
which is given by

𝜕 𝐹 [𝑐, 0]𝑓 (𝜉) = −1
𝒩 𝑓 (𝜉) − 1𝑓 ′(𝜉) − 𝑐𝑓 ′(𝜉) ∶= 𝖫(𝑓 )(𝜉) + 𝖪(𝑓 )(𝜉),
𝜑 2 2
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where

𝖫(𝑓 )(𝜉) = −1
2
𝑓 ′ − 𝑐𝑓 ′,  and 𝖪(𝑓 )(𝜉) = −1

2
𝒩 𝑓.

The principal part of the operator 𝖫𝑓 ∶ 𝑋 → 𝑌  is an isomorphism and 
hence has zero index. Moreover, using estimate (10), we infer that the 
operator 𝖪𝑓 ∶ 𝑋 → 𝑍 is continuous and the embedding 𝑍 ↪ 𝑌  is 
compact. Therefore, since the index of a Fredholm operator remains 
unchanged due to compact perturbations we conclude that 𝜕𝜑𝐹 [𝑐, 0]𝑓
is a Fredholm operator of zero index.

To conclude we characterize the kernel of the linear operator. For 
𝑓 ∈ 𝑋 we find that

𝜕𝜑𝐹 [𝑐, 0]𝑓 =
∞
∑

𝑘=1
𝑓𝑘 sin(𝑘𝑥)

(

− 𝑘
2(1 + 𝑘2)

− 𝑘
2
− 𝑐𝑘

)

.

Thus, for

𝑐𝑘 = − 1
2(1 + 𝑘2)

− 1
2

we have that
Ker(𝜕𝜑𝐹 [𝑐, 0]) = span(cos(𝑘𝑥))

and, recalling that the linearized operator is Fredholm operator of zero 
index,

𝑌 ∕𝐼𝑚𝑔(𝜕𝜑𝐹 [𝑐, 0]) = span(sin(𝑘𝑥)).

The transversality condition is then satisfied because

𝜕𝑐𝜕𝜑𝐹 [𝑐𝑘, 0]𝑓 =
∞
∑

𝑘=1
𝑓𝑘 sin(𝑘𝑥) (−𝑘) ,

and, if 𝑓 ∈ Ker(𝜕𝜑𝐹 [𝑐, 0]), then
𝜕𝑐𝜕𝜑𝐹 [𝑐𝑘, 0]𝑓 = −𝑘𝑓𝑘 sin(𝑘𝑥) ∉ 𝐼𝑚𝑔(𝜕𝜑𝐹 [𝑐, 0]).

3.3. Proof of Theorem  2

We have checked that the Crandall–Rabinowitz theorem can be 
applied in our Eq. (11). Fix 𝑚 ≥ 1. In order to prove Theorem  2, let 
us introduce the symmetry 𝑚 in the spaces. For that, let us define

𝑋𝑚 ∶=

{

𝑓 ∈ 𝐶1,𝛼 ([0, 2𝜋]), 𝑓 (𝜉) =
∑

𝑘≥1
𝑓𝑘 cos(𝑚𝑘𝜉) with norm ‖𝑓‖𝑋𝑚

= ‖𝑓‖𝐶1,𝛼

}

,

𝑌𝑚 ∶=

{

𝑓 ∈ 𝐶0,𝛼 ([0, 2𝜋]), 𝑓 (𝜉) =
∑

𝑘≥1
𝑓𝑘 sin(𝑚𝑘𝜉) with norm ‖𝑓‖𝑌𝑚 = ‖𝑓‖𝐶0,𝛼

}

,

for any 𝑚 ≥ 1. The fact that the operator 𝐹 ∶ R × 𝑋𝑚 → 𝑌𝑚 is 
well-defined and 𝒞 1(R × 𝑋𝑚 → 𝑌𝑚) can be checked by repeating the 
computations of Section 3.2. However, we have to show that the 𝑚-
fold symmetry property holds. More precisely, we have to proof that if 
𝜑(𝜉 + 2𝜋

𝑚 ) = 𝜑(𝜉) then

𝐹 [𝑐, 𝜑](𝜉 + 2𝜋
𝑚

) = 𝐹 [𝑐, 𝜑](𝜉).

Note that if 𝜑 has 𝑚-fold symmetry, then all the derivatives of 𝜑 also 
enjoy the same symmetry property. Moreover, recalling that 𝒬 is a con-
volution operator (6), the symmetry is also satisfied and thus 𝐹 [𝑐, 𝜑](𝜉+
2𝜋
𝑚 ) = 𝐹 [𝑐, 𝜑](𝜉) follows. The rest of the arguments can be argued 
similarly as in the previous Section 3.2. Thus, Crandall–Rabinowitz 
theorem can be applied obtaining Theorem  2.

4. Traveling wave solutions of the nonlocal wave equation

In this section the existence of traveling wave solutions of the 
unidirectional model is analyzed. As mentioned in the introduction, this 
will be made by using normal form theory, [18–20], and the results 
will be supported by numerical experiments of generation with the 
procedure described in Appendix. The experiments have the twofold 
goal of illustrating the theoretical results and suggesting additional 
4 
properties of the emerging waves not specifically derived from the 
theory.

Note first, [7], that from the identity

[ℒ ,𝒩 ℎ]ℎ = ℒ (ℎ𝒩 ℎ) + 1
2
𝜕𝑥 (𝒩 ℎ)2 ,

(5) can be written in the alternative form 
ℎ𝑡 + 𝜕𝑥

( 3
4
ℎ2 + 1

2
𝒩 (ℎ𝒩 ℎ) − 1

4
(𝒩 ℎ)2 − 1

2
𝒬ℎ − ℎ

2

)

= 0. (14)

An additional property that will be used below is a formulation of (5) 
involving local terms: if 
𝒥 = 𝒬−1, ℎ = 𝒥 𝑢, (15)

then (14) can be formulated as 

𝒥 𝑢𝑡 + 𝜕𝑥

(

3
4
(𝒥 𝑢)2 + 1

2
𝜕𝑥𝒥

−1 ((𝒥 𝑢)𝜕𝑥𝑢
)

− 1
4
(𝜕𝑥𝑢)2 −

1
2
𝑢 −

𝒥 𝑢
2

)

= 0. (16)

For traveling wave solutions ℎ = ℎ(𝑥 − 𝑐𝑠𝑡) of (14), the profiles ℎ =
ℎ(𝑋), 𝑋 = 𝑥 − 𝑐𝑠𝑡 must satisfy, from (14) and after one integration 

− 𝑐𝑠ℎ +
( 3
4
ℎ2 + 1

2
𝒩 (ℎ𝒩 ℎ) − 1

4
(𝒩 ℎ)2 − 1

2
𝒬ℎ − ℎ

2

)

+ 𝑔 = 0, (17)

with 𝑔 constant. (Note that ℎ is not necessarily localized.) In terms of 
the variable 𝑢, defined in (15), (17) yields

− 𝑐𝑠𝒥
2𝑢 +

(

3
4
𝒥 (𝒥 𝑢)2 + 1

2
𝜕𝑥

(

(𝒥 𝑢)𝜕𝑥𝑢
)

− 1
4
𝒥 (𝜕𝑥𝑢)2 −

1
2
𝒥 𝑢 −

𝒥 2𝑢
2

)

+ 𝑔 = 0, (18)

which can be written as
( 3
2
𝒥 𝑢 − 𝑐𝑠

)

𝑢′′′′ −
(

2𝑐𝑠 +
1
2

)

𝑢′′ +
(

𝑐𝑠 +
1
2

)

𝑢

= 𝑓 (𝑢, 𝑢′, 𝑢′′, 𝑢′′′) = 𝑓 (𝑢, 𝑢′, 𝑢′′, 𝑢′′′) + 𝑔

= 1
2

( 3
2
𝑢2 + 7

2
(𝑢′)2 + 𝑢𝑢′′ − 3

2
(𝑢′′)2 − 6𝑢′𝑢′′′ + 3(𝑢′′′)2

)

+ 𝑔, (19)

where 𝑐𝑠 = 𝑐𝑠 +
1
2 .

Eq. (18) can also be formulated as a first-order system for 𝑌 =
(𝑦1, 𝑦2, 𝑦3, 𝑦4)𝑇 = (𝑢, 𝑢′, 𝑢′′, 𝑢′′′)𝑇  as
𝑑𝑦1
𝑑𝑋

= 𝑦2,

𝑑𝑦2
𝑑𝑋

= 𝑦3,

𝑑𝑦3
𝑑𝑋

= 𝑦4,

𝑑𝑦4
𝑑𝑋

= 1
𝛼(𝑦1, 𝑦3, 𝑐𝑠)

(𝑔 + 𝐹 (𝑌 )) , (20)

where

𝛼(𝑦1, 𝑦3, 𝑐𝑠) = 3
2
(𝑦1 − 𝑦3) − 𝑐𝑠, (21)

𝐹 (𝑌 ) =
(

2𝑐𝑠 +
1
2

)

𝑦3 −
(

𝑐𝑠 +
1
2

)

𝑦1

+ 1
2

( 3
2
𝑦21 +

7
2
𝑦22 + 𝑦1𝑦3 −

3
2
𝑦23 − 6𝑦2𝑦4 + 3𝑦24

)

. (22)

The equivalence between (18) and (20)–(22) requires 𝛼 ≠ 0. The case 
𝛼 = 0 means that
3
2
𝒥 𝑢 − 𝑐𝑠 = 0 ⇒ ℎ = 2

3
𝑐𝑠,

which is a constant solution of (14) with 𝑔 = (𝑐2𝑠 + 𝑐𝑠)∕3. Out of this, 
the transformation 𝑑𝑋 = 𝛼𝑑𝑍 leads to the nonsingular system, [29]
𝑑𝑦1
𝑑𝑍

= 𝛼𝑦2,

𝑑𝑦2
𝑑𝑍

= 𝛼𝑦3,

𝑑𝑦3
𝑑𝑍

= 𝛼𝑦4,

𝑑𝑦4 = 𝑔 + 𝐹 (𝑌 ), (23)

𝑑𝑍
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Note that the system (23) has the same phase dynamical behavior as 
system (20), except for the line 𝛼 = 3

2 (𝑦1 − 𝑦3) − 𝑐𝑠 = 0, which is a line 
solution for (23). When discussing the equilibria of (23), we distinguish 
two cases:

(i) 𝛼 = 0. Then
𝑦1 = 𝑦3 +

2
3

(

𝑐𝑠 +
1
2

)

.

Furthermore, after some tedious algebra, the condition 𝑔+𝐹 (𝑌 ) =
0 can be written as 
7
2
𝑥21 +

3
7
𝑥22 + 𝑥23 + 2(𝑔 − 𝑔2(𝑐𝑠)) = 0, (24)

where 
𝑥1 = 𝑦2 −

6
7
𝑦4, 𝑥2 = 𝑦4, 𝑥3 = 𝑦3 +

7
3

(

𝑐𝑠 +
1
2

)

, (25)

and 
𝑔2(𝑐𝑠) ∶=

1
3

(

𝑐𝑠 +
1
2

)

+ 52
9

(

𝑐𝑠 +
1
2

)

. (26)

Note that:

– If 𝑔 > 𝑔2(𝑐𝑠), there are no points (𝑥1, 𝑥2, 𝑥3) satisfying (24).
– If 𝑔 = 𝑔2(𝑐𝑠), the only point satisfying (24) is 𝑥1 = 𝑥2 = 𝑥3 =

0. Since the inverse of (25) is 
𝑦2 = 𝑥1 +

6
7
𝑥2, 𝑦4 = 𝑥2, 𝑦3 = 𝑥3 −

7
3

(

𝑐𝑠 +
1
2

)

, (27)

and 
𝑦1 = 𝑦3 +

2
3

(

𝑐𝑠 +
1
2

)

= 𝑥3 −
5
3

(

𝑐𝑠 +
1
2

)

, (28)

then the origin is transformed into

𝑦1 = −5
3

(

𝑐𝑠 +
1
2

)

, 𝑦2 = 0, 𝑦3 = −7
3

(

𝑐𝑠 +
1
2

)

, 𝑦4 = 0.

– If 𝑔 < 𝑔2(𝑐𝑠), then we have the equilibria (27), (28), where 
(𝑥1, 𝑥2, 𝑥3) are the points of the ellipsoid (24).

(ii) 𝛼 ≠ 0. Then 𝑦2 = 𝑦3 = 𝑦4 = 0 and the condition 𝑔+𝐹 (𝑌 ) = 0 reads

𝑦21 −
4
3
(

𝑐𝑠 + 1
)

𝑦1 +
4
3
𝑔 = 0,

leading to the solutions 

𝑦1 = 𝑦± = 2
3

(

(

𝑐𝑠 + 1
)

±
√

(

𝑐𝑠 + 1
)2 − 3𝑔

)

. (29)

Then, the solutions (29) are real when 
𝑔 ≤ 𝑔1(𝑐𝑠) ∶=

1
3
(

𝑐𝑠 + 1
)2 . (30)

(Note that 𝑔1(𝑐𝑠) < 𝑔2(𝑐𝑠) for all 𝑐𝑠 > 0.) We may summarize the previous 
analysis as follows. 

Proposition 4.1.  Let 𝑐𝑠 > 0 and 𝑔1(𝑐𝑠), 𝑔2(𝑐𝑠) be given respectively by 
(26) and (30). The following holds:
(1) If 𝑔 < 𝑔1(𝑐𝑠) then we have the equilibria

𝑌 = (𝑦±, 0, 0, 0), (31)

𝑌 ∗ =
(

𝑥3 −
5
3

(

𝑐𝑠 +
1
2

)

, 𝑥1 +
6
7
𝑥2, 𝑥3 −

7
3

(

𝑐𝑠 +
1
2

)

, 𝑥2
)

, (32)

where 𝑦± is given by (29) and (𝑥1, 𝑥2, 𝑥3) are the points of the 
ellipsoid (24).

(2) If 𝑔 = 𝑔1(𝑐𝑠), then (32) holds and (31) becomes

𝑌 = (𝑦1, 0, 0, 0), 𝑦1 = 𝑦± = 2
3
(

𝑐𝑠 + 1
)

.

(3) If 𝑔1(𝑐𝑠) < 𝑔 < 𝑔2(𝑐𝑠), then we just have the equilibria (32).
(4) If 𝑔 = 𝑔2(𝑐𝑠), then the equilibria (32) reduces to

𝑌 ∗ =
(

−5
3

(

𝑐𝑠 +
1
2

)

, 0,−7
3

(

𝑐𝑠 +
1
2

)

, 0
)

,

corresponding to 𝑥 = 𝑥 = 𝑥 = 0.
1 2 3

5 
(5) If 𝑔 > 𝑔2(𝑐𝑠), then there are no equilibria.

4.1. The case 𝑔 ≤ 𝑔1(𝑐𝑠)

For 𝑐𝑠 > 0 fixed, the present paper is focused on the existence of 
traveling wave solutions of (14) or (16) around the equilibria (31) in 
the cases (1) and (2) of Proposition  4.1. They will emerge as homoclinic 
trajectories of a related reversible dynamical system and from the 
application of normal form theory, approaching 𝑦+ (or 𝑦−) when 𝑡 →
±∞. Note in particular that when 𝑔 = 0 then

𝑦+ = 1
3
(

𝑐𝑠 + 1
)

, 𝑦− = 0,

and those orbits homoclinic to 𝑦− at infinity are identified as solitary 
wave solutions, with the meaning of localized traveling wave solutions. 
In addition, periodic orbits of the dynamical system are identified as 
periodic traveling wave (PTW) solutions.

To this end, our approach will first look for a reduction of (19) to 
the case 𝑔 = 0. Let 𝑦± denote any of the equilibria (29). Note that if 𝑢
is a solution of (19), then ̃𝑢 = 𝑢 − 𝑦± satisfies
(

3
2
𝒥 𝑢̃ +

3𝑦± − 1
2

− 𝑐𝑠

)

𝑢̃′′′′ +
(

2𝑐𝑠 +
3 − 5𝑦±

2

)

𝑢̃′′ +
(

−𝑐𝑠 +
3𝑦± − 2

2

)

𝑢̃

= 𝑓 (𝑢̃, 𝑢̃′, 𝑢̃′′, 𝑢̃′′′)

= 1
2

(

−3
2
𝑢̃2 + 5

2
(𝑢̃′)2 + 5𝑢̃𝑢̃′′ − 9

2
(𝑢̃′′)2 − 6𝑢̃′𝑢̃′′′ + 3(𝑢̃′′′)2

)

, (33)

As before, (33) can be written as a first-order system for
𝑈 = (𝑈1, 𝑈2, 𝑈3, 𝑈4)𝑇 = (𝑢̃, 𝑢̃′, 𝑢̃′′, 𝑢̃′′′)𝑇  as 
𝑑𝑈
𝑑𝑍

= 𝐿(𝑐𝑠, 𝑦±)𝑈 + 𝐺(𝑈 ), (34)

where

𝐿 = 𝐿(𝑐𝑠, 𝑦±) =

⎛

⎜

⎜

⎜

⎜

⎝

0 3𝑦±−1
2

− 𝑐𝑠 0 0
0 0 3𝑦±−1

2
− 𝑐𝑠 0

0 0 0 3𝑦±−1
2

− 𝑐𝑠
𝑐𝑠 +

2−3𝑦±
2

0 −(2𝑐𝑠 +
3−5𝑦±

2
) 0

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐺(𝑈 ) =

⎛

⎜

⎜

⎜

⎜

⎝

3
2
𝑈2(𝑈1 − 𝑈3)

3
2
𝑈3(𝑈1 − 𝑈3)

3
2
𝑈4(𝑈1 − 𝑈3)

𝐹 (𝑈 )

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐹 (𝑈 ) = −
( 9
4
𝑈 2

3 − 5
2
𝑈1𝑈3

)

− 3
4
𝑈 2

1 + 5
4
𝑈 2

2 − 3𝑈2𝑈4 +
3
2
𝑈 2

4 .

The structure of solutions of (14) or (16) around 𝑦± can be analyzed 
from that of solutions of (34) around 𝑈 = 0. Since 𝐺(0) = 𝐺′(0) = 0, 
then, if we first linearize, the characteristic polynomial of 𝐿 is of the 
form 𝑧4 − 𝑏𝑧2 + 𝑎, where
𝑎 = 𝑎± = −𝛽±𝛼3±, 𝑏 = 𝑏± = −𝛼±𝛾±,

𝛼± =
3𝑦± − 1

2
− 𝑐𝑠, 𝛽± = 𝑐𝑠 +

2 − 3𝑦±
2

, 𝛾± = 2𝑐𝑠 +
3 − 5𝑦±

2
, (35)

We note that (34) is reversible with respect to the transformation 
𝑆 ∶ (𝑈1, 𝑈2, 𝑈3, 𝑈4) ↦ (𝑈1,−𝑈2, 𝑈3,−𝑈4), (36)

in the sense that, [20]
𝑆𝐿𝑈 = −𝐿𝑆𝑈, 𝑆𝐺(𝑈 ) = −𝐺(𝑆𝑈 ).

This implies that the linear dynamics around 𝑈 = 0 follows Fig.  1, [18], 
in the (𝑏, 𝑎) plane. Four regions of different dynamics are determined 
from the four curves
𝐶0 = {(𝑏, 𝑎)∕𝑎 = 0, 𝑏 > 0},

𝐶1 = {(𝑏, 𝑎)∕𝑎 = 0, 𝑏 < 0},

𝐶2 = {(𝑏, 𝑎)∕𝑎 > 0, 𝑏 = −2
√

𝑎},

𝐶3 = {(𝑏, 𝑎)∕𝑎 > 0, 𝑏 = 2
√

𝑎}. (37)

On the curve 𝐶0 there are two zero eigenvalues and two real ±
√

𝑏; 
on 𝐶  there are two zero eigenvalues and two imaginary ±𝑖

√

|𝑏|; on 
1
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Fig. 1. Linearization at the origin of (34) (cf. [18, Figure 1]): Regions 1 to 4 in the (𝑏, 𝑎)-plane, delimited by the bifurcation curves 𝐶0 to 𝐶3 given by (37), and schematic 
representation of the position in the complex plane of the eigenvalues of 𝐿 for each curve and region. (Dot: simple root, square: double root.).
𝐶2 there is a double complex conjugate pair of imaginary eigenvalues 
±𝑖
√

|𝑏|∕2, and on 𝐶3 there are two double real eigenvalues ±
√

𝑏∕2, 
symmetric with respect to the imaginary axis. The spectrum of 𝐿 in 
the regions delimited by the four curves is represented schematically 
in Fig.  1.

The application of the normal form theory to systems of the form 
(34), cf. e. g. [20], aims at finding a change of variables to transform, 
near the equilibrium, the system into some fixed-order approximation 
from which the dynamics of the original one can be analyzed in 
a simpler way. The use of normal forms to study the existence of 
traveling waves as homoclinic trajectories typically involves bifurcation 
parameters as well as symmetries and reversible transformations, which 
determine the construction of the corresponding normal form and the 
emergence of different types of traveling waves, cf. [18] and references 
therein.

For reversible systems like (34), with 𝜇 = 𝜇(𝑐𝑠) some bifurca-
tion parameter (somehow related to the speed 𝑐𝑠), the normal form 
theorem, [20,30], states, for any integer 𝑚 ≥ 2, the existence of 
neighborhoods 𝑉1 of 𝑈 = 0 and 𝑉2 of 𝜇 = 0 such that for any 𝜇 ∈ 𝑉2
one can find a polynomial 𝛷(𝜇, ⋅) ∶ R4 → R4 of degree 𝑚 satisfying:

(i) The coefficients of 𝛷 are smooth functions of 𝜇 and
𝛷(0, 0) = 0, 𝜕𝑈𝛷(0, 0) = 0.

(ii) For 𝑉 ∈ 𝑉1, the change of variable
𝑈 = 𝑉 +𝛷(𝜇, 𝑉 ),

transforms (34) into the normal form
𝑉 ′ = 𝐿𝑉 +𝑁(𝜇, 𝑉 ) + 𝜌(𝜇, 𝑉 ),

with the following properties:

(a) For any 𝜇 ∈ 𝑉2, 𝑁(𝜇, ⋅) ∶ R4 → R4 is a polynomial of degree 
𝑚, with coefficients which are smooth functions of 𝜇 and 
𝑁(0, 0) = 𝜕𝑉 𝑁(0, 0) = 0.

(b) The equality
𝑁(𝜇, 𝑒𝑡𝐿

∗
𝑉 ) = 𝑒𝑡𝐿

∗
𝑁(𝜇, 𝑉 ),

holds for all (𝑡, 𝑉 ) ∈ R × R4 and 𝜇 ∈ 𝑉2, and where 𝐿∗ de-
notes the adjoint of 𝐿. This is shown to be equivalent, [20], 
to

𝜕𝑉 𝑁(𝜇, 𝑉 )𝐿∗𝑉 = 𝐿∗𝑁(𝜇, 𝑉 ), 𝑉 ∈ R4, 𝜇 ∈ 𝑉2.

(c) The function 𝜌 is smooth in (𝜇, 𝑉 ) ∈ 𝑉2 × 𝑉1 such that
𝜌(𝜇, 𝑉 ) = 𝑜 ‖𝑉 ‖

𝑚 ,
( )
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for all 𝜇 ∈ 𝑉2 and where ‖ ⋅ ‖ denotes the Euclidean norm 
in R4.

(d) The polynomials 𝛷(𝜇, ⋅), 𝑁(𝜇, ⋅) satisfy, for all 𝜇 ∈ 𝑉2

𝑆𝛷(𝜇, 𝑉 ) = 𝛷(𝜇, 𝑆𝑉 ), 𝑆𝑁(𝜇, 𝑉 ) = −𝑁(𝜇, 𝑆𝑉 ), 𝑉 ∈ R4,

where 𝑆 is given in (36).

The application of the normal form theory to (34) also involves the 
analysis of the system from a center manifold reduction. This will be 
done here by using the approach developed in [31,32] (see also [33]), 
by determining a normal form of an equivalent system to (34) and 
studying its principal part (linear and quadratic) near the bifurcation 
curves (37) with respect to some bifurcation parameter. Then this 
analysis, that concerns the reduction to the case 𝑔 = 0 given by (33), 
will be used to discuss the existence of traveling waves of (14) and 
(16) homoclinic to the equilibria (31) at infinity, in terms if 𝑔 and 
illustrating the results with experiments of numerical generation of the 
traveling wave profiles from the approximation to solutions of (33). To 
this last point, an iterative numerical procedure described in Appendix 
is implemented.

4.2. Some preliminary lemmas

The analysis below will require some previous results concerning 
the coefficients (35) and new relevant values of the constant 𝑔. We note 
first that when 𝑔 ≤ 𝑔1(𝑐𝑠) then 0 ≤ 𝑦− ≤ 𝑦+. Furthermore, it is not hard 
to prove the following result. 

Lemma 4.2.  Let 𝑐𝑠 > 0 and assume that 𝑔 ≤ 𝑔1(𝑐𝑠). We define 

𝑔∗1 (𝑐𝑠) ∶= 𝑔1(𝑐𝑠) −
1
75

(

𝑐𝑠 −
1
2

)2
, 𝑔∗∗1 (𝑐𝑠) ∶= 𝑔1(𝑐𝑠) −

1
12

. (38)

Then it holds that:
(1) 𝛼+ > 0, 𝛽+ ≤ 0, 𝛽− ≥ 0.
(2) 𝛼− ≥ 0 ⇔ 𝑔 ≥ 𝑔∗∗1 (𝑐𝑠).
(3) 𝛾+ > 0 ⇔ 𝑐𝑠 >

1
2  and 𝑔 > 𝑔∗1 (𝑐𝑠).

(4) 𝛾− > 0 ⇔ 𝑐𝑠 ≥
1
2  or 𝑔 < 𝑔∗1 (𝑐𝑠) when 𝑐𝑠 <

1
2 .

In addition, for each case 𝑦+, 𝑦−, we will need to identify the 
position of the roots of characteristic polynomial of 𝐿 in the (𝑏, 𝑎) plane 
from the sign of the coefficients 𝑎±, 𝑏± and 𝛥± = 𝑏2± − 4𝑎±. After some 
computations, we observe that
𝛥± = 𝛼2±𝑆±,

𝑆 = 𝛾2 + 4𝛼 𝛽 = −11 (𝛽 − 𝛿 )(𝛽 − 𝛿 ),
± ± ± ± 9 ± + ± −
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Fig. 2. Illustration of Lemma  4.4. (a), (b) Case (1); (c) Case (2), where the remarked dot corresponds to 𝑐𝑠 = 3(1+
√

2); (d) Case (c), where the remarked dot corresponds to 𝑐𝑠 = 3.
𝛿± = 1
22

(

(

10𝑐𝑠 + 13
)

±

√

(

10𝑐𝑠 + 13
)2 + 44

(

𝑐𝑠 −
1
2

)2
)

,

with 𝛿− < 0 < 𝛿+ for 𝑐𝑠 > 0. This leads to the following properties: 

Lemma 4.3.  Let 𝑐𝑠 > 0 and assume that 𝑔 ≤ 𝑔1(𝑐𝑠). We define 

𝑔−(𝑐𝑠) ∶= 𝑔1(𝑐𝑠) −
1
3
𝛿2−, 𝑔+(𝑐𝑠) ∶= 𝑔1(𝑐𝑠) −

1
3
𝛿2+. (39)

Then:

(i) 𝛥+ > 0 ⇔ 𝑔 > 𝑔−(𝑐𝑠).
(ii) If 𝑔∗∗1 (𝑐𝑠) < 𝑔 < 𝑔1(𝑐𝑠) then 𝛥− > 0. When 𝑔 < 𝑔∗∗1 (𝑐𝑠) then

𝛥− > 0 ⇔ 𝑔 > 𝑔+(𝑐𝑠).

A final result compares the limiting values of 𝑔 appearing above and 
in Lemma  4.2 and it is illustrated in Fig.  2. 

Lemma 4.4.  Let 𝑐𝑠 > 0 and assume that 𝑔 ≤ 𝑔1(𝑐𝑠).

(1) 𝑔+(𝑐𝑠) < 0 < 𝑔−(𝑐𝑠) and 𝑔∗1 (𝑐𝑠), 𝑔∗∗1 (𝑐𝑠) > 0.
(2) 𝑔∗1 (𝑐𝑠) < 𝑔−(𝑐𝑠) and 𝑔∗∗1 (𝑐𝑠) ≤ 𝑔−(𝑐𝑠) ⇔ 𝑐𝑠 ≤ 3(1 +

√

2).
(3) 𝑔∗1 (𝑐𝑠) ≤ 𝑔∗∗1 (𝑐𝑠) ⇔ 𝑐𝑠 ≥ 3,

where 𝑔∗1 (𝑐𝑠), 𝑔∗∗1 (𝑐𝑠) and 𝑔+(𝑐𝑠), 𝑔−(𝑐𝑠) are given by (38) and (39), respec-
tively.
7 
5. Existence of non-periodic traveling wave solutions

5.1. Normal forms

In what follows, we will assume 𝑔 ≠ 𝑔∗∗(𝑐𝑠) (so that 𝛼− ≠ 0). In order 
to apply the theory of normal forms to (34), we first make the change 
of variable 𝑑𝑌 = 𝛼±𝑑𝑍, which transforms the system to the equivalent 
form 
𝑑𝑈
𝑑𝑌

= 𝐿̃𝑈 + 𝐺(𝑈 ), (40)

where

𝐿̃ =

⎛

⎜

⎜

⎜

⎜

⎝

0 1 0 0
0 0 1 0
0 0 0 1

−𝑎±(𝑐𝑠) 0 𝑏̃±(𝑐𝑠) 0

⎞

⎟

⎟

⎟

⎟

⎠

, (41)

𝐺(𝑈 ) = 1
𝛼±

𝐺(𝑈 ), 𝑎±(𝑐𝑠) = −
𝛽±
𝛼±

, 𝑏̃±(𝑐𝑠) = −
𝛾±
𝛼±

. (42)

Note that the characteristic polynomial of (41) is 𝑝𝐿̃(𝑧) = 𝑧4− 𝑏̃±𝑧2+𝑎±, 
and since

𝛥± ∶= 𝑏̃2± − 4𝑎± =
𝑆±

𝛼4±
,

then the regions and curves of Fig.  1 in the (𝑏, 𝑎)- and the (𝑏̃, 𝑎)-plane 
are similar.
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The matrix (41) can also be decomposed as 𝐿̃ = 𝐿0 + 𝐿1, where 

𝐿0 =

⎛

⎜

⎜

⎜

⎜

⎝

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

, 𝐿1 =

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0 0
0 0 0 0
0 0 0 0

−𝑎±(𝑐𝑠) 0 𝑏̃±(𝑐𝑠) 0

⎞

⎟

⎟

⎟

⎟

⎠

. (43)

The computation of a reversible normal form for (40) can be made 
following the approach in [31] and using the arguments of [32] in order 
to include the matrix 𝐿1 in (43) in the construction. This consists of 
deriving an equivalent reversible system 
𝑑𝑈
𝑑𝑌

= (𝐿0 + 𝑅1)𝑈 + 𝐺(𝑈 ), (44)

with 𝑅1 satisfying
𝑅1𝐿

∗
0 = 𝐿∗

0𝑅1, 𝑆𝑅1 = −𝑅1𝑆,

where 𝐿∗
0 denotes the adjoint of 𝐿0 and 𝑆 is given by (36). Explic-

itly, [32] 

𝑅1 =

⎛

⎜

⎜

⎜

⎜

⎝

0 1 0 0
𝜇1 0 1 0
0 𝜇1 0 1
𝜇2 0 𝜇1 0

⎞

⎟

⎟

⎟

⎟

⎠

, 𝜇1 =
𝑏̃±
3
, 𝜇2 = 𝜇2

1 − 𝑎±. (45)

After that, the computation of a normal form for (44), from the ap-
proach in [31], leads to the system

𝑑𝑈
𝑑𝑌

= 𝐿0𝑈 + 𝑃4(𝑈1, 𝑉2, 𝑉4)

⎛

⎜

⎜

⎜

⎜

⎝

0
0
0
1

⎞

⎟

⎟

⎟

⎟

⎠

+ 𝑃2(𝑈1, 𝑉2, 𝑉4)

⎛

⎜

⎜

⎜

⎜

⎝

0
𝑈1
𝑈2
𝑈3

⎞

⎟

⎟

⎟

⎟

⎠

+𝑃0(𝑉2, 𝑉4)

⎛

⎜

⎜

⎜

⎜

⎝

0
𝑉2
𝑊2
𝑋2

⎞

⎟

⎟

⎟

⎟

⎠

+ 𝑃1(𝑈1, 𝑉2, 𝑉4)

⎛

⎜

⎜

⎜

⎜

⎝

𝑉3
𝑊3
𝑋3
𝑌3

⎞

⎟

⎟

⎟

⎟

⎠

+𝑃3(𝑈1, 𝑉2, 𝑉4)

⎛

⎜

⎜

⎜

⎜

⎝

0
0
𝑉3
𝑊3

⎞

⎟

⎟

⎟

⎟

⎠

, (46)

where

𝑉2 = 𝑈2
2 − 2𝑈1𝑈3, 𝑉3 = 𝑈3

2 − 3𝑈1𝑈2𝑈3 + 3𝑈2
1𝑈4,

𝑉4 = 3𝑈2
2𝑈

2
3 − 6𝑈3

2𝑈4 − 8𝑈1𝑈
3
3 + 18𝑈1𝑈2𝑈3𝑈4 − 9𝑈2

1𝑈
2
4 ,

𝑊2 = −3𝑈1𝑈4 + 𝑈2𝑈3, 𝑊3 = 3𝑈1𝑈2𝑈4 − 4𝑈1𝑈
2
3 + 𝑈2

2𝑈3,

𝑋2 = −3𝑈2𝑈4 + 2𝑈2
3 , 𝑋3 = −3𝑈1𝑈3𝑈4 + 3𝑈2

2𝑈1 − 𝑈2𝑈
2
3 ,

𝑌3 = 3𝑈2𝑈3𝑈4 −
4
3
𝑈3
3 − 3𝑈1𝑈

2
4 ,

and 𝑃𝑗 , 𝑗 = 0, 1, 2, 3, 4, are polynomials in their arguments.  In the sequel 
the principal part (linear and quadratic) of the normal form will be 
used. Due to the form of the right-hand side of (46), observe that the 
contribution of 𝑃1 and 𝑃3 is of order three while
𝑃4(𝑈1, 𝑉2, 𝑉4) = 𝜇2𝑈1 + 𝜈1𝑈

2
1 + 𝜈2𝑉2 + 𝑂(‖𝑈‖

3),

𝑃2(𝑈1, 𝑉2, 𝑉4) = 𝜇1 + 𝜈3𝑈1 + (‖𝑈‖

2),

𝑃0(𝑉2, 𝑉4) = 𝜈4 + 𝑂(‖𝑈‖

2),

for some constants 𝜈𝑗 , 𝑗 = 1, 2, 3, 4, and where 𝜇1, 𝜇2 are given by (45). 
Note that the linearization of (46) at 𝑈 = 0 leads to the linearized 
system of (44), which has the same characteristic polynomial as 𝐿̃ in 
(41), so the spectrum of the linear part is preserved. From the relations 
in (45), the bifurcation curves (37) can be written in the (𝜇1, 𝜇2)-plane 
as

𝐶0 = {(𝜇1, 𝜇2)|𝜇1 > 0, 𝜇2 = 𝜇2
1},

𝐶1 = {(𝜇1, 𝜇2)|𝜇1 < 0, 𝜇2 = 𝜇2
1},

𝐶 = {(𝜇 , 𝜇 )|𝜇 < 0, 𝜇 = −5𝜇2},
2 1 2 1 2 4 1
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𝐶3 = {(𝜇1, 𝜇2)|𝜇1 > 0, 𝜇2 = −5
4
𝜇2
1}. (47)

(Cf. Figure 1 of [31].) Following [31,32], now we describe the principal 
part of the normal form (46) near the curves (37). The emergence of 
homoclinic orbits will be related to the existence of traveling wave 
solutions of (14) in Section 5.3.

5.2. Principal part of normal forms near the curves (37)

5.2.1. Normal form near 𝐶0
If we take 𝜇 = −𝑎± as bifurcation parameter, then 𝜇2 = 𝜇1 + 𝜇 and 

from (47)𝐶0 can be described by the conditions 𝜇 = 0, 𝜇1 > 0. Recall 
that in 𝐶0 the spectrum of 𝐿0 + 𝑅1 contains a double zero eigenvalue 
and two real eigenvalues ±√3𝜇1. In [31,32], a basis of Ker(𝐿0 + 𝑅1)2

is computed as 

𝜉0 = (1, 0,−𝜇1, 0)𝑇 , 𝜉1 = (0, 1, 0,−2𝜇1)𝑇 , (48)

satisfying (𝐿0+𝑅1)𝜉1 = 𝜉0 and 𝑆𝜉0 = 𝜉0, 𝑆𝜉1 = −𝜉1. The Center Manifold 
Theorem applies to study the dynamics near 𝐶0 on the two-dimensional 
center manifold. After a suitable change of variables
𝑈 = 𝐴𝜉0 + 𝐵𝜉1 +𝛷(𝜇,𝐴, 𝐵),

with some 𝛷, the corresponding principal part of the normal form is, 
cf. [32],
𝑑𝐴
𝑑𝑌

= 𝐵,

𝑑𝐵
𝑑𝑌

= −
𝜇
3𝜇1

𝐴 + 𝑐(𝜇1)𝐴2, (49)

where 

𝑐(𝜇1) =
𝑃 (𝜇1)
3𝛼±𝜇1

, 𝑃 (𝜇1) =
3
4
+ 5

2
𝜇1 +

5
4
𝜇2
1 − 𝜇3

1 . (50)

(The system can be reformulated to avoid the singularity as 𝜇1 → 0, 
cf. [31].) If 𝜇 < 0 (that is, 𝑎± > 0, region 2 of Fig.  1) then (49) admits 
a homoclinic to zero solution in the form of a KdV-type solitary wave, 
whose persistence for the original system as traveling wave solution 
homoclinic to 𝑦± at infinity can be followed from the arguments in 
e. g. [18,19]. The characterization of the wave as of elevation or of 
depression is given by the sign of (50), being of elevation if 𝑐(𝜇1) < 0
and of depression if 𝑐(𝜇1) > 0. Note that, from Lemma  4.2 and the 
condition 𝜇 < 0 imply that 𝛼+𝜇1 > 0 while 𝛼−𝜇1 > 0. On the other 
hand, the polynomial 𝑃 (𝜇1), 𝜇1 > 0 has only one real zero 𝜇∗

1 , being 
positive when 𝜇 < 𝜇∗

1 and negative when 𝜇 > 𝜇∗
1 . Therefore:

• For 𝜇1 < 𝜇∗
1 , the traveling wave profile homoclinic to 𝑦+ is of 

depression and the one homoclinic to 𝑦− is of elevation.
• For 𝜇1 > 𝜇∗

1 , the traveling wave profile homoclinic to 𝑦+ is of 
elevation and the one homoclinic to 𝑦− is of depression.

On the other hand, when 𝜇 > 0 is small (region 3, right, of Fig.  1), 
the normal form (49) admits periodic solutions, which correspond to 
periodic traveling wave solutions of (14).

5.2.2. Normal form near 𝐶1
Using the previous bifurcation parameter and (47), now 𝐶1 is char-

acterized as 𝜇 = 0, 𝜇1 < 0. In 𝐶1 the spectrum of 𝐿0 + 𝑅1 consists of a 
double zero eigenvalue and two imaginary eigenvalues ±𝑖√−3𝜇1. The 
eigenvectors 𝜁0, 𝜁0, where, [31]
𝜁0 = (1, 𝑖

√

−3𝜇1, 2𝜇1, 𝑖𝜇1
√

−3𝜇1)𝑇 ,

along with 𝜉0, 𝜉1 defined by (48), form a basis of C4. When 𝜇 > 0 (that 
is, 𝑎± < 0, region 3, left, of Fig.  1) the double zero eigenvalue changes 
to two real eigenvalues. After a change of variables
𝑈 = 𝐴𝜉 + 𝐵𝜉 + 𝐶𝜁 + 𝐶𝜁 +𝛷(𝜇,𝐴, 𝐵, 𝐶, 𝐶),
0 1 0 0
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Fig. 3. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔∗1 (𝑐𝑠) − 0.001. (a) ̃ℎ + 𝑦+ profile; (b) 𝑢̃ + 𝑦+ profile; (c) ̃ℎ phase plot; (d) 𝑢̃ phase plot. 
Region 1 (right) of Fig.  1.
and from the normal form given in [19,31], the construction made 
in [32] for quadratic nonlinearities, can be used to obtain the system
𝑑𝐴
𝑑𝑌

= 𝐵,

𝑑𝐵
𝑑𝑌

= 𝑎∗𝐴 + 𝑏∗𝐴
2 + 𝑐∗|𝐶|

2,

𝑑𝐶
𝑑𝑌

= 𝑖𝑑0𝐶 + 𝑖𝑑1𝑎∗𝐶 + 𝑖𝑑2𝐴𝐶, (51)

where

𝑎∗ = −
𝜇
3𝜇1

, 𝑏∗ = 𝑐(𝜇1),

𝑐∗ =
𝑄(𝜇1)
3𝛼±𝜇1

, 𝑄(𝜇1) =
3
2
− 5

2
𝜇1 + 6𝜇2

1 − 3𝜇3
1 ,

𝑑0 =
√

−3𝜇1, 𝑑1 = −
𝑑0
6𝜇1

,

while 𝑑2 is obtained from the relations

𝑏1 = 𝑖𝑑2 −
2
𝛼±

(3
4
(1 + 𝜇1)𝑖

√

−3𝜇1
)

,

𝑏2 = −𝑑2
√

−3𝜇1 −
2
𝛼±

( 3
4
𝜇1 +

9
4
𝜇2
1

)

,

𝑏3 = 2𝑖𝑑2𝜇1 −
2
𝛼±

( 3
4
𝑖𝜇1

√

−3𝜇1(1 + 𝜇1)
)

,

𝑏4 = −𝑑2𝜇1
√

−3𝜇1 −
2 (

−3 + 5𝜇1 −
9𝜇3

)

,

𝛼± 4 4 2 1
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and

𝑏4 +
𝜇1

2

(

𝑏2 −
𝑖𝜇1

√

−3𝜇1

𝑏1

)

− 3
2

𝑖𝜇1
√

−3𝜇1

(

𝑏3 −
𝑖
√

−3𝜇1

2

(

𝑏2 −
𝑖𝜇1

√

−3𝜇1

𝑏1

))

= 0.

System (51) admits orbits which are homoclinic to periodic orbits as 
|𝑌 | → ∞, and that may have exponentially small amplitude, [34]. 
They lead to the so-called generalized solitary waves, (cf. [23] and 
references therein), in contrast with the classical solitary waves, which 
are localized and correspond to homoclinic to zero orbits (like those 
near 𝐶0, analyzed above). In some cases, [35], these orbits may contain 
embedded solitons, on curves where the oscillatory ripples vanish and 
a classical solitary wave emerges.

Note that in the case of 𝑦+ and from Lemma  4.2, it is not hard to 
see that region 3 of Fig.  1 is not possible, preventing the existence of 
generalized traveling waves around that equilibria. However, region 
3, left, is possible in the case of 𝑦−; the generation of a general-
ized traveling is illustrated in Section 5.3. The numerical experiments 
also suggest some open questions on the persistence of these waves,
[18,32].

When 𝜇 < 0 (that is, 𝑎± > 0, region 4 of Fig.  1), the double zero 
eigenvalue splits into two imaginary eigenvalues and the normal form 
theory predicts the formation of periodic traveling wave solutions of 
(14) in the form of periodic orbits of (51).
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Fig. 4. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔∗1 (𝑐𝑠) + 0.001. (a) ̃ℎ + 𝑦+ profile; (b) 𝑢̃ + 𝑦+ profile; (c) ̃ℎ phase plot; (d) 𝑢̃ phase plot. 
Region 1 (left) of Fig.  1.
5.2.3. Normal form near 𝐶2
According to (47), 𝐶2 can be characterized as 𝜇 = 0 for a bifurcation 

parameter 𝜇 such that

𝜇2 = −5
4
𝜇2
1 − 𝜇, 𝜇1 < 0.

The spectrum of 𝐿0 + 𝑅1 in 𝐶2 has two double imaginary eigenvalues 
±𝑖𝑞±, 𝑞± =

√

−3𝜇1∕2, and a basis of C4 can be constructed with the 
eigenvector 𝜁0, 𝜁0 and the generalized eigenvectors 𝜁1, 𝜁1, where, [31]

𝜁0 = (1, 𝑖𝑞±,
𝜇1
2
,−𝜇1

𝑖𝑞±
2

)𝑇 , 𝜁1 = (0, 1, 2𝑖𝑞±,
5
2
𝜇1)𝑇 .

They can be used to make a change of variables of the form, [18,31,
36,37]

𝑈 = 𝐴𝜁0 + 𝐵𝜁1 + 𝐴𝜁0 + 𝐵𝜁1 +𝛷(𝜇,𝐴, 𝐵,𝐴, 𝐵),

leading to a normal form
𝑑𝐴
𝑑𝑌

= 𝑖𝑞±𝐴 + 𝐵 −
𝑖𝜇𝐴

6𝜇1
√

−6𝜇1
+ 𝑖𝐴𝑃1(|𝐴|

2, 𝐴𝐵 − 𝐵𝐴),

𝑑𝐵
𝑑𝑌

= 𝑖𝑞±𝐵 −
𝑖𝜇𝐵

6𝜇1
√

−6𝜇1
+ 𝑖𝐵𝑃1(|𝐴|

2, 𝐴𝐵 − 𝐵𝐴)

−
𝜇
6𝜇1

𝐴 + 𝐴𝑄1(|𝐴|
2, 𝐴𝐵 − 𝐵𝐴), (52)

where 𝑃1, 𝑄1 are real polynomials of degree  at least one in their 
arguments. The approaches in [37,38] apply to show the existence and 
persistence of orbits homoclinic to zero when 𝜇 > 0 is small (region 1, 
left, of Fig.  1); the way how the orbits approach the origin is oscillatory, 
10 
in contrast with the homoclinic trajectories close to 𝐶0, which tend 
to the origin in a monotone way. This implies that the corresponding 
solitary wave solutions of (33), or traveling wave solutions of (14) 
homoclinic to 𝑦± at infinity, have a non-monotone decay. They are 
illustrated in Section 5.3; the character of the wave as of elevation or 
depression type seems to follow the same rules as those derived for the 
waves emerged near 𝐶0.

When 𝜇 < 0 (region 4, close to 𝐶2, of Fig.  1), the spectrum consists 
of four imaginary eigenvalues and no homoclinic orbits are known 
to exists in general, [32], The numerical experiments in Section 5.3 
suggest the existence of periodic traveling wave solutions, as periodic 
orbits of (52).

Finally, we note that from Lemmas  4.2–4.4, regions 1, left, and 4 
are not possible in the dynamics around 𝑦−.

5.2.4. Normal form near 𝐶3
From the previous bifurcation parameter 𝜇, with 𝜇1 > 0, the 

spectrum of 𝐿0 + 𝑅1 in 𝐶3(𝜇 = 0) has two double real eigenvalues 
±
√

3𝜇1∕2. In region 1, right, of Fig.  1 (𝜇 > 0 small), the eigenvalues 
split into two complex, simple, conjugate pairs and in region 2 (𝜇 < 0
small) they become four real eigenvalues. Then near 𝐶3 the equilibrium 
𝑈 = 0 remains hyperbolic (either saddle-focus or saddle) and no small-
amplitude bifurcation holds. When crossing from region 2 to region 1, 
different types of homoclinic orbits may be generated, in the form of 
multimodal homoclinic orbits (corresponding to multipulses), as well 
as classical solitary waves and periodic traveling waves, [18,22,37,39]. 
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Fig. 5. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔−(𝑐𝑠) − 10−4. (a) ̃ℎ + 𝑦+ profile; (b) 𝑢̃ + 𝑦+ profile; (c) ̃ℎ phase plot; (d) 𝑢̃ phase plot. 
Region 1 (left) of Fig.  1.
For the case under study, the numerical experiments of Section 5.3 
found examples of the last two types.

Following the analysis above and making use of Lemmas  4.2–4.4, 
we will study and illustrate the dynamics of (34) with respect to each 
of the equilibria (29)

5.3. Dynamics around the equilibrium 𝑦+

Recall that in this case, no region 3 of Fig.  1 is possible. Besides this, 
the analysis for the equilibrium 𝑦+ leads to the following situations:

(i) Assume that 𝑐𝑠 > 1
2 . In that case, we have three possibilities:

(i1) If 𝑔 < 𝑔∗1 (𝑐𝑠), then 𝑏+ > 0 and 𝛥+ < 0. The linearization 
matrix 𝐿(𝑐𝑠, 𝑦+) has two symmetric couples of complex con-
jugate eigenvalues (region 1, right of Fig.  1). The numerical 
computations suggest the generation of classical traveling 
waves of elevation with a non-monotone behavior. For 𝑔
close to 𝑔∗1 (𝑐𝑠), the profiles are smooth (cf. Fig.  3), devel-
oping some kind of peak at the point of maximum as 𝑔
separates from 𝑔∗1 (𝑐𝑠).

(i2) When 𝑔∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔−(𝑐𝑠), then 𝑏+ < 0 and 𝛥+ < 0. 
The spectrum of the linearization corresponds to region 1, 
left, of Fig.  1. In Fig.  4, it is shown the persistence of 
the generation of classical traveling waves (of elevation) 
11 
with non-monotone asymptotic behavior, as indicated in 
Section 5.2. Note that as 𝑔 → 𝑔−(𝑐𝑠) then 𝛥+ → 0 and we fall 
into the curve 𝐶2, where the spectrum of the linearization 
changes to a double complex conjugate pair of imaginary 
eigenvalues. This seems to be reflected by a more oscillatory 
approach towards the equilibrium 𝑦+ as 𝑍 → ±∞, [18,40], 
see Fig.  5.

(i3) When 𝑔−(𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠), then 𝑏+ < 0 and 𝛥+ > 0
(region 4 of Fig.  1, where the spectrum has four imaginary 
eigenvalues, two by two conjugate). The behavior of the 
orbits as 𝑔 → 𝑔−, described above, and the numerical 
computations (cf. Fig.  6) suggest that crossing from region 1 
(left) to region 4 the dynamics changes from the generation 
of non-monotone traveling waves to periodic orbits in the 
form of periodic traveling waves, [19], cf. Section 5.2. As 𝑔
approaches 𝑔1(𝑐𝑠), we are approximating to the curve 𝐶1, 
where the spectrum consists of two zero eigenvalues and 
two imaginary. The computations do not detect any modifi-
cation in the nature of the generated profiles, although the 
amplitude of the emerging periodic traveling waves seems 
to decrease to zero and the solution tends to the constant 
state 𝑦+.

(ii) Assume that 𝑐𝑠 < 1
2 . In that case, 𝑏+ > 0 (since 𝛾+ < 0) and we 

may have the following possibilities:
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Fig. 6. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔−(𝑐𝑠) + 10−6. (a) ̃ℎ + 𝑦+ profile; (b) 𝑢̃ + 𝑦+ profile; (c) ̃ℎ phase plot; (d) 𝑢̃ phase plot. 
Region 4 of Fig.  1.
(ii1) If 𝑔 < 𝑔−(𝑐𝑠) then 𝛥+ < 0 and this corresponds to region 
1, right of Fig.  1: the linearization matrix 𝐿(𝑐𝑠, 𝑦+) has four 
(symmetric) complex eigenvalues. The results are then sim-
ilar to those obtained in (i1), where the homoclinic orbits 
correspond to non-monotone classical traveling waves. In 
this case, the profiles seem to be smoother as 𝑔 approaches 
𝑔−(𝑐𝑠) (cf. Figs.  7 and 8).

(ii2) If 𝑔−(𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠) then 𝛥+ > 0 and we fall into region 
2 of Fig.  1. When crossing from region 1 to region 2 and 𝑔
goes from 𝑔− to 𝑔1 (approaching the curve 𝐶0) there seems 
to be a change of type of homoclinic orbit (cf Figs.  9 and
10) with the generation of classical traveling waves with a 
monotone asymptotic behavior towards 𝑦+, justified by the 
arguments in Section 5.2.

The results are summarized in Table  1.

5.4. Dynamics around the equilibrium 𝑦−

Recall that in this case regions 1, left, and 4 are not possible. A 
similar study for the equilibrium 𝑦− leads to the following results.

(i) 𝑐𝑠 <
1
2 . Here we may have four situations:

(i1) 𝑔 < 𝑔 (𝑐 ). Then 𝑎 , 𝑏 > 0, and 𝛥 < 0. Region 1, right.
+ 𝑠 − − −

12 
Table 1
Bifurcation study of homoclinic orbits around the equilibrium 𝑦+. NMTW (dep.): Non-
monotone traveling wave of depression; MTW: Monotone traveling wave of depression; 
PTW: Periodic traveling wave.
 𝑐𝑠 > 1

2
(𝑎+ > 0) (𝑏, 𝑎) region Type of wave  

 𝑔 < 𝑔∗1 (𝑐𝑠) 1R NMTW (elev.) 
 𝑔∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔−(𝑐𝑠) 1L NMTW (elev.) 
 𝑔−(𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠) 4 PTW  
 𝑐𝑠 < 1

2
(𝑎+ > 0) (𝑏, 𝑎) region Type of wave  

 𝑔 < 𝑔−(𝑐𝑠) 1R NMTW (elev.) 
 𝑔−(𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠) 2 MTW (elev.)  

(i2) 𝑔+(𝑐𝑠) ≤ 𝑔 < 𝑔∗∗1 (𝑐𝑠). Then 𝑎−, 𝑏− > 0, and 𝛥− > 0. Region 2.
(i3) 𝑔∗∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔∗1 (𝑐𝑠). Then 𝑎−, 𝑏− < 0. Region 3, left.
(i4) 𝑔∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠). Then 𝑎− < 0, 𝑏− > 0. Region 3, right.

(ii) 1
2 < 𝑐𝑠 < 3. Here we may have the following:

(ii1) 𝑔 < 𝑔+(𝑐𝑠). Then 𝑎−, 𝑏− > 0, and 𝛥− < 0. Region 1, right.
(ii2) 𝑔+(𝑐𝑠) ≤ 𝑔 < 𝑔∗∗1 (𝑐𝑠). Then 𝑎−, 𝑏− > 0, and 𝛥− > 0. Region 2.
(ii3) 𝑔∗∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠). Then 𝑎−, 𝑏− < 0. Region 3, left.

(iii) 𝑐 > 3. Here we may have three subcases:
𝑠
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Fig. 7. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔−(𝑐𝑠) − 0.001. (a) ̃ℎ + 𝑦+ profile; (b) ̃𝑢 + 𝑦+ profile; (c) ̃ℎ phase plot; (d) ̃𝑢 phase plot. 
Region 1 (right) of Fig.  1.
(iii1) 𝑔 < 𝑔+(𝑐𝑠). Then 𝑎−, 𝑏− > 0, and 𝛥− < 0. Region 1, right.
(iii2) 𝑔+(𝑐𝑠) ≤ 𝑔 < 𝑔∗∗1 (𝑐𝑠). Then 𝑎−, 𝑏− > 0, and 𝛥− > 0. Region 2.
(iii3) 𝑔∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠). Then 𝑎− < 0, 𝑏− < 0, and 𝛥− > 0. Region 

3, left.
The types of the generated profiles corresponding to the homoclinic 
orbits with limit at 𝑦− are summarized in Table  2. Compared to Table 
1, several differences can be mentioned:

• The types of the emerging traveling waves in the regions do not 
depend on the range (i), (ii) or (iii) of the speed 𝑐𝑠.

• The non-periodic computed traveling waves are now of depres-
sion, cf. Section 5.2.

• In regions 1, right, and 2, classical traveling waves are computed. 
The ℎ and 𝑢 profiles seem to have a non-monotone behavior (more 
clearly observed in the first case) which seems to evolve to a 
monotone decay to the equilibrium 𝑦− as 𝑔 approaches 𝑔+(𝑐𝑠), cf. 
Fig.  11. (Thus, (𝑏−, 𝑎−) is closer to the curve 𝐶3 and eventually 
crosses from region 1, right, to region 2.) The profiles develop a 
peak at the point where the maximum is attained, which is more 
pronounced and larger for larger speeds, as observed in Fig.  12. 
Note in this case that 𝑦− = 0, and the computed traveling waves 
are solitary waves. A more rigorous proof of existence of such 
solitary waves may be considered by using classical approaches 
such as the concentration compactness theory of Lions, [41], or 
the positive operator theory, [42].
13 
Table 2
Bifurcation study of homoclinic orbits around the equilibrium 𝑦− TW (el.): Traveling 
waves of elevation; PTW: Periodic traveling waves.
 𝑐𝑠 < 1

2
(𝑏, 𝑎) region Type of wave 

 𝑔 < 𝑔+1 (𝑐𝑠) 1R TW (dep.)  
 𝑔+(𝑐𝑠) ≤ 𝑔 < 𝑔∗∗1 (𝑐𝑠) 2 TW (dep.)  
 𝑔∗∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔∗1 (𝑐𝑠) 3L TW-PTW  
 𝑔∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠) 3R PTW  
 1

2
< 𝑐𝑠 < 3 (𝑏, 𝑎) region Type of wave 

 𝑔 < 𝑔+(𝑐𝑠) 1R TW (dep.)  
 𝑔+(𝑐𝑠) ≤ 𝑔 < 𝑔∗∗1 (𝑐𝑠) 2 TW (dep.)  
 𝑔∗∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠) 3L TW-PTW  
 𝑐𝑠 > 3(𝑎+ > 0) (𝑏, 𝑎) region Type of wave 
 𝑔 < 𝑔+(𝑐𝑠) 1R TW (dep.)  
 𝑔+(𝑐𝑠) ≤ 𝑔 < 𝑔∗∗1 (𝑐𝑠) 2 TW (dep.)  
 𝑔∗∗1 (𝑐𝑠) ≤ 𝑔 < 𝑔1(𝑐𝑠) 3L TW-PTW  

• Crossing from region 2 to region 3 (left) generates a change from 
computed classical traveling waves to periodic traveling waves, 
see Fig.  13. PTW’s are also computed in region 3, right.

• A generalized traveling wave profile, predicted in Section 5.2 near 
𝐶1, is numerically generated in Fig.  14.
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Fig. 8. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔−(𝑐𝑠) − 0.001. (a) ̃ℎ + 𝑦+ profile; (b) ̃𝑢 + 𝑦+ profile; (c) ̃ℎ phase plot; (d) ̃𝑢 phase plot. 
Region 1 (right) of Fig.  1.
6. Concluding remarks

The present paper is concerned with the existence of traveling wave 
solutions of the asymptotic model (5) for the evolution of a collision-
free plasma in a magnetic field. In Section 3, using Crandall–Rabinowitz 
theorem [28] and the ideas in [14], we can rigorously prove the 
existence of traveling waves of small amplitude for (5).

Furthermore, from a reformulation of the model which involves 
only local terms, the corresponding ode system for the profiles of the 
traveling wave solutions is derived and the existence of equilibria is dis-
cussed in terms of the speed of the wave and a constant of integration 𝑔, 
playing the r𝑜̂le in the corresponding bifurcation parameters. The struc-
ture of solutions around two of these equilibria can be studied from 
that of the solutions of an equivalent first-order system (34) around the 
origin as equilibrium. The reversible character of the system enables 
to analyze the dynamics from the application of normal form theory 
for reversible vector fields, [20], in related references, [18,21,22]. 
With this approach, and supported by an efficient numerical code to 
generate computed traveling wave profiles (described in Appendix), the 
emergence of several traveling waves is illustrated. The classification 
into the different regions depends on the speed on the waves and 
the constant 𝑔. The types of traveling wave solutions include classical 
traveling waves of monotone and non-monotone behavior, classical 
solitary waves (localized traveling waves), generalized traveling waves, 
14 
and periodic traveling waves. In addition, some experiments suggest the 
convergence of peakon-type waves, cf. [29].
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Fig. 9. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔−(𝑐𝑠) + 10−6. (a) ̃ℎ + 𝑦+ profile; (b) 𝑢̃ + 𝑦+ profile; (c) ̃ℎ phase plot; (d) 𝑢̃ phase plot. 
Region 2 of Fig.  1.
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Appendix. A procedure for the numerical generation of traveling 
waves

The numerical method to approximate solutions of (33) is here 
formulated. The procedure is based on the reduction to the case 𝑔 = 0
 𝑢̃

15 
considered in Section 4.1. The equation is first written in fixed-point 
form 
𝑢̃ =  (𝑢̃), (53)

(we occasionally recover the tilde in the notation, for reasons that will 
become evident below) where  is a linear operator and  (𝑢̃) gathers 
for the nonlinear terms involving 𝑢̃ and its derivatives up to fourth 
order. Explicitly

 = 𝛼±𝒥
2 +

𝑦±
2
𝜕2𝑥 −

1
2
𝒥 ,

 (𝑢̃) = −1
2

( 3
2
𝒥 (𝒥 𝑢̃)2 + 𝜕𝑥(𝑢̃𝑥𝒥 𝑢̃) − 1

2
𝒥 (𝑢̃2𝑥)

)

.

Eq. (53) is iteratively solved from an approximation to (33) on a long 
enough interval with periodic boundary conditions given by a Fourier 
collocation method. Let 𝑁 ≥ 1 be an even integer and let 
𝑥𝑗 = −𝑙 + 𝑗𝛥𝑥, 𝑗 = 0,… , 𝑁 − 1, 𝛥𝑥 = 2𝑙∕𝑁, (54)

be a uniform grid of collocation points on (−𝑙, 𝑙). We consider the finite 
dimensional space
𝑆𝑁 = span{𝑒𝑖𝑘𝜋(𝑥+𝑙)∕𝑙 , 𝑘 ∈ Z,−𝑁

2
≤ 𝑘 ≤ 𝑁

2
− 1},

and define the spectral Fourier collocation approximation to a solution 
 of the periodic problem associated to (33) on (−𝑙, 𝑙) as 𝑢̃𝑁 ∈ 𝑆𝑁
satisfying (53) at the collocation points (54). The approximation 𝑢̃𝑁
is typically represented by the nodal values 

= (𝑢̃ ,… , 𝑢̃ )𝑇 , (55)
𝛥 0 𝑁−1
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Fig. 10. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔1(𝑐𝑠) − 10−6. (a) ̃ℎ + 𝑦+ profile; (b) ̃𝑢 + 𝑦+ profile; (c) ̃ℎ phase plot; (d) ̃𝑢 phase plot. 
Region 2 of Fig.  1.

Fig. 11. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔+(𝑐𝑠) − 0.1. (a) ̃ℎ + 𝑦− profile; (b) ̃𝑢 + 𝑦− profile. Region 1 (right) of Fig.  1.
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Fig. 12. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 0. (a) ̃ℎ + 𝑦− profile; (b) ̃𝑢 + 𝑦− profile. Region 2 of Fig.  1.
Fig. 13. Approximations to traveling wave solutions of (17) for two values of 𝑐𝑠. Case 𝑔 = 𝑔1(𝑐𝑠) − 0.001. (a) ̃ℎ + 𝑦− profile; (b) ̃𝑢 + 𝑦− profile. Region 3 (right) of Fig.  1.
with ̃𝑢𝑗 = 𝑢̃𝑁 (𝑥𝑗 ), 𝑗 = 0,… , 𝑁 −1 as approximations to the nodal values 
of the solution 𝑢̃(𝑥𝑗 ). Thus the algebraic system satisfied by (55) is of 
the form 

𝛥𝑢̃𝛥 = 𝛥(𝑢̃𝛥), (56)

where

𝛥 = 𝛼±(𝐼𝑁 −𝐷2
𝑁 )2 +

𝑦±
2
𝐷2

𝑁 − 1
2
(𝐼𝑁 −𝐷2

𝑁 ),

𝛥(𝑢̃𝛥) = −1
2

(3
2
(𝐼𝑁 −𝐷2

𝑁 )((𝐼𝑁 −𝐷2
𝑁 )𝑢̃𝛥).2 +𝐷𝑁 (𝐷𝑁 𝑢̃𝛥.(𝐼𝑁 −𝐷2

𝑁 )𝑢̃𝛥)

−1
2
(𝐼𝑁 −𝐷2

𝑁 )((𝐷𝑁 𝑢̃𝛥).2)
)

.

where 𝐼𝑁  denotes the 𝑁 × 𝑁 identity matrix, 𝐷𝑁  stands for the 
pseudospectral differentiation matrix, [43], and the dots in the non-
linear part 𝛥(𝑢̃𝛥) denotes Hadamard products of the corresponding 
vectors. The fixed-point system (56) is implemented by writing its 
Fourier representation (in terms of the discrete Fourier components 
of the vectors (55) via Discrete Fourier Transform) and solving iter-
atively the resulting algebraic system. A typical iterative resolution 
17 
consists of combining the Petviashvili method with a vector extrapo-
lation technique to accelerate the convergence. The details can be seen 
in e. g. [44] and references therein.

After obtaining approximations ̃𝑢𝛥 to the profile ̃𝑢 solution of (33), 
then we compute 𝑢𝛥 = 𝑢̃𝛥 + 𝑦 to approximate (19) for both 𝑦 = 𝑦± and, 
finally, we approximate the ℎ profile from the discrete version of (15)
ℎ𝛥 = (𝐼𝑁 −𝐷2

𝑁 )𝑢𝛥.

In order to illustrate the accuracy of the method, Fig.  15 shows the 
Euclidean norm of the error in the residual 
𝛥𝑢

[𝜈] −𝛥(𝑢[𝜈]), (57)

as function of the number 𝜈 of iterations for the numerical generation 
of the profiles of Fig.  3.

Data availability

No data was used for the research described in the article.
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Fig. 14. Approximations to traveling wave solutions of (17) for 𝑐𝑠 = 0.8. Case 𝑔 = 𝑔1(𝑐𝑠) − 10−6. (a) ̃ℎ + 𝑦− profile; (b) ̃𝑢 + 𝑦− profile; (c) ̃ℎ phase plot; (d) ̃𝑢 phase plot. Region 1 
(right) of Fig.  1.
Fig. 15. Euclidean norm of the error (57) in the numerical generation of the profiles 
from Fig.  3 (semilog scale).
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