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MSC: This paper is dedicated to the mathematical analysis of difference schemes for discretizing the
primary 65D25 angular diffusion operator present in the azimuth-independent Fokker—Planck equation. The study

secondary 35K65, 35Q84, 65205, 78A35 establishes sets of sufficient conditions to ensure that the schemes achieve convergence of order

2, and provides insights into the rationale behind certain widely recognized discrete ordinates
methods. In the process, interesting properties regarding Gaussian nodes and weights, which until
now have remained unnoticed by mathematicians, naturally emerge.
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1. Introduction

This paper focuses on analyzing numerical differentiation formulas based on finite differences that approximate the Fokker-Planck
(FP) angular diffusion operator in the azimuth-independent case

Appfw =@ f' W), nel-11], @

where @(u) = 1 — 2. We will use the term difference schemes or simply schemes for brevity to refer to these formulas; any alternative
meaning of the word ‘scheme’ will be evident from the context when it arises.

Operator (1) is important because it is a fundamental part of the Fokker-Planck equation (FPE). In turn, the FPE is a forward-
backward parabolic partial differential equation (PDE), highly significant in the field of nuclear engineering, in which f represents the
angular flux of particles, while y, which is the cosine of the polar angle, determines the direction of particle propagation. Interested
readers can consult various references, including [2], [9], or [10], to delve deeper into this topic. The FP angular diffusion operator
is also known by other names such as continuous scattering operator, FP Laplacian, Laplacian on the unit sphere, spherical Laplacian, or
Laplace-Beltrami operator.

A commonly employed technique for solving the FPE is the use of a discrete ordinates method (DOM), which discretizes the
operator (1) by utilizing a suitably selected set of nodes. Although various choices are possible, a frequently adopted approach is to
use the Gauss-Legendre (GL) nodes. In this paper, DOM discretizations that use GL nodes will be referred to as GL schemes.
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This work originated with the primary intention of carrying out a mathematical analysis of the GL scheme proposed by Morel in
[14]. To conduct this analysis, it has been valuable for us to define two categories of schemes which we have named type I and type
II. Morel’s scheme belongs to the type II category, while type I schemes encompass another well-known DOM, which is once again a
GL scheme: the one employed by Haldy and Ligou in [5].

The main objective is to establish the convergence of these schemes with second-order accuracy. While addressing this problem
is relatively straightforward when considering uniform meshes, it becomes significantly more challenging when the nodes are not
equally spaced, such as in the case of GL schemes. Type II schemes present an additional difficulty as they deviate from typical
numerical differentiation formulas, using convenient approximations instead of exact values of 9.

We notice that the computing power of current PCs, together with recent research that allows the calculation of nodes and weights
of GL formulas with millions of nodes in a few seconds of laptop time (see [3] and references therein), makes it possible to program
GL schemes without too much cost even when the number of nodes is large.

For the purposes of this study, the term diffusivity will be used to refer to 9, recognizing that this decision entails some linguistic
flexibility, given that & originates from the mathematical expression of the spherical Laplacian and does not directly represent any
physical property of the medium.

Many of the ideas presented herein can also be used if 2 (u) is different from 1 — U2, as long as it satisfies some natural conditions.

After the elementary remainder that the reader will find in Section 2, this paper is structured as follows:

Section 3 focuses on defining the specific type of meshes considered in the paper and on setting the properties they must satisfy.
In Section 4, we review established properties of GL nodes and weights, while also presenting novel properties discovered during
the study of the schemes in this article. These additional properties play a crucial role in proving that some important schemes
converge with order 2.

Section 5 comprises two lemmas that serve as the foundation for proving the main results in subsequent sections.

Section 6 explains the concepts of convergence of order p, full and half range mode, and preservation of moments.

Sections 7 and 8 form the core of the paper, providing a detailed description and analysis of type I and type II schemes, and also
including numerical results.

Section 9 contains a discussion about the potential usefulness of non-convergent schemes for solving the FPE.

Section 10 finishes the paper by summarizing the findings and drawing overall conclusions.

2. An elementary reminder

Let u be in (—1,1), and let us understand that, for a general function G and small 4 > 0, ES =G(u+ sh).
It will be useful to keep in mind that the classical formula

5—1/2?—1 - (5—1/2 + 51/2)70 + 51/271

App f(u) = e (2)
can be interpreted as the outcome of repeatedly applying, with step-size //2, the centered formula for the first derivative:
/ 51 - 5—1
=———+ E(h). 3
@ (1) T h) 3)
Indeed, (2) follows from

o o 7 o Li—f G Jo—S -1

Dipfip=Dapf o Dip D s
Appf(0) ~ / / / / ~ h h )

h h

If ¢ € C3([-1,1]), the formula (3) achieves order 2, i.e., E(h) = O(h%). However, one cannot infer from this property that the
formula (2) also possesses second-order accuracy. This is because the presence of 4 in the denominator of the last fraction in Equation
(4) could make the order decay down to 1. Fortunately, this undesired effect does not occur, and the following theorem holds. The
proof, which relies on Taylor expansions, is omitted here since this is a well-established result.

Theorem 1. If f € C*([—1, 1]), then the numerical differentiation formula (2) has order 2, i.e.,

5_1/27_1 - (g—l/z +§|/2)70 + 51/271
h2

Appf(u) = +O0(h?). 5)

Remark 1. Theorem 1 still holds if & is replaced by any other diffusivity, as long as it belongs to C3([—1, 1]).

The formula (2) can be applied at the interior points of a uniform mesh of [—1, 1] in a quite obvious way. Since, as said above,
the GL nodes are not equally spaced, a broader framework is needed, and this will be the focus of the next sections.
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3. The mesh

Considering the influence of the schemes utilized in nuclear engineering that served as a motivation for this work, we will focus
exclusively on meshes comprising interior nodes. While, as exemplified in [9], it is feasible to devise schemes that incorporate —1
and 1 as nodes, the study of such cases will be deferred for future research.

Specifically, we will consider several instances of the following situation: for every natural N, we want to approximate the operator
(1) on a mesh of N nodes ,u{v yeens /4%, located in the open interval (—1,1) and not necessarily equally spaced, with the aid of an
auxiliary set of N + 1 points ;4{\;2, also not necessarily equally spaced. Note the difference in meaning between ‘node’ and
‘point.’

The sets of nodes and points are supposed to be interlaced conforming to the following pattern:

N
J\ESy N

_ N N N N N N _
—L=pyy <uy <HGyp < <Hy_yp <Ky <Hypp =1 ©)

Definition 1. M and M, ~ are the numbers defined by

- N N
MN—lsgéagfl{unH —u, (7)
My =max{u} + 1My, 1-ul}. ®
The minimum requirement for [{ ;4,]," } ﬁ"= » N €N] to be considered a collection of meshes of [-1, 1] is that
lim My =
Nlinoo N O’ (9)

but here a stronger assumption is needed, namely that

My=0N", (10)

as it happens for uniform meshes.

N-
n=1

Remark 2. Since /4{\’ +1+ 1(;4,’,11 - /4,]:]) +1- /4]’\\,7 =2 by (6), it is sure that 2 < (N + 1)1\71\,, which in turn implies that it is
impossible to have M N = O(N~P) with p > 1. However, M, n could potentially be a O(N ~?) with p € (0, 1) if one assumes only (6)

and (9).

Remark 3. According to Remark 2, with (10) we are supposing that the elements of {—1,nodes, 1} are as close together as they can
be, but this does not prevent the order 1 from being exceeded locally; for example, GL nodes satisfy (10) and accumulate quadratically
at the end-points of (-1, 1); other examples can be furnished by applying appropriate functions to the nodes of a uniform mesh.

It is clear that (10) implies that

My =0(Nh. an

The scheme (2) can be easily adapted to this more general situation, and, naturally, we would like to get conditions which make
the new scheme to have order 2. Recalling Section 2, one can correctly intuit in this regard that the hypotheses (6) and (10) will not
be enough, because u and ”rﬁ |/ are not necessarily located at the center of the cells (L e ”nN+1 ] and [y N, ”rﬁ— ,]- What may be
less apparent is that these hypotheses not only fail to guarantee second-order convergence, but they are also insufficient to ensure
mere convergence. Later we will prove that everything unfolds smoothly if u ,’,V and yﬁr 1o are sufficiently close to the mentioned
central points as long as several appropriate assumptions are added to the picture.

Accordingly, we proceed by introducing a set of new conditions that build upon the existing hypotheses (6) and (10), bringing us

closer to the desired objective.

N

. ele N
Definition 2. M}, =max, <y {,(4”+1/2 - /4”_1/2}.

Since the elements of {—1,nodes, 1} are supposed to be as close together as they can be, the hypothesis (6) implies that the same
will happen to the points, that is,

My =O0(N7h. (12)
More precisely, the following lemma holds.
Lemma 1. Under the hypothesis (6), conditions (10) and (12) are equivalent.
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Proof. Simply notice that (10) implies (12) because M %, < 2M n and (12) implies (10) because M N < ZM;/' Both inequalities are
readily delivered from hypothesis (6). []

is defined as follows:

Definition 3. The set of secondary nodes { ﬂfl\’ }nN= .

AN _ N N
/’ln - (”n—l/2 + ﬂn+1/2)/2a (13)

i.e, AV is the midpoint of the cell [/4"”_1/2,;4’1‘11/2].

N N-1 ; 3 .
pr1/2t et 18 defined as follows:

By o =y + i )/2, (14)

The set of secondary points { /i

. ,\N . . . N N
ie., AP is the midpoint of the cell [x,, ’”n+1]'
Definition 4. D% =max,,<y |2 — u|.

N

. eie N N
Definition 5. Dy =max;¢,<n_1 |/4n+1/2 - /4”+1/2|.

The following result holds.

Lemma 2. Under the hypotheses (6) and (10), there exist ¢ > 1 and r > 1 such that

Dy =O(N"9), (1)
Dy =0O(N™). (16)
Proof. Due to (6), it is sure that 4N, u" € (uﬁl/z,yﬁl/z) forn=1,...,N. So,
~N _ N < M* . 1
lrsr}ggvlﬂ,, M | <My a7

Now (15) is implied by (12).
Analogously, (16) is implied by the inequality

AN N
lsﬁa}’v‘_lmnﬂ/z_“nﬂ/ﬂ <My (18)

and (11). T
However, DX, =O(N~') and D N =ON ~1) are not enough for ensuring quadratic convergence. To achieve this goal, we will
make the assumption that both ¢ and r in (15) and (16) are not less than 2:

D% =O(N %) with ¢ > 2, (19)
Dy =O(N™") with r > 2. (20)

Definition 6. m}; = minls,,g\,{ﬂ":frl/2 - ”,’,V_l/z}-

The hypotheses that we have enunciated so far are necessary to have convergence of order 2. On the contrary, there are signs that
the one that comes now could be weakened if f were regular enough. It is not very restrictive though, and simplifies the proofs that
will come later. Specifically, it will be assumed that

L* =O(N?) with 1 <s <4m -2, where m=min{q,r}. (@3]
o

N

N

Remark 4. Notice that s < 1 is impossible because the trivial equality )~

(Mr]:-[i—l/Z - ”r]xl/z) =2 implies that 1/m%, > N /2. The
upper bound 4m — 2 prevents m}, from decreasing too fast, but the rate of decrease could still be considerably high, since 4m —2 > 6.
This is why we say above that this hypothesis is not very restrictive.

The following lemma will be useful. Its proof is simple from Definition 3 and is omitted.

Lemma 3. Forn=2,...,N — 1,

N N
'Mn—l +”n+1

N _ (N N ~N N ~N N
2 —Hy _('Mn—l/Z _un—l/2)+('un+l/2 _”n+1/2)+2(”n —Hy ): (22)
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Hence, under the hypotheses (19) and (20),

N N
”n—l +Mn+1

5 —uN|=0(N"™), with m=min{q,r} >2. (23)

max
2<n<N-1

4. Properties of GL nodes and weights

Here we collect a brief list of facts about GL quadrature on (—1,1) that will be needed later. Extending the results from this
section to a general interval (a, b) is straightforward, which is relevant in this paper as similar considerations will be necessary for
the intervals (—1,0) and (0, 1).

Symmetry of weights and antisymmetry of nodes with respect to 0 are assumed to be known. Whenever GL nodes are mentioned,
it must be understood that they are arranged in increasing order.

The following result expresses in a formal way what was said about GL nodes in Remark 3.

Proposition 1. If { M,,N } ff: | are the GL nodes, then the following assertions, where the exponents 1 and 2 are optimal, hold:

(A) My =O(N™Y), that is, hypothesis (10) is met.
(B) For any fixed natural k,
0<;4{V+1<uév—ufv<m</4}€v—/4£]_1 if N2>2k 24)

and

py +1=1—-pN_,  =O(N?). (25)

Remark 5 (Meaning of ‘optimal exponent’). An equivalent way of saying that the exponent 1 is optimal in the expression M N=O(N™h
is to say that My = ®(N ") (‘Big Theta’ of N~1). Similarly, u}¥ + 1 =©(N ).

Proposition 2. Let {w,’lv }fl\;l be the set of GL weights and let k be any fixed natural number. Then

0<wy <w) <--<wy if N22k (26)

and

wl =0(N72), 27)

being the exponent 2 optimal.
Therefore,
1 1 1
= max — = — =

1 2
- =O(N"). (28)
min; ¢,y wN  1<n<N whN wf’ w%

Other properties of GL nodes and weights. The statements in Propositions 1 and 2 are established facts (proofs can be derived from
results in [18]), but, as far as we know, the properties that follow are new. We have become aware of them since they are inherent
to schemes used in nuclear engineering such as Haldy-Ligou’s or Morel’s, to be described later. Although a complete mathematical
proof is unavailable, the properties’ validity is strongly supported by the theoretical results in reference [11]. Furthermore, they have
been corroborated by numerical experiments.

New properties. Let us suppose that {u} flvz , and {wl }ﬁl\’: , are, respectively, the GL nodes and weights, and that the points
{ﬂ,ﬁl/z}ff:o are defined by

,41% =—1, (29)
u,ﬁl/2=ﬂfl\’_1/2+w,’l\' forn=1,...,N. (30)
Then
« The hypothesis (6) holds, and
* The hypotheses (19) and (20) are met with ¢ =r =2, that is, D}, = O(N =2y and Dy = O(N~?). Accordingly, by Lemma 3,

N N
Mn—l +”n+]

3 —uN|=0N?). (31)

max
2<n<N-1
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For the sake of ease, the superscript N will be omitted in what follows.

5. The underlying formulas

Definition 7. P, with k € N, will be the real vector space of all polynomials with real coefficients having degree less than or equal

to k.

Definition 8 (quantities of interest related to cell [y, ,,1]). Forn=1,...,N —1:

hn = (”n+l - /1,,)/2,
dy=Dui172 = Hur1)2s
hn— = Hny1/2 = Hao

hn+ = Hpp1 — Hngr)2-
Definition 9 (quantities of interest related to cell [p,_; /5, #y112])- Forn=1,...,N:

by = (Hg1/2 = Hno12)/2
d:: = ﬁn ~ Hn>
/’l:i =Hy— ”n—1/2’

h:+ = Huy1/2 = Hp-
Remark 6. It is obvious that h*_=/h,_;, if n€ {2,...,N}, and that i, =h,_ifne {1,....N - 1}.

Remark 7. Due to (6), h,, h
zero.

n—»

The above Definitions 8 and 9 imply that, forn=1,...,N — 1,

h,_=h,—d,,

h,.,=h,+d,,
h,_ + Ry =2h, =ty — My,
h,,—h,_ =2d,
d,+d;=h,—h,
forn=2,...,N,
dy_ +d'=h—h, |,
forn=2,...,N —1,
d,_y—d,=2h, —(h,_| +h,),
and, forn=1,...,N,
hy_=h—d;,
By =l ;.
h:_ + h;+ = 2h: = ”n+1/2 - Mnfl/Z’
h:+—h:7=2d:.
Besides,

My =2 max h

I<n<N-1 "

M?* =2 max h*
A Do

Dy= max |d,|,
N ISnSN—ll !

89

(32)
(33)
(34
(35)

(36)
(37)
(38)
(39

h,., hy, hy_and hy are always positive. On the other hand, d, and d; can be positive, negative, or

(40)
(41)
(42)
43
(44)

(45)

(46)

(47)
(48)
(49)
(50)

(51)
(52)

(53)
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Dy = max ld;], (54)
m% =2 min h*. (55)

LS P23 AL

Inlight of Section 2, we will exploit the following two lemmas. We will use the notation ||y ||, = max,¢[_; 1) |y (¢)|, understanding
that y € C([-1, 1]). Also, the notations &;_, & o Snms Ent will stand for intermediate values appearing in the Lagrange form of the
Taylor remainder.

Lemma 4. Assume that the hypothesis (6) holds.
The approximation

O(yi172) — P(Hy—1/2)
/2 "2 .1, N, (56)

@ (u,) =
Hny1/2 = Hn-1)2

converges with order 2 if, and only if, the hypotheses (10) and (19) are met. More precisely, if E(¢) is defined by
(P(Iln+1/2) - (P(ﬂn_l/z)

E; (@)= (1,) - ,n=1,...,N, (57)
Hnt1/2 = Hn-1)2

then
max_|E*(@)] = O(N ) for all ¢ € C3([-1,1]) (58)
1<n<N

if, and only if, the hypotheses (10) and (19) are met.
The maximal possible order is 2.
Moreover, the formula (56) is exact if € P orif [D}, =0 and ¢ € P,].

Proof. That the formula (56) is exact on [, is a triviality, although this fact will also be deduced, along with the rest of the conclusions,
from the reasoning that follows.

We will write E: instead of E;l"(<p). Recall that, under (6), conditions (10) and (12) are equivalent by Lemma 1.

Take ¢ € C3([-1,1]) and n € {1, ..., N}, and consider the Taylor expansions

* / h:+)2 " h:+ ? s
O(nr172) = @) + R, @ (1) + — 9 (uy) + — ¢ &) (59)
. (h*_)z (h*_)3 i
(1 2) = @) = @' () + "Tfp”(u,,) - "T(p”’(f,,_). (60)
Subtracting (59) and (60) and dividing the result by Hpg1j2 = Hn1)2 = h:_ + hj,‘+, we have
B T N e 0 N Vi R R R LA o
n Hut1/2 = Hn=1/2 " 2(hx_+hy ) " 6(h:_+hy,) ’
or, taking account of
% 2 © )2 *
(hn+).. =) _ h:+ —h_ =d*, 62)
2(hi_+hy)) 2 n
B = oty - BV G+ ()G 5
=—d, ¢" (u,) — - : .
n n " 6(h:_+hy,)
Now, since h;_ and h; . are positive due to (6) and
() + () ()2 —hy by + (k)2
6(hi_+hy,) 6
_ i+ d)? — (h+d(h —d2) + (b — d)?
6
(K2 +3(d5)? (M3 /2 +3(Dy)*  (My)* +12(D%)?
= < = , (64)
6 6 24
we get from Equation (63) the following inequality:
(M*)? + 12(D%,)?
* * " N N "
max |E7| < Dy ll9" o + — 110"l (65)

The ‘if part’ is a consequence of (65), (12), and (19). Equation (65) also implies that the formula (56) is exact if ¢ € P, or if
[D}, =0and ¢ €P,].
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The ‘only if part’ can be proved in two steps:

Step 1 If the hypothesis (19) does not hold, that is, if Dj’v # O(N72), then max; <<y |E:| # O(N~2) for certain ¢ € C3([-1,1]).
Indeed, if one takes @(u) = 2, then E; =-2d; by (63), and hence max, .,y | E;| = 2D’,"V #O(N72).

Step 2 If the hypothesis (19) holds but the hypothesis (10) does not hold, then max, .,y | E}| # O(N~2) for certain ¢ € C3([-1,1]).
To see this, let us take @(u) = y°. Then, by (63) and calculations within (64), E¥ = —(h*)> —3(d*)> — 6y,d*. Now we will prove
that max, <y | E*| # O(N~2). Notice that (h})* +3(d})? — 6|u,d?| <|E?|, and hence, for n=1,...,N,

() < E; 1 + 611, d; | = 3(d)? <|Ej| +6lu,d;| < max |E;|+6Dy, (66)
from where
* \2 < * 5 .
(My) —4122‘;’};|En|+24DN 67)

So, M;/ would be a O(N 1Y), i.e., the hypothesis (10) would be satisfied, if max; .,y |E;| were a O(N~2). This ends the proof
of Step 2.

The examples above are also useful to demonstrate that, whether hypotheses (10) and (19) are met or not, the order 2 cannot be
improved:

o If D’I‘V # O(N™9) for all g > 2, then the example given by @(u) = u? shows that max; ¢,y | E;| = 2D’1‘V is of the same order than
Dy, so less than or equal to 2.
- If D’]‘V = O(N™9) for some g > 2, then the example given by @(u) = > shows, using (67), that max; <y | Er| > (M;, /2)? —6D*}‘V >
—6D%,, and so max, <y | E,| is again at most of order 2. The inequality M}, /2> 1/N follows from 2 = Z,},\Ll(ﬂnﬂ/z -
Hp-172) S NMY.
This ends the proof of Lemma 4. []

The following result is analogous to Lemma 4, but contains a finer expression of the error term that will be needed later.

Lemma 5. Assume that the hypothesis (6) holds.

(A) The approximation

@(Hyr1) — ©(py)
(ﬂ,(ll,,_,.l/g)NM, n=1,...,N—-1, (68)
Hu+1 — Hn

converges with order 2 if, and only if, the hypotheses (10) and (20) are met. More precisely, if E,(¢) is defined by

(1) — o(uy)

En(¢):¢/(ﬂn+]/2)_—,nzl,...,N—l, (69)
Hu+1 — Hp
then
| max |E, (@)l = O(N ) for all ¢ € C3([-1,1]) (70)

if, and only if, the hypotheses (10) and (20) are met.
The maximal possible order is 2.
Moreover, the formula (68) is exactif o € P| orif [D)y =0 and ¢ € P,].
(B) If p € C3([~1,1]), then, forn=1,..., N — 1, there exist certain &,_ € (Hns M1 72) and &,y € (M1 /2, Mgy SUCh that

2 2 2 3 5 5 5 5
E,(p)= —d,,(P”(ﬂnH/z) - @(Pl"(#nﬂ/z) - %T-'_dn(/’@(#nﬂ/z) - i 1;%(;1)’:_? i::i) € (71)
Proof. The proof of (A) is like that of Lemma 4. Let us prove (B).
Subtracting the Taylor expansions
h2 h3 h4 5
O(Hpi1) = @(Hys12) + hn+(ﬂ (Hpg12) + — (P (lln+1/2) + —(P (ﬂn+1/2) + — (.0 (Mn+1/2) +— 120 5)(§n+) (72)
2 h3 h4 hS
P(Hy) = @12 = P @ (1 2) + == 0" Gt 2) = == @ U1 ) + 57 0V Wi 2) = 15607 G0, (73)

and then dividing the result by y,,, — u, =h,_+ h,, one gets
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o) —o(uy,)

—E, = ——— — ¢ (1 2)
Hnt1 — Hp *1/2
n _p 3 3
n+ n— " n+ n— "
=S¢ ()t ¢ (Hpy1/2)
2R, +hyy) 2T 6, + hyy) +172
T NN U R CITS R A 1) o
2(h, +h,) " 2 120(h,_+ h,,)
Finally, the error representation (71) results from (74) and the following equalities:
2 2
hn+ B hn— — hn+ - hn— _ dn, (75)
2(h,_+h,y) 2
., +h 1 h? +3d?
n+ n— 2 2 n n
—=—(h*,_ —h, h he )= —, 76
6(h,_ + hyy) 6 e = ns P+ 1) 6 (76)
hﬁ+ B hﬁ— _ (hg+ + hz—)(hn+ —h,) _ hﬁdn + d;f 77)
24(h,_+h,,) 24 6 ’

where we have used the identities h,_=h,—d, and h,, =h,+d,. []

6. Some general comments

We will describe in the following sections difference schemes for approximating the FP angular diffusion operator Agp f defined
by Equation (1). In what follows, Agp y f(#,) will stand for an approximation of Agp f(,) obtained on a mesh of N nodes.

Definition 10. For each n=1,..., N, we define the truncation error R,(f) as
R, (/)= Appf (1) — App n S (1y). (78)
Definition 11. A numerical scheme for computing Agp v f(4,,)
1. Converges for the function f if
li R =0.
Mim | max IR,(/)I=0 (79)
2. Converges with (at least) order p for the function f if
max |R,(f)|=O0(NP) (80)
1<n<N

for certain positive real number p.
3. Converges with order p if converges with order p for all f regular enough, which in this paper will mean that there exists k € N
such that converges with order p for all f € C*¥([-1,1]).

As anticipated in the introduction, a particular case of DOM schemes will have a special relevance in this paper: the GL schemes,
the definition of which is formalized as follows.

Definition 12. A GL scheme is any formula of numerical differentiation for approximating the operator (1) that takes as nodes

+ Either the set {4, } ff: | of GL nodes on (-1, 1), in which case we will say that the GL scheme is being operated in full range (FR)
mode,
* Or, being N even and M = N /2, the set

A 07 ElRIVR 17 e (81)

M
=M+1

{m,}

where {y,} fl‘i , are the GL nodes on (-1,0) and {/4,,}3 are the GL nodes on (0, 1), in which case we will say that the GL

scheme is being operated in half range (HR) mode.

Unless specified otherwise, whenever we say from now on that {, ﬁ’: , are the GL nodes, we mean that they are either the GL
nodes on (—1, 1) or the nodes defined by Equation (81). The same applies to the GL weights {w, }nN= iy

Definition 12 contemplates two typical modes of operation when solving the FPE: the FR and the HR mode (see for instance [2]).
We notice that, automatically:
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1. The FR mode refines the mesh in the vicinity of —1 and 1. The FPE degenerates at ;£ = 0, and so the node 0 is typically avoided
by taking N even, but the parity of N is not at all relevant when studying the convergence of the schemes that discretize the
angular diffusion operator in isolation. We think that the ideas contained in this paper can be used to design a DOM scheme for
the FPE which can use the FR mode with N odd while maintaining good properties as order of convergence and (see Subsection
6.1) discrete moments preservation, but this will be part of future research.

2. The HR mode avoids the node 0 and refines the mesh in the vicinity of —1, 0, and 1.

6.1. The zeroth and first moment properties

Associated with the FP Laplacian, there are two properties of interest, namely the zeroth and the first moment properties:

1
/ Appf(p) du=0, (82)
—1

1 1
/ﬂApr(ﬂ) dp= —Z/Mf(ﬂ) du, (83)
-1 -1

both of which are easy to verify. The reader can think about how these properties should be written for diffusivities other than
Dwy=1-4’.
According to [14], it is desirable for a scheme to satisfy discrete versions of these two properties.

Definition 13. We say that a GL scheme

« Satisfies the discrete zeroth moment property (or preserves the zeroth moment) if, for all function f : [-1,1] — R and for all
N >2,

N
w,App N f (1,) =0. (84)

n=1

« Satisfies the discrete first moment property (or preserves the first moment) if, for all function f : [-1,1] > R and for all N >2,
N N
w0ty Ay f () = =2 Y 10,1, f (1), (85)
n=1 n=1

where {w, )} ”1\’= | are the GL weights.

Remark 8. A GL scheme may or may not preserve moments, yet, if it is convergent, it invariably preserves moments asymptotically,
i.e., as N tends to infinity, when f is regular enough. This fact is a consequence of the convergence of the GL approximations in
Equations (84) and (85) to the exact value of the integrals in Equations (82) and (83).

Definition 13 relies on GL quadrature, which is natural for GL schemes, but, when dealing with a non-GL scheme, an analogous
definition can be written based on some other appropriate quadrature rule.

7. Schemes of type I

After (4), and noticing that D (u ) = D(n41/2) =0, let us consider the following scheme:

S )= f(uy)
D(p14172) Hy=H)

App N f (1) = s (86)
' Hipp +1
S e )—S () S )= (p1)
Pt D)L~ Pty T B
AFP Nf(# ): n n n n—
’ " Huv1/2 = Hn—-1)2
forn=2,...,N -1, 87)
Sun)—fun-1)
st G T
App n f(un) = . (88)

L—pun_ipn
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The scheme (86)—(88) can be written simply as

A AU S )= f (p1)
9(#%1/2)% _9(/‘n—1/2)‘4;4T”11
App N S (y) = = —
PN Hns1/2 = Hn—1)2
forn=1,...,N, (89)

understanding that the terms containing the undefined nodes y and y,,; must be ignored as they are multiplied by zero.
This is really a family of schemes depending upon the choice of the nodes y, and the points 4, /,. We shall refer to the members
of this family as schemes of type I.

7.1. First example: midpoint GL scheme

We will call midpoint GL scheme the scheme of type I obtained when {u, ’}:’: , are the GL nodes and the points {4, /2} ”,V: o are
defined by p;/p = =1, pyp1/0 =y + pyq1)/2 forn=1,...,N =1, pjy ;1 = 1. The use of midpoints in this scheme brings to mind the
discretizations employed by Antal and Lee in [1] and by Mehlhorn and Duderstadt in [13].

It does not preserve either the zeroth or the first moment. Later, we will show that it converges with order 2 regardless of whether
it is operated in FR or HR mode.

7.2. Second example: Haldy-Ligou’s scheme

If {yn}i:’:1 are the GL nodes, and the points {/4,,+1/2}nN:0 are defined by p;/, =—1, pyp1/2 = Hy_1jp + w, for n=1,..., N, being
{w,} fl\’: | the GL weights, one recovers, according to [14, Egns. (10), (10a), (10b)], the scheme used by Haldy and Ligou in [5, Eq.
(5a)].

So, Haldy-Ligou’s scheme reads as follows:

Sp )= () S )= (p—1)
Hy 1 —Hp D -172) Hp=Hp—1

D (U1 /2)

AFP,Nf(ﬂn) =

forn=1,...,N. (90)

w

It was designed so that the discrete zeroth moment property is satisfied, but it does not preserve the first moment. Also observe
that the subtraction p,,/, — #,_1 > in Equation (89) has been replaced with w,,, which is better from the viewpoint of rounding.
Since w, =wy_,; forn=1,...,N and

N

> w,=2, (C2)

n=1
points u,.,/, are antisymmetric with respect to 0:

Hns1j2 = —HN-ns1j2 forn=0,...,N. (92)

When programming this scheme, it is convenient to take advantage of Equation (92) by calculating only those points 4, /, that
belong to [—1,0], and then determining the ones in (0, 1] by means of the antisymmetry. In this way, roundoff errors are reduced. In
HR mode, computing the points 4, , within [-1,—0.5] is sufficient for completing the list.

It will be seen later that this scheme converges with order 2 when used in FR mode and, somewhat surprisingly, is not convergent
when used in HR mode (see Remark 9).

7.3. Analysis of convergence

Results in this subsection hold for generic diffusivities and not only for @ (u) =1 — u2.
We start with a result on the error representation.

Proposition 3 (Error representation for schemes of type I). Assume that the hypothesis (6) holds. Let @ be a function of class cl([-1,1])
such that 2(—1) = @ (1) = 0. Suppose that f € C2([—1,1]) and that App n f(u,) is defined by Equation (89). Then, forn=1,..., N,

App f(uy) = App n f (1) + R, (), 93)
with

R,(f)=e,()+E (DS, 94)
being
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9(Ml 1 2)E1(f)
£(f)= — 2 95)
Hiyp+1
D (i1 )2 Ef(f) = Dy ) E, 1 ()
en(f) = —"18 P forn=2,. N -1, 96)
Hpy1/2 = Hn-12
D(un-1/)En_1(f)
en(f)= —— 2N ©7)
L—un_1p2
In the expressions above, EX(P f') and E,(f) are those defined by Equations (57) and (69), respectively.
Proof. Appf is well defined in the classical sense because 9 € Cl([-1,1]) and f € C([-1,1]).
Using (57), the equality D (u, /2) =0, and (69),
9(#1 1 2)f,(M1 1 2)—9(141 2)f,(111 2)
App /() = —— 222 T P R Er @)
Hipip +1
D(u ) )
_ 1+1/2 1+1/2 +E1*(@f’)
Hipip +1
D(u ) -
_ 141/2 {f(ﬂz) f(”1)+E1(f)}+Ef(9f')
Mz t1 My — My
=App N (1) + €1 (N+EF (@D ), (98)

with g, (f) given by (95). The missing proofs can be done analogously. []

Our goal is to fix certain conditions on the set of nodes and points so that the scheme converges with order 2. Thanks to Equation
(94) and Lemma 4, the point is to establish conditions for max, .,y |€,(f)| to be a O(N ~2) when f is regular enough.

As anticipated by (95) and (97), the determination of bounds for |e,(f)| and |e 5 (f)] is special because D (u, /2) =D(Un41 /2) =0.
It turns out to be a very easy task.

Proposition 4 (Bound for max{|e;(f)|, € (f)|}). Assume that the hypothesis (6) holds. Suppose that D is a function of class C'([—1,1])
such that 2(—1) = D(1) = 0. Let f be a function of class C*([—1, 1]) and let €1(f), en(f) be the quantities defined by Equations (95) and
(97), respectively. Then,

max{|e; ()], lex (N} <N1D' Ml <1 aX_llEn(f)|>- (99

m.
<n<N

Proof. Notice that yi;,/, + 1 =2h]. Then, Equation (95) and the equality

D(14172) =D (1) + 201D () = 201D (cy), (100)
obtained by means of Taylor’s theorem, imply
<12’ .
e <121l (lsggg_l |En<f>|> (101

Proceeding in a similar way, one sees that the same upper bound is valid for |e(f)|. [J

Obtaining an appropriate bound for max,,<n_; |€,(f)| is much more difficult. We need to introduce some new definitions and,
as will be seen in the proof of Proposition 5 below, use the second part of Lemma 5 and break the problem into several simpler ones.

Definition 14. For n=1,..., N — 1, we define a, = d, + d;; and

An = max_ la, (102)

Definition 15. For n=2,..., N, we define b, =d,_, + d;; and

By = max |b,]|. (103)

2<n<N
Definition 16. Cyy = Dy + Dy,.
Notice that Cy can be used to bound both A, and By.
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Definition 17. 5 (2) is the number defined by

(dn—] - dn)g(/'{n-#l/Z)

Pn(D)= max
Hny1/2 = Hp-1/2

2<n<N-1

or, equivalently,

(dy-1 — dn)g(lln+1/2)

Pn(D)= max 2

2<n<N-1

Computers and Mathematics with Applications 181 (2025) 84-110

(104)

(105)

Proposition 5 (Bound for max,.,<n_1 |€,(f)|). Assume that the hypothesis (6) holds. Suppose that P is a function of class CH([-1,1]).
Let us understand that f = (D) and let f be a function of class C3([-1,1]). Fixne {2,...,N — 1} and let €,(f) be the quantity defined

by Equation (96). Then,

e, () =P +eD () +D () +D(f). (106)
with
€PN < BN Nlo + DN I Y Nl oo (107)
By(BDy +Cy) C +12D
leP (N < === oo + N2 Nl + — M@V o (108)
Pn{(M%)? +8Cy Dy +4C2 +12D% ) CuD M2Dy +4D3
€@ ()] < u il e + N I + — N2 DY o (109)
24 3 24
z
@< ZN g 5) 110
le, ()] < 960 {E=Z4 (PN g [ (110)
where
Zy =(My) +8(M})*Cy +24M 5 C}, +40My, D3, +32C5 +160Cy D}, + Wll—f(cﬁ, +10Cy Dy, +5D3%). (111)
N
Proof. According to Equations (71) and (96),
2 3
_ 1 " hn—l + 3dn—1 " hn—ld"—l dn—l 4)
e,(f)= I 9(14,,_1/2) dy_f (lln_1/2)+ —f (ﬂn—1/2)+ 6 f (ﬂn—l/z)
n
h?n_1)+f5)(é(n71)+) + h?n_l)_fs)(cf(n,l),)
120(h,_1y_ + hg1))
" 5 3dn n
= DtpirD S " g1 ) + =S Hur12)
h2d, +d3 ) " B I + B E,) w12
6 Hut1/2 120(h,_+h,,)
which gives (106) with
1
e (N = 5 A1 Dy ) Wt 2) = 4y D 1) £ W1 2)) (113)
?2) 1 hi—l + 3d§—l " hn + 3dn "
g7(f)= oy Tg(ﬂn_uz)f (Iln_1/2) - 79(ﬂn+1/2)f (Iln+1/2) , (114
n
2 3
1 h_de +d,_ h2d
e (=5~ {%@(un_] DI 1 2) =~ D Gty W1 2) - (115)
n
5 5) 5 £5 5 £5
P G U 1 o ol oy S V) ¥ S w6
" 2h n-1/2 120(hu_1)— + hgu_ys) nt+1/2 120(h,_+h,) :
We will prove (107)-(109) firstly and leave the proof of (110) for later.
Notice that, for r = 1,2, 3, we have by Taylor that
D1y DS Wiae172) = D W1 DD Gt 2) = 205D ) (), 117)

and hence the expressions (113)-(115) can be rewritten as follows:



O. Lépez Pouso and J. Segura Computers and Mathematics with Applications 181 (2025) 84-110
(dn—l - dn)@(”n+l/2)

M) = e I W1 1) = d (D7) (1), (118)
(W% +3d> ) —(h%+3d%) (W% +3d> )
&) ()= =Dt D i ) = @S D) (119)
n
(h2_d,_y +d>_ )= (hd, +d) (h2_ g +d> )
() = = D1V 1) = @Y (). (120)
n
Now we proceed to bound each of these three terms separately.
* Bound for |£E,1)( f)|: the bound (107) follows immediately from (118).
* Bound for |e§,2)( f)|: thanks to Equation (46) we have
R: =l =(h,_y+h)(h, | —h)= {2k —(d, , —d,)}(h,_ —h,). (121)

Thus, noticing that h,_; — h, = —a, — b,,, which holds in virtue of Definitions 14, 15 and Equations (44), (45),! we arrive at

(h2_ +3d> ) —(h2+3d}) _{2m; -, —d)}(~a,~b,)+3d,_, +d,)d, - d,)

12h* 12k
a,+b, (3(d,_,+d,)+a,+b,)d,—d,)
=— o , (122)
n
and then Equation (119) can be rewritten as
a, +b (3(d,_, +d,)+a,+b,} (1 = d)D(Hyy1/2)
6512)(f) =-— 6 n9<”n+1/2)f”’(”n+1/2) + - g . . 2h* fm(l’ln+1/2)
n
(h2  +3d* )
_ %(@ MY e, (123)
which implies
c 3Dy +C 1
PN < SND " oo + =3B 1" llao + ¢ (M /27 +3DRHI@ SV o (124)

Finally, observe that (124) is equivalent to (108).
* Bound for |£ff) (f)|: keeping Equation (120) in mind, we will begin by obtaining expressions for hi_l d,_1— h’%d,, and for ds_l - d3

that allow us to bound |s£,3)( f)| in an optimal way. Taking into account the previous bounds, we realize that it is convenient to
bring up the d,_; — d, factor as many times as possible.
The easiest part is dil - dﬁ:

d>  —d’=(d>_ +d, ,d,+d>)d, ,—d,). (125)

Let us proceed now with hil d,_ — hﬁdn. It is known, from Equations (44) and (45), that h, = h}; +a, and h,_; = h}; — b,. Hence,
R d, —hd,=(h}—b)d, , —(h+a,) d,

=(h)*(d,_, —d,) —2h%(b,d,_| +a,d,) +b*d, | —a’d,. (126)

Next step is to prove that bﬁd,,_, - aid,, is a multiple of d,_; —d,,. Note that, in virtue of Definitions 14 and 15, b, —a, =d,_; —d,,.
So,

brd,_y —ayd, =by(d,_ —d,) + b, —a)d,
= b3(d,y —d,) + (b, + a,)(b, — a,)d,
= (b, + (b, + a,)d, }(d,_y —d,), (127)
and Equation (126) becomes
R d, = hid,={(h))* + b2+ (a,+b,)d,}(d, , —d,)—2R:(b,d, | +a,d,). (128)
In summary,

(h?_d,_ +d> )= (h2d,+d)= (R +b>+(a,+b)d,+d>  +d, \d,+d>}(d, ,—d,)—2R:(b,d, ,+a,d,). (129

! The identity h, — h,_, =a, + b, is also a rewriting of Equation (22) in Lemma 3.
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If we define now

x, =)+ b2+ (a,+b)d, +d>_ +d, d,+d>, (130)

Equation (120) can be rewritten as follows:

x, [y = d)D (i1 y2) b,d,_ +a,d, (h2_ g +d) )

(@ Y (D).

()= I W1 2) = D1y g1 2) =

6 2h 6 6
(131)
Finally, taking account of
x| < (M7 /2)* + C +2Cy Dy +3D3%, (132)
|b,d,_, +a,d,| <2Cy Dy, (133)
the bound (109) is deduced from Equation (131).
We now proceed with the proof of (110).
Firstly note that, for k € {n — 1,n},
—hz+ th R} —h b +h B2 —h B +ht=h+10h2d? +5d} 134
e i e T M e T A = Mg Ay =+ 0 dy A+ 0d ) (134)
k=T ey
The equalities h;,_ = h; —d; and h;, = h; + d; have been used in the last step.
Then, in virtue of Equation (116) and the positivity of 4,_ and A,
121/ Nl 1
£l < — o By + 10 d +5d, + iy + 10k} + 5d,). (135)
n
This bound is sharper than it seems, as we are about to see below. Since h,_; = h, — b, and h, = h}, + a,, we have
R 41002 d% | = (h) =AY b, + 6(hI)? B2 + 10(h)?d>_ | — 4h%b} —20h7b,d> | + bt + 10b%d>_| (136)
and
R +10h2d% = (R2)* + 4(h)3a, + 6(h%)a + 10(h*)*d? + 4h’a’ +20h*a,d? + a + 10a2d?, (137)
which allows rewriting the inequality (135) as
@ 12 ee 1 e 013 _ gt 25, 1 6h 52 + 10K 2., — 48 208,02, + (12 + 401" a, + 6k’ a2
|£n (f)lsTo{( n)_ (n) "+ nn+ n“n-1""""n" "n—l+( n)+(n)a"+ nan
+10R%d? +4a> +20a,d> + %(bﬁ +10b2d> | +5d} | +d)+10a2d? +5d0)}. (138)

The proof ends by using the bounds Ay < My, /2, |b,| <Cy, la,| <Cy, |d,| < Dy, and 1/h; <2/m},. O
We can now state the main result of this subsection.

Theorem 2 (Order 2 of convergence for schemes of type I). Let @ be a function of class C3([—1,1]) such that @(—1) = @(1) = 0. Suppose
that the sets of nodes and points satisfy the conditions stated in Section 3 and that 5 () goes to zero at least with order 2. That is to say,
suppose that

—l=upp<uy <ty < <Un_12 <Hy <Hni12 =1, (139)

My=0(N7", (140)

Dy, =O(N™%) with ¢ > 2, (141)

Dy =O(N™") withr > 2, (142)
1* =O(N®)with 1 <s <4m —2, where m = min{q,r}, (143)
N

Bn(D)=O(N™") with t > 2. (144)

Then, the scheme (89) converges with order 2 for any function f of class C>([—1,1]), and the same is true if [Dy = D}, =0 and the
hypotheses (139) and (140) hold] or if [d| = -+ = dy_; and the hypotheses (139)-(143) hold].
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Proof. Let f be a function of class C([—1, 1]).
Thanks to Proposition 4 and Lemma 5 we know that

max{le; ()], len ()]} = O(N). (145)

Moreover, since Cy = Dy + D;‘V = O(N™™), Proposition 5 implies that

,max leD(f)] = O(N~mintrth, (146)
,max [£P () = 0N, (147)
,max [eD(f)] = O(N~mintr+242}), (148)
,max [e)()] = O(N A, (149)

In summary,
max |e,(f)] = O(N72). (150)
1<n<N

On the other hand,
max |Ex(2f")|=0(N"?) (151)
I<snsN - "

by Lemma 4, and so, in virtue of Proposition 3,

max |R,(f)|=O0(N7), (152)
1<n<N

which proves convergence of order 2.
The validity of the two assertions yet to be demonstrated follows without difficulty from a simple observation of the bounds in
Proposition 5, as well as taking into account Definition 17. []

Since 9 is bounded, the hypothesis (144) is automatically satisfied if
d,_,—d
Hny1/2 = Hn-1/2

max nl n | = O(N"P) with p>2, (153)

2<n<N-1

so the reader might wonder why we have not used this assumption in the previous theorem. After all, that way the set of hypotheses
would be independent of 9. The reason is that, for Z(u) = 1 — 42 and the choices of nodes and points made by Haldy and Ligou
(Subsection 7.2), condition (153) is not satisfied, while (144) holds with t =2.

To finish this subsection, let us comment that in Proposition 5, and hence in Theorem 2, we can change £ (9) for

N 1 = d)D(py_1/2)
Jo(@)= max |——t T2 (154)
N
2<n<N-1 ”n+1/2 - Mn—l/2
Indeed, we could have used
D1y ) W1 12) = Dty ) I W 2) + 205D fHDY () (155)

instead of Equation (117) in the proof of Proposition 5, and thus eliminate the evaluations at 4, /, to be left with the evaluations
at py_1/2-

7.4. Application of the theory to some examples. Numerical results

In the tables below, E will denote the maximum of the absolute values of the errors in the complete set of nodes, i.e.,

E= 12}2’3\[ | App f (1) = App n S ()] (156)

Midpoint GL scheme For this scheme, operated in FR mode,
* Hypothesis (139) is obviously satisfied given the definition of the points {4/, } ’}lV: .
« Hypothesis (140) is satisfied in virtue of Proposition 1.
 Hypothesis (141), with g =2, is supported by the results in Section 4, since

Ay —m|=lin —uy|l<p,+1 and (157)
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Table 1
Numerical results for the midpoint GL scheme oper-
ated in FR mode. f(u)=e*, D(u)=1— u°.

N E order q s
50 1.54 x 1072

100 3.96x 1073 1.96 1.98 1.98
500 1.61x 1074 1.99 1.99 1.99

1000 402x107°  2.00 200 2.00
5000 1.61x107%  2.00 2.00  2.00
10000 4.10x 107 197 2.00  2.00
20000 1.42x1077 153 200 2.00

Hp—Hp =73 2

~ 1 Hp—1t HUpit
2

—,4,,> forne{2,...,N—1}. (158)

« Hypothesis (142) is obviously satisfied because Dy =0.
« Hypothesis (143) holds with s =2 in virtue of Proposition 1, because

1*< —. (159)
my  pp+1l

In fact, since it is also true that 1/(u, +1) < 1/m}, the value s =2 is optimal.
+ Hypothesis (144) is obviously satisfied because fy(2)=0.

According to Theorem 2, the midpoint GL scheme in FR mode is expected to converge with order 2. Table 1 shows the numerical
results got for the FP Laplacian of f(u) =e#. These results are in agreement with the theoretical prediction. Roundoff errors start
spoiling the computations in the last row, where the order decays down to 1.53.

In HR mode, the midpoint GL scheme behaves similarly, that is, converges with order 2, but roundoff errors appear earlier, due
to the extreme proximity of the nodes in the neighborhood of 0.

As Dy =0, fn(D) is equal to 0 regardless of &, which in turn implies that the scheme is still convergent if other diffusivities
are considered. Specifically, the midpoint GL scheme converges with order 2 if 9 is any function of class C3([-1,1]) such that
2(-1)=21)=0.

Haldy-Ligou’s scheme For this scheme, operated in FR mode,

Hypothesis (139) is supported by the results in Section 4.

Hypothesis (140) is satisfied in virtue of Proposition 1.

Hypotheses (141) and (142) hold with ¢ = r =2, which is again supported by the results in Section 4.
Hypothesis (143) holds with s =2 in virtue of Proposition 2, because

L_1 (160)
my W

If D(u) =1 — pu?, hypothesis (144) is satisfied with ¢ = 2. This assertion is supported by some asymptotic analysis of the same
type as that considered in [11]. We observe that the number fy () can alternatively be written as

s

PN (D)= ) max

<n<N-1

Hnt1 — Hn—1
<% - 1> D(Uyt12)

n

and that it is known (see [11, Theorem 1]) that

Hieel = M1
2wy

if y;,| are in a fixed interval [a, b] C (-1, 1). Contrarily, when k is fixed, it is known that A, = O(1) (with a small error constant),
but in that case we have 9<#k+1/2) =O(N72).

A= =O0(N7%)

The comments made in the previous example are valid for this one. Table 2 shows the numerical results, which corroborate that
Haldy-Ligou’s scheme in FR mode converges with order 2.

In HR mode, however, Haldy-Ligou’s scheme is not convergent. This is shown in Table 3. The ‘¢’ column tells us that the problem
is that the hypothesis (144) is no longer satisfied. We have not included the ‘order’ column since, in the absence of convergence, this
value loses interest. On the other hand, Fig. 1 shows that it is at nodes close to 0 where the scheme fails, which the reader can connect
with the definition of f(2) and the fact that & is not zero at 0, while points ,,,/, are accumulating quadratically on both sides
of 0.
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Table 2
Numerical results for Haldy-Ligou’s scheme operated in FR mode.
fy=et, D(u)y=1-p?.

N E order q r s t

50 8.68 x 1073

100 2201073 1.98 1.98 1.98 1.99 1.99
500 8.92x 107 1.99 1.99 1.99 1.99  2.00

1000 2.23x107° 2.00 200 200 200 200
5000 8.95x 1077 2.00 200 200 200 200
10000 2.31x 1077 1.95 200 200 200 200
20000  9.75x107® 1.24 2.00 200 200 @ 2.00

Table 3
Numerical results showing that Haldy-Ligou’s scheme operated in HR
mode is not convergent. f(u)=e¥, D(u) =1 — u>.

N=2M E q r s t
50 2.20% 107!
100 2.21%x 107! 1.97 1.96 1.97 —1.14x 1072
500 221x 107! 1.99 1.99 1.99 -1.61x 1073
1000 221x 107! 2.00 2.00 2.00 -1.19x 107*
5000 2.22x 107! 2.00 2.00 2.00 -1.64x 107
10000 2.28x 107! 2.00 2.00 2.00 —1.08 x 10~°
20000 3.64x 107! 2.00 2.00 2.00 —4.54%107°
2 T 2 T
L ® ® ® @Q) +  Lapexact il *  Lapexact i
The® ® © e g ¥
®
or & q or q
®
qF ® 4 qF ®® i
®
®®
25 ® 1 2F ® 1
®
®
. 4 . @ 4
-3 ® -3 %
®
4 1 4 % A
® %
5+ (; 5L %
-6 L L L -6 L L
-1 -0.5 0 0.5 1 -1 -0.5 0.5 1
(a) N = 2M = 20. (b) N = 2M = 100.

Fig. 1. Haldy-Ligou’s scheme in HR mode cannot compute good approximations of the FP Laplacian in the vicinity of 0. f(u) =e*, D(u) =1 — u°.

The above mentioned accumulation of points 4, /, around 0 does not exist in FR mode, and the quadratic accumulation towards
—1 and 1 is not a problem, since there P (u,/,) tends to zero at a rate that compensates for this accumulation and is enough for

Bn (D) to be a O(N2).

Remark 9. As it will be explained in Section 9, non-convergence of Haldy-Ligou’s scheme in HR mode does not necessarily render it

ineffective for solving the FPE.

Uniform mesh (a non-GL scheme of type I and order 2) Let us take ~=2/N and define

s =—1+h/2, y,.y=p,+hforn=1,...,N -1,
*Hip ==Lty o=y + ppe)/2forn=1,... N —1,and uy,p=1.

Then, by Theorem 2, the corresponding scheme of type I converges with order 2, because D}, = Dy =0 and the hypotheses (139)

and (140) are trivially met. Results are shown in Table 4.
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Table 4

Numerical results for the scheme of type
I and of order 2 on uniform mesh. f(u) =
e, D) =1-p>.

N E order
50 2.44%x1073

100 623x10* 197
500 253x107°  1.99

1000 6.33%x107° 2.00
5000 2.54% 1077 2.00
10000 6.34x 1078 2.00
20000  5.12x 1078 3.09%x 107!

Table 5

Numerical results for an instance of scheme
of type I on uniform mesh having order 1.
fy=et, D(uy=1-p.

N E order q
50 7.38x 1073
100 3.68x 107 1.00 1.01

500 7.36x107*  1.00 1.00
1000 3.68x 107 1.00 1.00
5000 7.36x107°  1.00 1.00
10000 3.68x 1075 1.00 1.00
20000 1.84x107°  1.00 1.00

This scheme preserves both the zeroth and the first moments, as long as the discrete zeroth and first moment properties of
Definition 13 are reinterpreted using, instead GL, the quadrature formula

1 My HUN 1

/G(M) du= / Gu)du+ / Gu)du+ / G(u) du
-1 -1 15} UN
N
~ (h/2)G + (trapezoidal approximation) + (1/2)Gy = h Z G,, (161)
n=1

where it is understood that G,, is an approximation of G(y,,).

If the mesh {u, } ’{": | s uniform, but the distance between y; and —1 or between u, and 1 is different from 4/2, then the scheme
can easily stop being of order 2. Table 5 shows that the order reduces to 1 if 4y =—-14+2/N, yy =1—-1/N and {p, }r’lV: ’21 are placed
so that {u, }nN:l is uniform. The reason for the order drop is that now D*N is only a O(N~!) (i.e., ¢ =1 in Table 5).

8. Schemes of type II

We will call schemes of type II those schemes obtained by substituting in Equations (86)-(88) the values {2 (y,,, /2)}5: o by
{an+1/2},]1\7=0; being a;/, = D(u;/;) =0, and @,/ a certain approximation of Z(u,, ;) for n=1,..., N. We notice that ay, is
not necessarily equal to 0.

So, these schemes are defined as follows:

Su)—/ (y)
a4 JAH)Z T K

AFP,Nf(ﬂl) = ¢, (162)
Hipj2 +1

S )=S (1) S )= f 1)
an+l # - al’l* 2 —1

Hp+1—Hn Hp—Hp—1
AFP,Nf(M,,) = =
Hpy1/2 = Hn-1)2

forn=2,...,N —1, (163)
—ay Sun)—fun_1)
App [ (HN) = == M;Nl_/i”‘l (164)

Obviously, the family of schemes of type I is strictly contained in the family of schemes of type II.
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After (89), when ay/, =0 a scheme of type II can be written as

« Spe D= () « S )= (p1)
Ao f(1) = 2 1~ "2
FP,N =
" Hpy1/2 = Hn-1)2
forn=1,...,N. (165)

The values of @, /, are computed from those of the nodes y,, and the points 4,,,,. Let us explain how this can be done. Notice
that, having fixed a;,, =0, there is only one way of choosing {a,/» Y | that makes the scheme exact on ;. Indeed, since it is
obviously exact when f is constant and App f () = D’ (u) when f(u) = u, we conclude that a scheme of type II is exact on P, if, and
only if,

a -, _
2 gy forn=1, ..., N. (166)
Hpy172 = Hn—1)2

When 9 (u) = 1 — y?, Equation (166) is telling that {a,./,}" / must be defined by
ayn =Dy =0, (167)

Q172 =172 = 2Hp(Hpy1 2 — Hyoyp2) forn=1,....N (168)

if we want exactness on [P;.

Definition 18. For n=0,..., N,

An =D Myy172) = Oy /20 (169)

where it is understood that @(u) = 1 — u* and that {a,./,}" | is the set defined by (167)-(168).
Definition 19. Ay = maxgc,<n |4,].

For simplicity, we have decided to use the notations @, ,, 4, and Ay, and not a,,,;>(<), ..., even when all three depend on
9. Later on, it will be useful to remember this fact.
The following result states precisely what we mean by saying that @, /, is an approximation of P (/).

Theorem 3. Assume that 2 (u)=1— ;42 and that the hypotheses (6), (10), and (19) hold. Then

Ay =0(N7?). (170)

Proof. The initial value problem (IVP)

{y’zf(x), —l<x<l1,

y—H=neR, 171)

with f € C2([—1, 1]), has got a unique solution y € C3([-1,1]).
Since w11/ — Hu_1/2 = 2h;, the hypotheses (6) and (10) guarantee that this IVP is solved with order 2 of convergence by the
numerical scheme

Yo="1,
172
{yn=yn_1+2hjf(/4n_1/2+h:), n=1,...,N, 172)

where y, represents an approximation of y(s,4/2)-
The order 2 of convergence is kept if we replace f(y,_; 2t h) by f(uy,—y nt h*_)= f(u,), because

*_ p¥ = * = * = -4 i >
12&’%\/'}1" hy_| lrsr}lz;)}vldnl D, =O(N™9) with g >2 (173)

in virtue of the hypothesis (19).
If we solve with the adapted scheme

Yo=n,
174
{yn=y,,_1+2h:f(u,,), n=1,..,N, 74

the IVP determined by the data f(x) = —2x and 5 = 0, the solution of which is y(x) = D(x) = 1 — x?, we find that Yn =12 for all
n=0,..., N, and the proof is done. Details are given in [11]. []
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8.1. Example: Morel’s scheme

Morel’s scheme is the scheme of type II obtained when:

+ Nodes and points are the same than in the Haldy-Ligou’s scheme, that is, {4, } ”l\’: | are the GL nodes, and the points {u, 2 } ”,V: 0
are those defined by p/, = =1, 412 = Hy_1p +w, forn=1,..., N, being {wn}f:’:l the GL weights.
. {a,,+1/2}flv=0 are the values defined by Equations (167)-(168), that is, &), =0, a1/ = @,_1 /2 = 2p,w, forn=1,..., N. Since

1

N
anun=/u du=0, (175)
n=1

-1
it turns out that these values satisfy the following symmetry relation:
Upy1/a =AN_py1p2 fOrn=0,...,N. (176)

In particular, ay ./, =0.

So, this scheme reads as follows:

LGt =S Qi) L)~ Gt

a a,_
/2 Hn+1~Hn n=1/2 Hn~Hn—1

App v f(1y) =

forn=1,...,N. az7)

Morel introduced it in [14] expressly so that the discrete zeroth and first moment properties were fulfilled. References [2], [6],
[15], [16], and [19] provide examples of its application. Preservation of the zeroth and first moments holds true in both FR and HR
modes.

Morel’s scheme converges with order 2 when it is operated in FR mode. However, it is not convergent when applied in HR mode,
just like Haldy-Ligou’s scheme (see Section 9).

As it is clear from Equation (177) and the definition of @, ,, the points y,,/, are not needed for describing this scheme, and
in fact Morel did not mention them at all in [14]. We had to consider these points, though, in order to carry out the forthcoming
convergence analysis.

Remark 10 (Other choices of a,,,/, can be made). When compared to having order 2, having exactness on P; is not that important
(notice that schemes of type I are not exact on P unless y, be the midpoint of the cell [#,_, /5, #4121, but presenting the problem
of calculating a,,, /, from the exactness on P offers a very simple way to arrive at the same choice that Morel made using a different
method. Moreover, our approach can be applied to get good values of @, /, via Equation (166) even when a diffusivity other than
D is used.

Having said that, fixing @ (u) = 1 — u? and observing the proof of Theorem 3, we could modify the values of a,, /2 simply by
using a different numerical method from the one used in this proof. To have an instance, let us suppose that {4, }f;’= | and {4, ) } ﬁ’: 0
are those of Morel’s scheme. Then, the choice

ay), =0, (178)
Cpy1/2 =01y — Wy Cpy_ypp +wy) forn=1,..., N, 179)

which results from solving the IVP in the proof of Theorem 3 with the classic Runge-Kutta method of fourth order, provides us with a
scheme of type II which, at least experimentally, has order 2 of convergence when it is used in FR mode (again, is not convergent in
HR mode). The trade-off for using these new values of a,,,| /; is that the discrete first moment property ceases to be met. Incidentally,
condition (176) is still satisfied.

8.2. Analysis of convergence

We are going to analyze schemes of type II only for @(u) = 1 — u* and restricting ourselves to the case in which the numbers
{a, 1 /2},1:’= o are given by (167)-(168). Therefore, we can use Theorem 3. Thanks to the fact that we have already analyzed the
convergence of schemes of type I, the task ahead will not be so complicated.

Let us start with a useful lemma.

Lemma 6. If {/1,,}n’\’:0 is given by Definition 18, then, forn=1,...,N,
An= Aoy =24, (12 = Hue172)- (180)
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Proof. By the definitions of d;; and /i,

2dy =20, = 20, = Hy_172 F Hyp172 = 24, (181)
So,
An = An—l - 2d::0‘n+1/2 - Mn—]/Z) g /ln = An—l + {2/'{}1 - (ﬂn—]/2 + lun+1/2)}(/’ln+l/2 - ”n—l/Z)
& Ay = Ausy + 21, (M1 2 = H12) = {1 2)* = (1 2)7}- (182)
Noticing now that (;4,,+]/2)2 — (;4,,_1/2)2 = 9(%-1/2) — 9(;4,,“/2), one has
An= Aoy =24, (U2 = Hu172) © D1 72) = Oy = DW_12) = G2 + 28, (Mg1 /2 = Hnm12)
= D(Uye172) + Dyr172) S Xup1 72 =¥y 72 = 2 (M1 j2 = Huo172) (183)

which ends the proof, as the last equality is known to be true. []

The basic idea in this section is to use Lemma 6 to recast the scheme as a perturbation of a scheme of type I. Having done that,
Theorem 2 solves much of the problem.

Proposition 6 (Error representation for schemes of type II). Suppose that f € C2([—1,1]) and that Agp v f(u,) is defined by Equations
(162)—(164), with {anﬂ/z}fl\;() given by Equations (167)-(168). Then, forn=1,...,N,

App n f (1) = App f (1) = { R, (/) + R ()}, (184
with R, (f) defined by Equation (93) and

RT(f)=2dT{E1(f)—f,(M1+1/2)}, (185)
A
Ri(f)= 2—};<{En_1(f) — E,(N)+ [ 1 2) = [ o1 )} +2d 50 E, () = /(1 p2)} forn=2,...,N — 1, (186)
a
Ry(f)= <2d;,—1N;1/2) {EN_l(f)—f,(MN_l/z)}~ (187)
—HN-1)2

In the expressions above, E,(f) is that defined by Equation (69).

Proof. Let us distinguish the three possible cases.
* Case n = 1: use Definition 18 and Lemma 6 to see that

12 =Dip1y2) — 4 =D 2) +2d7 (i p + D (188)
Then,

S )= ()

Y+1/27 0

App N f(1y) =
N M1z +1

y L) =)

_9(/41+1/2 P +2d*f(ﬂz)—f(ﬂ1)
= 1

M1z +1 My — My

Su)—f(uy)
_ 9(/41+l/2) Ho—Hy +2d?{f’(ﬂ1+1/2)— El(f)} (189)
Hivip +1

Lemma 5 has been used in the last step above.
In other words,

App n /(1) = Appf (1) = { R (f) + RI(NH} (190)

with R*l‘(f) defined by (185).
« Case n € {2,..., N — 1}: since, by Definition 18,

Wuy1/2 = D(Hpp172) = Ag and &y 0 =D(Uy_172) = Ayt (191)

we have
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o Sps )= (1) p S )= (up_1)
A ) 2 -1 Hn=Hn—1
FP,NJ Hy) =
" Hny1/2 = Hu-1/2
A AC) S )= (1)
D1 o) PTGy, ) L b

Hn+1—Hn

Hnt+1—Hn "

) S )= S () ) S ) =S (p—1)

Hpn—Hn—1

Hny1/2 = Hu—-1/2
1 S 1)—S ()

-1

S )= f (p—1)

Hnt+1—Hn

n—

Hpn—Hpn—1

= Agpf(u,) — R, (f) =

Hny1/2 = Hn-12

Now use 4,_; = 4, +2d; (4412 — Hp—1/2), which holds by Lemma 6, p,,/2 — #,_12 = 2h},, and finally Lemma 5 to get

App N S (Hy) = Appf () = {R,(/) + RN}

with R} (f) defined by (186).
« Case n= N: Equation (93) implies

_g(ﬂN_l/z)f(ﬂN)_f(l‘N—l)

HN—HN-

e — = Appf(uy) — Ry (),
L=pun_ip
which, used in combination with the three identities
—ay_yy Sun)—fun-1)
B HN—HN-
App N f(HN) = r ’
L—un_1p2

Hny1/2 = Hn-1)2

an—1/2=DUn_172) = An—1 = Dpn_12) — {An +2d (1= un_y )},

and

Ay = 9(#N+1/2) TON41/2 T TONL1/20

ends the proof of this case. []

To properly understand the notation used in the following definition, recall that 4, depends on .

Definition 20. f},(9) is the number defined by

(dn—l - dn)’ln

pn(2)=_max
Hnt1/2 = Hn-1)2

2<n<N-1

or, equivalently,

(dn—l - dn))“n

By(2)=_max 20

2<n<N-1

Definition 21. Xy = |ay1/2/(1 = un_i )l

We are now in a position to prove the main result of this subsection.

Theorem 4 (Order 2 of convergence for schemes of type II). Suppose that

=l=upp <pp <ty < <Un_12 <HN <Hni12 =1

My =0N"",
D% = O(N~%) with ¢ > 2,
Dy =O(N™") with r > 2,

1* =O(N*¥) with 1 <s <4m -2, where m = min{q,r},

N
Bn(D)=O(N ") witht>2,

By(D)=O(N") withu>2,
Xy =O(N"") with v > 2.
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Then, the scheme (162)-(164), with {a,, 2 } ,1,\]: 0 given by (167)—(168), converges with order 2 for any function f of class C3([-1,1)),
and the same is true if [Dy = D’]‘V =0 and the hypotheses (200), (201) and (207) hold] or if [d| = -+ = dy_, and the hypotheses
(200)—-(204) and (207) hold].

Furthermore, if s < r, where r and s are those in (203) and (204), the hypothesis (206) can be ignored, since it will be automatically
fulfilled as a consequence of the others.

Proof. Let us start by noticing that Ay =maxgc,<y |4,] = O(N~2), in virtue of Theorem 3. Then,

2Dy A
B (D)< =N — (N, (208)
my

and so the hypothesis (206) will indeed be automatically fulfilled if s < r.
Now we will prove the main part of the theorem. Thanks to Proposition 6, we only need to prove that max, ., | R;(f)| = O(N -2y,
because we already know that max, <y |R,(f)| = O(N~2) by Theorem 2.
Notice that
E,(f)|=O(N~? 209
\max E,(f)l=0(N™) (209)
by Lemma 5.
 Bound for |R’1“(f)|:

IRT(O = 12d7{E,(f) = " (11D}

52D,*\,{<1 max |E, (f)|>+||f'||oo)}=0(N_"). (210
* Bound for max,,<n—_; [R;(f)|: let us fix n € {2,..., N — 1} and understand that ﬂ]’t] = ﬂ]’(](@). We know from Equation (186)
that
R = T Bt (D) = B0+ £ U1 2) = 1 e D)+ 2 By (D) = £ o)) for n=2,.ce o N = . (211)
Two parts of the expression above can be easily bounded:
12 { E,_ () = /' (Hy1 )} S 2D { <1 max  |E, (f)|> + IIf'IIOO)} =O0(N™) (212)
and
an: A per j2) = (e 1/2)}‘ an A ey ) + 205 7 (0) = ' (1 12))
=12, f" () S ANl Nl = ON2). (213)
Finding a bound for
2 = E,.1(f) = E ()} (214)
is in principle more difficult, but, introducing the definition
Ay
()= 2h*{ E,_1(f)-E, (N}, (215)

noting the resemblance of £,(f) to €,(f) in Equation (96), and using the same ideas than those in the proof of Proposition 5
(with 9 = 1), one gets

E,(N=EVN +EP() +ED () + D), (216)
with

EDON< BN o + DNANIF o (217)
N NvGBDy +Cy) A (M2 +12D%)Ay

1ED(f)l < a3 3 ||f’”||m+%||f’”||m — IVl (218)

BEAME)? +8Cy Dy +4C2 +12D2 ) CoDuA (M2, Dy +4D3)Ay

€D < =—= Il + T e+ — 1Vl (219)
12D ()] < N6 N A (220)
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Table 6
Numerical results for Morel’s scheme operated in FR mode. f(u)=¢#, D(u) =
1—pu?.

N E order q r s t u

50 6.94x 1073

100 1.76 x 1073 1.98 1.98 1.98 1.99 1.99 397

500 7.14%x 1073 1.99 1.99 1.99 199 200 399
1000 1.79% 1073 2.00 200 200 200 200 4.00
5000 7.16x 1077 2.00 200 200 200 200 400
10000 1.86x 1077 1.94 200 200 200 200 4.00
20000  8.64x 1078 1.11 200 200 200 200 4.00

where Z, is given by Equation (111).
Now, recalling that Cyy = Dy + D}, = O(N™™), it is clear that

* _ -2
Jmax R = 0N, (221)
 Bound for |R*]‘V(f)|:

AN+1/2

IRTV(f)I=‘<2d,T,— >{EN-1(f)—f'(ﬂN—1/z)}

1- HN-1)2

< (2D} + Xy) { <1<£‘L%%‘_1 |En(f>|) + ||f’||m>}
= O(N—minla.}y. (222)

In summary, if f € C3([-1,1]),

max_|R,(f)+ R:(f)|=O0(N72), (223)
1<n<N

and so the scheme converges with order 2. The statements that remain to be proved follow easily. []
8.3. Application of the theory to some examples. Numerical results
Recalling Equation (156), E will denote the maximum of the absolute values of the errors in the complete set of nodes.

Morel’s scheme For this scheme, operated in FR mode, the hypotheses (200)-(205) are met; the justifications given for the Haldy-
Ligou’s scheme are also valid for this one. Moreover, as r = s, the hypothesis (206) is automatically satisfied, while the last hypothesis
(207) also holds because ay ./, =0.

Thus, according to Theorem 4, Morel’s scheme in FR mode is expected to converge with order 2. Numerical results in agreement
with the theoretical prediction are displayed in Table 6, the rows of which stop at the moment where roundoff errors start to spoil
the approximation.

Like Haldy-Ligou’s scheme, Morel’s does not converge when used in HR mode, and the reason is the same: the hypothesis (205)
is not fulfilled. The numerical and graphical results are very similar to those of Haldy-Ligou’s and are therefore omitted.

And again as it happened for the Haldy-Ligou’s scheme, the non-convergent nature of Morel’s scheme in HR mode does not
necessarily preclude its utility for solving the FPE. This will be stressed in Section 9.

Remark 11. We know from Theorem 3 that Ay = O(N ~2) under hypotheses (200)—-(202). In [11], theoretical support for the same
identity Ay = O(N~2) is provided in a direct manner, without relying on these hypotheses, as long as the a,,, | /2 are those of Morel’s
scheme.

Uniform mesh (a non-GL scheme of type II and order 2) Let us take, as {u, }nN: . and {u, 2 } fl\’: o the uniformly spaced sets that we
took when defining the scheme of type I and of order 2 in Subsection 7.4 (uniform mesh). Then, the corresponding scheme of type II
satisfies Dy = D}, = a1/, =0, which implies convergence of order 2 according to Theorem 4. In fact, it is easily verified that in
this case we have a,,, |, = D (4 2) forall n=0,..., N, so this scheme turns out to be precisely the scheme of type I just mentioned.
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9. On the applicability of non-convergent schemes

Ganapol and Lépez Pouso noted that Morel’s scheme performs better in FR mode than in HR mode when using the RM/DOM
method introduced in [2].? So, one might be tempted to assert that the aforementioned non-convergent schemes should always be
avoided, but this conclusion would be misleading.

Given that this paper focuses on the convergence of numerical differentiation formulas for the FP Laplacian, our study becomes
a part of the consistency analysis of schemes that fully discretize the FPE if they perform the u-discretization by means of one of
these formulas. Since consistency is not necessary for convergence, one can wonder whether, let us say, Haldy-Ligou’s or Morel’s
discretizations can still be used in HR mode when solving the FPE. The answer is affirmative: if the scheme described in [9] is
adapted by altering the discretization with respect to y for either Haldy-Ligou’s or Morel’s scheme, then the numerical experiments
show a convergent behavior regardless of whether FR or HR mode is implemented.

The existence of non-consistent but convergent schemes for solving PDEs, as well as schemes having a consistency order lower
than their convergence order, has been known for a long time. Interested readers may consult references [4], [7], [12], and [17].

The order of convergence in the variable y is expected to be 2 when using a second-order numerical differentiation formula, such
as Morel’s, to discretize the FP Laplacian. However, it is important to note that previous studies (see graphs in references [2], [6],
and [9]) suggest that the solution to the FPE can be non-differentiable. In such cases, using second-order approximations for the
differential operators, such as Morel’s scheme, does not necessarily provide an advantage over lower-order approximations, as the
lack of regularity in the solution prevents achieving second-order accuracy.

10. Conclusions

Widely recognized difference schemes for discretizing the FP angular diffusion operator have been incorporated into a compre-
hensive framework, which has undergone thorough analysis. This analysis has allowed us to derive sets of sufficient conditions that
guarantee the convergence with second-order accuracy for the schemes falling into the two categories defined in this work: type I
and type II schemes.

By applying these general results, the study provides theoretical evidence supporting second-order convergence of Haldy-Ligou’s
and Morel’s schemes when they are operated in FR mode. Moreover, the study highlights that Haldy-Ligou’s and Morel’s schemes
do not exhibit convergence when operated in HR mode. The importance of this observation when solving the FPE depends on the
method employed: numerical experiments show that HR mode should be avoided when using the RM/DOM method described in [2],
but it works as well as FR mode when adapting the method in [9] to use GL nodes instead of a uniform mesh. A theoretical analysis
of this phenomenon would be interesting.

Regarding the experiments conducted with the method described in [9], up to this point, we have limited ourselves to the even
scheme, which excludes the y =0 node. An idea for future research is the development of an odd scheme that utilizes GL nodes.

Another idea is to find a method for accurately computing the gaps between GL nodes appearing in the schemes (referring to
the differences u,,, | — u, and p, — u,_, in Equations (90) and (177)), as this might help reduce roundoff errors. It is noteworthy to
mention that this necessity was already observed in another context by Dirk Laurie in [8, Subsection 6.3].

Lastly, this research has uncovered new properties of GL nodes and weights. The analysis of these properties, which necessitates
the use of specialized techniques, is conducted in [11]. It would be interesting to see if analogous results can be obtained for Gauss-
Lobatto and Gauss-Radau quadratures, as full range Gauss-Lobatto sets and half range Gauss-Radau sets are also widely used in the
field of nuclear engineering. For both, the endpoints —1 and 1 become nodes, which can also be achieved with the schemes described
in reference [9].
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Appendix A. List of acronyms

The following acronyms are used in this paper:

DOM: discrete ordinates method.

FP, FPE: Fokker-Planck, Fokker-Planck equation.

FR: full range (meaning that the GL nodes in (-1, 1) are used).

GL: Gauss-Legendre.

HR: half range (meaning that the union of the GL nodes in (—1,0) and in (0, 1) are used).
PDE: partial differential equation.
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