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Abstract

In a recent paper, Paul and Shankar (2020) introduced a single-parameter Lorenz
curve that provides an improved fit compared to many existing uniparametric models.
This paper explores new properties of their model, offering a refined representation
in terms of convex linear combinations of Lorenz curves. We also derive closed-
form expressions for several inequality measures and examine the Lorenz ordering.
However, we identify a key limitation: The Gini index for this curve is lower bounded
at 0.418, making the model unsuitable for income distributions with lower inequality.
To address this issue, we propose an alternative model that extends the range of the
Gini index, allowing for greater flexibility in representing income distributions across
a wider range of inequality levels. Our results suggest that the Lorenz curve proposed
in this paper surpasses the proposal by Paul and Shankar, even in countries with high
inequality, where the constraint imposed by the Gini index is not binding.

Keywords Gini index - functional form - Lorenz ordering - inequality

Mathematics Subject Classification C80 - D31

1 Introduction

Parametric models are valuable tools for the empirical analysis of income and wealth
distributions. Previous research suggests that parametric functional forms provide
more accurate estimates of inequality measures than nonparametric methods, espe-
cially when data are limited to a few income shares (Dhongde and Minoiu 2013; Jorda
et al. 2021). This superiority of parametric models appears to hold even for simple
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functional forms with only two parameters. As a result, parametric models become
essential when individual records are unavailable, and only aggregated income distri-
bution data are accessible.

The unavailability of individual data was particularly common in the 1980s and
1990s, and it remains a significant challenge today. For instance, when analyzing the
distribution of income in Bhutan, one must rely on grouped data, as individual records
are not accessible to the general public. In fact, grouped data are often more readily
available than individual records. Several comprehensive secondary databases have
been developed to provide access to aggregated income distribution data, including the
World Income Inequality Database (WIID) hosted by the World Institute for Develop-
ment Economics Research, the Poverty and Inequality Platform (PIP) managed by the
World Bank, and the World Inequality Database (WID) operated by the Paris School of
Economics. While these resources are invaluable, they typically rely on grouped data,
making parametric models essential for an accurate analysis of income distributions.

The challenge of identifying an adequate functional form for income distributions
remains unresolved, with several alternative specifications proposed.! Among these,
the log-normal distribution is likely the most widely used model. However, despite its
popularity, the log-normal model has notable limitations and is often outperformed
by alternative functional forms, including those with just two parameters (Bandourian
etal. 2002; Jordaetal. 2021). Consequently, scholars have devoted significant attention
to finding a functional form that better fits observed distributions. Among the range
of alternatives, the generalized beta family of distributions stands out as the most
promising option (Kleiber and Kotz 2003).2

Another branch of the literature on statistical distributions has focused on develop-
ing ad hoc Lorenz curves. Since the pioneering work of Kakwani and Podder (1973),
directly modeling the Lorenz curve has become a common practice, as it provides an
excellent fit to observed income shares while maintaining a straightforward estimation
process. The World Bank has a long-standing tradition of using such models to esti-
mate income distributions from grouped data. Notably, Kakwani’s (1980) beta Lorenz
curve and Villasefior and Arnold’s (1989) quadratic Lorenz curve are both integrated
into the PIP methodology to derive poverty estimates. Alternative models with fewer
parameters, such as those proposed by Aggarwal (1984), Chotikapanich (1993), Kak-
wani and Podder (1973), Gémez-Déniz (2016), and the Lamé Lorenz curves (Henle
etal. 2008; Sarabia et al. 2017), also provide good approximations of the Lorenz curve.
Developing simpler models remains crucial for ensuring ease of implementation while
retaining accuracy, particularly when working with grouped data.

Paul and Shankar (2020) introduced a one-parameter model that appears to provide
an excellent fit for Australian data (hereafter referred to as the PS Lorenz curve). In
this paper, we explore new properties of their model, offering a new representation
that enables us to define the Lorenz ordering and derive closed-form expressions for
various inequality measures. Additionally, we demonstrate that, despite the model’s
strong apparent performance, it is only suitable for representing income distributions

I See Ryu and Slottje (1996) and Sarabia Sarabia (2008) for a detailed discussion on selecting a parametric
model.

2 For an extensive review of statistical models developed since the late nineteenth century, see Kleiber and
Kotz (2003).
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with high levels of inequality, as the Gini index is bounded below by 0.418. To address
this limitation, we propose a new model that, while still bounded, has a Gini index range
starting at 0.164, allowing for a more flexible representation of income distributions
across a broader range of inequality levels.> We also compare the performance of our
model with the PS Lorenz curve across various countries exhibiting different levels of
inequality. Our proposed model demonstrates superior flexibility and accuracy, even
for countries with high inequality, where the constraint imposed by the Gini index of
the PS model is not binding.

The contents of this paper are structured as follows. In Section 2, we explore a
new representation of the PS Lorenz curve and introduce closed-form expressions for
several inequality measures. Section 3 introduces an alternative Lorenz curve model,
which offers a much wider range for the Gini index. Additionally, this new model is
simpler and provides closed-form expressions for both the quantile function and the
cumulative distribution function (CDF), making it easier to compute several economic
quantities and improving the accuracy of inequality estimates, particularly in cases
where the PS Lorenz curve is limited by its bounded Gini index. In Section 4, we
analyze the performance of our new model compared to the PS Lorenz curve across
various countries. The paper concludes by discussing the practical and theoretical
implications of our findings.

2 New properties of the PS Lorenz curve

In this section, we introduce a new representation of the PS Lorenz curve, which
simplifies the definition of Lorenz ordering. We also present closed-form expressions
for several inequality indices, including the Gini index and the Donaldson, Weymark,
and Kakwani (DWK) index.

2.1 A new representation of the PS Lorenz curve

The PS Lorenz curve is defined as (Paul and Shankar 2020):

e—v(—eh _q

Lip:y)=p a1 | 0<p=1, ey

where y > 0. The limit case of (1) when y goes to zero is,

el —1

e—1

)

lim L(p;y)=p
y—0

which is also a Lorenz curve, as it is the product of the egalitarian Lorenz curve and
the model proposed by Chotikapanich (1993) when the parameter value is equal to 1.

3 Only 18 out of 24,366 datasets available in the WIID report Gini indices lower than 0.164. Therefore,
despite the lower bound of the Gini index, the new curve remains an excellent candidate for representing
Lorenz curves in the vast majority of countries.
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Table 1 Weight values for different y parameters

y =0.228 y =0.187 y =0.107
wy cumulative wy cumulative wy cumulative
0.81687 0.81687 0.84793 0.84793 0.91089 0.91089
0.16001 0.97689 0.13623 0.98416 0.08374 0.99462
0.02090 0.99778 0.01459 0.99875 0.00513 0.99975
0.00205 0.99983 0.00117 0.99992 0.00024 0.99999
0.00016 0.99999 0.00008 1.00000 0.00001 1.00000

We present the following representation of the PS Lorenz curve, which simplifies
the derivation of analytical expressions for the Gini index and other relevant inequality
measures, as well as the Lorenz ordering.

Theorem 1 The PS Lorenz curve defined in (1) can be written as an (infinite) convex
linear combination of LCs of the form,

oo
L(psy) = Z wiLi(p; y), 2
k=1
where
e? —1\F
Lk(P):P( ) , k=1,2,... 3)
e—1
are genuine LC, with weights
yHe— Dt

(ev(e=D — D)k!’

Note that 0 < wy < 1,k =1,2,... and Z,fil wy = 1. The proof is provided in
Appendix.

This representation as a convex linear combination allows us to make several impor-
tant observations. The weights wy decrease as k increases, and the components of the
linear combination L (p) in equation (3) represent a special case of the class of Lorenz
curves defined by Sarabia et al. (2001). Table 1 presents the values of these weights
for three selected values of the y parameter, based on the results of Paul and Shankar
(2020). A notable finding is that a significant portion of the overall Lorenz curve might
be captured with just two of these components.

2.2 Lorenz ordering

The Lorenz ordering is a relevant aspect in the analysis of income and wealth distribu-
tions. Let £ be the class of all non-negative random variables with positive and finite
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Fig.1 PS Lorenz curve (1) for y=0, 0.5, 1, 2, 5, and 10 (left to right).

mathematical expectations. The Lorenz partial ordering <7, on the class £ is defined
as:
X =21Y < Lx(p) = Ly(p), Vpel0,1],

where X and Y are random variables in £. If X <; Y, then X exhibits less inequality
than Y in the Lorenz sense. We will now show that the family of Lorenz curves in (1)
is ordered with respect to the y parameter.

Theorem 2 If L(p; y) is defined in equation (1) and y, < y», then L(p;y)) >
L(p;y2), forO<p <1

The proof of Theorem 2 is presented in Appendix. The Lorenz ordering is illustrated
in Figure 1, which shows the PS Lorenz curves for y = 0, 0.5, 1, 2, 5, and 10. The
Lorenz curves do not intersect, indicating that the models are ordered according to the
y parameter.

2.3 Inequality measures

In this section, we obtain analytical expressions for relevant inequality measures. For
the Gini index, we have the next result
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Lemma 1 The Gini index of the LC (1) is given by

o0

Wk
Gr=1-2 Ay, 5
L kE=1(e_l)k k (&)

where wi, k = 1,2, ... are given in (4) and Ay are defined as

k i ,
(N1 +e" T k—j—1
A =E —1)/ . 6

‘ j=0( )<j> (k= j)? ©

Proof See Appendix. O

As a consequence of Theorem 2, we demonstrate that the Gini index of the curve
given in (1) is bounded from below, as stated in the following lemma.

Lemma 2 The Gini index of (1) is lower bounded. Specifically, if y > 0, then G,, >
= 0.418, where G,, denotes the Gini index of the family (1). The lower bound of
the Gini index is reached in the limit case y = 0.

The proof of Lemma 2 is presented in Appendix. An important consequence of
this lemma is that, since the Gini index for the PS Lorenz curve is always greater than
0.418, this model can only be applied to countries whose empirical Gini index exceeds
this threshold. This limitation must be taken into account when selecting the model
for cross-country comparisons or when applying it to countries with less pronounced
income inequality.

An important generalization of the Gini index was proposed by Donaldson and
Weymark (1980) and Yitzhaki (1983) and was studied by Kakwani (1980a). This
generalization is given by

1
Gx() = 1—v(v+ 1)/0 (1= P Ly(p)dp. ™

where v > 1 and Ly (p) is the LC. If we set v = 1 in equation (7), we obtain the usual
Gini index. As v increases, more weight is attached to the lower tail of the distribution.
In the limit when v goes to infinity, the index only considers the minimum income,
which is congruent with the Rawlsian criterion, and the judgment that social welfare
depends only on the poorest society member. The next result provides the DKW index
for the LC (1).

Lemma 3 The DKW index for the LC (1) is given by

Gx()=1—v(+ 1)2 ——— Ar(v), 8)

1)"
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where wi, k = 1,2, ... are given in (4) and Ay (v) are defined by

k

e D (R ke
AW)—%W(J.){(/« DS = j =N+ 1)
“L+ Lk= )l ©)

where I'(a) is the usual gamma function and T (a, b) is the uncomplete gamma func-
tion.

Proof See Appendix. O

3 An alternative model for the Lorenz curve

The PS proposal has limitations which deem it unsuitable for distributions with low
inequality levels. In this section, we propose a simpler functional form than (1) and
with more satisfactory properties. The new Lorenz curve is defined as follows:

ere=1 _

L(p; )/)=m, 0<p=1, (10)

with y > O (hereafter referred to as the SJT Lorenz curve). Relevant properties of this
new family are obtained in the following sections.

3.1 Lorenz ordering and the Gini index

As a first property, the curve (10) is also ordered in the Lorenz sense based on the y
parameter.
Theorem 3 If L(p; y) is defined in equation (10) and O < y| < y», then L(p:y1) >
L(p;y2), forO<p =<1

The proof of the result is direct as will be omitted. The Gini index of (10) is given
by

(Ei(ey) —Ei(y))e™” —1

L e )

; (11)

where y > 0 and Fi(z) denotes the exponential integral, defined by,

o0 —t
Ei(z) = — / .

—Z

with z > 0. It can also be proved that
e—3
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Fig.2 Lorenz curve of the new proposal (10) for y=0, 0.5, 1, 2, 5, and 10 (left) and the corresponding Gini
index (right) as a function of the parameter y.

In consequence, the new proposal sets a lower bound for the Gini index at 0.164.
Figure 2 presents the Lorenz curve of (10) in the left panel and the Gini index as a
function of y in the right panel. When y = 0, the curve is closer to the egalitarian
line, indicating greater flexibility compared to the PS Lorenz curve.

3.2 Quantile and cumulative distribution functions

A potential limitation of using ad hoc Lorenz curves to model income distributions
is that the underlying CDF is often unavailable, complicating the analysis of specific
features such as poverty and absolute inequality. While the PS proposal lacks a closed-
form expression for the CDF, the alternative Lorenz curve introduced in this paper
provides explicit expressions for both the CDF and the quantile function. Using the
formulas in Sarabia (2008) (see also Arnold and Sarabia (2018), chapters 3 and 6), it
is straightforward to prove that the quantile function of the new Lorenz curve (10) is:

ny exp [y (e? — 1) + p]
exp[y(e— D +1]

Op:y,n) = p =1, (12)

where ¥ > 0 and & > 0 is the mean of the random variable.
On the other hand, the CDF associated with the LC (10) is given by (see Appendix):

F(x;y,n) =y +log [i(e"}”’ — 1)] - W |:£(e"y — ey)} ,
wy 3
a(y, ) <x <b(y, n), (13)
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Fig.3 Cumulative distribution function (13) corresponding to the new Lorenz curve for 4 = 1 and y = 2.

and F(x; y,n) =0if x <a(y,u),and F(x;y, u) = 1if x > b(y, u), where

aly, w) = —¥
)/sl’L - ey(e_l)_lv
and (e=D+1
_pyerteT
b(y, w) = oe-n 1

being W(z) the Lambert function, or product logarithm function, which gives the
principal solution for w in the equation z = we".
Figure 3 shows the cumulative distribution function (13) for u = 1 and y = 2.

4 Performance comparison of Lorenz curves

In this section, we compare the performance of the PS Lorenz curve and our proposed
model in estimating income inequality across various countries using goodness-of-fit
(GOF) measures. This analysis is based on grouped data in the form of income shares
from the WIID, which includes 24,366 datasets from 201 countries, spanning from
the beginning of the nineteenth century. To ensure a globally representative sample
of income distributions, we selected 10 countries from different world regions. The
income shares and inequality measures for these countries are presented in Appendix
(Table 3). The selected countries exhibit a wide range of inequality levels, with Gini
indices between 0.2846 and 0.4880. Consequently, we believe our results can be gen-
eralized to most countries worldwide.

We turn now our attention to the estimation of the curves given in (1) and (10). Let x
be arandom sample of size N of a continuous random variable X. Assume that the sam-

ple (x) is divided into J mutually exclusive intervals H; = [hj_1, h;), j=1,...,J.
Let l[hjfl’hj)(x,') be an indicator function, taking the value 1 if x; € [h;_1, /) and
zero otherwise. Denote ¢; = ZlNzl l[hjfl,hj)(x,-)x,-/zl{vﬁ xi,j = 1,...,J as the

proportion of total income held by individuals in the j** interval and the cumulative
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proportion by s; = Y{_ cx. Letu; = ZZNZI Y,y npxi)/N,j=1,...,J denote
the frequency of the sample x in the j*" interval and p = Z,](: | Uk the cumulative
frequency.

Therefore, the proportion of observations in each group is determined before sam-
pling, so the population proportions (p;) are fixed, while the income shares (s;) are
treated as random variables. Estimating parametric distributions by maximum likeli-
hood would be misspecified in this case, due to the non-stochastic nature of the group
frequencies (Hajargasht and Griffiths 2020). To avoid this potential issue, nonlinear
least squares are conventionally used to estimate the vector of parameters of interest by
minimizing the distance between the observed income shares and the functional form
of the Lorenz curve. In this context, nonlinear least squares can be referred to as the
equally weighted minimum distance (EWMD) estimator, which takes the following
form:

9 = argmin M(y) M(y), (14)
y

where M(0) = [m(y), ..., my_1(y)]is the vector of moment conditions, given by
M@) = L(p;y) —s, (15)

where s’ = (s1,...,5s_1) is a vector of cumulative income shares associated with
the population proportions p’ = (py, ..., psj—1). Closed expressions for L(p; y) are
given in (1) and (10).

The EWMD estimator given in (14) overlooks that, by definition, the sum of the
income shares is equal to one, introducing dependence between the income shares. As
aresult, EWMD provides consistent but inefficient estimates of parameters, including
those that depend on the y parameter, such as inequality measures. To obtain more
efficient estimates, optimally weighted minimum distance (OMD) estimators could
be used. However, Jorda et al. (2021) find that, in most cases, EWMD yields more
accurate estimates of inequality measures than OMD. Therefore, since our primary
goal is to obtain consistent estimates and examine the practical implications of using
these two Lorenz curves to estimate inequality measures, we opt to use the EWMD
estimator.

Table 2 presents the estimates of the gamma parameter for the PS Lorenz curve and
the new proposal (SJT curve), along with the bootstrap standard errors of these esti-
mates, the mean squared errors (MSE) for each model, and the estimated Gini index.
As expected, the gamma parameter for the PS curve approaches zero in countries with
Gini indices below 0.418, reflecting the model’s limitation in capturing lower inequal-
ity levels. This limitation is further evidenced by the higher MSE for these countries,
indicating a poor fit for the PS curve. Our model also shows better performance in
countries with high inequality levels, where the Gini index constraint of the PS Lorenz
curve is not binding. Notably, the MSE for the PS Lorenz curve is three to five times
higher in Honduras, the USA, and Brazil, where it reaches 0.0009, compared to the
SJT model’s MSE, which ranges between 0.0002 and 0.0003.
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Fig.4 Lorenz curves for Brazil (2021): PS model (green) and SJT model (orange).

In terms of the Gini coefficient, the SJT curve provides a much closer approximation
to empirical inequality estimates in countries with low inequality levels. However, in
Brazil, Honduras, and the USA, which exhibit empirical Gini indices between 0.47
and 0.49, the PS model seems to provide more accurate estimates of this inequality
measure, although the differences with the SJT curve are not important.

To investigate this surprising result, Figure 4 presents the observed income shares
in Brazil in 2021 (black points) alongside the estimated PS and SJT models. The graph
shows that the SJT model provides a highly accurate fit and clearly outperforms the PS
model, consistent with the MSE values. However, the gap between the observed and
estimated Gini index is three times smaller for the PS Lorenz curve (see Table 2). This
occurs because the Gini index is proportional to the area between the Lorenz curve
and the egalitarian line. As a result, underestimations in some income shares can be
offset by overestimations in others. Thus, the seemingly better performance of the PS
model is a statistical artifact arising from the way the Gini coefficient is calculated.

5 Conclusions and final remarks

In this paper, we have derived new and important economic properties of the PS Lorenz
curve, focusing on its enhanced representation through convex linear combinations of
Lorenz curves. We have provided explicit formulas for the Gini index, as well as
the DWK index, and established the Lorenz ordering of the curve. Additionally, we
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demonstrated that the Gini index for this model is constrained by a lower bound of
0.418, which significantly limits its applicability to countries with low inequality.

To address this limitation, we proposed a new Lorenz curve with a broader range
for the Gini index, offering greater flexibility in measuring inequality in income dis-
tributions. Our proposal also presents several additional advantages. First, it offers a
simpler functional form compared to the PS curve, making it more practical to use.
Second, the Gini index derived from our model has a more straightforward expression
than that of the PS curve. Finally, both the quantile function and the CDF are available
in closed form (see equations 12 and 13).

Our results suggest that the SJT curve consistently outperforms the PS curve, yield-
ing lower MSE statistics in all cases. For countries with low inequality, the Gini index
of the PS model tends to its lower bound, limiting its accuracy. In contrast, for coun-
tries with higher inequality, both models provide reasonably accurate estimates of
inequality measures. However, the apparent good performance of the PS model seems
to be influenced by the way the Gini coefficient is defined, as underestimations in
some income shares can be offset by overestimations elsewhere. Overall, the Lorenz
curve proposed in this paper surpasses the PS model by offering a wider range of
Gini estimates and consistently delivering a better fit, making it a more robust tool for
measuring inequality across diverse income distributions.

Appendix

Proof of Theorem 1 If ¢=! = 7~ — |, the representation (2) is obtained by the
following expansions,

L(p) =cp [ey(e"—” —~ 1]

o v er — D
= cp —'
Pt k!
_i Yie—1F  fer =1\
@ -1 )
which corresponds to Equation (2). O
Proof of Theorem 2 1f y > 0, the function L(p; y) is differentiable with respect to y.
Ifv(p) =1 —eP, wecan write L(p; y) = %. Then,
AL(p;y) e vvtred)
= -&(p),

dy (e 1)

where
g(p) =v()(1 ="' Py —v(p)(1 — D).

It can be shown that g(p) < 0, and then, L(p; y) is decreasing in ¥ and we have the
result. -
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Proof of Lemma 1 According to the representation (2), the Gini index can be written
as

1 S 1
GL=1—2/0 L(p,y>dp=1—22wk/0 Li(p)dp,
k=1

where wy and Ly (p) are defined in (4) and (3), respectively. Then,

1 1
|t = =z [ pter = vtap
k 1
1 (k .
= X (—1)’(.>/ pe*=PPdp
-\
k .
1 N1+ e k—j—1)
= (—1)’<.> . .
(e — ¥ ZO j (k=)
ji
and we get the formula. O

Proof of Lemma 2 Using Theorem 2, since y > 0, then G, > G. Now, the Gini index
of L(p; 0) is given by

1
Go=1 —2/ L(p, 0)dp
0

I oer—
:1—2/p dp
0 e—1

_e— 2
T e—1’
which is equal to 0.418, and we have the result. O

Proof of Lemma 3 For computing the DWK index, we need to calculate the integral,
1 | o 1 |
[a=pr ey =3 e [ @ - p .
0 0
k=1

where Ly (p) is defined in (3) and wy in (4). Now, we have

! 1 &k ! .
1— V_IL dp = —— < )/ 1— v (k_./)ﬁd ,
/0 (I —p) Li(p)dp e 1IF ]E:O i) p(I—p)e P

where this last integral can be computed in terms of the Gamma and the incomplete
Gamma functions, and then, we get (8). O
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Proof of Equation (13) Here we briefly describe how to obtain the cumulative distri-
bution function of (10) given in Equation (13). The Lorenz curve is defined as

1 [P
L(p)=—f F~Yuydu, 0<p<1,
nJo

where F~!(u) is the inverse function of the CDF. Computing the first derivative in the
above formula we have,

F~'(p) = ul'(p),

where p € (uL’(0), wL'(1)) (see also Arnold and Sarabia (2018), chapter 3). In our
case,
= yexply(e? — 1) + pl
Lip=""2
exply(e — D] =1

)

and solving por p the equation L' (p) = x, we get (13), using the Lambert function.
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