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Abstract—In this letter, we derive an expression for the
achievable rate in a multiple-input multiple-output (MIMO)
system assisted by a beyond-diagonal reconfigurable intelligent
surface (BD-RIS) when the channels to and from the BD-RIS
are line-of-sight (LoS) while the direct link is non-line-of-sight
(NLoS). The rate expression allows to derive the optimal unitary
and symmetric scattering BD-RIS matrix in closed form. Our
simulation results show that the proposed solution is competitive
even under the more usual Ricean channel fading model when
the direct link is weak.

Index Terms— Beyond-diagonal reconfigurable intelligent sur-
face, optimization, multiple antennas, line-of-sight channel.

I. INTRODUCTION

EYOND diagonal RISs (BD-RISs) are being intensively
studied lately as they provide enhanced control over
the amplitude and phase of the reflecting elements and thus
greater flexibility than diagonal RIS [1], [2], [3], [4], [5].
The scenarios where RISs provide the most significant gains
are those where the direct channel is modeled as weak non-
line-of-sight (NLoS) between the transmitter (Tx) and the
receiver (Rx) (or may even be obstructed), and Ricean with
a predominant line-of-sight (LoS) path [6] for the channels
through the RIS. Several BD-RIS-assisted scenarios have been
studied assuming this channel model, but the symmetry and
unitarity constraints on the passive BD-RIS scattering matrix
usually lead to iterative algorithms with high computational
complexity [2], [7], [8].
In this letter, we consider a limiting case of this model
in which the channels to and from the BD-RIS are pure
LoS and address the problem of maximizing the achievable
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rate. The first work that studied the capacity of a MIMO
link assisted by a diagonal RIS is [9], where an alternating
optimization (AQO) algorithm between the transmit covariance
matrix and the phase shifts of the diagonal RIS is proposed.
The problem of maximizing the rate of a MIMO link assisted
by a BD-RIS is addressed in [10], where an AO algorithm
is proposed. The BD-RIS optimization solves a sequence of
quadratic problems in the manifold of unitary matrices, thus
the algorithm in [10] has a high computational complexity.
For single-stream transmission, given the Tx/Rx beamform-
ers the problem of finding the BD-RIS that maximizes the
achievable rate is equivalent to maximizing the signal-to-noise
ratio (SNR), a problem for which a closed-form solution
exists for the BD-RIS [11], [12]. The Tx/Rx beamformers
can be optimized through alternate optimization as proposed
in [11]. More recently, a closed-form solution to the capacity
maximization problem in BD-RIS-assisted MIMO systems
has been presented in [13]. Interestingly, LoS channels are
also common in RIS/BD-RIS assisted sensing scenarios [14].
Although space limitations preclude a more detailed review of
this and other lines of recent research on BD-RIS, the reader
can find comprehensive surveys in [5] and [15].

To the best of the authors’ knowledge, the rate maximization
problem under Tx-RIS-Rx LoS channels has not been analyzed
previously. This letter derives a closed-form expression for the
rate that can be maximized to obtain the optimal BD-RIS when
the channels through the BD-RIS are LoS. Our simulations
show that this solution is competitive even with the more usual
Ricean channels with a dominant LoS path.

Notation: A bold-faced upper case letter, A, is a matrix,
a bold-faced lower case letter, a, is a vector, and a light-faced
lower case letter, a, is an scalar. AT, A*, A# A~ det(A)
are, respectively, transpose, conjugate, Hermitian, inverse and
determinant. |- |, || -||, and || - ||1 denote the absolute value, the
Euclidean l5-norm, and the [1-norm, respectively. I,, denotes
the identity matrix of size n, but when there is no need the
subindex will be omitted. CA/(0,R) is the proper complex
Gaussian distribution with zero mean and covariance matrix
R. E[] denotes mathematical expectation. We use Za to
denote the angle of the complex number a. Finally, ® denotes
Hadamard product.

II. SYSTEM MODEL

We consider a BD-RIS-assisted multiple-input multiple-
output (MIMO) link as depicted in Fig. 1. The Tx is equipped
with Np antennas, the Rx is equipped with Ny antennas, and
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Fig. 1.  BD-RIS-aided MIMO communication system. The BD-RIS is
strategically deployed to have a direct LoS path to the transmitter (G) and
receiver (F). The signal from the Tx arrives at the Rx by several NLoS paths
shown in dashed line.

the BD-RIS has M elements. The equivalent MIMO channel is
H=H,+FOG", (D

where G € CNT>M g the channel from the Tx to the
BD-RIS, F € CNexM g the channel from the BD-RIS to
the Rx, H; € CVrxN1 js the MIMO direct link, and © is
the M x M BD-RIS matrix. In this letter, G will sometimes
be referred to as the forward channel and F as the backward
channel. We consider the following feasibility set for the fully-
connected BD-RIS [1], [2]

T={©=0"0"6 =1}

The BD-RIS is deployed at sufficient height to ensure a
direct LoS from the Tx and to the Rx. Therefore, the forward
and backward BD-RIS channels are assumed to be pure LoS
channels. However, the direct MIMO channel, H, is assumed
to be an NLoS channel with a rich multipath scattering.
LoS models are common in RIS-assisted scenarios [16], [17],
[18], [19], [20]. In the mmWave band, the LoS component is
dominant as the path loss of the NLoS channel is usually much
higher [21], thus making the LoS approximation reasonable in
such bands. Another situation that gives rise to LoS channels is
when the RIS is close to the Tx or Rx. This scenario is consid-
ered in [17], where a channel estimation algorithm exploiting
the rank-1 structure of G is proposed. A limiting case of this
situation is that of transmissive RISs [22], in which the RIS is
deployed very close to the Tx and the transmitted signal can
penetrate the RIS and serve users on the opposite side. Finally,
it should be noted that scenarios in which the NLoS direct
Tx-Rx channel, H,, is weak and the forward and backward
RIS channels, G and F, are LoS, are those scenarios in which
RISs provide more significant gains, as experimentally shown
in [6].

Under these assumptions Hy is a full-rank matrix in (1),
while G and F are rank-1 matrices

F=ff" and G =g, )

Note that fy (similarly for f,, g,, and g4) can be modeled as
f; = Baf4, where the real-valued (G, represents the propagation
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path loss while f; (||f4]| = 1) captures local variations along
the array. Typically, in LoS environments the channel vector fy
is uniquely determined by the array geometry and the angle-
of-departure. We consider a half-wavelength uniform linear
array (ULA)
- 1

fa(¢) = NeT; (Lefj”in(d))a e

where ¢ is the angle of departure from the BD-RIS to the Rx.
The equivalent channel with LoS through RIS components
reduces to

H=H;+ (ff@ga) fagf =H;+ aejafagf, 4)

eI Sin(tﬁ)(M*l)) T NG

where we have defined a = f’@g, and @ = ¢/%0@.
Therefore, the equivalent MIMO channel comprises the direct
full-rank MIMO channel plus a rank-1 component scaled by
a complex value with modulus o« > 0 and phase 6, which
depends on the BD-RIS.

III. OPTIMAL BD-RIS AND ACHIEVABLE RATE

In this section, we present the two main results of this work.
First, Proposition 1 derives an expression for det(I + BB)
as a function of det(I + AA) when B = A + ae/?fg! is
a rank-1 perturbation of A. This algebraic result is then used
in Proposition 2 to find the optimal BD-RIS that maximizes
the rate in the MIMO scenario shown in Fig. 1.

Proposition 1: Let B = A + ae??fg! be a rank-1 pertur-
bation of the n x m complex matrix A. Then,

det(I+BB) = det(I+ AAT) (14 A), 5)

where A = Za® +2aRe (e/%73), Z = 73> +71(/|g]? —12).
and

v =7 (1+ AAT) g, (6a)
v =ghAY (T+ AAY) ' Ag, (6b)
s =g AT (1+ AAT) ', (6¢)

Note that v1 > 0 and 2 > 0 are real values, whereas 73 is a
complex scalar.
Proof: See Appendix. ]
Now we apply Proposition 1 to the problem of maximizing
the transmission rate in a MIMO channel assisted by a BD-
RIS. The Tx sends proper Gaussian signals x ~ CA (0, R;.),
where R, = E[xx!!] denotes the Tx covariance matrix. For
a fixed R,,, the rate maximization problem for a BD-RIS-
assisted MIMO link can be formulated as follows

1
: 1 I+ —HR, HY
P glg% og det ( + ) R, > s (7

where H is the equivalent channel given by (4) that depends
on ©, and o is the noise variance. The optimal solution of
‘P, is presented in the following proposition.

Proposition 2: Let us define the rank-2 matrix T = f,g! +
(fdgf )T and compute its singular value decomposition (SVD)
as T = UAVH. Let us partition the eigenspaces as U =
[Uy,Us] and V = [V1,Vs], where Uy (resp.V1) contains
the first two columns of U (resp. V) corresponding to the
signal subspace, and Uy (resp.Vs) contains the remaining
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M — 2 columns corresponding to the null subspace. The
optimal solution of Py in (7) is

Oopt = g0t (Ulvfl + V;Q:oththI) J ®)

where
1 —1
Oopt = —Z gi R, HY (I + ;HdeHf ) £, (9

and Q..o is an arbitrary (M — 2) x (M — 2) unitary matrix.

Proof: Let us define B = HRY,? /o, A = H,RY, /o,
g = fo/ di /o, and £ = f,. With these definitions, the Tx
covariance matrix is absorbed in the equivalent channel and
we have B = A + ae’?fgH with ff@ga = ae’?. Therefore,
a direct application of Proposition 1 yields the following rate
expression for a BD-RIS-assisted MIMO link

1
det (I + QHRMHH) =det (I+AA") (1+A),
ag

with A defined as in Proposition 1. In the previous expression
log det (I + AA™) is the rate without BD-RIS and log(1+A)
is the rate gain provided by the BD-RIS. Therefore, the optimal
BD-RIS fi7@g, = ae’? solves the following problem

max A = max Zao? +2aRe (ejayg) , (10)

®cT a,f
where, according to Proposition 1, Z = |y3]* + 71(||g||® —
y2). Next, we prove that Z > 0. Both |y3]? and 71, given
by (6a), are positive values, so we only have to show that
72 < |lgll®. Let A = U,A,VZ be the SVD of A, where

A, = diag(\1,...,\,) and n = rank(A). From (6b), we can
write
A A2
H : 1 n H
=g V,d ey V.8,
r=e lag<1+A§ 1+/\%> o &

where all values in the diagonal matrix are smaller than one,
which implies 72 < ||g||? thus proving that Z > 0. Note that
this result is valid for any Tx covariance matrix R, .

Since Z is a positive value, the optimal phase that maxi-
mizes (10) is

Oopt = —Z 3 = —Zg" AT (1+ AAT) 7' £, (11)
Substituting in (11) A = HyR1,? /o, g = R ?gy/0. £ = £,
and scaling the resulting expression by o2, which does not
change the phase, we get the optimal phase in (9). Therefore,
maximizing the achievable rate amounts to maximizing o.
The maximum value is app_rrs = |[fa]ll|gall, Which is
achieved by a BD-RIS obtained from the Takagi’s factorization
of T = f,glf + (f.gX/)T as proved in [12]. Equivalently, the
solution can be written using the SVD of T as described in
Proposition 2 (see also [3]). This completes the proof. (]
Proposition 2 can be applied in an alternating optimization
procedure summarized in Algorithm 1 that optimizes R,
via waterfilling over the equivalent channel H., for a given
BD-RIS, and then optimizes the BD-RIS for the new R,,.
The procedure is initialized with an isotropic matrix R, =
NL;I N, Where P, denotes the Tx power.

In (8), the solution with Q;,; = O leads to a rank-2 lossy

BD-RIS matrix (@f;t@()pt < I) that optimally reflects the
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Algorithm 1 Proposed BD-RIS With Optimal R,

Input: Initial H, F = faff, G = gggl’, and
R, = NLtTI Ny, Doise variance estimate o
Output: Final BD-RIS ® and R,
1 Compute T = fyg!’ + (fdgf)T
Compute T = UAV# and partition U = [Uy, U] and
V = [V, V5] as in Proposition 2
Generate a random unitary Q...+ € U(M — 2)
Obtain © = (U, VY + V3Q;,, QL Vi)

2

[ 5]

rot
while Convergence criterion not true do

Estimate 6,,; as (9) and ©® = ellort @
Obtain R, via waterfilling over H; + FOGH

N & B W

incident signal from the forward direction g, to the backward
direction f;. That is, optimal BD-RIS performance can be
achieved in this scenario with a reflected power lower than
the incident power. It follows from Proposition 2 that the rate
improvement of an optimal BD-RIS as compared to a scenario
without RIS is

log(1 + A) = log (1 + [Ifall*gall*Z + 2lIfallligalllvsl) -
(12)

Remark 1 (Diagonal RIS): The optimal solution for a diag-

onal RIS can also be expressed as © = ei%rt @, with the
optimal phase 0,y given by (9). The maximum achievable o
for an RIS is arrs = ||f; © gall1, which is attained by o=
diag(e??r, ..., el with phases 0,, = —/fi(m)*g.(m),
m=1,..., M.
In the case of pure f; and g, LoS channels defined as in (3),
I£; © galli = [Ifallllgall (¢rrs = app—rr1s) and, therefore,
a diagonal RIS achieves the same rate gain as a BD-RIS, thus
corroborating the results in [1]. Even so, deploying a BD-RIS
can bring advantages that make it an interesting alternative.
For example, using Q,,+ = 0, a BD-RIS achieves greater
directionality in the reflected signal thus reducing interference
in unwanted directions. Furthermore, as we will see in the
simulations, the BD-RIS solution performs better than the
conventional diagonal RIS in the more realistic scenario where
forward and backward channels are Rician.

Remark 2 (Group-connected BD-RIS): To reduce the com-
putational and circuit complexity of the fully-connected
BD-RIS architecture, a group-connected architecture was
proposed in [1] and [2]. The M reflective elements of a
group-connected BD-RIS are partitioned into G groups, each
of My = M/G elements. The elements of each group are
fully connected but disconnected from the other groups. The
result for the fully-connected BD-RIS extends directly to the
group-connected architecture for which the scattering matrix
is a block-diagonal matrix ® = blkdiag(®,...,0¢). For a
group-connected BD-RIS the equivalent channel in (4) can be
expressed as

G
H=H, " (Z agej99> f.gll,

g=1

13)
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—&— BD-RIS random
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M (number of elements)
Fig. 2. Achievable rate in a 4 X 4 MIMO system with pure LoS forward and
backward channels for i) the proposed BD-RIS with optimal Rz, (Alg. 1);
ii) the proposed BD-RIS with isotropic Rz iii) the single-stream iterative
method in [11]; and iv) a random BD-RIS with isotropic Ryz.

where 0 is a common phase term for the BD-RIS elements
and agejeg = fgg(agga,g represents the response of the
gth group. The group-connected BD-RIS that maximizes the
achievable rate has a common phase 6 given by (9), group
phases 0, = 0, g = 1,...,G that make the amplitudes o
add up coherently, and o4 values maximized as described
in Proposition 2 from the Takagi factorization of the rank-2
. H AT
matrices Ty = {4 48, , + (fd7gga7g) .

IV. SIMULATION RESULTS

We consider a MIMO system aided by a fully-connected
BD-RIS in which the Tx has coordinates (0, 0, 3) [m], the
Rx is located at (200, 200, 1.5) [m], and the BD-RIS is at
(20, 20, 20) [m]. The path loss is PL = PLy — $10log;, d,
where PLy = —28 dB is the path loss at a reference distance
of dy = 1 meter and (3 is the path loss exponent. We assume
the direct MIMO channel, H,, is not blocked and has a rich
multipath (Rayleigh) with a path loss exponent 3 = 3.75.
The path loss exponent of the forward and backward BD-RIS
channels is § = 2. Despite H; not being fully blocked, the
Tx-RIS-Rx has a Frobenius norm larger than that of the direct
link, therefore, it contributes more significantly to the received
signal power. The power spectral density for the additive noise
is 02 = —174 + 10log,, B + F (dBm). The bandwidth is
B = 20 MHz, and the noise factor /' = 10 dB.

In the first experiment, the MIMO system is 4 x 4, the
transmitted power is P, = 30 dBm, and the forward and
backward channels are pure LoS. Fig. 2 shows the achievable
rate for i) the proposed BD-RIS with optimal R,, (Alg. 1);
ii) the proposed BD-RIS with isotropic R;; iii) the MIMO
beamforming method in [11]; and iv) a random BD-RIS with
isotropic R,,. Fig. 2 shows that the BD-RIS designed for
LoS channels with either optimized or isotropic Tx covariance
matrix improves a MIMO beamforming scheme [11]. This
suggests that, even under a weak direct channel, a rank-1
Tx-RIS-Rx link may allow the transmission of a second stream
over the equivalent channel.
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Fig. 3. Achievable rate vs K (Ricean factor for the BD-RIS channels) for
several competing schemes.

In the second experiment, we evaluate the performance
under Ricean forward and backward channels generated as

| K /1
F: 7Fo F 00
1+KLS+ 1+ K NLoS

where K is the Ricean factor that measures the relative
strength between the direct, F 1,5 (modeled as a rank-1 pure
LoS channel) component, and the scattered signal component,
Fnros (modeled as a Rayleigh channel). The path loss
exponent for the Ricean F and G channels is § = 2,
P, = 10 dBm, representing a moderate SNR situation, and
the number of BD-RIS elements is M = 64. The closed-form
solutions for a BD-RIS proposed in (8) and for an RIS are
labeled as BD-RIS (LoS) and RIS (LoS) in the figure. In both
cases, the transmit covariance matrix is obtained by solving a
water-filling problem over the equivalent channel eigenmodes
once the BD-RIS/RIS has been designed. As a comparison,
we consider the following methods:

o BD-RIS (NLoS). This solution maximizes the capacity
in a BD-RIS-assisted MIMO link in an NLoS scenario
using the iterative algorithm in [10].

e BD-RIS (non-rec. NLoS). The closed-form solution
recently proposed in [13] for a scenario assisted by
a passive but non-reciprocal (non-rec.) BD-RIS (.e.,
a unitary but not symmetric BD-RIS matrix).

« Random BD-RIS/RIS. A random unitary and symmetric
BD-RIS (or an RIS with random phases).

e No RIS. This is the scenario without RIS. The optimal
transmit covariance matrix for the direct link H is used.

(14)

Fig. 3 shows the achievable rates obtained by the different
schemes for increasing values of the Ricean factor from K = 0
(Rayleigh channels) to K = 10 (channels with a dominant LoS
component). For K > 1, although the channels are far from
being pure LoS, the closed-form BD-RIS solution is almost
optimal, providing the same rate as the much more computa-
tionally expensive iterative solution of [10]. The explanation
is that, in this moderate-SNR scenario with only two antennas,
the optimal transmission scheme is single-stream in many
simulations. More significant differences are expected as the
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number of antennas and the SNR increase, or when the
direct link is stronger. The BD-RIS solution outperforms the
diagonal RIS, but both solutions tend to behave the same as
K increases. Finally, the solution proposed in [13] is always
worse than the iterative design proposed in [10], being the
BD-RIS solution in [13] less restrictive. A possible explana-
tion is that the unitary solution in [13] assumes a blocked
direct channel. This direct channel is not predominant in the
considered scenario, but it influences the final result.

V. CONCLUSION

When both the forward and backward BD-RIS channels
are LoS, we derived a closed-form solution for the rate
maximization problem. The optimal solution has invariances
that can be exploited to reduce the energy reflected by the
BD-RIS, thus improving the energy efficiency in comparison
to a diagonal RIS. Under forward and backward Ricean
channels, the BD-RIS solution outperforms the diagonal RIS
solution and it is competitive with iterative solutions when the
direct MIMO link is weak. The extension of these results to
multi-user scenarios is an interesting line of future work.

APPENDIX
PROOF OF PROPOSITION 1

Let B = A + ae’/fgf. We want to show that
det (I+BB") =det (I+AA") (1+ A),
with A defined as in Proposition 1. Let us start by expanding
BBY = AA" 1 fpf + ae 9 AgfH

(15)

where we have defined p = o?||g||?f + ae=7% Ag. Defining
C =1+ AAH 4 fp and applying the matrix determinant
lemma [23, Sec. B.5.1] we get

det(I+BB") = det(C) (1+ ae f7C'Ag).

A new application of the matrix determinant lemma, this time
on the determinant of the matrix C, gives us

det(C) = det(I+ AAT) (1+ p"(X+AAT)7If). (17)

(16)

Substituting p = a?||g||*f + ae 7’ Ag in (17) we have
det(C) = det(I+ AA™) (14 o®|g[]*71 + ae’®v3), (18)

where we have defined v, = f7 (IJrAAH)flf and
vs = gHAH (T+ AAH) £,

It remains to compute the second term in (16). First,
we apply the matrix inversion lemma [23, Sec. B.4.2] to
compute C~!

—1p Hpp—1
where we have defined E = I+ AA™. Then, we have
(1 + aeijachflAg)
=1+ Ozefjeﬁy;
L 71 (0?||gl*s + ae?®y9) 20)

(1+pHEf)

where we have defined 75 = AfgH(I + AAH)"lAg.
Substituting (20) into (16) we finally obtain (15).
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