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Abstract

Let g be apower of a prime p, [F,, be the finite field with ¢ elements, and F, [x1, . . ., x,]

be the ring of polynomials in n variables over ;. The construction and study of local

permutation polynomials of IF,[x1, ..., x,] is recently increasing interest among the

experts. In this work, we study local permutation polynomials of maximum degree
n(g — 2) defined over the prime finite field IF,. In particular, we explicitly construct
families of such polynomials when p > 5 and n < p — 1; and for any g of the form
qg = pP" whenr > 1and p > 3.

Keywords Permutation polynomials - Local permutation polynomials - Finite
Fields - Multivariate polynomials ring

Mathematics Subject Classification 11T06 - 11T22

1 Introduction

Let g be a power of prime p, I be the finite field with g elements and Fj denote the
cartesian product of n copies of I, for any integer n > 1. Also let us use the notation
X =(x1,...,xp) and X; = (x1, ..., Xj—1, Xi+1, - - - Xp). The ring of polynomials in
n variables over F, will be denoted by IF,[x]. It is well known that any map from
FZ to Fy can be uniquely represented as f° € [, [x] such that deg, (f) < g for all
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i =1,...,n,wheredeg, (f)isthedegreeof f asapolynomialin the variable x; with
coefficients in the polynomial ring IF, [X;], see [7]. Throughout this paper, we identify
all functions IF'Z — [, with such polynomials, and every polynomial, will be of
degree deg,. (f) < g, unless otherwise specified. As a consequence, any polynomial

f(x1,...,x,) has degree at most n(q — 1).
A polynomial f € Fy[x] is called a local permutation polynomial (or LPP) if for
eachi, 1 <i < n, the polynomial f(ay,...,ai—1, Xi, ai+1, ..., ay) is a permutation

polynomial in Fy [x; ], for all choices of @; € ]FZ_I.

Mullen [9, 10] gave necessary and sufficient conditions for polynomials in two and
three variables to be local permutations polynomials over a prime field IF),. These
conditions are expressed in terms of the coefficients of the polynomial.

On the other hand, any LPP has degrees at most n(q — 2), see Proposition 1 in
[3]. Diestelkamp, Hartke and Kenney [2] proved that this bound is sharp for n = 2
variables, see also [3] for a short proof of this fact. Recent results about degree bounds
for n local permutation polynomials defining a permutation of ]Fg are presented in
[1, 4] which proved the existence of LPP of maximum degree over Fy[x; ..., x,] for
any ¢ > 3 and any n > 1. However, it is still an open problem to know whether
there are LPP of maximum degree on Fy[x1, ..., x,] defined over the prime field
F,. Giving others families of LPP of maximum degree and providing applications to
Latin hypercubes is an interesting problem, see [2, 6, 8] for the relation between Latin
Squares and LPP of maximum degree 2(q — 2).

The main contribution in this paper is to show general constructions of local per-
mutation polynomials of maximum degree for all n defined over IF,,. We can get the
result for a large proportion of cases, but not all. Concretely, two of the main results
are the following.

Theorem 1 Let p > 5 be a prime number and n < p — 1 a positive integer. There
existsan LPP inFy[x1, ..., x,] defined over F , of maximum degree for every q = p".
Moreover if r > 2, then the result is also true forn = p — 1.

Theorem 2 Let g = pP" > 3 for p > 3 prime and r > 1 integer. There exists an LPP
fOr, oo xn) € Fylxy, ..., x4) of maximum degree n(q — 2) defined over IF .

2 Proof of the Theorem 1

We need the following result proved in [3, 4].
Theorem 3 Let f € Fy[xy, ..., x,] be a non constant polynomial.

1L If f=g(x1,...,xm) +h(xXms1, ..., xn), 1 <m <n,then fis LPP < g
and h are local permutation polynomials.
2. Let g(z) € FF4lz] be permutation polynomial. Then f is a (local) permutation

polynomial < g(f(x1,...,xy) is a (local) permutation polynomial.
3. Leth(x1), ..., hy(x,) be permutation polynomials. Then f is (local) permutation
polynomial < f(hi(x1), ..., h,(x,)) is (local) permutation polynomial.

4. The univariate permutation polynomial t(x) = x + Zz;é xk e F,[x] permutes 1
and 0, and leave fixed any other element in T,.
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5. If f is PP then f is linear if ¢ = 2 and has degree at most n(q — 1) otherwise.
6. If f isa LPP then f is linear if ¢ = 2 or ¢ = 3, and has degree at most n(q — 2)
otherwise.

Proof of Theorem 1 Let S(xy, ..., x,) = x1+- - -+xp, then the polynomial F = t(x)o
S(xiz_z, e xZ_z) is an LPP by Theorem 3. Also, if k < ¢ — 2 and x¥(4=2) = x12
(mod x9 — x), then x¥4=2 = x4=2 (mod x4~ — 1), but

xk(q—2) — x(k—l)(q—l)+q—l—k = xq—l—k (mod xq—l -1,

SO
K@= = x1=1-F (mod x7 — x), (1)

and x*4=2 = x9=2 (mod x4 — x) can happen if and only if k = 1. We note that
F will have maximum degree n(q — 2) if and only if t(x) o S(x1, -+, x,) has the
monomial x1 - - - x,, with nonzero coefficient. Now, for any 0 < k < q —2, S€ is a form
of degree k, so all the terms are of the form xi” e xpmwithay + - - - +a, = k and this
contains the term ay = ay = --- = a, = 1 if and only if k = n. Then, in this case,
S™ =n!xy - x,+ terms in less variables, so

-2 -2 . .
F = n!xf - x17° 4 terms in less variables,

which proves the first part of the theorem.

Finally, note that in the case r > 2, we can include the case n = p — 1, but for
r = 1 the sum in the definition of t only reaches to p — 2, so the casen = p — 1 is
not included. O

3 Proof of the Theorem 2

We first include the following result on how permutation polynomials behave under
addition. It is the core of the idea behind the proof of Theorem 2, included below.

Let s(x) = Zz;g x¥. As it is shown in [4], s(x) = #(x) — x, where #(x) is as in
Theorem 3.

Theorem 4 Let I(x) € F,[x] be any permutation polynomial such that [(0) = 0 and
I(1) = 1. Then, the polynomial h(x) = l(x) + s(x) is a PP.

Proof For any x # 0,1 we have s(x) = 0 and hence h(x) = [(x) permutes the
elements of ¥, /{0, 1}. On the other hand h(0) = 1(0) + 5(0) = 1, while h(1) =
I(1)—1=0. O

Remark 1 Note that whenever /(x) has degree smaller than ¢ — 2, then /2 (x) has degree
exactly g —2. Also in the case when degree of /(x) is ¢ — 2 but with leading coefficient
not —1.

With this in mind we prove Theorem 2 as follows. Applying the Lagrange inter-
polation formula in one variable, we write the polynomial f(x) € F[x] as the linear
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combination

g—1
) =) aigix),
i=0

where {ag, ...,a4-1} = Fq, f(a;)) = o, and g = gi(x) = 1 — (x — a7},
fori = 0,...,q — 1. The following lemma follows directly from the definition of
gOs ceey gq—l-

Lemma 1 With the notation as above, the polynomial f(x) has degree q — 2 if and
only le?:_Ol a; = 0and Z;’:_OI a;ja; # 0.

Now let ¢ = p?”, for any r > 1 and ¢ be a root of the polynomial given by
zZ(x) =xP —x—1= ]_[L.E[Fp (x —¢) — 1. It is well known that this polynomial is

irreducible over I, see [5]. Also, note that its p roots are ¢ +i fori =0, ..., p—1.
Hence we have constructed the algebraic extension

F,lx]/2(x) ~F,(¢) ~Fp» CF,. )

Now, consider the polynomial given by

p—1
g(x) =) gi(x) € Fylxl, 3)

i=0
corresponding to a; = #, ando; = 1,fori =0, ..., p—1anda; = 0 for any other
a; € F,. Then, Z?:_ol a; = 0. On the other hand, a; are the roots of the reciprocal

polynomial R(x) = xPz(1/x) = 1 —x?~! — x?, and the sum of its roots is nothing
but the second biggest coefficient with negative sign, hence

p—1 1

qg—1
Zaiai =) — =—-1+#0.
i=0 i=0 §+l

So, deg(g(x)) = g — 2 by Lemma 1. We show now that g(x) € IF,[x]. In fact, we
can give the following explicit expression for g(x).
Lemma2 Let g = p?" and g(x) the polynomial defined in (3). Then,

x? —x

p—2
e A @)

glx) =

In particular g(x) € F,[x].

Proof First note that since z(x) is irreducible over I ,, we have that its reciprocal
polynomial R(x) = xPz(1/x) = xP + xP~' — 1 is also irreducible over F,. So, by
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Lemma 2.13 of [7] R(x)|x9 — x, so the right hand side is indeed a polynomial in
F,lx]. Now, for any a € F; we have

x—x=x-a)—(x—a), (&)

since translation permutes the elements in F,. Now, consider p(x) = );q__; . Recall
that o is a root of x4 — x and hence (x —a) | (x4 — x), then p(x) € F,[x]. By (5) we

have

P =@ —a)? -1,
and hence p(a) = —1. On the other hand, for any root a of R(x) we have

PPl l=x—a)P +al +xP =P 4P -
=@x—a)yf +xP —aP!

p—2
=x—-a)|x—a)P ' + inocp_2_i
i=0

Taking P(x) = xp"'xxfp:_l, we get P(a) = —aP~2. Then

x? —x

= _ 2P
xP 4 xp—1 -1

P(x)

p—2

o o

But

x? —x

1 xP?
xP 4 xp—t —1

=0,

B

for any B € F, not a root of R(x), since it is a root of the numerator, but not of

the denominator. Hence, both polynomials g(x) and %x”’z have the same

values for every a € Fy and have the same degree, less than q, so they must be equal.
O

Remark 2 1t is worth to note that simply by looking at the values that g(x) get on I,
it is straightforward to get the congruence

gx) =1 —R@)(I - R (mod x? —x),

since if R(x) = O the values on the left hand side is 1 and if R(x) # O the value is 0O,
asin g(x).

Now consider the polynomial
n n
-2
G = [ et + 32
i=1 i=1
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We clearly have deg(f(x)) = n(g — 2), so it remains to prove that it is an LPP over
Fylx1, ..., x,]. Note that, since it is symmetric we only need to prove that for any
(c2, ..., cp) the polynomial

Fx)=f(x,c2,...,¢cn),

is a permutation polynomial in F,. For convenience, denote Z = {ap, ..., ap—1}.
Now, if ¢; ¢ Z for some 2 < i < n, then g(¢;) = 0 and F(x) = x472 + C,
which is a permutation polynomial over F,. Otherwise, if ¢; € Z forall 2 < i < n,
then F(x) = g(x) +x97 24+ C.If x ¢ Z, then F(x) = x4 2 + C, if x € Z, then
F(x) = x9724 C+1. Now, if we take two distinct elements x, yinF,\ Z, then clearly
F(x) # F(y),and the same happensif {x, y} C Z.So,supposex € Zandy € F,\ Z,
then F(x) = x972 + C + 1, while F(y) = y9=2 + C but then if F(y) = F(#)

1 \472 . .
m) 4+1=2¢+i+1, which

€ Z, and concluding the proof for extensions of

for i =O,l,...,p—l,wehavethaty‘/_2 :(

1

is impossible since then y = T

Fpp.

Recall that our objective is to find LPP over I, defined over the prime field. In this
sense, it is important to note that this result is complementary to what we got in [4].
There, the following result was obtained.

Theorem 5 Let g be such that (b, q — 1) = 1 for some 1 < b < p — 1. Then, for any
n > 1 there is an LPP over Fy[x, ..., x,] of maximum degree n(q — 2) and defined
over IF .

As was noted in [4], Theorem 5 does not cover every ¢, in particular for any g = p”
where r is a multiple of ¢(p — 2)!, since in this case by Euler’s Theorem we have
p?P=2" =1 (mod (p — 2)!), and there is no b verifying the condition. On the other
hand, the above theorem covers many cases. For example if p = 2 (mod 3), any
extension of degree odd is included with b = 3, since p2m+1 = 2 (mod 3). In fact,
we see that for any p there are infinitely many g = p” for which thereis 1 <b < p—1
such that (b, g — 1) = 1. This is the content of the following result.

Lemma 3 For any prime number p, and integer b coprime with p — 1, there exist
infinitely many r > 1 such that (b, p" — 1) = 1.

Proof Letb = p®lwith p {1. Foranym € N, take r,, = me(l). Then (b, p'+1—1) =
(I, p'*t1 —1). Now, we will show that (p"»+' —1,1) = 1. Note that p’ =1 (mod [)
and (b, p — 1) = 1 by hypothesis and we have l| (p" — 1) and (p(p — 1),1) = 1.
Moreover, we have

P == (P =) (P = 1) = P (= D (7 - 1),

Consequently,

(Pt =) = (@™ =0 = ™ = D.0) = (P (p = D) = 1,
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which is the desired result. O

The examples given by Lemma 3 give extensions of IF, of degree me(l) + 1
for any integer m > 1. Since this condition is not included in Theorem 2, we note
that it complements Theorem 5, and get more examples of extensions with LPP’s of
maximum degree defined over the prime field. But the combination of Theorems 5
and 2 still does not encompass all cases. Observe that ¢ (p — 2)! is a multiple of ¢(I)
for any [ < p — 1, so this case is still open.

Once we have gotten an LPP over Fy[xy, ..., x,], we would be tempted to use this
same polynomial for subextension of I, so we could get the result in every extension
of IF,. We do have the following.

Lemma4 Let f € Fylx1, ..., x,] an LPP with coefficients in IF,, for some qq such
that By, C Fy. Then, f € Fyylx1, ..., x,]is an LPP.

Proof The result follows since the polynomial sends elements in Fy to Fy,. O

However, the main obstruction would be to keep the maximal degree. In the case
of Theorem 2 the degree of the polynomial drops dramatically, when considering
subextensions.

Lemma5 Let g = pP" for some integer r > 1 and g(x) be the polynomial defined
in (4). Let go(x) = g(x) (mod (x7° — x)) of degree smaller that qq, for qo | q. Then
go(x) =0, for any qp = p! with l|r not a multiple of p.

Proof Observe that since Fyy C Fy, (x4 — x) | (x? — x) and since p { | we have
ged(x9 — x, xP +xP~1 — 1) = 1. In particular

g(x) = (x* = x)H (x),

and hence go(x) = 0. Note that it is clear from the definition of g(x) since the
polynomial vanishes at any point in By, except the root of R(x), which are not in Fy,
since p 1. In particular, it vanishes at any element of Fy,. O

4 On the Degree of LPP

In paper [4] we tried another strategy to build local permutation polynomials of max-
imum degree, by composing with the transposition #(x) defined in Theorem 3. The
advantage is that those polynomials would be defined over the prime field IF, by defi-
nition. However, composition becomes really complicated very quickly, and we could
only prove it for polynomials in 4 variables, and made the following conjecture in
general

conjecture 1 Let t(x) € F,[x] be the transposition defined as in Theorem I, and
consider the polynomials

Si=x1

6
fi= Fi e x) = 1(fim1 (1 o) 2 x0T = (420, ©
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Then f,(x1,...,x,) is an LPP of degree n(q — 2) whenq = p" > 3 and p # 2.

We should clarify that in the paper [4] we already proved that the polynomials f;,
fori =1,...,n, are LPP defined over IF,[x1, ..., x,], so the claim of the conjecture
is only about the fact that these polynomials have maximal degree.

As we have already shown, (see [4]), the degree might vary completely even in the
easiest cases, and this section is to show how subtle could be the previous conjecture.
First, we need the following technical result.

Lemmaé Let a, b integers and Sp(x1, ..., xq) = (x; + -+ +xa)b. Then
a
o
Sp(¥1s X)) = > Coyoan | |5
Q)+ =b i=1

b!
where Cay,...,ap = l_[q—lai"
1= :

Proof It is straightforward. O

For any x € R we denote [x] the integer part of x, i.e. the highest integer smaller
than or equal to x.

Proposition 6 Let g be a prime power of p. Any monomial of the form []7_, xia" with
{(a1,...,0q) : 1 + -+ + ag = b} does not appear in the sum Sp(x1,...,Xq5) €
Fylxt, ..., xql, if[logp bl > M, where M = max{[logp ail:i=1,...,a}

The proof is a direct consequence of the following lemma.

Lemma 7 For any integer n and real numbers xy, . .., x,, we have

D<) xl.
i=1 i=1

Proof Suppose x; = [x;]1+ ;. Then, > x; = > [xj1+ Y_ &;. There exist k > 0 such
thatk <Y & < k+ 1, then

Dil+k<d xi< > xl+k+1,

so Y lxil < Ylxil+k = [Xxil.
Now we can prove Proposition 6 in the following way. Since the number of times
m

that a prime p divides m! is an[logl,m] [p

], the number of times that p divides
Cay,....a, 1S exactly

b a4 o
v= ¥ - T %]
nf[logp b] i=1 nf[logp ;]
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and by Lemma 7 we get

(b N
1
v= ¥ 52l
nf[logpb] - - n<M i=l1
- Z [ b 2o %
B " "
ns[logp bl = - n<M
b ] b
ng[logpb] - - n<M

Corollary 1 With the above notation, for any b < g — 1 we have that deg(Sp, (xf_z, ceey
xd7) <alg—2)ifb#aorb=aanda > p. And deg(Sp(x?", ..., xI7?)) =
alg—2)ifb=aanda < p.

Proof We know from (1) that for any integer k < q — 2, we have the congruence
xK@=2) = xa=%=1 (mod x? — x) ifk # 0. Now suppose that the monomial [T, xf"'
has r non zero exponents. Then Y ¢_ o; = Y i_,o; = b, and we see that r <
min{a, b}. Now,

a

a
1_[ %(q=2 1_[ 7=~ (mod Hxiq—x,)
i=1

i=1

and hence

deg (Hx;xi(q_z) (mod x4 — x)) =r(g—1) — Zai =r(g—1)—»b

i=1 i=1

Ifb <a,thenr(qg—1)—b <b(qg—2) <a(q—?2). Onthe other hand, ifa < b, then
r(g—1)—b <a(g—1)—b < a(q—2). Finally, ifa = b, thenr(q—1)—b < a(q—2)
unlessr = a, andin this case «; = 1 foralli = 1,...,a, and hencec(l,...,1) =al,
which is O unlessa < p — 1. O

The previous result has a direct consequence.
Corollary 2 Forany integern > q —2, we have deg(t(xf_2 +oe +x2_2)) < n(g—2).

So, we can see how composition of #(x) with S;, does not preserve maximal degree.
It should be noted that the previous Corollary shows the subtle character of Conjecture
1 since in fact the structure of the polynomial 7(Sp) is very similar to the construction in
Conjecture 1 trying to preserve the degree by separating the variables, and controlling
the degree of the composition, while being defined over the prime field.
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