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ABSTRACT

This paper introduces a novel approach for estimating the complex permittivity of liquids using a rectangular waveguide. The approach uses
the finite difference time domain (FDTD) method, enhanced by perfectly matched layer (PML) boundary conditions to minimize reflections
and ensure accurate calculation of the S-parameters. To address the challenge of sealing the waveguide ends, the waveguide is sealed at both
ends with a resin sample of known complex permittivity, incorporating a small hole in the waveguide for liquid insertion. A Nelder–Mead
optimization algorithm is then used in conjunction with the FDTD-PML method to estimate the complex permittivity of the liquid by itera-
tively comparing the calculated and measured S-parameters. Validated in the X-band frequency range, this technique demonstrates accurate
estimation of the complex permittivity of liquid dielectric materials and offers a reliable means for liquid characterization.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0264173

I. INTRODUCTION

The study of liquid materials, particularly in the microwave
frequency range, remains a key area of research due to its wide
range of applications in telecommunications, environmental moni-
toring, and biomedical research. Within this context, the X-band is
especially significant because of its versatility in these fields.1,2 The
dielectric properties of liquids, such as permittivity and loss
tangent, provide essential insights into how these materials interact
with electric fields and dissipate energy.3 A deep understanding of
these interactions is crucial for optimizing systems that utilize
liquid-based materials.

Waveguide measurement techniques, especially those using
rectangular waveguides, have been explored for material characteri-
zation. However, their practical application to liquids is often ham-
pered by sealing difficulties.4,5 To address the sealing issue and fill
the rectangular waveguide with a liquid sample, both ends of the
waveguide are sealed using two plugs with identical dielectric

properties and lengths.6,7 This configuration significantly compli-
cates the complete modal analysis required for accurately determin-
ing the dielectric properties of the liquid material enclosed between
the plugs. In this situation, using a numerical method, such as the
finite-difference time-domain (FDTD) technique,8 proves simpler
than modal analysis for characterizing liquid dielectric materials.
Moreover, the proposed numerical approach can be easily general-
ized to cases where the plugs have different permittivities or
thicknesses.9–11

Recent studies have increasingly focused on improving
characterization techniques in the microwave frequency range.
Computational advancements have significantly enhanced the pre-
cision of dielectric property extraction from experimental data. The
integration of machine learning algorithms, genetic algorithms, and
electromagnetic simulations has resulted in more accurate and reli-
able results, enabling a deeper analysis of complex liquid
systems.12–14
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In this research, we focus on a comprehensive analysis of the
dielectric properties of common liquids in the X-band frequency
range, addressing challenges related to sealing and confinement
within waveguides. To overcome these difficulties, we designed a
rectangular waveguide setup with resin fixed at the boundaries to
provide a controlled and leak-proof environment for liquid charac-
terization, and a hole in the top surface. The rectangular waveguide
was chosen because of its ability to characterize materials over a
wide range of frequencies and to provide simple and effective mea-
surements. Its simplicity and ease of fabrication make it suitable for
accurate analysis of dielectric properties.15,16

Our goal is to develop a novel technique for liquid characteri-
zation in rectangular waveguides using the finite-difference-time-
domain (FDTD) method enhanced with perfectly matched layer
(PML) boundary conditions. The PML is essential for minimizing
reflections at the boundaries, leading to more accurate simulation
results. By combining experimental setups with advanced numeri-
cal models such as FDTD-PML, we aim to optimize the accuracy of
liquid characterization and provide solutions for applications in
telecommunications and industry. This deeper understanding of
liquid dielectric properties will help minimize signal loss, improve
transmission efficiency, and contribute to the development of
robust communication systems.6,17

While this study has been performed in the X-band frequency
range using a standard rectangular WR90 waveguide, it is impor-
tant to emphasize the flexibility inherent in our proposed hybrid
approach (2D-FDTD-PML combined with the Nelder–Mead opti-
mization algorithm). In fact, this method can be easily generalized
to higher frequency bands or adapted to different waveguide
shapes. This generalization mainly involves the adaptation of boun-
dary conditions specific to the targeted geometries and the adjust-
ment of the spatial and temporal resolution of the numerical mesh
to ensure the stability and accuracy conditions required for the sim-
ulations. The simplicity, flexibility, and adaptability of our proposed
method open promising avenues for the accurate characterization
of liquid materials in a wide range of industrial and scientific
applications.

II. THEORY

A. Direct problem

The determination of the scattering Sij parameters at the refer-
ence planes of a rectangular waveguide loaded with a multilayer
dielectric material is shown in Fig. 1. The analysis considers the
complex permittivity, including real and imaginary components, as
well as the dielectric loss tangent, providing a comprehensive
approach to evaluating the material behavior within the waveguide
system.

The multilayer dielectric material consists of three layers. The
first layer, with complex permittivity εr1, extends between the
transverse planes at z ¼ L0 and z ¼ L0 þ e. The liquid layer, with
complex permittivity εr, is positioned between z ¼ L0 þ e and
z ¼ L0 þ eþ L. The third layer, characterized by complex permit-
tivity εr1, spans from z ¼ L0 þ eþ L to z ¼ L0 þ 2eþ L.

The waveguide is assumed to operate in the dominant mode,
TE10. The electric field distribution within the rectangular wave-
guide is calculated using the 2D-FDTD method, which is based on

the direct discretization of the wave equations as outlined below,

@2Ey
@t2

¼ 1
εrμr

@2Ey
@x2

þ @2Ey
@z2

� �
: (1)

This equation models the Ey field in a TE10 mode, where only
the transverse electric field Ey varies.

The two-dimensional FDTD formulation for the Ey compo-
nent is derived in Cartesian coordinates, following Yee’s notation,14

as outlined in Eq. (1),

Enþ1(i, k) ¼2En(i, k)� En�1(i, k)

þ C2Δt2

εr(i, k)
En(iþ 1, k)þ En(i� 1, k)� 2En(i, k)

Δx2

�

þEn(i, kþ 1)þ En(i, k� 1)� 2En(i, k)
Δz2

�
: (2)

In the two-dimensional FDTD formulation, Δx and Δz repre-
sent the spatial steps along the x and z directions, while Δt is the
time step. To ensure the precision of the spatial derivatives involved
in calculating the electric field component, the mesh sizes in the
FDTD network must be sufficiently small in comparison to the
wavelength within the waveguide. Specifically, this requirement is
expressed by the condition

max (Δx, Δz) ,
λg
m0

, (3)

where λg is the guided wavelength. Additionally, the mesh size
should satisfy 10 , m0 , 100. This constraint ensures accurate
representation of wave propagation.

To ensure the numerical stability of the 2D-FDTD algorithm,
the time step Δt and the spatial increments Δx and Δz must respect
the following stability stability condition:6,16

Δt ¼ 1
c

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Δx2 þ 1
Δz2

q : (4)

Here, c refers to the speed of light in a vacuum.

FIG. 1. Rectangular waveguide loaded with multilayer dielectric materials.
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In order to ensure accurate truncation of the computational
mesh, perfectly matched layer (PML) boundary conditions are
applied. PML is specifically designed to absorb outgoing electro-
magnetic waves and prevent reflections at the boundaries of the
computational domain. This allows precise modeling of wave inter-
actions with the material while avoiding artificial boundary effects.
By simulating an infinite environment, PML improves the accuracy
of S-parameter calculations, allowing reliable extraction of material
properties such as permittivity and loss. This is achieved by intro-
ducing auxiliary differential equations, modifying Maxwell’s equa-
tions with additional damping terms to ensure that waves are
effectively absorbed at boundaries such as z ¼ 0 and z ¼ zmax,
expressed as follows:

For z ¼ 0,

Enþ1(i, 0) ¼ 2� σz(0)Δt
2þ σz(0)Δt

2En(i, 0)� En�1(i, 0)
� �

þ C2Δt2

εr(i, 0)
En(iþ 1, 0)þ En(i� 1, 0)� 2En(i, 0)

Δx2

�

þ 1
κ2
z(0)

En(i, 1)� En(i, 0)
Δz2

�
: (5)

For z ¼ zmax,

Enþ1(i, zmax)¼ 2�σz(zmax)Δt
2þσz(zmax)Δt

2En(i, zmax)�En�1(i, zmax)
� �

þ C2Δt2

εr(i, zmax)
En(iþ1, zmax)þEn(i�1, zmax)�2En(i, zmax)

Δx2

�

þ 1
κ2z (zmax)

En(i, zmax�1)�En(i, zmax)
Δz2

�
: (6)

Here, σz(k) represents the spatially varying damping parameter and
κz(k) is the stretching parameter in the PML region. These parame-
ters ensure smooth absorption of outgoing waves with minimal
reflection.

The effects of higher-order modes in the input waveguide can
be ignored if the absorbing boundary and the input waveguide are
positioned so that only the fundamental mode can propagate,

E(i, ksource) ¼ e�
t�t0
τð Þ2 sin(ω0t) sin

πiΔx
a

� �
: (7)

After a sufficient number of iterations, denoted as nt , a stable
field distribution is achieved, allowing the application of the DFT
algorithm to obtain the desired complex field amplitude coefficient
at the target frequency.

The Sij parameters for the TE10 mode are then determined
using the approach described in Ref. 17. The magnitude and phase
of the mode amplitudes A and B are calculated from the following
equations:

ða
0
E(x, z1) sin

πx
a

	 

dx ¼ ω1 ¼ A(z1)þ B(z1), (8)

ða
0
E(x, z1 þ Δz) sin

πx
a

	 

dx

¼ ω2 ¼ A(z1)e
�@jΔz þ B(z1)e

@jΔz , (9)

ða
0
E(x, z3) sin

πx
a

	 

dx ¼ ω3 ¼ A(z3): (10)

Here, sin πx
a

� �
represents the normalized modal magnetic field and

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω
c

� �2� π
a

� �2q
is the modal propagation constant. This results

in the following expressions:

s11 ¼ B
A
(z1) ¼ ω2 � ω1e�jγΔz

ω1e jγΔz � ω2
, (11)

s21 ¼ A(z3)
A(z1)

¼ ω3
e jγΔz � e�jγΔz

ω1e jγΔz � ω2

� �
: (12)

Here, S11 represents the ratio of reflected (B) to incident (A) wave
amplitudes at the input plane, while S21 describes the transmitted
wave amplitude at the output plane relative to the input amplitude.

B. Inverse problem

This section describes the method for estimating the complex
permittivity of the liquid dielectric material. This material fills the
layer between two resin samples, which are placed at the ends of a
rectangular waveguide to create a watertight seal. The thickness of
this liquid layer is known in advance.

To achieve this, we use the Fmin function in Python,18 which
implements the Nelder–Mead sequential simplex algorithm.19 This
function is designed to solve nonlinear, unconstrained, multi-
variable optimization problems. It finds the minimum of a scalar
function involving several variables, starting from an initial guess
for the complex relative permittivity, such as ε0r ¼ 1:5 and
ε00r ¼ 0:005ε0r , with a tolerance function of 10�3 and a maximum
number of iterations of 100.

The objective is to minimize an error function, which is
defined as the sum of the squared errors between the measured and
calculated Sij parameters, as described by the following equation:5,9

f (ε0r , ε
00
r ) ¼

X
Sijc � Sijm



 

2: (13)

III. NUMERICAL RESULTS

A novel approach to improving liquid characterization in a
rectangular waveguide involves the strategic use of a solid dielec-
tric material in the transverse plane. This addition addresses the
sealing challenge, ensuring that the sample remains intact and
free from external interference. Additionally, placing a small hole
along the longitudinal plane allows for the controlled introduc-
tion of the liquid into the waveguide as shown in Fig. 2. This
setup minimizes the risk of leakage and enhances the accuracy of
dielectric measurements by maintaining a stable environment for
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the liquid sample, leading to a more reliable and precise analysis
of its properties.

The HFSS simulator was employed to evaluate and contrast
the electromagnetic characteristics of the original WR90 waveguide
with those of a modified version that features an added hole. As
shown in Fig. 3, the S11 and S21 parameter results for both config-
urations show a strong similarity. This alignment indicates that
the inclusion of the hole had minimal effect on the performance of
the waveguide. Overall, the comparative analysis confirms that the
structural modification had a negligible effect on the electromag-
netic behavior of the waveguide.

Based on these results, we have chosen to use the WR90 wave-
guide with a hole in all subsequent applications. The analysis con-
firmed the suitability of the modified WR90 waveguide for our
purposes, supporting our decision to use it consistently in subse-
quent research and evaluations.

A. Direct problem

1. Convergence

In order to validate the accuracy and reliability of the numeri-
cal model, a convergence analysis was performed as the first step in
the development of our FDTD-PML program for the empty wave-
guide with L ¼ 15mm. The simulation used discretization steps of
Δx ¼ 1:143mm, Δz ¼ 0:1mm, and a time step of Δt ¼ 0:33 ps
over 5000 iterations.

The convergence plot in Fig. 4 shows stable and consistent
numerical behavior. This result confirms that the program is well
implemented and able to accurately analyze the electromagnetic
properties. The clear convergence behavior confirms the suitability
of the numerical method for material characterization and
S-parameter evaluation, providing a strong foundation for subse-
quent analysis.

2. Characterization of an empty rectangular waveguide

Following convergence validation, the direct problem was eval-
uated by calculating the S-parameters of a rectangular waveguide
filled with air (ε0r ¼ 1, ε00r ¼ 0) using the 2D FDTD-PML method.
These calculations were compared with the results of the X-band
measurement.

The simulation used discretization steps of Δx ¼ 1:143mm,
Δz ¼ 0:1mm, and a time step of Δt ¼ 0:3323 ps over 5000 itera-
tions. This configuration ensured a stable and accurate numerical
model capable of effectively characterizing the electromagnetic
behavior of the waveguide with the introduced liquid. The setup
demonstrated the applicability and reliability of the numerical
method for X-band material characterization.

The results in Fig. 5 showed stable transmission S21 and
minimal reflection S11, confirming the efficiency of the design in
the propagation of electromagnetic waves.These results are further
validated by the FDTD-PML calculations, which show good agree-
ment with the measured parameters.

FIG. 2. Measurement system.

FIG. 3. A comparison of S11 and S21 parameters for standard and modified
WR90 rectangular waveguide with a hole. FIG. 4. Convergence plot for the numerical model validation.
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3. Analysis of a rectangular waveguide closed with
resin walls and an empty interior

The next step consisted of evaluating the direct problem for a
rectangular waveguide modified with a strategically placed hole for
liquid material introduction. Using the 2D FDTD-PML method,
the S-parameters were calculated and compared with X-band mea-
surements to verify the accuracy of the numerical model.

The waveguide was configured with 1 mm thick resin walls
with complex permittivity (ε0r ¼ 3:1, ε00r ¼ 0:093) spaced 1 mm
from port 1 and 1mm from port 2, which effectively enclosed the
waveguide. This fixed prototype allowed liquid material to be intro-
duced through the hole in the waveguide, as shown in Fig. 6.

As shown in Fig. 7, the calculated S11 and S21 parameters are
in good agreement with the measured results over the frequency
range, demonstrating the accuracy of the FDTD-PML method in
modeling the electromagnetic behavior of the multilayer structure,
including dispersion and losses. These results confirm the reliability
of the FDTD-PML method for analyzing multilayer waveguide
structures and its potential for simulating more complex geometries
and materials.

B. Inverse problem

1. Estimation of air complex permittivity in a RWG
closed with resin walls

To estimate the complex permittivity of the air within a rect-
angular waveguide, which is sealed by resin walls (with complex
permittivity ε0r ¼ 3:1, ε00r ¼ 0:093), an initial guess for the air’s
complex permittivity (ε0r ¼ 1:5, ε00r ¼ 0:005) was input into the
numerical model. The 2D FDTD-PML method was then used to
calculate S-parameters (S11 and S21), which were compared against
experimental results. Through iterative optimization, the complex

FIG. 5. S11 and S21 parameters for an empty rectangular waveguide.

FIG. 6. Rectangular waveguide with 1 mm resin walls and an empty interior.

FIG. 7. S11 and S21 parameters for a rectangular waveguide closed with resin
walls and an empty interior.

FIG. 8. Estimation of the complex permittivity of air within a rectangular wave-
guide closed by resin walls.
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permittivity of the air was refined until the calculated S-parameters
closely matched the measured values.

This process confirmed the expected low dielectric constant
and loss tangent of air as shown in Fig. 8, validating the ability of
the model to accurately characterize low-loss materials in a resin-
loaded environment.

2. Estimation of distilled water complex permittivity

For the characterization of distilled water, the rectangular
waveguide was similarly configured with 1 mm thick resin walls
(ε0r ¼ 3:1, ε00r ¼ 0:093) and then filled with distilled water. An
initial guess for the complex permittivity of the distilled water
(ε0r ¼ 1:5, ε00r ¼ 0:005) was provided to the numerical model. The
iterative process adjusted the permittivity until the calculated
parameters S11 and S21 matched the experimental measurements.

The higher permittivity and loss tangent of water caused sig-
nificant changes in the electromagnetic response that were effec-
tively captured by the optimization process.

This analysis validated the ability of the model to handle
materials with high permittivity and loss tangents, as presented in
Fig. 9.

3. Estimation of alcohol permittivity in a resin-loaded
waveguide

The complex permittivity of alcohol was estimated using the
same waveguide configuration with resin walls enclosing the mate-
rial. The initial guess for the complex permittivity of alcohol
(ε0r ¼ 1:5, ε00r ¼ 0:005) was entered into the model. Iterative adjust-
ments were made to align the calculated S11 and S21 parameters
with the experimental results.

The estimation of the complex permittivity shows that alcohol
has a decreased electromagnetic response compared to distilled
water, thus demonstrating its reduced interaction with electromag-
netic fields compared to distilled water.

Figure 10 shows the ability of the model to accurately calculate
the electromagnetic properties of a lossy liquid such as alcohol,
illustrating its ability to handle complex material parameters.

Table I shows that the complex permittivity error is less than
6% for the liquid materials studied. The results show good agree-
ment between the average values of the complex permittivity of the
liquid materials studied and those of the same materials. These
results demonstrate that this technique accurately estimates the
complex permittivity of liquid dielectric materials and provides a
reliable means for the characterization of liquids.21

IV. SUMMARY AND CONCLUSIONS

This study successfully applied a novel hybrid approach, com-
bining the 2D-FDTD-PML method with the Nelder–Mead optimi-
zation algorithm, to estimate the complex permittivity of liquid
materials in rectangular waveguides. The waveguide modification,
with a strategically placed hole, effectively addressed the sealing
challenges and enabled reliable liquid characterization within a
multilayer structure. The calculated S-parameters, validated with
experimental results in the X-band frequency range, confirmed the
accuracy and robustness of the proposed method. The approach
offers significant advantages in terms of computational efficiency,
simplicity of implementation, and flexibility, as it does not depend
on identical dielectric properties or precise dimensional uniformity
of the sealing plugs. Additionally, it can be generalized to higher

FIG. 9. Estimation of distilled water complex permittivity in a rectangular wave-
guide closed by resin walls.

FIG. 10. Estimation of alcohol complex permittivity in a rectangular waveguide
closed by resin walls.

TABLE I. Complex permittivity measured for two liquids, distilled water and alcohol,
and relative errors.

Liquid

Water Alcohol

Error (%)ε0 ε00 ε0 ε00

This work 62.31 35.24 4.95 9.51
Reference 6 58.51 33.00 – – 6
Reference 20 61.08 34.66 5.05 9.56 2
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frequency bands or different waveguide geometries by adjusting
boundary conditions, mesh resolutions, and simulation parameters.
This work provides a solid framework for complex permittivity esti-
mation in multilayer systems, advances numerical modeling tech-
niques for liquid dielectric characterization, and contributes to a
deeper understanding of dielectric material behavior in controlled
environments.
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