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1. Introduction

This section is devoted to the introduction and state of the art of the different mathematical issues
arising in the model under consideration. Let us mention Vibrating systems with concentrated masses (see
Section 1.1) and Stratified sets as a generalization of metric graphs (see Section 1.2). Also, in Section 1.3,
we describe the main results and the structure of the paper.
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1.1. Vibrating systems with concentrating masses. A historical review

Vibrating systems with concentrated masses have been widely studied in the literature of different disci-
plines such as mechanics, civil engineering and mathematics. As is well known introducing a concentrated
mass in a vibrating system may distort the vibrations but also allow to control them (cf. e.g. [44, VII.10-
VII.14]). A concentrated mass is referred to as a “small region” where the density is “much higher” than
elsewhere. We denote by p° the density which is assumed O(e~™) in this region and O(1) outside, € being
a small parameter that we shall make to go to zero. The concentrated mass can be centered at a point (cf.
[44] and [42] for description of the problem in different frameworks) or at very many points including ho-
mogenization processes (cf. [36] and [8] for different reviews). Also, it can be concentrated along a manifold;
further specifying, along 1-d manifold, cf. [46,23,19] for the first works on the subject, or a 2-d manifold, cf.
[29] and references therein. Let us also mention the vectorial models in [45,28] for instance.

Many different situations may occur depending on the operators under consideration, the boundary
conditions and the value of m. A common fact is that depending on m, the high frequencies may play an
important role, since they give rise to vibrations of the whole structure, i.e. global vibrations, while the low
frequencies describe vibrations in reduced surroundings of the concentrated mass, i.e. local vibrations. But
also many different important phenomena appear depending on the range of frequencies in which we move.
As regards the low frequencies, let us mention the asymptotic infinite multiplicity in [43] or the strongly
oscillatory behavior of the associated eigenfunctions [39]. Similarly, for the high frequencies, let us mention
the whispering gallery phenomena on interfaces at a microscopic level or the skin-phenomena, cf [36] for
precise references.

In all these models, when dealing with the Laplacian operator, a different treatment must be given to the
different value of m, m € (0,2) or m > 2, the case m = 2 making somehow a threshold for the study, since
the localization of the vibrations along points or lines may turn into a phenomenon of interaction between
microscopic and macroscopic scales, cf. [24] and the review [15] for the case of a string with concentrated
mass, [42] and [27] for the case of a concentrated mass in dimensions 3 and 2 or [16] for the case of mass
concentration along a curve.

However, in the case where the mass concentration occurs near a manifold, the value m = 1 also makes
a threshold, cf. [19,20,16] for 1-d manifold, and the same applies in the case where the perturbation around
a curve comes from stiffness coefficients [25,26], or potential perturbation [17] (cf. e.g. [4] for stationary
problems).

Mixing together high mass concentration and stiffness is widely used in reinforcement problems giving rise
to interesting phenomena which includes an asymptotic concentration of the vibrations (associated to low
or high frequencies depending on the boundary conditions) near certain points with particular geometrical
characteristics of the curves defining the domain of perturbation, cf. [25,26,30,31].

The spectral problem for the Laplace operator with a perturbed density is also used to describe wave
propagation in high-contrast photonic and acoustic media. In this case, the density represents a dielectric
constant. In [12,33], the spectral properties of a medium in which the dielectric constant is very large near
a periodic graph in R? were investigated.

Also, it should be mentioned that Steklov type problems with the spectral parameter arising on the
boundary condition appear in a natural way as limits of problems with mass perturbation (cf. the reviews
[36,14] and references therein).

Some of the phenomena above described arise in the problem under consideration, with the additional
complication resulting from the geometrical configuration of our problem (cf. Section 1.3) which implies
boundary value problems on stratified /ramified sets, as we describe in Section 1.2.
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1.2. Stratified sets as a generalization of metric graphs. Singularly perturbed problem on graphs

Boundary value problems for differential operators on stratified sets (ramified spaces, branched structures
or open book structures) are widely studied in the literature, cf. [37,40,41,48,13]. Our problem lies within
this framework at least at a local level, and also globally when the surfaces become planes; cf. Figs. 1 and
2, (2.6) and reference [48].

Boundary value problems on stratified sets are a natural generalization to higher dimensions of similar
problems on graphs, see recent preprint [2], in which the basic concepts of quantum graphs are generalized
to the case of stratified sets. In recent years, the theory of differential operators on metric graphs has
been extensively studied due to its numerous possible applications in physics and solid-state engineering.
However, the most interesting application of this theory from the point of view of physics is quantum graphs.
Quantum dynamics typically exhibit high complexity, particularly when propagating through branched
structures. There is a vast amount of literature on quantum graphs, and readers can refer to [32,5,10] and
the bibliography therein. A boundary value problem on a metric graph is a set of differential operators
on the edges and some matching conditions for solutions at the graph’s vertices. There is a broad set of
coupling conditions at the vertices for operators on graphs, in contrast to classical 1D operators. This
makes the theory of operators on graphs much richer. However, a large number of possible vertex conditions
leads to the problem of choosing physically motivated ones. The mathematical approach to building correct
mathematical models, in addition to the experimental one, is based on various approximations of processes on
graphs. For instance, singular perturbation theory provides an efficient method to find physically motivated
point interactions at vertices. Suppose we are interested in the effect of a localized potential or a localized
mass density at a vertex. In this case, we must analyze the convergence of the family of singularly perturbed
operators. The limit operator will include only vertex interaction conditions that are physically determined
(see, e.g., [18,11]). This article studies a mathematical model that generalizes the vibration of a network
of strings with heavy connections. The articles [21,22] examine spectral problems related to the Laplace
operator on metric graphs. The study focuses on perturbations of the mass density near the vertices.

1.8. Main results and the structure of paper

The geometrical configuration of the problem that we broach here is completely different from those
treated in the literature. We deal with a boundary value problem on €2, a stratified set which is composed of
smooth surfaces (subsets of Riemannian manifolds) somehow joined along a line v, the junction, near which
the mass perturbation is located (see Fig. 1). On this domain we consider a spectral problem associated with
the vibrations of such a stratified set. The operator under consideration is the Laplace-Beltrami operator, the
mass perturbation being distributed along small bands close to the junction which form also a stratified set
w®. These bands of width O(e) collapse into the line v as € — 0, where we impose the Kirchhoff-type vertex
conditions which imply the continuity of the solutions and some balance for normal derivatives through -.
On the rest of the boundary of the surfaces we impose Neumann conditions. For an extensive introduction to
boundary value problems for the Laplace-Beltrami operator for Lipschitz domains in Riemannian manifolds
and their variational formulations on Sobolev spaces, let us mention [38].

As above mentioned, the problem represents a first approach to vibrating models arising in many fields
where some reinforcements along junctions become essential to control vibrations. Example of such struc-
tures where the models can arise are propellers and turbines (cf. Fig. 3), but also in reinforcements of corners
of engineering constructions among others. To detect which mass gives rise to certain kind of vibrations
becomes important in numerous aspects.

Assuming that the density is O(e~™) in the stratified set w® which may be seen as the edges of a cylinder
of radius O(e) and length O(1), see Fig. 2, we address the asymptotic behavior, as € tends to zero, of the
spectrum of problem (2.2)-(2.5) for a positive parameter m.
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The model being completely new in the literature, the aim of Section 3 is to determine the spectral
properties of eigenvalues and eigenfunctions of the associated self-adjoint bounded operator. In order to do
that, we relate its spectrum with that of a Dirichlet-to-Neumann type operator on L?(v) and of the operator
associated to problem (1.3) that keeps v fixed, cf. Theorem 2. For fixed ¢ and m, the spectrum of problem
(2.2)-(2.5) is discrete and we denote by {A5}32, the set of eigenvalues with the convention of repeated index.
In Section 4, by means of matched asymptotic expansions we address the case where m = 1, obtaining as
limit problem (4.21)-(4.22), a spectral problem in the stratified set 2 with the spectral parameter appearing
both on the partial differential equation and on the junction condition along -y relating solutions and normal
derivatives through . It has also a discrete spectrum that we denote by {\;}32, with a structure described by
Theorem 3. In Section 5, we show the convergence with conservation of the multiplicity, based on properties
from spectral perturbation theory for uniform discrepancies in the operators norm. More specifically, for
each j =1,2,---, we have

A5 — ;| < Cyel/?, (1.1)

where C; is a constant independent of € (see Theorem 4).
This implies that the eigenvalues AS are of O(1) when m = 1, and the technique in Section 4 based on
asymptotic expansions applies, with minor modifications, for m > 1 and the eigenvalues A\° of order O(1),

which amounts, in this new case to the high frequencies and A* = X¢ ) where i(g) — +00 as € = 0. Let us

i
explain this in further detail. ¢
Indeed, in Section 6 we deal with the limit behavior, as € — 0, of the eigenvalues A{ for each fixed .
A scaling of these values el =™\ along with the technique in Section 5, provide us with the limit problem
when m > 1: (6.1)-(6.2) which now has the spectral parameter only on the transmission condition along the
junction line . Henceforth there is a mass concentration along ~y, which likely leads to vibrations of this

part. We show
XS — ™| < Cpetm), (1.2)

where a(m) = min{m — %,2(m — 1)}. Obviously, now, {A\j}32; compose the spectrum of (6.1)-(6.2) (see
Theorem B).

Formula (1.2) determines the order of magnitude of the low frequencies to be ™!

and, following the
well-known fact that the high frequencies may accumulate on the whole real positive axis, we look for
eigenvalues \° of order O(¢?) for some 3 < m — 1 (cf. [35,20,7]) giving rise to other vibrations that cannot
be detected with the low frequencies. This is the aim of Section 7, where for the sake of brevity we only
address the case of m € (1,2), leaving the rest of the cases for a forthcoming publication by the authors.

Thus, for m > 1 the eigenvalues of order O(1) belong to the range of the high frequencies, and rewriting
the asymptotic expansions in Section 4, with the suitable modifications, we are lead to the spectrum of
operator (6.4), namely to problem

—Agu+Vu=MuinQ, dpu=0o0onT, wu=0on-+. (1.3)

Henceforth, the corresponding vibrations keep the junction line  fixed. We show that only the eigenfunctions
associated to eigenvalues \* asymptotically near eigenvalues A\° of problem (1.3) can be asymptotically non
null in the sense stated by Theorem 10. We also get results on the total multiplicity of the eigenvalues
approaching \°, in the sense stated by Theorem 13. The proof is based on the construction of families of
“almost orthonormal quasimodes” from the perturbation of eigenvalues.
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Fig. 1. Stratified set Q*.

2. Statement of problem

Let us introduce a set that is a bundle of surfaces connected along a curve. Let v be a straight line
segment lying on the xs-axis:

{zeR3: 21 =0, 20 =0, 0< z3 <I}.

Suppose 1, ...,Qk is a collection of bounded C'°°-smooth surfaces with the Lipschitz boundaries embedded
in R3 without intersections. We assume that

K
v=1{") 0%,
k=1

and only the points of v can be common to any pair of these boundaries. Let
Q=0 U---UQk.

The union Q* = yU can be treated as a stratified set with two strata: the first stratum is the curve v and
the second one consists of all surfaces €.

A function v on  is a collection of functions {vy, ..., vk }, where vi: Q) — C. We generally do not assign
any values to v on 7y, because the one-sided limits of v at points of v may differ when approached along
the different surfaces. Throughout the paper, WQJ (Q) stands for the Sobolev space of functions belonging to
L4 (92) together with their derivatives up to order j. We adhere to the convention that a function v belongs
to some space X (Q) if vy belongs to X(Qy) forall k =1,..., K, i.e,

K K
X(Q) =P x (%), IWllx@ =Y lokllx - (2.1)
k=1 k=1

Note that the surface €2; inherits a metric by restricting the Euclidean metric to 2. This metric makes 2,
into a Riemannian manifold.

Set Ty, = 0O \yand T’ = UkK:1 I').. We assume that 'y, are C? curves. Let us introduce two vector fields
on 0. The unit outward normal vector to I'y is denoted by ny, and the unit inward normal vector to ~y
(as a part of 9Qy,) is denoted by v. We combine all fields ny into the single normal field n defined on I". In
addition, there are K different vector fields v4,. .., vk on vy (see Fig. 1).
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We consider the eigenvalue problem

—Aqut + (V=Xp )u =0 in Q, (2.2)
Opu®=0 onT, (2.3)
uj =u§=---=uj on~, (2.4)
Oy ui +0p,us + -+ Opeufr =0 on 7. (2.5)

The operator Ag acts as the Laplace-Beltrami operator Aqg, on each €y, i.e.,
Aqv = {Aq,v1,..., Ao vk}

The potential V is a real-valued function that belongs to L>°(£2). The weight function p® describes a highly
heterogeneous mass distribution on 2 as € — 0. Let w® be the intersection of Q* with the e-neighborhood
of . We define

. p inQ\we,
p =
sfm

& H g
q¢° in w®,

where p and ¢° are measurable, bounded and positive functions, and m > 1. We study the asymptotic
behavior as € — 0 of the eigenvalues A° and the eigenfunctions u® of (2.2)-(2.5). Equation (2.2) is actually
the collection of equations

—Aqg,uf + (Vie = Xpf)uy, =0 in Qy, k=1,...,K.

Conditions (2.4), (2.5) have been inspired by the Kirchhoff vertex conditions that are widely used for the
description of string networks and quantum graphs; also these conditions naturally arise for stratified sets
as shown in [9]. These conditions recall transmission conditions. Condition (2.4) ensures continuity of the
solution on the whole stratified set Q* while (2.5) can be treated as the tension balance of connected
membranes.

Let us introduce some geometric objects and functions above mentioned in further details.

Let G be a compact star graph consisting of the vertices {a,ai,...,ax} and the edges {e; =
(a,a1),...,ex = (a,ar)} meeting at the vertex a. We implement G as a planar metric graph with a

metric obtained from the natural embedding of G into R2

Z1,32° Assume that the vertex a coincides with the

origin, other vertices lie on the unit circle S!, and all the edges are radii of S'. Moreover, we assume that

the edges e, ..., ex are drawn in the direction of the normal vectors v, ..., vk respectively. Let w = G x v
be the stratified set which consists of K rectangles w; = e1 X 7,...,wxg = ex X 7 connected along ~ (see
Fig. 2).

To keep the mathematics rather simple, we suppose that the intersection of 2* with the e-neighborhood
of v has the form

w={z e R3: (67 ay, e ag, 23) € W} (2.6)

This neighborhood is the homothetic to w in the z1 and x5 directions of ratio €. The intersection wj, = w®NQy
is a rectangle of width ¢ and height I. We can define the orthogonal coordinates (yx,z3) in wf, where
yr € (0,¢) and z3 € (0,1). Now we can specify the explicit dependence of density ¢° on a small parameter
e. Let ¢: w — R be a measurable, bounded and positive functions. We set

4 () = qre(e yp, w3)  in Wi (2.7)
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Fig. 2. The graph G and set w = G X 7.

Similarly, the local coordinate system (¢, s) € (0,1)x(0,1), tx = ¢~ 'y, the stretched coordinates, appears
on each set wi = e; X . Here t;, and s are the natural parameters on e and v respectively. We say that
w is equipped with the coordinates (¢, s), meaning that each component wy has its coordinates (tx,s). We
consider ¢ the distance from a point of w to . Also, f(t,s) and g(y,x3) stand for (f1(t1,5),..., fx(tk,s))

and (¢1(y1,23), .- -, 95 (YK, x3)) respectively.
3. Spectral properties of the perturbed problem

In this section, we will describe spectral properties of (2.2)-(2.5) for a fixed value of £. We denote by
Ly(h, Q) the weighted Lo-space endowed with the norm

1/2

6l = 0.0 = | [#loPas | .

Q

where h is a positive L>(Q)-function and dS is the volume form on 2. We say that a function ¢ is continuous
on O if ¢ satisfies condition ¢1 = ¢2 =--- = ¢x on ~. In this case, we write ¢|, for the common trace of
¢r on v. We will also write v instead of 22{:1 Oy, k. In the space La(h, ) we define the operator

B=h"'(—Aq+V)in Ly(h,Q),domB = {¢ € WF(Q): 9,6 =0 on I, ¢ is continuous on Q*, K¢ = 0}.

Then eigenvalue problem (2.2)-(2.5) is related to the operator A., which coincides with the operator B for
h = p*, namely

A = p_ls(—AQ +V)
in Ly(p®, ), and dom A, = dom B.
Lemma 1. The operator B is closed, self-adjoint, bounded from below, and has a compact resolvent.

Proof. Given ¢,v € WZ(Q2), we have

/Am@ds:i /Awﬁdszé F[an¢kmd€—Xauk¢k%de —!w—vws,

Q k=1 Qs
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where df is the measure on 0f). Recall that vy is the inward normal field on ~. If we suppose that ¢ belongs
to the domain of B, then

(B, ) — (6, B )y = — / AadTdS + / 6 Ao dS
Q

Q
K K
= Gk Onthy, Al + Dy b b dl — | ¢ Kap de.

We see at once that the weakest conditions on 1 under which the equality

(B¢a ¢)h = (¢7 B*¢)h

holds for all ¢ € domB are 9,%) =0on I, ¢ = --- = g and Ki» = 0 on . Therefore dom B = dom B*
and B is self-adjoint.
Since V' € L (Q), there exists a positive constant ¢ such that V(x) > —¢ for almost all x € Q. Then

C

(Bé, o)1, = / (IV6]? + VIgP) dS > —e / 62dS > ——— ||o|2
Q

Q

hmin

for all ¢ € dom B, where h,,;,, = ming h. Hence, B is bounded from below.

We observe that, for A\ € p(B), the resolvent (B — \)~! is a bounded operator from Lq(h,Q) to the
domain of B equipped with the graph norm. Since the latter space is a subspace of W#(12), it follows that
the resolvent is compact as an operator in Lao(h,2). O

Thus, the spectrum of B, denoted by o(B), is real discrete, bounded from below, and it consists of
eigenvalues with finite multiplicity. To describe it in more depth, we introduce the sets ¥p and X ¢ associated
with operators D and O(\) defined below (cf. Theorem 2).

Let M be a 2-dimensional, C'*°-smooth, connected, compact, oriented Riemannian manifold with bound-
ary, and let 9 be a non-empty open subset of 9M. We consider the boundary value problem

—Apyv+(b—po)v=0in M, v=%ond, Jv=0ondM\9, (3.1)

where € C, b is a real L°°(M)-function, p is a positive L>°(M)-function, and 9, is the inward normal
derivative on OM. Let ©(u) be the Dirichlet-to-Neumann map

O(u)Y = d,v|y, dom O () ={tp € La(9): v € W3 (M) and 8, v|y € La(0)
where v is a solution of (3.1) for given ¢}.

This map transforms the Dirichlet data on 1} for solutions into the Neumann ones. It is well-defined for all
1 that do not belong to the spectrum of the operator

D= " (—Ay+b), domD ={p W3 (M): $=0o0n4, d,¢=0o0ndM\J}.

For real u, the operator ©(u) is self-adjoint in Lo (¢), bounded from below and has compact resolvent [3,
Th.3.1]. For k =1,..., K, we will denote by (1) and Dy, the Dirichlet-to-Neumann map and the operator
D respectively for the case when M = Q, ¥ =, b=V}, and o0 = hy, := pf.

We introduce the operator

D=D1® & Dk.
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If A &€ (D), then the operator
O\) =01(N) +---+O0k(N) (3.2)

is well-defined. Moreover, ©(\) is self-adjoint in Lo (), bounded from below and has compact resolvent as
it is the sum of operators O ()), each of which has these properties. We introduce the set

Yo = {A€R: kerO(A) # {0}}.

Assume that A is an eigenvalue of D of multiplicity 7(\), and r is the multiplicity of A in the spectrum
of Dy. Obviously, r = r; + -+ - + 7. Let Uy ; be the corresponding eigenspace in Lo(hg, Qx). If A & o(Dy)
for some k, then r;, = 0 and the space U, is trivial. We consider the subspace

Ni(A) = {0y, uly: u e Ui}

of Ly(7y) consisting of normal derivatives on v of all the eigenfunctions from Ul . Since linearly independent
eigenfunctions give rise to linearly independent normal derivatives on v, we have dim Ni(\) = 7. Let us
introduce the sum of these spaces

N(A) =Ni(A) + -+ Ni(}A)
and the subset
Sp ={A€c(D): dimN(A) <r(\)}.
Theorem 2. The spectrum of B has the following properties:

(i) U(B) =Yoo UXp.
(ii) If A € Xp, then X is an eigenvalue of the operator B with multiplicity at least r(\) — dim N (X).

Proof. (i) We first prove that o(B) C ZoUXp. Let A be an eigenvalue of B with eigenspace Uy. All functions
of Uy are solutions of the problem

—Agu+ (V=M )u=0inQ, d,u=0 onT, (3.3)

Uy =uUgy =+ =ug, Ku=0 on-. (3.4)

If there exists a non-zero vector u € Uy such that v = 0 on v, then u is an eigenfunction of D with

the eigenvalue . Note that the dimension of N(A) cannot exceed r(A), and we have the non-trivial linear

combination Zszl Oy, ur = 0 in this space. Hence dim N(\) < r(A), and finally A € p. Otherwise, the
trace ¢ = ul, differs from zero for all non-trivial functions u € Uy. Then

K K
Ku=2Y " 0,ur|, = 0N =6 =0.
k=1 k=1

Hence A € Yo.
Now we prove the inverse inclusion ¥g U Xp C o(B). Assume that A € ¥g and ¢ is a non-zero function
belonging to ker ©(\). Let us consider the collection u = {u1, ..., ux }, where uy, are solutions of the problems

—Aq,z+ (Vi —=Ahg)z=0 inQ, Opz=0onTy, z=( onvy (3.5)
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for kK =1,..., K. Then u is an eigenfunction of B with the eigenvalue A, because u; = --- = ug = ¢ and
Ku = 0©(N\)¢ = 0. Hence, X € o(B).

Next, we suppose that A € Xp, i.e., A is an eigenvalue of D with multiplicity r such that dim N(\) < r.
Let 7, be the multiplicity of A in the spectrum of Dy. If ug1,...,ug,, are the eigenfunctions of Dy, that
form a basis in Uj , then the functions (x; = 0y, ukjly, 5 = 1,..., 7%, form a basis in Ni(A). In total, we
have r such functions (x; in N(A). If dim N(A) < 7, then there exists a non-trivial linear combination

K ri
3N iy =0 (3.6)
k=1 j=1

for some constants ay;. If we set

Tk
v = E QL ULy,
j=1

then v = {v1,...,vk} is an eigenfunction of B. Indeed, the functions vy solve (3.5) with ¢ = 0 as a linear
combination of eigenfunctions of Dj. The continuity condition in (3.4) holds since all v;, vanish on . Next,
we have

K K 7 K 7
Kv=> 000 =Y arOpur; =Y Y arCej =0,
k=1

k=1j=1 k=1j=1

by (3.6). Hence X is an eigenvalue of B.
(ii) If dim N(X) = d, then there exist exactly r — d linearly independent vectors o = (aa1, ..., @k ry ) for
which (3.6) holds. Therefore we can construct at least r — d linearly independent eigenfunctions of B. O

To conclude this section, we recall once again that all the properties of B are also the properties of
operators A, for a fixed .

4. Formal asymptotics and the limit operator. The case m = 1

In this section, using asymptotic expansions, we will construct a limit operator whose spectrum is the
set of limit points for the eigenvalues of (2.2)-(2.5) as the small parameter € goes to zero.

4.1. Asymptotics of eigenvalues and eigenfunctions

We look for an approximation, as € — 0, to an eigenvalue \* and the corresponding eigenfunction u. of
(2.2)-(2.5) in the form

A° = A+ o(1), (4.1)
u®(x) = u(z) + o(1) for x € Q\ W%, (4.2)
uf(z) = v(e ty, x3) + ew(e ty, x3) + o(e) for x = (e 'y, x3) € W°. (4.3)

The function u® solves (2.2) and satisfies (2.3) for all ¢ > 0. Since the set w® shrinks to v as ¢ — 0, the
function v must be a solution of the equation

—Agu+Vu=MApu in (4.4)
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that satisfies the boundary condition
Opu=0 onl. (4.5)
Of course, u must also fulfill appropriate transmission conditions on . To find these conditions, we will
examine equation (2.2) in a vicinity of ~.
The metric in wy, is the Euclidean one, so the Laplace-Beltrami operator Ag, becomes 333:« + 833. In the
coordinates (¢, s), equation (2.2) has the form

—e20Muf — 0%ut + V(et, s)u = Ne1q(t, s)u®  in w.

Here 0? is the second order derivative along edges of G. Substituting (4.3) into the latter equation and
collecting the terms with the same powers of ¢ yield

020 =0, —0%w = Aq(t, s)v. (4.6)

Obviously, both the functions v and w satisfy Kirchhoft’s coupling conditions on ~:

K
U1(07S):"':UK(OaS)a Zatkvk(ovs) =0,
k=1
K
w1 (0,8) = -+ =wk(0,s), Z@tkwk(o,s) =0. (4.7)
k=1

To match the approximations on dw®, we write u in the local coordinates (t, s):

ug (e, 8) = vi(1, ) + ewr (1, s) + o(e),
Oy up(e, 1) = E‘latkvk(l, s) + O, wi (1, 8) 4+ o(1),

as € = 0. Then we have

ur(0,8) = vi(1,s), (4.8)
O vk (1,8) =0, (4.9)
Oy, uk(0, ) = O wi (1, 5) (4.10)

forall k=1,..., K. Applying (2.3) we also deduce that
0sv(t,0) =0, OJsv(t,l) =0, Osw(t,0)=0, 9Jsw(t,l)=0. (4.11)
Denote by OG the set of vertices {a1,...,ax}. Collecting (4.6)-(4.7), (4.9), and (4.10), we can now form
the problems for v and w. The first is the homogeneous boundary value problem in star graph G for the

second derivative 97 depending on parameter s:

~02v=0inGxvy, dw=0 ondG x~, (4.12)

K
v = = Uk, Z@tkvk(o,) =0 on . (4.13)
k=1

The problem for w is the same but already non-homogeneous:
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—0?w = Aqv in G xv, Omw = 0d,u on IG x v, (4.14)

K
wy =+ = Wk, Z&tkwk(Q):O on 7. (415)
k=1

Here, 0yw = Oy u is an abbreviation for the set of conditions (4.10).

For a fixed s € (0,1), problem (4.12)-(4.13) has only constant solutions (see [6], for details concerning
ODE on metric graphs). We put v(¢,s) = a(s) and assume that « € W§/2 (7), &/ (0) = /(1) = 0, because of
(4.11). In view of (4.8), we now obtain

u1(0,8) = u2(0,s) = - = ug(0,s) = afs), (4.16)

that is to say v must be continuous on Q*. So, v(t, s) = u(0, s).

Problem (4.14)-(4.15) is generally unsolvable, because the corresponding homogeneous problem has non-
trivial solutions. We will find its solvability conditions, which will simultaneously be another coupling
condition on u. Now equation (4.14) can be written as —d7w = Aq(t, s)u(0, s). Let us multiply this equation
by an arbitrary function ¢ € C§°(7y) and integrate over w:

—/8t2w(t, s)g(s) dtds = )\/q(t,s)u(o,s)a(s) dtds. (4.17)

w

Both sides can be simplified as follows. Integrating by parts yields

I
M=

1
[, 0Fw(t, s)o(s) dt ds E(s)ds/afkwk(t,s) dt
0

£
Il
-

(8tkwk(1’ 5) - atkwk(()? S)) 5(8) ds

I
M) =

i
S O~ _

I
o _
M=

o

I Kk
k=1 b

—

Above we have used (4.14) and (4.15). Next, we write
/q(t,s)u(O,s)a(s) dtds = /%u(O, e dl,
w B!
where the function
x(s) = /q(t,s) dt (4.18)
G

describes the total mass of the graph G = G x {s}. The integral over the graph is the sum of integrals over
edges, i.e.,

K
s(s) = [ q(t,s)dt = (tr, s) dty. (4.19)
G/q kz_le/% k k
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Then identity (4.17) becomes

/(ICu + Aseu)pdl =0 for all ¢ € C5°().

~

Finally, we get the last condition
Ku+Xseu=0 on -~y (4.20)

on the function u, for which we need to formulate the problem. Combining (4.4), (4.5), (4.16) and (4.20),
we obtain the limit eigenvalue problem

—Aqu+ Vu=Apu in £, Ohu=0 onT, (4.21)
U = Uy =+ = UK, Ku+ A»xu=0 on 7, (4.22)

for the leading terms A and w of asymptotics (4.1) and (4.2).
4.2. Properties of the limit operator

(4.21)-(4.22) is a spectral problem where the spectral parameter appears in both, the partial differential
equation and the junction condition along . Below, we will construct some matrix operator associated with
the problem. Let us introduce the space £ = La(p, Q) X La(5¢,7) with the inner product

(a,d)c = / pluf? dS + / P de,
Q ¥

for @ = (u,¢)”, a 2 x 1 vector function belonging to £. In this space, we consider the operator

Ai = (p_l(_Aﬂu * V“)> (4.23)

—x K u

that is defined on dom A = {(u,ul,): u € W(), u is continuous on Q*, d,u = 0 on I'}. Now problem
(4.21)-(4.22) can be written in the form

At = M, i € dom A.

The study of the spectra of the operators A and B is similar. Therefore, we will only point out some
differences without repeating ourselves. Here and subsequently, the operators Dy, D and O(\) refer to the
definitions provided in Section 3 for the case when h = p. Let us introduce the set

Ao = {A € R: ker(O(X) + Asel) # {0}},
where T is the identity operator on La(7).
Theorem 3. The spectrum of A has the following properties:
(i) It is real discrete, bounded from below, and it consists of eigenvalues of finite multiplicity.

(ii) O'(.A) =AgUXp.
(iii) If A € Ep, then X is an eigenvalue of A with multiplicity at least r(A) — dim N ().
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Fig. 3. Turbines and propellers.

Proof. First we prove that A is self-adjoint, bounded from below, and has a compact resolvent. Suppose
4 € dom A. An easy computation shows that

K K
(At ) — (0, A0) e = > / ug O TR dl + / Oy, uk (T — 1) de, (4.24)
k=1
v

k:ll—\k

for any © = (v,n)T € L, provided v belongs to W2(€2). If we suppose that d,v = 0 on T, the function v is

continuous on Q* and n = vl,, then the right hand side of (4.24) vanishes for all & € dom A. Furthermore,

this is the largest class of vectors ¥ for which this is true. Hence, dom A = dom A* and A* is self-adjoint.
Next, we have

(Aﬂ,ﬁ)g:/(—Agu—i—Vu)ﬂdS—/lCuUdE:/(|Vu|2+V|u|2) ds
Q ol Q

Pmin min

>—c [lupdsz == | [pluas+ [luP at | = < jalz
Q

Y

for all & € dom A, where p,,;, = ming p and ¢ is a positive constant such that V(z) > —c for almost all
x € §). Hence A is bounded from below.

The resolvent of A is a bounded operator from £ to dom 4. This resolvent is compact as an operator in
L since dom A C WZ(Q) x W23/2(7) C L and the last inclusion is compact.

The rest of the proof runs in the same way as in Theorem 2. O

Two different types of eigenvibrations correspond to the parts Ag and Yp of o(A). If A € Xp, then the
corresponding eigenvector has the form 7 = (u,0)? and the connection curve v remains unmoved in those
vibrations. However, if A € Ag, then @y = (u,()”, where ¢ is a non-trivial solution of the equation

(O(\) + As)C = 0.

This implies that v is involved in the system’s vibrations. Our mathematical model can describe the eigen-
vibrations of many mechanical systems with complex geometry. For instance, Fig. 3 depicts turbine blades
and various propellers. From a physics perspective, the first type would illustrate the oscillation of lighter
blades with a fixed shaft, while the second type would be the vibration that also propagates to the shaft.
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5. Convergence of spectra in the case m = 1

In this section, we will show that the spectra of the perturbed operators A. converge as ¢ — 0 to the
spectrum of .A. However, each operator A, acts in its own Hilbert space Lo (p®, 2) with the norm depending
on the small parameter €. Therefore, it is convenient to study the convergence of the spectra in terms of
the convergence of quadratic forms.

Suppose the potential V' is positive in €2 and introduce the Hilbert space

H={pcWHQ): ¢ is continuous in Q*}

with the inner product (¢, ¢) = fQ(V¢ -V + Vip) dS and the norm || ¢ = (4, ¢)'/2. We also define the

sesquilinear forms

wlow) = [ povas+=m [ ovas

Q\w* w*e
a(6,) = / ST dS + / > de
Q ¥

acting on the space H. These forms are associated with compact, self-adjoint operators A, and A in H
defined as follows A, : H — H, A-¢ = u. where u, is the solution of

<u€7’(/)> = a5(¢,1/}) for all ¢ S %7

A H — H, Ap = u where u is the solution of

(u, ) = a(p,v) for all ¢ € H.

In this way, we also have
(A0, V) = ac(¢,¥),  (Ad,Yp) =a(¢,¢) forall .9 € H
(see [42, ITL.1], for details). Then, spectral problems (2.2)-(2.5) and (4.21)-(4.22) can be written as
AN Auf = uf, AMNu = u,
respectively.
Theorem 4. Let {\5}%2; be the increasing sequence of eigenvalues of (2.2)-(2.5) for m = 1, taking multiplicity
into account. For problem (4.21)-(4.22), the same sequence of eigenvalues is denoted by {\;}32,. Assume
the potential V is positive in Q. Then, for any n, we have
X = Ayl < Cpels2
with some C; > 0.

Let us first prove some auxiliary estimates.
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Proposition 5. There exists a constant ¢ > 0 such that

/ 62 dS < eel|g]?

wEe

for all p € H.

Proof. Let ¢ € H N CH(Q) where C1(Q) = {ulg, : u € CY(Q)} (cf. (2.1)). For any k = 1,2, ... K, we have

Yk €
2
oulons 9 < 20600.5)7 +2| [ Dpon(ro)dr| <2009 + 20 [ 10,00
0 0

where (yx, s) € wi = (0,¢€) x (0,1). Integrating over w§ and using the Trace Theorem, we get

e 1
J1okas= [ [louroP dsir < 2elula + 2190l < enclonlyan:
ws 0 0

Now let us add all K inequalities. This completes the proof, since C1(€2) is dense in W3 (Qx). O
Proposition 6. There exists a positive constant C, independent of €, such that

/ &1 S - / ol de| < Ce V2|12

for all ¢ € H, where » is defined by (4.18).

Proof. As in Proposition 5, it suffices to prove that the estimates

= [aivpas— [alu it < Py,

wy, ¥
hold for all ¢ € C*(Qx) and k = 1,..., K. Here ¢ = ¢, and (s f qr(tg, s) dty, (see (4.19)). Let us
multiply the obvious equality

9ok 9 — (0, 5) /a St o) dr 6.1)

by the weight function ¢f(yx,s) = qx(e 'yk, s) and integrate along ~. Then

Yk

! l
@ (7 s ) ([ (g 8) = [16(0,8)*) ds| < e1 [ [ [0y, [e(r, 9)]?| drds
[ /]

L yk
<o f / 907 5)] (7 )] drds < sl sy I 2oy < ORI, (5:2)
0
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in view of Proposition 5. We note that

g

l
/%k|w|2d€:5_l//qk ey, s s)]w(0, s)\ ds dy,.
0

)
From (5.2) we get
|7t g i 0P as = [ el de| < e / 01 (7 i, ) (0w, )2 = [9(0,5)[?) ds
0

<e | [ Ol dyi| < CeV2[lw)%,

oY~ O\N

which completes the proof. O
Proof of Theorem 4. Applying Propositions 5 and 6 yields
0:(6.6) ~ a6, 0)| < [ ploPas+ |7t [ Flof s - [ ol dt] < a2
we we ¥

for all ¢ € H. The latter inequality implies that A, converge to A in norm and, moreover, ||A. — A|| < ¢;e'/2.
Therefore we conclude that

cf. [42, TII.1]) and hence A\ — \; as € — 0, and finally that
V] J
A5 = Nl < ellIx51e? < 205\ e P < €yt
forall j e N. O

Remark 1. The operators introduced in Section 3, A., and the operators generated by forms, A., share the
same set of eigenfunctions. Additionally, the map A — A~! is a bijection between their spectra. Indeed,
all eigenfunctions of A, have higher smoothness and actually belong to the space WZ(€2). In this case, any
eigenfunction u° with an eigenvalue (A\¥)~! of A, is also an eigenfunction of A. with the eigenvalue A\* and
vice versa, because any weak solution (in the sense of the variational statement) is a strong one.

6. Low frequency eigenvibrations in the case m > 1

Problem (2.2)-(2.5) concerns the eigenvibrations of a propeller with a heavy propeller shaft and relatively
light blades. The total mass M, that is concentrated on the shaft has the following asymptotics:

Mszsfm/quS:é:l*m /%dEJro(l) , ase — 0.

we 0%

When m = 1, this mass was finite, but now it goes to infinity as € — 0. It is easily seen that
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lac(¢,¢)| < ce' ™| ¢]?

if m > 1, and ||A.|| = O(e1=™) as ¢ — 0. However, the operators ™~ A, converge for every m > 1 and the
limit operator does not depend on m. We will define this operator as follows.
Let us consider the eigenvalue problem

—Aqu+Vu=0 in§, Opu=0 onT, (6.1)
U = Uy = -+ = UK, Ku+ A»xu=0 on ", (6.2)

which is similar to (4.21)-(4.22), but in it the weight function p is zero. One interesting aspect of the problem
is that the spectral parameter A only appears in the boundary condition. The operator’s eigenfunctions
describe the low frequency eigenvibrations, which refer to the vibrations of a propeller with weightless
blades when all the mass of this vibrating system is concentrated on the propeller shaft. This is best seen
in the case of K = 2, when the stratified set Q* turns into a domain Q C R? divided by the curve 7 into
two parts, and problem (6.1)-(6.2) can be written as

—Au+Vu = Axdyuin Q, Jyu =0 on 09,

where the mass density of the vibrating system is Dirac’s distribution

20, (V) = /%w e, for all ¢ € C;°(Q),

Y

with the support on ~.
We will denote by © the operator ©()) from (3.2) in the case when h = 0. This operator transforms the
Dirichlet data ¢ for the solutions vy of the problems

—Aq, v+ Vivy =0 in Qp, Opvg =0 onTly, vp=C ony, k=1,...,K (6.3)

to the sum on the normal derivatives v = 215:1 0,,, V. This Dirichlet-to-Neumann map is well defined if
the corresponding operator D is invertible, i.e. all problems (6.3) have only trivial solutions for ¢ = 0. Then
the condition Cu + Ascu = 0 can be written as

OC 4+ Ax( = 0.
Theorem 7. If the problem
—Aqu+Vu=0inQ, dhu=0o0onT, u=0on~y (6.4)

has only a trivial solution, then the set of eigenvalues of problem (6.1)-(6.2) coincides with the spectrum of
—3710. This spectrum is real, discrete and consists of eigenvalues of finite multiplicity.

Proof. The operator O is self-adjoint on Ly () and has a compact resolvent [3, Th.3.1]. Therefore, 510 also
possesses these properties, and o(5710) is a real discrete set consisting of eigenvalues of finite multiplicity.

If X is an eigenvalue of (6.1)-(6.2) with an eigenfunction w, then { = ul, differs from zero, because
otherwise u would be a solution of (6.4) equal to zero. Hence, \ is an eigenvalue of —s~1©. It is evident
that the converse statement is also true. If A\ € o(—310) and ( is the corresponding eigenfunction, then A
is an eigenvalue of (6.1)-(6.2) with the eigenfunction v = {vy,..., vk}, where vy are solutions of (6.3). O
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Theorem 8. Suppose m > 1 and the potential V' is positive in ). Let {)\j 521 be the increasing sequence
of eigenvalues of (2.2)-(2.5), taking multiplicity into account. For problem (6.1)-(6.2), the same sequence of
eigenvalues is denoted by {)\;}52,. Then e'~™\5 — \j as e = 0, and

|>\;: — €m71>\j‘ < nga(m)’ (65)
where o(m) = min{m — 3,2(m — 1)}. The constant C; does not depend on .

Proof. As in the proof of Theorem 4, we introduce the sesquilinear form

(6.) = [ sBal forall 6,0 € A

Y

and the corresponding self-adjoint operator Ag : H — H, defined by Ag¢ = v where u is the solution of

(u,v) = ap(¢, ) for all ¥ € H.

In this way, we also have (Ag@, V) = ag(¢, V).
Repeated application of Propositions 5 and 6 enables us to write

‘Em_1a5(¢,¢) _a0(¢7¢)| < 5_1/q5\¢)|2 dS—/%|¢|2d£ +€m—1 / p‘({)|2d5§C<51/2+5m_1)”¢”2
Y

Q\we

for all ¢ € H. So, we see that [|e™ 1A, — A|| < ¢1(e/? + ™~ 1), and therefore

gm—1 1

DY

S Cj(81/2 _’_Em—l).

It follows from this estimate that the sequence 51_’”/\3 converges to Aj;, and

A5 — ™I < XISV +em ) < 25 APem T VR e ) < Gy (e 4 2m ),
which completes the proof. O
7. Asymptotics of upper part of o(.A.) in the case m € (1,2)

In the previous section, we described the behavior, as € tends to zero, of eigenvalues A for any fixed j.
The {A}52, have been ordered in an increasing order and the convergence of Aj to zero is not uniform with
respect to the number. Indeed, under the basis of ¢; independent of € in Theorem 8, the constants C; in
inequalities (6.5) tend to infinity as j — oo, since C; > O(|\;|?). Therefore, even if ¢ is sufficiently small,
only a finite number of eigenvalues have the asymptotics given by (6.5). For all the other eigenvalues, the
value of ngﬁ(m) is the same or larger than e™~1);, and the asymptotic expansion A5 = emIN + O(eP(m)
is not valid (see Fig. 4 (a)). This raises the question of the asymptotic behavior of large eigenvalues. We have
shown that the spectra of both operators A. and A can intersect with the spectrum of D. In this section,
we discuss the role of D in approximating the upper part of o(A.). Under the basis of the normalization
of the eigenfunctions in H, we show that there are sequences {A°}.~¢ of eigenvalues such that A\* — p and
1 > 0, and the corresponding eigenfunctions u® converge towards a non-zero function u in H weakly only if
u is an eigenvalue of D (cf. Theorems 10 and 13). If so, u is the corresponding eigenfunction.
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Fig. 4. (a) The set 3: domain A is where asymptotics (6.5) holds, while domain B is where the asymptotics is not valid, but other
approaches of eigenvalues could exist. (b) An illustration of possible values Aj for m = 3/2.

Tt is assumed that the potential V' is positive and m € (1,2). The quadratic form a.(¢, ¢) is continuous
with respect to g, for € # 0. Therefore, using results on comparison of eigenvalues and the variational
principles (cf. e.g. [44, 1.7]), it can be shown that the eigenvalues A5 are continuous functions of ¢ € (0, 1].
The continuity at zero is a consequence of Theorem 8. Let

S={(e,N):e€(0,1), Xeo(A)}.

This set is the union of all curves in IR; » barameterized by the eigenvalues A = A5, ¢ € (0,1). Let clp X
denote the set of all points A\* such that (0, \*) belongs to the closure of ¥, namely, A* is a limit point of
A as e — 0.

As a consequence of Theorem 1 in [7], we claim:

Lemma 9. clp X = [0, +00).

Note that Lemma 9 implies that for each \* > 0 there are sequences )\f("e D A* as €, — 0 where, on
account of Theorem 5, i(e,) — +o00. It is worth mentioning that the existence of i(¢) — +oo such that
the whole sequence )\f( o A* could be obtained by means of the corresponding spectral families (cf. [35]
for the technique and [20] for further explanations and references). For the sake of completeness, Remark 2

contains a formal proof based on a graphic for the specific order A\; = O(e™~1) with m € (1,2).

Remark 2. All eigenvalues A% are positive, therefore clg X C [0, +-00). Additionally, A = 0 belongs to clp ¥
according to Theorem 8. As above mentioned, given j € N, the eigenvalue A is a continuous function of e
that goes to zero as e — 0, A ~ em=1);. Also \; — 400 and, for fixed £ = &, )\;‘TO — +00 as j — +oo.
If, contrary to our claim, some point \* > 0 is not included in cly X, then, for all sequences ¢,, — 0, none
subsequence, still denoted by &, of eigenvalues /\f& ) can converge towards A* and there will likely exists a
neighborhood of (0, A*), B+, that is free of points of ¥. Based on what is shown in Fig. 4 (b) we conclude
that for sufficiently large j we can find ¢; sufficiently small such that )\jj € B)~. This contradicts the
assumption.

The lemma states that any positive number can be approximated by a sequence of eigenvalues of A..
However, there is a difference between the spectrum of D and the other points in cly 3. This distinction can
only be explained by the behavior of the corresponding eigenfunctions.

Let £ be a subset of the interval (0, 1) for which zero is a limit point. We also introduce the space

Ho={peH: $=0o0n~}.



Y. Golovaty et al. / J. Math. Anal. Appl. 549 (2025) 129586 21

Theorem 10. Assume m € (1,2). Let {\*}.ce be a sequence of eigenvalues of A. and {u}.ce be a sequence
of the corresponding eigenfunctions, normalized by ||uc|| = 1. Suppose that A° converge to some positive
value A as € 3¢ — 0 and u® — u in H weakly.

(i) If A ¢ o(D), then u=0.
(ii) If the limit function u is not equal to zero, then X\ is an eigenvalue of D and u is an eigenfunction
associated with .

Proof. First, we prove that u®|, — 0 in La(y), as £ > € — 0. An eigenfunction u® of problem (2.2)-(2.5)
satisfies the identity

/ (Vu‘s Vo + Vusﬁ) ds = \° /psueadS for all ¢ € H. (7.1)
Q Q

When considering the normalized eigenfunction, this identity gives
€12 -m £l,,E12 1
pluf|*dS +¢ ¢Fluf|*dS = —

e’
Q\we w*e

From this, we immediately estimate that

5*1/|u5|2dS < g™l
wE

Next, by applying (5.1) for u instead of ¢ and repeating the same computation as in the proof of Propo-
sition 6, we obtain

112, ) :/|u5\2d€:a_1/|u5(07-)|2d5 < (™1 4 12), (7.2)
el we

Hence, u®|, converge to zero in La(y), and moreover

s*m/qeuaadS — 0, E>e—0, (7.3)

wEe

provided ¢ € Hy and m € (1,2). By passing to the weak limit in (7.1), we obtain that

/ (Vu-Voé+ Vug) dS = A / pupdS  for all ¢ € Hy. (7.4)
Q Q

Therefore, u is either an eigenfunction of D with the eigenvalue A or zero, since ul, =0. O

The theorem we have just proved does not guarantee the existence of convergent sequences A* — A\ and
u® — u such that u is not zero if A belongs to (D). This fact will be demonstrated constructing the so-called
quasimodes. We refer to [47] for the proof of Lemma 11.

Lemma 11. Let L : H — H be a linear, self-adjoint, positive and compact operator on a separable Hilbert
space H with domain D(H). Let v € D(H), with ||v||g =1 and p, r > 0 such that ||Lv — pv||g < r. Then,
there exists an eigenvalue p* of L satisfying |p — p*| < r. Moreover, for any d > r, there is v* € H, with
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lv*|ler = 1, v* belonging to the eigenspace associated with the eigenvalues of the operator L lying on the
interval [pn — d, p+ d] and such that

v —v*||g < 2rd™.

The couple (u,v) € R x H such that ||Lv — pv||g < r and ||v]|g = 1 is called a quasimode of the operator
L with error r. If r = 0, then p is an eigenvalue of L with the normalized eigenfunction v. Otherwise, as
stated Lemma 11, given a quasimode with error r, the interval [ — 7, 4 7] contains at least one eigenvalue
w* of L.

It should be noted that no assertion can be made about the relative closeness of the quasimode v to a
true eigenvector v*. The only fact that can be stated is that

|E(A) —ollu < rd", (7.5)

where A = [ — d, pu + d] and E(A) is the spectral projection of L corresponding to A. If A contains only
one simple eigenvalue p* of L, then there exists a normalized eigenvector v* such that

v —v*|| g < 2rd ™", (7.6)

since E(A) = (v,v*) g v* (see [47] and [34], for details).

A family of quasimodes {(u,v1), ..., (4, vs)} with error r is said to have a deviation from orthogonality 6
if ’(vi, V) — 6ij’ <@foralli,j=1,...,J, where d;; is the Kronecker delta. We refer to [34] for the proof
of Lemma 12.

Lemma 12. Let {(u,v1),..., (11, v7)} be a family of quasimodes of the operator L with error r and deviation
from orthogonality 6. If rd=* + 6 < J~!, then L has eigenvalues on the interval [u — d, u + d] with a total
multiplicity of J.

Let us construct quasimodes for the operator A.: H — H introduced in Section 5. We consider the pair
(A7, u), where X is an eigenvalue of D and u is the corresponding normalized eigenfunction. We need to
evaluate whether the norm ||A.u — A~ u|| is small as ¢ tends to zero.

It is observed that u satisfies identity (7.4) for functions ¢ € Hg, but for the test functions from #H the
following identity holds:

/(vu.va+vu$) ds+//cu$d£: A/puads for all ¢ € H. (7.7)

Q vy Q

In addition, the eigenfunction u, as we noted above, belongs to WZ2({2). Due to the Sobolev embedding
W2(Qx) <= CO1(€2y,), valid for 5 € (0,1) (cf. [1, 1.27, 6.2]), we have that

u(z)] < clz|"
in a vicinity of v, because of u|, = 0. Combining this with Proposition 5, we have

/ FuBdS| < ey mas fu(z) / 16]dS < coe™ ). (7.8)

WwE

Applying (7.7) and (7.8), we deduce
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(Acu — X" tu, ¢) = / pug dS +5*m/q€u$ds -2t /(Vu -Vé + Vug)dS
Q\we we Q
:xl//cuadusfm/qfuadsf/puads
'Y UJE wE
=\t /Kuadf +O(e"T™) as e — 0.
vy

~1 u) is not the best candidate for a quasimode, because the vector A.u — A~'u has a

Hence, the pair (A
large norm in H. However, we will improve it now.

Let us assume that » (namely, ¢) is sufficiently smooth and there is g from #H such that

g(y, s) = (As(s))"'Ku(0, s), in a neighborhood of v and g € H. (7.9)
Then
e*lqugadS—xl//cuadz < ce'?| 9|, (7.10)
we y
m—1

by Proposition 6. We set w. = u — ™ !g and consider a new pair (A~%, w.). Repeating the previous

argument and using (7.10) leads to the estimate

|<A€w5 —A_1w5,¢)| < E_l/quEdS—)\_l/lCuadZ
v

W€

+em™ /qsuads + /puadS’ +em—l / pgo dS

we wE Q\UJE

X1 (g, )] < O™t + 62 4 THm) g
Finally, we have
[(Acwe = A7 M, )| < CPm g,
where

m—1 if me (1,1+ 2],

(7.11)
n—m+1 ifme(1+2,n+1).

5(m»77) = {

We can see that for any m as close to 2 as possible, there exists n € (0,1) such that S(m,n) is positive.
Hence, [|Acw. — A w.|| < CeP™m and therefore (\~',w.) is a quasimode of A. with error of order
O(ePmm), as e — 0.

Let A\ be an eigenvalue of D with multiplicity J. In the corresponding eigenspace Uy, we can choose a
basis {u™), ..., ul?)} such that

/\/pu(i)mdSZ(sij fori,j=1,...,.J.
Q
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Then this basis is orthonormal in the space #, i.e., (u®, u()) = dij. We can construct the family of
quasimodes

w®) = ) — =1 ) () ome g ()

with error of order O(e?(™). In addition, this family has a deviation from orthogonality of the order
O(e™~1). Indeed, for every i,j = 1,...,J, we have

(W Wy — 55 = (WD — e ) — gm=1g()y (D) 4@
_gm—1 (<u(i)’g(j)> + <g(i)7u(j)>) + e2m=D (@ 40y = O(e™™1), ase— 0.

Lemma 12 and estimates (7.5), (7.6) will now be applied to construct a family of quasimodes by setting
d=2JCePmM g = ce™ 1 and r = CeP™ . The condition rd—' 4+ 6 < J~! is met because the following
inequality

2N) "t peemt <!

holds for sufficiently small values of e.
Summarizing, we have

Theorem 13. Assume m € (1,2) and » € C(v) such that (7.9) holds. Let X\ be an eigenvalue of D with
multiplicity J, i.e., A = Xj = Ajp1 = -+ = Ajpg—1 and Aj_1 < A < Ajpg. Then the total multiplicity of
eigenvalues of Ac that lie in the interval

Ac = [\ =270\ 4 20|

is equal to J. Here S(m,n) is given by (7.11), where 1 is any positive number such that m —1 <n < 1.

In addition, if \ is a simple eigenvalue of D with an eigenfunction u, ||ul| = 1, and the interval A, =
[)x —2JCePmmMET N 4 2J05ﬂ(m”7)+7] for a certain T > 0 contains only an eigenvalue of A, then there
exists a sequence of eigenfunctions u. of A. such that u. — u in H weakly.
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