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Abstract. We introduce the notion of subprojective and superprojective
operators and we use them to prove a variation of the three-space prop-
erty for subprojective and superprojective spaces. As an application, we
show that some spaces considered by Johnson and Lindenstrauss are
both subprojective and superprojective.
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1. Introduction

A Banach space X is called subprojective if every closed infinite-dimensional
subspace of X contains an infinite-dimensional subspace complemented in X,
and X is called superprojective if every closed infinite-codimensional subspace
of X is contained in an infinite-codimensional subspace complemented in X;
note that finite-dimensional spaces are trivially both subprojective and super-
projective. These two classes of Banach spaces were introduced by Whitley
[20] to find conditions for the conjugate of an operator to be strictly singu-
lar or strictly cosingular. More recently, they have been used to obtain some
positive solutions to the perturbation classes problem for semi-Fredholm op-
erators. This problem has a negative solution in general [9], but there are
some positive answers when one of the spaces is subprojective or superpro-
jective [11,14].

Subprojectivity passes on to subspaces and superprojectivity passes on
to quotients, and both are stable under direct sums [13,19], but neither of
them is a three-space property: for every 1 < p < oo there exists a non-
subprojective, non-superprojective space X with a subspace M C X such
that M ~ X/M ~ ¢,, which is both subprojective and superprojective [19,
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Proposition 2.8] [13, Proposition 3.2]. However, slightly stronger hypotheses
on M and X/M do imply the subprojectivity or superprojectivity of X, as
seen below. For the subprojectivity, it is enough that X/M is subprojec-
tive and that every closed infinite-dimensional subspace of M contains an
infinite-dimensional subspace complemented in X (which is stronger than
being complemented in M, as the definition of subprojectivity of M would
require), and there is an equivalent condition for superprojectivity (see The-
orem 2.7). We introduce two classes of operators, namely subprojective and
superprojective operators, which allow to show that a Banach space X is
subprojective or superprojective when certain conditions such as these are
met by a closed subspace M of X and its induced quotient X/M.

As an application, these sufficient conditions will be used to prove that
two examples of Banach spaces introduced by Johnson and Lindenstrauss to
study the properties of weakly compactly generated spaces are both subpro-
jective and superprojective.

We will use standard notation. X, Y and Z will be Banach spaces.
Given a closed subspace M of X, we will denote the inclusion of M into X
by Jar, and Qp will be the quotient map of X onto X/M. A (bounded,
linear) operator T € L(X,Y) is said to be strictly singular if there is no
closed infinite-dimensional subspace M of X such that the restriction T'Jy,
is an isomorphism; it is said to be strictly cosingular if there is no closed
infinite-codimensional subspace M of Y such that QT is surjective.

2. Subprojective and Superprojective Operators

Definition. An operator T' € L(X,Y) is subprojective if every closed infinite-
dimensional subspace M of X such that 7T'.Jj; is an isomorphism contains
a closed infinite-dimensional subspace N such that T(N) is complemented
inY.

An operator T € L(X,Y) is superprojective if every closed infinite-
codimensional subspace M of Y such that Q ;T is surjective is contained in a
closed infinite-codimensional subspace N such that T~!(N) is complemented
in X.

Note that a Banach space X is subprojective (resp., superprojective)
if and only if the identity Ix is subprojective (resp., superprojective). Also,
strictly singular operators are trivially subprojective, and strictly cosingular
operators are trivially superprojective.

The following result, which is a consequence of [2, Lemma 2.2], will be
useful at several places.

Lemma 2.1. Let X and Y be Banach spaces and let T € L(X,Y) be an
operator.
(i) If M is a closed subspace of X such that T'Jps is an isomorphism and
T (M) is complemented in'Y, then M is complemented in X.
(i) If N is a closed subspace of Y such that QnT is surjective and T—1(N)
is complemented in X, then N is complemented in Y .
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Proof. (i) Let N(T') be the kernel of T. If M N N(T) = 0 and N is a closed
subspace of Y such that Y = T(M) @ N, then X = M & T~}(N).
(ii) Let R(T) be the range of T. If R(T) + N =Y and M is a closed
subspace of X such that X = M & T~'(N), then T(M) is closed and
Y =T(M)® N.
U

Subprojective (resp., superprojective) operators are stable under left
(resp., right) composition.

Proposition 2.2. Let X, Y and Z be Banach spaces and let T € L(X,Y) and
S e L(Y,Z) be operators.

(i) If S is subprojective, then ST is subprojective.
(ii) If T is superprojective, then ST is superprojective.

Proof. (i) Let M be a closed infinite-dimensional subspace of X such that
ST Jy is an isomorphism. Then T'(M) is a closed infinite-dimensional
subspace of Y and SJp(y) is an isomorphism. Since S is subprojective,
there exists a closed infinite-dimensional subspace N of T'(M) such that
S(N) is complemented in Z, and then (T'Jy)"1(N) is a closed infinite-
dimensional subspace of M whose image (ST)((TJa) ' (N)) = S(N)
is complemented in Z.

(ii) Let M be a closed infinite-codimensional subspace of Z such that QST
is surjective. Then S~!(M) is a closed infinite-codimensional subspace
of Y and Qg-1(ap)T" is surjective. Since T is superprojective, there ex-
ists a closed infinite-codimensional subspace N of Y containing S~ (M)
such that T~(N) is complemented in X, and then S(N) is a closed
infinite-codimensional subspace of Z containing M  where
(ST)"Y(S(N)) = T~Y(N) is complemented in X.

U

Applying this result to the identity of a subprojective or superprojective
space yields the following.

Corollary 2.3. Let X and Y be Banach spaces and let T € L(X,Y) be an
operator.

(i) If Y is subprojective, then T is subprojective.
(ii) If X is superprojective, then T is superprojective.
Question. Let S, T' € L(X.Y).
1. If S and T are subprojective, is S + T subprojective?
2. If S and T are superprojective, is S + T' superprojective?

The subprojectivity of an embedding and the superprojectivity of a
quotient map appear often enough that it is worth noting the following char-
acterisation for them.

Proposition 2.4. Let X be a Banach space and let Z be a closed subspace
of X.
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(i) Jz is subprojective if and only if every closed infinite-dimensional sub-
space of Z contains an infinite-dimensional subspace complemented in
X, in which case Z 1is subprojective.

(il) Qz is superprojective if and only if every closed infinite-codimensional
subspace of X containing Z is contained in an infinite-codimensional
subspace complemented in X, in which case X/Z is superprojective.

Proof. (i) This is a direct consequence of the definition of subprojective
operator and Lemma 2.1(i).

(ii) Assume that Qz is superprojective and let M be a closed infinite-
codimensional subspace of X containing Z. Then Qz(M) is a closed
infinite-codimensional subspace of X/Z and, by hypothesis, there exists
an infinite-codimensional subspace N of X/Z containing Qz(M) and
such that Q,'(N) is complemented in X, where Q,'(N) contains M
and is still infinite-codimensional.

Conversely, let M be a closed infinite-codimensional subspace of
X/Z. Then Q,'(M) is a closed infinite-codimensional subspace of X
containing Z, so there exists an infinite-codimensional subspace N con-
taining Q' (M) and complemented in X, and then Qz(N) is infinite-
codimensional in X/Z and contains M, and QEI(QZ(N)) = N is com-
plemented in X.

Finally, let M be a closed infinite-codimensional subspace M of
X/Z. Then Q,* (M) is contained in an infinite-codimensional subspace N
complemented in X, so M is contained in Qz(N), which is closed, hence
complemented in X/Z by Lemma 2.1(ii).

O

The following lemmata will be used in Theorem 2.7 to handle subspaces
of a space depending on its relative position with respect to another subspace.

Lemma 2.5. Let X be a Banach space, let M and N be closed subspaces
of X such that M NN =0 and M + N is not closed. Then there exists an
automorphism U: X — X such that U(M) N N is infinite-dimensional.

Proof. Take normalised sequences (z,,)nen in M and (¥, )nen in N such that
|2n — ynl| < 27™ for every n € N. Since any weak cluster point of (z,,)nen
must be in M NN = 0, by passing to a subsequence [3, Theorem 1.5.6]
we can assume that (z,),en is a basic sequence and that there exists a
sequence (z})nen in X* such that (z},z;) = d;; for every i, j € N and
S5 Il 2 — gl < 1. Then K(2) = 335, (@52} (a — yy) defines an
operator K: X — X with ||K|| < 1 and U = I — K is an automorphism on X
that maps U(xz,) = y, for every n € N, so U(M) N N is infinite-dimensional.

O

Lemma 2.6. Let X be a Banach space, let M and N be closed subspaces
of X such that M 4+ N 1is dense in X but not closed. Then there exists an
automorphism U: X — X such that U=Y(M) + N s infinite-codimensional
i X.
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Proof. M+ N is dense in X but not closed, so M- NN+ = 0and M+ + N+t is
not closed either [18, Theorem IV.4.8]. Take a normalised sequence (z)nen
in M+ and another sequence (y),ey in N+ such that ||z} — y|| < 27" for
every n € N. Since any weak® cluster point of (z),ey must be in M+ N
N+ = 0, by passing to a subsequence [10, Lemma 3.1.19] we can assume
that (z})nen is a basic sequence and find a sequence (z,)neny in X such
that (zf,z;) = d;; for every i, j € N and >~ ||@n|| ||z} — y;|| < 1. Then
K(z)=>0" (x} — yi, x)z,, defines an operator K: X — X with ||[K| <1
and U = I — K is an automorphism on X whose conjugate maps U(z}) = vy
for every n € N, so U*(M*+)N N+ = (U1 (M) + N)* is infinite-dimensional
and U~1(M) + N is infinite-codimensional. O

Theorem 2.7. Let X be a Banach space and let Z be a closed subspace of X .

(i) If Jz and Qz are both subprojective, then X is subprojective.
(i1) If Jz and Qz are both superprojective, then X is superprojective.

Proof. (i) Let M be a closed infinite-dimensional subspace of X. If M N
Z is infinite-dimensional, then it contains another infinite-dimensional
subspace complemented in X by the hypothesis on Jz and Proposi-
tion 2.4(i). Otherwise, if M N Z is finite-dimensional, we can assume
that M N Z = 0 by passing to a further subspace if necessary. If M + Z
is closed, then QzJ; is an isomorphism and M contains an infinite-
dimensional subspace complemented in X by the hypothesis on Q.
We are left with the case where M N Z = 0 and M + Z is not closed.
By Lemma 2.5, there exists an automorphism U: X — X such that
U(M)NZ is infinite-dimensional. Let N be an infinite-dimensional sub-
space of U(M) N Z complemented in X, again by Proposition 2.4(i);
then U~1(N) C M and is still complemented in X.

(ii) Let M be a closed infinite-codimensional subspace of X. If M + Z is
infinite-codimensional, then it is  contained in  another
infinite-codimensional subspace complemented in X by the hypothesis
on )z and Proposition 2.4(ii). Otherwise, if M + Z is finite-codimensional,
we can assume that M + Z = X by enlarging M with a finite-dimensional
subspace if necessary. If M + Z is closed, so M + Z = X, then QpJz
is surjective and M is contained in an infinite-codimensional subspace
complemented in X by the hypothesis on Jz;. We are left with the
case where M + Z is dense in X but not closed. By Lemma 2.6, there
exists an automorphism U: X — X such that U1 (M) + Z is infinite-
codimensional in X. Let IV be an infinite-codimensional subspace com-
plemented in X such that U=Y(M) + Z C N, again by Proposition 2.4(ii);
then M C U(N), which is still infinite-codimensional and complemented
in X.

O

Theorem 2.7 implies a variation of the 3-space property for subpro-
jectivity and superprojectivity. Given a Banach space X and a closed sub-
space Z of X, the inclusion Jz is subprojective if and only if every closed
infinite-dimensional subspace of Z contains an infinite-dimensional subspace
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complemented in X by Proposition 2.4(i), and this is stronger than being
subprojective; on the other hand, for Q7 to be subprojective, it is sufficient
(but not necessary) that X/Z be subprojective, by Corollary 2.3. So, if X/Z
is subprojective and Jz is subprojective, then X is subprojective. Similarly,
if Z is superprojective and )z is superprojective, then X is superprojective.

Also, Theorem 2.7 is not a characterisation. While J; must be sub-
projective if X is subprojective by Corollary 2.3, @)z need not be. For in-
stance, take any surjection T': ¢, — C([0, 1]) and define the operator Q: ¢1 &
41— C([0,1])) as Q(z,y) = = + Ty. Then @ is also clearly surjective and
an isomorphism on its first component, but ¢; cannot contain any subspace
whose image by @ is complemented in C([0, 1]).

Related to Theorem 2.7, as mentioned in the introduction, there exists
a non-subprojective, non-superprojective space X with a subspace M C X
such that M ~ X/M ~ {,, which is both subprojective and superprojective
[19, Proposition 2.8] [13, Proposition 3.2], where @ is strictly singular [17,
Theorem 6.4], hence subprojective, while X is not, and Jy; is strictly cosin-
gular [17, Theorem 6.4], hence superprojective, while X is not. Thus, Jys
cannot be subprojective although M is, and Qs cannot be superprojective
although X /M is.

Jz,Qz subprojective = X subprojective =
= Jz subprojective = Z subprojective
A similar situation holds for superprojectivity.
Jz,Qz superprojective = X superprojective =
= @z superprojective = X/Z superprojective
As a particular case of Theorem 2.7, we have the following.

Corollary 2.8. Let X be a Banach space such that

(i) every closed infinite-dimensional subspace of X contains an infinite-
dimensional subspace complemented in X**; and
(if) X**/X is subprojective.
Then X** is subprojective.

In [12], it is proved that, under certain conditions, the J-sum J(®) of
Banach spaces, as defined by Bellenot [6], and its bidual J(®)** are sub-
projective. As a particular case, for every separable subprojective space X
there exists a separable Banach space J(®) such that J(®)** is subprojec-
tive and J(®)**/J(®) is isomorphic to X. An essential part of the proof is to
show that any closed infinite-dimensional subspace of J(®) contains a further
infinite-dimensional subspace complemented in J(®)**, which is to say that
the inclusion of J(®) in J(®)** is subprojective [12, Theorem 5.2(i)]. That
result is, in fact, a particular case of Corollary 2.8.

A related result was proved by Argyros and Raikoftsalis [4]. Let Y be a
separable reflexive space. Then:

e For every 1 < p < oo, there is a separable reflexive space X, (Y") that is
hereditarily complemented ¢, hence subprojective, and Y is a quotient

of X,(Y).
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e Y is a quotient of a separable hereditarily-co space Xo(Y').
Of course, in both cases the kernel of the quotient map is subprojective.

Remark 2.9. In Corollary 2.8, condition (i) can be replaced by

(") every closed infinite-dimensional subspace of X contains an infinite-
dimensional reflexive subspace complemented in X .

3. Subprojectivity and Superprojectivity
of the Johnson-Lindenstrauss Space

Here we apply the results in the previous section to study the Banach spaces
introduced by Johnson and Lindenstrauss in [16, Examples 1 and 2].

Let I' be a set with the cardinality of the continuum and let { N, : v €
I' } be a family of infinite subsets of N such that N, N N, is finite if v # 7.
For each v € I, let ¢, € o be the characteristic function of N,.

Let V = ¢y C & and let JLj be the linear span of VU {¢, : vy € I'}
in /o, endowed with the norm

k k
Hy-i—Zaigb,ﬁ —max{ Hy—i—ZaiqS%
i=1 1=1

for every y € V and (v;)F_, with v; # v, if i # j.
The space JL is defined as the completion of (JLg, | - ||sz). These are
some of its properties.

Theorem 3.1. [16, Example 1]

(i) V is a subspace of JL isometric to co and JL/V is isometric to £5(T).
(ii) Weakly compact subsets of JL are separable. Hence every reflexive sub-
space of JL is separable and V is not complemented.
(i) JL* is isomorphic to €1 ® £2(T).

A Banach space X is weakly compactly generated (WCG, in short) if
there exists a weakly compact subset of X that generates a subspace that
is dense in X. Clearly, separable spaces and reflexive spaces are WCG, but
JL is not by property (ii), as it is not separable. Hence being WCG is not a
three-space property [16].

Note that, while we treat JL as a unique space, there are different
JL spaces depending on the choice of the family { N, : v € T'}, and that
the resulting spaces may not be isomorphic [5]. However, the properties in
Theorem 3.1, and those proved below, are common to all possible JL spaces
obtained this way.

il }

JL

Corollary 3.2. Fvery infinite-dimensional reflexive subspace of JL is a com-
plemented copy of ls.

Proof. Let M be an infinite-dimensional reflexive subspace of JL. Then M NV
is finite-dimensional and, by Lemma 2.5, M + V is closed. Passing to a
finite-codimensional subspace N of M, the restriction Qv Jy is an isomor-
phism. Since Qv (N) is complemented in ¢3(T"), N is complemented in JL by
Lemma 2.1(i), and then so is M. O
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Using subprojective and superprojective operators, it is possible to prove
that the space JL is both subprojective and superprojective.

Lemma 3.3. Let {v; : 1 < i < n} be a finite subset of T' and let M}, =
N, \Uf”;l N, for every 1 <k <n. Then (X, )i, s equivalent to the unit
vector basis of (5.

Proof. For every 1 < k < n, define F}, = Ui:ll(Nw N N,,), which is a finite
set, and note that N, is the disjoint union of M), and F}, so xu, = XN, —
X F,, which is well deﬁned in JL. Since the sets (My)}_, are pairwise disjoint,

1> rey anxan ||, = lar)izylloo and [[>o5_; akXMkHJL = |[(ak)j=1ll2 for
every (ag)p_,. O

As a consequence, the same applies to any countable subset of I' with
respect to f.

We will need the following result, which was essentially proved in [8,
Theorem 2.2]. We include a proof here because our statement is different and
also encompasses complex spaces.

Proposition 3.4. Let X be a Banach space that does not contain any copies
of 1. Then every copy of ¢y in X contains another copy of co complemented
mn X.

Proof. Let (z)nen be a sequence in X equivalent to the unit vector basis
of ¢y and take a bounded sequence (z})nen in X* such that (x,z;) = 0;;
for every i, 7 € N. It is easy to check that (z}),en is equivalent to the unit
vector basis of /7.

Since X does not contain any copies of 1, there exists a normalised
weak™ null block sequence of (x}),en ([15, Theorem 1(a)] for the real case,

mk+171

[1, Appendix A] for the complex case). Write y; = > ;"\~ a;z} for such
a sequence and let &; = a;/|a;|, or g; = 1 if a; = 0, for every ¢ € N. Then
Yk = Z;n:kwti_l g;x; defines a sequence (y)ren in [z, : n € N] equivalent to
the unit vector basis of ¢ such that P(z) = > r-,(y;. )y is a projection

in X onto [y : k € NJ. O

Proposition 3.5.
(i) Jv is subprojective.
(ii) Qv is superprojective.
(iii) JL is both subprojective and superprojective.
(iv) J zs subprojective but not superprojective.
(v) JL** is neither subprojective nor superprojective.

Proof. (i) JL does not contain any copies of ¢1, as neither ¢o nor £o(T")
contain copies of /1, and not containing any copies of ¢; is a three-space
property [7, Theorem 3.2.d]. Then every closed infinite-dimensional sub-
space of V' ~ ¢y contains another copy of ¢y that is complemented in JL
by Proposition 3.4 and Jy is subprojective by Proposition 2.4.

(ii) Let M be a closed infinite-codimensional subspace of JL containing V.
Then JL/M is a quotient of JL/V = (5(T), so, taking a bigger M
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if necessary, we can assume that JL/M is separable. Since Qv (M) is
closed, we can consider the decomposition f5(I') = Qv (M) ® Qv (M)*.

Let {e, : v € T'} be the basis of £(T). Since Qv (M)* is separa-
ble, there exists a sequence of different points (v, )nen in T' such that
Qv (M)t C e, : n € N]. Consider an orthonormal basis of Qv (M)=;
then that basis is a normalised weakly null sequence, so it has a sub-
sequence (fx)ren that is equivalent to a block basis of (e, )nen, i€,

there exist 1 = m; < ms < m3 < --- in N and a sequence of scalars
(bn)nen such that y, = Z;i’;:ifl bie, satisfies |lyx — frl| < 272 for
every k € N.

Now, for every n € N, define F,, = [J'""(N,, N N,,) and M, =
N, \Fy, so that (xas, )nen is equivalent to the unit vector basis of 5 by
Lemma 3.3 and Qv (xum,) = Qv(xn,, ) = €4, for every n € N, which
means that the restriction of Qv to [xas, : k € N]is an isomorphism onto
le4, :n € N]. Define 23, = Sl o, € JL for every k € N, so that

Qv (xk) = yi for every k € N. Then the restriction of Qv to [z : k € N]
is an isomorphism onto [y; : k € N] and lo(T') = [yx : k € NJ& N
with N a closed subspace containing Qv (M), and JL = [xp : k €
N] @ Q' (N). Hence Q' (N) is a complemented infinite-codimensional
subspace containing M.

(iii) Qv is subprojective and Jy is superprojective by Corollary 2.3, as
JL/V = £5(T) is subprojective and V' = ¢q is superprojective, so JL is
both subprojective and superprojective by (i), (ii) and Theorem 2.7.

(iv) This follows from JL* ~ ¢; @& £5(T) [19, Proposition 2.2] [13, Proposi-
tion 4.1], as ¢; and ¢2(T") are subprojective, but ¢ is not superprojective.

(v) JL™ contains a (complemented) copy of .
0

There is a second example in [16], which is the closed subspace X,
generated by V.U {¢, : v € I'} U {xn} in . Since X ;1 is a commutative
Banach algebra with the pointwise multiplication, it is isometric to some
C(K) space by Gelfand’s representation theorem [16, Example 2]. It is easy
to check that X ;1 /V is isometric to ¢o(T'), which is WCG because the natural
inclusion ¢5(I'") — ¢(T") has dense range. However, since weakly compact
subsets of /., are separable, X ;5 is not WCG, so V is not complemented
in XJL.

Recall that a Banach space X is said to have property (V) if every non-
weakly compact operator T: X — Y is an isomorphism on a subspace of X
isomorphic to ¢g. It is well known that C'(K) spaces have property (V), so
X1, has property (V).

Proposition 3.6. X ;; is subprojective and superprojective.

Proof. Xy is hereditarily ¢y because being hereditarily c¢q is a three-space
property [7, Theorem 3.2.¢]. As such, any closed infinite-dimensional subspace
of V' = ¢y contains a further subspace isomorphic to ¢y and complemented
in X 5, by Proposition 3.4, which means that Jy is subprojective. As in
the case of JL, Qv is subprojective by Corollary 2.3, as X ;1./V = ¢o(T) is
subprojective, so X, is subprojective by Theorem 2.7.
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For the superprojectivity, we will prove that Qv is superprojective. First
of all, ¢1(T") does not have any reflexive subspaces, so X;1/V = ¢o(I") does
not have any reflexive quotients. Let W be a closed infinite-codimensional
subspace of X, containing V; then Qu is not weakly compact, and X jj,
has property (V'), so there exists a subspace W of X 7, isomorphic to ¢ such
that Qw is an isomorphism on M. Now again X, /W does not have any
reflexive quotients, so it does not contain ¢; and we can assume that Quw (M)
is complemented by Proposition 3.4. Write X ;.,/W = Qw (M) @ N; then
Xy =M @ Q) (N), where Qy, (N) contains W.

Finally, again Jy is superprojective by Corollary 2.3, so X ;1 is super-
projective by Theorem 2.7. 0
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