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Abstract— This paper presents a semi-analytical formulation for 
the phase-noise analysis of injection-locked push-push oscillators. 
The formulation provides insight into the noise spectrum and its 
corner frequencies, which can be related to some design 
parameters. It enables a direct comparison with the phase-noise 
spectrum of a single injection-locked oscillator, based on one of 
the two sub-oscillator circuits. The push-push configuration is 
optimized in order to increase the synchronization bandwidth 
and the phase-noise spectrum before and after this optimization 
is compared. The formulation, applied to 10.4 GHz oscillator, has 
been validated with the accurate conversion matrix approach 
and with experimental measurements. 

I. INTRODUCTION 
Push-push oscillators allow increasing the frequency 

generation capabilities of microwave devices. In push-push 
oscillators, two individual oscillators, with 180º phase shift at 
the fundamental frequency f0, are combined to produce an 
output at 2f0, through the cancellation of the odd harmonic 
terms [1]. The even harmonic terms are added in phase so we 
obtain a 3 dB power increase with respect to the individual 
oscillator. When injection-locked at the fundamental 
frequency, it basically operates as a frequency doubler, 
requiring only a very small input power and still providing an 
inherent cancellation of odd harmonic terms [2]. The low 
input power is due to the fact that the oscillator is operating as 
fundamentally synchronized oscillator, which typically 
requires very small power from the input source. In injection-
locked mode, the output phase noise will approximately 
double the one corresponding to the input source up to a 
certain offset frequency and then it will approach the phase 
noise of the free-running push-push at 2f0. Thus, it would be 
interesting to be able to identify the circuit magnitudes or 
parameters that determine this change of behavior. The 
injection-locked push-push oscillator can be applied as a 
frequency doubler when only a small power source at f0 is 
available. Attention must also be paid to the synchronization 
bandwidth to guarantee a robust behavior versus temperature 
changes or component tolerances. 

Previous works have presented analytical expressions for 
the estimation of the phase-noise spectrum of an injection-
locked push-push oscillator. However, the expressions, based 
on Adler’s formulation for the analysis of injection-locked 
oscillators, turn out to be too simplified to accurately predict 
the phase-noise behavior when using transistor devices. In this 
paper, we use a semi-analytical formulation for the in-depth 
and realistic study of the phase-noise spectrum. The 

formulation extends the one presented in [3] (applied to a 
single oscillator circuit) to the case of push-push oscillators. 
The results will be compared with the accurate conversion-
matrix approach, implemented on harmonic balance (HB). 
The advantage of the semi-analytical formulation is that 
provides more insight into the magnitudes that determine the 
shape of the noise spectrum. The behavior of two different 
push-push designs at 10 GHz, with different locking 
bandwidth, will be compared with that of a single sub-
oscillator circuit. 

II. INJECTION-LOCKED PUSH-PUSH OSCILLATOR 
The free-running push-push oscillator is composed of two 

individual oscillator circuits with 180º phase shift. Thus, for 
the injection-locking we use a rat-race coupler, as depicted in 
Fig. 1. The used active device is a bipolar transistor (BFP405) 
and the circuit has been manufactured on CuClad 2.17 
substrate ( 0.254 mmh = ). The outputs of the oscillators are 
combined through a Wilkinson power combiner. The base and 
collector bias voltages (Vbb and Vcc, respectively) are set to 5 
V. The circuit oscillates at 5.2 GHz and the output frequency is 
10.4 GHz. In order to preserve the circuit symmetry, one of the 
transistors has been back-mounted. 

 The push-push oscillator will operate as a fundamentally 
synchronized oscillator, with input frequency sω  in the 
neighborhood of 0ω  and output frequency s2ω . Initially the 
circuit is analyzed in HB. For that, we make use of two 
auxiliary generators (AGs) at the fundamental frequency 

AG sω = ω . The objective is to avoid non-oscillatory solutions 
at any of the two sub-oscillator circuits. The AG is a voltage 
generator, with amplitude AAG and phase φAG, with an ideal 
bandpass filter at AGω . It must fulfill a non-perturbation 
condition of the oscillatory regime, given by the zero value of 
the current-to-voltage ratio YAG=IAG/AAG, with IAG the current 
through the AG. The two AGs are connected symmetrically to 
equivalent nodes in the two subcircuits. We set the phase 
origin at the node of one of these two AGs, doing φAG1=0º. 
Then, the second AG will have the phase value φAG2=180º, 
which ensures the desired operation with 180º phase shift. For 
each value of input power and frequency, the two AGs must 
fulfill a non-perturbation condition given by:  

 
1

2

j1
1 2 1 2 g s 0 1

j2
1 2 1 2 g s 0 2

Y V ,V , , , , j V e 0,    =0
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The above equation is solved through optimization in 
commercial HB. The pure HB system constitutes the inner tier. 
For each input power and frequency, the variables to 
determine are the amplitudes V1 and V2 and the phase φAG. 
Note that due to the inherent symmetry of the push-push 
configuration the relationship V1=V2 is fulfilled. On the other 
hand, the synchronization bandwidth is obtained by sweeping 
the input-generator phase φg, calculating the AG amplitude 
AAG and frequency ωs at each sweep step. The 
synchronization curve for Pin=-26 dBm has been traced in 
terms of the output power at 2ωs in Fig. 2. The bandwidth of 
this original design is 2 MHz. The upper section of the 
ellipsoidal curve is stable and the lower section is unstable. 
Following the stability analysis techniques for N-push 
oscillators presented in [4],[5], we have also verified that the 
circuit does not exhibit any stable in-phase mode.  
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Fig. 1 Schematic of the injection-locked push-push oscillator. The injection 
signal is directly applied to the bases of the bipolar transistors using a rat-race 
coupler and a single external generator. 

 

With the aim to increase the synchronization bandwidth, we 
have performed a second design, improving the input network. 
For that, we impose the synchronization condition at two 
frequency values  s1 s2,ω ω  with sufficient spacing 

s s2 s1Δω = ω − ω . At each frequency si , i 1,2ω =  we solve (1) in 
terms of V1=V2=V, φg and an ideal reactive element (a 
capacitor in this case). After convergence at each of the two 
frequencies si , i 1,2ω =  (in two different HB simulations) we 
obtain two ideal capacitance values s1 1,Cω  and s2 2,Cω . The 
impedance exhibited by these ideal capacitors at si , i 1,2ω =  is 
implemented with a single reactive network using impedance 
synthesis techniques, in similar manner to the empirical 
technique for VCO linearization presented in [6],[7]. The 
synchronization bandwidth obtained with the modified input 
network can be compared with the original one in Fig. 2. This 
bandwidth has increases from 2 MHz to 12 MHz. Stable 
solutions correspond to the upper section of the curve. The 
modified circuit does not exhibit any stable in-phase mode. 

 

Fig. 2  Comparison of synchronization curves of the two different push-push 
oscillators. The upper sections of the curves are stable (S).  

III. SEMI-ANALYTICAL FORMULATION FOR PHASE-NOISE 
ANALYSIS 

To obtain a semi-analytical formulation for the prediction 
of the phase-noise spectrum we will perform a perturbation 
analysis of system (1). We will assume two types of noise 
perturbations: the phase noise ψ(t) of the input generator and 
the white noise from the circuit itself, which is modeled with 
two equivalent white noise sources IN1(t) and IN2(t), at each of 
the two nodes considered in (1). In the presence of these 
perturbations, the phase and amplitude variables in (1) will be 
expressed as: 

 

1 1 1

2 2 2

g g

1 0 1 2 0 2

s s

,  (t) (t)
(t) (t),
(t) ,

V V V (t),   V V V (t)
j j p

φ → φ + ψ + Δφ
φ → φ + ψ + Δφ
φ → φ + ψ

→ + Δ → + Δ
ω → ω +

 (2) 

where p is a time-derivative operator. Next we will perform a 
Taylor series of the two admittance functions in (1) about a 
particular synchronized solution, defined by 

1 2 0 g0 s0V V V , ,= = φ ω . Note that, in spite of the symmetry 
relationships, the amplitude and phase perturbations will be 
different for the two sub-oscillators. Taking into account the 
action of the derivative operator p, we obtain the following 
system of linear differential equations: 
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The matrixes in (3) are composed by the derivatives of the 
admittance functions in (1), with respect to the phases 1 2,φ φ , 

amplitudes 1 2V ,V  and frequency sω . The subindex indicates 
the derivation variable and the superindexes r and i indicate 
real and imaginary parts. The derivatives are calculated 
through finite differences in HB. Small increments are applied 
to the two AGs used for the determination of the steady state 
solution in (1), as in the previous works [8]-[10]. Remember 
that we are considering a Taylor series expansion about a 
particular synchronized solution, not about the free-running 
oscillation. Thus, the analysis is general and can be applied for 
any input-power value. For convenience, we will define the 
following vector of increments: 

  [ ]t
1 2 1 2X(t) (t) (t) V (t) V (t)= Δφ Δφ Δ Δ     (4) 

Next, we translate system (3) to the frequency domain: 

 NA( )X( ) I ( ) ( )Ω Ω = Ω − ψ Ω  (5) 

where the matrix A( )Ω  is given by: 
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1 2 1 2

1 2 1 2

1r 1r 1r 1r 1r
V V

1i 1i 1i 1i 1i
V V

2r 2r 2r 2r 2r
V V

2i 2i 2i 2i 2i
V V

Y j Y Y Y Y

Y j Y Y Y Y
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Y Y j Y Y Y

Y Y j Y Y Y

φ ω φ

φ ω φ

φ φ ω

φ φ ω

⎡ ⎤+ Ω
⎢ ⎥

+ Ω⎢ ⎥
Ω = ⎢ ⎥+ Ω⎢ ⎥
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and the vectors of noise sources correspond to: 

 

tr i r i
N N1 N1 N2 N2

0
t1r 1i 1r 1i

1I ( ) I ( ) I ( ) I ( ) I ( )
V

( ) j ( ) Y  Y  Y  Yω ω ω ω

⎡ ⎤Ω = Ω Ω Ω Ω⎣ ⎦

⎡ ⎤ψ Ω = Ωψ Ω ⎣ ⎦

 (7) 

Due to the circuit symmetry, the following properties are 
fulfilled: 

 1 2 1

1 2 2 1

1 2 1 2
2 c

1 2 1 2
V V V V V Vc

Y Y Y ,  Y Y Y

Y Y Y ,  Y Y Y
φ φ φ φ φ φ= ≡ = ≡

= = = =
 (8) 

which enable the simplification of matrix A. Next we invert 
the matrix A to solve for X( )Ω  and multiply by the adjoint 

tX ( )Ω . When performing these operations, it is considered 
that all the components of the noise vectors in (7) are 
uncorrelated stochastic processes and: 

 
2 2r i

Ni NjI ( ) = I ( ) ,  i,j=1,2Ω Ω  (9) 

The demonstration is too long to be included in the paper but 
it can be shown that some terms resulting from the described 
operations have negligible influence in the final expression, so 
the total phase noise power spectral density 2

Ti ( )Δφ Ω  at each 
node i=1,2 of the push-push oscillator can be approached by: 

 ( )

2 2
Ti i

2
2 22 N

VT T VT 2
o

2 2 2
VT T VT

( ) ( ) + ( )

I
Y Y  2 Y

V               
Y Y  Y Y

φ

φ ω

Δφ Ω = Δφ Ω ψ Ω ≅

× ψ Ω +
≅

× + × Ω

 (10) 

where × indicates the cross product and the vectors are 
composed by the real and imaginary parts of the 
corresponding complex magnitudes. The admittance 
derivatives in (10) are given by: 

 T c VT V VcY Y Y ,  Y Y Yφ φ φ= + = +  (11) 

Because there is a single phase reference in the circuit, the 
total phase derivative TYφ  fulfills T gY Yφ φ= − , that is, it is the 

opposite of the admittance-function derivative with respect to 
the phase of the input generator gφ . The form of the 

approximate equation (10) is identical to the one obtained in 
[3] for the case of a single injection-locked oscillator (no 
push-push configuration). However, the phase and amplitude 
derivatives used in (10) are given by the expressions (11), that 
is, by the addition of the derivative with respect to the node 
voltage (phase) and the cross derivative with respect to the 
voltage (phase) at the other node. This is a significant result 
that will give rise to different phase-noise behavior in 
comparison with a single injection-locked oscillator. 

The expression in (10) predicts two different frequency 
corners. The first corner occurs at the frequency at which the 
two terms in the numerator become equal:   

( )
2

2 22 N
V Vc c V Vc 2

o

I
(Y Y ) (Y Y ) 2 Y Y

Vφ φ+ × + ψ Ω = +  (12) 

The second corner frequency is obtained when the 
magnitude of the two terms in the denominator of (10) 
become equal. Expression (12) indicates that the 1st corner 
frequency will be higher for larger magnitude cY Yφ φ+  and 

angle between T VTY ,Yφ  close to 90º.  

IV. APPLICATION TO THE TWO DIFFERENT PUSH-PUSH DESIGNS 
The expression in (10) for the phase-noise spectrum has been 

applied to the two different push-push designs presented in 
Section II. The obtained results, shown in Fig. 3 can be 
compared with those obtained with the conversion matrix 
approach, with full HB simulations. To facilitate the 
comparison, the phase-noise spectrum is shown at the 
fundamental frequency in all cases. As can be seen, there is 
very good correspondence between the HB simulations and 
the semi-analytical approach in the two cases. For small offset 
frequencies, both oscillators copy the phase noise of the input 
generator, as predicted by (10). The original design has the 
first corner at an offset frequency of 20 kHz. From this point 
the optimized design exhibits a lower phase-noise spectral 
density, due to its higher first frequency corner.  

The good accuracy of the semi-analytical formulation 
allows the use of this formulation to predict variations of the 
corner frequency versus any circuit parameter. Note that this 
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expression of the corner frequency (12) can be introduced in 
the HB simulator, which it should be combined with an 
automatic calculation of the various derivatives at each 
synchronized steady-state solution. As an example, Fig. 4 
compares the variation of the first corner frequency for the 
single oscillator circuit and the improved push-push design 
versus the input frequency sω . As can be seen, this corner 
frequency is always higher for the push-push oscillator, so a 
better phase-noise spectrum can be expected. 
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Fig. 3 Phase noise spectra for the original and optimized injection-locked 
push-push oscillators. Conversion matrix results are superimposed for 
comparison with the results of the analytical approach. 
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Fig. 4 Variation of the first corner frequency along the synchronization band 
for the single sub-oscillator and the optimized push-push oscillator. 

 
For the above analyses a -30dB/dec characteristic has been 
assumed for the input generator. There are no qualitative 
changes for different input phase-noise spectra. For validation, 
the characteristic of an HP 83752A signal generator has been 
used in simulation. Fig. 5 shows the results of the analytical 
and conversion matrix approaches using this characteristic. 
The measured phase noise spectrum at the output of the circuit 
is also superimposed, showing very good agreement with the 
simulated results. To facilitate the analysis, the phase noise 
spectrum obtained with Eq. (10) is shown at the fundamental 
frequency (5.2 GHz), which explains the 6 dB difference 
compared with the measured spectrum at 10.4 GHz. 
 

V. CONCLUSIONS 
We have presented a semi-analytical approach for the in-

depth understanding of the phase-noise spectrum of injection-
locked push-push oscillators. The formulation enables an 
approximate prediction of the corner frequencies of the noise 
spectrum. It is possible to obtain the variation of these corner 
frequencies versus circuit parameters. We have applied the 
formulation to two different push-push designs with different 
locking bandwidth. The results have been successfully 
compared with harmonic-balance simulations and with 
measurements.  

 
Fig. 5 Measured phase noise spectrum of the optimized injection-locked push-
push oscillator. The results obtained with analytical approach (at fin) and the 
conversion matrix (at 2fin) are also superimposed. The input phase-noise 
characteristic corresponds to an HP 83752A signal generator. 
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