,') Available online at www.sciencedirect.com

° . JOURNAL OF
et o ScienceDirect Approximation
, (¥
PR Theory
ELSEVIER Journal of Approximation Theory 308 (2025) 106145

www.elsevier.com/locate/jat
Full Length Article

Measure-preserving mappings from the unit cube to
some symmetric spaces”

Carlos Beltran®, Damir Ferizovi¢®, Pedro R. Lopez-G6mez™*

2 Departamento de Matemditicas, Estadistica y Computacion, Universidad de Cantabria, Avda. Los Castros,
s/n, 39005 Santander, Spain
Y Department of Mathematics, KU Leuven, Celestijnenlaan 200b, Box 2400, 3001 Leuven, Belgium

Received 20 March 2023; received in revised form 11 October 2024; accepted 3 February 2025
Available online 7 February 2025

Communicated by F. Dai

Abstract

We construct measure-preserving mappings from the d-dimensional unit cube to the d-dimensional
unit ball and the compact rank one symmetric spaces, namely the d-dimensional sphere, the real,
complex, and quaternionic projective spaces, and the Cayley plane. We also give a procedure to generate
measure-preserving mappings from the d-dimensional unit cube to product spaces and fiber bundles
under certain conditions.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NClicense
(http://creativecommons.org/licenses/by-nc/4.0/).
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1. Introduction and main results

Given two measure spaces ({21, X, u1) and ({25, X5, o), a bijective mapping ¢: 2, — (%
is said to be measure preserving if both ¢ and ¢~' are measurable mappings and moreover
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ur(A) = pi(p~'(A)) for every A € JX; or, equivalently, if ©;(A) = wa(p(A)) for every
A € ). In this work, we look for measure-preserving smooth diffeomorphisms between
Riemannian manifolds. With a slight abuse of notation, we sometimes remove a null set from
{2, or (.

The problem of finding measure-preserving mappings from one manifold to another has
applications in cartography, computer graphics, medical imaging, signal processing, or, more
generally, in any area that requires good discretizations of a certain space. Thus, when looking
for uniform collections of points or uniform grids (that is, grids all of whose cells have the same
volume) on a manifold M, a frequent approach consists in generating collections or grids with
that property on a simpler, easily discretizable space such as the unit cube, and then transporting
them to M through a measure-preserving mapping. In this sense, most of the research has
been carried out for two-dimensional and three-dimensional manifolds (see [12-15,18-20] and
references therein). In [18], the authors also obtained a mapping from the n-dimensional sphere
of radius  in R"*! to the n-dimensional ball of radius R in R” that generalizes the equal-area
Lambert mapping.

Measure-preserving mappings are also relevant in the theory of partial differential equations
on Lipschitz domains (see [11]), in the generation of low-discrepancy points (see, for exam-
ple, [1,5,7,9,10]), and, more recently, they have been used to generate projective constellations
for noncoherent communications over single-input-multiple-output (SIMO) channels; see [17],
where the authors constructed a measure-preserving mapping from the unit square to the
complex projective line CP', or [6] for the higher dimensional case. However, to the best of
our knowledge, there are no constructive procedures to generate measure-preserving mappings
from the d-dimensional unit cube to the d-sphere and to the remaining projective spaces.

1.1. Notation

In this paper, A denotes the Lebesgue measure in RY, and B¢ (0, R) denotes the open ball
of radius R € (0, o] in R? (if R = oo, this means just R?). When R = 1, we denote it by
B¢. We will call (0, 1)? the (open) unit cube.

We denote the measure associated to the normal distribution A/ (0, ¢) in R¢ by w., that is,

dpe(x) = —(an)d e IR0 g, (),
It is well known that the mapping
Ppa: (0,14 —> R¢,
X1 V2erf'2x; = 1)
| o= z : v
Xg V2erf'2x, — 1)

is measure preserving from ((0, DY, ) to (RY, pe=1), where erf™ ! is the inverse of the error
function erf: R — (—1, 1) given by

2 ! 2
erf(t) = ﬁ/ e ds.
0

Given any continuous function w: (0, R) — (0, c0), we consider the associated measure in
B%(0, R) given by the weight function w(||x||) and denote it by 1, that is,

dir(x) = o(|lx|)) dA(x).
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We will always assume that p,, is a probability measure, i.e.,
dj2 R

2
= [ aw= [ el = 2o [ et as, @
xeBd(0,R) xeBd(0,R) ra) Jo

Finally, if we have a Riemannian manifold M (including the case that M is the unit cube
with the standard structure, the usual d-sphere, or any open set of a compact Riemannian
manifold), we denote by unif the uniform measure in M according to its volume form. For
example, (B?, unif) is the unit ball endowed with the Lebesgue measure normalized to have
volume 1, which can be denoted in our previous notation by (i, voisd)-

1.2. The compact rank one symmetric spaces

The compact rank one symmetric spaces (CROSSes) are the n-sphere S” and the real,
complex, quaternionic, and octonionic projective spaces RP", CP", HIP", and OP2. These
spaces, which were classified by E. Cartan, are examples of locally harmonic Blaschke
manifolds; in fact, Lichnerowicz’s conjecture claims that the CROSSes are the only Riemannian
manifolds of this kind. They are also the only compact connected two-point homogeneous
Riemannian manifolds. See [4] for more information about these spaces.

Let M be a CROSS and let d, D, and V be, respectively, its real dimension, its diameter
(that is, the maximum Riemannian distance between two points in M), and its volume. The
exponential map based on the north pole

expp: BY0,D) —> M,
v — exp(oﬁ___’oql)(v),

is a diffeomorphism onto M \ X, where X is a measure zero set (just a point in the case
M = S" and a hyperplane for the projective spaces). Moreover, the absolute value of the
Jacobian of exp,,, which we simply denote by Jacexp,, is known as the volume density and
has the form 2(||v||) for a certain function {2. As a consequence, we have the following lemma:

Lemma 1.1. Let M be a CROSS. Then, the exponential map exp », is a measure-preserving
mapping from (B0, D), jt—g/v) to (M, unif).

Proof. Since exp,, is a smooth diffeomorphism, both exp,, and its inverse are measurable
mappings. Now, let A € B?(0, D) be a measurable set. Applying the change of variables
theorem to exp ,, we have

Mo=0/v(A) = / xA(X)dpo=0;v(x)

xeB4(0,D)

Z/ a0) Q(”x”)d)»(x)
xeBd(0,D) vol(M)

Jacexp y,(x)

Z];eBd(o,D)XA(X) vol(M) M)

1 -1

= Yol M) /yeM xa(expr(y)dy
1

= Yol M) oy Kexp g ()(Y) dy

= unif(exp ,((A)). O
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Table 1

The volume density in the CROSSes is w,(q) = §2(r), where r = dr(p, q) is the Riemannian

distance. In this table, we show r¢~102(r), where d = dimg(M), for the CROSSes. We also

include the diameter D = diam(M), the volume V = vol(M), and the exponential map

eXpaq-
Source: Table taken from [3].
M d D \% exp (V) r410a)

SYI

zn(ll+1)/2

n+l
regh

ol sin ||v]|

cos ||v]|

sin" ! r

(n+1)/2
T ferd tan [lv]l
RP" n /2 W v

2

(&)
()
cp ) /2 ™ (Iﬁ an ”"”) sin"~1 r cos
(")
(™)

n!

n2n

Q2n+ D!
8

tan ||v|

HP" 4n /2

Y

op tan 0]
1320 I'(8)

15 7

OP? 16 /2 sin™> r cos’ r

Table 1 summarizes the dimension, the diameter, the volume, the exponential map, and the
volume density of the CROSSes.

1.3. Main results

Let y denote the incomplete gamma function:

y(t,x):/ stle™ ds.
0

Our first main result is the following proposition, which yields a measure-preserving mapping
from the unit cube to the unit ball:

Proposition 1.2. Let ¢pa: (R?, w.—1) — (BY, unif) be the mapping given by

()
#pe () = ||x||< rd ) -

Then, the mapping ®ga = @pa o Dga: (0, 1)?, unif) — (B9, unif), where ®ya is as in Eq. (1),
is measure preserving.

The next main result provides a procedure to generate measure-preserving mappings from
the unit cube to each CROSS.

Theorem 1.3. Let M be a CROSS and let pp: (RY, je—1) — (B0, D), to=sv) be the
mapping given by o (x) = xp(||x|)/|lx|l, where p = p(r), p:[0, 00) — [0, D), is the unique
solution to

? de1 1 d r?
A (,()(S)S ds:my 5,5 .
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Then, the mapping $p = expp oo © Pra: ((0, D?, unif) — (M, unif) is measure
preserving.

The following commutative diagram illustrates the construction described in Theorem 1.3:

P,
(0, 7, unif) —— 4 (R, po_y)

@A{ JW

(M, unif) ¢ (BY0, D), tto=g)v)
It follows straightforwardly from the definition of measure-preserving mapping that, given
two Riemannian manifolds M, and M, and two measure-preserving mappings

P pq, 2 (0, DIMD “unify — (M, unif), Pty : ((0, DI™M2) unif) — (M, unif),

the mapping
Ppgy My ((0, DIMMDHENM) ypify  — (M) x M,, unif),
(x,y) > (P, (1), Pag, (D)),

where x € (0, NY™MD and y e (0, 1)4MM2) | i5 also measure preserving. As a consequence,
since by Theorem 1.3 we have measure-preserving mappings from the unit cube to any CROSS,
we also have a constructive procedure to generate measure-preserving mappings from the unit
cube to any finite product of CROSSes. In this work we generalize this property to the case of
fiber bundles making use of the Normal Jacobian NJac (see Appendix A for details):

Theorem 1.4. Let E, B, and F be Riemannian manifolds, where we assume that the measures
in E, B, and F are normalized to have unit volume, and let F < E 2> B be a smooth fiber
bundle such that NJac 7t (x) is constant for every x € E. Let ®5:((0, 1)™®) unif) — (B, unif)
and Dp: (0, DI™E) unif) — (F, unif) be measure-preserving mappings. Let ¥, : (F, unif) —
(r~(y), unif) be a measure-preserving mapping for every y € B such that the mapping
&:(B x F,unif) — (E,unif) given by &£(y,z) = ¥,(z) is measurable. Then, & is measure
preserving and hence the mapping
Sp: (0, DImE) ypif) — (E, unif),
v, 2) F— Yg,)(Pr(2),

where y € (0, DY) gnd z € (0, DNYME) s measure preserving.

1.4. Structure of the paper

In Section 2, we prove our main technical result, which yields a procedure to generate
measure-preserving mappings from (R?, o) to (B4(0, R), te), and we prove Proposition 1.2.
In Section 3, we prove Theorem 1.3 and we construct measure-preserving mappings from the
unit cube to each CROSS. In Section 4, we prove Theorem 1.4 and we show an alternative
procedure to construct measure-preserving mappings from the unit cube to odd-dimensional
spheres using the Hopf fibration. Appendix A is devoted to the smooth coarea formula, a
technical tool. Finally, in Appendix B we present some auxiliary computations.

5
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2. A technical result

Recall that w: (0, R) — (0, 00) is any continuous function satisfying (2).

Theorem 2.1. Let G(p) = fop w(s)s? ' ds, and let p = p(r) be the unique solution to

1 d r?
G(p) = my<§» %> 3)

Then, the mapping ¢ (R?, ne) = (B40, R), o) given by o(x) = xp(||lx|)/||x|l is measure
preserving.

Proof. First, note that w(r) > 0 implies that G is an increasing function with G(0) = 0.
Moreover, Eq. (2) implies that G(R) = I'(d/2)/2rx%/?, which means that p is a well-
defined bijection with lim,_, o, p(r) = R. The inverse of ¢ is easily computed: ¢~ '(y) =

yo 'y ID/ I
Computing the derivative with respect to r at both sides of (3), we get
d—1
-1 1.~ _ T —r2/(2¢)
w(p)p® p(r) = —(ch)d/ze . 4
Now, let f(r) = p(r)/r and compute the Jacobian of ¢(x) = xf(||lx||) by choosing an
orthonormal basis vy, ..., v} at x € R?, with vi = x/|Ix||. A straightforward computation

shows that Dg(x) preserves the orthogonality of that basis and yields

Jac (x) = AN LA ID + Il /Al

d—1
)

@ ! o~ Ixl7/(20)
- d/2 )
Qre)yFale(lxD)

Then, given any measurable set A C R4, we can check that the measure of A in (RY, Ue)
equals that of ¢(A) in (B4(0, R), tts) using the change of variables theorem: if we denote by
x4 the characteristic function of A, then

(A =/ xA(x)dpe(x)
xeRd

1 2
_ —Ix1?/20) gy,
/xeRd XA o i )

=/ i xa)w(p(llx1)) Jac ¢(x) dr(x)

= / xa@  aole™ DN dr(y)
yeB4(0,R)

= [ Xy Wa(lyl) dr(y)
yeB4(0,R)

= [ Xo(¥) dite(y)
yeB4(0,R)
=iu(p(A)),

which proves the theorem. [
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Example 2.2 (A Measure-Preserving Mapping from (R?, 1) to (R?, 115,)). In this case, we have

R = o0 and

e—r2/2b)

o(r) = —(an)d/2 .

Following Theorem 2.1, let

P 1 o 2 1 d Pz
_ d-1 g _ d—1,-5%/Q2b) go _ 2
G(,O)—/(; w(s)s ds_(an)d/Z/(; s e ds—znd/zl/(z,%)

We have to obtain p from
1 d p* 1 d r?
2242'\2° 2 ) T 2mdn ¥\ 27 2¢ )

which is obviously solved by p(r) = ro/b/c. Thus, we conclude that

[b
P(x) =xy/ =
C

defines a measure-preserving mapping from (R?, 11.) to (RY, ).

Example 2.3 (A Measure-Preserving Mapping from (R?, pe—1) to (R, tsereo))- Let [siereo bE
the measure that makes the stereographic projection a measure-preserving mapping, that is,

1 2d dx)
vol(S9) (1 + [l “

d/’Lstereo ()C ) =

In this case, we have ¢ = 1, R = 00, and

1 24 Dy od
w(r) = = )
vol(S9) (1 +r2)d ~ 2m@+D/2 (1 4 r2)d

We compute

P i 2d 11“(d+1) sdfl
G(p) = /0 w(s)s ' ds = gyl AT pap ds.
Ifd =2,
_2I'() /‘ o*
R ¥ +s2)2 Ry D)

Therefore, we have to obtain p from
,02 1 r2
N . . — _)/ 17 A )
2r(1+p%) 2x 2

that is,

1 2
2_ - — 2
0 _e—r2/2 l=e¢ 1.
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Hence, we conclude that

o(x) = Lf/euxnz/z —1

[lxl

defines a measure-preserving mapping from (R2, pte—r) to (R?, figtereo)-

Example 2.4 (A Measure-Preserving Mapping from (R?, j.—;) to (B?, unif)). In this case, we
have c =1, R =1, and
1 I+ dre

)= 0BH = i T 2md

We easily compute

d
F(E) d

G(p) = /p w(s)s? ' ds =
0

and we have to obtain p from

r(g)pd_ 1 V(d r2>

2wd2t T agd2?\ 2 2

concluding that, following the notation of Proposition 1.2,

d lxl?yy /e
Ppa(x) = i(M)

I\ &)

defines a measure-preserving mapping from (R?, j.—;) to (B¢, unif).

Proof of Proposition 1.2. Immediate from Example 2.4 and the fact that &y« is measure
preserving. [

3. Measure-preserving mappings from the unit cube to the compact rank one
symmetric spaces

After Theorem 2.1, the proof of Theorem 1.3 is now straightforward:

Proof of Theorem 1.3. Immediate from Theorem 2.1, Lemma 1.1, and the fact that @pa is
measure preserving. [

We can now generate measure-preserving mappings from the unit cube to all the CROSSes
following Theorem 2.1: it suffices to consider exp,, o@aqo Ppa, Where, according to
Theorem 2.1, the mapping ¢ : (RY, pe—y) — (B0, D), Mo=0/v) can be computed, to some
extent, explicitly. We do the computations for the different choices of M in the next few
subsections. Recall that, for each CROSS M, we denote its real dimension by d, its diameter
by D, and its volume by V (see Table 1).

3.1. The unit sphere S"

In this case, we have d = n, D = 7, and
() F("zil) sin"~ ! r
- Vv - 27 m+D/2  pn—1

w(r)
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Corollary 3.1. The mapping ¢sn: (R", pe=1) — (B"(0,7), ho=g/v) given by ¢ps(x) =
xp(lxID/llx || is measure preserving if p = p(r), p : [0, 00) — [0, 7), satisfies

P 2
/ sin"lsds = ily(ﬁ,r—).
0 reh \2 2

As a consequence, the mapping Psn = expgn © @sn 0 Pgn : ((0, 1)", unif) — (S", unif) is measure
preserving. For n = 1 we have

l 2
p(r) = /Ty (5, %) =7 erf(%),

and so

Psi(x) = (—sin2mwx, —cos2mwx) = —je i

For n = 2 we can compute p(r) explicitly:

2
p(r) = 2arccose ™ /4,

and hence

oo (x) = < Pe2 () 1022 /4 [ | _ 1821272 9,122 /2 _ 1)_

| P2 ()|

Proof. From Theorem 2.1 we just need to check that

P F(%) - n—1 ds = 1 n r2
, 2pernz S S = oY 35 )

which is equivalent to the formula in the corollary. The case n = 2 reads
1— 2
sinzez—cosp =y l,r— :1—e‘r2/2,
2 2 2
which is equivalent to the last claim in the corollary. [J

Note that the integral on the left-hand side of the expression in Corollary 3.1 is an incomplete
beta function:

p non
:n—1 -1
/0 sin""' s ds =2" Bsinz(p/Z)(z’ 5)

Hence, it is not possible to obtain a closed expression for $s» when n > 2. In Section 4
we consider a different approach that provides measure-preserving mappings with closed
expressions for odd-dimensional spheres.

Figs. 1 and 2 illustrate the measure-preserving mapping obtained in Corollary 3.1 for the
particular case of the two-dimensional sphere S.

3.2. The real projective space RP"

In this case, we have d = n, D = 7 /2, and
Q) T sin"'r
\% - n-(n+1)/2 rnfl

w(r) =
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2
1 .
0F:
1
0 0.2 0.4 0.6 0.8 1 -2 -1 0 1 2
() Square mesh in (0,1)? (B) Image of the mesh under ®p2

1 0 1-1 0 i

(D) Image of the mesh under expg2 o ¢g2 ©
D2, lateral view
1

0.5

1 =

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(E) Image of the mesh under expg2 0 pg2 0 (F) Image of the mesh under expg 0 @g2 0
®p2, north pole view ®p2, south pole view

Fig. 1. The measure-preserving mapping Pg = expg2 0 g 0 Ppa 1 ((0, 1)?, unif) — (S?, unif) transforms points on
(0, 1)? into points on S?. For an initial collection of 784 mesh points on (0, 1)2, we show the different steps from
the unit square to the sphere.

10
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1
14— — —
i /;";”""""::‘
/) I 9%
0.6 /{‘/;{’ﬂ ,I "',:,:' l";“
ol W00
\ G
ey
¢
0 ‘ : 14
0 02 04 06 08 1 1 0 E 0 :
(a) Uniform grid in (0,1)? (B) Tmage of the grid in S?
1 . . 1 - .
| |
I |
0.5} [
. j
-0.5
NS,
S
hs) -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(c) Image of the grid in S?, north pole (D) Tmage of the grid in S?, south pole
view view

Fig. 2. The measure-preserving mapping ®s» = expg2 0 @2 o P2 : ((0, 1)?, unif) — (S, unif) transforms uniform
grids in (0, 1)? into uniform grids in S?>. We show the image of a grid in (0, 1)?> formed by 1521 cells.

Corollary 3.2. The mapping grpr : (R", pe=1) — (B"(0, w/2), o=g,/v) given by grpr(x) =
xp(lx|D/llx|| is measure preserving if p = p(r), p : [0, 00) — [0, w/2), satisfies

P 2
/ sin"lsds = i1y<ﬁ, r—).
0 2rh \2 2

As a consequence, the mapping Prpn = eXpppn 0 grpr © Pgn: ((0, 1)", unif) — (RP", unif)
is measure preserving. For n = 1 we have

VT (1 2\ n r
p(r) = 7)’(5, E) = Eerf<ﬁ>’

and so
Pppi (x) = (—cotmx, 1).

11
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For n = 2 we can compute p(r) explicitly:

p(r) = arccos e"z/z,
and hence
Pr2(®) | jo 2
d z(x):(— e RN 1 1.
R“” | B2 ()l

Proof. From Theorem 2.1 we just need to check that

ntl 2
/pﬁsinn_lsdsz;y ,Z’r_ s
0 7 O+D/2 27rn/2 2’2

which is equivalent to the formula in the corollary. The case n = 2 reads

2
1—cosp= y(l, %) =1 —e"2/2,

which is equivalent to the last claim in the corollary. [

3.3. The complex projective space CP"

In this case, we have d = 2n, D = /2, and
2(r) n! sin” ' rcosr
\% ; ,,‘21171

Corollary 3.3. The mapping ¢cpn : (R*, pe=1) — (B¥'(0, 70/2), Ho=0/v) given by ocpr(x) =
xp(lx|D/llx|| is measure preserving if p = p(r), p : [0, 00) — [0, w/2), satisfies

1 2 1/(2n)
= arCsm(((n - 1>!V<”’ %>> )

As a consequence, the mapping Pcpn = expepn © @cpr © Pgaq 2 ((0, 1)?", unif) — (CP”, unif)
is measure preserving.

Proof. From Theorem 2.1 we just need to check that

L P 1 r2
— sin scossds = yln, =),
0 " 2 2

which is equivalent to

o 1 r?
sin = n,—1,
P= ="'\ 2

and the corollary follows. O

3.4. The quaternionic projective space HP"

In this case, we have d = 4n, D = /2, and
2  @n+ D!'sin* ' rcosr
Ty T g pan—1

w(r)

12
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Corollary 3.4. The mapping gupr : (RY", pe—;) — (B*(0, r/2), Hw=0/v) given by gupn(x) =
xp(lx|D/llx || is measure preserving if p = p(r), p : [0, 00) — [0, w/2), satisfies

L 1 r2
/ sin” s cos®sds = —y<2n, —>.
0 2(2n + 1)! 2

As a consequence, the mapping ®gpn = eXpypn © Prpn © Pgan : ((0, 1)*", unif) — (HP", unif)
is measure preserving.

Proof. From Theorem 2.1 we just need to check that

(2 D! 1 2
/ w sin” s cos®sds = y| 2n, = ,
0 J'[Z” 277.’2” 2

which is equivalent to the formula in the corollary. [

3.5. The Cayley plane OP*

In this case, we have d = 16, D = 7/2, and
2@r)  13200(8) sin' rcos’ r
v 78 15 :

w(r) =

Corollary 3.5. The mapping ¢gp> = (R'®, pe—1) — (B'°(0, 7/2), poqyv) given by ggp(x) =
xp(lx|D/llx|l is measure preserving if p = p(r), p : [0, 00) — [0, w/2), satisfies

p 1 r2
/ sin”® s cos’ sds = —y(8, = ).
0 26401°(8) 2

As a consequence, the mapping Pgp2 = expgp2 0 Pgp2 © Prie < ((0, 1)'°, unif) — (OP?, unif)
is measure preserving.

Proof. From Theorem 2.1 we just need to check that

£ 1320I'(8 1 2
/ %sinlsscoysds = —8)/(8, r—),
0 b4 2 2

which is equivalent to the formula in the corollary. [l

In Table 2 we show the cases for which we have a closed expression for the measure-
preserving mapping @ 4. In addition, in the next section we present an approach that will allow
us to obtain measure-preserving mappings with explicit expressions for any odd-dimensional
sphere.

4. Measure-preserving mappings from the unit cube to fiber bundles

In this section we show how to construct measure-preserving mappings from the unit cube
to the total space E of the smooth fiber bundle F «— E =X B, where the total space E, the base
space B, and the fiber F' are Riemannian manifolds, assuming that we have measure-preserving
mappings from the corresponding unit cubes to B and F.

To prove Theorem 1.4 we need the following lemma. The main technical tool used in its
proof is the smooth coarea formula (see Appendix A for more details).

13
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Table 2

Summary of the manifolds for which we have a closed formula for the measure-preserving
mapping Paq, where Pra is as in Eq. (1). The computations are straightforward from our
main results; see Appendix B.

M Dpaq =exprg oo o Pra:((0, DY, unif) — (M, unif)
Dpn ()] | 1
- @R”(x) (V(%v Il TRZ(X)H )) /n
| Prn ()| re)
s! (—sin2mx, —cos 2w x)
s? ( P2 (%) 5 1@ 0P /4[| _ (18222 5~ I/2 _
| P2 ()l '
RP! (—cotmx, 1)
RP2 ( Pe2X) [ Idwl? _ | 1)
| P2 ()l
Cp! ( 4511&2(’” P22 _ 1)
| P2 (Ol o
P ( Do (x) ( N 1 ) / 1)
Don (x 1 Il Pp2n (OI2 \\ 1/ ’
| Pr2e (X))l 1—((,,71)!7/(”’ 5 )) !

Lemma 4.1. Ler E, B, and F be finite-volume Riemannian manifolds, and let F — E X B
be a smooth fiber bundle such that NJac 7w (x) is constant for every x € E. Let ¥, : (F, unif) —

(w~'(y), unif) be a measure-preserving mapping for every y € B and consider the mapping
&: (B x F,unif) — (E, unif),

(v, 2) ().
If & is measurable, then it is measure preserving. Moreover, if the measures in E, B, and

F are normalized to have unit volume, then NJac w(x) = 1 for every x € E.

Proof. Without loss of generality, assume that the measures in E, B, and F are normalized.
We first check that NJac(x) = 1 for every x € E. Since F — E % B is a smooth fiber

bundle, we know that 7 is a submersion and hence we can apply the smooth coarea formula.

Therefore,

—1
1 = vol(E) = / dx = / / L dzay = YT O)vol(B)
xeE yeB Jzen~1(y) C C

__Vol(F)vol(B) 1
N C S C’

and so C = 1. Now we prove that & is measure preserving. Let A C E be a measurable set.

We have to prove that
vol(A) = vol(& ' (A)).

Using again the smooth coarea formula together with the fact that NJac 7w (x) = 1 for all
x € E, we have

14
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1

vol(A) = / xax)dx = / K A(D)————— dzdy
xekE yeB Jzer—1(y) Nlac 7 (z)

:/ / )(A(Z)dzdyzf vol( AN~ (y)dy
yeB Jzen~1(y) yeB

:/ Vol(w;l(Amnq(y)))dy
yeB -
- /yeB /zep XW;l(Aﬂn*I(y))(Z) dzdy

Note that
Xoarm1n@ =1 & 2 THANTTI() &= ¥ e ANa™(y)

&)

— Vel = £(y,00eA
= (.0et A = xe1n0.2=1

Therefore, since

vol(&~'(A)) = /

(y,2)EBXF

5)
N /yeB /zeF XW;](AWT’I()'))(Z) dzdy = vol(A),

X1 (Y, 2) d(y,2) = /

yeB

/ X%——](_A)(y, Z)dzdy
zeF

the lemma follows. [

Proof of Theorem 1.4. From Lemma 4.1 we have that the mapping £: B x F — E given by
&(y, z) = ¥,(z) is measure preserving. Since $r = & o Pp, r, and both mappings are measure
preserving, the theorem follows. [

Example 4.2 (The Hopf Fibration). Consider S' c C and S***! C C"*!. Recall that the
(complex) Hopf fibration S' < §?*+! A Cp s given by

h: SZn+l N (C]P”,
Oty Yur) > Iyt vl
The fiber of each [y] =[y; : - : Yuy1] € CP" is a unit circle in S*"*! given by

RN (Iy]) = {w e S [w] =[]}

For each [y] € CP", we choose a unit norm representative y smoothly out of a lower-
dimensional set, and, thinking of the elements of S! as unimodular complex numbers, we
consider the mapping

W (Shunif) —  (h~'([yD), unib),

¢ —> gy,
which is an isometry and hence it is measure preserving. Therefore, by Theorem 1.4, the
mapping
¢§zn+1 © (0, )P unif) —> (S?*+!, unif),
.0 = WP () = B () B (),

15
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where y € C" = R*" and t € R (and recall that we are assuming that the representative of
Pcpr (y) has unit norm), is measure preserving. Note that we have explicit expressions for both

P51 and Pcpr, and hence for 4582,1 -

Q552n+l(yv 1) = Pg1 (1) Depn (y)

Doon () 172
M<_1 + 1 > 1)
P y b N2 - ’
< r2n Dl ]_( | y(n. I dRzg())ll ))1/

=1y

1/2
N RM)) s 1 >/ 1)
HfP 2n(y)” D2, M2\ 1/n ’
8 1= (gt (. —2%"=))

=11

7127”

For the particular case of S* we have

Pl (y, 1) = D (1) Popr () = —ie 271 P20 /4( P () [ et _ 1)

| Pr2 (I

= <_,-enmm,/1 _ e PRI it ¢R2<y>n2/4),

| Pr2 (I

since || Pept (VI = el Pr2 (y)HZM. Note that we are considering Pp2(y) € C through the canonical
isomorphism R? = C given by (a, b) — a + bi.
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Appendix A. The smooth coarea formula

We devote this appendix to the smooth coarea formula, an integral formula due to Federer [§]
and Howard [16] that generalizes the change of variables formula and Fubini’s theorem. We
refer the interested reader to [2, Section 2] for some examples of use.

Let M, N be Riemannian manifolds. Given a smooth mapping ¢ : M — N, let Dp(x): T, M —
T, N denote the differential mapping, where T, M is the tangent space to M at x € M and
T,V is the tangent space to A at ¢(x) € N.

Definition A.1 (Normal Jacobian). Let M and N be Riemannian manifolds and let ¢ : M —
N be a C! surjective map. Let n = dim(N) be the real dimension of N. For every
point x € M such that the differential mapping De(x) is surjective, let vy, ..., v} be an
orthogonal basis of (ker(De(x)))*. Then we define the normal Jacobian of ¢ at x, written
as NJac ¢(x), as the volume in the tangent space T, N\ of the parallelepiped spanned by
Do(x)(v}), ..., De(x)(v;). In the case that D(x) is not surjective, we define NJac ¢(x) = 0.

Theorem A.2 (Smooth Coarea Formula). Let M and N be two Riemannian manifolds of
dimension m and n, respectively, where m > n. Let ¢: M — N be a smooth surjective
mapping such that the differential mapping D@(x) is surjective for almost every x € M. Let
Y : M — R be an integrable mapping. Then, the following equalities hold:

1
dx = —— dxdy,
/ V) dx /;EJ\/ lew'(y) I//(X)N-]acﬁa(x) ey

/ ¥(x)NJac o(x)dx —/ / Y(x)dxdy.
yeN Jxep~1(y)
16
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Note that if m = n and ¢ is a diffeomorphism we recover the classical change of variables
theorem.

Appendix B. Auxiliary computations

In this appendix, we show the explicit computations leading to the formulas in Table 2.
B.1. Explicit expression of $pn

Recall from Proposition 1.2 that we have
nlxl2y 1/
wpn(x) = L(—V(E’ T)) .
llx]] I'3)
Hence,

Ppn Q’M 1/n
QPIB"(X)Z(MB”(@W()C)): R (-x) (y(z 0] )) .

| Prn (| I'(3)
B.2. Explicit expression of $g

Although we could simply define ®g1(x) = ¢/?™*, let us find the expression of this mapping
using the general procedure. In this case, we have

Pp(x) = V2erf '(2x — 1).

Following Corollary 3.1, to find ¢g1 we have to obtain p from

P 2
/ sin"lsds = Nl y E, = .
0 resh \2" 2

Since in this case n = 1, we have

1 2
o(r) = ﬁy(z, %) =7 erf(%).

Hence,
X |x|
o= T 75)
Therefore,
N 2erf'2x — 1) |\/§erf_l(2x—1)|>
1 = f
Ps1(Pr(x)) WP =To Ty er ( %

_merf 'Qx—1)
T lerf'2x — 1))
Since both erf and erf~! are odd functions, the absolute values cancel each other and so

91 (Pr(x)) = 7 erf(erf ' (2x — 1)) = w(2x — 1).

erf(jerf ' (2x — 1))).

Recall from Table 1 that the exponential map expg: : (—7, 7) — S! is given by

v .
expsi (v) = <— sin|v|, cos|v|>.

|v
17
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Hence,
2x — 1
Pgi(x) = expgi(m(2x — 1)) = (%

= (sin(mrx — ), cosRmx — w)) = (—sin2wx, — cos 2w x)

sin|r (2x — 1)], cos|m(2x — 1)|>

= —je P,

B.3. Explicit expression of P

Recall from Corollary 3.1 that we have

x
@s2(x) = — - 2arccos e IIP/4

[lxl

Let us compute first expg2 o ¢2. Recall from Table 1 that

v
expg2(v) = (m sin [|v]], cos ||v||>.

Hence,

expsz2 (92 (X)) = X —Ilxl1%/4
2 (g2 (x)) = expge Il arccos e
Jlx I

~llx|?/4

si

|- - 2 arccos e~ IXI2/4)|
flx1l

—— . 2arccos e
flx]]

)

Due to the parity of the sine and the cosine, we can rewrite the previous expression as

expg2 (¢g2(x)) = (”i—” sin(2 arccos e~ ¥17/4). cos(2 arccos e—"x2/4)),

To further simplify these expressions, note that, for —1 < x < 1,

)

)
< L.zarCCOSe [lx11</4 ) ‘

- 2 arccos e~ X174

llx]l

Cos

sin(2 arccos(x)) = 2 sin(arccos(x)) cos(arccos(x)) = 2x\/ 1 — cos?(arccos(x))
= ZXM,
and
cos(2 arccos(x)) = cosz(arccos(x)) — sinz(arccos(x)) =x>— (1-— x2)
=22 —1.
Therefore,

expsz2 (g2 (X)) = (LZe_”"z/“m’ 2o~ IHIP/2 _ 1>‘

llx]]

Hence, we conclude that

Br(x) = ( Pr2(0) 10 IP4 [ _ =182 01272 9,122 IP/2 _ 1),

Il P2 ()l

18
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B.4. Explicit expression of Pppi

In this case, we have

Pp(x) = V2erf '(2x — 1).

Following Corollary 3.2, to find ¢pp1 we have to obtain p from

P 2
/ sin" s ds = il (n L )
0 2F(n+ )

Since in this case n = 1, we have

VT (1 r? i r
rn=5(35) =5 (5)

Hence,
TX |x|
T rf(ﬁ)
Therefore,
a2erf ' 2x — 1) (|J§err1(2x - 1)|)
- f
Prpt (Pr(X)) 2|v2erf ' (2x — 1) . V2

merf '2x — 1
= #erfﬂerf‘]@x — ).
2lerf™ (2x — 1)]
Since both erf and erf~! are odd functions, the absolute values cancel each other and so

Pap (Pr(x)) = %erf(erf_l(Zx 1) = %(2;; 1.
Recall from Table 1 that the exponential map expgpi : (=7 /2, 7 /2) — RP! is given by
expgp! (V) = (% tan|v]|, 1).
v

Hence,
&, - 4 _(m2x -1
rp! (X) = eXppp! (E(Zx - 1)) =\ @ =1 1)| ‘_(2)( )

Since the tangent function is odd, we can simplify the previous expression as follows:
Ppp1(x) = (tan(%@x - 1)), 1) = (tan(nx — %) 1) = (—cotmx, 1).

B.5. Explicit expression of Ppp2

Recall from Corollary 3.2 that we have
* ~lxl1%/2
@gp2(x) = — arccose .

llx]l

Let us compute expgp2 © @pp2. Recall from Table 1 that

expgp2(v) = (n tan ||v]|, 1)

19
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)

Since the tangent function is odd, we can simplify the previous expression as follows:

Hence,

2
[ arccos e 11772

llx12/2

X -
expgp2 (Prp2 (X)) = ( an ” [ arccose

|| - arccos e~ I*12/2|
llxl

exXprp2 (Ppp2 (X)) = (n tan arccos e’”"”z/z, 1).

Note that
sinarccos(x) «/1 - x2
tan arccos(x) = — —1.
cos arccos(x)
Hence,
Y NN
expgp2 (Ppp2 (X)) = m e —1,1),

and we conclude that

Ppp2(x) = (—QSRZ(X) \/e”qsﬂ%z(")”2 -1, 1).

| P2 ()l

B.6. Explicit expression of ®cpr

Recall from Corollary 3.3 that we have

! ETR
Per = arcs‘“(((n—l)!y<"’ 2 )) )

Recall from Table 1 that

v
expepn (V) = <ﬂ tan ||v||, 1)

Let us compute expcpr © ¢cpr. As for the case of RP?, the parity of the tangent function implies

that
x : 1 ETR
expepn (Popr (X)) = m tan arcsin - 1)‘)/ n, > ,1).

Note that, in our range,

. sin arcsm(x) X 1
tan arcsin(x) = -1+

cosarcsin(x) /1 — 2 1 —x2°

Hence,

X 1
n(gepn () = [ — | =1+ 1),
CXPcp (QDC]P’ ()C)) (”x” 1 _ ( 71)|)/( ||xH2))1/” >

and we conclude that

@ n(_x) = M _1 + 1 1
o | Pran (X))l I I @gon P\ 1/n" )
. L= (Gemv (. —5—))

20
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