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Abstract We consider a flow of non-Newtonian

incompressible heat conducting fluids with dissipative

heating. Such system can be obtained by scaling the

classical Navier–Stokes–Fourier problem. As one

possible singular limit may be obtained the so-called

Oberbeck–Boussinesq system. However, this model is

not suitable for studying the systems with high

temperature gradient. These systems are described in

much better way by completing the Oberbeck–

Boussinesq system by an additional dissipative

heating. The satisfactory existence result for such

system was however not available. In this paper we

show the large-data and the long-time existence of

dissipative and suitable weak solution. This is the

starting point for further analysis of the stability

properties of such problems.
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1 Introduction

The Rayleigh–Bénard problem of thermal convection

is one of the most canonical examples of instability in

the fluid flow and it has attracted lot of attention not

only in the modelling and physical understanding of

such phenomenon but also in the mathematical

community (e.g. [9, 14, 16]). Indeed, this became a

source of difficult mathematical problems (e.g.

[17, 20]) and has driven the study of the so-called

singular limits during last decades [6]. Such singular

limits may have many forms depending on the scaling,

and the most classical model (the asymptotic limit) is

the so-called Oberbeck–Boussinesq system, that is

used exactly for Rayleigh–Bénard convection. This is

the case when the fluid is heated belowwith the bottom

temperature hb and with prescribed lower temperature

ht on the top of two parallel plates and when the fluid

can be understood as mechanically incompressible

and all changes in the density are just because of

variations in the temperature. It appears that such

model is the very accurate approximation of real fluid

in case that the temperature gradient and consequently

ðhb � ht) is not large. On the other hand, for large

temperature gradient, the Oberbeck–Boussinesq may

significantly fail in giving the correct predictions and

therefore there are many attempts how to generalize

the approximative model. One of such attempt is to

add a dissipative heating into the system. This

approach was successfully used in [21, 28], where

the authors formally derived a generalization of the

Oberbeck–Boussinesq system in the following form

divv ¼ 0;

otv þ divðv � vÞ � 1
ffiffiffiffiffiffi

Gr
p divS þrp ¼ �hf;

~cvðhÞ othþ divðhvÞð Þ

þ 1

Pr
ffiffiffiffiffiffi

Gr
p divq ¼ 2Di

ffiffiffiffiffiffi

Gr
p S : Dv þ DiðhþHÞðv � fÞ:

Here, Gr is the Grashof number, Pr denotes the Prandtl

number, and the new additional scaling parameter is

the dissipative number Di. Further, v means the

velocity field, the body force is just the gravity, i.e. it

has direction in the d-th component and is constant

f :¼ ð�1Þed and the auxiliary functions H scales the

difference between the temperature on the top and on

the bottom of plates

H :¼ 1

2

hb þ ht

hb � ht
:

Here h is the real physical temperature. Note here that

assuming Di ¼ 0, we arrive to the classical Oberbeck–

Boussinesq system without dissipative heating. This

system with Di ¼ 0 is rigorously derived and treated

in [6] as the singular limit of compressible Navier–

Stokes–Fourier system with certain nonlocal boundary

conditions. The existence analysis for such problem is

then established in [4]. It should be mentioned here

that all considered models in [4, 6] are Newtonian, i.e.

the Cauchy stress S is linear with respect velocity

gradient.

1.1 Beyond Oberbeck–Boussinesq system

Here, in this paper, we want to deal with Di[ 0 and

with possibly nonlinear S, and as a starting point for

further analysis, we want to establish the existence of a

solution. To simplify the notation and also computa-

tion (but without any essential impact on the analysis),

we denote a new unknown # :¼ hþH, consider

general body force f and scale the equations such that

Gr ¼ Pr ¼ Di ¼ 1 and we obtain the final system

divv ¼ 0; ð1aÞ

otv þ divðv � vÞ � divS þrp ¼ #f; ð1bÞ

ot#þ divð#vÞ þ divq ¼ S : D � #ðv � fÞ; ð1cÞ

which is supposed to be satisfied in Q :¼ ð0; TÞ �
X � ð0;þ1Þ � Rd with X being a Lipschitz domain.

Note here, that (1a) is the incompressibility constraint,

(1b) is the balance of linear momentum and (1c) is the

balance of internal energy. Here v : Q ! Rd denotes

the velocity field, D :¼ ðrv þ ðrvÞTÞ=2 is the sym-

metric part of the velocity gradient rv, p : Q ! R is

the pressure, # : Q ! R is the temperature; S : Q !
Rd�d

sym denotes the viscous part of the Cauchy stress

tensor and q : Q ! Rd is the heat flux.

1.2 Cauchy stress tensor and heat flux

The heat flux q is represented by the Fourier law
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q ¼ q�ð#;r#Þ :¼ �jð#Þr#; ð2Þ

with the heat conductivity j : R ! ð0;þ1Þ being a

continuous function of the temperature satisfying, for

all # 2 ð0;þ1Þ and for some 0\j� j\þ1;

0\j� jð#Þ� j\þ1: ð3Þ

We also assume that the Cauchy stress is given as

S ¼ S�ð#;DvÞ, where S� : ð0;1Þ � Rd�d
sym ! Rd�d

sym is

a continuous mapping fulfilling for some

p[ 2d=ðd þ 2Þ, some 0\m; m\þ1 and for all

# 2 Rþ, D1;D2 2 Rd�d
sym

ðS�ð#;D1Þ � S�ð#;D2ÞÞ : ðD1 � D2Þ	 0; ð4aÞ

S�ð#;D1Þ : D1 	 mjD1jp � m;

jS�ð#;D1Þj � mð1þ jD1jÞp�1; S�ð#; 0Þ ¼ 0:

ð4bÞ

The prototypic relation S
 mð#ÞjDvjp�2Dv falls into

the class (4).

1.3 Boundary and initial conditions

The system (1a)–(1c) is completed by the following

initial conditions

vð0Þ ¼ v0; #ð0Þ ¼ #0 [ 0 in X: ð5Þ

We prescribe the following Navier’s slip (a	 0)

boundary condition for the velocity

v � n ¼ 0; avs ¼ �½Sn�s on oX; ð6Þ

and the Neumann type boundary condition for the

temperature

q � n ¼ 0; on oX: ð7Þ

Here, n is the unit outward normal and vs stands for the

projection of the velocity field to the tangent plane, i.e.

vs :¼ v � ðv � nÞn. The first condition in (6) expresses
the fact that the solid boundary is impermeable, the

second condition in (6) is Navier’s slip boundary

condition, and the condition in (7) states that there is

no heat flux across the boundary. In fact, this is not the

correct boundary condition and one should consider

here either the Dirichlet boundary condition or

inspired by [6] some version of nonlocal boundary

condition. However, since we want to present the first

large-data result for the problems with dissipative

heating, we assume the simplest boundary conditions.

However, we are sure that the similar result can be

obtained for more realistic boundary conditions and it

will be a part of the forthcoming paper about the

stability, where the Dirichlet boundary condition plays

the crucial role.

2 Definition of solution and main theorem

We assume that the initial data v0; #0 and the external

body force f satisfy

v0 2 L2n;div; #0 2 L1ðXÞ; log#0 2 L1ðXÞ;
f 2 L1ðð0; TÞ � XÞ;

ð8aÞ

and that

#0 	 0 for a.a. x 2 X: ð8bÞ

We look for ðv; #;pÞ : ½0; T � � X ! Rd � Rþ � R

solving the following set of equations in ð0; TÞ � X

otv þ divðv � vÞ � divS þrp ¼ #f; divv ¼ 0;

ð9Þ

ot
jvj2

2
þ #

 !

þ div v
jvj2

2
þ #þ p

 ! !

þ divq ¼ divðSvÞ;

ð10Þ

completed by a weak formulation of the internal

energy inequality

ot#þ divð#vÞ þ divq	 S : D � #ðv � fÞ; ð11Þ

and satisfying the boundary conditions

v � n ¼ 0; avs þ ½Sn�s ¼ 0; r# � n ¼ 0

on ð0; TÞ � oX;

ð12aÞ

and the initial conditions

vð0; �Þ ¼ v0; #ð0; �Þ ¼ #0: ð12bÞ

The inequality (11) can be also replaced by (this is

usually used in the setting of compressible fluids,

where the a priori estimates are not sufficient to define

(11) in sense of distributions)
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otgþ divðgvÞ þ div
q

#

� �

	 S : D

#
� q � r#

#2
� v � f;

ð13Þ

where the entropy g is defined as g :¼ log#.

Below we give a precise formulation of the notion

of weak solution but before that we introduce some

notation that will be needed in what follows.

2.1 Basic definitions and function spaces

Let X � Rd be a bounded domain with Lipschitz

boundary oX, i.e. X 2 C0;1. We say X 2 C1;1 if the

mappings that locally describe the boundary oX

belong to C1;1.

We consider the standard Lebesgue, Sobolev and

Bochner spaces endowed with the classical norms. For

our purposes, we introduce for arbitrary q 2 ½1;1Þ the
subspaces of vector-valued Sobolev functions given

by

W1;q
n :¼ fv 2 C1ðX;RdÞ \ CðX;RdÞ : trðvÞ � n ¼ 0 on oXg

k�k1;q
;

W�1;q0

n :¼ W1;q
n

� ��
;

and

W1;q
n;div :¼ fv 2 W1;q

n : divðvÞ ¼ 0g;

W�1;q0

n;div :¼ W1;q
n;div

� ��
; Lqn;div :¼ fv 2 W1;q

n;divg
k�kq

:

Similarly, we consider the classical Sobolev space

W1;qðXÞ and use the standard abbreviation for its dual

space W�1;q0 :¼ ðW1;qðXÞÞ�. Also, in what follows

whenever there is v 2 X�, u 2 X, the symbol hv; ui
means the duality paring in X. In case there was

possible ambiguity, we would write hv; uiX . Notice
that all above mentioned space are Banach spaces that

are in addition separable provided that p; q\1. In

addition, they are reflexive whenever p; q 2 ð1;1Þ.
Further, we introduce few inequalities used and

needed in the text. Since we deal only with the

symmetric gradient, we need some form of the Korn

inequality. Since we want to deal with general

boundary conditions, we use the following form (see

[12, Lemma 1.11] or [5, Theorem 11])

kvk1;p �CðpÞðkDðvÞkp þ kvk2Þ for all v 2 W1;p
n ;

ð14Þ

which is valid for all p 2 ð1;1Þ provided that X is

Lipschitz. Further, we also frequently use in the paper

the following interpolation inequality

kuk
pðdþ2Þ

d
pðdþ2Þ

d

�CðX; pÞkuk
2p
d

2 kuk
p
1;p: ð15Þ

2.2 Definition of weak and suitable weak solutions

and main theorem

Here, we introduce the notion of weak and suit-

able weak solution to (9)–(12). We consider only the

dimension d ¼ 3.

Definition 1 (Weak solution) Let X � R3 be a

bounded domain of class C1;1 and let (0, T) with

T [ 0 be the time interval. Let v0; #0 and f be given

functions satisfying (8) and let p be given in the

interval ð6=5;þ1Þ. We say that a triplet ðv; #; pÞ is a
weak solution to the problem (9)–(12) if

v

\ L2ð0; T ; L2ðoXÞ3Þ;
ð16Þ

S 2 Lp
0 ðQÞ and S ¼ S�ð#;DvÞ for a.a. ðt; xÞ; ð17Þ

# 2 L1ð0; T ; L1ðXÞÞ \ Lqð0; T;W1;qðXÞÞ

for any q 2 1;
5

4

� �

;
ð18Þ

# 2 LqðQÞ for any q 2 1;
5

3

� �

; #ðt; xÞ	 0 for a.a. ðt; xÞ;

ð19Þ

g 2 L1ð0; T; L1ðXÞÞ \ L2ð0; T ;W1;2ðXÞÞ
g ¼ log# for a.a. ðt; xÞ;

ð20Þ

p 2 Lq
0 ðQÞ with q ¼ max p;

5p

5p� 6

	 


and

Z

X
pðt; xÞ dx ¼ 0 for a.a. t;

ð21Þ

fulfills the following weak formulations: The linear

momentum equation (9) is satisfied in the following

sense
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�
Z T

0

Z

X
v � otu dx dt

þ
Z T

0

Z

X
ðS � v � vÞ : Du dx dt

þ a
Z T

0

Z

oX
v � u drx dt

¼
Z T

0

Z

X
pdivuþ # f � u dx dt

þ
Z

X
v0 � uð0Þ dx

ð22Þ

for any u 2 C1
0 ð½0; TÞ;W1;q

n \ L1ðXÞÞ \ L2ðð0; TÞ �
oXÞ with q ¼ maxfp; 5p

5p�6
g; The global energy

inequality holds in the following sense

�
Z T

0

Z

X

jvj2

2
þ #

 !

otu dx dt

þ a
Z T

0

Z

oX
jvj2u drx dt�

Z

X

jv0j2

2
þ #0

 !

uð0Þ dx

ð23Þ

for any nonnegative u 2 C1
0 ð½0; TÞÞ;

The entropy inequality (13) is satisfied as

�
Z T

0

Z

X
g otu dx dt �

Z T

0

Z

X
g v � ru dx dt

þ
Z T

0

Z

X
jð#Þrg � ru dx dt

	
Z T

0

Z

X

S : Dv

#
u dx dt

þ
Z T

0

Z

X
jð#Þ jrgj2 u dx dt þ

Z

X
ðlog#0Þuð0Þ dx

ð24Þ

for any nonnegative u 2 C1
0 ð½0; TÞ;W1;1ðXÞÞ. The

initial conditions are attained in the following sense

lim
t!0þ

kvðtÞ � v0k2 þ k#ðtÞ � #0k1ð Þ ¼ 0: ð25Þ

The above definition fulfills the basic assumption

on the consistency, i.e. if we have a weak solution that

is in addition smooth then it is also the classical

solution, we refer here e.g. to the classical book [18],

where such approach is justified. On the other hand, if

we want to study further properties of the solution, for

example the stability, we usually require more refined

notion of the solution, namely the suitable weak

solution. However, it also requires more assumption

on the growth parameter p.

Definition 2 [Suitable weak solution] LetX � R3 be

a bounded domain of class C1;1 and let (0, T) with

T [ 0 be the time interval. Let v0; #0 and f be given

functions satisfying (8) and let p 2 ð9=5;þ1Þ be

given. We say that a triplet ðv; #; pÞ is a suitable weak
solution to the problem (9)–(12) if Definition 1 is

satisfied with (23) replaced by

Z T

0

Z

X
� jvj2

2
þ #

 !

otu

� v
jvj2

2
þ #þ p

 !

þ q � Sv

 !

� ru dx dt

þ a
Z T

0

Z

oX
jvj2u drx dt ¼

Z

X

jv0j2

2
þ #0

 !

uð0Þ dx;

ð26Þ

which is valid for any u 2 C1
0 ð½0; TÞ;W1;1ðXÞÞ.

Moreover, we require that (11) is satisfied in the

following sense

Z T

0

Z

X
�# otu� ð#v þ qÞ � ru dx dt	

Z T

0

Z

X
S : Dvu� #ðv � fÞu dx dt

þ
Z

X
#0 uð0Þ dx;

ð27Þ

for any nonnegative u 2 C1
0 ð½0; TÞ;W1;1ðXÞÞ.

Next, we formulate the main theorem of this paper.

Theorem 1 Let X � R3 be a bounded domain with

C1;1 boundary. Assume that S� and j satisfy (3) and (4)

with p[ 6=5. Then for any data v0; #0; f fulfilling (8),

there exists a weak solution to (9)–(12) in the sense of

Definition 1. Moreover, if p[ 8=5 then (23) holds

with the equality sign. In addition, if p[ 9=5 then

there exists a suitable weak solution in sense of

Definition 2. Furthermore, if p	 11=5, then (24) and

(27) holds with equality sign and the following is true
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lim sup
m!1

Z

Q

mjr#j2

#2
vf#[mg dx dt ¼ 0: ð28Þ

Note that in above Theorem 1we assume a stronger

assumption on the boundary, namely X 2 C1;1. The

reason is the necessity of having a priori estimates of

the pressure p that appears in (23) and cannot be

omitted by using divergence-free functions as test

functions as it is usual in studying Navier–Stokes

equations without the temperature. At this, we would

like to discuss the main novelty of the paper. It seems

that the only relevant existence result are due to

[25, 26], where the authors treated the same system but

with S� being linear with respect to the velocity

gradient, i.e. the case p ¼ 2, so the result of this paper

is much more general. Second, in [25], the authors

treated only the steady case and in [26], the authors

were not able to show the validity of (26), i.e. they did

not show the existence of a suitable weak solution,

which is the main weak point in their result. We also

refer to [22, 23], which is an extension of [25] to more

general boundary conditions, but deal only with the

steady case. In our setting, we are able to prove the

existence of a suitable weak solution. In addition, for

p	 11=5, we obtain the internal energy equality.

Furthermore, in spirit of results [1–3], we see that the

existence result obtained in this paper is the starting

point for studying the stability analysis for the

underlying problem. We would like to remind that

there are naturally appearing numbers like 6/5, 8/5, 9/

5, 11/5, which are dictated by the nature of the

problem, and these borderline are usual in the theory

for non-Newtonian models of heat conducting incom-

pressible fluids. Adding the dissipative heating to the

system does not bring any change in these borderlines.

The only change, but rather essential, is the way how

the uniform estimates are obtained, which makes the

result highly nontrivial extension of works [1, 2] (see

also further references therein). In addition, (28) as

well as energy equalities valid for p	 11=5 seem to be

the essential assumption to obtain the stability result

for arbitrary weak solution, see [2, 3] or [1] where the

same system but without dissipative heating and in

dimension two is treated.

The proof is split into several steps. In Sect. 3, we

introduce an approximation, where the nonlinear

convective terms are truncated by an auxiliary cut-

off function. The existence of solutions for the k-

approximation, is for the sake of completeness and

clarity included in Appendix Appendix A. Then, in

Sect. 4.1, we derive estimates that are uniform with

respect to k-parameter. Finally, letting k ! þ1 in

Sect. 4.2, we complete the proof of Theorem 1.

3 Definition of approximating systems and their

solutions

We start this part with definition of auxiliary cut-off

functions. For any arbitrary natural number k	 1, we

define

T kðzÞ ¼ signðzÞminfk; jzjg for any z 2 R; ð29Þ

and a function gk : R
þ ! ½0; 1� such that it is contin-

uous and satisfies

gkðzÞ ¼
1 if z\k;

0 if z[ 2k:

	

ð30Þ

Finally, we introduce an auxiliary function g, which is
used in the proof of attainment of the initial data. Let

T [ 0 be given, and let 0\e � 1 and t 2 ð0; T � eÞ be
arbitrary. Consider g 2 C0;1ð½0; T�Þ as a piece-wise

linear function of three parameters, such that

gðsÞ ¼

1 if s 2 ½0; tÞ;

1þ t � s
e

if s 2 ½t; t þ eÞ;

0 if s 2 ½t þ e; T�:

8

>

>

<

>

>

:

ð31Þ

We define an approximative problem Pk (for simplic-

ity we write ðv; p; #Þ instead of vk; pk; #k) such that we

truncate the convective term (in order to be able to use

the Minty method), we truncate the source term (in

order to have proper estimates at the beginning) and

we also modify the boundary conditions (to avoid

problem with low integrability). More precisely, we

consider the problem:

divv ¼ 0; ð32Þ

otv þ divðv � v gkðjvj2ÞÞ � divS þrp ¼ T kð#Þf;
ð33Þ
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ot#þ divðT kð#Þ vÞ þ divq ¼ S : D � T kð#Þðv � fÞ;
ð34Þ

in ð0; TÞ � X complemented with the boundary

conditions

v � n ¼ 0; avsgkðjvsjÞ þ ½Sn�s ¼ 0;

r# � n ¼ 0 on oX;
ð35Þ

and the following initial conditions

vð0Þ ¼ v0; #ð0Þ ¼ #0 [ 0 in X: ð36Þ

For this problem, we have the following existence

result, which is formulated in any dimension d. Note

that the result is dimension-independent due to the

presence of truncation functions.

Lemma 1 Let X � Rd be a bounded domain with

C1;1 boundary. Assume that S� and j satisfy (3)

and (4) with p[ 2d=ðd þ 2Þ. Then for any k 2 N

and any data v0; #0; f fulfilling (8), there exists a triplet

ðv; #; pÞ ¼ ðvk; #k; pkÞ satisfying

v 2 Cð0; T ; L2n;divÞ \ Lpð0; T ;W1;p
n;divÞ; ð37Þ

otv 2 Lp
0 ð0; T;W�1;p

n Þ; ð38Þ

# 2 L1ð0; T ; L1ðXÞÞ and #ðt; xÞ	 0

for a.a. ðt; xÞ 2 ð0; TÞ � X;
ð39Þ

log# 2 L1ð0; T ; L1ðXÞÞ; ð40Þ

p 2 Lp
0 ð0; T; Lp0 ðXÞÞ and

Z

X
pðt; xÞ dx ¼ 0

for a.a. t 2 ð0; TÞ;
ð41Þ

ð1þ #Þ
1�e
2 2 L2ð0; T;W1;2ðXÞÞ for any e[ 0 ð42Þ

and

lim
m!1

Z

ð0;TÞ�X\f#	mg

mjr#j2

#2
dx dt ¼ 0; ð43Þ

attaining the initial conditions (36) in the following

sense

lim
t!0þ

kv � v0k2 þ k#� #0k1ð Þ ¼ 0; ð44Þ

satisfying equation (33) in the following sense: for any

u 2 W1;p
n and for a.a. t 2 ð0; TÞ there holds

hotv;ui �
Z

X
gkðjvj2Þ ðv � vÞ : ru dxþ

Z

X
S : Du dx

þ a
Z

oX
avsgkðjvsjÞ � u drx

¼
Z

X
T kð#Þ f � uþ pdivu dx;

ð45Þ

and satisfying (34) in the following sense: for any f 2
C2ðRÞ satisfying f 00 2 C0ðRÞ, for any u 2 W1;2ðXÞ \
L1ðXÞ and for a.a. t 2 ð0; TÞ there holds

hotf ð#Þ;ui �
Z

X
f ðT kð#ÞÞ v � ru dx

þ
Z

X
f 0ð#Þjð#Þr# � ru dxþ

Z

X
f 00ð#Þjð#Þjr#j2 u dx

¼
Z

X
f 0ð#Þ S : Dvu dx�

Z

X
T kð#Þf 0ð#Þ v � f u dx:

ð46Þ

Proof The complete proof is presented at the

Appendix Appendix A for the most important case

d ¼ 3. For other dimensions the proof is however

almost identical. h

We would like to emphasize here, that the above

existence result is in fact very strong. Although the

equation (33) is satisfied in the classical weak

sense (45), the equation (33) is satisfied in the renor-

malized weak sense as (46). This enables us to deduce

the proper uniform estimates rigorously.

4 Limit in the approximating system

In the previous section we established the existence of

a weak solution to the k-approximating system (32)–

(34). Key k-uniform estimates and the limits as k !
þ1 are derived in this section. We focus only on

dimension d ¼ 3, the proof for d ¼ 2 is in fact even

easier.

123

Meccanica (2024) 59:1703–1730 1709



4.1 Uniform estimates

For ðv; #; pÞ ¼ ðvk; #k; pkÞ we derive estimates that

are uniform with respect to k-parameter (the relevant

quantities are then bounded by a generic constant C,

where Cðkfk1; kv0k2; k#0k1; k log#0k1Þ).
We set u ¼ v in (45) and in (46) we set u ¼ 1 and

f ð#Þ ¼ #. Summing both identities and using the fact

that divv ¼ 0 to eliminate convective terms1 we

deduce

1

2

d

dt
kvk22 þ

d

dt
k#k1 þ akv

ffiffiffiffiffiffiffiffiffiffiffiffiffi

gkðjvjÞ
p

k22;oX ¼ 0:

Integration with respect the time variable then leads to

sup
t2ð0;TÞ

kvðtÞk22 þ k#ðtÞk1
� �

þ a
Z T

0

kv
ffiffiffiffiffiffiffiffiffiffiffiffiffi

gkðjvjÞ
p

k22;oX dt�Cðkv0k2; k#0k1Þ:

ð47Þ

Next, for any e[ 0 we set f ð#Þ :¼ logð#þ eÞ and u :
¼ 1 in (46), to deduce

d

dt

Z

X
logð#þ eÞ dx ¼

Z

X

jð#Þjr#j2

ð#þ eÞ2
dx

þ
Z

X

S : Dv

#þ e
dx�

Z

X

T kð#Þ
#þ e

v � f dx:

Integrating this identity over the time interval (0, t), it

follows

Z t

0

Z

X

jð#Þjr#j2

ð#þ eÞ2
dx dt þ

Z t

0

Z

X

S : Dv

#þ e
dx dt

þ
Z

f#ðtÞþe� 1g
j logð#ðtÞ þ eÞj dx

¼
Z t

0

Z

X

T kð#Þ
#þ e

v � f dx dt

þ
Z

f#ðtÞþe[ 1g
logð#ðtÞ þ eÞ dx �

Z

X
logð#0 þ eÞ dx;

and taking the supremum over t 2 ð0; TÞ, we have

Z T

0

Z

X

jð#Þjr#j2

ð#þ eÞ2
dx dt þ

Z T

0

Z

X

S : DðvÞ
#þ e

dx dt

þ sup
t2ð0;TÞ

k log ð#ðtÞ þ eÞk1

�C

Z T

0

Z

X
jv � fj dx dt þ C

Z

X
j#ðtÞj dxþ eCmeasðXÞ

þ k log#0k1:

Then employing (47), the fact that log#0 2 L1ðXÞ and
taking the limit as e ! 0 we get the following k-

independent estimate

sup
t2ð0;TÞ

k log ð#ðtÞÞk1 þ
Z T

0

Z

X

jð#Þjr#j2

#2
dx dt

þ
Z T

0

Z

X

S : Dv

#
dx dt

�Cðkv0k2; k#0k1; k log#0k1; kfk1;QÞ:
ð48Þ

In order to improve the uniform bound for the

temperature, we fix arbitrary r 2 ð0; 1Þ and set f ð#Þ ¼
#r and u ¼ 1 in (46) to obtain

1

r
d

dt

Z

X
#r dxþ ðr� 1Þ

Z

X
jð#Þ jr#j2

#2
#r dx

¼
Z

X
#r�1S : Dv dx�

Z

X

T kð#Þ
#

#r v � f dx:

Integrating it over time and using the fact that r 2
ð0; 1Þ and the uniform estimate (47), we deduce

Z T

0

Z

X
#r�1S : Dv dx dt þ

Z T

0

Z

X
jð#Þ jr#j2

#2
#r dx dt

�Cðr; kv0k2; k#0k1; kfk1;QÞ 1þ
Z T

0

Z

X
#rjvj dx dt

� �

:

ð49Þ

To bound the term on the right hand side, we recall the

interpolation inequality (here we consider d ¼ 3)

k#r
2k24 �CðXÞk#r

2k
1
2

2k#
r
2k

3
2

1;2

and using also the Hölder inequality, the a priori

bound (47) and the assumption (3), we get the

estimate

1 Compare it with very similar computations in Appendix.
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Cðr; kv0k2; k#0k1; kfk1;QÞ 1þ
Z T

0

kvk2k#2rk
1
2

1 dt

� �

�C 1þ
Z T

0

k#r
2k24 dt

� �

�C 1þ
Z T

0

k#r
2k

1
2

2k#
r
2k

3
2

1;2 dt

� �

� C þ
Z T

0

Z

X
Cðr; jÞ#r þ j

2
jr#

r
2j2 dx dt

� �

�Cðr;X; j; kv0k2; k#0k1; kfk1;QÞ

þ
Z T

0

Z

X

jð#Þjr#j2

2#2�r
dx dt:

ð50Þ

Collecting (49) and (50) we deduce the following

estimates that are uniform with respect to k 2 N

Z T

0

Z

X
jð#Þ jr#j2

#2
#r dx dt�Cðr; j;X; kv0k2;

k#0k1; kfk1;QÞ:
ð51Þ

Consequently, we deduced that for arbitrary r 2 ð0; 1Þ
there holds

#
r
2 is uniformly bounded with respect

to k 2 N in L2ð0; T;W1;2ðXÞÞ \ L1ð0;T ; L2ðXÞÞ:
ð52Þ

Next, we derive the final estimates for #. Using the

interpolation inequality

kzk
10
3
10
3

�CðXÞkzk
4
3

2kzk
2
1;2 ð53Þ

on the function z :¼ #r, with r :¼ 3q
5
for q\5=3, we

obtain from (52) that

Z T

0

Z

X
#q dx dt ¼

Z T

0

Z

X
#

r
2

�

�

�

�

10
3 dx dt�Cðq; j;X; kv0k2;

k#0k1; kfk1;QÞ for any q 2 ½1; 5=3Þ:

ð54Þ

Similarly, combining (51) and (54) and using the

Hölder inequality, we get

Z T

0

Z

X
jr#jr dxdt¼

Z T

0

Z

X

jr#j2

#2�r

 !r
2

#
rð2�rÞ

2 dxdt

�
Z T

0

Z

X

jr#j2

#2�r
dxdt

 !r
2 Z T

0

Z

X
#

rð2�rÞ
ð2�rÞ dxdt

� �

2�r
2

�Cðr;j;X;kv0k2;k#0k1;kfk1;QÞ for any r2 ½1;5=4Þ:
ð55Þ

The last bound can be viewed by setting

q :¼ 5� r

3ð2� rÞ\
5

3
r :¼ 1� 5� 4r

3r

\1 provided that r\
5

4
:

Finally, we use that #
r
2 is uniformly bounded in

L2ð0;T ; L6ðXÞÞ and consequently #r is uniformly

bounded in L1ð0; T ; L3ðXÞÞ, combine it with the

interpolation inequality (valid for some r 2 ð0; 1Þ
and k 2 ð0; 1Þ)

k#k2 �Ck#kk1k#k
1�k
3r with k ¼ kðrÞ 2 ð0; 1Þ

and use the uniform estimates (47) and (52), we see

that

Z T

0

k#k2 dt�C

Z T

0

k#k1�k
3r dt ¼ C

Z T

0

k#r
2k

2ð1�kÞ
r

6 dt�

Cðj;X; kv0k2; k#0k1; kfk1;QÞ:
ð56Þ

Having the estimate (56), we can now proceed with

further bounds on the velocity field. Setting u :¼ v in

(45) and integrating in time, it yields that

sup
t2ð0;TÞ

kvðtÞk22 þ
Z T

0

Z

X
S : Dv dx dt�C

kv0k22 þ
Z T

0

Z

X
#jvj dx dt

� �

�

C 1þ
Z T

0

k#k2 dt
� �

�Cðj;X; kv0k2; k#0k1; kfk1;QÞ:

ð57Þ

As consequence it follows from (4b) that
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Z T

0

Z

X
jSjp

0
dx dt þ

Z T

0

Z

X
jDvjp dx dt�Cðj;

m; m;X; kv0k2; k#0k1; kfk1;QÞ:
ð58Þ

The interpolation inequality

kvk5p
3
�Ckvk

2
5

2krvk
3
5
p þ kvk2

together with the Korn inequality (14) and the uniform

estimates (57), (58) ensure that

Z T

0

kvk
5p
3
5p
3

dt�Cðj; m; m;X; kv0k2; k#0k1; kfk1;QÞ:

ð59Þ

We finish this part by introducing the estimates on the

pressure. It follows from (45) that for all u 2 W2;p0 ðXÞ
satisfying ru � n ¼ 0 on oX, and for almost all time

t 2 ð0; TÞ there holds (see also (A.59))

Z

X
pDu dx ¼

Z

X
S : r2u dx�

Z

X
gkðjvj2Þ v � v : r2u dx

þ a
Z

oX
gkðjvjÞv � rudrx

�
Z

X
T kð#Þf � ru dx:

In addition, recall that

Z

X
p dx ¼ 0 for a.a. t 2 ð0; TÞ:

Then, we use the fact that X 2 C1;1 and the theory for

Laplace equation (see also [10–13] for details) and

obtain that

kpkz0 �CðkSkp0 þ kjvj2k5p
6
þ kvgkðjvjÞk2;oX

þ kfk1k#k5
4
Þ with z0 :¼ min p0;

5p

6
;
5

3

	 


:

Applying the z0-power and integrating the result over

(0, T) we finally get

Z T

0

kpkz
0

z0 dt�C

Z T

0

1þ kSkp
0

p0 þ kvk
5p
3
5p
3

þ kv
ffiffiffiffiffiffiffiffiffiffiffiffiffi

gkðjvjÞ
p

k22;oX
�

þkfk
5
3
1k#k

5
3
5
4

�

�C; for z0 :¼ min p0;
5p

6
;
5

3

	 


;

ð60Þ

where the last bound follows from the estimates (47),

(51), (58) and (59).

Finally, we recall the estimates on the time

derivative. By using the very classical procedure, we

can deduce from (45) with the help of above uniform

estimates (47), (51), (58) and (59) that

Z T

0

kotvkkz
0

W�1;z0
n

dt�C; ð61Þ

where z0 is defined in (60). Similarly, considering (46)

with f ðsÞ :¼ log s, we can use the above estimates

(47), (51), (58) and (59) to observe that for any x[ 5,

we have (see e.g. [13] for similar estimate)

Z T

0

kotgkkW�1;x0 dt�C: ð62Þ

4.2 Limit as k ! þ1

Let us consider u 2 C1
0 ð½0; TÞ;W1;q

n \ L1ðXÞÞ \
L2ðð0; TÞ � oXÞ with q ¼ maxfp; 5p

5p�6
g in (45), inte-

grate it over the time interval (0, T), then after the

integration by parts in the time derivative term we get

�
Z T

0

Z

X
vk � otu dx dt �

Z T

0

Z

X
gkðjvkj2Þ ðvk � vkÞ

: ru dx dt þ
Z T

0

Z

X
Sk : Du dx dt

þ a
Z T

0

Z

oX
gkðjvkjÞvk � u drx dt

¼
Z T

0

Z

X
T kð#kÞ f � u

þ pkdivu dx dt þ
Z

X
vk
0 � uð0Þ dx;

ð63Þ

where we abbreviate Sk ¼ S�ð#k;DvkÞ: Next, we

consider u 2 C1
0 ð½0; TÞ; C1ðXÞÞ in (46), integrate it

over the time interval (0, T), and after the integration

by parts with respect to the time variable, we get
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�
Z T

0

Z

X
f ð#kÞotu dxdt�

Z T

0

Z

X
f ðT kð#kÞÞvk �ru dxdt

þ
Z T

0

Z

X
f 0ð#kÞjð#kÞr#k �rudxdt

þ
Z T

0

Z

X
f 00ð#kÞjð#kÞjr#kj2u dxdt

¼
Z T

0

Z

X
f 0ð#kÞSk :Dvku dxdt

�
Z T

0

Z

X
T kð#kÞf 0ð#kÞvk �fu dxdt

þ
Z

X
f ð#k

0Þuð0Þdx:

ð64Þ

Now, we make two special choices of f, namely we

consider f ðsÞ¼s and then f ðsÞ¼ logs (such choices can

be rigorously justified taking the mollification with

compactly supported functions). With the first choice,

we deduce

�
Z T

0

Z

X
#kotu dx dt �

Z T

0

Z

X
T kð#kÞ vk � ru dx dt

þ
Z T

0

Z

X
jð#kÞr#k � ru dx dt

¼
Z T

0

Z

X
Sk : Dvk u dx dt

�
Z T

0

Z

X
T kð#kÞ vk � f u dx dt þ

Z

X
#k
0 uð0Þ dx:

ð65Þ

With the second choice, we also use the abbreviation

gk ¼ log#k and we see that

�
Z T

0

Z

X
gk otu dx dt �

Z T

0

Z

X
logðT kð#kÞÞ vk � ru dx dt

þ
Z T

0

Z

X
jð#kÞrgk � ru dx dt �

Z T

0

Z

X
jð#kÞjrgkj2 u dx dt

¼
Z T

0

Z

X

1

#k
Sk : Dvk u dx dt

�
Z T

0

Z

X

T kð#kÞ
#k

vk � f u dx dt þ
Z

X
gk0uð0Þ dx:

ð66Þ

Finally, to get the energy identity, we consider u 2
C1ðð0; TÞ � XÞ fulfilling uðTÞ ¼ 0 and use vku and u
as test functions in (63) and (65) respectively. Doing

this and then taking the sum of the outcome we deduce

that (using also the fact that divvk ¼ 0 and integration

by parts2)

Z T

0

Z

X
� jvkj2

2
þ #

 !

otu dx dt

þ a
Z T

0

Z

oX
gkðjvkjÞjvkj2u drx dt

þ
Z T

0

Z

X
�vk

2gkðjvkj2Þ jvkj2 � Gkðjvkj2Þ
2

þ T kð#kÞ þ pk
 ! 

þjð#kÞr#k þ SkvkÞ � ru dx dt ¼
Z

X

jvk0j
2

2
þ #0

 !

uð0Þ dx;

ð67Þ

where Gk is such that G0
kðsÞ ¼ gkðsÞ. In particular, for

any u 2 C1
0 ð½0; TÞÞ, i.e. u independent of spatial

variable, there holds

�
Z T

0

Z

X

jvkj2

2
þ #k

 !

otu dx dt

þ a
Z T

0

Z

oX
gkðjvkjÞjvkj2u drx dt

¼
Z

X

jvk
0j
2

2
þ #k

0

 !

uð0Þ dx:

ð68Þ

We want to discuss the limit in formulations (63) and

(65)–(68). By virtue of the uniform estimates (57),

(58) we can extract a subsequence ðvk; #k; pk; Sk; gkÞ
such that the following convergence results hold

vk *� v weakly-* in L1ð0; T ; L2ðX;R3ÞÞ; ð69Þ

vk * v weakly in Lpð0; T;W1;p
n;divÞ; ð70Þ

2 To evaluate the convective term we proceed as follows
Z

X
gkðjvkj2Þ ðvk � vkÞ : rðvkuÞ dx

¼
Z

X
ugkðjvkj2Þ ðvk � vkÞ : rvk þ gkðjvkj2Þ ðvk � vkÞ : ðvk �ruÞ dx

¼ 1

2

Z

X
ugkðjvkj2Þ vk � rjvkj2 þ 2gkðjvkj2Þ jvkj2vk � ru dx

¼ 1

2

Z

X
uvk � rGkðjvkj2Þ þ 2gkðjvkj2Þ jvkj2vk � ru dx

¼
Z

X
gkðjvkj2Þ jvkj2 � Gkðjvkj2Þ

2

 !

vk � ru dx
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otv
k * otv weakly in Lq

0 ð0; T ;W�1;q0

n Þ

with q0 ¼ min p0;
5p

6
;
5

3

	 


;
ð71Þ

gkðjvkjÞvk * v weakly in L2ð0; T; L2ðoX;R3ÞÞ;
ð72Þ

Sk * S weakly in Lp
0 ðQ;R3�3Þ; ð73Þ

pk * p weakly in Lq
0 ðQÞ with q0 ¼ minfp0; 5p

6
;
5

3
g;

ð74Þ

ð#kÞr * ð#Þr weakly in L2ð0; T ;W1;2ðXÞÞ
for any r 2 ð0; 1=2Þ;

ð75Þ

#k * # weakly in Lqð0; T ;W1;s
0 ðXÞÞ

for any q 2 ½1; 5=4Þ:
ð76Þ

gk * g weakly in L2ð0; T;W1;2ðXÞÞ: ð77Þ

Moreover, employing the Aubin–Lions compactness

Lemma we deduce that

vk ! v strongly in LqðQ;R3Þ for
any q 2 ½1; 5p=3Þ and a.e. in Q ;

ð78Þ

vk ! v strongly in Lpðð0; T ; L1ðoXÞÞ
and a.e. in ð0; TÞ � oX;

ð79Þ

#k!#strongly inLqðQÞ for anyq2½1;5=3Þand a.e. in Q :

ð80Þ

Consequently, we have that g ¼ log# and

ð#Þr ¼ ð#Þr. The above strong and weak convergence
results are sufficient to pass to the limit in most term.

However, it is not sufficient for identification of

S ¼ S�ð#;DvÞ. This identification follows from the

procedure developed in [15], see also [11]. Indeed,

there is shown that there exists a nondecreasing

sequence of measurable sets fQng1n¼1 fulfilling

limn!1 jQnQnj ¼ 0 such that for every n 2 N we

have

lim
k!1

Z

Qn

Sk : ðDvk � DvÞ dx dt ¼ 0: ð81Þ

Further, using the growth assumption (4b), the

convergence result (80), the fact that Dv 2

Lp
0 ðQ;R3�3Þ and the Lebesgue dominated conver-

gence theorem, we obtain

S�ð#k;DvÞ ! S�ð#;DvÞ ð82Þ

Thus, using the monotonicity assumption (4a), the

weak convergence result (70) and (82), we observe

that for any n 2 N

lim
k!1

Z

Qn

jðSk � S�ð#k;DvÞÞ : ðDvk � DvÞj dx dt

¼ lim
k!1

Z

Qn

ðSk � S�ð#k;DvÞÞ :

ðDvk � DvÞ dx dt ¼ð4:35Þ;ð4:36Þ
0:

ð83Þ

Hence, we have that

ðSk�S�ð#k;DvÞÞ :ðDvk�DvÞ!0 strongly inL1ðQnÞ:

Thus, it is a simple consequence of (82) and (70) that

for every n2N

Sk : Dvk * S�ð#;DvÞÞ : Dv weakly in L1ðQnÞ:
ð84Þ

Finally, using (70), (73) and (84), we have for arbitrary

B 2 LpðQ;R3�3Þ that

0�ðSk � S�ð#k;BÞÞ : ðDvk � BÞ *
ðS � S�ð#;BÞÞ : ðDv � BÞ weakly in L1ðQnÞ:

Hence, using the Minty method, i.e. setting B :¼
Dv 
 eC in the above inequality, dividing by e[ 0

and then letting e ! 0þ, we have

0� 
 S � S�ð#;DvÞð Þ : C a.e. in Qn:

Since C is arbitrary and jQ n Qnj ! 0 as n ! 1, we

observe from the above inequality that S ¼ S�ð#;DvÞ.
Having identified the nonlinearity S, we may now

focus on the limiting procedure in desired equations.

Indeed, it is now easy to use (69)–(80) and to let k !
1 in (63) to deduce (22). Here, it is essential that vk

converges strongly in L2þeðQÞ, which is due to the

assumption p[ 6=5. Next, we let k ! 1 in (68).

Using (78) and (80), we can pass to the limit in the first

term on the left hand side. For the second term on the

left hand side we use (79) and the Fatou lemma to

obtain the inequality (23). In order to obtain the
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equality sign in (23), we can use the result in [12],

where it is shown that3

vk ! v strongly in L2ð0; T ; L2ðoXÞ3Þ; ð85Þ

provided that p[ 8=5. Consequently, we obtain (23)

with the equality sign.

Next, we focus on the energy and the entropy

(in)equalities (24) and (27). To do so, we first show

how to pass to the limit with possibly inequality signs

in highest order terms. Let us consider arbitrary

nonnegativeu 2 L1ðQÞ. Then using (4a), (4b) and the
convergence result (84), we deduce that for any n 2 N

lim inf
k!þ1

Z T

0

Z

X
Sk : Dvk u dx dt	 lim inf

k!þ1
Z

Qn

Sk : Dvk u dx dt ¼
Z

Qn

S : Dvu dx dt:

Consequently, letting n ! 1 in the above inequality,

we deduce

lim inf
k!þ1

Z T

0

Z

X
Sk : Dvk u dx dt	

Z T

0

Z

X
S : Dvu dx dt:

ð86Þ

Similarly, using in addition (80) and the nonnegativity

of #k, we deduce

lim inf
k!þ1

Z T

0

Z

X

Sk : Dvk u
#k

dx dt	
Z T

0

Z

X

S : Dvu
#

dx dt:

ð87Þ

Very similarly, we can use the weak lower semicon-

tinuity, the weak convergence (77), the pointwise

convergence of #k (80) and the boundedness of jð�Þ,
see (3), there holds

Z T

0

Z

X
jð#Þjrgj2 u dx dt� lim inf

k!þ1
Z T

0

Z

X
jð#kÞjrgkj2 u dx dt:

ð88Þ

These convergence results are sufficient to take the

limit in (66) and to obtain (24). Thenwe can proceed to

the limit in the equation (65) to deduce (27), provided

we show

#kvk ! #v stronlgy in L1ðQ;R3Þ: ð89Þ

To show the above convergence result, we recall the

strong convergence results (78) and (80). Thus, it is

sufficient to show that #kvk is uniformly bounded in

L1þeðQÞ for some e[ 0. Using the Hölder inequality

and the classical interpolation, we have (here r 2
ð0; 1Þ will be specified later, but typically it will be

almost equal to one)

Z T

0

Z

X
j#kj1þejvkj1þe

dx dt�
Z T

0

k#kk1þe
2ð1þeÞkvkk1þe

2ð1þeÞ dt

¼
Z T

0

kð#kÞrk
1þe
r

2ð1þeÞ
r

kvkk1þe
2ð1þeÞ dt

�C

Z T

0

kð#kÞrk
1þe
r �3ð2þ2e�rÞ

4r
1 kð#kÞrk

3ð2þ2e�rÞ
4r

3 kvkk1þe� 3ep
5p�6

2 kvkk
3ep
5p�6

1;p dt

�
ð4:1Þ

C

Z T

0

kð#kÞrk
3ð2þ2e�rÞ

4r
3 kvkkp1;p

� � 3e
5p�6

dt�C;

provided that (we are using the uniform bounds

coming from (70) and (75))

3e
5p� 6

þ 3ð2þ 2e� rÞ
4r

� 1: ð90Þ

Note that if

e\
5p� 6

12
;

then we can always find r 2 ð0; 1Þ such that the

inequality (90) is satisfied. As a consequence, we

deduce (89). Thus, we may proceed to the limit also in

(65) to obtain (27).

Next, we want to let k ! 1 in (67) to get (26). We

already discuss almost all terms except the one jvkj2v.
Thus, for identification of the limit also in this term,

we need that vk is compact at least in L3ðQÞ.
Comparing it with the strong convergence result

(78), we see that the condition p[ 9=5 is exactly the

3 It follows from the following interpolation (assuming p� 2,

for p[ 2 it is obvious)

Z T

0

Z

oX
jvj2 �C

Z T

0

kvk
8p�12
5p�6

2 kvk
2p

5p�6

5p�6
2p ;2

dt�C

Z T

0

kvk
8p�12
5p�6

2 kvk
2p

5p�6

1;p dt:

Since 2p
5p�6

\p for p[ 8=5, we see that the desired compactness

follows from the a priori estimates.
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one guaranteeing the compactness of the velocity in

L3ðQÞ.
Finally, in case that p	 11=5, one may follow the

standard monotone operator theory and to conclude

that (84) holds true even in L1ðQÞ (and not only in a

subset Qn � Q). Thus, we have the weak convergence

on the whole setQ and therefore we are able to identify

the limits in terms containing Sk : Dvk with equality

signs and consequently, we may consider equalities in

(24) and (27). The relation (28) is proved in the same

way as (43), see the computation following (A.57).

We also omit the proof of attaining of the initial

conditions (25) and refer the reader e.g. to [13]. The

proofs of both main theorems are thus complete.
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Solvability of the k-approximation—Lemma 1

This appendix is devoted to the proof of Lemma 1, i.e.

we assume that k[ 0 is given and fixed. We provide

the complete rigorous proof that is however very much

inspired by [13], which can be used also as a tool for

interested reader. We refer also to [2, 3], where the

existence, the stability and the convergence to the

equilibria are studied in details.

We proceed as follows. First, we introduce the two-

level Galerkin approximation: one for the velocity

field and the second one for the temperature. Then, we

pass to the limit in the temperature equation and derive

all necessary a priori estimates. Finally, we pass to the

limit also in the equation for the velocity and complete

the proof. Note that because of the presence of the cut-

off functions, the proof is relatively standard and we

use just the monotone operator theory together with

the relatively classical approach for parabolic equa-

tions with L1 data.

For the sake of simplicity, we set d ¼ 3 from the

very beginning (since it is physically most relevant

case) and to shorten the proof we consider only the

case a � 0 here. However, the general dimension d

and also the case when a[ 0 is treated similarly. We

also recall that in what follows the constant C denotes

some universal constant depending only on the data of

the problem, i.e. on v0, h0 and f. If there is any

dependence on different quantities, it will be clearly

denoted.

Galerkin approximations

We start by considering an orthogonal basis fwig1i¼1 of

the space W3;2
n;div,!W1;1ðXÞd that is orthonormal in

L2n;div, see [24, Appendix A.4] how to construct such

basis. Similarly, let fwjg1j¼1 be a basis of W1;2ðXÞ
which is again orthonormal in the space L2ðXÞ.

Moreover, defining the subspaces

Wn :¼ spanfw1; . . .;wng � W3;2
n;div;

Wm :¼ spanfw1; . . .;wmg � W1;2ðXÞ;

and the associated projections

PnðvÞ �
X

n

i¼1

Z

X
v � wi dx

� �

wi : W
3;2
n;div ! Wn;

Pmð#Þ �
X

m

j¼1

Z

X
#wj dx

� �

wj : W
1;2ðXÞ ! Wm;

we are in position to consider the usual Galerkin

approximations.

Now, we construct Galerkin approximations

fvn;m; #n;mg1n;m¼1 of the form
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vn;mðt; xÞ :¼
X

n

i¼1

cn;mi ðtÞwiðxÞ;

#n;mðt; xÞ :¼
X

m

j¼1

dn;mj ðtÞwjðxÞ;

where cn;mðtÞ :¼ ðcn;m1 ðtÞ; . . .; cn;mn ðtÞÞ and dn;mðtÞ :¼
ðdn;m1 ðtÞ; . . .; dn;mm ðtÞÞ solve the following system of

ordinary differential equations

Z

X
otv

n;m � wi þ ðSn;m � vn;m � vn;m gkðjvn;mj2ÞÞ : rwi dx

¼
Z

X
T kð#n;m

� Þf � wi dx;

ðA:1Þ

for all i 2 f1; . . .; ng and

Z

X
ot#

n;m wj � ðT kð#n;mÞvn;m þ qn;mÞ � r

wj dx ¼
Z

X
Sn;m : Dðvn;mÞ � T kð#n;m

� Þvn;m � f
� �

wj dx;

ðA:2Þ

for all j 2 f1; . . .;mg. Here, we have used the follow-

ing abbreviations

Sn;m :¼ SH #n;m;Dðvn;mÞð Þ;
qn;m :¼ q�ð#n;m;r#n;mÞ; #n;m

� :¼ maxf0; #n;mg:
ðA:3Þ

In addition, we assume that vn;m and #n;m satisfy the

following initial conditions

vn;m
0 :¼ Pnðv0Þ ¼

X

n

i¼1

c0;iwi;

#n;m
0 :¼ Pmð#n

0Þ ¼
X

m

j¼1

dn0;jwj;

where vn;m
0 is independent ofm–parameter and #n;m

0 has

the following meaning. First, we use the convention

that

g0ðxÞ :¼
0;

lnð#0ðxÞÞ;

(

Then, we compute the standard regularization of an

integrable function g0 with the kernel r1=n having the

support in a ball of radii 1/n. It means, we define

gn0 :¼ r1=n � g0. Then, since #0 and ln#0 are assumed

to belong to L1ðXÞ, we have

#n
0 :¼ eg

n
0 �!

½
�n ! 1#0 ðA:4aÞ

gn0 �!
½ �n ! 1 ln#0strongly in L1ðXÞ: ðA:4bÞ

Finally, we apply the projection onto the linear hull of

fwjgmj¼1 to get Pmð#n
0Þ: Note that as an immediate

consequence of the properties of the projectors we

have

vn;m
0 �!½ �n ! 1v0 strongly in L2ðXÞd; ðA:5aÞ

#n;m
0 �!½ �m ! 1#n

0 strongly in L2ðXÞ: ðA:5bÞ

In addition, since log#0 2 L1ðXÞ by hypothesis, we

also have that

log#n;m
0 �!½ �m ! 1 log#n

0 �!
½ �n ! 1 log#0

strongly in L1ðXÞ:
ðA:6Þ

We focus on solvability of (A.1)–(A.2). Defining the

auxiliary vector-valued functions

CðtÞ :¼ ðcn;mðtÞ; dn;mðtÞÞ
¼ ðcn;m1 ðtÞ; . . .; cn;mn ðtÞ; dn;m1 ðtÞ; . . .; dn;mm ðtÞÞ;

C0 :¼ ðc0; dn
0Þ ¼ ðc0;1; . . .; c0;n; dn0;1; . . .; dn0;mÞ:

Then, the system (A.1)–(A.2) can be rewritten as

_CðtÞ ¼ Fðt;CðtÞÞ;
Cð0Þ ¼ C0;

where F is a Carathéodory function. Thus, using the

classical Carathéodory theory, see [29, Chapter 1], we

deduce the existence of solution to (A.1)–(A.2) at least

for a short time interval. The uniform estimates

derived in the next subsection enable us to extend

the solution onto the whole time interval (0, T). Then,

we setm ! 1 and then n ! 1. Note that some of the

estimates are independent of the order of approxima-

tion and are frequently used later (after using weak

lower semicontinuity of norm in a reflexive space).
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Estimates independent of m

In this part, we start by assuming that n 2 N is

arbitrary, but fixed, and we let m ! 1.

Estimates independent of m for the velocity

Multiplying the i-th equation in (A.1) by cn;mi ; then

taking the sum over i ¼ 1; . . .; n we get
Z

X
otv

n;m � vn;m þ ðSn;m � vn;m � vn;m gkðjvn;mj2ÞÞ :

rvn;m dx

¼
Z

X
T kð#n;m

� Þf � vn;m dx:

Integrating the result over time interval (0, t), we

obtain

kvn;mðtÞk22 þ 2

Z t

0

Z

X
Sn;m : Dðvn;mÞ dx ds

¼ kvn;m
0 k22 þ 2

Z t

0

Z

X
T kð#n;m

� Þf � vn;m dx ds;

ðA:7Þ

where we have used the identity

Z

X
ðvn;m � vn;m gkðjvn;mj2ÞÞ : rvn;m dx ¼ 0; ðA:8Þ

which follows4 from the fact divvn;m ¼ 0 and integra-

tion by parts. Next, we apply (4b)1 to the second term

on the left-hand side of (A.7). For the right hand side,

we use the assumption that f is bounded and apply the

L2 � L2 Hölder’s inequality and the definition of T k,

see (29) and the fact that kvn;m
0 k2 �kv0k2 to obtain for

all t 2 ð0; TÞ

kvn;mðtÞk22 þ
Z t

0

kDðvn;mÞkpp ds�CðkÞ

1þ
Z t

0

kvn;mk22 ds
� �

:

ðA:9Þ

First, the use of the Gronwall inequality directly leads

to the L1 � L2 estimate for vn;m. Using this informa-

tion and the Korn inequality (14) we deduce from

(A.9) the following m-independent estimate

sup
t2ð0;TÞ

kvn;mðtÞk22 þ
Z T

0

kvn;mkp1;p dt�CðkÞ: ðA:10Þ

Estimates independent of m for the temperature

Next, multiplying the j-th equation in (A.2) by dn;mj ,

taking the sum over j ¼ 1; . . .; k we get
Z

X
ot#

n;m#n;m � ðT kð#n;mÞvn;m þ qn;mÞ�

r#n;m ¼
Z

X
Sn;m : Dðvn;mÞ � T kð#n;m

� Þðvn;m � fÞ
� �

#n;m dx;

and integrating the result over time we arrive at

k#n;mðtÞk22 þ 2

Z t

0

Z

X
jð#n;mÞjr#n;mj2 dx ds

¼ k#n;m
0 k22 þ 2

Z t

0

Z

X
Sn;m : Dðvn;mÞð

�T kð#n;m
� Þðvn;m � fÞ

�

#n;m dx ds;

ðA:11Þ

where we have used the abbreviation (A.3) and the

fact that

Z

X
T kð#n;mÞvn;m � r#n;m dx ¼ 0; ðA:12Þ

which follows5 from the fact that divðvn;mÞ ¼ 0 and

integration by parts. Proceeding as before, we are

going to study each term in (A.11). For the left hand

side, we use the lower bound (3) on the second term.

4 The computation goes as follows:
Z

X
ðvn;m � vn;m gkðjvn;mj2ÞÞ : rvn;m dx

¼ 1

2

Z

X
gkðjvn;mj2Þvn;m � rjvn;mj2 dx

¼ 1

2

Z

X
vn;m � rGkðjvn;mj2Þ dx ¼ � 1

2

Z

X
Gkðjvn;mj2Þdivvn;m dx ¼ 0;

and Gk denotes the primitive function to gk .

5 It is a consequence of the following computation
Z

X
T kð#n;mÞvn;m � r#n;m dx ¼

Z

X
vn;m � rTkð#n;mÞ dx

¼ �
Z

X
Tkð#n;mÞdivvn;m dx ¼ 0;

where Tk denotes a primitive function to T k .

123

1718 Meccanica (2024) 59:1703–1730



For the right hand side, we use the fact that

fwig1i¼1 2 W3;2
n;div,!W1;1ðXÞd. Consequently, since

the velocity field is for almost all time t 2 ð0; TÞ taken
from the finite dimensional space Wn, can deduce

from (4b) that

Sn;mðt; xÞ : Dðvn;mðt; xÞÞj j þ jvn;mðt; xÞj
�CðnÞð1þ kvn;mðtÞkp2Þ�Cðk; nÞ;

where the second inequality follows from (A.10).

Combining both (recall that

k#n;m
0 k2 �!

½ �m ! 1k#n
0k2) we obtain

k#n;mðtÞk22 þ
Z t

0

kr#n;mk22 ds�Cðn; kÞ 1þ
Z t

0

k#n;mk22 ds
� �

ðA:13Þ

and applying the Gronwall lemma and recalling

(A.10), we have

sup
t2ð0;TÞ

kvn;mðtÞk22 þ k#n;mðtÞk22
n o

þ
Z T

0

kvn;mkp1;p þ k#n;mk21;2 ds�Cðn; kÞ:
ðA:14Þ

Finally, using the three-dimensional version of the

interpolation inequality (15), it follows from (A.14)

and from the embedding W3;2,!W1;1 that

Z T

0

kvn;mk
10
3
10
3

þ k#n;mk
10
3
10
3

dt�C

Z T

0

k#n;mk
4
3

2k#n;mk21;2 þ kvn;mk
4
3

2kvn;mk21;2 dt�Cðn; kÞ:

ðA:15Þ

Estimates independent of m for time derivatives

In order to deduce the compactness of the velocity and

the temperature, we also estimate the norms of their

time derivative. More specifically, our goal in this

section is to prove that

Z T

0

kotvn;mk22 þ kot#n;mk2W�1;2ðXÞ dt�Cðn; kÞ:

ðA:16Þ

We start with the velocity field. Since fwig1i¼1 is

orthonormal in L2ðXÞd, we have that

Z T

0

kotvn;mk22 dt ¼
Z T

0

j _cn;mðsÞj2 ds;

and kvn;mðtÞk22 ¼ jcn;mðtÞj2:
ðA:17Þ

Therefore, multiplying the i-equation in (A.1) by

_cn;mi ðtÞ; summing over i ¼ 1; . . .; n and integrating it

over time, we obtain (after using the estimate (A.14))

that

Z T

0

kotvn;mk22 dt ¼
Z T

0

Z

X
T kð#n;m

� Þf � otvn;m

þ vn;m � vn;m gkðjvn;mj2Þ � Sn;m
� �

: rotv
n;m dx dt:

Now, we are going to study each term separately.

Using the fact that fwig1i¼1 forms a basis ofW3;2
n;div, the

fact that Wn is finite dimensional, the Hölder inequal-

ity and the d-Young inequality and the a priori bound

(A.14), we have

Z T

0

Z

X
T kð#n;m

� Þf � otvn;m dx ds

�

�

�

�

�

�

�

�

� d

Z T

0

j _cn;mðsÞj2 dsþ Cdðn; kÞ;
Z T

0

ðvn;m � vn;m gkðjvn;mj2Þ;rotv
n;mÞ ds

�

�

�

�

�

�

�

�

� d

Z T

0

j _cn;mðsÞj2 dsþ Cdðn; kÞ:

Proceeding similarly and using (4b)2 we get

Z T

0

ðSn;m;rotv
n;mÞ ds

�

�

�

�

�

�

�

�

� d
Z T

0

j _cn;mðsÞj2 ds

þ Cdðn; kÞ
Z T

0

jcn;mðsÞj2ðp�1Þ
ds:

Combining it all, taking d small enough and applying

(A.17) and (A.14), we obtain

Z T

0

j _cn;mðsÞj2 ds�Cðn; kÞ; ðA:18Þ

which gives the first part of (A.16).

Next, we focus on the estimates for ot#
n;m. Using

the orthogonality of the basis ofWm and the regularity

of ot#
n;m, we have that for all t 2 ð0; TÞ
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kot#n;mðtÞkW�1;2ðXÞ ¼ sup

u2W1;2ðXÞ

kuk1;2�1

hot#n;mðtÞ;uiW1;2ðXÞ ¼ sup

u2W1;2ðXÞ

kuk1;2�1

Z

X
ot#

n;mðt;xÞuðxÞdx

¼ sup

u2W1;2ðXÞ

kuk1;2�1

Z

X
ot#

n;mðt;xÞPmðuÞðxÞdx:

ðA:19Þ

Now, using (A.2) we get (we omit writing (t, x))
Z

X
ot#

n;mPmðuÞ dx ¼
Z

X
Sn;m : Dðvn;mÞð

�T kð#n;m
� Þðvn;m � edÞ

�

PmðuÞÞ dx

þ
Z

X
T kð#n;mÞvn;m þ qn;mð Þ � rPmðuÞ dx;

and proceeding as before, we obtain

Z

X
ot#

n;mðt; xÞPmðuÞðxÞ dx�Cðn; kÞ

1þ kvn;mðtÞkp2 þ kr#n;mðtÞk2
� �

kPmðuÞkW1;2ðXÞ:

ðA:20Þ

Since, the properties of the basis Wm gives that

kPmðuÞk1;2 �kuk1;2, we can use (A.20) in (A.19),

apply the second power and then integrate over t 2
ð0; TÞ to get

Z T

0

kot#n;mðtÞk2W�1;2ðXÞ dt�Cðn; kÞ
Z T

0

1þ kvn;mðtÞk2p2 þ kr#n;mðtÞk22
� �

dt

and consequently, using (A.14), we deduce that

Z T

0

kot#n;mk2W�1;2ðXÞ dt�Cðn; kÞ: ðA:21Þ

Limit m ! 1 for fixed n 2 N

In this part, we let m ! 1 but keep n 2 N fixed. Our

goal is to identify limits in the equations (A.1)–(A.2)

as well as in the constitutive relations (A.3).

Weak and strong limits based on a priori estimates

Having a priori uniform estimates (A.14)–(A.16), we

can letm ! 1 and find subsequences fcn;m; #n;mg1m¼1,

that we do not relabel, such that

cn;m *� cn weakly� in L1ð0; TÞ; ðA:22aÞ

_cn;m * _cn weakly in L2ð0; TÞ; ðA:22bÞ

#n;m *� #n weakly� inL1ð0; T; L2ðXÞÞ;
ðA:22cÞ

#n;m * #n weakly in L2ð0; T ;W1;2ðXÞÞ;
ðA:22dÞ

ot#
n;m * ot#

n weakly in L2ð0; T ;W�1;2ðXÞÞ;
ðA:22eÞ

#n;m * #n weakly in L
10
3 ð0; T; L10

3 ðXÞÞ: ðA:22fÞ

Moreover, using the Aubin–Lions compactness

lemma on the sequence f#n;mg1m¼1, i.e. using

(A.22d)–(A.22f), and the compact embedding

W1;2ð0; TÞ,!,!Cð0; TÞ on the sequence fcn;mg1m¼1,

i.e. using (A.22b), we have for a subsequence that we

do not relabel

#n;m ! #n strongly in Lqð0; T; LqðXÞÞ
for all q 2 ½1; 10=3Þ;

ðA:23aÞ

cn;m ! cn strongly in Cð½0; T�Þ: ðA:23bÞ

Moreover, it is a simple consequence of our choice of

basis and (A.23b) that

vn;m ! vn strongly in L1ð0; T;W1;1ðXÞdÞ;
ðA:24Þ

and consequently

Dðvn;mÞ ! DðvnÞ strongly in L1ð0; T ; L1ðXÞd�dÞ:
ðA:25Þ

In addition, using (4b), (A.23a) and (A.25) we can use

the Lebesgue dominated convergence theorem to get

after denoting Sn;m :¼ S�ð#n;m;Dðvn;mÞÞ

Sn;m ! S�ð#n;DðvnÞÞ :¼ Sn

strongly in Lqð0; T ; LqðXÞd�dÞ for all q 2 ½1;1Þ:
ðA:26Þ

Similarly, recalling that qðf Þ :¼ �jðf Þrf , combining

(A.22d) and (A.23a) we get for qn;m :¼ qð#n;mÞ that
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qn;m * qn :¼ qð#nÞ weakly in L2ð0; T; L2ðXÞ3Þ:
ðA:27Þ

Limit in the equations for vn;m and #n;m

The convergence results established in (A.22)–(A.27)

are sufficient to let m ! 1 in (A.1) and (A.2).

Indeed, we take an arbitrary u 2 C1
0 ð0; TÞ and mul-

tiply the i-th equation in (A.1) and the j-th equation

in (A.2) by u and then integrate over time t 2 ð0;TÞ.
Then, using the convergence results (A.22)–(A.27) it

is easy to pass to the limit in all terms to get the

following systems

Z T

0

Z

X
otv

n � wi þ Sn � vn � vn gkðjvnj2Þ
� �

:

�

rwi � T kð#n
�Þf � wi dxÞu dt ¼ 0;

for all i ¼ 1; . . .; n and

Z T

0

hot#n;wji �
Z

X
T kð#nÞvn þ qnð Þ � rwj

�

þSn : DðvnÞwj � T kð#n
�Þvn � fwj dx

�

uðtÞ dt ¼ 0;

for all j ¼ 1; . . .;1: Because u 2 C1
0 ð0; TÞ can be

chosen arbitrarily we can conclude that

Z

X
otv

n � wi þ Sn � vn � vn gkðjvnj2Þ
� �

:

rwi � T kð#n
�Þf � wi dx ¼ 0;

ðA:28Þ

for all i ¼ 1; . . .; n and all times t 2 ð0; TÞ: From the

same reason and from the fact that fwjg1j¼1 forms a

basis of W1;2ðXÞ we conclude that

hot#n;wi �
Z

X
T kð#nÞvn þ qnð Þ � rw

þ Sn : DðvnÞw� T kð#n
�Þvn � fw dx ¼ 0;

ðA:29Þ

is valid for all w 2 W1;2ðXÞ and for all t 2 ð0; TÞ:

Attainment of the initial condition for ðvn; #nÞ

We start with the initial condition for the velocity.

Since vn;m
0 :¼ Pnðv0Þ we have that vn;m

0 � vn
0 is inde-

pendent of m–parameter. Equivalently, we have

cn;m0 ¼ cn0; for all m 2 N. Due to (A.23b) we have

cn;mðtÞ ! cnðtÞ strongly in Cð½0; T �Þ and consequently

we get cnð0Þ ¼ cn0: Now, from the definition of vnðt; xÞ
and vn

0ðxÞ it is clear that

vnð0; xÞ ¼ vn
0ðxÞ

for all x 2 X. It remains to show that #nð0; xÞ ¼ #n
0ðxÞ:

First, note that a priori estimates (following from

(A.22d) and (A.22e)) together with the standard

parabolic embedding imply that

#n 2 z2L2ð0;T ;W1;2ðXÞÞ;otz2 L2ð0;T;W�1;2ðXÞÞ

 �

,!Cð0;T ;L2ðXÞÞ:

Thus, it makes a good sense to define an initial

condition. To prove our goal we integrate the equa-

tion (A.2) over time (0, t) to get

Z t

0

Z

X
T kð#n;mÞvn;m þ qn;mð Þ � rwj þ Sn;m : Dðvn;mÞð

�T kð#n;m
� Þvn;m � f

�

wj dx ds

¼
Z

X
#n;mðtÞwj dx�

Z

X
#n;m
0 wj dx:

Here, we have used the fact that #n;m
0 ¼ #n;mð0Þ. Now,

using the previous convergence results (A.22)–(A.27)

and the convergence of the initial condition (A.5b), we

can let m ! 1 and to obtain for almost all t 2 ð0; TÞ
that

Z t

0

Z

X
T kð#nÞvn þ qnð Þ � rwj þ Sn : DðvnÞð

�T kð#n
�Þvn � f

�

wj dx ds ¼
Z

X
#nðtÞwj dx�

Z

X
#n
0wj dx:

Since #n 2 Cð0; T; L2ðXÞÞ, the above identity can be

extended for all t 2 ð0; TÞ. Consequently, letting t !
0þ in the above identity, we observe that

Z

X
#nðtÞwj dx�!

½ �t ! 0þ

Z

X
#n
0wj dx:

But as #n 2 Cð0; T ; L2ðXÞÞ and weak limit as time

tends to zero is #n
0, we have that

lim
t!0þ

k#nðtÞ � #n
0k2 ¼ 0:
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Estimates independent of n

In this part, we derive estimates that are n-independent

and that help us to pass to the limit n ! 1. Some of

the estimates are also independent of k-approximation

but if there is dependence on k, it will be clearly

denoted.

Nonnegativity for #n

First, we show that the temperature #n is nonnegative,

i.e.

#nðt; xÞ	 0 for a.a. ðt; xÞ 2 ð0; TÞ � X: ðA:30Þ

We consider wðt; xÞ :¼ v½0;s�ðtÞminf0; #nðt; xÞg� 0 as

a test function in (A.29). Integrating it over time t 2
ð0; TÞ we obtain
Z T

0

hot#n;wiW1;2ðXÞ dt ¼
Z T

0

Z

X
T kð#nÞvn þ qnð Þ�

rwþ Sn : DðvnÞwþ T kð#n
�Þvn � fw dx dt:

Next, we show that the right hand side is non-positive.

Indeed, using the definition of qn, see (A.27), and of w
we have that

qn � rw ¼ �jð#nÞjr#nj2v½0;s�vf#n � 0g � 0

almost everywhere in ð0; TÞ � X. Similarly, using (4)

we can compute

0�ðSn � S�ð#n; 0ÞÞ : ðDðvnÞ � 0Þ ¼ Sn : DðvnÞ

and consequently, since w is non-positive, we have

that

Sn : DðvnÞw� 0

almost everywhere in ð0; TÞ � X. Further, since

#n
� ¼ maxf0; #ng, it directly follows from the defini-

tion of w that

T kð#n
�Þvn � fw � 0:

Finally, to estimate the convective term, we introduce

the primitive function

TkðzÞ :¼
Z z

0

T kð~zÞ d ~z;

and we get after integration by parts (compare with

(A.12)), that

Z

X
T kð#nÞvn � rw dx ¼

Z

X
vn � rTkðwÞ dx

¼ �
Z

X
divvnTkðwÞ dxþ

Z

oX
TkðuÞ vn � n dS ¼ 0;

where we used the fact that divvn ¼ 0 in X and vn �
n ¼ 0 on oX. Hence, we arrive at

0	
Z T

0

hot#n;wiW1;2ðXÞ dt ¼
Z s

0

hotw;wiW1;2ðXÞ dt ¼
1

2
kwðsÞk22 � kwð0Þk22
� �

:

Finally, the fact that wðx; 0Þ ¼ 0 a.a. x 2 X, implies

that kwðsÞk2 ¼ 0 for all s 2 ð0; TÞ: Then one can

easily obtain the desired conclusion (A.30). Conse-

quently, we can now replace #n
� by #n everywhere.

Renormalization of the temperature equation

For our result, the very special choice of the test

functions in the temperature equation plays an essen-

tial role. Therefore, we state already at this point the

renormalized version of the temperature equation,

which then helps us to get the a priori estimates and

even more, will be important for proving the entropy

(in)equality. For future use, it is convenient to record a

renormalized version of the approximate equation

(A.29). Using (A.22d) we have that #n 2
L2ð0;T ;W1;2ðXÞÞ and moreover we know hn 	 0.

Therefore, if we consider f 2 C2ð½0;1ÞÞ fulfilling

kf 0kW1;1ð0;1Þ\1, we deduce that for arbitrary / 2
W1;2ðXÞ \ L1ðXÞ the function w :¼ f 0ð#nÞ/ 2
W1;2ðXÞ for almost all t 2 ð0; TÞ. Consequently, such
u can be used in (A.29) and we deduce

hotf ð#nÞ;/iW1;2ðXÞ �
Z

X
ðvnf ðT kð#nÞÞ

þ f 0ð#nÞqnÞ � r/� T kð#nÞðvn � fÞf 0ð#nÞ/ dx

¼
Z

X
f 00ð#nÞqn � r#n/þ Sn : DðvnÞf 0ð#nÞ/ dx;

ðA:31Þ

which is valid for all / 2 W1;2ðXÞ \ L1ðXÞ, any f 2
Cð0;1Þ fulfilling f 0 2 W1;1ð0;1Þ and for almost all

t 2 ð0; TÞ: Please notice here that for the first term, we

used the regularization approach as follows (the

computation is done for almost all t and #n
e denotes
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the classical regularization with respect to the t-

variable)

hot#n;wi ¼ lim
e!0þ

hot#n
e ; f

0ð#n
e Þ/i ¼ lim

e!0þ
Z

X
ot#

n
e f

0ð#n
e Þ/ dx ¼ lim

e!0þ

Z

X
otf ð#n

e Þ/ dx ¼ hotf ð#nÞ;/i:

Energy and entropy estimates independent of n and k

First, we derive the estimates based on the kinetic and

internal energy. It is noticeable that they are indepen-

dent of n and also of k. We set w � 1 2 W1;2ðXÞ in
(A.29) and deduce the identity

d

dt

Z

X
#n dx�

Z

X
Sn : DðvnÞ dxþ

Z

X
T kð#nÞðvn � fÞ dx ¼ 0;

ðA:32Þ

which is valid for almost all t 2 ð0; TÞ. Then, we

multiply the i-the equation in (A.28) by cni , sum over

i ¼ 1; . . .; n and we obtain

d

dt

Z

X

jvnj2

2
dxþ

Z

X
Sn : DðvnÞ dx

�
Z

X
T kð#nÞðvn � fÞ dx ¼ 0;

ðA:33Þ

for a.a. t 2 ð0; TÞ:Here, we have used the symmetry of

Sn, the fact that divvn ¼ 0 and the integration by parts

(see the similar computation for the convective term

in (A.8)). Summing the above identities and using the

nonnegativity of the temperature #n, we get after

integration with respect to time the energy equality

k#nðtÞk1 þ
1

2
kvnðtÞk22 ¼ k#n

0k1 þ
1

2
kvn

0k
2
2 �C;

where the second inequality follows from the assump-

tions on #0 and v0 and from the properties of the

projection Pn. Therefore, we have

k#nkL1ð0;T ;L1ðXÞÞ �C; ðA:34Þ

and

kvnkL1ð0;T ;L2
n;div

Þ �C: ðA:35Þ

Next, we show the uniform bound on the entropy. We

fix 0\� � 1, and consider f ðsÞ ¼ lnð�þ sÞ and/ ¼ 1

in (A.31). Note that due to the nonnegativity of the

temperature #n, such choice of f is admissible. Using

the following inequalities

f 00ð#nÞqn � r#n ¼ jð#nÞ jr#nj2

ð�þ #nÞ2
	 0;

Sn : DðvnÞf 0ð#nÞ ¼ Sn : DðvnÞ
�þ #n

	 0;

and moving all terms with positive sign to one side, we

observe that for almost all t 2 ð0; TÞ we have

� d

dt

Z

X
lnð�þ #nÞdxþ

Z

X

Sn : DðvnÞ
�þ #n

þ jð#nÞjr#nj2

ð�þ #nÞ2

dx�
Z

X

T kð#nÞ
�þ #n

ðvn � fÞdx:

Thus, using the fact that f is bounded, see (8a), we

deduce after using the Hölder inequality and after

integration over time that

k lnð�þ #nðtÞÞk1 þ
Z t

0

Z

X

Sn : DðvnÞ
�þ #n

þ jð#nÞjr#nj2

ð�þ #nÞ2
dx ds

� 2kmaxf0; lnð�þ #nðtÞÞgk1 þ k lnð�þ #n
0Þk1

þ C

Z t

0

kvnðtÞk2 ds:

Consequently, using the assumptions on #n
0, letting

� ! 0þ, using the Fatou lemma, the simple algebraic

inequality maxf0; lnð�þ #nðtÞÞg�Cð1þ #nðtÞÞ and

the uniform bounds (A.34) and (A.35), we deduce

sup
t2ð0;TÞ

k ln#nðtÞk1 þ j
Z T

0

kr ln#nk22 dt

� sup
t2ð0;TÞ

k ln#nðtÞk1 þ
Z T

0

Z

X

Sn : DðvnÞ
#n

þ jð#nÞjr#nj2

ð#nÞ2
dx dt

�C 1þ k ln#n
0k1 þ sup

t2ð0;TÞ
ðk#nðtÞk1 þ kvnðtÞk22Þ

 !

�C;

ðA:36Þ

where C is a uniform constant depending only on data.

Gradient estimates independent of n possibly

depending on k

Here, we derive the estimates for the velocity and the

temperature gradients that are independent of n but

may depend on the truncation k. We start with the

velocity filed. Integrating in time the equation (A.33)

and using the estimate (A.35), we obtain
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Z T

0

Z

X
Sn : DðvnÞ dx dt�CðkÞ:

Thus, the assumption (4b) and the Korn inequal-

ity (14) and a priori estimate (A.35) imply that

Z T

0

kSnkp
0

p0 þ kvnkp1;p dt�CðkÞ: ðA:37Þ

Next, we focus on the estimate for the temperature.

The starting point is to show that for all r 2 ð0; 1Þ
there holds

Z T

0

Z

X

jr#nj2

ð1þ #nÞ1þr dx dt�Cðr; kÞ: ðA:38Þ

To show (A.38), we define the auxiliary function

f ðsÞ :¼ ð1þ sÞ1�r

1� r
; f 0ðsÞ ¼ ð1þ sÞ�r;

f 00ðsÞ ¼ �rð1þ sÞ�1�r;

where 0\r\1. Then we use (A.31) with this f and

also set / :¼ 1. Doing so, we deduce

d

dt

Z

X

ð1þ #nÞ1�r

1� r
dxþ

Z

X

T kð#nÞðvn � fÞ
ð1þ #nÞr dx

¼
Z

X

rjð#nÞjr#nj2

ð1þ #nÞ1þr þ Sn : DðvnÞ
ð1þ #nÞr dx:

Here, we used the definition of qn in (A.27). Noticing

again that

Sn : DðvnÞ	 0

almost everywhere in ð0; TÞ � X, we can integrate the
above identity over time, use the Hölder inequality and

the already obtained bounds (A.34) and (A.35) to

deduce (A.38).

Next, we focus on estimates for #n following from

(A.38). First, due to nonnegativity of #n, it follows

form (A.38) that for all r 2 ð0; 1Þ
Z T

0

Z

X
rð1þ #nÞ

1�r
2

�

�

�

�

�

�

2

dx dt�Cðk; rÞ:

Moreover, using also the uniform bound (A.34), we

obtain (recall that r 2 ð0; 1Þ)

Z T

0

Z

X
ð1þ#nÞ

1�r
2

�

�

�

�

�

�

2

dxdt�C

Z T

0

Z

X
ð1þ#nÞdxdt�C:

Consequently, combining the above inequalities and

also (A.34), we have that

sup
t2ð0;TÞ

kð1þ#nðtÞÞ
1�r
2 k22þ

Z T

0

kð1þ#nÞ
1�r
2 k21;2dt�Cðk;rÞ:

Thus, using the interpolation inequality (15) (we use

its three dimensional variant only here), we deduce the

classical estimate for the temperature of the form

Z T

0

Z

X
jð#nÞ1�rj

5
3 dxdt�

Z T

0

kð1þ#nÞ
1�r
2 k

10
3
10
3

dt

�kð1þ#nÞ
1�r
2 k

4
3

L1ð0;T ;L2Þ
Z T

0

kð1þ#nÞ
1�r
2 k21;2 dt�Cðk;rÞ;

which is valid for all r2ð0;1Þ. Therefore, it directly
follows from the above inequality that

Z T

0

Z

X
j#njq dx dt�Cðk; qÞ for all q 2 1;

5

3

� �

:

ðA:39Þ

To derive an estimate on r#n, we consider

1� r\5=4: Combining the Hölder inequality and

the previous estimate (A.39), we obtain

Z T

0

Z

X
jr#njr dx dt�

Z T

0

Z

X

jr#nj2

ð1þ #nÞð1þrÞ dx dt

 !r
2

Z T

0

Z

X
ð1þ #nÞð1þrÞ r

2�r dx dt

� �

2�r
2

�Cðk; r; rÞ;

provided that we can choose r 2 ð0; 1Þ such that

rð1þ rÞ
2� r

\
5

3
:

Since r 2 ½1; 5
4
Þ, we can always find r 2 ð0; 1Þ so that

the above inequality holds and therefore

Z T

0

k#nkr1;r dt�Cðk; rÞ for all r 2 1;
5

4

� �

:

ðA:40Þ
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Estimates for time derivatives independent of n

In order to deduce the compactness of the velocity and

the temperature, we also need to get a bound on the

norms of their time derivatives. More specifically, our

goal in this section will be to prove the uniform bounds

in the following spaces

otv
n 2 Lp

0 ð0; T ; ðW3;2
n;divÞ

�Þ and

ot#
n 2 L1ð0; T ; ðW1;zðXÞÞ�Þ; for all z[ 5:

ðA:41Þ

We start with the velocity field. Assume that u 2
W3;2

n;div is arbitrary and fulfills kukW3;2
n;div

� 1. We also

recall the orthogonality of the basis fwig1i¼1 as well as

the continuity of the projection Pn in the space W3;2
n;div.

Then we have due to the regularity of otv
n that

hotvnðtÞ;uiW3;2
n;div

¼
Z

X
otv

n � u dx ¼
Z

X
otv

n � PnðuÞ dx:

Now, using (A.28) we get

Z

X
otv

n � PnðuÞ dx ¼
Z

X
vn � vn gkðjvnj2Þ � Sn
� �

:

qrPnðuÞ þ T kð#nÞf � PnðuÞ dx;

and proceeding as before and using the growth

assumption (4b), we obtain that for all t 2 ð0; TÞ

hotvnðtÞ;PnðuÞiW3;2
n;div

�CðkÞ 1þ kvnðtÞkp�1
1;p

� �

kPnðuÞkW3;2
n;div

�CðkÞ 1þ kvnðtÞkp�1
1;p

� �

kukW3;2
n;div

�CðkÞ 1þ kvnðtÞkp�1
1;p

� �

:

Consequently, we have

kotvnðtÞkðW3;2
n;div

Þ� �CðkÞ 1þ kvnðtÞkp�1
1;p

� �

and raising this inequality to the power p0 and

integrating the result over (0, T), using also the

already obtained bound (A.37), we deduce

Z T

0

kotvnkp
0

ðW3;2
n;div

Þ� dt�CðkÞ
Z T

0

1þkvnðtÞkp1;pdt�CðkÞ:

ðA:42Þ

Finally, we focus on the estimate for time derivative of

#n. Recall that

hot#n;wi �
Z

X
ðT kð#nÞvn þ qnÞ � rw dxþ Sn :

DðvnÞw� T kð#nÞðvn � fÞw dx ¼ 0;

ðA:43Þ

is valid for all w 2 W1;2ðXÞ and for a.a. t 2 ð0; TÞ: Let
us consider w 2 W1;zðXÞ with z[ 5 fulfilling

kwk1;z � 1. Then using the fact that

W1;zðXÞ,!L1ðXÞ, we get by using the Hölder

inequality that for almost all t 2 ð0; TÞ the following

inequality holds

hot#nðtÞ;wi ¼
Z

X
ðT kð#nðtÞÞvnðtÞ þ qnðtÞÞ�

rwþ SnðtÞ : DðvnðtÞÞw� T kð#nðtÞÞðvnðtÞ � fðtÞÞw dx

�CðkÞðkvnðtÞkz0 þ kr#nðtÞkz0 Þkwk1;z
þ CðkÞðkSnðtÞ : DðvnðtÞk1 þ kvnðtÞk1Þkwk1:

Hence, using (4b), and the fact that z[ 2, we deduce

that for almost all t 2 ð0; TÞ there holds

kot#nðtÞkðW1;zðXÞÞ� ¼ sup
u2W1;zðXÞ;kuk1;z � 1

hot#nðtÞ;wi

�CðkÞ 1þ kvnðtÞk2 þ kr#nðtÞkz0
�

þkvnðtÞkp1;p
�

:

Since z[ 5 we have that z0\ 5
4
and therefore integra-

tion of the above inequality over (0, T) and applying

the uniform bounds (A.35), (A.37) and (A.40) leads to

Z T

0

kot#nkðW1;zðXÞÞ� dt�Cðk; zÞ for all z[ 5:

ðA:44Þ

Identification of limits as n ! 1

In this final part we let n ! 1 and complete the proof

of Lemma 1.
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Convergence results based on a priori estimates

Having a priori uniform estimates (A.35), (A.37),

(A.40), (A.39) and (A.42), using the definition of qn

and the assumption (3), and using the reflexivity of

underlying spaces (or separability of their pre-dual

spaces), we can let n ! 1 and find subsequences

fvn; #ng1n¼1 (that are not relabeled) such that

vn *� v ðA:45aÞ

vn * v ðA:45bÞ

otv
n * otv ðA:45cÞ

#n * # ðA:45dÞ

#n * # ðA:45eÞ

Sn * S ðA:45fÞ

qn * q ðA:45gÞ

Moreover, using the generalized version of the

Aubin–Lions compactness lemma, the estimate

(A.44) and the convergence results (A.45b) and

(A.45e), we obtain

#n ! # ðA:46aÞ

vn ! v ðA:46bÞ

Then, going back to the uniform bounds (A.36) and

(A.38), we also have for a proper subsequence

#n ! # ðA:47aÞ

ð1þ #nÞ
1�r
2 *� ð1þ #Þ

1�r
2 ðA:47bÞ

ð1þ #nÞ
1�r
2 * ð1þ #Þ

1�r
2 ðA:47cÞ

ln#n * ln# ðA:47dÞ

In addition, using the Fatou lemma, the convergence

result (A.46a) and the estimate (A.36), we have

ln# 2 L1ð0; T ; L1ðXÞÞ: ðA:48Þ

Limit for the velocity equation

Having the convergence results (A.45) and (A.46), we

can easily pass to the limit n ! 1 in (A.28) and to

conclude for all w 2 W3;2
n;div and a.a. t 2 ð0; TÞ that

hotv;wi þ
Z

X
ðS � v � v gkðjvj2ÞÞ : rw � T kð#Þf � w dx ¼ 0:

ðA:49Þ

In addition, as the spaceW3;2
n;divðXÞ is dense inW

1;p
n;div for

all p	 1 we have that (A.49) holds true for all w 2
W1;p

n;div and almost all t 2 ð0; TÞ and also that

otv 2 Lp
0 ð0; T; ðW1;p

n;divÞ
�Þ:

Consequently, the standard parabolic interpolation

gives that

v 2 Cð½0; T�; L2ðXÞ3Þ:

To complete the part of the proof of Lemma 1, which

is related to the velocity field, we need to identify S

and also the initial condition for vð0Þ.

Attainment of the initial condition for v

The arguments concerning the attainment of the initial

conditions v0 are standard. For sake of completeness,

we included all details below. Since v 2
Cð0; T; L2ðXÞ3Þ; we get that

vðtÞ ! vð0Þ strongly in L2n;div as t ! 0þ:

In what follows, we show that

vðtÞ * v0 weakly in L2n;div as t ! 0þ;

and these convergence results together (due to the

uniqueness of weak convergence) identify the limit

(44)1, that we want to prove.

Let 0\e � 1 and t 2 ð0; T � eÞ be arbitrary. We

consider the auxiliary function g defined in (31),

multiply (A.28) by this g, and integrate the result over
(0, T) to obtain for every i ¼ 1; . . .; n
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Z T

0

Z

X
otv

n � wigþ ðSn � vn � vn gkðjvnj2ÞÞ :

rwig� T kð#nÞf � wig dx ds ¼ 0:

Next, we integrate by parts in the first term, use that

gðTÞ ¼ 0, and the equality vnð0Þ ¼ Pnðv0Þ to get

Z T

0

Z

X
�vn � wig

0 þ ðSn � vn � vn gkðjvnj2ÞÞ :

rwig� T kð#nÞf � wig dx ds ¼
Z

X
Pnðv0Þ � wigð0Þ dx:

This identity is ready for the use of the convergence

results (A.45)–(A.46) as well as the convergence of

the projection Pnðv0Þ to obtain for any i 2 N that

Z T

0

Z

X
�v � wig

0 þ ðS � v � v gkðjvj2ÞÞ :

rwig� T kð#Þf � wig dx ds ¼
Z

X
v0 � wigð0Þ dx:

Using the definition of g, i.e. using that gðsÞ ¼ 1 for

s 2 ½0; tÞ and gðsÞ ¼ 0 for s 2 ðt þ e; T�, and g0ðsÞ ¼
� 1

e for s 2 ðt; t þ eÞ, we obtain

1

e

Z tþe

t

Z

X
v � wi dx dsþ

Z tþe

0

Z

X
ðS � v � v gkðjvj2ÞÞ :

rwig� T kð#Þf � wig dx ds ¼
Z

X
v0 � wi dx:

Next, since v 2 Cð0; T ; L2n;divÞ, we can easily let e !
0þ to get

Z

X
vðtÞ � wi dxþ

Z t

0

Z

X
ðS � v � v gkðjvj2ÞÞ :

rwig� T kð#Þf � wig dx ds ¼
Z

X
v0 � wi dx

for all t 2 ð0; TÞ. Therefore, we see that

lim
t!0þ

Z

X
vðtÞ � wi dx ¼

Z

X
v0 � wi dx:

This holds for every i 2 N, and since fwig1i¼1 is a basis

of the space W3;2
n;div, this is nothing more than

vðtÞ * v0 weakly in ðW3;2
n;divÞ

�
as t ! 0þ:

Finally, since W3;2
n;div is dense in L2n;div, the weak

convergence result that we expected is also true, and it

identifies the strong limit of the initial condition in

L2n;div as required in (44)1.

Identification of S

Next, we show that

S ¼ S�ð#;DðvÞÞ a.e. in ð0; TÞ � X: ðA:50Þ

First, we notice that we can extend the solution to the

interval ð0; T þ 1Þ, e.g., by extending f by zero outside

of (0, T). Multiplying the i-th equation in (A.28) by cni ,

summing the result over i ¼ 1; . . .; n and integrate

over ð0; T þ sÞ, where s 2 ð0; 1Þ, we deduce the

following identity (the convective term vanishes)

Z Tþs

0

Z

X
Sn :DðvnÞdxdt¼�

Z Tþs

0

Z

X
otv

n �vnþT kð#nÞf �vndxdt

¼�kvnðTþsÞk22
2

þkPnðv0Þk22
2

�
Z Tþs

0

Z

X
T kð#nÞf �vndxdt:

Using the fact that Sn :DðvnÞ	0, we can integrate the

above identity over s2ð0;eÞ to get

Z T

0

Z

X
Sn : DðvnÞ dx dt� � 1

e

Z Tþe

T

kvnðtÞk22
2

dt

þ kPnðv0Þk22
2

� 1

e

Z e

0

Z Tþs

0

Z

X
T kð#nÞf � vn dx dt ds:

Then, we may directly use the convergence results

(A.45) and (A.46), together with the Fatou lemma to

get

lim sup
n!1

Z T

0

Z

X
Sn : DðvnÞ dx dt� � 1

e

Z Tþe

T

kvðtÞk22
2

dt

þ kv0k22
2

� 1

e

Z e

0

Z Tþs

0

Z

X
T kð#Þf � v dx dt ds:

Finally, letting e ! 0þ, we get (using that

v 2 Cð½0; T�; L2ðXÞÞ)

lim sup
n!1

Z T

0

Z

X
Sn : DðvnÞ dx dt� � kvðTÞk22

2
dt

þ kv0k22
2

�
Z T

0

Z

X
T kð#Þf � v dx dt:

ðA:51Þ

Then, setting w :¼ v in (A.49), integrating over (0, T)

and using the fact that vð0Þ ¼ v0, we get the identity
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Z T

0

Z

X
S : DðvÞ dx dt ¼ �kvðTÞk22

2
dt þ kv0k22

2

�
Z T

0

Z

X
T kð#Þf � v dx dt:

ðA:52Þ

Comparing (A.51) and (A.52), we directly derive

limsup
n!1

Z T

0

Z

X
Sn : DðvnÞdxdt�

Z T

0

Z

X
S : DðvÞdxdt:

ðA:53Þ

Consequently, using this inequality, the monotonicity

and the growth assumption (4a)–(4b), the strong

convergence result (A.46a), the weak convergence

results (A.45b), (A.45f) and the Lebesgue dominated

convergence theorem, we deduce that for all D 2
LpðQ;Rd�dÞ there holds

0� lim sup
n!1

Z T

0

Z

X
ðSn � S�ð#n;DÞÞ : ðDðvnÞ � DÞ dx dt

�
Z T

0

Z

X
ðS � S�ð#;DÞÞ : ðDðvÞ � DÞ dx dt:

ðA:54Þ

The choice D :¼ DðvÞ 
 keD with k[ 0 then leads

(after division by k and letting k ! 0þ) to

0 ¼
Z T

0

Z

X
ðS � S�ð#;DðvÞÞÞ : eD dx dt

for all D 2 LpðQ;Rd�dÞ. This directly implies (A.50).

In addition, we show that

Sn : DðvnÞ * S : DðvÞ weakly in L1ð0;T ;L1ðXÞ3�3Þ:
ðA:55Þ

Indeed, we set D � DðvÞ in (A.54) and we get

lim sup
n!1

Z T

0

Z

X
ðSn � S�ð#n;DðvÞÞÞ :

ðDðvnÞ � DðvÞÞ dx dt ¼ 0:

However, thanks to (4a), this implies

ðSn � S�ð#n;DðvÞÞÞ : ðDðvnÞ � DðvÞÞ ! 0

strongly in L1ðð0; TÞ � XÞ:
ðA:56Þ

Since

S�ð#n;DðvÞÞ : ðDðvnÞ � DðvÞÞ * 0

weakly in L1ðð0; TÞ � XÞ;

which follows from (A.45b), (A.46a) and (4b), we see

that (A.56) directly implies (A.55).

Limit in the temperature gradient

and the renormalized temperature equation

First, we let n ! 1 in (A.29). Using the weak

convergence results (A.45b)–(A.45e), the strong con-

vergence results (A.46), the essential convergence

stated in (A.55), the convergence of the initial

condition (A.4a) and using also the integration by

parts with respect to time variable, we deduce that for

all w 2 C10ð�1;T ; C1ðXÞÞ there holds

�
Z T

0

Z

X
#otwþ T kð#Þv þ qð Þ � rw

þ S : DðvÞwþ T kð#Þv � fw dx dt ¼
Z

X
#0wð0Þ dx:

ðA:57Þ

In addition, having the weak compactness stated in

(A.56), we can follow step by step the procedure

developed in [27], see also [1], to pass to the limit in

(A.31) and to obtain (46). Finally, to obtain (43), we

set f 0ðsÞ :¼ ðs� mÞþ=s and / � 1 in (A.31) to get

after integration over (0, T) that

Z

Q

vf#n [mg
mjð#nÞjr#nj2

ð#nÞ2
dx dt

�
Z

Q

Sn : Dvnð#n � mÞþ
#n

þ
T kð#nÞðvn � fÞð#n � mÞþ

#n
dx dt:

Using the weak lower semicontinuity and also all the

above established convergence results, we may let

n ! 1 to get

Z

Q

vf#[mg
mjð#Þjr#j2

ð#Þ2
dx dt�

Z

Q

S : Dvð#� mÞþ
#

þ
T kð#Þðv � fÞð#� mÞþ

#
dx dt:

ðA:58Þ
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Thus, we see that taking lim sup as m ! 1, one

conclude (43).

Attainment of the initial condition for #

This is a very classical part and we refer the reader e.g.

to [13] or [7, 8].

On the pressure

In this final subsection, we sketch the proof the

existence of the pressure p 2 Lp
0 ðQÞ. We refer for

details to [12] or [13]. By the Helmholtz decomposi-

tion we observe that

W1;p
n :¼ W1;p

n;div � fru : u 2 W2;pðXÞ;ru � n ¼ 0 on oXg:

Having ðv; #Þ we introduce p as the solution of the

following problem

p :¼ ð�DNÞ�1
div divS þ divðv � v gkðjvj2ÞÞ � T kð#Þf
� �

;

ðA:59Þ

where ð�DNÞ denotes the Laplace operator together

with homogeneous Neumann boundary conditions.

We consider

Z

X
pðt; xÞ dx ¼ 0 for a.a. t 2 ð0; TÞ:

The Lp-regularity theory for the Neumann problem

(A.59) implies, see [19, Proposition 2.5.2.3], that

p 2 Lp
0 ð0; T; Lp0 ðXÞÞ:

Note that the weak formulation of (A.59) is the

following identity

Z

X
pDu dx ¼

Z

X
S : r2u� ðv � v gkðjvj2ÞÞ :

r2u� ðT kð#Þf � ruÞ dx;

for all u 2 W2;pðXÞ with ru � n ¼ 0 on oX and a.a.

t 2 ð0; TÞ: Having such pressure in hands, it is then

easy to show that (A.49) holds as

hotv;wi þ
Z

X
ðS � v � v gkðjvj2ÞÞ :

rw � pdivw � T kð#Þf � w dx ¼ 0;

ðA:60Þ

for all w 2 W1;p
n ðXÞ and a.a. t 2 ð0; TÞ:
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for a generalized Navier–Stokes–Fourier system fulfilling

the entropy equality. Philos Trans R Soc A

380(2236):20210351
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