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Abstract We consider a flow of non-Newtonian
incompressible heat conducting fluids with dissipative
heating. Such system can be obtained by scaling the
classical Navier—Stokes—Fourier problem. As one
possible singular limit may be obtained the so-called
Oberbeck—Boussinesq system. However, this model is
not suitable for studying the systems with high
temperature gradient. These systems are described in
much better way by completing the Oberbeck—
Boussinesq system by an additional dissipative
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heating. The satisfactory existence result for such
system was however not available. In this paper we
show the large-data and the long-time existence of
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starting point for further analysis of the stability
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1 Introduction

The Rayleigh—-Bénard problem of thermal convection
is one of the most canonical examples of instability in
the fluid flow and it has attracted lot of attention not
only in the modelling and physical understanding of
such phenomenon but also in the mathematical
community (e.g. [9, 14, 16]). Indeed, this became a
source of difficult mathematical problems (e.g.
[17, 20]) and has driven the study of the so-called
singular limits during last decades [6]. Such singular
limits may have many forms depending on the scaling,
and the most classical model (the asymptotic limit) is
the so-called Oberbeck—Boussinesq system, that is
used exactly for Rayleigh-Bénard convection. This is
the case when the fluid is heated below with the bottom
temperature 0” and with prescribed lower temperature
0" on the top of two parallel plates and when the fluid
can be understood as mechanically incompressible
and all changes in the density are just because of
variations in the temperature. It appears that such
model is the very accurate approximation of real fluid
in case that the temperature gradient and consequently
(6° — 0") is not large. On the other hand, for large
temperature gradient, the Oberbeck—Boussinesq may
significantly fail in giving the correct predictions and
therefore there are many attempts how to generalize
the approximative model. One of such attempt is to
add a dissipative heating into the system. This
approach was successfully used in [21, 28], where
the authors formally derived a generalization of the
Oberbeck—Boussinesq system in the following form

divv =0,
. r .
ov+divivev) — Edlvs + Vp = —0f,
&,(0)(3,0 + div(0v))
1 2Di
+ divq = =S : Dv + Di(0 + ©)(v - f).

Prv/Gr V/Gr

Here, Gr is the Grashof number, Pr denotes the Prandtl
number, and the new additional scaling parameter is
the dissipative number Di. Further, v means the
velocity field, the body force is just the gravity, i.e. it
has direction in the d-th component and is constant
f := (—1)e, and the auxiliary functions ® scales the
difference between the temperature on the top and on
the bottom of plates
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Here 0 is the real physical temperature. Note here that
assuming Di = 0, we arrive to the classical Oberbeck—
Boussinesq system without dissipative heating. This
system with Di = 0 is rigorously derived and treated
in [6] as the singular limit of compressible Navier—
Stokes—Fourier system with certain nonlocal boundary
conditions. The existence analysis for such problem is
then established in [4]. It should be mentioned here
that all considered models in [4, 6] are Newtonian, i.e.
the Cauchy stress S is linear with respect velocity
gradient.

1.1 Beyond Oberbeck—Boussinesq system

Here, in this paper, we want to deal with Di > 0 and
with possibly nonlinear S, and as a starting point for
further analysis, we want to establish the existence of a
solution. To simplify the notation and also computa-
tion (but without any essential impact on the analysis),
we denote a new unknown ¥ := 0+ ©®, consider
general body force f and scale the equations such that
Gr = Pr = Di = 1 and we obtain the final system

divv =0, (1a)
o;v +div(v®v) — divS + Vr = f, (1b)
0,0 + div(dv) +divgq =S : D — J(v - f), (1c)

which is supposed to be satisfied in Q := (0,T) x
Q C (0,400) x RY with Q being a Lipschitz domain.
Note here, that (1a) is the incompressibility constraint,
(1b) is the balance of linear momentum and (1c) is the
balance of internal energy. Here v : 9 — RY denotes
the velocity field, D := (Vv 4 (Vv)")/2 is the sym-
metric part of the velocity gradient Vv, 7 : Q — R is

the pressure, ¥ : Q@ — R is the temperature; S : Q —

dxd
IRsym

tensor and q : Q — R is the heat flux.

denotes the viscous part of the Cauchy stress

1.2 Cauchy stress tensor and heat flux

The heat flux q is represented by the Fourier law
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q=q" (9, VY) = —k(9) V¥, (2)

with the heat conductivity x : R — (0, +00) being a
continuous function of the temperature satisfying, for
all ¥ € (0,400) and for some 0 <k <% < + o0,

0<k <k(¥) <K< + oc. (3)

We also assume that the Cauchy stress is given as
S = §*(9,Dv), where S* : (0,00) x R& — RO is
a continuous mapping fulfilling for some
p>2d/(d+2), some 0<y,v< 4+ oo and for all
Y€ Ry, Dy, Dy € R

sym

(§*(9,Dy) = §°(3,Dy)) : (Dy — D) >0, (4a)

S*(ﬁ,Dl) : D1 ZX|D1|F —V,

[S7(9. D) <T(1+ D[y, §7(9,0) =0.

(4b)

The prototypic relation S ~ v(1J)|Dv]’ >Dv falls into
the class (4).

1.3 Boundary and initial conditions

The system (la)—(1c) is completed by the following
initial conditions

v(0) = vy, ¥(0) =9 >0 in Q. (5)

We prescribe the following Navier’s slip (x>0)
boundary condition for the velocity

v-n=0, ov, = —[Sn], on 0Q, (6)

and the Neumann type boundary condition for the
temperature

q-n=0, on 0Q. (7)

Here, n is the unit outward normal and v, stands for the
projection of the velocity field to the tangent plane, i.e.
V. := v — (v - n)n. The first condition in (6) expresses
the fact that the solid boundary is impermeable, the
second condition in (6) is Navier’s slip boundary
condition, and the condition in (7) states that there is
no heat flux across the boundary. In fact, this is not the
correct boundary condition and one should consider
here either the Dirichlet boundary condition or
inspired by [6] some version of nonlocal boundary
condition. However, since we want to present the first

large-data result for the problems with dissipative
heating, we assume the simplest boundary conditions.
However, we are sure that the similar result can be
obtained for more realistic boundary conditions and it
will be a part of the forthcoming paper about the
stability, where the Dirichlet boundary condition plays
the crucial role.

2 Definition of solution and main theorem

We assume that the initial data v, 9 and the external
body force f satisfy

Vo € Lﬁ,div, Yo € LN(Q), logvy € L'(Q), (sa)
feL™((0,T) x Q),

and that

%9 >0 for a.a. x € Q. (8b)

We look for (v,9,7):[0,7T] x Q — R! x R" x R
solving the following set of equations in (0,7) x Q

o,v+div(v®v) —divS + Vr = f, divv = 0,
©)
v . A , .
o 7—0—19 +div|v T—Q—ﬁ—}—n + divq = div(Sv),
(10)

completed by a weak formulation of the internal
energy inequality

09 + div(dv) + divg>S : D — J(v - f), (11)

and satisfying the boundary conditions

v-n=0, oav.+[Sn|, =0, VIJ-n=0
n (0,7) x 0Q,
(12a)
and the initial conditions
V(Ov ) = Vo, 19(07 ) = 190- (lzb)

The inequality (11) can be also replaced by (this is
usually used in the setting of compressible fluids,
where the a priori estimates are not sufficient to define
(11) in sense of distributions)

@ Springer
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:D .
3 + div(yv) +div(%) > ST—ﬂ—v-f,

92
(13)

where the entropy # is defined as # := log¥.

Below we give a precise formulation of the notion
of weak solution but before that we introduce some
notation that will be needed in what follows.

2.1 Basic definitions and function spaces

Let Q C R be a bounded domain with Lipschitz
boundary 0Q, i.e. Q € C™!'. We say Q € ! if the
mappings that locally describe the boundary 0Q
belong to C'.

We consider the standard Lebesgue, Sobolev and
Bochner spaces endowed with the classical norms. For
our purposes, we introduce for arbitrary ¢ € [1, c0) the
subspaces of vector-valued Sobolev functions given
by

{11114

Wit = {ve (RN NCQ;RY) : tr(v) -n=0o0ndQ}
Wy, = (We )

and
Lg _ Lg . 3; —
Wnﬁgiv T {V € Wn'q . le(V) - 0}7
/ * ——— Ml
-Lq . _ Lq q . Lq a
Wn,div T (Wn,div) 7Ln,div T {V € Wn,div :

Similarly, we consider the classical Sobolev space
W'4(Q) and use the standard abbreviation for its dual
space W14 := (Wh4(Q))*. Also, in what follows
whenever there is v € X*, u € X, the symbol (v, u)
means the duality paring in X. In case there was
possible ambiguity, we would write (v,u),. Notice
that all above mentioned space are Banach spaces that
are in addition separable provided that p,g<oo. In
addition, they are reflexive whenever p,q € (1, 00).
Further, we introduce few inequalities used and
needed in the text. Since we deal only with the
symmetric gradient, we need some form of the Korn
inequality. Since we want to deal with general
boundary conditions, we use the following form (see
[12, Lemma 1.11] or [5, Theorem 11])

VI, < @)D, + [IVll,)  for all ve W,”,

(14)

which is valid for all p € (1, 00) provided that Q is

@ Springer

Lipschitz. Further, we also frequently use in the paper
the following interpolation inequality

s Fip
Jull e, < €. )l (15)

2.2 Definition of weak and suitable weak solutions
and main theorem

Here, we introduce the notion of weak and suit-
able weak solution to (9)—(12). We consider only the
dimension d = 3.

Definition 1 (Weak solution) Let Q C R® be a
bounded domain of class C"! and let (0, 7) with
T > 0 be the time interval. Let vy, and f be given
functions satisfying (8) and let p be given in the
interval (6/5,+00). We say that a triplet (v, d, 7) is a
weak solution to the problem (9)—(12) if

\4

N L0, T; L*(0Q)%), (16)

S eI’ (Q) and S = S*(9,Dv) for aa. (t,x), (17)

9 € L*(0,T;L1(Q)) N LI(0,T; W (Q))
5
fi 1,-
or any q € [ ,4),

¥ € LI(Q) for any g € [l,g), J(t,x) >0 for a.a. (¢,x),

(18)

(19)
n € L*(0,T;L1(Q)) N L*(0, T; W'*(Q)) (20)
n =logd for a.a. (t,x),
’ . Sp
n € L7(Q) with ¢ = max Ps ¢ and
P (21)

/ n(t,x)dx =0 for a.a. t,
Q

fulfills the following weak formulations: The linear
momentum equation (9) is satisfied in the following
sense
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T
—/ /V-@,(pdxdt
0o Ja
T
+/ /(S—V@V):D(pdxdt
0o Jao
T
+oc//v~(pd0'xdt (22)
0o Joo
T
:/ /ndiwp—l—ﬁf-q)dxdt
o Ja

+/Qvo~(p(0)dx

for any @ € C°([0,T); WL N L>(Q)) NL*((0,T) x
0Q) with ¢g= max{p,slf—%}; The global energy
inequality holds in the following sense

/ /(M >a,qodxdt
4 2 |V0|2

oc/ / [v| (pdaxdtg/ ——+Y | ¢(0)dx
0 Joo a\ 2

for any nonnegative ¢ € C;°([0,T));
The entropy inequality (13) is satisfied as

T T
—/ /n@,(pdxdt—/ /nV-qudxdt
0o Jao 0o Ja
T
+/ /K
0o Ja
T .
Z//S.ﬁDv(pdxdt

for any nonnegative ¢ € C;°([0,T); W>°(Q)). The
initial conditions are attained in the following sense

NVn- Vo dxdt

9) [Vin|* @ dxdt+/(10gﬁo)<0(0) dx

(24)

i (Iv(e) = Voll, + [9(6) = 9oll ) = 0. (25)

The above definition fulfills the basic assumption
on the consistencys, i.e. if we have a weak solution that
is in addition smooth then it is also the classical
solution, we refer here e.g. to the classical book [18],
where such approach is justified. On the other hand, if

we want to study further properties of the solution, for
example the stability, we usually require more refined
notion of the solution, namely the suitable weak
solution. However, it also requires more assumption
on the growth parameter p.

Definition2 [Suitable weak solution] Let Q C R> be
a bounded domain of class C'! and let (0, 7) with
T > 0 be the time interval. Let vy, Jy and f be given
functions satisfying (8) and let p € (9/5,+00) be
given. We say that a triplet (v, ¥, n) is a suitable weak
solution to the problem (9)—(12) if Definition 1 is
satisfied with (23) replaced by

A/ (|v| )a

—< <|VZ| +19+n>+q—Sv> -Vodxdr
+oc/ / v @ do,dr = /(' Yol +19o> »(0) dx,

(26)

which is valid for any ¢ € C([0,7); Wh>(Q)).
Moreover, we require that (11) is satisfied in the
following sense

T
/ /—196,q)—(19v+q)~Vq0 drdr >
0 Q

/OT/QS:quo—ﬁ(vf)q) dxdrt (27)

for any nonnegative ¢ € C°([0,T); W' (Q)).
Next, we formulate the main theorem of this paper.

Theorem 1 Ler Q C R? be a bounded domain with
C™ boundary. Assume that S* and « satisfy (3) and (4)
with p > 6/5. Then for any data vy, ¥y, f fulfilling (8),
there exists a weak solution to (9)—(12) in the sense of
Definition 1. Moreover, if p > 8/5 then (23) holds
with the equality sign. In addition, if p > 9/5 then
there exists a suitable weak solution in sense of
Definition 2. Furthermore, if p > 11/5, then (24) and
(27) holds with equality sign and the following is true

@ Springer
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192
1imsup/m|V | Ao > my dxdt = 0. (28)

m—o0 o 192

Note that in above Theorem 1 we assume a stronger

assumption on the boundary, namely Q € C"'. The
reason is the necessity of having a priori estimates of
the pressure 7 that appears in (23) and cannot be
omitted by using divergence-free functions as test
functions as it is usual in studying Navier—Stokes
equations without the temperature. At this, we would
like to discuss the main novelty of the paper. It seems
that the only relevant existence result are due to
[25, 26], where the authors treated the same system but
with S§* being linear with respect to the velocity
gradient, i.e. the case p = 2, so the result of this paper
is much more general. Second, in [25], the authors
treated only the steady case and in [26], the authors
were not able to show the validity of (26), i.e. they did
not show the existence of a suitable weak solution,
which is the main weak point in their result. We also
refer to [22, 23], which is an extension of [25] to more
general boundary conditions, but deal only with the
steady case. In our setting, we are able to prove the
existence of a suitable weak solution. In addition, for
p>11/5, we obtain the internal energy equality.
Furthermore, in spirit of results [1-3], we see that the
existence result obtained in this paper is the starting
point for studying the stability analysis for the
underlying problem. We would like to remind that
there are naturally appearing numbers like 6/5, 8/5, 9/
5, 11/5, which are dictated by the nature of the
problem, and these borderline are usual in the theory
for non-Newtonian models of heat conducting incom-
pressible fluids. Adding the dissipative heating to the
system does not bring any change in these borderlines.
The only change, but rather essential, is the way how
the uniform estimates are obtained, which makes the
result highly nontrivial extension of works [1, 2] (see
also further references therein). In addition, (28) as
well as energy equalities valid for p > 11/5 seem to be
the essential assumption to obtain the stability result
for arbitrary weak solution, see [2, 3] or [1] where the
same system but without dissipative heating and in
dimension two is treated.

The proof is split into several steps. In Sect. 3, we
introduce an approximation, where the nonlinear
convective terms are truncated by an auxiliary cut-

@ Springer

off function. The existence of solutions for the k-
approximation, is for the sake of completeness and
clarity included in Appendix Appendix A. Then, in
Sect. 4.1, we derive estimates that are uniform with
respect to k-parameter. Finally, letting k — 400 in
Sect. 4.2, we complete the proof of Theorem 1.

3 Definition of approximating systems and their
solutions

We start this part with definition of auxiliary cut-off
functions. For any arbitrary natural number k£ > 1, we
define

T (z) = sign(z) min{k, |z|} for any z € R, (29)

and a function g; : R* — [0, 1] such that it is contin-
uous and satisfies

1 if z<k,
g(z) = {

. (30)
0 if z> 2k

Finally, we introduce an auxiliary function #, which is
used in the proof of attainment of the initial data. Let
T > Obe given,andletO<e < landt € (0,7 — &) be
arbitrary. Consider n € C®'([0,T]) as a piece-wise
linear function of three parameters, such that

1 if T €10,1),
t_

n(z) = 1+TT if vefnite), (31)
0 if telt+eT].

We define an approximative problem P* (for simplic-
ity we write (v, 7, ) instead of v¥, 7%, 9¥) such that we
truncate the convective term (in order to be able to use
the Minty method), we truncate the source term (in
order to have proper estimates at the beginning) and
we also modify the boundary conditions (to avoid
problem with low integrability). More precisely, we
consider the problem:

divy =0, (32)

OV 4 div(v @ v gi(|v[]*)) — divS + Vi = T((I)f,
(33)
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0,0 4+ div(Tx(9) v) +divg =S : D — T (9)(v - ),
(34)

in (0,7) x Q complemented with the boundary
conditions

v-n=0, av:gk(|V¢|) + [Sn], = 0, (35)
Vi-n=0 on 0Q,

and the following initial conditions

v(0) = vy, H0) =19 >0 in Q. (36)

For this problem, we have the following existence
result, which is formulated in any dimension d. Note
that the result is dimension-independent due to the
presence of truncation functions.

Lemma 1 Ler Q C R? be a bounded domain with
C"' boundary. Assume that S* and x satisfy (3)
and (4) with p > 2d/(d +2). Then for any k € N
and any data vy, 9, £ fulfilling (8), there exists a triplet
(v,9,m) = (Vk, 9%, %) satisfying

\AS C(Oa T; szl,div) N Lp(0> T; Wli(pilv)’ (37)
dv eV (0,T; W, '7), (38)
9 € L*0,T;L'(Q)) and 9(t,x)>0 (39)
for a.a. (t,x) € (0,T) x Q,
log® € L*(0,T; L' (Q)), (40)
nel”(0,T;17(Q)) and /ﬂmmﬁw
Q

for a.a. t € (0,7),

(41)

1—¢

(1+9)7 € L*(0,T; W'(Q)) for any e >0 (42)
and

. m|V9|*
lim

m=o0 Joryxan{o=m U

dxdr = 0; (43)

attaining the initial conditions (36) in the following
sense

Jim (v = volly + [[9 = doll,) = 0 (44)

satisfying equation (33) in the following sense: for any
¢ € W7 and for a.a. € (0, T) there holds

O, ) —/gmvﬁ (vev): Ve dx+/s:mp dx
Q Q
—|—oc/ av gk (|ve|) - @ doy

o0
:/Tk(ﬁ)f-(p+ndiv1p dx,
Q
(45)

and satisfying (34) in the following sense: for any f €
C*(R) satisfying f" € Co(R), for any ¢ € W'2(Q) N
L>*(Q) and for a.a. t € (0, T) there holds

@f@0).0) = [ FT0)v-To o
+/Qf’(19);<(79)V19~V(p dx+/g2f”(19)x(19)|V19\ @ dx

:/f,(ﬁ)SZDV(p dx—/’]'k(19)f’(19)v-f(p dx.
Q Q
(46)

Proof The complete proof is presented at the
Appendix Appendix A for the most important case
d = 3. For other dimensions the proof is however
almost identical. [

We would like to emphasize here, that the above
existence result is in fact very strong. Although the
equation (33) is satisfied in the classical weak
sense (45), the equation (33) is satisfied in the renor-
malized weak sense as (46). This enables us to deduce
the proper uniform estimates rigorously.

4 Limit in the approximating system

In the previous section we established the existence of
a weak solution to the k-approximating system (32)—
(34). Key k-uniform estimates and the limits as k —
400 are derived in this section. We focus only on
dimension d = 3, the proof for d = 2 is in fact even
easier.

@ Springer
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4.1 Uniform estimates

For (v,9,n) = (vk, 9% %) we derive estimates that
are uniform with respect to k-parameter (the relevant
quantities are then bounded by a generic constant C,
where C([£]]o. [¥oll, 9ol | Tog 9ol ).

We set ¢ = v in (45) and in (46) we set ¢ = 1 and
f(¥) = 9. Summing both identities and using the fact
that divv =0 to eliminate convective terms' we
deduce

1d
t||19||1 + o v/gk (V) 200 = 0.

S IVE+

Integration with respect the time variable then leads to

sup (Iv(0)l13 -+ 190 )

1€(0,T)

T
a/o vV 113,00 4 < C([I¥ol . 9ol -
(47)

Next, for any ¢ > 0 we set () :=
= 11n (46), to deduce

—/10g19+8 ) dx = / (( |V19|
S:Dv )
+/19+8 = /19+s 1 dv.

Integrating this identity over the time interval (0, ?), it

follows
// |V19| dxd—i—//SDV
19+F

+/ o o)+ )

L

+ / log(9(1) +¢)dx — / log(do + &) dx,
{9(t)+e > 1} Q

log(¥ +¢) and ¢ :

-f dxdt

and taking the supremum over ¢ € (0,7T), we have

! Compare it with very similar computations in Appendix.

@ Springer

|V19| / / D(v)
dxd dxdr
/ / 19+s e 9+¢

+ sup |/log (9(r) +¢)l|,
1€(0,T)

T
SC/ /|V-f| dxdt+C/\19(t)| dx + ¢C meas(Q)
0o Ja Q

+ || Tog Dol

Then employing (47), the fact that log ¥ € L'(Q) and
taking the limit as ¢ — 0 we get the following k-
independent estimate

sup | log (9(1))|l, + // |Vﬁ‘ dx dt
IEOT
//S Dv

< C([Ivolly: [[9olly, [ Tog Dol If ]l 0)-

(48)

In order to improve the uniform bound for the
temperature, we fix arbitrary o € (0, 1) and set f(J) =
¥’ and ¢ = 1 in (46) to obtain

O_dt/ﬁ“ dx + (o )/ (z9)|w| 97 dx

:/19”‘18:Dv dx—/
Q Q

Integrating it over time and using the fact that ¢ €
(0,1) and the uniform estimate (47), we deduce

/ /19“ 'S Dv dxdt+/ / ‘W| 9° dxdr
C(o. ||vo||2,||190H1,Hf||x_g>(1+ / / ] dxdr).

(49)

v-f dx.

To bound the term on the right hand side, we recall the
interpolation inequality (here we consider d = 3)

g o b oe 3
195113 < @I 192113

and using also the Holder inequality, the a priori
bound (47) and the assumption (3), we get the
estimate
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T 1
C(o [¥olls: [0l £l o) (1 + [ vl dr)
T T

sc(1+ / vanidr) sc(1+ / Hﬁfnauvfnazdr)

0 0

r K .
< (c+/ /c(a,gﬁ”+:\wf\2dxdt)

0 Q 2

SC(GVQ i [Vl [19oll1, 1l 0)
|V19|
2,[92 a

Collecting (49) and (50) we deduce the following
estimates that are uniform with respect to k € N

)
/ / 'V ‘ 97 dedr < C(, 16, [Vollys

||190||1= HfHocQ)

(50)

(51)

Consequently, we deduced that for arbitrary o € (0, 1)
there holds

¥ is uniformly bounded with respect
to k € N in L*(0, T; W'*(Q)) N L™ (0, T; L*(Q)).
(52)

Next, we derive the final estimates for 9. Using the
interpolation inequality

8 11112
2/l < Q232172 (53)

on the function z := 9%, with ¢ :=
obtain from (52) that

T T 10
/ /ﬁq dxdt:/ /|19%|T drdr < C(q, 1, Q, |[voll,,
0o Jo o Ja

9ol Il o) for any g € [1,5/3).

35—q for g<5/3, we

(54)

Similarly, combining (51) and (54) and using the
Holder inequality, we get

[ oo [ [(52) = w
L 3w ([ L)

C(r,1,Q [[Vollo, 190l €]l o) for any r e [1,5/4).

IN

(55)
The last bound can be viewed by setting
5—r - 5 1 5—4r
=_— <= g:=1-
173213 3r

5
<1 provided that r < e

Finally, we use that ¢5 is uniformly bounded in
L(0,T;L5(Q)) and consequently ° is uniformly
bounded in L'(0,T;L%*(Q)), combine it with the
interpolation inequality (valid for some ¢ € (0,1)
and 1 € (0,1))

9], < ClI9)I; 1915, with 2 = i(c) € (0,1)

and use the uniform estimates (47) and (52), we see

that
T T o T
/ 1], dr < C / 19],7 dr = C / [0F " dr <
0 0 0
(56)

C 1, Q, [Volla ([P0l ]l .0)-

Having the estimate (56), we can now proceed with
further bounds on the velocity field. Setting ¢ := v in
(45) and integrating in time, it yields that

sup [|v(1)|3 + / /S Dv dxdt<C
IGOT
v Y|v| dxdr
(il [ [ avar) < )
c(1+/ ||19||2dt>
0

< C(1, Q, [[vollys (190l 1]l . 0)-

As consequence it follows from (4b) that
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T T
/ /|S|” dxdt+/ /\va’ dvdr < C(k,
0 Q 0 Q

¥, 9%,Q, [[voll; 1]l ||fHoo,Q)~
(58)

The interpolation inequality
2 3
IVllse < CIVIBIVYIE + NIVl

together with the Korn inequality (14) and the uniform
estimates (57), (58) ensure that

T 5
/O IVlls, dr < €, 2,7, 1oL, 9ol Ifll o 0)-
(59)

We finish this part by introducing the estimates on the
pressure. It follows from (45) that for all ¢ € W (Q)

satisfying V¢ - n = 0 on 0Q, and for almost all time
t € (0,T) there holds (see also (A.59))
/nAq) dx:/S V2o dx—/gk(|v\2)v®vzvz(/) dx
Q Q Q

+rx/ ge(|v])v - Voda,
o)

- / Tk(ﬁ)f . VQD dx.
Q

In addition, recall that

/ndsz
Q

Then, we use the fact that Q € C"!' and the theory for
Laplace equation (see also [10-13] for details) and
obtain that

for a.a. t € (0,7).

2
17l < CCUSIL + ¥l + ver (VD .00
5p 5
819 with 2 = min{p',g”,g}.
Applying the 7’-power and integrating the result over
(0, 7) we finally get

T T sp
/0 Iz dr < c( / L ISIE + VI + 1vV/&VD .0
5 3
e 1915
. 5p 5
<C for 7 := =2
=y or z mln{p7 6 73}7
(60)

@ Springer

where the last bound follows from the estimates (47),
(51), (58) and (59).

Finally, we recall the estimates on the time
derivative. By using the very classical procedure, we
can deduce from (45) with the help of above uniform
estimates (47), (51), (58) and (59) that

T
/ 0¥, de < C, (61)
A .

where 7' is defined in (60). Similarly, considering (46)
with f(s) := logs, we can use the above estimates
(47), (51), (58) and (59) to observe that for any @ > 5,
we have (see e.g. [13] for similar estimate)

T
| et ar<c (62)
0

4.2 Limit as k — 400

Let us consider ¢ € C°([0,T); Whe N L>*(Q))N

L2((0,T) x 0Q) with ¢ = max{p,sps—%} in (45), inte-

grate it over the time interval (0, 7), then after the
integration by parts in the time derivative term we get

T T
—/ /vk~a,<p dxdr—/ /gk<|vk|2><vk®vk>
0 Q 0 Q

T
Vo dxdt+/ /Sk:D(p dx dr
0 Q

T
v [ ey pdoa
0 oQ

:/()T/Qj'k(ﬁk)f.(p

+ nfdive dxdr + / v 9(0) dx,
Q
(63)
where we abbreviate S = S* (9%, Dv¥). Next, we
consider ¢ € C5°([0,7); C*(Q)) in (46), integrate it

over the time interval (0, 7), and after the integration
by parts with respect to the time variable, we get
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_/OT/Qf(ﬂk)@,@dxdt_/OT/Qf(Tkwk))Vk_V(pdxdt

T
! ( 9k k k
+/0 /Qf (9% (9*) VI -V dxdt

T
+ / / F(0) () |V @ dxdr
Q

0

T
:/ /f’(ﬁk)sk:Dv"q)dxdz
0 JQ
T
- / / T (9O (9)v* £ dxdr
0 Q

4 / F08)0(0) dx.
(64)

Now, we make two special choices of f, namely we
consider f(s) =s and then f (s) =logs (such choices can
be rigorously justified taking the mollification with
compactly supported functions). With the first choice,
we deduce

T T
—/ /ﬁkatq) dxdt—/ /Tk(ﬁ")v"-V<p dx dt
0 Q 0 Q
T
+/ /K(ﬁk)wk-w dxdt
0 Q
T
:/ /Sk:Dqu) dxdr
0 Q
T
—/ /Tk(ﬁk)vk-fq) dxdt+/?9’5(p(0) dx.
0 Q Q

(65)

With the second choice, we also use the abbreviation
n* = log ¥ and we see that

T T
,/ /qkalq) dxdtf/ /log(Tk(ﬂk))vk
0 Q 0 Q
T T
+/ /lc(ﬁ")Vnk-ch dxdt—/ /K(ﬁk)|v'7k|2‘l’ dxdt
JOo JQ
/ /—Sk Dvt ¢ dxdr
/ / Tk ’19

Finally, to get the energy identity, we consider ¢ €
C*((0,T) x Q) fulfilling ¢(T) = 0 and use v*¢ and ¢
as test functions in (63) and (65) respectively. Doing

Vo dxdr

"-fcp dxdz+/qg¢(0) dx.
JQ

(66)

this and then taking the sum of the outcome we deduce
that (using also the fact that divv* = 0 and integration
by parts®)

[ (5 o) owwa
+oc/ / a([VD V¢ do ds

/ /( (zgk [V v2|gk(|vk|2>+7kwk)+nk)
k

2
+r () VI 4+ SV - Vo dredr = / (|V3|+ﬁ0> ¢(0) dx,
Q

(67)

where Gy is such that G, (s) = gi(s). In particular, for
any ¢ € Cy([0,7)), i.e. ¢ independent of spatial
variable, there holds

! |"k|2 k
(B ) e
0o Ja

T
+oc/ /gk(|vk|)|vk|2<pdaxdt (68)

:/Q<|V§| +19k> ()dx

We want to discuss the limit in formulations (63) and
(65)—(68). By virtue of the uniform estimates (57),
(58) we can extract a subsequence (v¥, 9%, 7%, 8 #¥)
such that the following convergence results hold

v —* v weakly-* in L®(0, T; L*(Q; R?®)), (69)

vk — v weakly in L7(0,T; W?

n, d]V) (70)

Wthe convective term we proceed as follows
/ng(lvk\2) (V@ v V(ve) dx
= /ﬂwgk(lvk\z) (V@) IV + (V) (VY @ V) - (v @ Vo) dx
= %/Jgk(‘vk\z)vk VP + 25V WPV - Vi dr

1 c
=3 / vk - ng(lvk\z) + 2gk(|vk\2) \v"|2vA -V dx
Ja

2
=/<gk<|vk\2> - S >>vk.w ax
Q

@ Springer



1714

Meccanica (2024) 59:1703-1730

@rvk — 0,v weakly in L‘/'(07 T; Wn—l,q’)

71
with q’:min{p’,%p,g}, )

g ([V¥))¥v* — v weakly in L*(0, T; L*(0Q; R®)),

(72)
Sk — S weakly in L”I(Q; R33), (73)
¢ — 1 weakly in LqI(Q) with ¢’ = min{p’,%é ,

(74)
()7 — W weakly in L2(0,T; W'*(Q)) (75)

for any o € (0,1/2),
¢ — 9 weakly in L4(0, T; W(;"S(Q)) (76)
for any ¢q € [1,5/4).

n* — n weakly in L*(0,T; W'(Q)). (77)

Moreover, employing the Aubin—Lions compactness
Lemma we deduce that

vK — v strongly in LI(Q;R?) for

78
any g € [1,5p/3) and ae. in Q, (78)

vk — v strongly in I7((0, T; L' (0Q))

79
and ae. in (0,7) x 0Q, 79)

W% —Istrongly inL7(Q) for any g€ [1,5/3)and a.e. in Q.
(80)

Consequently, we have that # =1log?¥ and

(9)7 = (). The above strong and weak convergence
results are sufficient to pass to the limit in most term.

However, it is not sufficient for identification of
S = S*(¥,Dv). This identification follows from the
procedure developed in [15], see also [11]. Indeed,
there is shown that there exists a nondecreasing
sequence of measurable sets {Q,},”, fulfilling
lim,_, |O\Qn| = 0 such that for every n € N we
have

Jlim S*: (DVF — Dv) dxdr = 0. (81)
- Qn

Further, using the growth assumption (4b), the
convergence result (80), the fact that Dv e

@ Springer

7 (Q;R¥3) and the Lebesgue dominated conver-
gence theorem, we obtain

S* (9%, Dv) — S*(9,Dv) (82)

Thus, using the monotonicity assumption (4a), the
weak convergence result (70) and (82), we observe
that for any n € N

lim / |(S* — 8* (9%, Dv)) : (DV* — Dv)|dxdt
On

k—o00

= lim [ (S*—S*(¥*, Dv)):
k—o00 On
(DV* — Dv) dxdr* 2%,

(83)
Hence, we have that

(S* —S*(9*,Dv)) : (DV* —Dv) — Ostrongly inL'(Q,).

Thus, it is a simple consequence of (82) and (70) that
for every ne N

S°: DV — §°(9,Dv)) : Dy weakly in L'(Q,).
(84)

Finally, using (70), (73) and (84), we have for arbitrary
B € [7(Q; R¥?) that

0<(SF—8* (¥, B)) : (DV' —B) —
(S —S*(9,B)) : (Dv — B) weakly in L'(Q,).

Hence, using the Minty method, i.e. setting B :=
Dv + ¢C in the above inequality, dividing by ¢ > 0
and then letting ¢ — 0., we have

0< £(S—S*(9,Dv)) : Cae. in Q,.

Since C is arbitrary and |Q \ Q,| — 0 as n — oo, we
observe from the above inequality that S = S*(¢, Dv).

Having identified the nonlinearity S, we may now
focus on the limiting procedure in desired equations.
Indeed, it is now easy to use (69)—(80) and to let k —
00 in (63) to deduce (22). Here, it is essential that v¥
converges strongly in L>*¢(Q), which is due to the
assumption p > 6/5. Next, we let k — co in (68).
Using (78) and (80), we can pass to the limit in the first
term on the left hand side. For the second term on the
left hand side we use (79) and the Fatou lemma to
obtain the inequality (23). In order to obtain the
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equality sign in (23), we can use the result in [12],
where it is shown that’ / / 9)|Vn|* @ dxds < hmmf

(88)

vk — v strongly in L2(0, T; L*(8Q)*), (85)

provided that p > 8/5. Consequently, we obtain (23)
with the equality sign.

Next, we focus on the energy and the entropy
(in)equalities (24) and (27). To do so, we first show
how to pass to the limit with possibly inequality signs
in highest order terms. Let us consider arbitrary
nonnegative ¢ € L>°(Q). Then using (4a), (4b) and the
convergence result (84), we deduce that for anyn € N

T
lim inf / / S¥: DvF ¢ dxdr> liminf
Q

k——+o0 k—+o00

/Sk:ka(pdxdt:/ S:Dvpdxds.

n n

Consequently, letting n — oo in the above inequality,
we deduce

T
liminf/ /Sk:DVk(p dxdr>
0 Q

k—+o00

T
/ /S:DV(p dxdr.
0o Jo

Similarly, using in addition (80) and the nonnegativity
of ¥, we deduce

T k. Dyt T :D
liminf/ /S# dxdtz/ /S P qrar.
k=400 Jo 0 ¥ 0 [o) 0

(87)

(86)

Very similarly, we can use the weak lower semicon-
tinuity, the weak convergence (77), the pointwise

convergence of ¥ (80) and the boundedness of «(-),
see (3), there holds

3 1t follows from the following interpolation (assuming p <2,
for p > 2 it is obvious)

T ) T oy T s
v°<C vl vz dr<C v v % 6dt
‘ ‘ 2 p=6 5 2 1p
o Joo 0 T 0
Since z—f <p forp > 8/5, we see that the desired compactness
56 ~plorp p
follows from the a priori estimates.

//K(ﬁk)|Vnk|2(p dxdr.
0o Jo

These convergence results are sufficient to take the
limit in (66) and to obtain (24). Then we can proceed to
the limit in the equation (65) to deduce (27), provided
we show

95k — Vv stronlgy in L'(Q; R?). (89)

To show the above convergence result, we recall the
strong convergence results (78) and (80). Thus, it is
sufficient to show that 9¥*v* is uniformly bounded in
L'*¢(Q) for some ¢ > 0. Using the Hélder inequality
and the classical interpolation, we have (here g €
(0,1) will be specified later, but typically it will be
almost equal to one)

T T

1+¢ 1+¢ 1 1
/ / e [ 1

1
[ W I o

NG 1te 3(2+42.v:—a
sc/ @yl
e [

provided that (we are using the uniform bounds
coming from (70) and (75))

70 e

96ye I k
1715 % v il

Hka . ) a<c,

3¢ Jr3(2—1—28—0)
5p—6 40

<1. (90)

Note that if

5p—6
“T1z
then we can always find o € (0,1) such that the
inequality (90) is satisfied. As a consequence, we
deduce (89). Thus, we may proceed to the limit also in
(65) to obtain (27).

Next, we want to let k — oo in (67) to get (26). We
already discuss almost all terms except the one |Vk|2V
Thus, for identification of the limit also in this term,
K is compact at least in L(Q).
Comparing it with the strong convergence result
(78), we see that the condition p > 9/5 is exactly the

we need that V
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one guaranteeing the compactness of the velocity in
L3(0).

Finally, in case that p > 11/5, one may follow the
standard monotone operator theory and to conclude
that (84) holds true even in L'(Q) (and not only in a
subset Q,, C Q). Thus, we have the weak convergence
on the whole set O and therefore we are able to identify
the limits in terms containing S : Dv¥ with equality
signs and consequently, we may consider equalities in
(24) and (27). The relation (28) is proved in the same
way as (43), see the computation following (A.57).

We also omit the proof of attaining of the initial
conditions (25) and refer the reader e.g. to [13]. The
proofs of both main theorems are thus complete.
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Solvability of the k-approximation—Lemma 1

This appendix is devoted to the proof of Lemma 1, i.e.
we assume that k > 0 is given and fixed. We provide
the complete rigorous proof that is however very much
inspired by [13], which can be used also as a tool for
interested reader. We refer also to [2, 3], where the
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existence, the stability and the convergence to the
equilibria are studied in details.

We proceed as follows. First, we introduce the two-
level Galerkin approximation: one for the velocity
field and the second one for the temperature. Then, we
pass to the limit in the temperature equation and derive
all necessary a priori estimates. Finally, we pass to the
limit also in the equation for the velocity and complete
the proof. Note that because of the presence of the cut-
off functions, the proof is relatively standard and we
use just the monotone operator theory together with
the relatively classical approach for parabolic equa-
tions with L' data.

For the sake of simplicity, we set d = 3 from the
very beginning (since it is physically most relevant
case) and to shorten the proof we consider only the
case o = 0 here. However, the general dimension d
and also the case when o > 0 is treated similarly. We
also recall that in what follows the constant C denotes
some universal constant depending only on the data of
the problem, i.e. on vy, 6y and f. If there is any
dependence on different quantities, it will be clearly
denoted.

Galerkin approximations

We start by considering an orthogonal basis {w; } ;- of
the space W2 W' (Q)? that is orthonormal in

n,div
Lidiv, see [24, Appendix A.4] how to construct such

basis. Similarly, let {w;}, be a basis of wi(Q)
which is again orthonormal in the space L*(Q).
Moreover, defining the subspaces

Wﬂ = Span{wl yoe ey Wn} C WS[:(?[V’
W™ .= span{wy,...,wy} C WISZ(Q)’

and the associated projections

P'(v) = Z(/ VoW dx)w,- W W
0 ,

P"(9) = Z(/ ﬁwjdx>wj cW(Q) — W,
Q

j=1

we are in position to consider the usual Galerkin
approximations.
Now, we construct Galerkin approximations
n,m ,qn,mY %0
{yrmgnmy =,y of the form
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V1, 3) = 30 (0 wi)
P = 3 ),

where ¢"" (1) := (¢}"(t),...,c""(t)) and d""(t) :=

(dy™(t),...,d%"(t)) solve the following system of
ordinary differential equations

/ G,V”*”’ W+ (Sn,m — VR Y gk(|vn,m|2)) - Vw; dx
Q
= / T (9)f - w, dx

Q

foralli e {I,...,

(A.1)
n} and

/ 6,19”’"1 wj — (Tk (ﬁn,m)vn,m + qn,m) v
Q

wydx = / (8™ : D(V™") — To(I" ™" - )w; dx
Q
(A2)

forallje {I,...,
ing abbreviations

m}. Here, we have used the follow-

S . — S* (ﬂn,m’ D(Vn,m))’
q" = qr (9", VI, 9™ = max{0,9""}.

(A3)
In addition, we assume that v and "™ satisfy the
following initial conditions

n
nm . ph _
A\ =P (Vo)— E C0,iWi,
n
ZdOJWJ’
n,m

where vy is independent of m—parameter and 9;™ has
the following meaning. First, we use the convention
that

()-—{0’
T (o),

Then, we compute the standard regularization of an
integrable function 7, with the kernel r/, having the

ﬁnm — Pm 19"

support in a ball of radii 1/n. It means, we define
1o = T'1/n * No- Then, since Yo and In vy are assumed

to belong to L' (Q), we have

Iy = e —[>]n — ooty (Ada)

1 —[>]n — 00 Inystrongly in L'(Q). (A.4b)
Finally, we apply the projection onto the linear hull of
{wj}iL) to get P"(0;). Note that as an immediate
consequence of the properties of the projectors we
have

n,m [

Vi —ln — oovy  strongly in L2(Q)¢,  (A.Sa)

[

9" —]m — cody  strongly in L*(Q).  (A.5b)
In addition, since log ¥y € L!(Q) by hypothesis, we
also have that

[

log 95" —]m — colog ¥ —[>]n — oolog vy

strongly in L' (Q).
(A.6)

We focus on solvability of (A.1)—(A.2). Defining the
auxiliary vector-valued functions

C(r) := (" (1), ™" (1))
= (70 ™ (0),d (1), (1)),
Cy:= (Co,dg) = (60,17 . o ‘700,""10,17 .. '7d8,m)'

Then, the system (A.1)—(A.2) can be rewritten as

C(1) = F(1,C(1)),
C(O) = C07

where F is a Carathéodory function. Thus, using the
classical Carathéodory theory, see [29, Chapter 1], we
deduce the existence of solution to (A.1)—(A.2) at least
for a short time interval. The uniform estimates
derived in the next subsection enable us to extend
the solution onto the whole time interval (0, 7). Then,
we set m — oo and then n — oo. Note that some of the
estimates are independent of the order of approxima-
tion and are frequently used later (after using weak
lower semicontinuity of norm in a reflexive space).
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Estimates independent of m

In this part, we start by assuming that n € N is
arbitrary, but fixed, and we let m — oo.

Estimates independent of m for the velocity

n,m

Multiplying the i-th equation in (A.1) by ¢;"", then

taking the sum overi = 1,...,n we get

/ alvn,m Ly 4 (Sn,m o
Q

TV dx
= / T (0™ - v dx.
Q

VI Vg (V)

Integrating the result over time interval (0, 7), we
obtain

t
vz [ [ s ards
0 Ja (A7)

t
=Wz [ Tueme v avas
o Ja
where we have used the identity
[ v a(very svvrac—o. (as)
Q

which follows”* from the fact divv” = 0 and integra-
tion by parts. Next, we apply (4b); to the second term
on the left-hand side of (A.7). For the right hand side,
we use the assumption that f is bounded and apply the
L?> — [? Holder’s inequality and the definition of 7,
see (29) and the fact that ||vy™||, <||vo||, to obtain for
allr € (0,T)

4 The computation goes as follows:

/(vn,m ® v gk(lvn,m‘Z)) L Vv dx
Q

1
——— /ng(lvn,rnIZ)vn.m . V‘V”"m‘z dx

2.
1 1

_ _/ Vi VGk(lvn,mlz) dx = 7_/ Gk(|V”‘m|2)diVVn'm dr =0,
2 Ja 2 Ja

and Gy denotes the primitive function to g.
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t
v ()13 + /0 D) ds < C(k)

t
(1 + ||v”-m||§ds>.
0

First, the use of the Gronwall inequality directly leads
to the L™ — L? estimate for v, Using this informa-
tion and the Korn inequality (14) we deduce from
(A.9) the following m-independent estimate

(A.9)

sup ||V (1)]3
t€(0,7)

T
4 [ arscw. (a0
0

Estimates independent of m for the temperature

Next, multiplying the j-th equation in (A.2) by d;"",

taking the sum over j =1, ...,k we get

/ atﬁn,m,ﬁn.,m _ (Tk(,l?n,m)vn,m + qn,m).
Q

vﬁn,m — /(Sn,m . D(Vn,rn) _ Tk(ﬁ::?m)(vn,m . f)),l9mm dx,
Q

and integrating the result over time we arrive at

t
[l +2 [ [ s g dcas

_||,l9n'n||2+2/ / S}'ll’ll. nm

T (0M™) (V™™ - £))0"™ dx ds,
(A.11)

where we have used the abbreviation (A.3) and the
fact that

/ T (9" - V9™ dx = 0, (A.12)
Q

which follows® from the fact that div(v"") = 0 and
integration by parts. Proceeding as before, we are
going to study each term in (A.11). For the left hand
side, we use the lower bound (3) on the second term.

> It is a consequence of the following computation
/ Tk(/lgl‘l.ﬂ‘l)vll.ﬂl . v,&n.m dx — / Vn,m . Vzk(ﬁﬂ.m) dx
Q Q
f/ Iy (9" divy™™ dx = 0,
Q

where T; denotes a primitive function to 7.
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For the right hand side, we use the fact that T A T s 12
{wi}=, € Wiﬁiv%Wlpo(Q)d. Consequently, since /0 8y ||2dt:/0 € (5))" ds, (A.17)

the velocity field is for almost all time ¢ € (0, T) taken
from the finite dimensional space W”, can deduce
from (4b) that

|8 (2, x) = D(V"" (2,x))| + [v"" (2, x)]|
S Cn)(1 + [V (0)l3) < Clk, ),

where the second inequality follows from (A.10).
Combining both (recall that

192711, —m — oof| 311, we obtain

i+ [ iR conn (14 [ 1rize)
0 0
(A.13)

and applying the Gronwall lemma and recalling
(A.10), we have

sup {[v* (1) 3 + 119" (1) 3}
te(0,T) (A 14)

T
n.m nm||2
+ / IV -+ 19m2 , ds < Cn, B).

Finally, using the three-dimensional version of the
interpolation inequality (15), it follows from (A.14)
and from the embedding W32« W' that

T 10 10
| g+ o<
0 3 3

! nam |[5 || qnm |2 nan |3 | onm
/0 [ 319" 17 o + (v 3]

|1, dt < Cln, k).

(A.15)

Estimates independent of m for time derivatives

In order to deduce the compactness of the velocity and
the temperature, we also estimate the norms of their
time derivative. More specifically, our goal in this
section is to prove that

T
/ 110%™ 13 + 109" 3120y dt < C(n, k).
0
(A.16)

We start with the velocity field. Since {w;}, is
orthonormal in L2(Q)?, we have that

and  [v*"(0)3 = e ().

Therefore, multiplying the i-equation in (A.l) by
¢ (1), summing over i = 1,...,n and integrating it
over time, we obtain (after using the estimate (A.14))

that

T ) T
/ [0y 3 dr = / / T3 (9" - 0™
0 0 Q

" (V Vg (|v2) — S”"") . VO,V dxdr.

Now, we are going to study each term separately.
o

Using the fact that {w;}:°, forms a basis of W,5,, the
fact that W" is finite dimensional, the Holder inequal-
ity and the J-Young inequality and the a priori bound

(A.14), we have

T
/ / T (™™ - 3, dx ds
0 Q

T
/ €7 (s)[* ds + Cs(n, k),
0

<5

T
/ (V" V" g (V) VBV ds| < 6
0

T
/ & (5)[* ds + Cs(n, k).
0
Proceeding similarly and using (4b), we get

T T
/ (8", Vo) ds| < 5 / 1 (s) 2 ds
0 0

T
+ Cs(n, k) / e (s) PP~ ds.
0

Combining it all, taking ¢ small enough and applying
(A.17) and (A.14), we obtain

T
/ € (5)[* ds < C(n, k), (A.18)
0
which gives the first part of (A.16).
Next, we focus on the estimates for 9,9"". Using

the orthogonality of the basis of W™ and the regularity
of 9,0™™, we have that for all 7 € (0,T)
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f[3,9mm (t)\lw—u[m:(ﬂe;lgz(mw """ (0, 0) w10 = e /Q 0™ (1,x) p((x) dx (VRN v weakly”in L>(0,T), (A.22a)
el <1 llolh <1 nm n . 2
. /awa - ¢ — ¢ weakly in L*(0, T, (A.22b)
pewiyla I
loll <1 VY 9" weakly®in L*(0, T; L*(Q)),
(A.19) (A.22¢)
Now, using (A.2) we get (we omit writing (¢, x)) g g weakly in L2(07 T: WI’Z(Q)),
(A.224d)

/ a ﬁnum dx / Snm . D nm

_Tk ,lgnm)( n,m ) Pl‘ﬂ

b [T gy TP )
Q

and proceeding as before, we obtain

/ 9" (1, x)P" () (x) dx < C(n, k)

(L+ v @115 + V9" (1) ) |1P" (0) [l wr2(q)-
(A.20)

Since, the properties of the basis W™ gives that
||Pm(<p)|\ly2§ ||(p||172, we can use (A.20) in (A.19),

apply the second power and then integrate over t €
(0,T) to get

T T
| 100 i< by [
0 0
(1 IV @I + IV 0]13) ds
and consequently, using (A.14), we deduce that

T
|10y gy dr < b, (A21)
0

Limit m — oo for fixed n € N

In this part, we let m — oo but keep n € N fixed. Our
goal is to identify limits in the equations (A.1)—(A.2)
as well as in the constitutive relations (A.3).

Weak and strong limits based on a priori estimates
Having a priori uniform estimates (A.14)—(A.16), we

can let m — oo and find subsequences {c"", 9"} >
that we do not relabel, such that

m=1>

@ Springer

Q™ — 89" weakly inL2(0,T; W 3(Q)),

(A.22¢)
weakly in LITO(O, T; LITO(Q) ).

Pnm s gn (A.22f)

Moreover, using the Aubin—-Lions compactness
lemma on the sequence {U""}° |, ie. using
(A.22d)—-(A.22f), and the compact embedding
W'2(0,T)—<C(0,T) on the sequence {c""}>,,
i.e. using (A.22b), we have for a subsequence that we
do not relabel

) AN L strongly in LY(0, T; LY(Q))
for all g € [1,10/3),
(A.23a)
Uy strongly in C([0, T]). (A.23b)

Moreover, it is a simple consequence of our choice of
basis and (A.23b) that

v — vt strongly in L®(0, T; Wh>(Q)%),

(A.24)

and consequently

strongly in L® (0, T; L= (Q)*%).
(A.25)

D(v"™) — D(v")

In addition, using (4b), (A.23a) and (A.25) we can use

the Lebesgue dominated convergence theorem to get

after denoting ™" := S* (¢, D(v""™"))

Sn,m N S*('l?n,D(V”)) = SI‘L

strongly in L(0, T; LY(Q)*?) for all ¢ € [1, 00).
(A.26)

Similarly, recalling that q(f) := —«(f) Vf, combining
(A.22d) and (A.23a) we get for " := q("") that
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weakly in L2(0, T; L*(Q)*).
(A.27)

ql'l,m N qn = q<,l9n)

Limit in the equations for v"" and 9™

The convergence results established in (A.22)—(A.27)
are sufficient to let m — oo in (A.1) and (A.2).
Indeed, we take an arbitrary ¢ € C3°(0,7T) and mul-
tiply the i-th equation in (A.1) and the j-th equation
in (A.2) by ¢ and then integrate over time t € (0, 7).
Then, using the convergence results (A.22)—(A.27) it
is easy to pass to the limit in all terms to get the
following systems

/ (/ ov" - w; + S” V”®V”gk(|v"|2)> :
Tr(9f - w; dx)(pdt 0,
foralli=1,...,nand
T
/0 ((6,19”,wj> - /Q(’Tk(ﬂ”)v" +q") - Vw;
+S8" : D(V)w; — T (I1)V" - fw; dx) (1) dt = 0,

for all j=1,...,00. Because ¢ € C;°(0,7) can be
chosen arbitrarily we can conclude that

/ ov'-w; + (S” -vV'® V”gk(|v”|2)) :
Q
— Tk(’ﬂ:)f . W,‘d.x = 0,

(A.28)

forall i =1,...,n and all times 7 € (0, 7). From the
same reason and from the fact that {w;}*, forms a

basis of W!?(Q) we conclude that

Qb ~ [T )V
48" DWW — TV - fide = 0,

(A.29)

is valid for all y € W'?(Q) and for all € (0, T).
Attainment of the initial condition for (v*,9")

We start with the initial condition for the velocity.
Since vy :=P"(vo) we have that vj"
pendent of m-—parameter. Equ1valently, we have
¢, =c¢f, for all m € N. Due to (A.23b) we have
¢""(t) — ¢"(¢) strongly in C([0, T]) and consequently

= v is inde-

we get ¢"(0) = c¢f. Now, from the definition of v"(¢, x)

and v{(x) it is clear that

v'(0,x) = v (x)

for all x € Q. It remains to show that 9"(0,x) = J§(x).

First, note that a priori estimates (following from

(A.22d) and (A.22e)) together with the standard

parabolic embedding imply that

V" €{ze*(0,T;W'*(Q)),0,z€ L*(0,T; W *(Q)) }
—C(0,T;L*(Q)).

Thus, it makes a good sense to define an initial

condition. To prove our goal we integrate the equa-
tion (A.2) over time (0, 7) to get

t
/ /(Tk(ﬁn,m)vmm + qnﬁm) . ij + (Sn‘m . D(Vn’m)
0 JQ
—T (9 )V - ) w; dds

:/19”’m(t)wjdx—/193""wjdx
Q Q

Here, we have used the fact that 9" = 9""(0). Now,
using the previous convergence results (A.22)—(A.27)
and the convergence of the initial condition (A.5b), we
can let m — oo and to obtain for almost all # € (0,7)
that

t
/ /(Tk(ﬁ”)v” +q") - Vw; + (8" : D(v")
=T (9)V" - £)w;dxds = / 9 (t)wjdx — / Jow; dx
Since 9" € C(0,T;L*(Q)), the above identity can be

extended for all ¢ € (0,T). Consequently, letting t —
0. in the above identity, we observe that

/19" wjdx—>t—>0+/190wj

But as 9" € C(0,T;L*(Q)) and weak limit as time
tends to zero is Uf;, we have that

T [[9"(1) — 93, = 0.
!
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Estimates independent of n

In this part, we derive estimates that are n-independent
and that help us to pass to the limit n — co. Some of
the estimates are also independent of k-approximation
but if there is dependence on k, it will be clearly
denoted.

Nonnegativity for 9"
First, we show that the temperature 9" is nonnegative,
ie.

9" (t,x) >0 foraa. (t,x) € (0,T) x Q. (A.30)

We consider (¢, x) := (o (t) min{0, 9" (#,x)} <0 as
a test function in (A.29). Integrating it over time ¢ €
(0, T) we obtain

/ <a 19” W12 dt / / Tk 19” V +q )

Vi +S" DV + T (95)v" - £ dxdr.

Next, we show that the right hand side is non-positive.
Indeed, using the definition of ", see (A.27), and of
we have that

q" -V = —k(0") V" 10,700 <0y <O

almost everywhere in (0, T) x Q. Similarly, using (4)
we can compute

0<(S"— S*(¢",0)) : (D(v") — 0) = S" : D(v")

and consequently, since ¥ is non-positive, we have
that

S": D(V")y <0

almost everywhere in (0,7) x Q. Further, since
9" = max{0, 9"}, it directly follows from the defini-
tion of s that

Tr(O)v" - ff = 0.

Finally, to estimate the convective term, we introduce
the primitive function

:/Ozn(z")dz:

and we get after integration by parts (compare with
(A.12)), that

@ Springer

/Tk(ﬁ")v”-ledx:/V”~V2k(lp)dx
Q Q

—/divv”ik(w)dx—i—/ Ti(p)v
Q 20

where we used the fact that divv” = 0 in Q and v" -
n = 0 on 0Q. Hence, we arrive at

".ndS =0,

T
02 [ @ st =
N 1
| @b at =3 (W6 - 19(O13).

Finally, the fact that y(x,0) = 0 a.a. x € Q, implies
that ||y(s)|l, =0 for all s € (0,T). Then one can
easily obtain the desired conclusion (A.30). Conse-
quently, we can now replace ¥ by ¥" everywhere.

Renormalization of the temperature equation

For our result, the very special choice of the test
functions in the temperature equation plays an essen-
tial role. Therefore, we state already at this point the
renormalized version of the temperature equation,
which then helps us to get the a priori estimates and
even more, will be important for proving the entropy
(in)equality. For future use, it is convenient to record a
renormalized version of the approximate equation
(A.29). Using (A.22d) we have that "¢
L2(0,T; W'2(Q)) and moreover we know 0" >0.
Therefore, if we consider f € C*([0,00)) fulfilling
I [l 0,00) <00, We deduce that for arbitrary ¢ €
WE2(Q)NL>*(Q) the function W :=f(9")¢ €
W'2(Q) for almost all 7 € (0, T). Consequently, such
¢ can be used in (A.29) and we deduce

@) By~ [ (FTH)

FF ) - V- Tu@) W D (07)¢ dx

= [r@ar Ve - 87Dy () g
(A31)

which is valid for all ¢ € W'(Q) N L>*(Q), any f €
C(0, 00) fulfilling f’ € W'*°(0, 00) and for almost all

€ (0,T). Please notice here that for the first term, we
used the regularization approach as follows (the
computation is done for almost all ¢ and ¥ denotes
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the classical regularization with respect to the #-
variable)

(©0",9) = lim (0,07, (91)¢) = lim

Jowrmas=tin [osomoas= s, s)
) o—0: Jo

Energy and entropy estimates independent of n and k

First, we derive the estimates based on the kinetic and
internal energy. It is noticeable that they are indepen-
dent of n and also of k. We set y =1 € W'2(Q) in
(A.29) and deduce the identity

% 9" dx — /s V)dx+/Tk (9")(v* - £) dx = 0,

(A32)

which is valid for almost all ¢ € (0,T). Then, we
multiply the i-the equation in (A.28) by ¢}, sum over
i=1,...,nand we obtain

112
%/M dx+/S”:D(v”)dx

/Tkz9" T f)dx =0,

(A.33)

fora.a.t € (0, T). Here, we have used the symmetry of
S”, the fact that divv” = 0 and the integration by parts
(see the similar computation for the convective term
in (A.8)). Summing the above identities and using the
nonnegativity of the temperature ", we get after
integration with respect to time the energy equality

n ] n
9" ()l + 2V (113 =

where the second inequality follows from the assump-
tions on Yy and vy and from the properties of the
projection P". Therefore, we have

1 2
19611, +5lIvolla <€,

19"l 0721 (0)) < C (A.34)
and
”VnHLOC(O?T;LIZI_diV) <C. (A.35)

Next, we show the uniform bound on the entropy. We
fix0<e < 1, and consider f(s) = In(e + s)and ¢ = 1
in (A.31). Note that due to the nonnegativity of the
temperature ©", such choice of fis admissible. Using
the following inequalities

1723
f//(ﬁn)qn LV = K('ﬂn) |v19n|2 >
(e+vm)? 7
S": D(v")
S":D(VOF (") =—""7"2>0
(v (07) = =0 =0

and moving all terms with positive sign to one side, we
observe that for almost all r € (0,T) we have

d S":D(v")
—— /1 9")dx
dt/Q n(e+v") +/Q e+ +

k(") |V
(e+0m)

dx < Tilv )(v”~f)dx.
q €+ "

Thus, using the fact that f is bounded, see (8a), we
deduce after using the Holder inequality and after
integration over time that

S": D(v") K(ﬁ”)|V19”|
In(e + 9" (¢ / /
u I R

<2[|max{0,In(e + 9" (1))} |, + [ In(e + o),

e /0 V(o) .

Consequently, using the assumptions on v, letting
€ — 04, using the Fatou lemma, the simple algebraic
inequality max{0,1n(e +9"(¢))} < C(1 + ¥"(¢)) and
the uniform bounds (A.34) and (A.35), we deduce

T
sup [0 ()], +x [ Vo |ar
0

1e(0,7)

< sup [|Ind" (1)), +/ /S : ﬁ(l'?‘” drdr
/[)I

1€(0,T)

_C<1 + gl + sup ([ ()], + IV”(t)||§)> <c
t€(0,T)
(A.36)

where C is a uniform constant depending only on data.

Gradient estimates independent of n possibly
depending on k

Here, we derive the estimates for the velocity and the
temperature gradients that are independent of n but
may depend on the truncation k. We start with the
velocity filed. Integrating in time the equation (A.33)
and using the estimate (A.35), we obtain
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" dxdt < C(k).

[/

Thus, the assumption (4b) and the Korn inequal-
ity (14) and a priori estimate (A.35) imply that

T
/ IS+ v, dr < (k). (A37)
0

Next, we focus on the estimate for the temperature.
The starting point is to show that for all ¢ € (0, 1)
there holds

(V9|2
dxdr < C(a, k).
//14—19" r7 drdr < Co k)

To show (A.38), we define the auxiliary function

(A.38)

1-o
poy =TT = 1,

f'(s)=—a(l+s)""7,

where 0 <o < 1. Then we use (A.31) with this f and
also set ¢ := 1. Doing so, we deduce

d [ (49 /Tkw")(v" 1)
- 0z + - 7N 7
Q

dt)g 1-o0 (1+9m)°
B / or(9")|VI"[F S D(V")
o (1+om™7 — (1+97)

Here, we used the definition of q" in (A.27). Noticing
again that

S":D(V') >0

almost everywhere in (0, 7) x Q, we can integrate the
above identity over time, use the Holder inequality and
the already obtained bounds (A.34) and (A.35) to
deduce (A.38).

Next, we focus on estimates for 9" following from
(A.38). First, due to nonnegativity of ¢, it follows
form (A.38) that for all ¢ € (0, 1)

/OT/Q’V(l )

Moreover, using also the uniform bound (A.34), we
obtain (recall that ¢ € (0,1))

2
dxdr < C(k, o).

@ Springer

/ /‘ (1+97) " / / (14+9")dxdr<C.

Consequently, combining the above inequalities and
also (A.34), we have that

T
sup |(10"(0) 3+ [ 107} <o)
t€(0,T) 0

Thus, using the interpolation inequality (15) (we use
its three dimensional variant only here), we deduce the
classical estimate for the temperature of the form

/ /| ok “sdxdt</ (107 = e

<|| +19n) ”L”“ QTLZ)
T e s
/0 1(1+97) |2 dr< C(k, o),

which is valid for all g € (0,1). Therefore, it directly
follows from the above inequality that

’ 5
/ / [9"7dxdt < C(k,q) forall g € [1,—).
0o Jo 3
(A.39)

To derive an estimate on V1", we consider
1 <r<5/4. Combining the Holder inequality and
the previous estimate (A.39), we obtain

//|W"| dxdr < // ‘Wl dxdr
1+19n +<7
T 5
(/ /(1+19”)(1+‘7)"dxdt)
0 Q

S C(k’ 0’ r)?

provided that we can choose ¢ € (0, 1) such that

r(l1+o0) 5

<.
2—r 3

Since r € [1,3), we can always find ¢ € (0,1) so that
the above inequality holds and therefore

r 5
/ [0"]]},dt < C(k,r) forall re {1,4).
o :

(A.40)
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Estimates for time derivatives independent of n

In order to deduce the compactness of the velocity and
the temperature, we also need to get a bound on the
norms of their time derivatives. More specifically, our
goal in this section will be to prove the uniform bounds
in the following spaces

o' e I7(0,T;( ndw)*) and

09" € LN(0,T; (W'(Q))), for all z > 5.

(A.41)

We start with the velocity field. Assume that ¢ €
w32

ndiv

is arbitrary and fulfills ||¢||;;2 <1. We also
ndiv

recall the orthogonality of the basis {w;}:~, as well as

the continuity of the projection P” in the space Wn v

Then we have due to the regularity of O,v" that

(0,v" (¢ w2 —/6,V ~pdx = /6V -P"(¢p) dx.

n div

Now, using (A.28) we get

/av -P"(p)dx = /v®vg |v|2)—S”):

gVP" () + T(9")f - P" () dx,

and proceeding as before and using the growth
assumption (4b), we obtain that for all 7 € (0,7)

@' (1) P (@) 2 <) (14 IV OI, ) IP" (@2,
<cw(1+ v >||.p )Htpl\wg;g,v

Consequently, we have

o' Oz <) (1+ IV O

and raising this inequality to the power p’ and
integrating the result over (0, 7), using also the
already obtained bound (A.37), we deduce

T T
| 10wl parsco [ v, s
0 n,div 0

(A42)

Finally, we focus on the estimate for time derivative of
9", Recall that

09", y) — /Q(Tk(ﬁ”)v" +q") - Vydx+S":

DV )y — Tr(9")(v" - £)y dx = 0,
(A.43)

is valid for all y € W'2(Q) and fora.a.t € (0,7). Let
us consider Y € W'¥(Q) with z>35 fulfilling
¥ll;,<1. Then wusing the fact that
W (Q)—L>*(Q), we get by using the Holder
inequality that for almost all ¢ € (0, T) the following
inequality holds

©0"(1),¥) = /Q(Tk(v‘”(t))V"(t) +4q'(1)-
Vi +8"(1) : DV (1) = Tw (9" () (v" (1) -
SCE UV @Il + IV Ol -
+ CE)((IS"(2) : DOl + IV ON D[] -

()Y dx

Hence, using (4b), and the fact that z > 2, we deduce
that for almost all 7 € (0, 7)) there holds

||ar19n(t)||(w1,z(g))* = sup (00" (1), ¥)

PeW(Q) [loll, . <1

< (1 + IV @), + IV @)l
Hv@IE,).

Since z > 5 we have that 7/ < % and therefore integra-

tion of the above inequality over (0, 7) and applying
the uniform bounds (A.35), (A.37) and (A.40) leads to

T
/ 10" (| (w1+() dt < C(k,z)  for all z> 5.

(A.44)

Identification of limits as n — oo

In this final part we let n — oo and complete the proof
of Lemma 1.
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Convergence results based on a priori estimates

Having a priori uniform estimates (A.35), (A.37),
(A.40), (A.39) and (A.42), using the definition of q"
and the assumption (3), and using the reflexivity of
underlying spaces (or separability of their pre-dual
spaces), we can let n — oo and find subsequences
{v",9"}>2 (that are not relabeled) such that

Vi—="y (A.45a)
Vi—v (A.45b)
o' — O (A.45¢c)
P = (A.45d)
9= (A.45¢)
S"—S (A.45f)
q' —q (A.45g)

Moreover, using the generalized version of the

Aubin-Lions compactness lemma, the estimate
(A.44) and the convergence results (A.45b) and
(A.45¢), we obtain

I — (A.46a)
Vi —v (A.46b)

Then, going back to the uniform bounds (A.36) and
(A.38), we also have for a proper subsequence

I — 9 (A.47a)
(1492 = (14+9)7 (A.47b)
(1+9M)7 — (1+9)7 (A47c)
Iny" — Ind (A.474d)

In addition, using the Fatou lemma, the convergence
result (A.46a) and the estimate (A.36), we have

InY € L*(0,T; L' (Q)). (A.48)

@ Springer

Limit for the velocity equation

Having the convergence results (A.45) and (A.46), we
can easily pass to the limit n — oo in (A.28) and to

conclude for all w € W23 and a.a. t € (0,T) that

n,div
(@, W) + /Q(S —vevedVP) : VW — TL(0)f - wdx = 0.
(A.49)

(Q) is dense in W.”. for

.. 32
In addition, as the space W, n.div

n,div

all p>1 we have that (A.49) holds true for all w €
wih

n,div

and almost all ¢ € (0,7) and also that
v € L7 (0,T; (Wph,)")-

Consequently, the standard parabolic interpolation
gives that

v e C([0,T); L*(Q)*).

To complete the part of the proof of Lemma 1, which
is related to the velocity field, we need to identify S
and also the initial condition for v(0).

Attainment of the initial condition for v

The arguments concerning the attainment of the initial
conditions vy are standard. For sake of completeness,

we included all details
C(0,T; L*(Q)%), we get that

below. Since vVvéE

strongly in L2 . as f — 0.

n.div

v(t) = v(0)
In what follows, we show that
v(r) — vo weakly in Lﬁ_’div as t — 04,

and these convergence results together (due to the
uniqueness of weak convergence) identify the limit
(44),, that we want to prove.

Let 0<e< 1 and ¢t € (0,T — ¢) be arbitrary. We
consider the auxiliary function n defined in (31),
multiply (A.28) by this #, and integrate the result over
(0, 7) to obtain forevery i =1,...,n
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T
/ /a’vn'wi’?+(sn_VH®V"81<(|V"\2))5
o Jo

Vwin — T (9" - winp dxds = 0.

Next, we integrate by parts in the first term, use that
7(T) = 0, and the equality v*(0) = P"(vy) to get

I

Vwin — T(9")f - winy dxds = / P"(vo) - w;n(0) dx.
Q

cwin' + (S =" ®V”gk(|V”|2)):

This identity is ready for the use of the convergence
results (A.45)-(A.46) as well as the convergence of
the projection P"(vy) to obtain for any i € N that

0 Q

Vwin — Ti(9)f - win dxds = / vo - w;n(0) dx.
Q

Using the definition of #, i.e. using that #(t) = 1 for
7€ [0,¢) and (7) =0 for 7 € (t +¢,7], and 1/ (7) =
—1for 1 € (1,1 + ¢), we obtain

1 [ I+e 5
—/ /v-w,»dxds—i—/ /(S—V®V8k(|"| )
& Js Q 0 Q

Vwin — Ti(0)f - wip dxds = / Vo - w; dx.
o)

Next, since v € C(0,T; L,

s Ly giy)» we can easily let & —

04 to get

v(t) - w;dx + T .(S*V®ng(|v|2)):
Q 0 JQ

Vwin — Ti(9)f - win dxds = / Vo - W;dx
Q
for all t € (0, T). Therefore, we see that

lim V(t)~widx:/vo~w,-dx
Q

t—04 Q

This holds for every i € N, and since {w;}-, is a basis
of the space w

o, dw, this is nothing more than

v(t) — vo weakly in (W22 )" as 1 — 0,.

n,div

Finally, since W2 s dense in L2 the weak

n, d1v n,div?

convergence result that we expected is also true, and it

identifies the strong limit of the initial condition in
L} 4, as required in (44);.

Identification of S

Next, we show that

S =S*(9,D(v)) a.e. in (0,T) x Q. (A.50)

First, we notice that we can extend the solution to the
interval (0, T + 1), e.g., by extending f by zero outside
of (0, 7). Multiplying the i-th equation in (A.28) by ¢7,
summing the result over i = 1,...,n and integrate
over (0,7 +s), where s € (0,1), we deduce the
following identity (the convective term vanishes)

T+s T+s
/ /S" D(v")dxdr=— / /6,v "+ T (9 -V dxdt

n n T+s
_||V (T+S)||2+||P Vo ”2_ Tk(ﬁn)f'vndxdl‘.
2 2 Jo Ja

Using the fact that S":D(v") >0, we can integrate the
above identity over s€ (0,¢) to get

[ [spaas - 1/”Wvomd

2

Pn T+s
| Vo P (vo)l3 / / /Tk (9")F - v* dx dt ds.

Then, we may directly use the convergence results
(A.45) and (A.406), together with the Fatou lemma to
get

limsup/ /S”"
T+s
||vOH2 // /Tk ) - vddrds.

Finally, letting &— 0y, we get (using that
v e C([0, T; L2(9Q))

limsup/ /Sn'
+M_/ /Tk(ﬁ)f-vdxdt.
2 0o Jo

Then, setting w := v in (A.49), integrating over (0, T)
and using the fact that v(0) = vy, we get the identity

T+e
asa< L[ Iv@I3
€ 2

wyaxars MO,

(A.51)
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T T 2 2
[ ['s:pyasar— DB o Il
0 Q

2 2
T
— / / Tr(Nf - vdxdr.
0o Ja
Comparing (A.51) and (A.52), we directly derive

T
limsup/ /S”: V") dxdt</ /S D(v)dxdr.
n—0o00 0 Q

(A.53)
Consequently, using this inequality, the monotonicity
and the growth assumption (4a)—(4b), the strong
convergence result (A.46a), the weak convergence
results (A.45b), (A.45f) and the Lebesgue dominated
convergence theorem, we deduce that for all De
17(Q,R%?) there holds

(A.52)

oglimsup// *(9", D)) : (D(v") — D) dxdr
0

n—oo

< /0 /Q(S _§'(6,D)) : (D(v) — D) dxdr.
(A.54)

The choice D := D(v) + AD with /> 0 then leads
(after division by A and letting 1 — 0,) to

_ /OT/Q(S —S*(9,D(v))) : D dxds

for all D € 17(Q, R?*?). This directly implies (A.50).
In addition, we show that

S":D(V") —= S: D(v) weakly in L'(0, T; L' (Q)*?).

(A.55)

Indeed, we set D = D(v) in (A.54) and we get

hmp/ /S" S*'(9,D(v))
(D(V") ) dxdr = 0.

However, thanks to (4a), this implies

(8" = S*(9",D(v))) : (DH¥") —D(v)) — 0
strongly in L'((0,T) x Q).
(A.56)

Since

@ Springer

§*(¢",D(v)) : (D(v") =D(v)) — 0
weakly in L' ((0,T) x Q),

which follows from (A.45b), (A.46a) and (4b), we see
that (A.56) directly implies (A.55).

Limit in the temperature gradient
and the renormalized temperature equation

First, we letn — oo in (A.29). Using the weak
convergence results (A.45b)—(A.45¢), the strong con-
vergence results (A.46), the essential convergence
stated in (A.55), the convergence of the initial
condition (A.4a) and using also the integration by
parts with respect to time variable, we deduce that for

all Yy € Cj(—o0,T;C'(Q)) there holds
T
- [ [+ @m0 ve

+S DV + T (9)v - £ dxdr — /Qﬁotp(O)dx
(A.57)

In addition, having the weak compactness stated in
(A.56), we can follow step by step the procedure
developed in [27], see also [1], to pass to the limit in
(A.31) and to obtain (46). Finally, to obtain (43), we
set f'(s) := (s —m)_ /s and ¢ =1 in (A.31) to get
after integration over (0, 7) that

mic(9") | V9|
/ X{v" > m} % dxdr
0 (9"

< /S” DV —m),
- 0 19;1

N Ti(0")(v" -1;")(19” ~ M4 deds,

Using the weak lower semicontinuity and also all the
above established convergence results, we may let
n — oo to get

M §:Dv(¥ —m),
/QX{19>m} (19) dxdr < /Q 9

L L) (v g)w My ydr

(A.58)
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Thus, we see that taking limsup as m — oo, one
conclude (43).

Attainment of the initial condition for

This is a very classical part and we refer the reader e.g.
to [13] or [7, 8].

On the pressure

In this final subsection, we sketch the proof the

existence of the pressure 7 € [ (Q). We refer for
details to [12] or [13]. By the Helmholtz decomposi-
tion we observe that

wie .= wlP

n,div

®{Vo:pecW>?*Q),Vo-n=0ondQ}.

Having (v,v) we introduce 7 as the solution of the
following problem

= (—Ay) " \div (divS +div(v @ vgu(vP)) - Tk(ﬁ)f),
(A.59)

where (—Ay) denotes the Laplace operator together
with homogeneous Neumann boundary conditions.
We consider

/ n(t,x)dx =0 fora.a.r€e (0,T).
Q

The L7-regularity theory for the Neumann problem
(A.59) implies, see [19, Proposition 2.5.2.3], that

ne 7 (0,T; 17 (Q)).

Note that the weak formulation of (A.59) is the
following identity

[ rdoti= [ 8:v20 - vevalvP):
Q Q
Vi — (Tr(9)f - Vo) dx,

for all @ € W*P(Q) with Vo -n =0 on 0Q and a.a.
t € (0,T). Having such pressure in hands, it is then
easy to show that (A.49) holds as

(0,v, w) +/(S—v®vgk(\v|2)):
Q
Vw — ndivw — 7 (9)f - wdx = 0,

(A.60)

for all w € W)#(Q) and a.a. t € (0, 7).
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