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Abstract 

 

A time-dependent generalized extreme value (GEV) model for monthly 

significant wave heights maxima is developed. The model is applied to several 3-hour 

time series from the Spanish buoy network. Monthly maxima show a clear non-

stationary behavior within a year, suggesting that the location, scale and shape 

parameters of the GEV distribution can be parameterized using harmonic functions. To 

avoid a possible over-parameterization, an automatic selection model, based on the 

Akaike Information Criterion, is carried out.  Results show that the non-stationary 

behavior of monthly maxima significant wave height is adequately modeled, drastically 

increasing the significance of the parameters involved and reducing the uncertainty in 

the return level estimation. The model provides new information to analyze the seasonal 

behavior of wave height extremes affecting different natural coastal processes. 
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1. INTRODUCTION 

 

Recent advances in the extreme value theory [see Coles, 2001 and Katz et al., 

2002 as general references] have appeared in the state-of-the-art allowing a better 

description of the natural climate variability of extreme events of geophysical variables. 

The modelling of the seasonality of extreme events can improve our knowledge on 

some important natural coastal processes such as: the seasonal distribution of benthic 

organisms in wave-swept environments; the seasonal variability of flow and particle 

distribution in nearshore seagrass meadows; the influence of wave-exposure on the 

growth-erosion rates and dislodgement of kelp in the surf zone or the seasonality of the 

sediment transport rate. The analysis of these processes may require an estimation of a 

given return-period level conditioned to a given season or month. Moreover, the 

determination of the return levels of extreme significant wave height, sH , is vital for 

other purposes such as coastal management, including the analysis of coastal flooding 

risk and the design of maritime works. In the latter case, the definition of working time 

windows during the construction phase or the evaluation of the harbour operation time 

frames after construction during the winter season requires considering the seasonality 

or monthly characteristics in the estimation of the return values.  
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 The calculation of extreme quantiles is often applied to statistical models which 

use annual maximum data. Due to the scarcity of this type of extreme values, some 

alternatives are proposed, such as the r-largest maxima method [Guedes Soares and 

Scotto, 2004] or the peak over threshold (POT) approach [Goda, 2000]. Another 

possibility is to fit a distribution using monthly maxima [f.i. Panchang and Li, 2006]. In 
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general, these methods assume a homogeneous distribution for the extreme population 

data within a year. However, the hypothesis of homogeneity is not adequately satisfied, 

since the effects of seasonality are evident [Holthuijsen, 2007]. To illustrate the 

situation, Figure 1 shows the boxplots for monthly maxima series for five buoys of 

Puertos del Estado network (see locations in Figure 2). To facilitate the visualization of 

the extreme events, the winter season has been placed in the center of all Figures. An 

important modulation in the mean values as well as in the variability of the data is 

detected.  
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In an attempt to model the seasonal behavior of the maximum significant wave 

height within a year, Carter and Challenor [1981] proposed a month-to-month 

distribution, assuming that data are identically distributed within a given month and 

analyzing them separately. Subsequently, an annual distribution is obtained by 

combining the monthly distributions. A similar analysis is performed by Morton et al. 

[1997], applying a seasonal POT model to wind and significant wave height data.  

 

Basically, all the aforementioned methods require the random variable to be 

independent and identically distributed (IID) in the block of adopted time (year, season 

or month). The latter hypothesis can be relaxed to incorporate smooth time variations of 

the random variable. Examples of this approach applied to different geophysical 

variables can be found in Coles [2001], Katz et al [2002] or Mendez et al. [2007]. 

Recently, Mendez et al. [2006] developed a time-dependent POT model for extreme 

significant wave height which considers the parameters of the distribution to be 

functions of time (harmonics within a year, exponential long-term trend, El Niño 

covariate, etcetera). However, that work focuses on the definition of the higher extreme 
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events of the year (values exceeding a given threshold) and disregards the extreme 

events in the summer season, therefore being unable to model the entire variability 

within a year. The object of this article is to develop a time-dependent model based on 

the GEV distribution, that accounts for seasonality using independent monthly maxima 

events z
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i observed at instants ti, thus considering 12 maximum values per year. The non-

stationary behavior of extreme significant wave height is parameterized using functions 

of time (harmonic functions) for the parameters of the distribution.  The model is 

applied to five scalar buoys along the Spanish coast (see details in Table 1 and Figure 

2). Through this approach, the drastic reduction of the uncertainty in the estimation of 

time-dependent (monthly) quantiles and the improvement in the estimation of annual 

return values will be shown. 

 

The paper is organized as follows. Section 2 provides a brief description of the 

time-dependent generalized extreme value distribution and the parameter estimation 

method. Section 3 describes the regression model adopted. Next, an automatic model 

selection procedure is performed and explained in Section 4. The application of the 

model for the determination of the time-dependent quantiles and the annual quantiles is 

shown in Section 5. Finally, some conclusions are given in Section 6. 

 

 

2. THE TIME-DEPENDENT GEV DISTRIBUTION 

 

The monthly maximum method uses time series of block maxima for successive 

months, { }1max( ,..., )t tZ H H= tN148 , which are called monthly maxima series (MMS), 

where the 'tiH s, for , are the N values of significant wave height sampled in a 1,...,i = N149 
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given month t and 1,...,t150 
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n= . A critical aspect with discontinuous time series (the buoys 

records present gaps) is the consideration of a minimum number of data per unit time to 

define the maxima values. This fact affects the stability of the parameter estimates for 

the extreme value distribution. After some tests, we adopt the criterion to reject a 

monthly maximum event if the percentage of gaps for that given month amount over 

40% [Mendez et al., 2007]. 

 

Considering the apparent temporal dependence within MMS due to seasonal 

effects, a way to work with MMS is to fit individually the maximum values of each 

month into a probability distribution and combine the monthly distributions to obtain an 

annual distribution [Carter and Challenor, 1981]. This implies to fit twelve models, 

thus obtaining 36 parameters (using, for example, the GEV distribution). This amount 

of parameters introduces a large uncertainty in the model, diminishing the validity of 

the results. 

 

Another possibility to account for this temporal dependence is to use an extension 

of the standard models of extreme value theory for non-stationary variables [chapter 6, 

Coles, 2001]). Monthly maxima of successive months are assumed to be independent 

random variables, but the hypothesis of homogeneity through consecutive months is not 

needed (because they are not presumed to be identically distributed). We assume that 

the monthly maximum tZ  of the significant wave heights observed in month t follows a 

GEV distribution with time-dependent location parameter

170 

( ) 0tμ > , scale parameter 171 

( ) 0tψ > , and shape parameter ( )tξ . The cumulative distribution function (CDF) of iZ  

is then given by 

172 

173 

174  
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where [ ][ ] max ,0a a+ = .  177 

178 

179 

The GEV distribution includes three distribution families corresponding to the different 

form of the tail behavior: Gumbel family in the case of null shape parameter, with a 

light tail decaying exponentially; Fréchet distribution with 0ξ >  and a heavy tail 

decaying polinomially and Weibull family with 

180 

0ξ <  and a bounded tail (note that this 

Weibull for maxima distribution differs from the commonly used Weibull for minima 

distribution adopted in the POT method for some engineering applications [Goda, 

2000]). The probability density function (PDF) of 

181 

182 

183 

iZ  is obtained by differentiating (1) 

with respect to z, so that, 
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(2) 

For notational purposes, the time-dependent GEV pdf of Equation (2) will be expressed 

using the following identity:  

192 

193 

( ) ( ; )t tf z f z θ≡ , 

(3) 

where θ  encompasses the three parameters ( ),  ( ) and ( )t t194 tμ ψ ξ  as indicated later. 
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195  

In Section 3, a representation of ( )tμ , ( )tψ and ( )tξ  by means of harmonic functions 

(annual cycle, semiannual cycle, etc) will be used. For illustration, Figure 3 shows the 

time-dependent PDF of equation (2) for the best model found for the Gijon buoy, which 

uses 

196 

197 

198 

t( ) 3.11 1.14 cos(2 ) 0.15sin(2 )t tμ π= + + π199 

t

 for the location parameter, 

( ) 0.79 0.31cos(2 ) 0.07 sin(2 )t tψ π= + +200 

201 
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203 

204 

205 

206 

207 

208 

209 

210 

211 

212 

213 

π  for the scale parameter and ( ) 0.12tξ = −  for 

the shape parameter. Time t is in years, with origin t = 0 at the beginning of the year, 

and the location and scale parameters are in meters. Note how the seasonality affects the 

shape of the GEV probability density function, which takes its maximum value for 

small wave heights in summer (t = 0.5 and 1.5 years) but for large wave heights in 

winter  (t = 0, 1 and 2 years). 

 

 

3. REGRESSION MODEL 

 

After a visual inspection of the box-plots of Figure 1, it seems reasonable to allow for 

seasonality in the model considering harmonic functions within a year. In order to 

further support this evidence, we examine graphically the variability within a year of the 

location, scale and shape parameters of the stationary GEV distribution fitted for every 

month individually. The maximum likelihood estimates (MLEs) ˆ ,μ  ψ̂  and ξ̂  of these 

parameters over a year (from July to June) for La Coruña buoy are shown in Figure 4. 

The location parameter shows a single peak, possibly due to the highest extreme events 

in December-January. The scale parameter is also modulated along a year with a 

maximum value in the winter season. The results for the shape parameter are not so 

evident due to the uncertainty in the estimation of this parameter with only one 

214 

215 

216 

217 

218 

219 



Manuscript submitted to Journal of Geophysical Research   9 
The influence of seasonality on estimating return values of significant wave height  (Menéndez, Méndez, Izaguirre, Luceño, Losada) 

observation per year for every month. Figure 4 also shows the regression fit for the first 

two harmonics. The good quality of the fit suggests the use of harmonic functions 

within a year to approximate the seasonal behavior. Mathematically, this model can be 

expressed as 

220 
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222 
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i t[ ]0 2 1 2
1
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i i
i

t i t
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provided ( ) 0tψ > , and 228 
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1

( ) cos(2 ) sin(2 )
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t i t
ξ

ξ γ γ π γ π−
=

= + +∑  229 
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(6) 

 

where 0β , 0α and 0γ  are mean values; iβ , iα  and iγ (i > 0) are the amplitudes of the 

harmonics; 

232 

Pμ , Pψ , and Pξ  are the number of sinusoidal harmonics in a year; and t is 

given in years.  

233 

234 

235 

236 

 

The parameters of a possible model (see the example of Figure 3 applied to Gijon buoy) 

can be packed into the vector 0 1 2 0 1 2 0( , , , , , , )θ β β β α α α γ= . In this particular case, the 

fitted model contains annual cycles for the location and scale parameters,  

237 

238 

0 1 2( ) cos(2 ) sin(2 )t t tβ β π β π= + + 0 1 2( ) cos(2 ) sin(2 )t t t and =μ ψ α α π α π+ +239 , and a 

constant value for the shape parameter 0( )tξ γ= . The number of significantly non-null 

regression parameters is therefore p = 7.  

240 

241 
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242  

For any of the candidate models, represented by its vector parameter θ , and for m 

observations of  monthly maxima 

243 

tiZ  ocurring at instants ti, we estimate the model 

parameters 

244 

θ̂  using the method of maximum likelihood. Approximate standard errors, 245 

ˆse( )θ , for the estimators, and 95% confidence intervals, 246 

)î( ˆ ˆ ˆ1.96se( ), 1.96se( )i i iθ θ θ θ− + , for the regression parameters, are obtained using 

standard likelihood theory (see details in Appendix A). 
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4. MODEL SELECTION 

 

4.1. Codification 

In this work, we consider the largest parameterization with two sinusoidal harmonics 

(  and ). Moving from the simplest model 2,  =2P Pμ ψ= 2Pξ =
1

0 0( , )θ β α=  (that is, a 

homogeneous Gumbel distribution) to the most complex one 

255 

256 

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4( , , , , , , , , , , , , , , )bθ β β β β β α α α α α γ γ γ γ γ= , we have a large variety of 

models to choose from, many of them having different degrees of freedom. Following 

the genetic algorithms nomenclature [Goldberg, 1989], we adopt a binary codification 

to represent each model, according to the involved factors. Therefore, every model is 

encoded using a binary chromosome,

257 

258 

259 

260 

]1 2 3 4 5 6 7[ . . .c g g g g g g g= , where  are binary genes 

which represent given factors. Each gene  has two possible values,  if the ith 

factor is switched on and  if it is switched off. Gene  represents the annual 

cycle 

ig261 

262 

263 

)

ig 1ig =

0ig = 1g

( 1 2,β β  for the location parameter, 2g ( )3 4,β β  the semiannual cycle for the 264 
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location parameter,  (3g )1 2,α α  the annual cycle for the scale parameter, 4g ( )3 4,α α the 

semiannual cycle for the scale parameter,  is a gene that includes a constant non-zero 

shape parameter 

265 

266 5g

( )0γ , 6g ( 1 2, )γ γ  allow for the annual cycle for the shape parameter 

and 

267 

)7g ( 3 4,γ γ  the semiannual cycle for the shape parameter. 268 

269  

For example, the simplest model 1
0 0( , )θ β α=  has a binary chromosome 

 and the saturated model 

270 

1 [00.00.0.00]c = bθ  has a binary 

chromosome . The model shown previously for Gijon buoy has the 

vector parameter 

271 

272 [11.11.1.11]bc =

0 1 2 0 1 2 0( , , , , , , )θ β β β α α α γ= , so that its binary chromosome is 

. 

273 

274 

275 

276 

277 

278 

[10.10.1.00]c =

 

4.2.Fitness criteria 

 

The quality of a particular model i, with a binary chromosome   (and 

consequently a vector parameter 

ic

iθ ) is assessed by using a penalized function based on 

the Akaike information criterion [Akaike, 1973], 

279 

280 

281 

282 

283 

284 

 

i
ˆAIC 2 ( | , ) 2i

j j it z pθ= − + , 

(7) 

where  is the number of parameters, and  is the maximum of the log-

likelihood resulting from model “i” for the sample 

ip ˆ( | , )i
j jl t zθ

{ },j jt z . Equation (7) establishes a 

compromise between obtaining a good fit, which is measured by how small the 

resulting  term is, and using a simple model, where simpler models use 

285 

286 

287 ˆ2 ( | , )i
j jl t zθ−
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less parameters than complex models. Therefore, the smaller the criterion, the better the 

model.  
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4.3. Automatic selection 

 

For the particular codification proposed in this work, we have  models to 

select the best one. Instead of naive procedures, such as exploring all the possible 

models, we use a stepwise algorithm that combines forward selection and backward 

elimination procedures. In addition to the steps performed in the forward selection 

algorithm, all non-zero genes are tested backward to see if their contributions are 

significant after a new gene has been switched on. This may lead to the elimination of 

an already selected gene if its factor has become superfluous because its effects may be 

represented by other factor. The criterion to incorporate a given factor is based on the 

AIC statistic given by Equation (7). Table 2 and Figure 5 show the application of this 

automatic selection procedure to the data set of the Valencia buoy. In Table 2, we show 

the binary chromosome, maximum likelihood estimates, log-likelihood function , 

number of parameters p and AIC value. Figure 5 shows the location parameter (solid 

lines), the scale parameter (dashed lines) and the 20-year return period time-dependent 

quantile (bold lines). The starting model is  and the final model after 6 

steps is  (two harmonics for the location and scale parameters and a 

constant non-zero value for the shape parameter).  

72 12=

1 [00.00.0.00]c =

6 [11.11.1.00]c =

 

For this particular case, the incorporation factor sequence is: (step 2) annual cycle 

for the scale parameter; (3) annual cycle for the location parameter; (4) semiannual 

cycle for the scale parameter; (5) semiannual cycle for the location parameter; and (6) a 
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313 

314 

315 

316 

317 

318 

319 

320 

321 

constant non-zero value for the shape parameter. Note how the location and scale 

parameters as well as the quantile progressively improve the fit. Particularly interesting 

is the bimodal behavior of monthly maxima in Valencia buoy, suggesting two extreme 

seasons (Fall and beginning of Spring) throughout the year. 

 

4.4. Model diagnostic 

 

The model-checking of the best model obtained is evaluated graphically by means 

of quantile-quantile (QQ) and probability-probability (PP) plots. We standardize the 

maximum tZ using 322 

323  

ˆ ( )1 ˆlog 1 ( )ˆ ˆ ( )( )
t

t
Z tZ t

tt
μξ

ψξ
⎡ ⎤⎛ ⎞−

= +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

, 324 

325 (8) 

so that tZ would follow a standard Gumbel distribution if the model and parameter 

values were exactly true. Probability and quantile plots for the sample of computed 

values 

326 

327 

tz  can be obtained using Eq. (8). If (1) ( ),..., mz z  are the corresponding sample 

order statistics, the plotting points (e.g., empirical vs model) for the probability plot are 

328 

329 

( ){ /( 1),exp( exp( ))}ii m z+ − −  whilst the plotting points for the quantile plot are 330 

( ){ log( log( /( 1))), }ii m z− − +  for 1,..., .i m=  We can see in Figure 6 that, for the Valencia 

data set and for the best model , the PP and QQ plots show very good 

diagnostics, with points close to the diagonal. Similar plots have been obtained for the 

remaining locations, although they are no shown for space limitations. 

331 

332 

333 

334 

335 

6 [11.11.1.00]c =
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336 
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343 

 

5. INFERENCE FOR RETURN LEVELS 

 

5.1. Time-dependent quantiles 

 

For non-stationary or time-dependent GEV parameters, the calculation of 

“effective” design value quantiles can be carried out using  

 

{ }

{ }

( )( )( ) 1 log(1 ) ( ) 0
( )( , ) ( ( ), ( ), ( ))

( ) ( ) log log(1 ) ( ) 0

t

q q

tt q
tz t z t t t

t t q t

ξψμ ξ
ξθ μ ψ ξ

μ ψ ξ

−⎧ ⎡ ⎤ t− − − − ≠⎪ ⎣ ⎦= = ⎨
⎪ − − − =⎩

, 344 

345 

346 

(9) 

 

where probability is given by q ( ) 1tF z q= − and the quantile estimate ˆˆ ( , )qz t θ  is the 

time-dependent return level associated with the return period 1/ . Therefore, the 

quantity varies depending on the time of the year [Méndez et al., 2007]. Confidence 

intervals can be obtained by the delta method [Rice, 1994], assuming approximate 

normality for the maximum likelihood estimators. 

347 

348 

349 

350 

351 

352 

353 

354 

355 

356 

357 

358 

359 

q

  

Figure 7 shows, for the Bilbao data set, the comparison between the stationary 

model applied month-to-month and the best time-dependent model, both with 20-year 

return period quantiles and 95% confidence intervals. Note how the confidence intervals 

are reduced with the time-dependent model and how the point estimates are more 

consistent with each other. The month-to-month approach may lead to unreliable 

estimates, as seen in the months of January and February. This is due to the fact that, 

instead of using a sample of 14 – 19 maximum values for the estimation month-to-
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360 

361 

362 

363 

364 

365 

366 

367 

368 

369 

370 

371 

372 

373 

374 

month, we are using a sample of 190 values when modeling the seasonal behavior 

within a year. This results in a better explanation of data variability, a reduction in the 

uncertainty of the quantile estimates and a better estimation for return values in any 

month or season, as this methodology uses all the surrounding information throughout 

the year. 

 

We have applied the methodology to the five buoys, obtaining for each particular 

case the model that best fits the data ( , , 

 and ). Numerical values of the maximum 

likelihood estimates of the best model for each buoy are shown in Table 3. Figure 8 

shows, for each selected model, the location parameter (solid line), the time-dependent 

20-year return period quantile (bold-solid line) and the 95% confidence interval (dashed 

lines). Observed values of monthly maxima significant wave heights are indicated by 

crosses. One can see that the fit is remarkably good for all the cases, each of them 

presenting a different parameterization. To further assess the goodness of fit we have 

evaluated the proportions of data for the studied MMS falling below 

[10.10.1.00]BI GIc c= = [10.11.1.00]COc =

[11.11.0.10]CAc = [11.11.1.00]VAc =

( )tμ  or 20 ( )H t ; 

these proportions show an averaged absolute deviation of 0.0136 with regard to the 

theoretical value of 0.37 for 

375 

376 

( )tμ  and 0.0046 with regard to the theoretical value of 0.95 

for 

377 

20 ( )H t . 378 

379 

380 

381 

382 

383 

384 

 

The results obtained for Bilbao and Gijon present an annual cycle for the location 

and the scale parameter and a negative value for the scale parameter (upper bounded 

tail), clearly pointing at the winter season (from November to March).  In the case of La 

Coruña, a semiannual cycle in the scale parameter is also significant. The western 

location of La Coruña buoy causes a wider winter season than that seen in the Gijon and 
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Bilbao buoys, that being more exposed to west winter cyclones. The data set from Cadiz 

is the only one presenting a significative annual cycle for the shape parameter; resulting 

in a short tailed behavior in the summer season, due to local storms, and a long tailed 

one in the winter season (November to February), due to long-fetched storms. The 

modulation of seasonality showed in the Valencia buoy is a well-known pattern along 

the Spanish Mediterranean coast. It presents two peaks of maxima significant wave 

heights, one resulting from ‘gota fria’ phenomenon in the fall season (warming of 

Mediterranean Sea together with cyclones) and another in the spring season. The 

knowledge of the seasonal distribution of the location, scale and shape parameters 

allows estimating quantitatively the intrannual variability of extreme wave climate. The 

location parameter (which coincides with the mode of the distribution) varies in a range 

of about two meters in the Atlantic buoys (for the case of  La Coruña is almost three 

meters), whereas the range of Valencia buoy, in the Mediterranean Sea, is less than half 

meter. The scale parameter shows the highest range (almost one meter) in Cadiz buoy 

and is greatly influenced by the semiannual cycle in La Coruña and Valencia buoys. 

385 
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393 

394 
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403 
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406 
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409 

 

5.2. Annual quantiles 

 

The calculation of extreme significant wave height return values for a given period 

(year, season or month) requires a more complex approach. With time-dependent GEV 

parameters, determinating a return period involves combining probabilities that differ 

depending on the day within a year (see chapter 7 in Coles, [2001]). A similar procedure 

for mixed populations was proposed by Carter and Challenor [1981] using twelve 

distributions for monthly maxima, and by Morton et al. [1997] using four seasonal POT 

distributions.  
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410  

In particular, the annual quantile return level 1 2[ , ]qz t t  corresponding to a given 

probability 1 and an interval , equal or larger than one month, can be obtained 

by iteratively solving the equation:  

411 
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q− 1 2[ , ]t t
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⎧ ⎫⎡ − ⎤⎛ ⎞⎪ ⎪− = − +⎨ ⎬⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

∫ dt414 

415 

416 

417 

418 

419 

420 

421 

422 

423 
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t429 
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431 

, 

(10) 

where 1/ is the length of the block maxima, that is, one month (1/ ). mk 1/12 yearmk =

 

Figure 9 shows the monthly and annual return level plot for Gijon’s best model. This 

figure is obtained by successively taking the interval  in equation (10) equal to 

each month from January to December and subsequently taking  equal to the 

whole year. The figure shows, for example, that significant wave height attains a value 

of 8 meters once every 31 years, but only once every 77 Januaries, once every 105 

Decembers, and so on. A bounded tail behavior (Weibull family) is detected. Note that 

the winter months (December, January and February) present the highest monthly 

quantiles whereas the summer months show the lowest monthly quantiles. 

1 2[ , ]t t

1 2[ , ]t t

 

Although not required by our method, comparison with alternative formulations may be 

facilitated by expressing equation (10) in terms of the rescaled annual maxima GEV 

parameters  [Dixon and Tawn, 1994]. Thus it may be easily verified 

that the right hand side of equation (10) is exactly equal to 

* * *( ),  ( ), ( )t tμ ψ ξ

 



Manuscript submitted to Journal of Geophysical Research   18 
The influence of seasonality on estimating return values of significant wave height  (Menéndez, Méndez, Izaguirre, Luceño, Losada) 

*

2

1

1/ ( )*
1 2*

*

[ , ] ( )
exp 1 ( )

( )

tt
q

y
t

z t t t
k t

t

ξ
μ

ξ
ψ

−

+

⎧ ⎫⎡ ⎤⎛ ⎞−⎪ ⎪− +⎢ ⎥⎜ ⎟⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎣ ⎦⎩ ⎭
∫ dt432 

433 

434 

, 

(11) 

 

where , 1/ 1 yearyk =
( )

* ( )( ) ( ) 1
( )

t

m

y

ktt t
t k

ξ
ψμ μ
ξ

⎡ ⎤⎛ ⎞
⎢ ⎥= + −⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

, 
( )

*( ) ( )
t

m

y

kt t
k

ξ

ψ ψ
⎛ ⎞

= ⋅⎜ ⎟⎜ ⎟
⎝ ⎠

and 435 

*( ) ( )t tξ ξ= . 436 

437 

438 

439 

440 

441 

442 

443 

444 

445 

446 

447 

448 

449 

450 

451 

452 

453 

454 

 

 

6. CONCLUSIONS 

 

A statistical model to analyze the seasonality of monthly maxima significant wave 

heights is presented. The model is based on the time-dependent generalized extreme 

value distribution for independent monthly maxima series of significant wave heights. 

Non-stationarity is introduced in the model using cosine functions that represent the 

annual and semiannual cycles. These factors are included in the location, scale and 

shape parameters of the probability distribution of extreme significant wave height. The 

inclusion of seasonal variabilities substantially reduces the residuals of the fitted model. 

To avoid over-parameterization, an automatic model selection procedure based on the 

Akaike Information Criterion is carried out. 

 

The developed time-dependent methodology provides more reliable results than 

the stationary model of individually month-to-month analysis. For a particular month, 

we are using not only the maximum values from this month but also the information of 

the neighbour months, thus including the natural climate variability. Therefore, we 
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believe that the large discrepancy in the month-to-month method is due to unduly 

sampling variation. 
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The model is applied to five buoys of Puertos del Estado network (Bilbao, Gijon, 

La Coruña, Cadiz and Valencia) showing seasonality characteristics of the wave climate 

of these particular sites. Obtained results show that the model provides a tool for 

quantitatively examining the long-term seasonal distribution, using monthly maxima of 

significant wave heights. The methodology provides time-dependent and annual return-

period values and their confidence intervals. The information obtained in this study can 

be useful to better understand several issues governed by ocean waves such as 

distribution of organisms in wave-swept environments, coastal management or the 

design of maritime works.  

 

The applicability of our methods to various Spanish buoys with different wave climate 

conditions and the flexibility of the time-dependent GEV distribution (that allows 

modeling the seasonality and varied upper tail behaviors), reinforces the possibility of 

using the same methods to analyze other geophysical variables such as sea surface 

temperature, wind velocity or sea level. 

 

We believe that the model provides a new way to gain further insights in our 

knowledge of climate variability of extreme events. We have analyzed just seasonal 

processes but the methodology should be able to deal with different time scales, such as 

long-term trends or interannual variability (North Atlantic Oscillation, Southern 

Oscillation, etcetera). 
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483 

APPENDIX A. Parameter estimation 

 

We use the method of maximum likelihood to estimate the model parameters. The 

location, scale and shape parameters ( ),tμ  ( )tψ  and ( )tξ  are expressed in terms of 

harmonic functions whose amplitudes are regression parameters that must be estimated 

[Coles, 2001]. The complete vector of p regression parameters is denoted by 

484 

485 

θ . The 

likelihood function of the parameters for any given sample 

486 

{ }1 1( , ),..., ( , )m mt z t z  of the 

periods t
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490 

ξ491 
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493 

i at which the maxima zi are attained, is provided by 
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where ( ; ( ), ( ), ( ))tf z t t tμ ψ ξ  is the time-dependent GEV pdf given by Equation (2). The 

log-likelihood function is 
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497 (13) 

provided that ( ) 0itψ >  for  For every value of 1,..., .i = m ( )itξ  that equals zero, the 

appropriate limiting form must be used, replacing the GEV by the Gumbel (equation (1) 

for 

498 

499 

0ξ = ) log-likelihood function, 500 
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Maximization of (13) and/or (14) yields to  and the maximum 

likelihood estimate of 

ˆ( | , )j jt zθ

θ , denoted by θ̂ . A global optimization procedure, namely the 

shuffled complex evolution (SCE) algorithm [Duan et al. 1992] is used to compute the 

parameter estimates. 
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An advantage of adopting maximum likelihood for parameter estimation is that a widely 

applicable approximation for standard errors and confidence intervals is available based 

on asymptotic properties of maximum likelihood estimators. Solving log-likelihood 

equations, we can evaluate the observed information matrix at ˆθ θ= . Assessing the 

inverse of this matrix and then the square roots of the diagonal entries, we obtain 

approximate values for the asymptotic standard errors of the parameters estimates, 

abbreviated  

512 

513 

514 

ˆse( )iθ . Confidence intervals for iθ  can be obtained in the form 515 

î
ˆ ˆ ˆse( ), se( )i i iz zα αθ θ θ θ⎡ ⎤

⎦− +⎣
ˆ( )i, where se θ  is the standard error of the ML estimator 516 

îθ and  gives approximate confidence intervals of 95%. 0.95 1.96z =517 

518 

519 

520 

521 

522 

523 

 

 

 

 

 

 



Manuscript submitted to Journal of Geophysical Research   22 
The influence of seasonality on estimating return values of significant wave height  (Menéndez, Méndez, Izaguirre, Luceño, Losada) 

 524 

525 

526 

527 

528 

529 

530 

531 

532 

533 

534 

535 

536 

537 

538 

539 

540 

541 

542 

543 

544 

545 

546 

547 

548 

549 

Acknowledgements 

The authors would like to thank “Puertos del Estado” for providing the information 

from the instrumental observation networks. The work was partially funded by projects 

ENE2004-08172 and CGL2005-05365/CLI from the Spanish Ministry of Educación y 

Ciencia. Melisa Menéndez  and Fernando J. Méndez are indebted to the Spanish 

Ministry of Educación y Ciencia for funding them through the FPI and “Ramón y 

Cajal” program, respectively. Alberto Luceño acknowledges the support of the Spanish 

Dirección General de Investigación under Grant MTM2005-00287.  

 

 

REFERENCES 

 

Akaike, H. (1973) Information theory and an extension of the maximum likelihood 

principle, in: B.N. Petrov and F. Csáki, eds. Proc. 2nd Internat. Symp. on Information 

Theory (Akadémia Kiadó, Budapest) pp. 267–281. 

 

Carter, D. J. T., and P. G. Challenor (1981) Estimating return values of environmental 

variables. Quart. J. Roy. Meteor. Soc., 107, 259-266. 

 

Coles, S. G. (2001) An introduction to statistical modelling of extreme values. London: 

Springer, 208 pp. 

 

Dixon, M. J. and J. A. Tawn (1994) Extreme sea-levels at the U.K. A class-sites: site by 

site analysis. Proudman Oceanographic Laboratory Internal Document 65, 228 pp. 

 



Manuscript submitted to Journal of Geophysical Research   23 
The influence of seasonality on estimating return values of significant wave height  (Menéndez, Méndez, Izaguirre, Luceño, Losada) 

Duan, Q., S. Sorooshian, and V. Gupta (1992) Effective and efficient global 

optimization for conceptual rainfall-runoff models. Water Resour. Res., 28, 1015-1031. 

550 

551 

552 

553 

554 

555 

556 

557 

558 

559 

560 

561 

562 

563 

564 

565 

566 

567 

568 

569 

570 

571 

572 

573 

574 

575 

 

Goda, Y. (2000) Random seas and design of maritime structures. Advanced Series on 

Ocean Engineering , Vol. 15. World Scientific. Ed. P. L.-F. Liu., 443 pp. 

 

Goldberg, D.E. (1989) Genetic algorithms in search, optimization, and machine 

learning, Addison-Wesley, Reading, Mass, 372 pp. 

 

Guedes Soares, C., and M. G. Scotto (2004) Application of the r-largest order statistics 

for long-term predictions of significant wave height. Coast. Eng.,  51, 387-394. 

 

Holthuijsen, L.H. (2007) Waves in Oceanic and Coastal Waters, Cambridge University 

Press. 404 pp. 

 

Katz, R. W., M. B. Parlange, and P. Naveau (2002) Statistics of extremes in hydrology. 

Adv. in Water Resour., 25, 1287-1304. 

 

Méndez, F.J., Menéndez, M., Luceño, A., Losada, I.J. (2006) Estimation of the long-

term variability of extreme significant wave height using a time-dependent POT model, 

Journal of Geophysical Research, Vol. 111, C07024, doi: 10.1029/2005JC003344. 

 

Méndez, F.J., Menéndez, M., Luceño, A., Losada, I.J. (2007) Analyzing monthly 

extreme sea levels with a time-dependent GEV model, Journal of Atmospheric and 

Oceanic Technology, 24, 894-911, doi: 10.1175/JTECH2009.1. 

 

http://www.elsevier.com/wps/find/journaldescription.cws_home/503325/description#description


Manuscript submitted to Journal of Geophysical Research   24 
The influence of seasonality on estimating return values of significant wave height  (Menéndez, Méndez, Izaguirre, Luceño, Losada) 

Morton, I.D., J. Bowers, and G. Mould (1997) Estimating return period wave heights 

and wind speeds using a seasonal point process model, Coastal Eng., 31, 305-326. 

576 

577 

578 

579 

580 

581 

582 

583 

584 

585 

586 

587 

588 

589 

590 

591 

592 

593 

594 

595 

596 

 

Panchang, V.G. and D. Li (2006) Large waves in the Gulf of Mexico caused by 

Hurricane Ivan, Bulletin of the American Meteorological Society, 481-489. 

 

Rice, J. (1994) Mathematical Statistics and Data Analysis, 2nd ed., Duxbury, Pacific 

Grove, Calif, 651pp. 

 

 

 

 

 

 

 

 

 

 

 

 

 



Manuscript submitted to Journal of Geophysical Research   25 
The influence of seasonality on estimating return values of significant wave height  (Menéndez, Méndez, Izaguirre, Luceño, Losada) 

 597 

598 

599 

600 

601 

602 

 

 

 

 

 

 
Water depth (m) Period of measurement 

Number of monthly 

maxima 

Bilbao (BI) 50 1985-2003 190 

Gijón (GI) 23 1984-2002 199 

Coruña (CO) 50 1984-2003 179 

Cádiz (CA) 22 1984-2002 174 

Valencia (VA) 20 1985-2003 170 

 603 
604 
605 

606 

607 

608 

609 

610 

611 

 
Table 1. Descriptive issues of the buoys used in the analysis 
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 612 
613 
614 

 
 

Step 1 2 3 4 5 6 

Chromosome [00.00.0.00] [00.10.0.00] [10.10.0.00] [10.11.0.00] [11.11.0.00] [11.11.1.00] 

0β (cm) 157.4 
(4.3) 

150.8 
(3.7) 

158.6 
(3.4) 

156.9 
(2.96) 

158.6 
(4.9) 

161.6 
(4.9) 

1β (cm) - - 22.8 
(4.1) 

21.8 
(2.9) 

18.1 
(5.3) 

19.0 
(5.5) 

2β (cm) - - 0.07 
(4.3) 

-0.38 
(5.4) 

1.5 
(9.2) 

1.2 
(6.7) 

3β (cm) - - - - -11.2 
(4.1) 

-12.1 
(5.7) 

4β (cm) - - - - 2.8 
(7.5) 

2.0 
(5.9) 

0α (cm) 53.9 
(3.3) 

52.6 
(1.4) 

52.3 
(2.2) 

51.8 
(2.9) 

51.6 
(3.7) 

53.7 
(3.7) 

1α (cm) - 17.4 
(2.6) 

23.8 
(4.0) 

18.4 
(3.0) 

17.9 
(5.9) 

18.2 
(4.2) 

2α (cm) - 3.2 
(3.0) 

2.7 
(3.6) 

3.1 
(4.8) 

3.1 
(4.2) 

2.6 
(4.7) 

3α  

(cm) 
- - - -8.7 

(4.2) 
-10.6 
(5.2) 

-12.4 
(4.5) 

4α (cm) - - - -3.7 
(4.1) 

-3.2 
(4.3) 

-6.0 
(4.4) 

0γ  - - - - - -0.106 
(0.06) 

1γ  - - - - - - 

2γ  - - - - - - 

3γ  - - - - - - 

4γ  - - - - - - 

 -948.54 -942.60 -935.18 -932.54 
    
   -930.36 

 
-929.21 

p 2 4 6 8 10 11 

AIC 1901.1 1893.2 1882.4 1881.1 1880.7 1880.4 

 615 
616 
617 

618 

619 

620 

621 

 
Table 2. Summary of the results for the stepwise evolution of the Valencia buoy: 

chromosome, maximum likelihood estimates of the parameters with standard errors (in 

parentheses), maximum of the log-likelihood function ( ), number of parameters 

involved  ( ) and Akaike Information Criteria statistic (AIC). p
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 622 
623 
624 
625 
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  Buoy BI GI CO CA VA 

Chromosome [10.10.1.00] [ 10.10.1.00] [10.11.1.00] [ 11.11.0.10] [11.11.1.00] 

0β (cm) 325.3 
(6.9) 

310.7 
(6.6) 

409.8 
(9.0) 

216.8 
(6.4) 

161.6 
(4.8) 

1β (cm) 99.5 
(8.6) 

114.2 
(8.3) 

142.9 
(11.1) 

94.4 
(10.3) 

19.0 
(5.5) 

2β (cm) 13.5 
(8.1) 

15.4 
(7.7) 

16.4 
(12.2) 

11.7 
(6.6) 

1.2 
(6.7) 

3β (cm) - - - 19.6 
(5.8) 

-12.1 
(5.6) 

4β (cm) - - - -16.7 
(5.3) 

2.0 
(5.8) 

0α (cm) 80.8 
(4.9) 

79.1 
(4.6) 

105.2 
(6.6) 

62.4 
(4.7) 

53.7 
(3.6) 

1α (cm) 29.4 
(6.1) 

31.4 
(6.3) 

24.6 
(7.9) 

59.0 
(7.7) 

18.2 
(4.2) 

2α (cm) 9.0 
(5.6) 

6.7 
(4.9) 

-0.2 
(8.9) 

0.9 
(5.2) 

2.6 
(4.6) 

3α  

(cm) 
- - -15.5 

(8.1) 
15.8 
(4.7) 

-12.4 
(4.5) 

4α (cm) - - -3.7 
(9.0) 

-9.1 
(4.0) 

-6.0 
(4.4) 

0γ  -0.13 
(0.05) 

-0.12 
(0.05) 

-0.14 
(0.05) - -0.11 

(0.06) 

1γ  - - - -0.17 
(0.08) - 

2γ  - - - 0.03 
(0.07) - 

3γ  - - - - - 

4γ  - - - - - 

p 7 7 9 12 11 

 628 
629 
630 
631 

632 

633 

 
 
Table 3. Summary of the final results for the time-dependent model for the studied 

buoys: final chromosome, maximum likelihood estimates for the location, scale and 

shape parameters (with standard errors) and number of involved parameters. 
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FIGURE CAPTIONS 
 
 

Figure 1. Boxplots for monthly maxima significant wave height in Bilbao, Gijon, La 

Coruña, Cadiz and Valencia buoys. Trapezoidal boxes have lines at the lower quartile, 

median and upper quartile values. The whiskers extend to the 1.5 interquartile range or 

to the range of the data, whichever is shorter, and crosses show unusual values. 

 

Figure 2. Location of the buoys (BI, GI, CO, CA and VA stands for Bilbao, Gijon, La 

Coruña, Cadiz and Valencia, respectively) 

 

Figure 3. Time-dependent GEV probability density function for Gijon with the final 

parameterization. 

 

Figure 4. Scatter plots of annual stationary GEV parameter estimates (each for a given 

month) along a year for La Coruña buoy. Regression fit to one (grey line) and two 

(black line) harmonics is also plotted.  

 

Figure 5.  Evolution of the stepwise method for Valencia buoy, starting from 

(stationary case)  and ending in 1 [00.00.0.00]c = 6 [11.11.1.00]c = (two harmonics for 

the location and scale parameters and a constant non-zero value for the shape 

parameter). Location parameter is indicated in solid lines, scale parameter in dashed 

lines and 20-year time-dependent return level in bold lines. 
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Figure 6. Probability (left) and quantile (right) plots for the best model  

for the Valencia data set. 
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Figure 7. Comparison between the stationary model applied month-to-month (the 

midpoint are the 20-year return level and the vertical lines are the 95% confidence 

interval) and the time-dependent model for Bilbao data set (solid line is the 20-year 

return period quantile and dashed lines 95% confidence interval).  

 

Figure 8. 20-year return period quantiles (bold lines) within a year and 95% confidence 

intervals (dashed lines). The lower lines show the time-dependent location parameter. 

Observed values of monthly maxima significant wave height indicated by crosses. 

Results are for the best model for the five buoys. 

 

Figure 9. Monthly and annual return level plots for Gijon buoy. 
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Figure 1. Boxplots for monthly maxima significant wave height in Bilbao, Gijon, La 

Coruña, Cadiz and Valencia buoys. Trapezoidal boxes have lines at the lower quartile, 

median and upper quartile values. The whiskers extend to the 1.5 interquartile range or 

to the range of the data, whichever is shorter, and crosses show unusual values. 
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Figure 2. Location of the buoys (BI, GI, CO, CA and VA stands for Bilbao, Gijon, La 

Coruña, Cadiz and Valencia, respectively) 
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Figure 3. Time-dependent GEV probability density function for Gijon with the final 

parameterization. 
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Figure 4. Scatter plots of annual stationary GEV parameter estimates (each for a given 

month) along a year for La Coruña buoy. Regression fit to one (grey line) and two 

(black line) harmonics is also plotted.  
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743 Figure 5.  Evolution of the stepwise method for Valencia buoy, starting from 

(stationary case)  and ending in 1 [00.00.0.00]c = 6 [11.11.1.00]c = (two harmonics for 

the location and scale parameters and a constant non-zero value for the shape 

parameter). Location parameter is indicated in solid lines, scale parameter in dashed 

lines and 20-year time-dependent return level in bold lines. 
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Figure 6. Probability (left) and quantile (right) plots for the best model  

for the Valencia data set. 
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Figure 7. Comparison between the stationary model applied month-to-month (the 

midpoint are the 20-year return level and the vertical lines are the 95% confidence 

interval) and the time-dependent model for Bilbao data set (solid line is the 20-year 

return period quantile and dashed lines 95% confidence interval).  
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Figure 8. 20-year return period quantiles (bold lines) within a year and 95% confidence 

intervals (dashed lines). The lower lines show the time-dependent location parameter. 

Observed values of monthly maxima significant wave height indicated by crosses. 

Results are for the best model for the five buoys. 
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804 Figure 9. Monthly and annual return level plots for Gijon buoy. 


