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Abstract

In a binary choice panel data framework, probabilities of the outcomes of several
individuals depend on the correlation of the unobserved heterogeneity. I propose a
random effects estimator that models the correlation of the unobserved heterogeneity
among individuals in the same cluster using a copula. I discuss the asymptotic efficiency
of the estimator relative to standard random effects estimators, and to choose the
copula I propose a specification test. The implementation of the estimator requires
the numerical approximation of high-dimensional integrals, for which I propose an
algorithm that works for Archimedean copulas that does not suffer from the curse
of dimensionality. This method is illustrated with an application of labor supply in
married couples, finding that about one half of the difference in probability of a woman
being employed when her husband is also employed, relative to those whose husband

is unemployed, is explained by correlation in the unobservables.
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1 Introduction

Some empirical questions involve the outcomes of several individuals. In a panel data setting,
this requires the estimation of the joint distribution of the unobserved heterogeneity. For
example, the probability of a woman being employed conditional on the employment status
of her husband, which is larger for married women. Part of this difference can be accounted
by differences in the observed characteristics. However, the remaining fraction could be due
to correlation in the unobservables.

This paper addresses the estimation of a binary choice panel data model when the
unobserved heterogeneity is correlated across individuals in the same cluster (group). In
this setting, available binary choice panel data estimators either ignore the correlation or
do not account for the distribution of individual effects: in the first case the estimated
probability is biased, and in the second case they only estimate some of its components, so
it is not possible to estimate such probabilities.

There are three main contributions in this paper. First, I present the Copula-Based
Random Effects estimator (CBRE) for clustered data. It is a binary choice panel data
estimator that acknowledges the correlation of the unobservables for individuals in the same
cluster and can consistently estimate the probability of joint and conditional events when
there is such correlation. Second, I propose an algorithm for the numerical approximation of
high-dimensional integrals with Archimedean copulas. Simulation results indicate that, for
a similar precision level, it is faster than alternative simulation methods. Third, I estimate
the correlation of the unobserved propensity to work of married couples in several countries
in Europe, finding that this correlation and the covariates have a similar explanatory power.

I consider a setup in which outcomes are correlated for individuals in the same cluster,
but they are independent across them. Clusters are present in many real world situations
because agents often share the same environment. For example, test scores are correlated
within classroom (Hanushek|, [1971)), which reflects the unobserved teacher’s quality.

I model the marginal distributions and the copula of the random effects separately, which



together characterize their joint distribution. This constitutes a flexible way of modeling the
correlation, as it allows the combination of different copulas and marginals. Moreover, there
is no loss of generality, as any continuous multivariate distribution can be expressed in terms
of a multivariate copula and the marginals (Sklar, 1959). In fact, the standard Random
Effects (RE) estimator is a particular case of the CBRE when the copula is independent.

I present the main results using a parametric copula. Because modeling the correlation
of the unobserved heterogeneity is important, I adapt Schennach and Wilhelm| (2017)) test
to this framework to select the most appropriate copula. This test compares the value of the
likelihood with any two parametric copulas, and it can establish if one of them is statistically
better than the other at fitting the data, even if neither is the true one. I also present a test
of independence of the copula when the parameter lies at the boundary of the parameter
space under the null hypothesis, which is the case for several parametric copulas.

This paper builds on the literature of binary choice panel data models (Chamberlain,
1984; |Arellano and Bonhomme, 2011)). The early focus was on the identification of the slope
parameter when the unobserved heterogeneity is unrestricted. Prominent examples include
the Conditional Fixed Effects Logit (Chamberlain) [1980), the Maximum Score Estimator
(Manski, 1975, [1987)), or variations of it (Lee, |1999). These estimators rely on parametric
assumptions on the error term or that some regressors have unbounded support (Chamberlain,
2010). However, such estimators ignore the unobserved heterogeneity, so they cannot estimate
joint probabilities on their own. An alternative approach would be to correct the bias arising
from the incidental parameter problem (Hahn and Neweyl, 2004; Fernandez-Val, |[2009), which
is feasible when the number of periods grows to infinity.

Finally, the random effects approach assumes that the unobserved heterogeneity has
a known parametric distribution, frequently a probit with normally distributed individual
effects (Butler and Moffitt, |1982). This approach has the advantage of jointly estimating
the slope parameters and the distribution of the unobserved heterogeneity, allowing for the

estimation of functions that depend on both, such as joint probabilities.



Regarding the second contribution, RE estimators need to numerically approximate an
integral with respect to the distribution of the individual effects. If they are independent
across individuals as in standard RE estimators, the integral is one-dimensional. However,
when they are dependent the dimension of the integral equals the number of individuals
in each cluster, making the estimator subject to the curse of dimensionality. Thus, much
of the empirical analysis has been constrained to the usage of quadrature methods (Butler
and Moffitt} [1982) for the integration when the latent variable has a low dimension (up to
4), or simulation-based methods (Geweke| 1989; Hajivassiliou et al., [1996), which are often
restricted to the multivariate normal distribution. I propose an algorithm to approximate
high-dimensional integrals numerically when the copula is Archimedean, and it can also be
adapted to elliptical copulas. I compare the performance of the algorithm to that of Monte
Carlo integration, and show that this algorithm overcomes the curse of dimensionality for
the type of approximations considered.

To illustrate the applicability of the estimator, I estimate the correlation in the individual
propensity to work of married couples for several European countries. There is evidence that
people tend to marry to others with similar observed characteristics (Bruze, 2011; (Charles
et al.,2013)), and I find that there is also a moderate degree of correlation in the unobservables
that is heterogeneous across countries.

I decompose the difference in the probability of being employed for women married
to either employed or unemployed husbands, into an endowment and a homophily effect.
Both effects are statistically significant for every country, and the unobserved correlation
that determines the homophily effect accounts for a larger share of the difference than the
endowment effect in about half of them. In particular, it tends to be larger in Southern
European countries and smaller in Northern ones. Moreover, I compute some counterfactual
probabilities, finding that ignoring this correlation produces biases in the estimation of the
probability that at least one member of the couple is employed in each period.

The rest of the paper is organized as follows. In Section [2] I describe the econometric



framework and present the estimator, along with the specification tests. In Section 3|1 discuss
the efficiency of the CBRE estimator relative to alternative methods. Section [ describes
the algorithm used for the approximation of the multidimensional integral. In Section
I conduct a Monte Carlo analysis, and the study on labor supply in couples is shown in

Section [0} Finally, Section [7] concludes. All proofs are shown in Appendix [A]

2 Framework and Estimation

Consider the following binary panel data setup:

Yigt = 1 (y:gt > O) (1>

* /
yigt - nig + xigtﬂo + gigt

where the econometrician observes the dependent variable y;,; and the covariates ;4 for
agent ¢ = 1,..., Ny in cluster g =1,...,G at time t = 1,...,7T', and 1 (-) denotes the indicator
function. Relative to the 7id data framework, there exist clusters of size N, and the individual
effects n;, can be correlated within clusters. Using the taxonomy in Manski| (1993), they are
correlated effects.

Equation|[I]is modeled as a random effects model, so the distributions of the unobservables
are parametric. Denote the distribution of €;,; by F. and the marginal distribution of the
individual effects by F), (nig|xig; 00), where z;; = (g1, oy Tigr) s and T, = (xlg, ...,xNgg),.
Moreover, denote the ranks of the individual effects by w,, = F, (nig|wig; 00), such that
Uy = (ulg, e uNgg>,. To stress the relation between the individual effects and the ranks, I
henceforth denote the former by 7 (u;g4|xig; 00). The correlation of the individual effects is
modeled with the copula C' (u4|x,; po) which, together with the marginals, characterizes their
joint distribution. oy and py respectively denote the parameters of the marginal distribution
and the copula of the individual effects. The latter determines the amount of correlation of

these effects and typically nests the independence copula.



The cluster structure may also be reflected on the distribution of the covariates, which

could be correlated across time and within clusters, but not across clusters. Formally,

Assumption 1. u, is iid forallg =1,...,G, x4 are tid Vg = 1, ..., G, and ;4 are iid for all

i=1,..,Ny,g=1..Gt=1.T.

Hence, I consider a static model in which there could be sorting on observables and
unobservables, both of which would determine the outcome variable. On the other hand,
I am ruling out time-varying individual effects and dynamic effects of both the dependent
variable and the covariates. Note however, that it would be possible to consider a richer
model that combines the within cluster dependence with individual serial correlation.

As usual in discrete choice models, the variance of €, is fixed, and the slope parameters
and the variance of the random effects reflect this normalization. Moreover, if z;4, includes
the constant term or a set of dummies for every period, the mean of the random effect is
normalized to zero. To keep notation compact, define Cx (ugy;p0) = C (ugleg; po). If the
covariates are discrete, it is possible to use a different copula for each distinct value of the
covariates, and if they are continuous, one could parameterize it. E.g., for the Gaussian
copula, one could let p (z) = expP('p) = 1/exp (a/p) + 1.

Let = (8,0, p) and 2y = (yigt, x;gt>,. Denote vectors of stacked individual variables
by the ig subscript, and vectors of stacked cluster-individual variables by the g subscript.

The log-likelihood function is given by

G G Ny
L) = Z_jllog (ly (24;0)) = X_jllog ( L1 Pig (ig, tig; 1) dCx (ug;p)) (2)

[0,V j—1

where P, (24, wig; i) is the individual contribution to the likelihood, i.e. Pi, (2, Uig; pt) =

M 1= B (= (0 (wglwig; o) + 2g,8) )|

estimator is given by = arg maxgeo L (6), and it requires the integration of a product over

Yigt

F. (— (n (ugleig; 0) + 2py8)) """ The CBRE

a potentially large dimensional space. Nonparametric identification of all the components

of Equation [2 cannot be attained under weak assumptions. This lack of identification is



formally addressed in Appendix The asymptotic distribution of the CBRE estimator
is shown in Appendix [S2] Relative to standard RE estimators, it requires the number of
individuals in a cluster to be finite and some regularity conditions on the copula.

A particular case of this model was considered by |Antweiler| (2001), who modeled the
unobserved heterogeneity as the sum of a group and an individual effect. Also, a series of
papers assumed that all individuals in the same group had the same unobserved effect. |Lin
and Ng| (2012) and |[Bonhomme and Manresal (2015)) considered a linear panel data framework
in which group membership is unknown, and they proposed estimators that account for it.
Moreover, the latter allows the group effect to be time-varying. On the other hand, Bester
and Hansen| (2016) considered the estimation with group-effects in a nonlinear panel data
framework with known group membership. These estimators require that the number of
periods and individuals grow to infinity, either at the same or a different rate. This contrasts
with the current setting, in which the number of periods is small and fixed, which limits the

amount of unobserved heterogeneity that can be identified.

2.1 Estimation of Joint and Conditional Events

Let S denote the set of permutations of y, = (ylgl, ey Y1gT ...,yNggT) in which an event of
interest occurs. In the labor supply example, such event could be that at least one of the
two partners is employed in every period, i.e. S = {y, : y1gt + Yo > 1Vt}, where y; = 1 if

individual ¢ is employed at time ¢. The probability of such an event is given by

P(y, € Slz,) = ZP (yy = blay) = Z H H P (bgt|ige, tig) dCx (ug; po) (3)

beS bes J[0,1]N9 =1 t=1

where P (by¢|wigr, uig) = {1 — F. (— (77 (Uiglxig; o) + xggtﬁo)ﬂbgt F. (— (77 (Uig|Tig; o) + x;ytﬁO))l—th

To estimate the probability that the event of interest occurs, replace 6, by 6 and approximate
the integral as shown in Section[d The computation of a conditional event is straightforward

given the estimates of the joint and marginal events: the probability of an event A given B



equals their joint probability divided by the marginal of the event B.

2.2 Choice of Copula and Specification Tests

CBRE can be implemented with any copula, including flexible ones such as mixture copulas
(Trivedi et all, 2007) or Bernstein copulas (Sancetta and Satchell, 2004} see Appendix [S7] for
further details). However, such options are practical as long as the dimension of the clusters
is small, and even then they may be slow to compute. This restricts the class of copulas to
those that are computationally feasible, but in principle it is unknown which of them is the
most appropriate. One possibility is to select the copula with a test.

Testing a parametric copula against another

Vuong| (1989) proposed a test to choose between two parametric models by comparing
their estimated likelihood. This test can be used to compare any pair of copulas and
determine if either provides a statistically better fit than the other, even if neither is the
true copula. However, it requires a pretest to determine if the variance of the difference of
the likelihood is zero, i.e. if the test is in the degenerate. This can occur when both models
are observationally equivalent, which could be the case in this paper, since the copula is not
nonparametrically identified. To overcome this issue, Shi (2015) and Schennach and Wilhelm
(2017) proposed each a test that is non degenerate and does not require pretesting. I use
the latter, and I describe in Appendix how it is adapted to the present setup. Because
the copula models a vector of latent variables, existing nonparametric tests for copulas (e.g.,
Prokhorov et al. 2019) cannot be used, since they require the variables to be observed.

Given the estimates with several copulas, one would choose the one that attains the
maximum likelihood, and test it against any of the other copulas to determine if it is
statistically better. Note that this test can also be used to test the marginal distribution of
the individual effects (e.g., normal versus Laplace distribution), or the distribution of the
time-varying unobserved heterogeneity (e.g., probit versus logit).

Testing for independence of the copula



The researcher may want to test the hypothesis of independence of the copula to justify
using the standard RE estimator (e.g., if the estimand of interest does not depend on the
copula). For most parametric copulas, the independence case is a particular value of p,
denoted by p™? so testing for independence amounts to testing Hy : p = p™?. If pi™ lies
in the interior of the parameter space (e.g., for the bivariate Gaussian copula, Hy : p = 0,
where p € [—1,1]), it is easy to test the null hypothesis using standard tests, such as a t-test.

A more complicated situation arises if p™¢ lies on the boundary of the parameter space,
e.g., Clayton (0), Gumbel (1), or Frank (0). |Self and Liang| (1987) showed that in this case,
the maximum likelihood estimator is still consistent, but not asymptotically normal. For
expositional clarity, I focus on the case in which p is univariate. Let W ~ N (0, 0%;), where
0%, is the element of the inverse of the information matrix that corresponds to p. The limiting
distribution of v/G (ﬁ - pi"d) is given by W1 (W > 0). Hence, the asymptotic distribution
of a Wald test of independence is a 50:50 mixture of a degenerate distribution at 0 and a x?
under the null hypothesis. Then, one would not accept the null hypothesis of independence
if p is greater than the 95th percentile of this mixture distribution.

An important aspect to take into consideration in all cases is the possible error in
the estimation of the asymptotic variance caused by the numerical approximation. If the
estimated standard errors are excessively small, it would lead to a low rejection rate of the
null hypothesis. The simulations in [Skrainka and Judd (2011) indicate that this problem is

particularly severe for simulation-based approximations.

3 Efficiency

Denote the vector of marginal parameters by u = (3',0')’. The RE estimator, denoted by

iL, is the maximizer of the following function:

L) =303 log (6 (zigi ) = 303 ~log ( TL Py (ot g 1) du) (4)

g=1i=1 g=11i=1 0 i=1



Under the correct parametric assumptions and suitable regularity conditions, which are
discussed in Appendix [S2] RE and CBRE are consistent estimators of y and asymptotically
normal. If one is only interested in p or functions that depend on it, such as Average Partial
Effects (APE; see Appendix for further details), one could use either estimator. RE is
faster to implement, making it more appealing from a computational standpoint.

However, RE is generally inefficient. The Infeasible CBRE (ICBRE) estimator, which
maximizes Equation[2] when the copula is fully known, is at least as efficient as RE. Moreover,
combining the scores of RE and CBRE and using the optimal weighting matrix would yield
a more efficient and feasible GMM estimator: the Augmented CBRE (ACBRE) estimator.

The following Proposition establishes their relative efficiency:

Proposition 1. Denote the asymptotic variances of RE, CBRE, ACBRE, and ICBRE by

RE _ RE,-1RE RE,—1
Eu o D#H Qu DHH (5>
CBRE _ CBRE,-1
20 - Deo (6)
/ -1 -1
CBRE CBRE CBRE,RE CBRE
ZACBRE o D99 QH Q@ D90 (7)
s —
RE,CBRE RE RE
DEE Q Q D
ub 0 B b
ICBRE __ CBRE,—1
Eu =D el (8)

CBRE,RE RE,CBRE . .
where DI, DEF . DgPRE QIRE QFPRE QP m2 Y and Q™ are defined in Appendzx.

1. ACBRE is no less efficient than CBRE for the estimation of 6, and no less efficient

than RE for the estimation of .
2. ICBRE 1is no less efficient than either CBRE or RE for the estimation of .
3. If DIY? = QGPRERE “ ACBRE and CBRE are equally efficient for the estimation of 6.

4. If the copula is independent, ICBRE, ACBRE and RE are equally efficient for the

estimation of .
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5. If foRE =0, CBRE and ICBRE are equally efficient for the estimation of p.

Because L is a particular case of £, ICBRE is generally more efficient than RE. Thus,
the precision of the estimates of the marginal parameters can be improved thanks to the
information provided by the copula, as is the case for ACBRE. Similarly, the efficiency of
CBRE can be improved by adding the scores of the RE estimator, unless they are redundant,
which also happens under independence. On the other hand, CBRE requires the estimation
of p, so it is not always more efficient than RE. The simulation evidence in Section [5] suggests
that the extra information coming from the copula is usually dominant, making CBRE
slightly more efficient than RE, except when the copula is nearly independent.

Another estimator more efficient than RE would use the scores with respect to u for each
group member separately. This requires that all groups have the same size and it follows
because the individual scores could be correlated: using their sum is less efficient than using
all of them individually, akin to the QMLE and IQMLE estimators considered by [Prokhorov

and Schmidt| (2009)). The following proposition formalizes this argument:

Proposition 2. Denote the set of individual marginal scores by

V. log (bg (215 1))

V, log (Eﬁg (zﬁg; ,u))
for g =1,...,G. Define the Improved RE (IRE) estimator as the GMM estimator based on

E [s4 (10)] = 0 that uses the optimal weighting matriz. IRE is no less efficient than RE, and

under independence they are equally efficient.

4 Implementation Algorithm

Typically, integrals like those in Equation 2] do not have a closed form solution. Thus,

solving for 6 in Equation [2 requires the numerical evaluation of the score and the Hessian

11



(see Appendix . Simulation methods like Monte Carlo tend to perform slowly when the
dimension of the integrals is large, and have been outperformed by some recent advances in
high dimensional numerical integration methods (Heiss and Winschel, 2008; [Skrainka and
Judd, [2011)), although they are still subject to the curse of dimensionality. I propose an
algorithm to numerically approximate a class of integrals when the copula is Archimedean.

By Corollary 2.2 in Marshall and Olkin (1988), an Archimedean copula is given by

ct= [ ew (- 0o w)as (o (10

+

where B is the cdf of (, and ¢; is the Laplace transform of the marginal distributions of
B. For some of the most common Archimedean copulas, ¢ is unidimensional and ¢; = ¢Vi.

Consider the following integral:

7= ﬂ&(ui)d(](u)—/R ﬁ[/ol&(ui)dFC(ui)] dB (¢) (11)

(0,1 i=1 + =1

where F¢ (u;) = exp(—C¢~!(u;)). The N-dimensional integral can be expressed as the
integral of the product of N independent integrals, reducing the dimensionality from N to
2. Intuitively, the condition that ¢ is unidimensional and ¢; = ¢Vi implies that the elements
of the copula are exchangeable, i.e. C (uy,uz) = C (u2,u;), and therefore the correlation
between any two elements of the copula is always the same. This seems reasonable in a
context in which all individuals within a cluster are affected by a common factor, e.g., all
students in a classroom are affected by teacher’s quality. This condition is more likely to
hold when one conditions on the covariates. To see this, consider the following example. Let
Yy =x; +¢; for © = 1,2, where the marginal distribution of x; is Fx, the copula between x;
and x5 is given by C'x, the marginal distribution of ¢; is F., and €; and ¢, are independent.
Then, P (Y} < yi, Y5 < ysl|wq, x0) = Fr (y7 — x1) F- (y3 — x2), so the copula between Y;* and
Y;" conditional on X; and X5 is exchangeable. On the other hand, P (Y <y}, Yy <y;) =

[ Cx (Fx (yf —e1), Fx (y5 — 2)) dF. (e1) dF. (e2). If Cx is not exchangeable, then neither

12



is the copula between Y;* and Y. Taking this into consideration, the proposed algorithm to

approximate the integral is given by

1. Compute a grid of values of ¢, given by (; = B~! (Nlj+1>’ Vji=1,.., ;.

2. Compute a grid of values of u Vj, given by w;, = ¢ (—% log (ﬁ)), Vh =1,...,Ns.

3. Approximate the integral by 7= N% Z;V:ll A {% ZhNil i (ujh)}.

To understand how the algorithm works, consider the integration of a function m with
respect to a distribution F: [ m (z) dF (x). This integral is approximated by evaluating the
1

function m at @) evenly spaced quantiles and taking the average across them: o Zqul m(x,),

where x, = F~! (ﬁ) is the gth quantile of the function F.

The algorithm uses this approximation twice, and Figure[l|shows how the selection of the
points used for integration is done in practice. For a fixed value of (, there are N, different
values for each u; as shown in the upper graphs. These points split the unit interval into
N5 + 1 intervals that have the same probability of occurring, conditional on (. Hence, the
inner integral of each dimension j is approximated by Niz N2, i (ujn). The symmetry of the
copula means that the points u;, are indeed the same for each dimension, so there is no need
to compute a different number of points of support for each dimension. Then, to approximate
the outer integral, repeat the previous operation for the NNy values of (; and calculate the
average across them. This reasoning can also be applied to approximate integrals with
Elliptical copulas, and a variation of this algorithm is presented in Appendix [S6]

Graphically, the number of squares increases as one moves from the upper to the lower
graphs (Figure . As Ny, Ny — o0, the unit square is covered by more points and 7T
For higher dimensions the intuition remains the same, and for each value of (; there is a
hypercube composed of N¢ points.

This algorithm can be used for the joint maximization of £ (#) with respect to all

parameters. However, if the number of parameters is large, the algorithm could be combined

with other strategies to obtain the CBRE estimator or an approximation of it. For example,
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Figure 1: Algorithm grid to approximate the integral
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one could maximize £ (6) with respect to p and p iteratively until convergence is achieved;
alternatively one could estimate p by RE, and maximize L (firg, p) with respect to p. The
latter could be also used as the initial condition for the CBRE estimator.

I compare the performance in terms of speed and precision of the algorithm relative to
Monte Carlo simulation, by approximating the integral Z = f[ovl}d H;l:l VUdC (uy, ..., ug; p)
with a Clayton (4) copula and dimension d = {2, 3}, which has no closed form solution. The
number of draws of the Monte Carlo equals Ny Ng, i.e. the total number of points evaluated
by the algorithm. The results are shown in Table [}

Even when d = 2, the algorithm proposed in this paper is several orders of magnitude
faster than the traditional Monte Carlo. Moreover, for a given number of points, their
performance is similar, and the approximation is within two standard deviations of the
Monte Carlo. The algorithm consistently reports a number inferior to the mean across
repetitions of the Monte Carlo. However, increasing the number of points at which the
integral is evaluated is not as costly as for the Monte Carlo, resulting in a more accurate
approximation for a given amount of computational time. When d = 3, the algorithm loses
some accuracy with respect to the Monte Carlo, but time gains are large enough to allow

for an increase in the number of integration points of the algorithm and still outperform the
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Table 1: Implementation algorithm & Monte Carlo comparison

Ny =Ny 9 19 49 99
d=2
5 Algorithm  0.4933 0.4934 0.4936 0.4937
Monte Carlo 0.4942 0.4944 0.4940 0.4940
D Algorithm

Monte Carlo 0.0112 0.0033 0.0008 0.0003
Algorithm ~ 0.0001 0.0003 0.0011 0.0032

Time  yronte Carlo 00027 0.0036 0.0569  0.4776
d=3
2 Algorithm  0.3786 0.3827 0.3854  0.3863
Monte Carlo  0.3868 0.3873 0.3873  0.3873
3D Algorithm - - - -
 Monte Carlo  0.0039 0.0007 0.0001  0.0000
Time  Algorithm  0.0001 0.0003 0.0011  0.0035

Monte Carlo 0.0252 0.0828 3.3281 58.8875

Notes: Z is the approximated value of the integral for the proposed

algorithm, and the mean value across repetitions for the Monte Carlo

simulations. The sampling algorithm for the Monte Carlo is the one

proposed by Marshall and Olkin| (1988). The true value Z has no

closed-form expression.
Monte Carlo. Note that the consistency of the estimator requires increasing the number of
grid points as the sample size increases. This is common to simulation methods, although
the approximation error is more severe for the latter (Skrainka and Judd} 2011)).

Table[2]shows the performance of the algorithm in high dimensions: its accuracy decreases

with the dimensionality of the problem, as reflected in the changes in the approximation when
the number of points used to evaluate the integral is increased. However, for given N; and
N, computational time remains unchanged despite the increase of the dimensionality. This
suggests that for applications with moderately large clusters, values of N; and N, between 20

and 50 should suffice. Moreover, the simulations in Section [5| suggest that keeping N; = Ny

is crucial to obtain consistent estimates of the copula parameters.
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Table 2: Performance in high dimensions

Ny = Ny 9 19 49 99 199

d=2
7 0.4933 0.4934 0.4936 0.4937 0.4938
Time  0.0001 0.0003 0.0011 0.0032 0.0108
d=3
z 0.3786 0.3827 0.3854 0.3863 0.3868
Time  0.0001 0.0003 0.0011 0.0035 0.0107
d=5
T 0.2452 0.2534 0.2584 0.2602 0.2610
Time  0.0001 0.0003 0.0011 0.0035 0.0109
d=10
7 0.1076 0.1176 0.1238 0.1260 0.1271
Time  0.0001 0.0003 0.0011 0.0033 0.0109
d =50
A 0.0017 0.0033 0.0049 0.0057 0.0062
Time  0.0001 0.0003 0.0011 0.0033 0.0108

Notes: 7 is the approximated value of the integral for the
proposed algorithm. The true value Z has no closed-form

expression.

5 Monte Carlo

The finite sample performance of the estimator is shown in a Monte Carlo exercise with
the following data generating process: v = 1 (mg + v+ x;gtﬁ + Eigt > O), where g;4; is
logistically distributed, 1, ~ N (0,02), uy ~ Clayton (py), 7o = (—1.5,—1,—0.5,0)', iy ~
U0,1), Bo =1, 00 =3, and pg = 8 for t = 1,2,3,4, i = 1,..,10, g = 1,...,G, where
G = 100, 200, 500.

Table [3] shows the estimates of the parameters. As argued in Section [3] both CBRE
and RE consistently estimate the time effects and 5. The CBRE estimates of o have a
slightly upward approximation bias that decreases as the number of points used for the
approximation increases, though it is of the same magnitude regardless of the sample size.
RE is implemented using Gaussian quadrature, greatly reducing the approximation bias.

Setting N7 # N, results in a substantial bias of the correlation parameter: if Ny > Ns, then
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the parameter is downward biased, whereas if N7 < N, the bias is positive. In terms of
efficiency, CBRE displays a slightly smaller variance.

Table |3 also shows the estimates of the joint probability that y15 = yoqe = 1 (P1), and
the conditional probabilities that y;,4 = 1 conditional on either yo; = 1 or o, = 0 (P2
and Pj, respectively). CBRE estimates the three probabilities consistently, but RE is biased
because it does not account for the correlation in the unobserved heterogeneity. Notice also
that the approximation bias of is small CBRE displays little sensitivity to the choice of NV
and Ny. On the other hand, both CBRE and RE consistently estimate the unconditional
probability that v, equals 1 (Fy), although the latter is less efficient.

The standard errors of CBRE and the cluster-robust ones of RE correctly estimate the
asymptotic variance of the estimator across repetitions (Table {]). This is true both when the
individual effects are correlated and when they are independent. The only exception is the
standard error of the copula parameter in the independence case, which follows because it lies
at the boundary of the parameter space, making the asymptotic distribution non-normal.
On the other hand, the naive standard errors of RE are biased when the copula shows
dependence. Table [4 also shows that the efficiency gain on the marginal parameters of
CBRE vanishes when the copula is independent.

Finally, Table [5| shows the performance of the estimator under misspecification. In
particular, I consider a logit with a Frank copula, and a probit with a Clayton copula.
When the true copula is a Clayton, RE tends to have a worse fit than the correctly specified
estimators, as reflected by the independence tests. Using a misspecified copula results in a
slightly worse fit, but in most cases their fit is statistically equivalent. Changing the logit
to a probit does not reduce the fit by much, in line with previous results in the literature
(Chambers and Coxl [1967; Amemiya, [1981). Indeed, when there is positive correlation, the
specification tests tend to accept the null of equal fit for probit with the correctly specified
copula more often than for the logit with the incorrect copula. Hence, the test has little

power against the false hypothesis of equal fit unless the sample size is large. In all cases
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Table 3: Monte Carlo Results

N 1000 2000 5000
CBRE RE CBRE RE CBRE RE fo

Ny | 10 10 50 50 10 10 50 50 10 10 50 50

Ny | 10 50 10 50 10 50 10 50 10 50 10 50

v | -148 152 -147 -150 -151 | -147 -151 -145 -149 -150 | -1.47 -1.50 -1.45 -1.48 -1.50 | -1.5
(0.32)  (0.32) (0.33) (0.33) (0.34) | (0.22) (0.22) (0.23) (0.23) (0.24) | (0.14) (0.14) (0.14) (0.14) (0.15)

vy | <098  -1.02  -0.96 -1.00 -1.00 | -0.97 -1.01 -0.96 -0.99 -1.01 | -0.97 -1.00 -0.95 -0.98 -1.00 | -1
(0.32)  (0.32) (0.33) (0.33) (0.34) | (0.22) (0.22) (0.23) (0.23) (0.24) | (0.14) (0.14) (0.14) (0.14) (0.15)

vs | -047  -051  -046 -049 -0.50 | -0.47 -051 -0.46 -0.49 -0.50 | -0.47 -0.50 -0.45 -049 -0.50 | -0.5
(0.33)  (0.32) (0.33) (0.33) (0.34) | (0.22) (0.22) (0.23) (0.23) (0.24) | (0.14) (0.14) (0.14) (0.14) (0.15)

v | 003  -001 004 001 000 | 003 -001I 004 00l 000 | 003 000 005 001  0.00 0
(0.32)  (0.32) (0.33) (0.32) (0.33) | (0.22) (0.22) (0.23) (0.23) (0.24) | (0.14) (0.14) (0.14) (0.14) (0.15)

B | 099 099 099 099 099 | 1.00 100 1.00 1.00 100 | 1.0l 1.001 1.01 1.0l  1.00 1
(0.18)  (0.18)  (0.17) (0.17) (0.19) | (0.13) (0.13) (0.13) (0.13) (0.13) | (0.08) (0.08) (0.08) (0.08) (0.09)

o | 356 352 317 312 300 | 355 351 316 312 299 | 355 351 317 312  2.99 3
(0.26)  (0.26)  (0.24) (0.24) (0.27) | (0.19) (0.19) (0.18) (0.18) (0.20) | (0.12) (0.12) (0.11) (0.11) (0.12)

p | 761 921 657  8.00 - 6.96 853 620  7.63 - 688 843 612 753 - 8
(13.03) (12.86) (6.83) (5.55) (1.01) (1.20) (0.94) (1.13) (0.60) (0.72) (0.56) (0.67)

L | -1658  -1658 -1658 -1658 -2137 | -3327 -3327 -3327 -3326 -4287 | -8324 -8323 -8323 -8322 -10729

P, | 0269 0267 0266 0265 0.150 | 0.270 0269 0.267 0.266 0.150 | 0.271 0.269 0.268 0.267 0.151 | 0.264
(0.03)  (0.03) (0.03) (0.03) (0.03) | (0.02) (0.02) (0.02) (0.02) (0.02) | (0.01) (0.01) (0.01) (0.01) (0.01)

P, | 0692 0691 0.685 0.685 0.386 | 0.693 0.692 0.687 0.686 0.387 | 0.694 0.693 0.688 0.687 0.388 | 0.684
(0.03)  (0.03) (0.03) (0.03) (0.04) | (0.02) (0.02) (0.02) (0.02) (0.03) | (0.01) (0.01) (0.01) (0.01) (0.02)

Py | 0196 0195 0199 0.199 0.386 | 0.197 0.196 0.200 0.199 0.387 | 0.196 0.196 0.200 0.199  0.388 | 0.199
(0.02)  (0.02) (0.02) (0.02) (0.04) | (0.01) (0.01) (0.01) (0.01) (0.03) | (0.01) (0.01) (0.01) (0.01) (0.02)

Py | 0380 0387 0388 0.38 0.38 | 0.390 0.389 0.390 0.390 0.387 | 0.391 0.389 0.391 0.391 0.388 | 0.386
(0.03)  (0.03) (0.03) (0.03) (0.04) | (0.02) (0.02) (0.02) (0.02) (0.03) | (0.01) (0.01) (0.01) (0.01) (0.02)

Notes: Mean estimates of the parameters across 1000 repetitions, standard deviations across repetitions in parentheses, £ denotes the maximized
value of the likelihood function, and 6y the true value of the parameters. P, denotes the average probability across periods that 414 = y2q: = 1,
P, denotes the average probability across periods that 14 = 1, conditional on ¥4 = 1, P3 denotes the average probability across periods that
Y1t = 1, conditional on y24¢ = 0, and P4 denotes the average probability across periods that 34+ = 1. The RE estimates were calculated by

approximating the integral with a Gauss-Hermite quadrature with 20 points.
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Table 4: Monte Carlo Results

Positive correlation

N 1000 2000 5000
CBRE RE CBRE RE CBRE RE
se (é) Var (é) se (9) Var (9) se (é) Var (é) se (é) Var (é) se (é) Var (9) se (é) Var (é)
v | 0.326 0.322 0.173 0.335 0.229 0.222 0.122 0.235 0.144 0.143 0.077 0.145
[0.335] [0.237] [0.150]
Y2 | 0.325 0.325 0.169 0.339 0.228 0.224 0.119 0.239 0.143 0.143 0.075 0.145
[0.335] [0.236] [0.150]
v3 | 0.324 0.315 0.166 0.329 0.227 0.221 0.117 0.238 0.143 0.143 0.074 0.146
[0.334] [0.236] [0.149]
v4 | 0.324 0.322 0.165 0.333 0.227 0.224 0.116 0.235 0.143 0.141 0.073 0.143
[0.331] [0.234] [0.148]
5 | 0.182 0.173 0.188 0.184 0.125 0.127 0.133 0.137 0.078 0.081 0.084 0.087
[0.186] [0.132] [0.084]
o | 0.249 0.257 0.147 0.282 0.174 0.181 0.104 0.202 0.109 0.107 0.066 0.122
[0.280] [0.198] [0.125]
P 1.692 1.754 - - 1.107 1.146 - - 0.669 0.681 - -
Independence
N 1000 2000 5000
CBRE RE CBRE RE CBRE RE
se (é) Var (é) se (é) Var (é) se (é) Var (é) se (é) Var (é) se (é) Var (é) se (é) Var (é)
v | 0.185 0.178 0.173 0.178 0.127 0.123 0.122 0.122 0.079 0.075 0.077 0.075
[0.172] [0.122] [0.077)
Y2 | 0.180 0.173 0.169 0.173 0.123 0.119 0.119 0.119 0.077 0.073 0.075 0.073
[0.169] [0.120] [0.076]
v3 | 0.177 0.169 0.166 0.168 0.122 0.119 0.117 0.119 0.076 0.075 0.074 0.075
[0.166] [0.118] [0.074]
Y4 | 0.176 0.169 0.165 0.169 0.121 0.121 0.116 0.120 0.075 0.071 0.073 0.071
[0.165] [0.117] [0.074]
5 | 0.196 0.192 0.189 0.191 0.136 0.134 0.133 0.134 0.084 0.083 0.084 0.083
[0.186] [0.132] [0.084]
o | 0.160 0.158 0.148 0.151 0.111 0.110 0.104 0.104 0.069 0.069 0.066 0.066
[0.147] [0.104] [0.066)
0.033 0.017 - - 0.022 0.012 - - 0.013 0.007 - -

Notes: Var (é) and %(9) respectively denote the variance of the estimates and their mean standard errors across 1000

repetitions. Cluster-robust standard errors of the RE estimates in brackets; RE estimates were calculated by approximating the
integral with a Gauss-Hermite quadrature with 20 points.



the APE is correctly estimated, and the bias on the estimated probabilities is large only for
the RE estimator. When the true copula is independent, all three estimators have a similar

performance, and the specification tests tend to accept the null hypothesis of equal fit.

6 Labor Supply in Married Couples

I apply the presented methodology to study how assortative mating affects labor supply in
married couples. I use the 2012 wave of the EU-SILC (European Union Statistics on Income
and Living Conditions) dataset, which follows 279,115 individuals during the 2009-2012
period. I keep the sub-population of married couples, in which both individuals were aged
21-65 during the whole period, totaling 28,246 individuals.

I estimate six different specifications combining the logit and the probit with three
different parametric copulas: Clayton, Frank, and Gaussian. For each of these specifications,
I compute the CBRE estimator with correlated random effects, reporting the one with
the lowest Akaike Information Criterion (AIC). To relax the parametric assumption of the
copula, I also compute CBRE with a Bernstein copula of orders 2-4. These estimators are
then compared to RE. Additionally, I also consider all the preceding estimators with standard
random effects. The estimates with the Bernstein copula and the RE estimates are presented
in Appendix [S§ both with standard and correlated random effects. Additionally, I report
the Bayesian Information Criterion (BIC) and the 10-fold cross validated likelihood.

All three parametric copulas, as well as the Bernstein copula of order 2 satisfy the
exchangeability condition. On the other hand, Bernstein copulas of higher order are not
necessarily symmetric. In all specifications, the marginal distribution of the random effects
is normal. The dependent variable takes value one if agent ¢ worked during year t and zero
otherwise. The covariates included are gender, number of children smaller than 5 years old,
age, level of education, and total household non-labor income, along with yearly dummies.

The estimates are qualitatively similar in all countries (Table [f]): married females work
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Table 5: Monte Carlo Tests

Positive correlation

N 1000 2000 5000 True value
CBRE RE CBRE RE CBRE RE
Logit Logit  Probit  Logit Logit Logit  Probit  Logit Logit Logit  Probit  Logit
Clayton Frank Clayton - Clayton Frank Clayton - Clayton Frank Clayton -
APFE 0.19 0.20 0.20 0.20 0.19 0.20 0.20 0.20 0.19 0.20 0.20 0.20 0.20
(0.03) (0.04) (0.04) (0.04) | (0.03) (0.03) (0.03) (0.03) | (0.02) (0.02) (0.02) (0.02)
Py 0.27 0.25 0.26 0.15 0.27 0.25 0.26 0.15 0.27 0.25 0.27 0.15 0.29
Py 0.69 0.68 0.68 0.39 0.69 0.68 0.68 0.39 0.69 0.68 0.68 0.39 0.77
Ps 0.20 0.19 0.20 0.39 0.20 0.19 0.20 0.39 0.20 0.19 0.20 0.39 0.14
Hy - 92.8 94.1 0.1 - 89.2 92.5 0.0 - 77.0 86.4 0.0
H,y - 6.8 4.7 99.9 - 10.5 6.6 100.0 - 22.9 13.4 100.0
Hy - 0.4 1.2 - - 0.3 0.9 - - 0.1 0.2 -
Independence
N 1000 2000 5000 True value
CBRE RE CBRE RE CBRE RE
Logit Logit  Probit  Logit Logit Logit  Probit  Logit Logit Logit  Probit  Logit
Clayton Frank Clayton - Clayton Frank Clayton - Clayton Frank Clayton -
APE 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
(0.03)  (0.03) (0.04) (0.04) | (0.03) (0.03) (0.03) (0.03) | (0.02) (0.02) (0.02) (0.02)
Py 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.14
Py 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.37
Ps 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.37
Hy - 99.7 94.4 98.1 - 99.8 93.8 97.5 - 100.0 94.0 97.0
H,y - 0.1 3.5 1.9 - 0.0 4.6 2.5 - 0.0 4.7 3.0
Hs - 0.2 2.1 - - 0.2 1.6 - - 0.0 1.3 -

Notes: Mean estimates of the average partial effects (APE) across 1000 repetitions, standard deviations across repetitions in parentheses.
Py denotes the average probability across periods that yi4¢ = y24¢ = 1, P» denotes the average probability across periods that yi4 = 1,
conditional on y24¢+ = 1, and P; denotes the average probability across periods that y;4: = 1, conditional on y24+ = 0. For the independence
test, Hy denotes the percentage of cases in which the null hypothesis of independence was accepted, and H; denotes the percentage of
cases in which it was rejected. For the specification tests, Hy denotes the percentage of cases in which the null hypothesis of equal fit
was accepted, H; denotes the percentage of cases in which the alternative hypothesis that the Clayton-logit estimator provides a better
fit was accepted, and Ho denotes the percentage of cases in which the alternative hypothesis that the alternative estimator provides a
better fit was accepted. For all tests, the confidence level is 95%. The RE estimates were calculated by approximating the integral with
a Gauss-Hermite quadrature with 20 points.



with a smaller probability than their husbands, the probability to work decreases with age,
and increasing the level of education is correlated with an increase in the probability to work
(with the exceptions of Greece and the United Kingdom, where workers with primary or no
education have a larger probability of working than those with secondary education, although
it is not statistically significant). The number of children smaller than 5 years old typically
has a negative effect, particularly on women. However, this effect is not always significantly
different from zero. In some countries the effect is positive, though never significant. On the
other hand, the coefficient of non-labor income is not significant in all countries.

The standard deviation of the distribution of the time-invariant unobserved propensity
to work, 7;., is substantially large and significant in all countries, highlighting its relevance
to explain the probability of being employed. Moreover, the estimated copula is statistically
different from the independence copula at the 95% confidence level in all countries in the
sample, despite the moderate sample size in some of them. The correlation of the individual
effects, measured by the Kendall’s 7 correlation coefficient, is smaller in Northern European
countries (Norway, Finland or Poland), with the exception of Denmark; it is larger in
Southern European ones (Belgium, Spain or Portugal), with the exception of Italy.

The selected model varies by country. To test whether they are statistically better than
the alternatives, I report pairwise Schennach and Wilhelm tests in the first six rows of
Table [7l With the exception of the UK, the logit provided a better fit than the probit, and
only in four countries the logit is significantly better than the probit when the copula is the
same (Denmark, France, the Netherlands and Norway). Regarding the copula, the best fit is
achieved with the Clayton in four countries (Denmark, Finland, Hungary and Norway), the
Gaussian in another four countries (Greece, the Netherlands, Portugal and Spain) and the
Frank in the rest. The test accepts the hypothesis that the selected copula is statistically
better than one of the alternative copulas only in one country, France. Hence, for this sample
size, CBRE improves the fit of RE from a statistical standpoint, but the copula choice is a

secondary concern in most cases.
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Table 6: Parametric copula CBRE estimates

AT BE BG CZ DK EL ES FI FR HU IT NL NO PL PT UK

FE -1.86 -340 -086 -1.62 -1.04 -499 -426 -070 -1.62 -0.58 -4.07 -524 -199 -2,51 -2.88 -0.61
(0.53) (0.85) (0.48) (0.36) (0.37) (0.62) (0.33) (0.41) (0.32) (0.33) (0.31) (0.70) (0.35) (0.40) (0.53) (0.29)

C5 -0.77  0.11 -3.67  0.12 -0.60 1.01 0.48 -2.10  -0.31  -0.19 0.87 0.30  -1.23 0.69 -0.07 087
(0.91) (0.78) (2.98) (1.73) (1.15) (0.67) (0.38) (0.67) (0.55) (0.51) (0.46) (3.58) (0.64) (0.51) (1.32) (1.22)

C5*FE  -0.83 -0.41 277 -4.21 0.67 -1.27 -1.41 -046 -1.27 -257 -190 -1.72 0.53  -1.81 0.01 -2.36
(1.17)  (1.35) (4.18) (1.85) (1.68) (0.92) (0.54) (0.89) (0.67) (0.54) (0.59) (3.66) (0.75) (0.61) (1.55) (1.32)

AGE -0.2r -045 -0.18 -0.28 -0.10 -0.22 -0.13 -0.18 -043 -0.21 -0.20 -0.39 -0.10 -0.35 -0.27 -0.06
(0.04) (0.07) (0.03) (0.03) (0.03) (0.03) (0.02) (0.03) (0.02) (0.02) (0.02) (0.05) (0.02) (0.03) (0.03) (0.02)

SE 0.94 1.39 1.68 2.53 0.30  -0.09 2.03 1.84 1.19 1.69 2.51 2.16 1.99 2.21 1.68  -0.03
(0.41) (0.45) (0.61) (0.59) (0.43) (0.30) (0.29) (0.51) (0.26) (0.29) (0.29) (0.64) (0.39) (0.67) (0.48) (0.21)

TE 1.82 2.51 4.40 4.46 1.92 3.86 3.86 2.71 4.15 3.65 4.74 4.32 3.27 5.89 4.32 0.45
(0.61) (0.48) (0.80) (0.78) (0.50) (0.55) (0.31) (0.58) (0.39) (0.42) (0.46) (0.63) (0.42) (0.79) (0.81) (0.24)

IN 0.00 -0.01 0.10 0.04 0.00 0.03 -0.01 0.00 0.00 -0.01 0.00 0.03 0.00 -0.01 0.04 0.00
(0.01) (0.01) (0.66) (0.05) (0.01) (0.05) (0.03) (0.02) (0.00) (0.10) (0.02) (0.02) (0.01) (0.18) (0.11) (0.02)

C5 -1.42  -3.78 4.11 -1.50 -148 -1.21 -1.21 0.27  -2.46 1.23  -0.20 -3.06 0.58 -199 -0.60 -0.76
(1.49) (2.36) (3.43) (1.87) (1.55) (1.31) (0.74) (1.22) (0.89) (1.13) (0.79) (4.14) (1.15) (1.09) (1.96) (1.32)

Ch+«FE -421 -3.15 -9.09 -5.61 0.07  -1.39 0.98 -5.74 -498 -765 -1.93 -1.28 -2.73 -498 -2.49 0.14
(1.69) (2.37) (4.78) (2.10) (1.94) (1.46) (0.87) (1.50) (1.09) (1.35) (0.93) (4.12) (1.24) (1.22) (2.15) (1.44)

IN 0.04 -0.01 -0.58 0.04 -0.01 -0.04 0.09 -0.01 0.01 0.09 0.11 -0.03 0.00  -0.03 0.12 -0.06
(0.02) (0.06) (1.41) (0.15) (0.01) (0.08) (0.07) (0.05) (0.01) (0.62) (0.04) (0.03) (0.01) (0.09) (0.22) (0.05)

o 4.65 7.20 5.13 4.67 3.46 5.76 4.76 4.09 6.45 5.01 4.77 6.64 4.10 6.10 5.53 2.50
(0.36) (0.79) (0.43) (0.28) (0.29) (0.41) (0.21) (0.31) (0.26) (0.26) (0.21) (0.49) (0.26) (0.32) (0.40) (0.22)

p 1.80 2.29 1.39 2.01 0.55 0.35 0.42 0.26 1.47 0.41 0.79 0.33 0.19 0.78 0.48 1.24
[0.00] [0.00] [0.02] [0.00] [0.00] [0.00] [0.00] [0.01] [0.00] [0.00] [0.00] [0.01] [0.01] [0.00] [0.00] [0.03]

Model Log Log Log Log Log Log Log Log Log Log Log Log Log Log Log Pro
Copula Fra Fra Fra Fra Cla Gau Gau Cla Fra Cla Fra Gau Cla Fra Gau Fra
T 0.19 0.24 0.15 0.21 0.22 0.23 0.27 0.11 0.16 0.17 0.09 0.21 0.09 0.09 0.32 0.14

N 764 604 780 1404 696 930 1906 882 3370 1422 2186 1360 1364 1848 814 640

Notes: Standard errors in parentheses for all coefficients except for p, for which I report the p-values in square brackets. FE, C5, AGE, SE, TE,
and IN respectively denote female, number of children smaller than 5 years old, age, secondary education, tertiary education, and non-labor income
(expressed in thousands of euros); the = symbol is used to denote the coefficient of the correlated random effect; Model denotes the best fitting binary
choice model: logit (Log) or probit (Pro); Copula denotes the best fitting copula: Clayton (Cla), Frank (Fra), or Gaussian (Gau); 7 denotes Kendall’s
7 correlation coefficient; the contour plots of the copula estimates are shown in Figure [3] N is the sample size of each country. The estimates shown
are those of Austria, Belgium, Bulgaria, Czech Republic, Denmark, Greece, Spain, Finland, Hungary, Italy, Netherlands, Norway, Poland, Portugal,
and the United Kingdom. The estimates of the remaining countries (Cyprus, Estonia, Iceland, Lithuania, Luxemburg, Latvia, Malta, and Slovenia)
are available upon request.



Table 7: Tests and counterfactuals

AT BE BG CZ DK EL ES FI FR HU 1T NL NO PL PT UK
S 793 548 97 65 - 230 306 - 13 - 66 244 - 361 195 6.7
SWy - - - - 39.3 27.7 288 700 - 19.0 - 31.2 485 - 154 21.9
SW3 76.5 50.1 9.7 8.1 38.9 - - 52.8 4.2 20.8 13.8 - 471  65.3 - 10.5
SWy 62.7 53.0 3.4 6.7 1.0 22.0 7.3 46.9 0.2 8.6 1.8 1.5 1.3 80.8 9.2 6.1
SWs 15.0 75.6 5.0 11.6 193 33.1 5.9 60.6 1.1 14.4 4.6 2.7 9.4 80.4 6.0 -
SWy 39.6 55.1 2.0 8.3 8.7 40.0 5.3 42.8 0.4 14.1 2.3 1.4 3.4 83.4 10.5 9.1
rw, 729 674 771 745 86.7 53.1 553 764 733 650 545 773 829 63.8 650 776
(1.8) (3.1) (1.8) (25) (1.4) (1.9 (1.3) (1.6) (0.9 (14) (1.3) (1.3) (1.2) (1.4) (L9) (2.0)
cPl1, 76.6 747 810 771 89.0 569 586 79.0 789 70.7 586 787 842 687 703 79.1
(L.7) (2.6) (1.6) (21) (1.3) (2.0) (1.3) (1.6) (0.8) (1.4) (1.3) (1.3) (L.1) (1.3) (1.8) (L9)
CPO, 51.8 39.7 61.7 542 66.6 389 40.7 63.0 499 494 378 59.6 67.3 47.7 458 67.7
(2.9) (3.4) (2.6) (3.6) (25) (22) (14) (22) (1.3) (L7) (14) (21) (L7) (L7) (23) (2.6)
Ap (ygct|:cg; éC’BRE) 249 350 193 229 224 179 179 16.0 29.0 21.3 20.7 19.1 16.8 21.0 245 114
(2.0) (14) (1.4) (21) (1.7 (15) (05) (14) (0.8) (1.2) (0.9) (1.4) (1.0) (1.0) (1.2) (L5)
Endowment effect 12.1 13.1 8.8 8.2 3.6 12.5 94 7.3 19.5 8.3 145 14.6 6.7 16.1 13.6 1.8
(38) (L.1) (1.9) (1.8) (0.7) (1.2) (0.9) (2.6) (1.1) (1.7) (1.1) (1.1) (1.3) (1.0) (1.0) (0.8)
Homophily effect 12.8  21.9 10.5 14.7 18.8 5.4 8.5 8.7 9.5 13.1 6.2 4.5 10.1 4.9 10.9 9.5
(4.3) (1.8) (24) (27) (1.8) (1.9 (L1) (3.0) (14) (21) (14) (1.8) (L.7) (1.4) (15) (L6)
P, 79.9 703 775 848 898 653 69.0 829 758 679 673 90.6 922 675 69.3 856
(5.4) (2.8) (3.8) (1.6) (L.7) (24) (15) (1.8) (24) (1.6) (45 (1.2) (12) (46) (21) (5.2)
Py 837 729 810 878 937 654 694 850 781 686 686 914 942 688 69.9 89.1
(19) (3.9) (2.1) (25) (1.5) (26) (1.6) (1.7) (1.0) (1.8) (17) (1.0) (0.9) (L7) (2.3) (23)
Ap -3.7 -2.7 -3.5 -3.0 -3.9 -0.1 -04 -2.1 -24 -0.7 -1.3 -0.8 -1.9 -14 -0.7 -3.5
(5.0) (1.4) (40) (3.3) (0.7) (02) (0.2) (0.6) (21) (0.3) (3.5) (0.6) (0.7) (3.6) (0.3) (5.1)
N 764 604 780 1404 696 930 1906 882 3370 1422 2186 1360 1364 1848 814 640

Notes: SW; denotes the p-value (in %) of the ith Schennach and Wilhelm test of the best fitting model against the remaining alternatives
considered: logit (tests 1-3), probit (tests 4-6), Clayton copula (tests 1 and 4), Frank copula (tests 2 and 5), and Gaussian copula (tests 3 and
6). Standard errors of the estimated probabilities were computed using the delta method. PW), denotes the unconditional probability that
a wife is employed, CP1, and C'P0, respectively denote the probability that a wife is employed conditional on her husband being employed,

and conditional on her husband being unemployed; Ap (yggt\xg; éC BR E) and the homophily and endowment effects are defined in the text; P,

and Py respectively denote the probability (in %) that at least one member of the couple was employed in every period when the parameter
of the copula is the estimated one and when the copula is independent, and Ap denotes the difference between the two; N is the sample size
of each country. The estimates shown are those of Austria, Belgium, Bulgaria, Czech Republic, Denmark, Greece, Spain, Finland, Hungary,
Italy, Netherlands, Norway, Poland, Portugal, and the United Kingdom. The estimates of the remaining countries (Cyprus, Estonia, Iceland,
Lithuania, Luxemburg, Latvia, Malta, and Slovenia) are available upon request.



To get a sense of the importance of this correlation, I use both CBRE and RE to predict
the mean probability of a female being employed conditional on the employment status of
their husband. The fit provided by RE to the actual proportions observed in the data is much
worse than the fit of CBRE (Figure , both when the copula used is parametric and when
it uses the more flexible Bernstein copula. These two probabilities may differ because of
assortative mating in couples. On the one hand, the observed characteristics of both groups
of women are different (endowment effect): those married to employed husbands are on
average younger, have more young children, and a higher probability of having a university
degree. On the other hand, it is also possible that their unobserved individual effects are
larger than those of women whose husbands are unemployed (homophily effect): employed
men have a higher than average unobserved propensity to work, which is positively correlated
with the propensity of their wives. CBRE can account for both types of differences, whereas
RE only takes differences in the observed characteristics into account.

A policy maker interested in increasing the employability of women could benefit from
knowing the size of these two effects. For example, a way to reduce inequality across
households would be to increase the proportion of employed women whose husbands are
unemployed. The introduction of a monetary incentive to work for women with a low level
of education, given that there is a larger proportion among those married to an unemployed
husband, would be more effective if the endowment effect is large. However, if the homophily
effect dominates, the effect of such policy would be limited. Moreover, to model female labor
supply, it is important to model the participation, which is substantially different depending
on which effect is dominant. Formally, the aforementioned difference in probability, given

the observed covariates z. and the parameter vector 0, can be written as

1 G
Ap (Yagt|T4;0) = (y Yogt = Lyrge = 1,450
(2gt‘ g ) 290211(y1gt_1 gz_:l 1gt — (2gt |1gt g )
1

MQ

— ylt—o (y2t:1|ylt:07$;9)
2521 1 (y1gt _ 0 921 g g g g



Figure 2: Conditional probability of being employed for females
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Pj, PjcBrE, PiBERN, and Pjrg respectively denote the observed percentage of women who are employed,
and the estimated analogue using CBRE with a parametric copula, CBRE with a Bernstein copula, and RE,
conditional on the employment status of their husbands (j = 1 if employed, j = 0 if unemployed).

N
o
T
1

Unemployed husband

The decomposition is given by:

Ap (ngt|xg; é(JBBE) = Ap (y2gt|$g; éCBRE) —Ap (yzgt|9ﬁg; éRE)

+ Ap (y29t|-’ﬂg; éRE) (12)

The first term in Equation [12]is the homophily effect, and is expressed as the difference
in the probability of changing the CBRE estimates by the RE estimates. On the other
hand, the second term is the endowment effect. The results show a large difference in the
estimated probability of a woman being employed depending on the employment status of
her husband: in some countries the difference is small because the probability is low for
both groups (Greece, Italy and Spain); in others it is small because the probability is always

relatively high (Bulgaria, Finland, Norway, the Netherlands, and the UK), and in a third
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group of countries it is large because the probability is relatively low when the husband is
unemployed, and relatively high when he is employed (Austria, Belgium, Czech Republic,
Denmark, France, Hungary, Poland, and Portugal).

Both effects explain an important share of the difference in every country shown in
Table [7] In particular, the endowment effect explains more than half of the difference in
seven countries (France, Greece, Italy, the Netherlands, Poland, Portugal, and Spain), most
of which have small female employment rates when the husband is unemployed. Excluding
the Netherlands, the homophily effect is dominant in the second group of countries, as well
as in many of the third group. In other words, there is a strong correlation between the
probability of women being employed, conditional on the husband being employed, with the
relative size of the homophily effect.

Finally, I compute the probability that at least one member of the couple was employed
in every period, to which I refer as a working household, and then I change the estimated
copula by the independence copula, obtaining the counterfactual probability when there is no
homophily. The estimates are shown in Table [7] and consistently with the large differences
in the labor market across countries, the probability of observing a working household has a
lot of variation: countries with a low unemployment rate, such as Denmark, the Netherlands,
or Norway, have a high probability, whereas countries with high unemployment rate, such
as Greece, Spain, or Portugal, have a low probability.

In the counterfactual scenario, this probability would be statistically larger in six countries,
reducing the proportion of non-working households. Notice that in those countries in which
the selected copula was Frank, the estimates were not significant, whereas when the selected
copula was either Clayton or Gaussian, the estimates were significant. Moreover, with the
Bernstein copula, the estimates were significant in 14 countries. This evidence suggests
that the Frank copula is not accurately estimated. However, this increase is larger in those
countries with an already high probability: the largest one would be in Denmark, followed

by Austria and Bulgaria. On the other hand, countries with a relatively low probability of
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having working households (Greece and Spain) would only have a slightly higher probability
in the counterfactual scenario. Lastly, the probability change would also be small in the
Netherlands, which has the highest probability of having working households.

Some remarks are in order. These results cannot be extrapolated to the whole population,
as the characteristics of married couples in working age, both observable and unobservable,
differ from those of singles. Moreover, the coefficient p does not have a causal interpretation
in this example: marrying someone with a higher propensity to work does not imply that
the own propensity is changed in any direction, nor marrying people at random would lead
to the counterfactual scenario if there are such spillovers inside the marriage. The goal of
this exercise is to isolate the contribution of the correlation in the unobserved propensity to

work inside couples to the probability of having working households.

7 Conclusion

In this paper I present the CBRE estimator, a random effects estimator for binary choice
panel data in which the unobserved heterogeneity of individuals in the same cluster is
correlated, and can be used to consistently estimate the probability of joint and conditional
events. [ study the efficiency of this estimator relative to RE and I consider two types
of hypothesis tests: a specification test to select the most appropriate copula, and an
independence test when the correlation parameter lies on the boundary of the parameter
space.

This paper focuses on a fixed T" panel, in which the distribution of individual effects is not
nonparametrically identified. Increasing the number of periods would allow to tighten the
identification result, and if T" grew to infinity at the same rate as the sample size, it would
be possible to use bias-correcting methods to jointly estimate the slope parameters and the
individual effects, along the lines of Fernandez-Val| (2009)). Future research could investigate

the properties of such estimators when the individual effects have the correlation structure
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considered in this paper, although these methods would require a moderate to large number
of time periods.

The computation of the estimator requires the numerical approximation of potentially
high-dimensional integrals. To overcome this issue, [ propose an algorithm that approximates
such integrals for Archimedean copulas. This algorithm does not suffer from the curse of
dimensionality, unlike traditional simulation methods such as Monte Carlo integration.

I illustrate the use of the estimator with an empirical application of labor supply of
married couples. The results indicate that the unobserved propensity to be employed between
the two members of a couple is positively correlated. 1 use these estimates to decompose
the difference in the probability of being employed for women married to either employed or
unemployed husbands, into an endowment effect and a homophily effect. Both effects have
an explanatory power of similar magnitude, and ignoring the unobserved correlation leads
to a substantial underestimation of the impact of assortative mating on the labor supply
of married women. Finally, the endowment effect tends to dominate in Southern European

countries, while the opposite is true for Northern European ones.
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Appendix

A Mathematical proofs

A.1 Proof to Proposition

Define

Ny
DI = —E |V, Y " log (lig (2] uo))]
=1

DEF = [DEE o]

pg
D(%BRE = —E[Vyglog (£g (24; f10))]

TN, N,
Q,IEE =E |V, Z log (€ig (2ig; 110)) Vu Z log (Lig (2ig; UO))/]
i=1 i=1

O§BRE = | [Vo log (¢4 (243 110)) Vg log (¢, (Zg;,u()))/}

i=1

: N
Qg PREIE = B 1V log (€ (245 10)) Vi Y 10g (Lig (2ig: uo))’]

(RE.CBRE _ CBRE.RE'
0 =3

Result 1 is a well known result, so its proof is omitted.

For result 2, note that by the optimality property of MLE, and since RE is a particular
case of ICBRE when the copula is independent, the asymptotic variance of RE cannot be
smaller than that of ICBRE. Regarding CBRE, note that the asymptotic variance of pu

is given by EEBRE =

(DngE _ DngEDg;)BRE,leg‘#BRE)_I E}ILCBRE,A _ ESBRE,A _
DSERED%BRE’_ID%BRE is a positive semidefinite quadratic form. Therefore, ESBRE —
SICBRE is positive semidefinite and the result follows.

By Theorem 1 in Breusch et al| (1999), the scores from RE are redundant for the
estimation of § if there exists some matrix A such that DgPR? = QFPRPA and Dff =
QFFCPRE A By the information equality, DGPRE = QBRE 5o A is the identity matrix.

Therefore, if DI = QFFCBRE “yegult 3 follows.
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To show result 4, note that under independence,

DRE,—l — DC’BRE,—I

< E =0

Ny
u,u Z IOg ig (Zzg7 ,U/O)) v,u,u log (fg (Zg; :U’O))
i=1

<K [/ (Vuupg (295 ugs o) — V Py (24, ug; po) V Py (24, y; ,UO)/) :

( 1 o Cx (ug7 PO) ) du: ] —
I l ig| —
fl g(zgaug;MO) Hj‘V:gl dujg fl g (Zg7ug;,uO) Cx (ug;pO) H] 1du]g

& cx (ug; po) = 1

= CX ug7 PO H Usg

where P, (24, tg: 110) = 1% Pig (2igs tig; o). Moreover, DY = QIFF so BiF = DAP-1 =
YICBRE Moreover, by Theorem 8 in [Breusch et al| (1999), the scores of CBRE are partially

redundant for p if there exists some matrix R such that D§P** — QCBRE’REQRE’_IDRE =

DCBRE R. Under independence, Duu QfE , DEfRE = QSBRE’RE Df‘f , and DCBRE =
QGPRERE “so DFPRER = 0, which is satisfied if R = 0. Hence, the asymptotic variance of
ACBRE and RE is the same.

Finally, for result 5, if DSfRE = 0, then ESBRE = DngE’*l = EIIFBRE.

A.2 Proof to Proposition

Define D/F = —E s, (p10)] and Q[ = [s, (o) sq (110)]. The asymptotic variances of IRE

and RE are given by ZIRE (DIREQIRE 1DIRE/) - and Ef’E = (AD{LI;E (AQﬁREA’> - Dl{fElA’) 71,
where A = Llﬁ ® I, 13 is an N dimensional vector of ones, I is the identity matrix of
dimension k, and k = dim (u). This setup is equivalent to the case considered in Theorem

1 in |Prokhorov and Schmidt| (2009), so the first result of the Proposition follows.

Under independence, QﬁRE

is a block diagonal matrix in which the ¢th block equals
E {Vu log (Cig (2ig; 110)) Vi 10g (Cig (2ig; ,uo))/] This, together with the information inequality

-1
: : IRE __ REQORE,—1 )RE' RE -1 RE
implies S = (DEPQRE-IDRET) " = DRE-1 =y
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Supplementary Material

S1 Partial Identification

As pointed out by |Arellano| (2003)), identification in a binary choice panel setup is fragile, and
it usually hinges on assumptions that are either not satisfied or impossible to verify. Such as
when the model is a logit (Chamberlain, 1984, [2010)), if a regressor has unbounded support,
in which case [y is point-identified (Manski, 1987)), or if the support of this distribution is
finite (Bonhomme, 2012). |Chernozhukov et al.| (2013) showed that when the covariates have
discrete support, the marginal distribution of the individual effects is not identified. The

following lemma extends this result to the lack of identification of their copula:

Lemma 1. Assume that the distribution of X,y is discrete with finite support, and let

P(Y,|X,) fy (ug; 1) dCx (ug; p), where Py (ugy;p) is defined as in the main text and
is a measurable function of u, for each p € M, and Y denotes the support of 1 (ug|xy; 00).
Then, for each B, every marginal distribution F, (1;4|Tig; 0) on the support of n;4, and every
copula C (ug; p) on [0,1]~, there exists a discrete distribution EFNT with no more than 2N

support points such that [, Py (24, ug; i) dCx (ug; p) = [, Py (24, ugs o ) dEFNT ().

Proof. By the definition of the copula, there exists a multivariate distribution 1577 such that
Cx (ug; p) = Fn (uglzg;0,p). For each k = 1,..., K of the possible values that the vector
(X11, ..., Xnr) can take, there are J = 2MT distinct values that the vector (Yiy, ..., Yyr) can
take. Apply lemma 7 in |Chernozhukov et al.| (2013) to fy (24,Mg; B) dF,, (n,; 0, p) to obtain

the desired result. O

S2 Asymptotic Distribution

To derive the asymptotic properties of the estimator, I consider the following assumptions:
Assumption 2. 0 # 0y = £, (24;0) # £, (24;60).
Assumption 3. 0 € int©®, where © is compact.
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Assumption 4. {;, (zq4; 1t) is continuous for all 6 € ©.
Assumption 5. E [supycg [log (4 (zig; 1))]] < 00.

Assumption 6. (;; (z4; 1) is twice continuously differentiable with respect to 0; l;g (zig; pv) >

0 in a neighborhood N of 6.

Assumption 7. [ supgen [|Vulig (zig; i) || dzig < 00, [ supgen |V uulig (zig; )| dzig < 0.
Assumption 8. X{BRF = E [V@ log (¢4 (24;0)) Vo log (¢, (z4; 0))/} exists and is nonsingular.
Assumption 9. E [supycp || Voo log (¢, (24;0))||] < oo.

Assumption 10. The copula has pdf cx (ug; p) which is twice continuously differentiable in

p. Moreover, f[o’l]Ng IV pex (ug; p)| vaz"l du;, < 0o and f[OJ]Ng |V ppex (ug; p)] vaz"l du;, < 00.

dzy < 00 and

Assumption 11. [ supgey HVp f[OJ]Ng cx (ug; p) e, duig

fsupﬂeN Hf[oJ}Ng VPPCX (ug; p) H£V=91 duig ng < 00.

Assumption 12. Cluster size is either predetermined, or it is drawn from a distribution
with bounded support, independently of all other variables: Ny ~ Fy (n) n € {1, ...,N}, for

some N € N.

Assumption [ is the identification condition. It is hard to verify, and a necessary
condition is that the number of parameters of the distribution of the random effects (o, p)
is not too large relative to the number of time periods and individuals in a cluster. To
be more specific, and assuming that the results are conditional on X = x, there are 27
distinct results of the outcome variable. This implies that there are 2Vs7 — 1 probabilities
that vary freely. Consider the matrix in which each column contains the derivatives of
these probabilities with respect to each parameter of the distribution of random effects.
Assumption [2] is satisfied when the rank of this matrix equals the number of parameters, so
it cannot be larger than 2¥¢7 — 1. Moreover, if the probabilities satisfy an exchangeability
condition, i.e. if P (Y] =y1, Yy =yo) = P (Y1 = 4o, Yo = y1) and similarly when the cluster

dimension is higher, then the number of probabilities that vary freely is smaller. Specifically,
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it would be equal to 22-11’1:0 %Ng,TZO 1 <i1,1 <ip <. < <. <y << @'Ng,T>.
Consequently, the maximum number of parameters is at most this number.

Assumptions [I] to [9] mimic the assumptions in theorems 2.5 and 3.3 in [Newey and
McFadden| (1994). With some small modifications, these assumptions work for standard
RE estimators. In other words, they allow us to extend any RE estimator to have the cluster
dependence described in Section [2] It would be possible to relax some of these assumptions,
but it could result in non-standard properties. For example, if Assumption [3| allowed the
true value of the parameter lies at the boundary of the parameter space, the asymptotic
distribution of § could be a mixture.

Assumptions [10| and [I1} impose smoothness restrictions on the copula, as well as bounds
on some functionals of its derivative with respect to the copula parameter. It covers the
independence case in which its density equals one everywhere, but not the perfect correlation
case in which the copula has no proper density. Assumption [12|limits cluster size to IV, ruling
out the possibility that the size of a group grows to infinity as the sample size grows. This
assumption is required to bound the likelihood function, and it should be satisfied in most
applications. Regarding its independence with respect to all other variables, it could be
relaxed at the cost of complicating the analysis.

The following proposition establishes the asymptotic distribution of the CBRE estimator:

Proposition 3. Under Assumptions to the CBRE estimator 0 is a consistent estimator
for 0y and its asymptotic distribution is given by VG (é - 90) AN (O, EGCBRE>.

Proof. The proposition is shown by checking that Assumptions[I]to[12]satisfy the assumptions
in theorems 2.5 and 3.3 in [Newey and McFadden! (1994). Rather than considering the data
7id at the individual level, I do it at the cluster level. Begin with the consistency result.
By Assumptions [10] and [12]
Ng

Uy (24:0) = H Pig (zig, wigi 1) dCx (ug; p) < /[ 1~ dCx (ug; p) =1
0,1]79

[0,11V9 ;=1
So U, (%4;0) is well defined and finite. By Assumptions (4| and for any sequence
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0, :0, —0, HZN:E’1 Py (Zig, Wig; fn) Cx (Ugs pr) — Hf\é’l Py (zig, wig; 1) cx (ug; p) for almost every
uy. Thus, by the dominated convergence theorem, ¢, (24;6,) — €4 (24;6), so £, (z4;6) is
continuous with respect to §. By a similar argument, —oo < log (¢, (z4;0)) < 0. To get
the lower bound, notice that ¢, (z,;6) > 0 < Ju, : Y Py (zig, wig; 1) cx (ug; p) > 0. By
Assumption , Ju,;, be such that P, (zig,u;kg> > (0Vi. By Assumption the marginals
must integrate to 1, and the copula is continuous, so it has a proper pdf. Hence, Juj, :
Cx (u’{g,UQQ,...,uNgg> > 0Vugg, ..., un,g. Therefore, E [supyeg [log (¢4 (24:6))|] < oco. These
two results, together with Assumptions[I|to[3] verify the conditions in theorem 2.5 in Newey
and McFadden| (1994) and hence 6 2 6.

By Assumptions 10} and [12]

NQ
V,ly (Zg? 0) = Z /[0 1 VP (Ziga Uig; 1) H Pjq (ngv ujg; 1) dCx (ug; P)

i=1 ji

i=1J0 0,1)No =1 S

Ny 1
=>_ | ViuPy (25, uig 1) [/[ LT Pig (zjgs jgs 1) dCx (u—igluigs p) | duig

for all 0 € N, where u_;, denotes the set {u]-g}j ;- Note that the term in square brackets is

a probability, and hence it takes values on the unit interval. Hence, by Assumption [7}

/ Sup IV, (29 )l dzg < N max / SUp |V by (2101 )] iy < 00
feN i=1 0eN

=1,....N,

By Assumptions [10] and [12]

Ng

Viply (243 0) = / L1 Pig (igy wigi 1) Vpex (ugs p) duig

[0,1]V9 j=1

Ny
< / T1 Py igstigs 1) [V pix (g5 )] s

[O,I]Ng i=1
Ng
g/ 1V,x (ugi p)] T dusy < o0
0,1

=1

This, together with assumption [11]implies [ supgen |Vl (24; )| dzy < 0.

By a parallel argument, the second derivatives can be bounded. Consequently, it follows
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that [ supgen [[Voly (24:0)|| dzy < oo and [ supgen || Vooly (24:0)] dzy < oo. Taking this
result, together with Assumptions [T}, 3], [6] and [§, and [9] the conditions in Theorem 3.3 in
Newey and McFadden| (1994) are verified and v/G (é — 90) 4N (0, EgBRE).

S3 Estimation of Average Partial Effects

Frequently, the researcher is interested in the estimation of the APE rather than the slope
coefficients. The APE is defined as the marginal effect that increasing the jth regressor z;y
would have on the probability of the dependent variable being equal to one, averaged over

the whole population. Mathematically,

0
APE (zig5) = / T]P (Yigt = UTigrs Mig) dF} (Nig|Tig; 00) (13)
R 9Tigt,j

Since it just depends on the marginal distribution of 74, there is no need to know the copula
to identify them, and it can be computed using the sample analogue of Equation It is
worth highlighting that the APE depend on the parametric assumptions. See, for instance,
Graham and Powell (2012)), |Chernozhukov et al.| (2013), Fernandez-Val and Lee| (2013)), or
Escanciano (2016) for discussions on the identification and estimation of APE in this and

other related frameworks.

S4 Score and Hessian

Let Fj, and f;, be shorthand for F, (— (n (wiglxig; o) + x;gtﬁ)) and f. (— (77 (wiglxig; o) + x;gtﬁ)),

denote the quantile function of 7 (u4|xig; 0) by Q, (u|z;0) = Fn_l (ulz; o) and by ¢, (u|z; o)
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its derivative with respect to . Then, the score is given by

dL (0) v G oo Py (g g3 1) X0y Sy 7% Wige — (1= Figr)) 2iqudCix (ugs p)
86 g=1 f[O,l] Ng Pg (Zga Ugs U )dCX (ug; p)
(14)
oL (0) i 0110 Py (29, gs 1) Z L i Figt( J;thwt) (Wigt — (L = Figt)) ay (uig|ig; o) dCx (ug; p)
0 g—1 -[[0,1} Ng Pg (Zgu Ugs :U’) dOX (ug; p)
(15)
oL ((9) f[o 1]Ng 297 Ug; ,u) %Zgém Hz]'V:gl duig (16)

ap ;1 f[O,l] P (Zga Ug; ,U) dCX (Ug, p)

Note that if n belongs to a scale family of distributions, i.e. if n = o, where 7;, ~ F,, (1),
then @, (u;y) = 07y, and thus ¢, (u;y; 0) = ;. It is immediate to approximate Equations
and [15] using the proposed algorithm presented in this paper. Regarding Equation it is

OLO) . L(wpte)—L(k

more convenient to numerically evaluate the derivative, i.e. 5y . L) Finally,

the Hessian is estimated by

( ) EG: dlog ( (zg;é)) dlog (Zg (zg; 9))

1 '

g:

S5 Schennach and Wilhelm Test for Copulas

Consider two different parametric copulas, Cx; (ug;p1) and Cx s (ug; p2), where both py
and py belong to the interior of their respective parameter spaces. Denote their respective

likelihoods by ¢, (z,;601) and fo, (z,;602), where 0, = (i, p}) and 6, = (i, ph)" and let
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wy (65) = 14 ég1 (g is even). ég is chosen as suggested in Schennach and Wilhelm (2017)):

Con)
€G = (,5D> N71/6 (hl In N)1/3

PL

where the constants C'sp and C%; are defined in [Schennach and Wilhelm| (2017). Note that
the choice of €4 faces a trade-off between the power and the size of the test, depending on

the true model. Then, the test statistic is given by:

G N N
o = \/156 gzl wy (é¢) log (él,g (zg; 91)) — wy (éc) log (éz,g (zg; 92))

where

5= 1 XG: [wg éc) log (ﬁlg (zg, 01)) — wy (é¢) log <€2,g (Zg; éQ))r
g:l
. 2
é Z wy (€g) log (5179 (zg; él)) — wy (ég) log <€27g (zg; ég))

1

g

This test has a limiting normal distribution, uniformly over the subset of distributions
that satisfy the null hypothesis of equal fit (Theorem 2 in Schennach and Wilhelm| (2017)).
Given a size « for the test, the null hypothesis is not rejected if the test is between the «/2
and 1 — @/2 quantiles of the normal distribution, whereas the alternative hypothesis that C}
is better than Cy and the other way around are not rejected if the test is below the /2 or

above the 1 — @/2 quantiles, respectively

S6 Elliptical Copulas

Elliptical copulas (Cambanis et al., [1981]) constitute one of the major parametric families
of copulas, including two of the most widely used copulas, the Gaussian and the t. The
algorithm proposed in Section {4] cannot be adapted to these copulas if some restrictions on

the correlation structure are imposed.
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Let R denote the correlation matrix of a d-variate normal distribution and ®p its cdf.
The Gaussian copula with correlation R is given by C' (u; R) = ®r (P (uy) , ..., P (ug)). If
R is positive definite, then it is possible to obtain the Cholesky decomposition, denoted by A.
It is possible to express the Gaussian copula in terms of d independent normal distributions
and the coefficients of A (Embrechts et al., [2001), where the (i, j) element is denoted by a;;.

Hence, it is possible to rewrite the integral that is required to evaluate the likelihood as

I:/[o 114 (w:) dC (u; R) HE (@ (Zi: a; ®7! (1@))) 1:[ dv;

A4 =1

The likelihood can be decomposed into d independent random variables. However, the
dimensionality of the integral is not reduced as it was the case with the Archimedean copulas.

A similar reformulation of the integral for the ¢ (or any other elliptical) copula is possible:
denote by t, r the cdf of the d-variate ¢ distribution with v degrees of freedom and correlation
matrix R, then the t copula is given by C (u;v, R) = t, g (¢, (u1),....,t, " (ug)). Again, if
R is positive definite, and following [Embrechts et al| (2001), the copula can be written in
terms of d independent normal variables and a x? with v degrees of freedom, and its cdf is

denoted by F,. The integral Z is then given by

d d d
I= / Ui (u;) dC (u;v, R) = / Ui |t a; P (vy) dv;dw
0.1 11 014! 1l ,/F o Z e ]Hl ’

With respect to the Gaussian copula, the only remarkable difference is the inclusion of
the x2, which results in an increase of the dimension of the integral from d to d + 1.

If one is willing to adopt a symmetric correlation among the elements of the copula, i.e
if all the off-diagonal elements of R were equal to p, then it would be possible to obtain a
reduction of the dimensionality of the integral similar to the one attained for the Archimedean
copulas. To see this, notice that by the properties of the normal distribution, it is possible
to obtain a d-variate normal distribution with covariance function R = (1 — p) I + ptatly,

where ¢4 is a vector of ones. Each element is the sum of two independent random normals,
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one specific to each dimension, and one common to all, with weights /1 — p and /p. Hence,

when the copula is Gaussian, the integral Z can be rewritten as

7= /01 f[ Vol (@ (Vo2 (2) + VI—p27 (1)) dvi] dz

=1

For the t copula a similar decomposition is feasible, but the dimensionality of the resulting

integral is 3, because of the x? distribution:

= ;| t, z — V; V| azaw
7 /HH[/ (t ( (i 0+ VT <>)))d]dd

S7 Bernstein Copulas

Bernstein copulas are a family of multivariate copulas introduced by Sancetta and Satchell
(2004). The M-th degree Bernstein polynomial is given by P, s (u) = (]\f)u” (1 —u)™" for
0<v<MeNand u e [0,1]. Define the map Cp : [0,1]* = [0,1] as

M v
Co ) = 3 3 o (Y R () Py

v1=0 vg=0

where a(M . ,ﬁ) are some constants Vv; = 0,...,M;,j = 1,...,d. Cp is a Bernstein

copula if it satisfies (Theorem 1 in [Sancetta and Satchell| (2004))

1

1
+l Ud+ld
ST (myyEete g (TR >
=1 oMy )T

l1=0 14=0

U1 Vg U1 Vg

i L d-1)<al-2, .. L)<
m1n<0M—|— —{—Md (d 1)>_a<M1, ,Md> mm(M Md>

Moreover, the o parameters have to satisfy the doubly stochastic matrix condition, i.e.

S MB (%, %) =19 =1,...,d, where B (%, .., %) = (M + D) Ay o (525, 7145 )

This copula has a well-defined density that can be expressed in terms of Bernstein
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polynomials. Its coefficients are a function of the « coefficients. It is well-known that
Bernstein polynomials can uniformly approximate any continuous function on [0, 1]d if the
degree of the polynomial is high enough. Consequently, one can use the Bernstein copula
to approximate any continuous multivariate copula. Sancetta and Satchell (2004]) showed
that the Bernstein copula and its approximand converge to an arbitrary limit at a different
speed. Hence, although it can capture increasing dependence as one moves to the tails, it is
not the appropriate choice to model copulas with extreme tail behavior.

The total number of parameters to estimate a d-variate Bernstein copula with polynomials
of degree M equals M? and hence is subject to the curse of dimensionality, making it
impractical to work with it when the dimension of the data is large. However, implementation
when the dimension is small is relatively straightforward, since it just depends on a finite
and small number of parameters. This, coupled with the flexibility of the copula makes it

an attractive choice when the underlying copula is unknown.

S8 Extra Results
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Table 8: Difference in the covariates between women married to employed and unemployed husbands

AT BE BG CzZ DK EL ES FI FR HU IT NL NO PL PT UK

Cs 012 012 003 016 001l 017 008 006 015 0.13 018 015 008 015 0.0 0.3
(0.03) (0.03) (0.02) (0.02) (0.04) (0.03) (0.02) (0.03) (0.01) (0.02) (0.02) (0.03) (0.03) (0.02) (0.02) (0.04)
AGE -819 -769 -560 -9.68 -350 -836 -3.31 -565 -9.30 -7.46 -7.42 -863 -449 -897 -6.90 -5.54
(0.77)  (0.82) (0.69) (0.62) (0.95) (0.62) (0.50) (0.73) (0.34) (0.51) (0.42) (0.78) (0.82) (0.44) (0.64) (1.02)
SE 007 007 -006 005 -0.07 005 008 -002 002 008 013 000 -0.I11 -0.07 004 -0.12
(0.04) (0.04) (0.04) (0.03) (0.06) (0.04) (0.02) (0.04) (0.02) (0.03) (0.02) (0.05) (0.04) (0.02) (0.03) (0.05)
TE 009 020 017 011 009 009 017 020 025 015 012 009 030 014 011  0.11
(0.03) (0.05) (0.03) (0.02) (0.05) (0.03) (0.02) (0.04) (0.02) (0.02) (0.01) (0.04) (0.04) (0.02) (0.02) (0.05)
IN 087 -111 -005 018 049 048 015 092 18 -003 027 084 340 019 018 -0.49
(0.69) (1.23) (0.05) (0.07) (2.20) (0.36) (0.16) (0.92) (1.30) (0.04) (0.21) (0.46) (1.61) (0.09) (0.15) (0.68)

Notes: Standard errors in parentheses. C5, AGE, SE, TE, and IN respectively denote female, number of children smaller than 5 years old, age,
secondary education, tertiary education, and non-labor income (expressed in thousands of euros). The estimates shown are those of Austria,
Belgium, Bulgaria, Czech Republic, Denmark, Greece, Spain, Finland, Hungary, Italy, Netherlands, Norway, Poland, Portugal, and the United
Kingdom. The estimates of the remaining countries (Cyprus, Estonia, Iceland, Lithuania, Luxemburg, Latvia, Malta, and Slovenia) are available
upon request.



Table 9: RE estimates

AT BE BG CZ DK EBEL  ES FI FR HU  IT NL NO PL  PT UK

FE -1.63 -151 -096 -1.63 -0.98 -436 -441 -082 -2.35 -046 -403 -5.07 -2.09 -2.33 -3.40 -0.42
(0.60) (0.50) (0.60) (0.65) (0.32) (0.44) (0.53) (0.43) (0.43) (0.64) (0.29) (0.44) (0.39) (0.34) (0.84) (0.42)

C5 079 -020 -3.65 045 -0.68 098 049 218 -0.29 -0.19 087 023 -1.23 070 -0.15 0.80
(1.00) (1.59) (1.87) (0.71) (1.10) (0.94) (0.47) (0.91) (0.48) (0.68) (0.58) (0.43) (0.82) (0.62) (1.10) (0.49)
C5*FE  -0.78 -0.13 250 -450 0.79 -1.27 -142 -039 -1.23 -249 -189 -1.79 052 -1.88 019 -2.27
(1.48) (2.15) (1.74) (2.81) (1.62) (1.02) (0.56) (2.23) (0.73) (1.44) (0.72) (1.42) (1.01) (1.03) (1.36) (0.62)

AGE 029 -0.33 -017 -027 -0.11 -020 -0.15 -0.19 -042 -021 -0.20 -0.36 -0.10 -0.36 -0.26 -0.07
(0.05) (0.03) (0.05) (0.03) (0.03) (0.03) (0.04) (0.06) (0.03) (0.04) (0.02) (0.03) (0.03) (0.02) (0.07) (0.04)

SE 116 151 171 268 050 -045 169 200 134 211 248 239 208 208 152  0.03
(0.61) (0.46) (0.55) (1.24) (0.67) (0.51) (0.47) (0.96) (0.36) (0.40) (0.32) (0.55) (0.60) (0.43) (0.60) (0.29)

TE 233 314 481 454 236 358 362 304 405 411 469 438 342 602 480 057
(1.16)  (0.68) (0.67) (1.47) (0.78) (0.43) (0.59) (0.90) (0.39) (1.26) (0.34) (0.76) (0.65) (0.84) (3.15) (0.35)

IN 000 -0.01 0.04 005 000 003 -0.01 000 000 -0.01 000 003 000 -001 003 0.0
(0.01) (0.01) (0.16) (0.07) (0.00) (0.05) (0.03) (0.01) (0.00) (0.09) (0.02) (0.01) (0.00) (0.02) (0.40) (0.01)

C5 209 -0.88 421 -142 -1.76 -0.28 -1.64 050 -3.38 045 -042 -0.09 082 -2.61 -1.71 -1.09
(1.83) (L77) (242) (1.36) (1.94) (1.09) (0.95) (2.27) (0.87) (0.88) (1.18) (1.58) (1.19) (1.26) (1.72) (2.02)
C5+«FE -401 -435 -7.08 -556 -0.25 -0.32 153 -570 -3.92 -651 -1.81 -261 -3.00 -448 -087 0.10
(2.09) (2.38) (2.11) (2.94) (3.09) (1.30) (0.93) (2.80) (1.01) (2.19) (1.20) (2.06) (1.40) (1.85) (3.42) (2.42)

IN 004 001 -047 005 -0.01 0.00 012 000 001 -0.02 012 -0.02 000 001 -0.02 -0.07
(0.01) (0.02) (0.39) (0.26) (0.01) (0.05) (0.23) (0.03) (0.00) (0.28) (0.04) (0.01) (0.00) (0.04) (0.97) (0.04)

& 425 695 498 416 331 550 446 381 556 452 448  6.00 389 540 510  2.52
(0.53)  (0.68) (0.48) (0.32) (0.33) (0.40) (0.23) (0.49) (0.22) (0.63) (0.21) (0.42) (0.33) (0.31) (0.86) (0.21)

PW 735 669 769 747 8.6 557 558 760 718 647 550 763 818 649 655  78.2
(24)  (1.6) (15 (1.3) (1.8) (1.6) (3.7) (1.6) (12) (L.7) (1.2) (1.2) (1.2) (14) (23) (3.4)

CP1 754 69.6 788 757 8.0 583 575 772 757 669 577 774 823 687 684 784
(23)  (16) (15 (1.3) (L.7) (1.6) (3.6) (L5 (12) (1.9 (1.2) (1.2) (12) (L4) (23) (3.4)

CPO 634 566 700 675 834 458 481 700 562 586 433 628 756 525 548  76.6
(A7) (L7 (22)  (21)  (21) (1.9 (42) (29 (1.7 (20) (1.4) (1.6) (20) (1.6) (24) (3.4)

N 764 604 780 1404 696 930 1906 882 3370 1422 2186 1360 1364 1848 814 640

Notes: Standard errors in parentheses. FE, C5, AGE, SE, TE, and IN respectively denote female, number of children smaller than 5 years old, age,
secondary education, tertiary education, and non-labor income (expressed in thousands of euros); the symbol is used to denote the coefficient of the
correlated random effect; PW denotes the unconditional probability that a wife is employed, C'P1 and C PO respectively denote the probability that a
wife is employed conditional on her husband being employed, and conditional on her husband being unemployed; the selected model (logit/probit) for
each country is the same as in[6] N is the sample size of each country. The estimates shown are those of Austria, Belgium, Bulgaria, Czech Republic,
Denmark, Greece, Spain, Finland, Hungary, Italy, Netherlands, Norway, Poland, Portugal, and the United Kingdom. The estimates of the remaining
countries (Cyprus, Estonia, Iceland, Lithuania, Luxemburg, Latvia, Malta, and Slovenia) are available upon request.
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Table 10: Bernstein copula CBRE estimates

AT BE BG CZ DK EL ES FI FR HU IT NL NO PL PT UK

FE 197 342 093 156 -1.20 496 436 -0.76 -1.74 050 -4.14 533 2.09 257 295 -1.10
(0.55) (0.90) (0.48) (0.37) (0.44) (0.61) (0.33) (0.43) (0.33) (0.33) (0.31) (0.69) (0.37) (0.40) (0.54) (0.52)
C5 079 011 -365 036 -0.68 100 049 -213 -035 -020 089 049 -122 071 -0.10 1.52

(0.92) (0.79) (2.94) (1.77) (1.16) (0.67) (0.38) (0.67) (0.55) (0.51) (0.46) (3.81) (0.64) (0.51) (1.32) (2.21)

C5*FE  -0.84 -0.39 257 -454 083 -1.25 -142 -047 -124 -258 -1.90 -1.93 051 -1.84 005 -4.21
(1.17)  (1.35) (4.11) (1.88) (1.70) (0.91) (0.54) (0.89) (0.67) (0.54) (0.59) (3.88) (0.76) (0.61) (1.55) (2.40)

AGE  -030 -047 -020 -028 -0.14 -025 -0.15 -0.21 -043 -023 -021 -041 -0.12 -0.36 -0.29 -0.12
(0.04) (0.07) (0.03) (0.02) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.05) (0.02) (0.03) (0.03) (0.04)

SE 095 138 1.73 267 044 -016 202 188 1.8 1.85 254 218 200 225 171 -0.04
(0.41) (0.45) (0.61) (0.63) (0.43) (0.31) (0.29) (0.53) (0.26) (0.28) (0.29) (0.65) (0.40) (0.69) (0.49) (0.38)
TE 1.87 252 446 477 225 385 387 273 400 385 479 433 333 586 446  0.83
(0.62) (0.48) (0.80) (0.81) (0.50) (0.55) (0.31) (0.60) (0.39) (0.42) (0.46) (0.64) (0.43) (0.80) (0.83) (0.43)
IN 000 -0.01 004 004 000 003 -001 000 000 -00 000 003 000 -0.01 003 0.00
(0.01) (0.01) (0.65) (0.05) (0.01) (0.05) (0.03) (0.02) (0.00) (0.10) (0.02) (0.02) (0.01) (0.18) (0.11) (0.04)
Ch 158 -394 360 -249 213 -127 -153 -0.07 -2.67 129 -050 -3.46 006 -229 -098 -1.41

(1.52) (2.36) (3.46) (1.85) (1.61) (1.31) (0.74) (1.17) (0.83) (1.16) (0.79) (4.34) (1.13) (1.07) (1.96) (2.40)
C5«FE -450 -3.26 -863 -498 -0.06 -1.43 099 -590 -4.64 -8.07 -1.88 -1.25 -2.73 -4.96 -246  0.09
(1.74) (2.48) (4.82) (2.13) (2.04) (1.46) (0.88) (1.51) (1.07) (1.41) (0.93) (4.37) (1.25) (1.20) (2.18) (2.63)

IN 005 000 -048 001 000 -003 010 000 001 007 012 -003 000 -0.05 011 -0.11
(0.03) (0.06) (1.41) (0.13) (0.01) (0.08) (0.07) (0.05) (0.01) (0.58) (0.04) (0.03) (0.01) (0.12) (0.22) (0.09)
& 182 740 522 492 357 576 478 419 669 498 482 681 415 624 555 457

(0.36)  (0.78) (0.38) (0.29) (0.29) (0.41) (0.21) (0.31) (0.26) (0.25) (0.20) (0.50) (0.25) (0.32) (0.39) (0.40)

Model Log Log Log Log Log Log Log Log Log Log Log Log Log Log Log Log

Order 2 2 2 2 2 3 2 2 2 2 2 2 2 2 2 2
T 0.21 0.22 0.16 0.21 0.22 0.16 0.11 0.16 0.17 0.20 0.10 0.08 0.16 0.11 0.14 0.17
N 764 604 780 1404 696 930 1906 882 3370 1422 2186 1360 1364 1848 814 640

Notes: Standard errors in parentheses. FE, C5, AGE, SE, TE, and IN respectively denote female, number of children smaller than 5 years old, age,
secondary education, tertiary education, and non-labor income (expressed in thousands of euros); the symbol is used to denote the coefficient of the
correlated random effect; the contour plots of the copula estimates are shown in Figure 4] Model denotes the best fitting binary choice model: logit
(Log) or probit (Pro); N is the sample size of each country. The estimates shown are those of Austria, Belgium, Bulgaria, Czech Republic, Denmark,
Greece, Spain, Finland, Hungary, Italy, Netherlands, Norway, Poland, Portugal, and the United Kingdom. The estimates of the remaining countries
(Cyprus, Estonia, Iceland, Lithuania, Luxemburg, Latvia, Malta, and Slovenia) are available upon request.
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Figure 4: Contour of estimated Bernstein copulas
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Table 11: Counterfactuals with Bernstein copulas

AT BE BG CZ DK EL ES FI FR HU IT NL NO PL PT UK

PW, 726 670 769 743 864 542 553 759 728 651 546 772 827 637 650 778

(1.9) (2.3) (1.8) (1.3) (1.4) (1.9 (1.3) (1.6) (0.9 (14) (1.2) (1.3) (1.2) (1.3) (L.9) (2.0)

CP1, 76.3 73.7 80.8 76.7 87.8 579 586 783 783 704 588 78T 839 689 703 794

(1.9) (24) (1.7) (1.3) (14) (21) (14) (L7 (0.9 (15 (12) (1.3) (12) (13) (20) (L9)

CPO, 51.4 419 61.5 55.7 742 374 41.2 63.1 495 49.7 37.1 589 68.1 46.6 46.1 66.7

(4.3) (48) (3.9) (35) (3.9) (34) (25) (35 (20) (25 (22) (49) (38 (25) (3.8 (4.9)

Ap (y25t|xg; éCBRE) 249 31.8 193 21.0 13.5 205 174 152 288 207 21.7 19.8 157 223 24.2 127
4.3) (5.0) (3.9) (35) (3.9) (3.8) (26) (35 (21) (27) (23) (49) (37) (27) (4.0) (4.8)

Endowment effect 12.1 13.1 8.8 8.2 3.6 12.5 9.4 7.3 19.5 8.3 14.5 14.6 6.7 16.1 13.6 1.8
(3.8) (L1) (1.9) (1.9) (0.8) (1.2) (0.9) (27) (1.1) (1.6) (1.0) (1.0) (1.4) (1.0) (L0) (0.7)

Homophily effect 12.8 188 10.6 12.8 10.0 7.9 8.0 8.0 9.3 12.5 7.3 5.2 9.0 6.2 10.6  10.9
(5.7) (5.1) (43) (40) (4.0) (3.9) (28) (44) (24) (32) (25) (50) (4.0) (29) (4.1) (4.9)

P, 776 652 752 826 901 645 662 808 725 622 650 899 919 648 653 847

(2.6) (3.4) (2.9) (1.8) (1.7) (3.3) (1.9) (24) (14) (23) (1.8) (1.6) (1.2) (1.9) (2.9) (2.9)

Py 83.0 723 802 869 933 660 695 845 775 688 680 912 941 683 70.0 887

(1.9) (27) (2.0) (1.2) (1.0) (24) (1.5) (1.6) (1.0) (1.8) (1.5) (1.0) (0.7) (1.5) (2.2) (1.8)

Ap -5.4 -7.1 -5.0 -4.3 -3.2 -1.5 -3.3 -3.8 -5.0 -6.6 -2.9 -1.4 -2.2 -3.5 -4.7 -4.1

(1.6) (2.1) (1.8) (1.1) (1.3) (21) (1.0) (15) (0.8) (1.3) (0.9 (L1) (0.9) (L1) (L7) (L8)

N 764 604 780 1404 696 930 1906 882 3370 1422 2186 1360 1364 1848 814 640

Notes: Standard errors of the estimated probabilities were computed using the delta method. PW, denotes the unconditional probability that
a wife is employed, CP1, and C'P0, respectively denote the probability that a wife is employed conditional on her husband being employed,

and conditional on her husband being unemployed; Ap (y29t|xg; OcBr E) and the homophily and endowment effects are defined in the text; P,

and Py respectively denote the probability (in %) that at least one member of the couple was employed in every period when the parameter
of the copula is the estimated one and when the copula is independent, and Ap denotes the difference between the two; N is the sample size
of each country. The estimates shown are those of Austria, Belgium, Bulgaria, Czech Republic, Denmark, Greece, Spain, Finland, Hungary,
Italy, Netherlands, Norway, Poland, Portugal, and the United Kingdom. The estimates of the remaining countries (Cyprus, Estonia, Iceland,
Lithuania, Luxemburg, Latvia, Malta, and Slovenia) are available upon request.
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Table 12: Akaike Information Criterion across specifications

AT BE BG CZ DK EL ES FI FR HU 1T NL NO PL PT UK
RE - Lo 1932.8 1385.0 2014.7 1278.7 3068.2 1506.7 1381.9 2629.4 5461.7 2283.3 7507.3 4096.1 707.4 6303.5 2104.4 5632.3
RE - Pr 1933.7 1388.8 2017.5 1277.3 3073.1 15109 1383.3 2629.2 5463.4 2286.1 7522.0 4098.7 708.8 6306.6 2102.2 5637.4
CRE - Lo 1909.5 1372.3 2012.4 1281.8 3023.1 1509.5 1378.1 2634.8 5457.4 2264.8 7418.1 4052.0 711.4 6290.9 2107.2 5611.1
CRE - Pr 1910.5 1370.9 2015.7 1280.0 3020.1 1513.6 1377.4 2634.1 5461.0 2264.9 7444.2 4049.8 712.5 6293.0 21044 5615.6

CBRE Cl Lo 19154 1365.5 2016.2 1280.2 3057.5 1483.9 1385.6 2630.8 5443.0 2278.2 7440.4 4065.8 710.6 6300.2 2109.5 5611.8
CBRE Fr Lo 1915.3 1359.7 2012.6 1281.0 3054.6 1487.6 1385.6 2629.0 5442.9 2279.8 7438.5 4066.9 709.9 6294.9 2108.8 5608.1
CBRE Ga Lo 1915.8 1361.6 2014.5 1280.6 3056.7 1485.9 1385.6 2628.4 5441.0 2280.4 7437.2 4066.9 710.1 6296.5 2109.0 5609.1
CBRE Cl  Pr 19185 1365.9 2018.9 1280.8 3064.2 1488.2 1386.2 2631.2 5446.9 2281.4 7456.2 4069.0 710.8 6304.2 2109.4 5616.4
CBRE Fr Pr 1918.7 1360.1 2015.4 1281.3 3061.5 1492.8 1386.2 2629.2 5446.7 2283.2 7454.2 4070.3 710.0 6301.7 2108.6 5612.8
CBRE Ga Pr 1919.2 1362.0 2017.2 1281.1 3063.6 1490.4 1386.2 2628.7 54449 2283.7 7452.7 4070.3 710.3 6300.5 2108.9 5613.7
CBCRE Cl Lo 1896.1 13579 2011.1 1280.9 3014.8 1487.8 1378.0 2630.3 5444.7 2257.7 7368.4 40174 713.8 6288.5 21123 5595.2
CBCRE Fr Lo 18954 1352.8 2008.1 1281.4 3012.7 1491.7 1378.1 2628.6 5444.6 22584 7360.1 4017.7 712.9 6283.7 2111.7 5591.6
CBCRE Ga Lo 1895.7 1354.7 2009.6 1281.0 3013.7 1489.6 1378.0 2628.2 5442.8 22589 7363.5 4017.5 713.4 6285.1 2111.8 5592.9
CBCRE Cl Pr 1898.4 1358.3 2013.4 1281.5 3014.8 1492.0 1377.9 2630.8 5448.6 2259.0 7389.0 4018.6 714.1 6292.3 2112.3 5599.6
CBCRE Fr Pr  1898.0 1353.2 2010.2 1282.0 3013.0 1496.0 1377.9 2629.0 5448.6 2259.7 7380.2 4018.8 713.1 6287.6 2111.6 5596.5
CBCRE Ga Pr 1898.1 1355.3 2011.9 1281.6 3013.7 1493.9 1377.9 2628.6 5446.7 2260.2 7383.5 4018.6 713.6 6288.8 2111.7 5597.3
CBRE B2 Lo 1916.6 1361.6 2013.2 1280.8 3064.0 1492.9 1385.7 2627.7 5443.2 2282.4 7440.2 4069.7 709.4 6293.5 2108.9 5606.2
CBRE B3 Lo 19209 1365.8 2017.5 1285.9 3068.4 1495.0 1390.6 2623.8 54459 22839 7443.1 4072.2 715.1 6298.2 2113.1 5608.9
CBRE B4 Lo 1930.7 13754 2026.4 1295.0 3077.5 1503.3 1399.5 2632.6 5451.4 2291.3 7450.6 4080.8 724.6 6303.8 21224 5614.5
CBRE B2 Pr 1920.7 1362.2 2016.5 1281.3 3071.4 1498.1 1386.7 2628.5 5449.0 2287.0 7456.8 4074.1 709.8 6300.0 2109.4 5611.7
CBRE B3 Pr 1926.1 1366.3 2021.5 1286.4 3075.5 1500.5 1391.8 2624.7 5452.2 2288.5 7458.1 4076.5 T715.7 6304.2 2113.9 5614.2
CBRE B4 Pr 1934.8 13759 2029.6 1295.8 3084.5 1509.1 1401.1 2633.7 5457.5 2295.6 7465.1 4083.3 725.2 6309.7 2123.1 5619.6
CBCRE B2 Lo 1896.7 1354.8 2008.6 1281.4 3024.4 1496.3 1378.1 2627.7 5445.2 2261.4 7364.2 4021.1 7125 6282.7 2111.9 5590.9
CBCRE B3 Lo 1901.7 1359.6 2012.9 1286.7 3029.8 1498.5 1382.8 2624.3 5447.9 2264.4 7366.1 4023.7 718.2 6287.1 21159 5593.1
CBCRE B4 Lo 1911.1 1369.0 2021.8 1296.0 3038.7 1507.1 1391.6 2633.0 5453.6 2272.5 7373.9 4031.9 727.6 6292.7 2125.0 5600.7
CBCRE B2 Pr 1900.1 13554 2011.6 1282.2 3025.4 1501.9 1378.4 2628.8 5451.2 2264.1 7385.8 4023.6 713.2 6289.5 21124 5596.6
CBCRE B3 Pr 1905.6 1360.3 2016.7 1287.5 3030.9 1504.4 1383.1 2625.4 5454.5 2266.8 7388.0 4026.0 719.0 6293.3 2116.8 5598.8
CBCRE B4 Pr 19143 1369.7 2025.1 1297.0 3039.7 1513.1 1391.9 2634.4 5460.0 2275.1 7394.7 4034.0 7285 6298.2 2125.8 5606.5
N 764 604 780 568 1404 696 498 930 1906 882 3370 1422 386 2186 774 2294
Notes: CBCRE and CRE respectively denote the CBRE and RE estimators with correlated random effects; Lo and Pr stand for logit and probit; Cl,
Fr, Ga, and Bx stand for independent, Clayton, Frank, Gaussian, and Bernstein copula of order x; N is the sample size of each country. The estimates
shown are those of Austria, Belgium, Bulgaria, Czech Republic, Denmark, Greece, Spain, Finland, Hungary, Italy, Netherlands, Norway, Poland,
Portugal, and the United Kingdom. The estimates of the remaining countries (Cyprus, Estonia, Iceland, Lithuania, Luxemburg, Latvia, Malta, and

Slovenia) are available upon request.
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Table 13: Bayesian Information Criterion across specifications

AT BE BG CZ DK EL ES FI FR HU 1T NL NO PL PT UK
RE - Lo 2005.1 1454.5 2087.2 1347.5 3147.8 1577.8 1449.1 2704.1 5544.9 2357.3 7597.4 41758 771.5 6388.4 21769 5717.8
RE - Pr 2006.0 1458.3 2090.1 1346.1 3152.7 1582.1 1450.5 2703.9 5546.6 2360.2 7612.1 41784 773.0 6391.5 2174.7 57229
CRE - Lo 1999.9 1459.2 2103.1 1367.7 3122.6 1598.4 1462.0 2728.1 5561.5 2357.3 7530.7 4151.7 791.5 6397.1 2197.7 5718.0
CRE - Pr  2000.9 1457.8 2106.3 1365.9 3119.6 1602.6 1461.3 2727.4 5565.1 2357.4 7556.8 4149.5 792.6 6399.2 2195.0 57224

CBRE Cl Lo 1993.8 1440.8 2094.8 1354.6 3143.7 1561.0 1458.4 2711.7 5533.2 2358.4 7538.0 4152.2 780.0 6392.1 2188.0 5704.4
CBRE Fr Lo 1993.7 1435.0 2091.2 1355.5 3140.8 1564.7 1458.3 2709.8 5533.2 2360.0 7536.1 4153.3 779.3 6386.8 2187.3 5700.7
CBRE Ga Lo 1994.1 1436.9 2093.1 1355.1 3142.9 1563.0 1458.4 2709.3 5531.2 2360.6 7534.8 4153.3 779.6 6388.5 2187.4 5701.7
CBRE Cl  Pr 1996.9 1441.2 2097.5 1355.3 3150.5 1565.3 1459.0 2712.1 5537.1 2361.5 7553.9 4155.4 780.3 6396.2 2187.9 5709.0
CBRE Fr Pr  1997.0 1435.3 2094.0 1355.8 3147.7 1569.9 1458.9 2710.1 5536.9 2363.4 7551.9 4156.7 779.4 6393.7 2187.1 5705.4
CBRE Ga Pr 1997.5 1437.2 2095.7 1355.6 3149.8 1567.5 1459.0 2709.6 5535.1 2363.9 7550.3 4156.7 779.8 6392.5 2187.4 5706.3
CBCRE Cl Lo 19925 1450.5 2107.8 1372.6 3120.9 1582.8 1467.6 2729.8 5555.8 2356.4 7488.5 4123.7 799.2 6401.7 2208.9 5709.2
CBCRE Fr Lo 1991.8 14455 2104.8 1373.0 3118.8 1586.6 1467.6 2728.1 5555.6 2357.1 7480.3 4124.0 7984 6396.9 2208.3 5705.6
CBCRE Ga Lo 1992.1 14473 2106.3 1372.7 3119.8 1584.5 1467.5 2727.7 5553.8 2357.6 7483.7 4123.8 798.8 6398.3 2208.4 5706.9
CBCRE Cl Pr 1994.8 14509 2110.2 1373.2 3120.9 1586.9 1467.4 2730.3 5559.7 2357.7 7509.2 4124.9 799.6 6405.6 2208.9 5713.6
CBCRE Fr Pr 19944 14459 21069 1373.6 3119.1 1590.9 1467.4 2728.5 5559.6 2358.4 7500.3 4125.1 798.6 6400.8 2208.2 5710.5
CBCRE Ga Pr 19945 1448.0 2108.6 1373.3 3119.9 1588.9 1467.4 27282 5557.7 23589 7503.6 4125.0 799.1 6402.0 2208.4 5711.3
CBRE B2 Lo 19949 1436.9 2091.8 1355.3 3150.3 1570.0 1458.5 2708.6 5533.4 2362.6 7537.8 4156.1 778.8 6385.5 2187.4 5698.8
CBRE B3 Lo 2017.3 1458.5 2114.2 1377.5 3174.5 1589.9 1480.1 2723.3 5556.9 2382.6 7563.2 4178.6 800.6 6411.4 2209.7 57229
CBRE B4 Lo 2057.2 1497.0 2153.3 1415.3 3216.8 1627.9 1517.1 2763.3 5597.2 2420.8 7608.3 4220.4 836.8 6452.4 2249.2 5764.2
CBRE B2 Pr 1999.0 14374 2095.1 1355.8 3157.6 1575.2 1459.4 2709.4 5539.2 2367.2 7554.5 4160.5 779.3 6391.9 2187.8 5704.3
CBRE B3 Pr 20225 1459.0 2118.2 1378.0 3181.6 15954 1481.4 2724.3 5563.2 2387.2 7578.3 4182.8 801.2 6417.5 2210.5 5728.2
CBRE B4 Pr 2061.3 1497.5 2156.6 1416.1 3223.8 1633.7 1518.6 2764.3 5603.2 2425.1 7622.7 42229 8374 6458.3 2249.9 5769.2
CBCRE B2 Lo 1993.1 14474 2105.3 1373.0 3130.5 1591.2 1467.6 2727.3 5556.3 2360.1 7484.3 41274 7979 6395.9 2208.5 5704.8
CBCRE B3 Lo 2016.2 1469.7 2127.7 1395.5 3155.8 1611.2 1489.2 27425 5579.7 2381.6 7508.8 4149.9 819.7 6421.5 2230.6 5728.5
CBCRE B4 Lo 2055.7 1508.0 2166.9 1433.5 3197.9 1649.5 1525.9 2782.3 5620.1 2420.6 7554.1 4191.5 855.8 6462.5 2269.9 5771.7
CBCRE B2 Pr 1996.5 14481 2108.3 1373.9 3131.5 1596.8 1467.9 27284 5562.3 2362.8 7506.0 4129.9 798.6 6402.7 2209.0 5710.6
CBCRE B3 Pr 2020.1 1470.3 2131.5 1396.3 3156.9 1617.1 1489.4 2743.6 5586.3 2384.0 7530.7 4152.3 820.5 6427.7 2231.5 5734.1
CBCRE B4 Pr 20589 1508.7 2170.1 1434.5 3198.9 1655.5 1526.3 2783.7 5626.6 2423.1 7574.9 4193.5 856.7 6468.1 2270.7 5777.5
N 764 604 780 568 1404 696 498 930 1906 882 3370 1422 386 2186 774 2294
Notes: CBCRE and CRE respectively denote the CBRE and RE estimators with correlated random effects; Lo and Pr stand for logit and probit; Cl,
Fr, Ga, and Bx stand for independent, Clayton, Frank, Gaussian, and Bernstein copula of order x; N is the sample size of each country. The estimates
shown are those of Austria, Belgium, Bulgaria, Czech Republic, Denmark, Greece, Spain, Finland, Hungary, Italy, Netherlands, Norway, Poland,
Portugal, and the United Kingdom. The estimates of the remaining countries (Cyprus, Estonia, Iceland, Lithuania, Luxemburg, Latvia, Malta, and

Slovenia) are available upon request.
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Table 14: 10-fold cross validated log-likelihood value across specifications

AT BE BG CZ DK EL ES FI FR HU IT NL NO PL PT UK
RE - Lo -974.3 -719.5 -1011.7 -644.0 -1542.8 -756.5 -691.3 -1316.7 -2732.6 -1147.6 -3762.6 -2059.0 -354.2 -3153.0 -1054.2 -2827.6
RE - Pr -973.1 -743.5 -1014.0 -642.9 -1543.5 -758.1 -692.2 -1316.7 -2732.8 -1149.3 -3770.5 -2057.5 -357.3 -3155.2 -1049.6 -2826.6
CRE - Lo -986.1 -699.7 -1008.7 -654.4 -1522.0 -765.3 -696.2 -1329.3 -2730.9 -1138.4 -3718.4 -2031.1 -358.9 -3150.8 -1067.1 -2817.4
CRE - Pr -988.7 -699.6 -1010.4 -651.4 -1515.2 -766.2 -694.6 -1326.3 -2732.0 -1137.7 -3738.5 -2028.1 -360.9 -3150.1 -1080.1 -2820.4

CBRE Cl Lo -960.2 -701.7 -1008.4 -641.2 -1533.0 -744.2 -691.9 -1317.0 -2722.9 -1144.0 -3725.4 -2037.5 -355.8 -3151.5 -1054.4 -2805.9
CBRE Fr Lo -959.6 -696.9 -1005.8 -642.1 -1527.8 -739.8 -691.3 -1313.6 -2723.5 -1145.2 -3724.1 -2036.6 -356.4 -3147.8 -1053.3 -2802.7
CBRE Ga Lo -960.8 -698.4 -1007.4 -641.7 -1532.7 -745.0 -691.5 -1315.6 -2722.1 -1146.2 -3723.6 -2037.7 -356.3 -3149.7 -1054.1 -2804.5
CBRE Cl Pr -962.0 -703.5 -1009.8 -641.8 -1537.0 -746.1 -692.9 -1317.3 -2724.9 -1145.7 -37349 -2039.5 -357.8 -3153.9 -1054.5 -2808.2
CBRE Fr Pr -9622 -696.9 -1007.4 -642.1 -1533.1 -736.3 -692.2 -1309.8 -2720.5 -1145.8 -3733.3 -2039.2 -356.5 -3147.9 -1053.6 -2804.2
CBRE Ga Pr -962.7 -701.3 -1009.0 -642.1 -1536.8 -747.1 -692.5 -1315.9 -2724.2 -1148.0 -3733.3 -2040.0 -357.4 -3152.0 -1053.9 -2806.6
CBCRE Cl Lo -970.8 -697.9 -1004.8 -645.2 -1511.3 -751.6 -690.1 -1316.8 -2723.6 -1133.8 -3689.3 -2012.7 -358.7 -3146.6 -1065.1 -2803.0
CBCRE Fr Lo -970.6 -694.5 -1003.3 -645.8 -1499.4 -750.8 -689.6 -1315.0 -2724.1 -1133.0 -3683.9 -2012.2 -359.4 -3144.2 -1063.3 -2799.4
CBCRE Ga Lo -969.8 -695.7 -1004.2 -645.0 -1511.2 -751.8 -690.0 -1315.4 -2723.0 -1135.0 -3686.3 -2012.6 -358.9 -3144.9 -1064.5 -2800.3
CBCRE Cl Pr -979.5 -700.1 -1006.5 -645.7 -1511.4 -753.7 -690.4 -1316.3 -2725.8 -1134.5 -3704.2 -2013.8 -359.9 -3148.7 -1072.3 -2805.1
CBCRE Fr Pr -979.3 -697.5 -1004.0 -646.6 -1499.7 -743.3 -689.6 -1315.3 -2725.7 -1133.6 -3699.7 -2012.9 -359.6 -3145.5 -1073.4 -2801.7
CBCRE Ga Pr -979.6 -698.2 -1005.6 -645.9 -1511.0 -753.9 -690.2 -1316.3 -2725.1 -1135.7 -3700.8 -2013.2 -360.5 -3146.9 -1072.3 -2802.5
CBRE B2 Lo -960.6 -697.5 -1006.4 -641.9 -1539.8 -746.4 -691.3 -1315.3 -2723.2 -1147.0 -3725.4 -2038.5 -355.7 -3148.1 -1053.9 -2802.8
CBRE B3 Lo -960.2 -697.3 -1005.0 -642.5 -1539.3 -745.2 -692.6 -1310.4 -2721.7 -1143.1 -3722.5 -2036.4 -355.9 -3149.4 -1052.8 -2802.1
CBRE B4 Lo -960.2 -698.7 -1004.9 -642.6 -1538.7 -745.3 -691.2 -1311.0 -2718.3 -1142.2 -3722.6 -2036.0 -355.9 -3145.4 -1053.5 -2799.4
CBRE B2 Pr -963.1 -699.6 -1008.2 -641.8 -1543.5 -748.0 -692.7 -1315.5 -2725.6 -1148.6 -3733.9 -2040.3 -355.6 -3150.5 -1053.8 -2804.8
CBRE B3 Pr -964.2 -699.1 -1007.0 -642.8 -1542.8 -746.9 -694.3 -1310.7 -2723.9 -1145.5 -3731.5 -2038.0 -356.3 -3151.8 -1053.3 -2803.9
CBRE B4 Pr -962.3 -700.9 -1005.9 -642.8 -1542.3 -746.9 -693.3 -1311.7 -2720.0 -1143.5 -3728.7 -2036.4 -356.3 -3147.7 -1053.6 -2800.8
CBCRE B2 Lo -9726 -695.6 -1003.9 -645.1 -1523.4 -753.4 -690.1 -1315.8 -2724.2 -1136.4 -3685.5 -2014.4 -358.1 -3143.9 -1064.5 -2799.6
CBCRE B3 Lo -972.2 -695.5 -1002.2 -646.3 -1523.5 -752.6 -691.1 -1310.9 -2722.9 -1134.8 -3682.6 -2012.2 -358.7 -3145.3 -1062.3 -2798.7
CBCRE B4 Lo -9729 -696.6 -1002.2 -646.4 -1522.0 -753.1 -689.4 -1311.2 -2720.0 -1135.2 -3683.3 -2011.1 -358.6 -3142.0 -1063.6 -2797.8
CBCRE B2 Pr -1636.7 -698.0 -1004.3 -645.4 -1521.8 -756.3 -690.4 -1316.6 -2727.7 -1136.5 -3698.5 -2015.5 -358.8 -3145.2 -1074.5 -2800.7
CBCRE B3 Pr -1636.7 -697.8 -1004.2 -646.9 -1522.4 -755.7 -690.5 -1311.4 -2726.3 -1136.9 -3696.4 -2013.3 -359.1 -3146.4 -1079.1 -2800.0
CBCRE B4 Pr -1634.7 -698.5 -1002.9 -646.9 -1520.8 -756.8 -689.7 -1312.6 -2722.9 -1135.3 -3694.7 -2012.4 -359.5 -3142.8 -1079.1 -2800.1
N 764 604 780 568 1404 696 498 930 1906 882 3370 1422 386 2186 774 2294

Notes: CBCRE and CRE respectively denote the CBRE and RE estimators with correlated random effects; Lo and Pr stand for logit and probit; Cl, Fr,
Ga, and Bx stand for independent, Clayton, Frank, Gaussian, and Bernstein copula of order x; N is the sample size of each country. The estimates shown
are those of Austria, Belgium, Bulgaria, Czech Republic, Denmark, Greece, Spain, Finland, Hungary, Italy, Netherlands, Norway, Poland, Portugal, and the
United Kingdom. The estimates of the remaining countries (Cyprus, Estonia, Iceland, Lithuania, Luxemburg, Latvia, Malta, and Slovenia) are available
upon request.
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