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Abstract

In this note we study the role of the Green function for the Laplacian in a
compact Riemannian manifold as a tool for obtaining well-distributed points.
In particular, we prove that a sequence of minimizers for the Green energy is
asymptotically uniformly distributed. We pay special attention to the case of
locally harmonic manifolds.
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1. Introduction

Distributing points in spheres or other sets is a very classical problem. Its
modern formulation in terms of energy—minimizing configurations is due to the
discoverer of the electron J. J. Thomson who in 1904 posed the question (rephra-
sed here) in which position —within some set such as a ball or a sphere— would
N electrons lie in order to minimize their electrostatic potential? [1J.

Thomson’s question was related to a certain atomic model — the plum pud-

ding model — which had a very short life due to the spectacular advances of
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experimental physics in the beginning of the XX century. The question still re-
mained as a beautiful problem to be solved, and gained importance for different
applications in the subsequent years. In 1930, the botanist Tammes suggested
that the (astonishingly regular) distribution of pores in pollen particles followed
a pattern that maximized the minimal distance between pores (see [2] for Tam-
mes’ original publication and [3] for high definition images). This idea gave an
excellent explanation to the fact that there are barely pollen particles with 5 or
11 pores (since if 5 pores can be placed in the surface of a sphere then 6 equal
sized pores can also be placed, and similarly for 11 and 12. The mathematical
proof of this fact was not complete until the 1980’s, see [4l [5, 6] [7]). See [8, @]
for two classical reviews on the problem.

A seminal paper [10] launched a new collection of works on the topic of
distributing points in spheres. The problem had gained new motivation with
Shub and Smale’s approach to polynomial system solving, which in the one—
dimensional case required to find a polynomial all of whose zeros were well-
conditioned in a particular sense. In [II] they proved that such zeros corre-
spond (via the stereographic projection) to points in the Riemann sphere which
maximize the product of their mutual distances, equivalently, points with mi-
nimal logarithmic energy. This relation led Smale to include the problem of
algorithmically finding these points in his list of problems for the XXI Century
[12]. See [13] [14] for recent surveys on Smale’s problem.

There are many different approaches to the definition of what a sensibly
distributed collection of spherical points is. Apart from the mentioned minimi-
zation of the energy and maximization of minimal distances, other definitions
include having small discrepancy, providing exact integral formulas for low de-
gree polynomials (spherical t—designs, see [15] [16] for a recent breakthrough),
having optimal covering radius, maximizing the sum of the mutual distances,
etc. There are dozens of papers on each of these problems. A very recent and
very complete survey on the problem is [17].

In a recent paper [I8], the problem of minimizing the logarithmic energy in

the 2—sphere was rewritten as a facility location problem: that of allocating a



number of heat sources in such a way that the average temperature is maximized.
This approach led to some nontrivial results including upper bounds for the
logarithmic energy of well-separated sequences with small discrepancy. As a
consequence it was proved that a sequence of minimizers of Riesz’s s—energy is
asymptotically minimizing for the logarithmic energy (the reciprocal of this fact
was proved in Leopardi’s paper [19]).

The logarithmic energy is defined by

Eiog(T1, ..., xn) = Zlog |z —z;]| 7Y, =z €S2
i#j
This function has a very special property: its (spherical) Laplacian is constant.
This follows from the fact that the function log ||z — y|| =t is (up to scaling) the
Green function for the Laplacian in S2. A collection of points minimizing the
logarithmic energy is called a set of elliptic Fekete points, though sometimes the
word “elliptic” is omitted. See [20, 21| 22] for an introduction to the classical
theory.
The Riesz s—energy is defined by

Es(x1,...,xN) = Z lzi — ;]| 7°.
i#j

Remarkable progress in the study of logarithmic and Riesz energies (minimum
values, properties of the minimal energy configurations, relation to separation
distance, spherical cap discrepancy and cubature formulas...) has taken place in
the last three decades, see for example (additionally to the already mentioned
references) [23] for universally optimal configurations, [24] 25, 26, 27, 28] [29)
for asymptotic bounds on the energy, [30] for complexity considerations on the
computation of the energy, [31] [32] B3] [34, B3] BT, 36, B7, B8] for relation to
discrepancy, interpolation and quadrature, [39, [I9] for relation to separation
distances.

We now want to define minimal energy points in an arbitrary compact mani-
fold. Interesting cases include orthogonal groups (as in [40]), but we are looking

for a standard approach for the general case. General manifolds lack a standard



embedding into some Euclidean space, so we cannot directly use the energies de-
fined above in those cases. Still, we could take the definition of the logarithmic
energy or the Riesz s—energy and just change Euclidean distance by Rieman-
nian distance. This is something feasible, but if we do so, the resulting function
will not be everywhere smooth, since the Riemannian distance function is not
everywhere smooth in compact manifolds. A more natural approach would be
to take an intrinsic smooth kernel K (x,y) and use it to define an intrinsic dis-
crete energy with the formula Zi# K(z;, ;). In this article we will study the
role of the Green function G of a compact manifold as a measure of the well-
distribution of a set of points. The (discrete) Green energy of a set of N > 1

distinct points z1,...,zxy € M is given by

Ec;(.’L‘l, ...,JTN) = Z G(Z‘Z, JJ]’).
i#j

This definition leads in fact to well-distributed points in the sense that minimal
Green energy points converge weak® to the uniform probability measure on the

manifold:

Theorem 1.1 (Main). Let M be a compact Riemannian manifold of dimen-
sion n > 1 and let G be its Green function. The unique probability measure

minimizing the continuous G—energy

Toll = [ Glay)du(adu(z)
z,yeM
is the uniform measure A on M. Moreover, for each N > 1, let wy = {z1,...,xn}
be a set of minimizers for the Green energy Eg. Then

%Zazix.

TEWY,

The proof of Theorem reduces, using the arguments in [41], to the proof
that a certain integral inequality holds for every finite signed measure (see De-
finition . It is fairly easy to check this inequality for C'*° multiples of the
Riemannian volume form by using the properties of the Green function. The

core of this note consists of the proof of this inequality in the general case.



Afer uploading this manuscript to arXiv, we received a communication from
Stefan Steinerberger pointing out that in the absolutely continuous C*° case
the inequality in Definition [3.2 holds, not only for the Green kernel, but also for
the heat kernel (see [42]), so one might try to extend the same result to general
measures using the heat kernel instead of the Green kernel. This is, however,
not our main interest.

The Green function of a general Riemannian manifold is usually very hard
or almost impossible to compute, but there is a class of manifolds in which the
Green function can be computed by solving a simple ODE: the class of locally
harmonic manifolds. In the Appendix at the end of this article we work out some
examples of Green functions for this class of manifolds. Most of the material
there is probably known, but it is hard to find it in the literature, so we include
it for completeness.

Theorem [1.1| states that minimizing configurations converge to the uniform
measure, but it says nothing about the speed of convergence. The Green energy
is somehow similar to the Riesz s—energy on the sphere S™ for s = n—2. In a se-
ries of papers by Wagner, Saff, Kuijlaars, Rakhmanov, Zhou and Brauchart (see
[43] 24, 25|, [44]) it was shown that the minimum Riesz s—energy on the sphere
is bounded as ¢cN'**/" < min E, (21, ..., zx) < CN'**/™ for some positive con-
stants ¢, C'. Hence, one might expect the difference between the minimal discrete
energy and the energy of the uniform distribution to be of order N=2/" (after
dividing by N?). One possible generalization of the Riesz s—energy to general
compact manifolds might be the discrete energy associated to the fundamental
solution to some other differential operator such as the fractional Laplacian.

Part of this work was developed while the third author was staying at ICERM
at Brown University for the Semester Program on Point Configurations in Ge-
ometry, Physics and Computer Science. We are grateful to the institution for
their support. We would also like to thank Doug Hardin and Ed Saff for the
helpful conversations we had and the relevant references they provided us with.
Lastly, we would like to thank the referees for their helpful comments and re-

commendations.



2. Green Function

2.1. Notation and conventions.

Through this article M = (M, g) will denote a C°° compact Riemannian
manifold without boundary of dimension n > 1 with volume V = vol(M)
and volume form dvol. The (Riemannian) distance between any pair of points
xz,y € M will be denoted by d(z,y). For a point x € M we will denote by
inj(x) the injectivity radius of . The injectivity radius of M will be denoted
by inj(M). We will denote by B(z,r) = {y € M : d(z,y) < r} the geodesic
ball of radius r and by S(z,r) = {y € M : d(x,y) = r} the geodesic sphere of
radius . We will follow the convention that the Riemannian Laplacian is given

by A = —divV.

2.2. The Green function in a compact manifold
We will start by recalling the existence of the Green function in a compact

manifold.

Theorem 2.1. [/5, Theorem 4.13] Let M be an n—dimensional compact Rie-
mannian manifold. There exists a smooth function G defined on M x M minus

the diagonal with the following properties:

1. For every function ¢ € C*(M),

@)=V / _ edvol(y) + / _ Ca)Ag(u)avol(y)

In other words,

AyG(x,y) = 6:(y) — V!

in the sense of distributions.

2. There exists a constant k such that, for every x # vy,
|G(z,y)| < k(14 |logr|) for n =2,
|G(z,y)| < kr?—n for n > 2,
IVyG(z,y)|| < krt=™,

IV5G (@, y)ll < kro,



with r = d(x,y).
3. There exists a constant A such that G(z,y) > A.
4. The function x fyeM G(z,y)dvol(y) is constant.

5. G(z,y) = G(y,x) for every x # y.

We call G the Green function for the Laplacian. The Green function is
uniquely defined by (1) up to an additive constant. Hence, in view of (4) in the

previous theorem, we may assume that [ G = 0.

Remark 2.2. One can think of the Green function as follows: suppose that
we place a source of infinite heat at a point x € M and that M is cooling at
a constant rate V=1, Then y — G(z,y) is a stationary solution to the heat

equation (0; + A)u =6, — VL.

Remark 2.3. From (1) in Theorem[2.1] if f : M — R is a continuous function
with [ f =0, then the function

satisfies Au = f.
The following concept will also be useful.

Definition 2.4. Let M be a Riemannian manifold and let x € M be a point.
The volume density w, is a function whose local expression in normal coordi-

nates around T s

wo(y) = \/det gy (expz ' ().
(See [46, 6.3] or [{7] for a coordinate—free definition,).
Proposition 2.5. The volume density satisfies the following properties:

1. wg is smooth in any normal neighborhood around x.
wy(x) = 1.

woly) > 0 if d(z,y) < inj(a).

- W

wz(y) = 0 if and only if y is a conjugate point to x.



5. we(y) = wy(x).

Properties (1), (2) and (3) follow directly from the local expression of w,
(for (2), recall that in normal coordinates around z, ¢;;(0) = d;;). Property (4)
follows from the definition of the volume density in terms of Jacobi fields (see
[46, 6.3]): ws(y) = 0 when there is a non-zero Jacobi field vanishing at z and y.
Finally, (5) is a direct consequence of the invariance of w under the canonical

geodesic involution (see Definition and Lemma below).

Definition 2.6. The canonical geodesic involution i on the tangent bundle
TM of M is defined as follows. Denote by Q0 C T M the domain of definition
of the exponential map and by ~y, the geodesic 7,(t) = exp,(tv), t € [0, 1], where
veTyM. Theni: Q — Q is the map

i(v) = =4 (1).

In other words, if v € T, M and y = exp,, v, then i(v) is the unique vector

w € Ty M such that z = exp, w.

Lemma 2.7. [[6, Lemma 6.12] Let v € T, M and y = exp, v. Let us denote,

abusing of notation, w(v) = w,(y). Then w(v) = w(i(v)).

3. Proof of Theorem [I.1]

Our aim is to prove that if w}, is a sequence of minimizers for the Green

energy, then the normalized counting measure ﬁ > 0, converges weak™ to

TEWY
the Riemannian (uniform) probability measure A = V~!dvol. That is to say
that the wy are asymptotically uniformly distributed. To this end, we will make
use of classical potential theory, taking [41] as a primary reference. Although in

[41] all the results are stated for an infinite compact subset of R™, all the proofs

are valid for a Riemannian manifold of positive dimension.

3.1. FEnergies and equilibrium measures

Let M be a compact manifold. A kernel is a map K : M x M — RU{+4o0}.

If K is symmetric and lower semicontinuous, we define the (discrete) K —energy



of a multiset wy = {z1,...,2x5} by

Ex(z1,...,zN) = Z K(z;, ;).
i)

We denote the minimum discrete energy by
SK(N) = min EK(wN).
wN

The limit

(M) = lim EEW)

Nooo N2 7
(which might be infinite) always exists (see [41]) and is called the K —transfinite
diameter of M. If p is some Borel probability measure supported on M, then
the K —potential of u is the function defined by
Uk(x) = K(z,y)du(y).
yEM
The (continuous) K—energy of p is the value

IK[u1z<u®u><K>:/

z,yeM

K (0, y)dpu()dps(y) = / | Uk@dua)

An equilibrium measure (if it exists) is a Borel probability measure p* minimi-

zing the continuous K—energy. That is,
I [p] = b Ixefu] = Wi (M),

where the infimum is taken among all Borel probability measures supported on

M. We call Wi (M) the Wiener constant.

Remark 3.1. The definition of Ix extends naturally to finite signed measures

v by writing the Jordan—Hahn decomposition of v @ v as
vQr=vieuvi+r Qv  —vTeu” —u_®u+,

where v = vt

— v~ and v, v~ are mutually singular non—negative finite me-
asures, assuming that at least one of the sums (vT @ v (K) + (v~ @ v )(K)
or (vt @vT)(K)+ (v~ @vt)(K) is finite. Note that, since K is bounded from

below, |Zk[v]| < oo implies that K is (v ® v)—integrable.



First we will be concerned about the existence and uniqueness of the equili-
brium measure. The existence of a measure p* such that Zx[u*] = Wi (M) is

always guaranteed (see [41]). However, for uniqueness we need a bit more work.

Definition 3.2. A kernel K is called strictly conditionally positive definite if
for every signed finite Borel measure v supported on M such that v(M) = 0
and the quantity
Ticly] = / Kz, y)dv(z)dv(y)
r,yeM

is finite, we have Ik [v] > 0 and Zx[v] =0 if and only if v = 0.
Compare this definition to its discrete counterpart [48, Chapter 31].

Theorem 3.3. [/1] Suppose that the kernel K is symmetric, lower semiconti-
nuous, strictly conditionally positive definite and that Wi (M) < oo. If there is
some probability measure p* for which the potential UI“; (z) has a constant finite

value ¢, then p* is the unique equilibrium measure and Tx[p*] = Wr(M) =c.

Assuming that there is a unique equilibrium measure p*, the following result

tells us that measures for near optimal point configurations converge weak* to

*

wr.

Theorem 3.4. [J1] If K is lower semicontinuous and symmetric, then
TrR(M) = Wi (M).

Moreover, if {wn}n is any sequence of configurations such that

lim LK(M)
N—oo N2

=1 (M),

then every weak® limit measure v* of the normalized counting measures

u(wN) :% Z 5;C

TEWN

s an equilibrium measure for the continuous energy problem.

Remark 3.5. In particular, the second statement of Theorem[3.]] is valid for a

sequence {wi }n of minimizers for the discrete problem.

10



In the next sections we will prove that the kernel K (z,y) = G(x,y), where G
is the Green function, is strictly conditionally positive definite (see Proposition
3.14). One might be tempted to use the classical eigenfunction expansion for

the Green function
Yi(z)vi(y)
G = —
(z,y) Z N
i>1
where the 1; are some orthonormal basis of eigenfunctions for the Laplace ope-

rator and the \; are the corresponding eigenvalues. Then one would simply

write
) V()i (y)
G d = ——7d
/:c,yeM (. y)dv(z,y) ;/x,ye/\/t Ai v(z,y)

=2 Uaese wf)dy(z)) >0,

i>1
where dv(z,y) stands for dv(z)dv(y). However, the interchange of the sum and
the integral in (*) does not directly follow from the Dominated Convergence
Theorem and must be carefully justified. While this article was in the revision
process, we were pointed out by Ed Saff that in [49, Lemma 3.4.7] the author
presents a similar argument involving a representation of the Green function
using the heat kernel for the case of Riemann surfaces. His argument can likely
be extended to the general case we deal with in the present paper, although we

use a different approach.

3.2. Mollifiers in Riemannian manifolds
In R™ we can define the smooth function

1 _
Cpe T if |lul| < 1,
0 if fJul > 1,

o(u) =

where C), is some constant making f]R" ¢ = 1. For every € > 0, the classical
mollifiers are ¢.(u) = e "p(u/ec). Each ¢, is smooth, non-negative, supported

on the Euclidean ball B(0, ) and fR,L e = 1. Moreover,

*

we = do.

11



That is, for every continuous function f : R™ — R we have that

lim we(uw) f(u)du = f(0).

=0 Jyern
In a Riemannian manifold, we have a sequence of functions playing a similar
role. Define
Pe (CXP;1 y)
wz(y)
where w,(y) is the volume density (as in Definition [2.4). We have to impose

He(z,y) = » 0<e<inj(z),

€ < inj(x) because if d(z,y) = inj(z), then w,(y) = 0 and also exp, 'y might
not be well-defined. If M is compact, then 0 < inj(M) < inj(x) for every point
xr € M, and hence we are allowed to just impose 0 < ¢ < inj(M). This will be
the case here, since all our manifolds are compact.

This definition of mollifiers on Riemannian manifolds is quite natural, but
we have not found any explicit construction in the literature. Thus we proceed

to prove some of the properties of the functions H..

Proposition 3.6. The functions H.(x,y) have the following properties:

1. H.(z,y) > 0.
.supp H: = {(z,y) e M x M :d(z,y) < e}.
. H(xvy) :H(yv'r)

2

3

4. For each x € M, H.(z,y)dvol(y) = 1.
)

fye./\/l

. For every finite signed Borel measure v on M the function

vel(z) = / |, By (1)

1s smooth.

6. For every continuous function f: M — R and for every x € M,

lim F(y)He(z, y)dvol(y) = f(z).
e— yeM

Proof. (1) and (2) are immediate from the definition of H,, since from Propo-

sition 2.5 w, (y) > 0 if d(z,y) < inj(M).
Note that ¢.(u) depends only on ||u|| and

| exp, ! yll = d(z,y) = d(y, x) = || exp, " z|],

12



hence @ (exp, ' y) = ¢c(exp, ' ) and w,(y) = wy(z) from Proposition S0
(3) follows.

For (4) let us compute in normal coordinates around x:

H@wmwb/ g (o w= [ pwtu=1,
/yEM : B(0,e) V/ detgz_] J u€B(0,¢e) :

We will prove (5) by induction. Pick some coordinate system (U, (z1, ..., 2™))
and let © € U be any point. For each index 1 <i <n, let v: (a,b) = M be an
integral curve of the vector field 9; with v(0) = x and y(a,b) C U, and consider

the function

h(t) = He(v(t),y)dv(y).

yeM
For every t € (a,b) the function ¢t — H(y(t),y) is smooth because H. is smooth.

Writing the Jordan—Hahn decomposition of v as v = v — v~, where v+ and
v~ are (non—negative) finite measures, and applying [50, Corollary 2.8.7], h is

differentiable and

mwa/ L H, (8, 9)d(y).

em dt
Hence,

@um:ﬂwamwww@,

and thus v, is C'. Now assume that v, is C* and that

ail : /a’bl : x y)dV( )
for some indexes 1 < d1,...,1p < n. If 1 <4 < n is any index, since =z
O, + -+ 05, He(z,y) is again a smooth function, then by the base case v, is elan
and
0;0;, - -+ Oy ve() = / 0;0;, - -+ 03, He(z, y)dv (y).
yeM

Hence v, is C°.

Finally, we prove (6). Let f be continuous and let € M be any point. If

we take normal coordinates in B(z,¢) for 0 < ¢ < inj(M), we get

fe(x) = H.(z,y)f(y)dvol(y)

yeM

5/ e () f(exp, w)du — f(exp, 0) = f(z).
u€B(0,e)

13



8.8. Positive definiteness of the Green function

With the Riemannian mollifiers in hand, now we are able to prove that the

Green function is a strictly conditionally positive definite kernel.

Remark 3.7. In what follows we will make use of Fubini’s Theorem and Lebes-
gue’s Dominated Convergence Theorem for signed finite measures v. Note that

every continuous function f: M — R is v-integrable, since

07D = [t + [ 17,

where v and v~ are both finite (non-negative) measures and M is compact.
The same holds for v®@dvol = v ®dvol—v~®dvol and continuous f : MxM —
R.

Lemma 3.8. Let M be a compact manifold and let v be a signed finite Borel
measure such that v(M) = 0. The sequence {v.}. given in satisfies:

L ve(M) =0, i.e., [, ve(z)dvol(x) = 0.

E
2. ve —~vase — 0.

Proof. For each 0 < & < inj(M), v.(z) is smooth as seen in Proposition
Then

/IEM ve(z)dvol(z) = /IEM /yeM H,(z,y)dv(y)dvol(z)

_ /y » ( /x » He(x,y)dvol(x)) dv(y) (Fubini)
— /y » dv(y) (by (4) in Proposition
=0.

This proves (1). Now let f: M — R be a continuous function. Then

/yEM F(y)v=(y)dvolly) = /y A2 L _, @ y)dv(z)dvol(y)
/x o ( /y » f (y)Hg(x,y)dvol(y)) dv(z) (Fubini)

14



By (6) in Proposition

lim f(y)He(x,y)dvol(y) = f(z).
e— yeM

Also, since f is continuous and M is compact, there is some constant C such

that

/ f<y>H6<x,y>dvol<y>\sc |H. (2, y)|dvol(y) = C,
yeM yeEM

(from (1) and (4) in Proposition [3.6). The constant C is a v—integrable function
and, by the Dominated Convergence Theorem,

i [ fdvolw) = [ ),

=0 Jyem zeM
proving (2). O

Lemma 3.9. There is a constant C' > 0 such that, for every 0 < ¢ < %,

and for every pair of points y,z € M such that d(y, z) < 2¢, we have

/ H.(z,2)logd(x,y) *dvol(z) < Clogd(z,y)"" ifn=2,
reEM

H C

/ He(2,2) ZL)Z dvol(z) < ——+—  if n>2.
vem Az, y)" d(z,y)"

Proof. We prove the case n > 2 (the case n = 2 is similar). Let 0 < ¢ < 7inj(4M),

and let y, 2 € M be a a pair of points with d(y, z) < 2e. The function
(z,2) = wy(2)

is continuous and strictly positive if d(z,z) < inj(M), hence it is continuous

and strictly positive on the compact set
3. .
{(m,z) EMxM:d(z,z) < 41I1J(M)}.

Therefore, there exist constants 0 < k < K, not depending on ¢, such that for
every p,q € M with d(p,q) < 3¢, we have 0 < k < w,(q) < K. Since ¢.(u)
reaches a maximum at u = 0,

v-(exp; ) < 1 _ Cy, '

H (z,z) = o ()

(2)

15



(Recall that C), is the constant making [;, ¢ = 1). Then,

H.(z,2) o / 1
2 gvol —_—
/GJGM d(.ﬁ y)n 2 ( ) eke™ rEB(z,¢) d(x’y)n—Q

dvol(z).

Since ¢ < %

, there are normal coordinates around y defined on B(y, 3¢).
Since d(y, z) < 2¢, if x € B(z,¢) then by the triangle inequality d(z,y) < 3¢, so
B(y,3¢) D B(z,¢). Now, taking normal coordinates on B(y, 3¢),
dvol(x) S/ %
w€B(y,3¢e) A(T,y)" 2
Vdetgy(w) .
/uEIB(&S)

1
- dvol(z)
/1:€B(z,s) d(:L‘, y)n72

[ =2

— / wy (expx ) du
n—2
u€B(3e) ”u”

1

——du
weB(3e) |lul"?

3e
L 7
0o Joesr-1(r) T

3e
= Kvol(S"™1) / rdr
0

~ 9Kvol(S"1)e?
=—

<K

Conclude, recalling that d(y, z) < 2e, that

n—1 n—3 . n—1
/ Hg(x,z)zd ol(x) < 9CnKvol(S2 ) < 2 9CnKV01(2S )
cem @, y)" 2eken— ekd(y, )"~

The result follows by taking

2n=3 . 9C,, Kvol(S*~1)

¢= ek

O

The previous lemma bounds the integral of H.(x, z)d(z,y)>~™ by a constant
times d(z,y)?~™ whenever z is a point close to y. The next lemma bounds the

)2771

same integral by a constant times d(y, w when z is a point not too close to

y and w is any point close to y.
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Lemma 3.10. Let 0 < € < inj(M) and let y,z,w € M be points such that
d(y,w) <e and d(y,z) > 2e. Then

/ H_(z,2)log(z,y) *dvol(z) <logd(y,w) ™ if n =2,
zeM

H, 1

/ %dvol(m) <07 ifn>2
reEM d(x,y)" d(va)n

Proof. We prove the case n > 2 (the case n = 2 is similar). From the triangle

inequality, for any € B(z,¢) we have that d(z,y) > d(y,w). Hence
H H 1
/ Lﬂdvol(x) < / %dvol(m) =,
zeM d(xv y)n zeM d(ya w)n d(yv w)n
since [(H. = 1. O

Lemma 3.11. There ezists a positive constant K such that, for every 0 < e <

ianTM) and for every z,w € M with z # w,

/ H_(z,2)H.(y,w)log d(x,y) *dvol(z)dvol(y) < Klogd(z,w)~' if n=2,
z,yeM

HE I H€ I .
/ (z,2) (_Zé w) dvol(z)dvol(y) < ————— if n> 2.
z,yeM d(%, y)n d(Z, w)n
Proof. We prove the case n > 2 (the case n = 2 is similar). Let 0 < e < %,

and let z,w € M with z # w. From Fubini’s Theorem and lemmas and
[3:10] we have that
H, H,
/ E(J"7 Z) E(y7w) dvol(ﬂj, y) — /
z,yeM

d(xvy)niz yEB(w,e)

- o) ([ 5 o)) avol(y
/{y:d(y,z)<2€}ﬁB(w,e) : zEM d(l‘,y)n 2

He(x, 2)
+/ H.(y,w) (/ E_dvol(as)) dvol(y)
{y:d(y,z)>2e}NB(w,e) : zEM d(xvy)n 2

H
%dvol(y)
{y:d(y,z)<2e} d(y7 Z)n

He(y,w)
n / 29 qvol(y
{y:d(y,z)>2¢} d(y’w)n—2 ( )

H.(y, w) ( /I deol(a:)) dvol(y)

eM d($7 y)n72

<C
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If d(z,w) < 2¢, applying Lemma we get a bound for the first of the integrals
above:
H, H. C?
C Lﬂldvol( ) < C/ ﬁdvol( ) <
{y:d(y,2)<2e} ( Z) yeEM d(y, ) d(zaw)

and for the second one we have that

/ ) ol < [ ol
{y:d(y,z)>2¢} d(y?w)n yeEM d(y7w)n

— / ('DE(YLU_)Q du
ueB(e) ]
Ch 1

T e Jueme) lul"?
~ Cpvol(S™1)
 2een—2
2730, vol(S™ 1)
ed(z,w)"2

Therefore, if d(z,w) < 2¢, then

2 n—3 n—1\,—1
/ H.(x,z)H.(y (2 )dvol( Jdvol(y) < C*+2 C’nvol(§ )e
z,yeEM d(l‘ y)n d(z7w)n_

Now assume that d(z,w) > 2e. If H.(z,2)H:(y,w) # 0, from the triangle
inequality,

d(z,y) > d(z,w) — d(z,x) — d(y, w) > 0,

hence

Hg(.%‘ Z)H ( ) Ha(x,z)Hg(y,w)
[y gt e < || e e dvolle)

Let us denote t = d(z,w). Taking normal coordinates around z and w, this last

integral equals

1 1
v||2

u?

9 1l L
/ SO&‘(U)SOE(U) d d'U _ 62(7’:" / € € — dud'U
uwek(e) (&= [lull = [lvl)"= €2 Juwen(e) (& = [lull = [v]])

Taking polar coordinates, this equals

T §2
C2vol(S"1) rn—lg 1‘?26 1=z
2 5 drds
g2n (t—r—s)n
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Changing variables = /¢, y = s/e, that is
n— 1 n 1 - _%
C2vol(S (ex)” 1—a?e 1-y 2 0rd
e, t—aw—sy)" 2 vy

1

’I’L 2

1 6 1—22 6 11—y
C2vol(S™~ / / t—&m—sy)" s——dzdy

n 1 1 Yy
< C?vol(S™ 1) e ef - dedy (> 2€)
t ty)’n 2
2T 3

and this last integral equals % with

t"

1Sn1 nlnl 1_12€_ﬁdd
ol // 1—x/2—y/2>n2 e

Let us see that the integral in the right hand side converges. We have that

ﬁelydd lze# dd
<
// 1—1:/2 y/2)n—2 W= // 1-9:/2—1/2)”2””/

1 )

e 11—z
— 9n— 2 — yzd 4
/o . y/ -2

on—3 1 T_22
= / < dz
Cy Jy 1—x)n=2

This integral converges because

ATy
Finally, taking
K = max{K,C? 4+ 2" 3C,e " vol(S" 1)}
the result follows. O
Lemma 3.12. There exists constants C1,Cs > 0 such that, for every x # y,

logd(‘ray)71 < ClG(‘ray) + 02 if n= 27

1
—— < if 2.
Ay = C1G(z,y) + Cy if n>
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Proof. The result follows from [51l Proposition 6.1]. O

Lemma 3.13. Let v be a signed finite Borel measure such that v(M) =0 and
|Zc:[V]] < oo, and let {v.}. be the sequence of smooth functions in Lemma[3.84
Then
lim G(z,y)ve(x)ve(y)dvol(z)dvol(y) :/ G(z,y)dv(z)dv(y).
e—0 z,yeM z,yeEM

Proof. Applying Fubini’s Theorem, we have that
/ G(z,y)ve(x)ve(y)dvol(x)dvol(y)
z,yeM

= /Z’MEM (/x,yEM G(x,y)HE(z,:E)Hs(w,y)dvol(x)dvol(y)> dv(z)dv(w).

Let us denote

fe(z,w):/ i G(z,y)H:(z,z)H.(w, y)dvol(z)dvol(y),

and let us see that we may apply the Dominated Convergence Theorem.

First, if 2 # w, choosing ¢ > 0 small enough the closed balls B(z,¢)
and B(w,¢) do not intersect. The integrand in f.(z,w) has support on F =
B(z,¢) x B(w, ), and restricted to this closed set the function G is continuous.
By Tietze’s Extension Theorem, we may choose a function G, continuous con
M x M, such that G|r = G. By (6) in Proposition and applying Fubini’s

theorem,

lim f.(z,w) = lim G(x,y)H:(z,2)He(w, y)dvol(z)dvol(y)
e—0 e—0 z,yeM

= G(z,w) = G(z,w).

This proves that f.(z,w) — G(z,w) pointwise almost everywhere on M x M.
Suppose that n > 2 (the proof for the case n = 2 is similar). From (2) in

Theorem [2.1] there exists a positive constant k such that, for every z,y € M,

k
< ———.
Gyl < g
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Hence,

|fe(z,w)| < / k. (2, 0) He(w, y) dvol(z)dvol(y)

z,yeM d('ray)n_z

(by Lemma [3.11))

~ d(z,w)"2
< CC1G(z,w) + CCy, (by Lemma ,
with all the constants independent from e. Since G is v ® v—integrable (see

Remark [3.1) and so are the constant functions, the result follows from the

Dominated Convergence Theorem. O
Proposition 3.14. The kernel G is strictly conditionally positive definite.

Proof. Let v be a signed finite Borel measure on M such that v(M) = 0 and

Zg([v] is finite. Let {v.}. with 0 < ¢ < % be the sequence of smooth

functions from Lemma[3.8] For each ¢, let 7. be a zero mean function such that

A, = v, (which exists from Remarkand the fact that [ G(z,y)dvol(y) = 0).

Then, applying Fubini’s Theorem and (1) from Theorem [2.1}

| Gyl = [
z,yeEM

yeEM

(/ G(x,y)l@(x)dvd(x)) Ve (y)dvol(y)
zeEM
~ [ rwanmdwly
yeM
~ [ 19 @Pavl) >0
yeM

where v (z,y) stands for v.(z)v.(y) and we have used Green’s First Identity.

From Lemma [3.13]

/ G(z,y)dv(z)dv(y) = ghj% G(z,y)ve(x)ve(y)dvol(z)dvol(y) > 0.
z,yeM z,yeM

Now assume that

/ G(z,y)dv(z)dv(y) = 0.
z,yeM
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Let u € C?(M) be any zero mean function. Then,

/y » u(y)du(y)‘ = |lim v u(y)l/g(y)dvol(y)‘

= |lim o (/EGM G(z,y)Au(x)dvol(x)) Vs(y)dvol(y)‘

e—0

= ;51(1) . Au(x) ( e G(x,y)yg(y)dvol(y)) dvol(x)

= ;1_1% . Au(z)v(z)dvol(x)

= lir% g(Vu(z), Vi (x))dvol(x)
e Jeem

([ iwuenaa)) i ([ iwspaoe)

where we have used Green’s First Identity again and g(Vu(z), V. (x)) is just

IA

the pointwise scalar product of the gradients. Since
lim/ |V (2)*dvol(z) = / G(z,y)dv(z)dv(y) = 0,
=0 reEM z,yeEM

we conclude that for every zero mean function u € C?(M),

/ u(y)du(y) = 0,
yeM

and by adding a constant it is immediate to see that the zero mean hypotheses
is unnecessary. Now, let f : M — R be a continuous function. Since M is com-
pact, by a standard approximation argument we also have that fy em fW)dv(y) =

0. Hence, v = 0 and the result follows. O

3.4. Proof of Theorem
We have shown in Proposition that the kernel G is strictly conditionally

positive definite. Moreover, G is symmetric, lower semicontinuous and

Wa(M) =inf Zgu] < V_Q/ G(z,y)dvol(z)dvol(y) = 0 < co.
H x,yeM

Since for the measure A = V~!dvol the potential

Ué\;(m) =y! /e/v( G(z,y)dvol(y)
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has a constant finite value (namely, 0), by Theorem the normalized Rie-
mannian measure A is the unique equilibrium measure for G and Wg (M) = 0.

By Theorem any convergent subsequence of % > 0, converges to .

*
TEWN

Finally, the result follows from the Banach—Alaoglu Theorem.

4. Appendix: Locally Harmonic Manifolds

As we said before, computing the Green function of a general Riemannian
manifold is usually a hard task. However, if we restrict ourselves to the class of
locally harmonic manifolds, the computations are much easier. A manifold is
locally harmonic at a point x if every sufficiently small geodesic sphere around
x has constant mean curvature.

A more useful (yet equivalent) definition for our purposes uses the concept

of volume density (see Definition [2.4).

Definition 4.1. Let M be a Riemannian manifold and let x € M be a point.
We will say that M is locally harmonic at x if there exists an € > 0 such
that w,, is radially symmetric on B(x,e). In other words, if there is a function
Q, : [0,e) = R such that w,(y) = Q. (d(x,y)) for every y € B(x,e). We will

say that M is locally harmonic if it is locally harmonic at x for every x € M.

The Euclidean space R™ is a simple example of a locally harmonic mani-
fold with Q,(r) = 1. The sphere S” is also locally harmonic with Q,(r) =
on—1

sin r/r"~1. Other examples of locally harmonic manifolds are the projective

spaces RP", CP", HP" and OQP?2.

Remark 4.2. FEvery locally harmonic manifold of dimension n > 2 is an Ein-
stein manifold (see [46, Chapter 6]). As a consequence of a theorem by DeTurck—
Kazdan [52, Theorem 5.2], the representation of the metric g in normal coor-
dinates is real analytic. Thus the volume density in normal coordinates is also
real analytic. Therefore, if w, is radially symmetric on B(x, &) for some e > 0,

then it is also radially symmetric on B(x,inj(x)). In other words, we can take
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e = inj(z). Moreover, if M is locally harmonic and d(z,y) < inj(M), then by
[40, Proposition 6.16], w, and w,, are radially symmetric with the same function

Q. This means that we can drop the subscript x in €.

Recall (J45, 4.9]) that in Riemannian polar coordinates the Laplacian of a

radially symmetric function f(r) is given by

“Af(r) = f(r) + ”T_l F1(r) + f/(r)d, log \/det gi; (r0),

thus if M is locally harmonic, then the Laplacian of the distance function d, =

d(z,-) in normal coordinates around z is

- %'fff = Diogrm ), r=dy). ()

L.(r) = Ad,(y) =
Remark 4.3. Since the right hand side of does not depend on x, we can

drop the subscript x in L,(r) and simply write L(r) as long as v < inj(z).

The connection between locally harmonic manifolds and the mean curvature
of the geodesic spheres being constant is now clarified in the next proposition.
If 2,y € M are two points with r = d(x,y) < inj(z), let us denote by o,
the shape operator of the geodesic sphere S(z,r) at the point y. That is,
0z,y(X) = —VxN(y) for any vector field X tangent to S(z,r), where N = 0,

is the unit outward normal vector field along S(z, ).

Proposition 4.4. Let z,y € M be two distinct points with r = d(x,y) < inj(x).
Then

Ady(y) = trogy(y).

Proof. Let {E1, ..., Ep—1, N} be an orthonormal frame around y. Then

n—1
Ad, = —divVd, = —trtVN = — > g(Vg,N, E;) — g(VyN, N)
i=1

=troz,y —g(VNN,N).

But g(VyN,N) = $Ng(N,N) = 0. The result follows. O
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Recall that the mean curvature of the geodesic sphere at y is defined as
ﬁtr 0z,y- Therefore, if M is locally harmonic, then Ad,, is radially symmetric,
S0 tr o, , depends only on r = d(z,y) and hence the mean curvature is constant
along S(x,r).

We will prove one more result about Ad, in a locally harmonic manifold.

Proposition 4.5. Let M be locally harmonic at x and 0 < r < inj(x). Let us

denote by v, (1) the volume of the geodesic sphere S(x,r). Then

—L(r) = dir log v, (7).

Proof. Let 0 < 6 < r be any real number, and denote
Az, 0,r) ={y e M : 5 <d(x,y) <r}.

From the Divergence Theorem,

[ Adavle) = [ VIS, )
yEA(x,0,r) yeS(x,r)
‘}/ IV () ]2dS5(v)
y€eS(z,0)

= v, (1) — v,(9),

since ||Vd,(y)|| = 1 because d is a distance function. Making é — 0, we get on

one hand
[ adi@vlly) = —ul).
yEB(z,r)

On the other hand, taking Riemannian polar coordinates around z,

/ Ad, (y)dvol(y / / y)dSy(y)dt
yEB(z,r) yeS(x, t)

- / L(t)oa(t)dt.

0
Differentiating, we get
d
_avr(r) = L(r)v.(r),
or
—L(r) = ilo vz (1)
T dr & Vs
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Remark 4.6. Since the left hand side in the equality of Proposition [[.5 does
not depend on the point x, we can drop the subscript x in v, (r) and simply write

v(r) as long as r < inj(z).

Further equivalent conditions to local harmonicity can be found in [46, Pro-
position 6.21].
A simple computation yields the formula for the Laplacian of the composition

of two functions M i> R 3 R:

Alpo f)=—(@" o HIVFI?+ (& o f)AS.

If f =d, and M is locally harmonic, then according to Theorem we can
compute the Green function of M near x by solving the ODE

¢ —dL=V"1 0 < r < inj(z). (4)
The integrating factor for this equation is
q(r) — ef —L(r)dr Pm%@elogv(r) — U(T).

Hence, the general solution is

VT fu(r)dr+C
B v(r) ’

Now we would like to recover G from ¢ by setting G(z,y) = ¢(d(z,y)). If

&' (1) 0 <r < inj(z). (5)

we write G in this form, then y — G(z,y) is defined as far as d(x,y) < inj(z),
which is the distance from z to the closest point in its cut locus Cut(z). If there
is some point z further than inj(z) from z, then G(z, z) is not defined. If every
point in Cut(x) was at the same distance inj(x) from z, then we would be able
to extend ¢(d(x,y)) to the remaining points of M by continuity. The perfect

candidates for recovering G in this fashion are Blaschke manifolds.

Definition 4.7. Let M be a compact Riemannian manifold. We will say that
M is a Blaschke manifold if inj(M) = diam(M).

Proposition 4.8. If M is a Blaschke manifold, then for every x € M and for
every y € Cut(z), we have that d(z,y) = diam(M).
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Proof. Let € M be any point and let y € Cut(x). Then
inj(M) < inj(z) < d(z,y) < diam(M),
and all these numbers are equal. O

The following lemma provides sufficient conditions to extend the function ¢
to a C? function defined on M. The proof is standard and it can be found, for

example, in [47, Lemma 4.2.2].

Lemma 4.9. Let M be a Blaschke manifold of diameter D = diam(M) and let
f: (0, D] = R be a continuous function which is C? on (0, D). Iflim,_,p- f'(r) =
0, then the function F(x,y) = f(d(z,y)) is C? on M x M minus the diagonal.

Theorem 4.10. Let M be a locally harmonic, Blaschke manifold. Then the
Green function of M is given by G(z,y) = ¢(d(x,y)), where

V=L O ) dt
v(r)

and ¢ is a primitive of ¢/ making [ ¢(d(z,y)) = 0.

o) = -

In order to prove Theorem we will need some previous results. Let us
denote by D = diam(M) = inj(M) for M a Blaschke manifold.

Lemma 4.11. Let M be locally harmonic and Blaschke. Then
v(r) = vol(S" H)r"1Q(r), 0<r<D.
Proof. Computing in normal coordinates,

v(r) = r)df = vol(S"~H)r"=1Q(r).
() /HES(T)m ) = vol(S"1)r"10(r)

Lemma 4.12. Let ¢ be as in Theorem[{-10, Then

1. limr%O Tn_l(b/(’r) = _Vol(gln—1) .

2. lim, o 7" 1o(r) = 0.
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Proof. From Lemma

el o) oo VI Pemde 1
lim ¢ (r) = limy vols o) ? (r) = — limy vol(S»)Q(r) — vol(S*1)’

since ©(0) = 1 and foD v(t)dt = V. This proves (1).
Now, by L’Hopital’s rule,

_ 1 : n—1 4/ o
= lm () =0,

by (1). O

Lemma 4.13. Let ¢ be as in Theorem|4.10, Then the function y — ¢(d(z,y))

1s integrable.

Proof. Since M is Blaschke, computing in normal coordinates we have that

/ |6(d(z, ) [dvol(y) = / |6(d(z, ) dvol(y)
yeM

y€B(xz,D)

D
= Q(r)dod
L o)

D

= / Vol(S”*I)r”*1 |o(r)|Q2(r)dr,

0

which is finite because lim,_,o 7" !¢(r) = 0 from Lemma [4.12] O

Proof of Theorem[4.10. We first check that ¢’ can be extended continuously to
r = D. That is, that the limit lim,_, p- ¢'(r) exists. If lim,_, p- v(r) # 0,
then clearly lim,_, p- ¢'(r) = 0. Assume that lim,_,p- v(r) = 0. We can apply

L’Hopital’s rule to compute

—1
lim ¢ (r) = lim Vo) oy L
r—D- r—D- v (r) r—D- 4 logv(r)

since v(r) — 0, logv(r) — —oo and then “Lloguv(r) — +oo. Thus, not
only lim,_, p- ¢'(r) exists, but also it equals 0. By Lemma the function
F(z,y) = ¢(d(z,y)) is C? on M x M minus the diagonal. Being a solu-
tion of (), A F(z,y) = -V 1 if d(z,y) < D, but because it is C* on M,
AyF(z,y) ==V~ on M x M minus the diagonal.
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Now let u € C?*(M) be any function. Let 0 < ¢ < inj(M) be any real
number and let us denote B, = B(z,¢), BS = M\ B(z,¢e) and S. = S(x,¢).
Then

/ Auy)d(d(z, y))dvol(y) = / Au(y)(d(z, y))dvol(y)
yeM

yEBe

+ / Au(y)d(d(z, y))dvol(y).
yeEBS

Let I;(e) be the first integral on the right hand side of the equality above and
let I5(e) be the second one. From Green’s Second Identity, since the outward

unit normal to B is N = —0, = —Vd,,
L(e) = /GS [—u(y)0r(d(z,y)) + (d(z, y))0ruly)] dS:(y)

+ / u(y)Ayd(d(x, y))dvol(y)
yeBg

Again, let I3(e) be the first integral on the right hand side and let I4(g) be the

second one. Now, computing in normal coordinates,

L) = —¢'(e) / 5. ) + 66) / O, u(y)dS. (y)

YESe

= —¢/(e) /gesnl(g) u(exp, 0)Q(e)db + ¢(e) /9 Oru(exp,, 0)Q(e)do

esn—1(g)

= —qS’(E)Q(&)/ " tu(exp, £6)do

fesn—1

+ o(£)Q2(e) /QES"_l " 19, u(exp, €6)df

= fqb'(s)e”*lQ(s)/ u(exp,, €0)do

fesn—1

+ p(e)e™1(e) /Hegn1 Oru(exp, e6)db

Since €2(0) =1 and, from Lemma we have

1
: / n—1 : n—1
ilr% —¢ (E)E = 701(8" 1) s and Ehn% (b(E)E = O,

we conclude that

gig%)lg(s) = u(x).
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Since y — ¢(d(z,y)) is integrable by Lemma and u bounded,

lim Il(E) =0.

e—0

Finally, if y € B¢, then Ay¢(d(z,y)) = =V, so

lim Iy(e) = 7V71/ u(y)dvol(y).
e—0 yEM

For every 0 < € < inj(M) we have that
Au(y)p(d(z,y))dvol(y) = I (e) + Is(e) + La(e).
yeM

In particular, the integral on the left hand side equals

lim (14 (¢) + I3(g) + I4(e)) = u(x) — V1 / u(y)dvol(y).

e—0 yEM
But according to Theorem this is exactly how the Green function acts on
C? functions. Since the Green function is uniquely defined by this action up to
a constant and we assume that both ¢(d(z,y)) and G(z,y) have zero integral,

necessarily ¢(d(z,y)) = G(z,y). O
Remark 4.14. In the proof of Theorem[].10 we distinguished between the cases

lim v(r)=0 and lim o(r) #O0.

r—D- r—D-

An example of the first case is the sphere S?, where the geodesic spheres S(x,7)
collapse to a point when r — w—. The situation is different in the case of
RP2, for example. If we think of the half-sphere model of RP2, geodesic spheres
departing from the north pole grow in volume until they reach the equator, which
1s the cut locus of the north pole, and then they go back again until they collapse
to the north pole. The reason for this is that the points in the cut locus in the

case of S are conjugate points (hence Q(D) = 0), while these points are not

conjugate in RP? (thus Q(D) #0).

4.1. Some examples

The Compact Rank One Symmetric Spaces (CROSS) are known to be ex-

amples of locally harmonic Blaschke manifolds (see [46, 6.18]). These spaces
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were classified by E. Cartan and they are the sphere S™, the projective spaces
RP", CP" and HP", and the Cayley plane OP?. No other examples of locally
harmonic Blaschke manifolds are known. In fact, the Lichnerowicz Conjecture
[53] claims that the CROSS are the only Riemannian manifolds of this kind.
All we have to know in order to compute the Green function in the CROSS
is the corresponding volume density and then use Theorem [£.10] since, from

Lemma v(r) = vol(S"~1)r"~1Q(r) and thus

V-1 (Pen=1)dt
5 = — 7{;;119(71)( )

In [47, Proposition 3.3.1] these densities have been computed and the results
are shown in Figure [1| (we assume that the diameter of the projective spaces is

equal to 7/2).

M rniO(r)
N sin® 1
RP"™ on—lgipn=ly

CP* | 22— lgin? lycosr

HP? | 247 1gin?"=1pcosdr

QP2 215 gin'® - cos” r

Figure 1: Volume densities of the CROSS.

In particular, for M = S?, we have

(4m)~! [Tsintdt _ 1+cos(r)
sinr © Adxsinr

o) =
and
1
o(r) = o logsing +C
In terms of Euclidean distance,

1

G(z,y) = 5

log [l = ylI™" + C,
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which is the same (up to rescaling) as the logarithmic kernel.

More generally, using the Gauss hypergeometric function and some classical
transformation formulas (see [54, 8.391 and 9.131]) one can get the expression
for the Green function of S™ in terms of the Euclidean distance: G(z,y) =
([l = yl), where

~ o 1 ! Bl—w (27 ﬁ)
60 = 5 / , B+ C

4

2 ! n
= — Fi(1 —+1,1—-3s)d C.
nvol(S™) [2 2 ( g T S) S+

We can also compute the Green function for the projective spaces (in terms
of the intrinsic distance). For instance, in the case of CP? and CP*, we have

that G(z,y) = ¢(d(x,y)), where

- — 4 log si C
o(r) 24vol(CP3) (Sin4r + sinZr 0g sin 7") +
for CP® and
- ~ 12logsi o
o) 96vol(CP*) <Sin67" * sin? r + sin? r ogsm r) +
for CP*.
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