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Abstract

A relativistic covariant description of a Bernoulli process is presented i
two fundamental equations: Newton’s second law and the first law of t
set is first obtained in the rest frame of the process S, then in a frame S
velocity relative to S. It is shown that the set is covariant under Lore
reduces to the classical equations at the low-speed limit.

On relativistic hydrodynamics: Bernoulli process equaﬁQ&

1 Introduction

Fluid dynamics is a difficult physics subject [1]. It is a_many-body, or continuous media [2],
problem, with system’s internal [3] and external [4] for actions, difficult to reduce to
a one-body problem. As a representative of fluid dynamig 1 use a generalised version,
including thermal effects, of Bernoulli’s (after Daniel Be ocess equation.

1.1 Classical Bernoulli equation

*Corresponding author: mierja@unican.es
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Classical physics Bernoulli’s equation [6] describes the energy density equation [7] of a procéss
in which an incompressible fluid, i.e., constant density p (p = M/V), mass M and volume V, flows
(with zero viscosity), under pressure gradient and varying velocity, through a rigid walls pipe;
with varying cross-section and height, relating pressures Py, speeds v, and fluid heights hy at two
different, initial (I) and final (F) (k : I, F) points (see Fig. 1), with:

P+ %pvf + pgh1 = Pe + %pv% + pghy . (1)

Equation (1) works well, properly describing a process, when no dissipative forces aresexerted on

the fluid [8]. Many ways have been proposed to obtain Eq. (1) [9]. Despite several centuries of

existence [10], equation terms physical meaning, particularly the pressure terms appeaking in it
[11, pp. 80-4], continues producing literature.

Equation (1) applies the first law of thermodynamics (FLT) (in terms/of densityrand pressure

instead of mass and work) [12]:
AKem + AU =W +Q. (2)

In Eq. (1), there are (implicitly): (i) hydrostatic system (PVT), configuratiomwork terms, 6W) =
—PBdV (k: I, F), pressure described by fluid thermal equation of state P = P(V,T), (ii) work W,
performed by gravitational force G = (0, —Mg, 0), with W, = Mg(hr =vh1); and (iii) no internal
mechanical energy (rotational kinetic energy, for instance) variation; with thermal internal energy
variation AUr = Mc¢(Tr — T1), being c¢ fluid & specific heaty and heat @,

1 1
5M@§ - 5Mv% + AU = PpVy — PVt — Mg(he % h1) + Q, (3)

when dissipative forces are involved.

1.2 Covariant equations

An interesting way to clarify the physical meaningyef an equation, and the terms that integrate
it, is to obtain covariant equations for the processes to which it is applied. For the case of the
classical Bernoulli theorem, its relativistic generalization was first established in Ref. [13, 14],
where an hydrodynamical theory in general relativity was developed. The scope of the present
work is that of the special theory of'relativity. To fully understand the proceses analyzed here,
all external forces must be considered, including the gravitational force exerted by the Earth (see
Fig. 1). According to the General Theory of Relativity, gravity does not actually exert a force
but instead curves space-time./In this*work; the gravitational interaction will be considered from a
phenomenological point of view asfa conservative force, in order to avoid unnecessary complexity.
Obtaining covariant equations i§ an important issue in any branch of physics and is of great
conceptual interest in physics.

According to the principleof relativity, any covariant equation, e.g., the first law of thermody-
namics in frame reference S (FLT), must be linear combination of the Newton’s second law (NSL)
and the first law of.thermodynamics (FLT) in frame S; and vice-versa [15, pp. 1-10].

On the one hand, when thermal effects are involved in an actual Bernoulli process, it is difficult
to know how Eq. (1) generalizes [16, pp. 40-6-40-9]. On the other hand, confusion between (i)
Newton’s second law complementary dynamical relationship [17] (NSL-CDR), and (ii) the energy
equation (FLT) for the process, also contributes to physics for Bernoulli’s process misunderstand-
ing.

An extended ¢lassical description of Bernoulli’s process must include: the linear momentum
equation, (NSL), and the energy balance equation (FLT). Since the NSL for this process is usually
not/considered, it is challenging to obtain the classical covariant description of Bernoulli’s equation
[18].
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Figure 2: Bernoulli process on a moving wagon-lab. Frame S(z,7). Bar
mesured in frame S, with the train station ground at rest, and moving pig

1.3 Performing experiments

nt in two inertial
the process already
S.

suring that conditions
ations have been obtained — (e.g.,

Providing a covariant equation for a process involves a description
frames (asynchronous formulation of relativity [19]). Figure 2 sho
seen in Fig. 1, described in frame S, in relative motion with re

Carrying out an experiment means: (i) designing the ¢
under which the theory has been developed — i.e., theoretica
the fluid is incompressible) are fulfilled, (ii) collecting the oordinates of certain events,
(iil) obtaining the numerical values of different physical es, based on the events space-time
coordinates, and (iv) comparing these results with those a1 ed by the theory.

For a given experiment, mass (M) and gra ) are known parameter. Sensors
measure intensive magnitudes, e.g., pressure P, erature T. Sensor send the collected
S ime intervals [0, At] are measured by

Magnitudes like forces or velocities mu in every inertial frame by the lattice of
rules and synchronized clocks that conform it. set of observers in, e. g., frame S(z, y, z), mea-
sure displacements, velocities and; wh , accelerations through experimental space-
time observations of events coordina ition (xj,yj, 2;) for observer (j) is known in frame S

its position; for example, the piston-(I) event, in
ver (j) position at time ¢;. When the experiment is
information. If the observer (a)-(xa,¥ya, za) Observes
= 0 and the observer at (b)-(xp,Ya, 2a) Observes the
on displacement has been x; = x, — x,; if the observer
—(I) at time to and the observer at (d)-(z. + d, Ya, za) at
time to + At, they can eed v(tg) ~ Ax/At to piston (I).

When necessary d e heights, and velocities have been obtained in proper frame,
every proper magni bstituted into the corresponding equation, checking for consistent

obser

and time recorded when an event
which the (centre of the) piston (I
over, this set of observers share
the piston (I) — event-(I) — ﬁ
event-(I) at tg + At, they kne

at (¢)-(Zc, Ya, 2a) detec

results. When ine
their results, the
of equations in

ethods and concepts of the STR to processes occurring at speeds much slower than the speed
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of light (with some similarity to the relativistic treatment of the magnetic field associated with
electric charges moving at speeds much slower than the speed of light).

The article is organized as follows. In Sec. 2 the main four-vectors for the process are definedin
proper frame S: linear-momentum—energy four-vector for the state of the system, linear-impulse—
work four-vector for the interactions of the system with its environment through forces, and, the
heat four-vector. These four-vectors enter into the four-vector fundamental equation’ (FVFE) for
the process. Next, the NSL and the FLT equations for the Bernoulli process are deduced, first
relativistic and then in classical physics, discussing the conditions when the process evolves with
mechanical energy conservation and recovering Eq. (1). In Sec. 3 the equationséof the process
in a moving frame S are obtained, applying the Lorentz transformation to the EVEFE in S. The
relativistic effects are discussed, and the relativistic equations are obtained.. In the low-speed
limit, the classical Bernoulli equation in frame S is obtained. In Sec. 4, some conclusions are
drawn, highlighting the didactic and pedagogical advantages of using theoncepts,and methods
of STR. In the Appendix the application of the relativistic principle of locality Eimplemented;
the system is divided into elements, the NSL and the FLT equations are ebtained for each fluid
element, then the FVFE is obtained for each element, and adding over all,of them the FVFE for
the Bernoulli process is obtained.

2 Relativistic Bernoulli’s process equations

The classical energy equation, the FLT, usually needs to be.complemented with their mechanical
NSL equations. Description of forces arriving from mechanical potentials, conservative forces
exerting linear impulse and performing work on the system, do not combine easily with non-
conservative forces, exerting linear impulse ongthe system but/performing no work. Since the
system is at rest in frame S, it is often overlooked that in frame S, the process evolves with work
terms Wep, # 0 in S related to forces not performing work W, = 0 in frame S.

In classical physics, there is no an algorithmic procedure allowing to change between inertial
frames. This is because in classical physi¢s itiissnot recognized: (i) that there is not a single (four-
vector matrix) equation (ansatz), from which NSL“(first ansatz) and FLT (second ansatz) can
be obtained for the process, and (ii) that an equation’s transformation operator between inertial
frames could be applied to a four-veetor matrix equation of that type.

An interesting way to analyze an equation, is to consider how it is described in different inertial
frames [21], using the concepts and methodsyof Einstein’s STR, a naturaly covariant theory with
mathematical rigour and versatility.

It is usually considered thatEinstein’s STR should just be applied to processes in which speeds
comparable to the speed of light ¢ are-involved; therefore, at first sight, it would seem that a
relativistic description of the Bernoulli equation would not be justified [18].

On the one hand, weanderstand.relativistic hydrodynamics as the description of a fluid dy-
namics process (e.g., Bernoulli process) in inertial frames in relative motion — frame S (Fig. 1) is a
lab inside a moving wagomer conveyor belt (Fig. 2) — speed V < ¢, fulfilling the STR postulates,
considerations and results, even at low speed [22]. On the other hand, when thermal effects are
present — e.g., the‘energy exchange between a system and its environment by heat, described as
electromagneticaradiation,or'photons —, physical effects taking place at the speed of light [23].
So, in this paper wé want te obtain a relativistic (covariant) four-vector fundamental equation
describing the Bernoulli process.

Foursvector fundamental equation. When a relativistic equation describes the Bernoulli
process, (the linear impulse-linear momentum variation equation (NSL) and the energy equation
(FLT).aze simultaneously obtained in proper frame S. Then, by applying the Lorentz transforma-
tion to the four-vector fundamental equation in S, the four-vector fundamental equation in S is
obtained, giving the NSL and the FLT equations in S. Equations obtained in S are equivalent to
equations in/S, i.e., fulfill the principle of relativity.

Given the system and the process, chosen the reference frame (S), the four-vector fundamental
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equation formalism [19]:
El — Bl =2, W} 4+ Q~, (4)

allows to obtain mechanics and thermodynamics equations for a process.
The Lorentz transformation, £ (V'), applied on the four-vector fundamental equation in frame
S, transforms Eq. (4) into that in frame S:

LE(V)EY —EY = SV +QY)— Ef — Ef = 5, W +Q~, (5)
Ly(-V)EE —Ef' = SV +Q" — Ef — EY = S W +QY, (6)

and vice-versa from S to S, by Lorentz transformation £X(—V).

2.1 Fluid dynamics four-vectors -

An inclined angle 6 pipe (see Fig. 3) is going to be considered. By application of the principle of
locality (see Appendix), the system is divided into elements, each with same ineftia M and volume
V, and constant density p. The system is taken as the set of eleménts: (1), 1,2; ..., k-1, k, k+1,
..., -1, 1, (F). External forces due to external pressures F; = PLA; and Er = Pr A are applied to
this system. There are external gravitational forces Fgp. = (0,4Mg,0), applied to each element of
the system. There are non-conservative forces on the fluid due to the pipe. When thermal effects
take place, they are represented in terms of a heat four-vector.

2.1.1 Internal energy and inertia. y
The Bernoulli equation involves the fluid internalyenergy Epy.and the NSL equation involves its
inertia M. Einstein’s inertia of energy principle,[23]pallows the two concepts to be related as
M = C_2E0.

The fluid volume V is made up of ngrelementary, particles (protons, neutrons, electrons, in
H and O atoms, for instance), assembled as, N fluidunolecules — HoO for instance—, with bound
energy ﬁg = Ux + Up + Uy < 0, where Uy, Ugpand Uy are (bonding) energies for nuclei, atoms
and molecules [23].

The concept of rigid solid is not ‘allewed in relativity, i.e., zero adiabatic compressibility co-
efficient kg = —(1/V)(0V/OP)s ~40, andsound speed, v; = (1/prg)'/? = (yP/p)'/? above the
light-speed.

Van der Waals thermal €quation, of state. The Van der Waals thermal equation of state
is a good equation for describing defise but compressible fluids (kg ~ 107! Pa=!). Let be n moles
of fluid of chemical composition. & (HoO for instance) described by the Van der Waals equation:

nRT an’?

P(gvva):m_Wa

(7)
being a and b fluid € characteristic constants. Its internal energy Eo(&,T,V) is given by:
2 ¥ ~ an® 2 F;
Eo€, Ty Zm;c” — |Ue| + néeT — 5= :Uo = Bymye” — |Ug, (8)

with n =4V/N, (Njmumber of molecules and Ny, Avogadro’s number).

Four+vectors ate obtained in frame S in which: (i) pipe walls, through which the fluid flows, are
at rest_ — the relative velocity pipe-observer is zero; (ii) forces, conservative and non-conservative,
apply simultaneously during time interval [0, At]; (iii) energy exchanged by heat with thermal
reservoir surrounding the system are described, if any, by a set of thermal photons.
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s 1 n

Figure 3: In time interval [0, At], fluid inertia M = pAjviAt (fluid volume W= Ay At = A;Ly),
velocity vy, located at height hy is translated from region (I) to intermédiatesegion (1), under
force F1 = PiA;. During the same time interval, fluid inertia M = pApupAt, is translated from
the intermediate region (r) to region (F), moving with velocity vp, located at height hpr, against
force Fp = PrAp. Pipe walls could exert force on the fluid. There could berictional forces, due
to fluid viscosity, or to a porous plug, and thermal effects (not represented). Distance between
surface Yy and surface Xy is Ly (see Fig. 4 in Appendix).

2.1.2 Linear-momentum—energy four-vectors

A finite process, time interval [0, A¢] will be considered. Inertia M transits from region (I) to
region (F), the mechanical state of the fluid inside the 'pipe does not change (Fig. 3) during that
time interval.

For fluid element (k), velocity vk = (vzk, vyk, 0), modulus vx = (vik—&—vik)l/ 2| linear momentum
Px = (Yo Mgk, Yo Muyi,0) and energy Eix = 7, Mc* (total energy E = Ej + K), the linear-
momentum-energy four-vector E} is given by:

C,Yka'U;Ek
v | cmMoge | ey My
Ek - 0 - ( ,.YkaC2 ) ’ (9)
Yoge?

with spatial — cpy = ¢y, Mvy — and. temporal — Ey, = v, Mc? —, four-vector components, where
Yo = (1 = £2)71/2 is the Loreufz factorrand 3y = vy /c.

Element (I) has an initial thermal state at temperature 7" and volume V, moving its centre-
of-mass, located at height hr, with velocity vi. In its final thermal state at temperature 7' and
volume V), its centre-of-mass, at height hr, the fluid moves with velocity vg. Initial and final fluid
states are given, respectively,'by the following four-vectors:

no__ CPY’UIMVI . no__ C’Y’UFMVF
m = (e ) o= (G ) 1o

Element (k) linear-momentum—energy variation four-vector. During the process, ele-
ment (I) disappears and is transformed, due to the forces exerted on it, into element (1); element
(k) is tramsformed into element (k+1) and so on; element (r) is transformed into element (F). By
adding over fluid élements, and since there exists a stationary state inside the pipe, the mechanical
state of theiset of/elements inside the pipe does not vary during the process. However, the linear
impulse exerted and work performed on the fluid elements inside the pipe do not cancel each other
out.

Bynthe continuity equation: AyjLy = ALy = ApLy = V. For fluid element inside the pipe (k),
which beeomes the element (k+1), the following linear-momentum—energy variation four-vector is

Page 6 of 22
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1
2
3
4
5
? found (see Appendix):
8 AEF = ( CMA(fY’Uk‘;k) ) = ( cM(’YUkJrlvk;rl) ) _ ( CM(’YkaQk) ) . (11)
?o K MA(yy,c?) M( Yo €?) M (Yo, €?)
11 By adding over AE!" four-vectors:
12
13 SEEFAE! = Eb — B} (12)
14
15 This important result is obtained by means of the relativistic principle of locality (see Appendix).
16
17 2.1.3 Linear-impulse-work four-vectors
12 Each force exerted on the fluid must be characterised by its linear impulsedand its\work.
20 1. Pressure impulse-work four-vectors W}, Wi
21 Inclined pipe angle 6 (see Appendix Fig. 4). Constant pressure4Py is exerted, during time
22 interval [0, At], on piston (I), cross-section A; = (Ajcosf, Arsin6,0) withy piston (I) and force
23 F; = PiA;, displacement Ly = (Lycos#, Lysin 6, 0), with vi = ALfAt = (vr¢osf, vysin 6, 0).
24 Constant pressure Pp is exerted, during time interval [0, At], on pisten (F), cross-section Ay =
25 (Ap cos 8, A sin 6, 0) with, piston (F) and force Fp = PpAg, displacement Ly = (L cos 8, Ly sin 6, 0),
26 with v = ALp/At = (vp cos 0, vr sin 6, 0).
27 For these F; = PiA; and Fr = —PrArFp external pressure erigin forces, impulse—work four-
28 vectors W' and W, are given by: 3
29
PrAAt —ePr AR At
30 W = “HM A = b ) , 13
31 ! ( P ALy E ~PpAr Ly (13)
gg with Ly = viAt, and Ly = vpAt, respectively, with volume,) = A;L; and V = AL, respectively.
34 2. Gravitational impulse—work four-uvéctor: Wr"glk.
35 Gravitational force Fy. = (0, —Mg, 0), displacement Ly = (Ly cos 6, Ly sin6,0), velocity vi =
36 (vk cos B, vy sin 0,0), with (Ay - vi)At = Ay - L=V, is exerted on each element (1,2, ..., k-1,
37 k, k+1, ..., 1-1, r) inside the pipe, performing work Wy = Fy)i - Lk = —MgLy sin 0 during the
38 process. The momentum—energy four-vector associated to the gravitational force is given by:
39
40 no_ cMg _ cMgAtL
41 Wik ( Mg vi.) At —MgLysing |- (14)
jé The total gravitational force linear-impulse-work four vector, W, is obtained by adding over the
(r) elements:
44 k crMgAt
=D
22 Wrg 4 Ek:le“‘ ( —MgL,sind > ’ (15)
47 where L, = Eﬁij is the length of the pipe and hy — hy = (XxLx)sin = L, sin 6 the difference
48 in heights between the, centres-of-mass of elements (F) and (I).
:g 3. Pipe restriction foree WY .
51 Even in an idealised processythe pipe walls will exert forces ny on the moving fluid (see Fig. 4).
52 For force ngrexerted onfluid element (k), the impulse-work four-vector is given by:
53 . en At — cNAt
54 Wil = ( 0 ) W= Z}E;lwﬁ\k = ( 0 ) :
55
56 From force Nexerted by pipe walls on the fluid, the linear-impulse-energy four-vector WY can be
57 obtained by adding over fluid elements four-vectors Wrﬁk, with N = S¥=Iny = (N,, N, 0).
58
59 4. External agent force F* on the pipe.
60
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When the fluid flows inside the pipe, the tube exerts net force N on the fluid, and the fluid
exerts force F/, = —N on the pipe. To write equations for the pipe is not interesting, as the
problem would become more complicated. Assuming the pipe linear momentum variation is zero
in S, it must be admitted that an external agent must exert force F** = N on the pipe in stich a
way that the net resultant fluid-external agent force applied to the pipe is zero. An externalagent
forces that the velocity of the pipe is zero in lab frame S [24].

Since force F®* is not directly exerted on the fluid, its role is not usually taken ifito,consid-
eration. In the lab frame S, external force F'*** on the pipe exerts linear impulse and performs
no work, so it will not appear into the energetic equations describing the process in\this frame.
However, in frame S, force N exerts linear impulse and performs work W& = (N V) At, as well
as force N exerted on the fluid, work that will appear in the equations describing the process in
frame S. Work WS must be performed by an external agent, in order to maintain constant the

lab S speed [25]. o

2.1.4 Relativistic heat and entropy variation

In a kind of Bernoulli process involving dissipative forces, with pseudo-workypW < 0, mechanical
energy is dissipated. For an adiabatic process, pipe does not allow, to exchange energy as heat
with its surroundings, variation in fluid temperature will occur. Coensidering diathermic pipe walls,
energy exchanged by heat with surroundings is allowed. In frame S this.energy exchange is emitted
as electromagnetic radiation. During time interval [to, to + At], Npn = aT3 At photons are emitted
[26, pp. 159-161], with frequency v = bT (Wien’s law, in the,mmonochromatic approximation [27]),
and power F = g AT* (Stefan-Boltzmann law), with energy exchan@d as heat Q = Nphhv.

Relativistic heat definition. In classical thermodynamics, the Born-Caratheédory definition
of heat [28], @ = W — W,q, exchanged by a system in a givenprocess, is the difference between
the adiabatic work (univocally determined, AU = Up =U; = W,q4) and the actual work performed
in the process, connecting the same two, initial (I) and final (F), states of the system; in classical
thermodynamics no linear momentum is attached to energy as heat. For a given process, according
to the second law of thermodynamics (SLT); heat must be a relativistic invariant, the same in any
inertial frame. In general, energy @) emitted as heat in a process in frame S is defined as the norm
| Q"] of the four-vector Q" [24],

o= BTN = 8- - .

With E’é = cQﬁQQ + M2Qc4, this deﬁhﬁion of heat retains from energy E‘Q the part Eg = Mgc?,
not endowed with linear momentum, energy that really contributes to the system, environment
and universe, entropy yariations! This/heat definition ensures that heat involved in a process as
well as entropy variation, are frame invariants.

Heat four-vector. To, ensuré that heat is energy emitted with net zero linear momentum
(i.e., maximum entropy of the universe variation [29]), thermal photons are emitted as opposite
pairs (c¢), with directions u. = (cosf.,sinf.,0), and uz = (— cos b, —sinf.,0), and with linear-
momentum-—energy four-vectors in frame S:

hru hrug
12 — C 13 _ C
B - () g () »

For heat four-vector, @, adding on Npp/2 opposite photon pairs (c¢), one has:
Q' =Sn, (B + B )= () (17)
- Nph/2 ph‘C phle - Q )

with Q = Nphhz/At the energy emitted as heat during time interval [0, At], where Nph = deh/dt.

Page 8 of 22
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2.2 Four-vector equation: frame S

In frame S, the pipe is at rest, forces are simultaneously applied during time interval [0, At], and
emitted photons have zero net linear momentum. The following circumstances apply to the process:

1. The system consists of elements (I), 1,2, ..., k—1,k,k+1, ..., r-1, r, (F).

2. Only elements (I) and (F) change their mechanical state during the process.

3. External forces F; = PiA1 and Fr = —PpApF perform works Wi = PV and W= —PpV
respectively.

4. Gravitational forces, with g = (0, —g,0), exert linear impulse and perform work on all (x)
elements inside the pipe, with associated four-vectors Wi = EﬁjWg’le.

5. Forces Fix = P Ay are internal forces cancelling each other out and pérforming zero net
internal work.

6. External pipe-on-fluid forces, ny, exert linear impulse and perform merwork (but pseudo-
work). It can be considered N = (N,, N, 0), with N = Xyny. ~

7. Heat, described as a set of thermal photons, has zero net linear momeéntum|(and zero net
linear impulse on the system) in frame S, with Q = ¥ Q.

For a Bernoulli process in time interval [0, At], one has the four-vector fundamental equation:

El' —Ef = W{'+W§+ Wk + W, 4+ Q. (18)
In its matrix form, Eq. (18) is given by:
CYop Mur cos 6 Yo, Mg cos cPr At cos A cPrAr cos AL
Yo Mup sin @ Yo, Mursin 0 cPrAr sin 0 Xt cPpAp sin OAt
- = = +
0 0 0 0
Yop Mc? Yoy Mc? J=nY; PrV 19)
0 eV, At 0
—crMgAt cNy At 0
0 oo [T o
—MgLysinf 0 Q

Height difference between (I) and (B) is hp — hy = Ly sin 6. Initial and final volumes are identical,
VY = A;L; = ApLg. The velocity in thislequation is the velocity of the centre-of-mass of the system
in each region (I), or (F).

The derivation of Eq. (19) is equivalent to eonsidering as the system a fluid, with inertia M,
moving during time interval [0, A¢] erm point (I) to point (F) subjected to various external forces,
some of which are conservative, performing work, and some performing pseudo-work, dissipating
mechanical energy; the fluid linside the pipe play no role in this process, remaining in the same
steady state (see Fig. 3). If any, thermal effects are considered into heat four-vector Q*.

Equation (19) can be obtained if a FVFE is posed for all fluid elements (Fig. 3), (I), 1, 2,
oo k-1, k, k41, L -dgr, (F), and adding over them. This methodology has been chosen, by
application of the lo¢ality principle, in the Appendix, to obtain the Eq. (19) for the process.

2.3

Equation (19) proyvides, by components, the relativistic NSL and FLT equations, allowing a com-
plete mechanical‘thermodynamical description of the process. From this FVFE, the following
relativistic NSL and FLT equations are obtained:

Bernoulli relativistic equations. Frame S

Newton’s second law. The NSL equation for the process is obtained considering the FVFE
four<vectors linear impulse and linear momentum variation components. For a finite process, with
forces applied during the interval [0, At], one has:

M (7 vF cO8 0 — 01 cos 0) = (P Ay cos§ — PrpAp cos 6)At + N At

20
M (Yo v sin @ — vy vrsinf) = (PyArsin@ — PpAp sin§)At — rMgAt + Ny At (20)



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PHYSSCR-129469.R1

which constitutes the linear-impulse-linear momentum variation equation for the process.

Newton’s second law complementary dynamical relationship. For the pseudo-work—
kinetic energy variation equation (NSL-CDR) one has:

’VUFMCQ — ’}/vIMCQ = (PI — PF)V - Mg(hp — hI) + [Elﬁj(vk . l’lk)}At, (21)

with pseudo-work:
pW = ST} (vic - m) At = ST (L - ).« (22)

First law of thermodynamics. The FLT equation for the process is obtained considering
the FVFE energy and work four-vectors, temporal components. For the FLT for the process one
has:

(Yo — Yor )M = (PL = Pp)V — Mg(hg — h1) + Q. o (23)

Forces F; and Fr perform work, Wi = PiAiL; = PV and Wgp = PpApdp = PrV; also the
gravitational forces perform work Wy, = Mg(hr — h1) = MgL, sin 6{ heat ) takes into account
possible thermal effects during the process. With p) = M, one achieves relationship:

Yop P — Yoy pc® = —pg(hy — h1) + P — Pr g, (24)

where ¢ = Q/V is heat per unit volume. In general, comparing the NSL-CDR Eq. (21) and the
FLT Eq. (23), one obtains:

Q=-pW. (25)
Pseudo-work quantifies heat. Equation (25) quantifies dissipative.effects. For the entropy of the

universe increment during the process, ASy = |Q|/T > 0/4s obtained, with Q = ||@Q"]|, showing
the irreversibility of the process when pW < 0.

Mechanical energy conservation. Whether, thexprocess is carried out with pWW = 0 [i.e.,
with Zlﬁj (ng - vi) = 0], no thermal effects will take place and the relativistic Bernoulli’s equation
is given by [6]:

Pr + p(op — 1)¢* + pihie = Prsp(vo, — 1) + pghi . (26)

2.4 Bernoulli’s classical equations. Frame S

The classical description of the Befnoulli process is carried out exclusively with his mechanical
energy equation. Relativity tells us that we must work simultaneously with the NSL and the FLT
for the process. In turn, from the:N &Q it will be possible to obtain the NSL-CDR equation, based
on the pseudo-work, and by c¢omparison between the NSL-CDR and the FLT, the heat equation
and the entropy of the universe variation (SLT). This description allows a more complete physics
analysis of the process.

In the low-speed limit, with lim, /..o, = 1 and lim,/c_,o(7, — 1)c* = %vz, the well-known
Bernoulli equation, foramincompressible fluid flowing without friction or viscosity inside a variable
section and height pipe, is obtained. In this limit, the energy equation (FLT) and the NSL-CDR
equation are the same. In the absence of dissipative forces, Bernoulli’s equation can be obtained
from NSL as its NSE-CDR, for a pure mechanical process [30].

2

Classical INSL equations For the classical linear-impulse-linear-momentum variation equa-
tion for the Berngulli equation one has (M = M):

M(VF—VI) = [(PIAI—PFAF)+TMg+N]At (27)
An external force F**' = N is needed in order to maintain pipe walls at rest.

Classical, NSL-CDR, equation. From Eq. (21), in the low-speed limit, the following pseudo-
work-kinetic/energy variation classical equation is obtained:

1 1
§M1}% - §MU12 = (P — Pp)V — Mg(hp — hy) + pW . (28)

10
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Classical FLT equation. From Eq. (23), in the low speed-limit, the following classical FIiT
equation for the Bernoulli process is obtained:
1 1 1
iM(v%—UQ) =(P—Pp)V—Mglhr—h1)+Q = P1+§pv12+pgh1 = Pp—i—ipv%—&—pghp +4q: (29)

Heat equation. Comparing the NSL-CDR equation and the FLT, the heat-pseudo-work
equation, Eq. (25), is obtained.

Mechanical energy conservation. In the absence of mechanical energy dissipation, the
classical equations for the Bernouilli process are obtained:

M(VF — VI) :[(PIAI — PFAF) + TMg + N]At,

Mg cos 0 My cos 0 PiAjcosf PrgAr cosf 0 Ny
Muvpsing |—| Mvising |= || PArsingd |—| PrArsing |+ —rMg |£ Ny At
0 0 0 0 0 0 (30)
1

5M(v§ — ) =(P — Pp)V — MgL,sin6,

%M(v% — ) =(P — Pp)V — MgL,sin6.

In this limit, the classical FLT equation is given by Eq. (1), &hich is not a’general equation for the
speed variation of a fluid flowing through a varying-crosspipe, subject to a gradient of pressures
and heights. It is only valid under the rather restrictive/conditions stated above.

3 Four-vector equation. Frame.S

Figure 2 shows a diagram of how the experiment is described from the point of view of observers
in frame S. Frame S(Z, ) is integrated bywarious observers, each one located at a node, equipped
with measuring devices, in particular, a elock synéhronized with the rest of the observers in S
(see Sec. 1.3). Each S observer (j) is characterized by its coordinates X; = (Zj, 3j;, %) and it stores
spatio-temporal coordinates for evénts taking place at its location.

Fluid elements displacements X and. velocities vy are measured by the set of observers in S,
posing a series of equations: NSL, NSL-CDR, FLT. Then, it will be checked if their experimental
observations comply with these proposed equations.

Lorentz transformationsd” As préviously indicated, an advantage of the STR four-vector
formulation, and the description of processes by a FVFE, is that the process can be described in
a generic frame S moving withwelocity V relative to a proper frame S, by applying the Lorentz
transformation. For the standard eenfiguration, with velocity V = (—V,0,0) of frame S relative
to frame S, the corresponding,Lorentz transformation, £#(—V), in its matrix form, is given by:

yw 0 0 Bvyw

0 1 0 0

Bvywv 0 0 v

where 7y = (1= ,8‘2/)_1/2, with By = V/c. It is easy to check that an equation in frame S, NSL
or FLT, will be linear combination of NSL and FLT equations in frame S, and vice versa, with
V' dependent coeficients -y and Sy vy . Thus, four-vector fundamental equation descriptions in S
and S are equivalent (as demanded by the principle of relativity).

As stated above, formalism coherence demands that frame S observer can anticipate the FVFE
for  the obsefyvers in frame S by means of:

LE(-V)|E} — Ef =W} +W§+Wr”g+W1\”1 +Q"] —
Ef —El =WF +WE+WE+ WL+ QM.

(32)

11
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In its matrix form, the FVFE in frame S is given by:

Yo MU cOS é ey, M7y cos é cP A1 A cPpArpAtg
Yo MR sin @ Y5, M1 sin 0 cPrA;sin OAt cPrAp sin 0At
_ — _ +
0 0 0 0
Yor M3 Yo Mc? PA L PrApLy )
—cyy e ?MgL, sin 0]V cN, At ey (e2Q)V
—crMgAt cNyAt 0
—cyy MgLypsing N, VAt W&
with relativistic transformations (A:I, F):
YonUA €080 = v, Y (va cosf + V), =
Yoa A SINO = Y, vpsing (34)
Yor = Yor W (1 + v cos OV/c?)
and
Tpn = 0a 080 = (vpp + V) /(1 4+ v,4V/?) = (va cos @+ VYL + va cosOV/c?)
Oya = U sind = 3 vy /(1 + veaV/c?) = 43 va sin@f(1 + va cosOV/c?)
Ly = vy (L1 + VcosOAL) , Ly = vy (Lr + Vicos@AL) , (35)
At = vy (cos OAL + Ve 2Ly) , Atp =y Acos @At + Ve 2Ly),
AtA = ’7\/At .

Relativistic effects. The description of the process in frame S presents several relativistic
effects:

1. Non simultaneity. Forces, F1, Fr, and N, that were simultaneously exerted during time
interval [0, At] in frame S, &re not simultatieously applied in frame S (according to the
asyncrhonous formulation of relativity [19]), with time intervals [0, A#y], [0, Afg], and [0, Af],
respectively. This effect is anforderhe 2 relativistic effect, which will be neglected in the
low-speed limit (absolute time interval [0pAt]).

2. Velocity transformations: Fluid relafivistic velocities transformations guarantee that no
speed in S reaches light-speed c,@ven when V' =~ c. In the low-speed limit the Huygens-
Galileo velocity transformations,

UzA:va+vaﬁyA:vyAa{’A:VA+V7 (36)
are recovered.

3. Conveyor belt-effect. In frame S, work W, = 4y (N - V)At, temporal component in four-
vector Wi in Bq. (33).is performed by the external force F** = N: i.e., force N component
N, moves with speed V. during time interval A = ~y At; this effect has no relation to the
speed.of, the fluid just with frame S relative speed to frame S. It is W, the work performed
by the external agent that keeps the wagon-lab, or the belt-lab, moving at constant speed V'
when the flowing fluid exerts force N on the pipe [25].

46 Angle tramsformation. Angle 0, tgf = v, /v,, transforms to angle 6, with tgf = Ty Vs,
tgf = 4y 'vsind/(vcosd + V) a kind of velocity aberration effect.

5. Imertia of work effect. Work related inertia M, = ¢ 2MgL, sinf contributes to the linear
impulse in S, according to the inertia of energy principle.

12
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6. Heat inertia and entropy of the universe increment. According to Einstein’s IEP, heat inertia
Mg = ¢2Q contributes to the linear momentum in S. When heat exchanged is described in
S as a set of thermal photons, relativistic Doppler and aberration effects are obtained [24]y

with the relativistic transformations in frequency and direction (e.g., Eg hle = LY(=V)E e
ete),
v. = vyy (1 + By cosbe), vz = vyy (1l — By cosbe),
cos 0. = (cosO. + By)/(1 + Py cosb.), cosfz = (—cosb. + PBv)/(1 — By cashe),
sinf. = vy, sin /(1 + By cosbe) , sinfz = —yy ' sinfe/(1 — By cos ), 97)
tgh. = vy, sinf./(cos b + Byv'), tgfe = —y ' sinf./(— cos 04+ By ).

Then, by adding over photons linear-momentum—energy four-vectors in S one obtains:
h¥ce(Ve + V) = v (Npnhv) ,
¢ hYee (e cos O + s cos Bz) = vy (C*QNphhl/)V , (38)

¢ h¥e(Desinf, + Dgsinfz) = 0.

~

These transformations allows to obtain the four-vector Q* in the'same/way that it has been
obtained by applying on four-vector Q* the Lorentz trasisformation."In frame S, a nonzero
linear momentum is attached to heat (unlike in S, where heat linear momentum is zero).
Therefore, an associated linear impulse is present due te, emitted photons with different
frequencies in different directions (with respect tohow they are emitted in S): this effect is
a relativistic order ¢ =2 effect and will be neglected in the low—stoeed classical limit.

Since the physical meaning of the entropytef the universe/variation is related to lost work,
Wi, or dissipated mechanical energy, TASy = W), the entropy change of the universe for
the process must be a relativistic invariant, the same. in every inertial frame. According to its
definition, heat in S is the norm of Q* four-vector, with po = 7w MgV, and Eg = vy Mgc?,

=, 9 c'yV(c‘zQ)V>
Qr = ( oV, (39)
with |Q" = [E — ¢®pq - po¥? = @, and TASy = Q"] = [|Q"|. Since Q"] =

[QQ - 0]1/2 = Q7 then ASU = ASU

3.1 Relativistic equations:xFrame S.

Newton’s second law in S.. #rom BEq. (33), the linear-impulse-linear-momentum variation
(NSL) in frame S is obtained:

’Y@FM’DF e} Q_ 761M771 cos é P A A PrpApAtp
YopMUpsing (| — |" 45, Mursing | = PAisindAt | — [ PrApsinfAt | +
0 0 0 0
2 ; 2 2 (40)
e *MgL, sin 6]V N, At wc=*Q)V
[ | —rMgAt + | NAt | + 0
0 0 0

Forces that were simultaneously applied in S, are not applied simultaneously in S. Inertia M, =
c 2 Mg(hp — h1) attached to energy exchanged as work contributes to the fluid linear momentum
variation (order.¢ ” relativistic effect). Inertia Mg = ¢2Q attached to energy interchanged as
heat contributes to the fluid linear momentum variation (order ¢=2 relativistic effect).

First law of thermodynamics in S. For the energy (FLT) equation in S one has:

M(Vop — Yo,)¢® = —yw Mg(hy — h1) + PLA Ly — PrAp Ly + Wa, + Q. (41)

13



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PHYSSCR-129469.R1

with the conveyor belt effect work: W, = N - VA?, as the work performed on the wagon,4or
conveyor belt, to keep it moving with constant speed V.

Newton’s second law complementary dynamical relationship in S. For the NSL—CDR
equation in S one has:

M("}’{,F — ")/171)02 = *’vag(hF — hl) + PIAIEI — PFAFEF + ch + v [Zk(nk . Vk)]At, (42)

with pseudo-work pW = vy (pW).

Principle of relativity. The FVFE formalism has been developed in order to demonstrate
that transformations of NSL and FLT equations comply with the principle offrelativity: ‘a, rela-
tivistic equation, NSL or FLT, in frame S can be expressed as a linear combination of NSL and
FLT equations in frame S, and vice-versa, with transformational symmetry between the relativistic
NSL and the FLT equations. ~

There is a symmetry between the relativistic NSL and FLT equations transformations from S
to S and vice-versa.

NSL equation. By applying the Lorentz transformation to the FVFE, the component (x) of
the equation NSL, can be expressed as:

¢NSL, = yv(eNSL, — Sy FLT) . (43)

The FLT in S contributes to NSL, in S: it is an order.e¢=2 relativistic effect.

FLT equation. The FLT equation can be expressed as: 4
FLT = vy (FLD = Sy cNSL,) . (44)
The NSL in S contributes to FLT in S: it is a ¢% relativistic effect, and then, also classical.
3.2 Bernoulli classical equations in'S

Classical Newton’s second lawpin S. In the low-speed limit, from Eq. (40), the classical NSL
equation is obtained:

M(VF — \71) = [(PIAI — PFAF) +rMg+ N]At (45)
In its matrix form: N
Mg cos @ My cos é PrAjcos6 PrpArcost 0 N,
Mupsing | — | Maysin 0 |=|| PfAisind |—| PrArsingd |+|—rMg |+| N, ||At. (46)
0 0 0 0 0 0

This equation is not gperational. Even when the pseudo-work for the process is zero ¥y (ny-vy) = 0,
forces ny will still exist and will have to be obtained from the geometry of the pipe and the flow of
the fluid, which will- not,always be easy. Multiplying the equation in x by cos @ and the equation
in y by sin @, we have:

MT}F—M’UI:(PIAI—PFAF—’I"MgSiD0>At+NAt, (47)

which is/the equation of the NSL along the symmetry axis of the pipe. Multiplying the equation
in by sinf and the equation in y by cosf and subtracting,

N sinf — Ny cosf +rMgcosf =0, (48)

which gives the condition for the components of the force NV so that the flow only has component
along the symmetry axis of the pipe.

14

Page 14 of 22



Page 15 of 22

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PHYSSCR-129469.R1

The FLT equation contribution to Newton’s second law in S is an order ¢ 2 effect, so it disdp-
pears (inertia of energy effect) in the classical limit. With the Huygens-Galileo velocity transfor-
mation, v = v — 'V, one has:

M(VF —VI) = [(P1A1+PFAF) +ng+N]At. (49)

The classical NSL and NSL equations, in S and in S respectively, are identical. The classical NSL
description of the Bernoulli process does not comply with the principle of relativity.

Classical first law of thermodynamics in S. In the low-speed limit, froninEq. (41), the
classical FLT is obtained in S:

1 _ _
5M(@% — o) = (PLAILy + PrApLp) + MgL,sin6 + (N - V)At 4 Q, (50)

with N -V = N,V. Time interval is absolute. The following classical equations for the velocity
and length transformations are obtained:

Uya = Up cos = (vacosf+ V),

Uy = Tasing = vy sind

_ - 51
Ly = Ly +VcosOAt, Lp = LpaV.cos QAL (51)
Q=0Q,
with work We, = (N - V)At (conveyor belt effect). ThisdPIL equation in S can be expressed as
linear combination of NSL, and the FLT equations in 3. 'S

The effect of the NSL equation, in S, on the FLT equation, in S, is a genuine effect, also
appearing in the classical limit. Heat in S is given. by Q = Q.

3.3 Classical covariant equations for the Bernoulli process

The mass M is the same for all observers. Forees.n;, pressures Py, sections Ay, are the same for
all observers, and also g. The time intervals At are identical. The distances between two planes,
Ly are identical. Physical varying magnitudes between observers are displacements, velocities of
the elements and displacements and welocities of the application point of the forces. The linear
momentum variations are identical, but kinetic energy variations and work are different. Heat,
pseudo-work and temperature are identical.

For generic observers S and S for which the lab is moving at speed V = (—V,0,0), the following
classical equations related to pseudowork ate found respectively:

pW = Ek(nk . Vk)At,

- 52
pW = Ek(nk : W_/k)At = Ek(nk . Vk)At +V. (Eknk)At = pW + (N . V)At ( )

Covariant equationS'NSL, NSL<CDR and FLT are given, respectively, by:
M(VF — \71) — [(PIAI — PFAF) +rMg + N]At,

Mg cos 6 Mopeosd PiAjcost PrAg cosf 0 N,
Movpsing | —|[Mosing. | =|| PArsing |—| PrApsing |+ —rMg |+| N, ||At,
0 0 0 0 0 0

1 - -

EM(’D% — 1712) %(PIAILI — PFAFLF) — Mg(hp — hI) —|— Zk(nk . \_fk)At,
1 - -

§M(1’)§ — %) =(PiA1Ly — PrApLyp) — Mg(hg — h1) + (N - V)AL 4+ Q,

Q =pW.

Every observer measures the same heat, equal to the pseudo-work of forces exerted on the fluid by
the walls of the pipe in frame S where the pipe remains at rest.

15
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When the fluid flows in such a way that Xy (ny - vi)At = 0, no thermal effects are present and
Q=0.

This set of equations constitute the classical covariant form of Bernoulli equation: each of these
equations can be expressed as linear combination of the corresponding equations in frame S and
vice-versa.

4 Conclusions

Covariant equations can be obtained for a Bernoulli process, by applying the concepts and methods
of Einstein’s special theory of relativity. This approach overcomes the classical physics transfor-
mational asymmetry between Newton’s second law and the first law of thermodynamics €quations.
The solution lies in using a single hypothesis, the four-vector fundamentalsequation, instead of
the two independent equations, Newton’s second law and the first law of thermodynamics. This
equation is based on the principle of inertia of energy, which relates internal’energy and inertia,
and is implemented by the Lorentz transformation.

Obtaining a covariant description for the Bernoulli process is a good example of the application
of the concepts and methods of the special theory of relativity to adprocess in which speeds are not
comparable to light-speed. Since the relativistic description of a.process is/per se covariant, the
classical covariant description for Bernoulli’s process is obtained frompits relativistic description in
the low-speed limit.

To apply the special theory of relativity to a Bernoulli proeess, the following steps must be
carried out:

1. First, the corresponding four-vectors associated o physical n?agnitudes must be obtained,
in order to consider both the Newton’s second law and the first law of thermodynamics. Then, a
covariant relativistic four-vector equation for the process will be posed.

2. By application of the Lorentz transformation, thefour-vector fundamental equation for the
moving-lab frame, S, will be obtained from the four-vector fundamental equation in the proper
frame S and the corresponding relativistic transformations.

3. After the relativistic description, the elassical’covariant description of the process in the
low-speed limit can be obtained.

Proceeding with the Lorentz transformation on the four-vector fundamental equation in frame
S, the following is guaranteed:

1. The principle of relativity is fulfilled and four-vector fundamental equations in S and S have
the same functional form.

2. Predictions can be madefandse¢an. be‘contrasted experimentally about how an observer in
frame S describes the process/in S and yice-versa.

3. The components of the fourtvector equation in S are linear combinations of the equations in
frame S and vice-versa; which canybedchecked by application of the Lorentz transformation onto
the corresponding four-vector. fundamental equation in S.

On the one hand, My Solving problems using formalisms complying with the special theory of
relativity postulates and requirements, we are forced to think about physical issues that are usually
omitted when solving\the same problem under the classical approach. On the other hand, when
changing between inertial frames to describe the same process, covariant equations are needed,
which, in turn, requires_consideration of relativistic transformations of velocities, displacements,
time intervals, forces, ete. Since the Lorentz transformation is used in relativity, new relativistic
effects canibe discovered when dealing with new problems.

The yalidity oftthe classical Bernoulli equation has been discussed. The relativistic four-vector
fundamental equation formalism allows the consideration of a general process and simultaneously
obtain the linearimomentum and energy equations of the process. The classical Bernoulli equation
is valid without mechanical energy dissipation. In that case, the process is purely mechanical,
and mechanical energy is conserved throughout the process: Newton’s second law complementary
dynamic relationship match with the energy equation.
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1

2

3

4

5

6 The classical physics covariant form for the Bernoulli process energy equation requires con
7 ering Newton’s second law for the process and taking into account the force exerted by an exter
8 agent, imposing the pipe moving with constant speed (zero speed in proper frame S). This fa
?O exerts linear impulse and performs work in every frame (conveyor belt effect), except in p

frame S. The relativistic description of the process implicitly considers these two circumsté

¥

—_
—_

Appendix. Principle of locality

A WN

15 The special theory of relativity is a local theory [23]: equations must relate ca

16 lineal impulse, work) and effects (e.g., linear momentum variation, energy vari

17 spatiotemporal event; it must be ensured that a force is applied at the poin

18 effects; contact forces cannot act at a distance; even forces coming from of the

19 system with a field, must be considered applied to the different elements e system

20 Since there is no incompressible fluid (nor rigid solid), and forces ¢ a distance,

21 according to the principle of locality, the system must be divided in h that forces

22 are applied to the elements for which the equations are written, such tha an be identified

23 as applied to the elements whose mechanical-thermodynamical ify. Thus, when

24 dealing with the relativistic description of a process in which a laxg olved, the equation

25 for the whole system is obtained by adding over the system e

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

S e =57 o S

43 :

44 . . : A . .

45 Figure 4: Inclined angl . itial state. (b) Final state. Element (k) surface Ay, width

46 Ly, distance to surfaces# 6 = 0, horizontal pipe, no gravitational effects; for § = /2,

47 vertical pipe. Q

22 Fig. 4 schem es the locality principle application to a Bernoulli process [10]. The space

50 between the vg ent,at point (I) and the same volume element at point (F) is sliced into

51 1,2, ..., k-1, lements. A four-vector fundamental equation will be proposed for
each fluid elem ling (I) and (F). The outgoing flow of element (k-1) must be the incoming

52 . L .

53 flow of e etc. Ir.ltermedlate, pipe 1p81de, forces, Fi = Py Ay, are systerp internal forces,

54 so they ppear into the final equations. Through elements edges, the pipe surface exerts

55 norm the fluid inside the element, with net force N = ¥yny for the whole pipe.

56 A gent must exert resultant force F** = N on the pipe to ensure that it moves with

7 co .

g 8 s of continuously transporting volume V = pM, and inertia M, from point (I), up

59 to point , implies that a steady state remains inside the pipe.

60
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On mathematical surface Xy, with section Ay, pressure Py is exerted on its bottom face, with
Fy = PcAy and ]5k = Pr + pgék, where & is the distance between surfaces ¥y and Yp. Fluid
column pressure AP, = pgéx is obtained. Fluid inside element (k), becomes the fluid in element
(k+1), etc.

During time interval [0, At], the volume of the fluid is conserved on every pipe element) with
(Ag - vi) At = (Aky1 - vir1)AE, or Ay - Ly = Ay - Lgyy = V (continuity equation); where Ly is
the width of element (k) Ly =& — §k+1 = hk+1 — hy.

Figure 4 sketches a Bernoulli process with an inclined angle 6 pipe. Applying the locality
principle, three equations will be obtained for the process: (i) Newton’s second law equation, (if)
Newton’s second law complementary dynamical relationship, and (iii) the first lawyof thermody-
namics. From these equations, the four-vector fundamental equation for a generalised Bernoulli
process is obtained.

Newton’s second law. Fluid in element (k) occupies the volume of glement (kK 41), varying
its speed from vy to viy1 varying its linear momentum as:

Apx = MA(, Vi) = My, Viers — My, Vic - (54)

This variation in linear momentum is due to the net linear impulse exerted on element (k): force
Py exerts pressure on the bottom face of surface ¥y, where pressure, Pr +pgéy is exerted from its
top face. The linear impulse on element (k) is given by:

I, = [(PkAk — PFAk+1) + pgAk£k+1 -+ nk]At . (55)
L
The NSL is applied to each fluid element, and the following set of equations is obtained:

MA(y, V1) = My, vi — My, vi = [(PrAy— PrAn) pg Ai§i|At + njAt,
MA(’yUlvl) = M7U2V2 — ./\/l’y,ulvl = [(P1A1 = PFAl) —+ pgAlglﬂAt + l’llAt,

MA (Y Vi—1) = My vic — My, Ve 1 = [(PcotAke 1 — PrAk_1) + p8Ax—1&k—1]At + i1 At

MA(Vo, Vi) = My, Vierr — My, vic = [(BeAx — PrAx) + pg A At + ni At

MA(er,lvrfl) = M’%}rvr - MfY'ur,IVr—l ~ [(PrflArfl - PFArfl) + pgArflgrfl)]At + nrflAt7
MA(’YUTVr) = M'YUFVF — M’Yvrvr B [(PrAr - PFAr) + pgArfr]At + nrAt .
~ (56)

Pressure Pr + pgéx sin 6 on the topface of surface Yy, is equal to the pressure on top face of surface
Yk+1, Pr+ pgéis1, plus the liquid column pressure in (k), AP, = pgAx Ly sin 0, where Ly, = v At
is the liquid width in element (k), AxLx = V. Thus, impulse Iy exerted on element (k) is:

Ik = [(PkAk — Pk+1Ak+1) =+ pgAkLk + l’lr]At. (57)

Then, the NSL equation for element (k) is:

I cos O P Ay cosd — P11 Agq1 cost 0 1y cos 6
Iy sinf | = PyAysinf |+ —Pk+1Ak+1 sinf |+ —./\/lg +| nksinf At. (58)
0 0 0 0 0
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We have the set of local NSL equations, one per element:

My, v — My vi = (PLAT — PrA1) AL — pgAi LAt + niAt,
M’)/U2V2 — ./\/l%lvl = (PlAl — PQAQ)At - pgAlLlAt + IllAt,

My vie = My Ve = (Peo1Ax—1 — PeAx) At — pgAx_1 L1 At +ny 1AL, (59)

M’yvk+le+1 — M’yvkvk = (PkAk — Pk+1Ak+1)At — pgAkLkAt —+ IlkAt,

M’Yvrvr - M’}/v,-,lvrfl = (PrflArfl - PrAr)At - pgArflerlAt + nr—lAt
My VE — My v = (PLA, — PrAp)At — pg A LAt — n, At .

Adding over the elements equations, pressure forces inside the pipe cancelféach ether,/n) forces
are added, the process global equation is obtained, involving just elements (I) and (F):

M(’}/UFVF) - M(’YUIVI) = [(PIAI — PFAF) + T‘Mg i N}At . (60)
In matrix form:
M~y vp sin 6 My, vr8iné PiAjcos6 PrAp cosf 0 N,
MAypvpcosd | —| My, vicosf |=|| PlArsing |—| PrApsin®d |=|rMg |+| N, ||At. (61)
0 0 0 0 0 0
For element (k):
M Vi) = M(7,v1) = [(PrAT — BAj ) kMgh+ N AL, (62)
with Ny = Zilfnh
My, vk sin 0 My, vrsin 6 PiAjcost Py Ay cost 0 Nk
Moy vccosl |- Myyvrcost | = || PArsing | <| PcAgsing |—| kMg |+| Ny [|AL. (63)
0 0 0 0 0 0

For a fluid vertical cylinder (6 = 7/2), with n, = 0, Ay = A and Ly = L, with XLy, =
rL = hy — hy, [(t) = top, (b) = bottom], the hydrestatic equation P,A — (P, A + rMg) = 0, with
L = (hy—hy)/r, and AL =V, p = M)V, transforms into P, = P, + pg(hy — hy).

Newton’s second law complementary dynamical relationship. Multiplying each
element (k) NSL equation by vy and from relationship [20]:
VG V) = A1), (64)
one has:

My - A(%kvk) = {(PkAk — Pk+1Ak+1) — ,OgAkLk sin 6 + nk} VAL —
MA (aee”) LA - Lie) — Pt (At - Lipr) + (vic - mio)J AL

Then, with (g - vi) AxAt = gAxLxsinfd = gVsind, AxL, = V and assuming Ax ~ Axy; and
Ly ~ Ly41, the set of NSL-CDR equations is obtained:

MA(yy )~ [P = PV — Msin0uiAt + (v - np) At
MA (/) B [Pr = PV — Msinfoi At + (v1 - )AL,

(65)

MA (v, ) = [P — Pei1]V — Msin Qv At 4 (vy - ny ) At

. (66)
MA(’ykacQ) /2 [Per1 — PV — Msin Qv 1 At + (Viepr - 1) AL,

MA(yy, ?) x [Py — P]V — Msin v, 1At + (vi_1 -n,_1)At,
MA(y, %) = [P — Pp]V — Msin v, At + (v, - n,)At.

19
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Finally, assuming:

MA(71)1<C2) = M771k+1c2 - M71)k02 ) (67)
and adding over elements, the whole NSL-CDR is obtained:
’YUFMC2 — ’ylecz = (PI — PF)V — Mg(hp — hl) + [Ek(vk . nk)]At. (68)

The process pseudo-work is thus:

pW = [Ek(vk . nk)]At . (69)

First law of thermodynamics. The fluid in element(k) occupies the velume ofielement
(k + 1), varying its kinetic energy as:

ARy = MA(y,¢%) = My, ¢ = My e?, (70)
~
due to work performed on it:
Wi = {[PcAx — Per1Axra] — pg ALy} - vidAE, (71)

being Wy = pgAyx Lyvi At = Mgu At = MgLy sin 0 the work to raise the liquidiof the element (k)
itself by distance Ly sin .
The local set of equations for the FLT of the process is then:

/\/l%lc2 — /\/l’yvlc2 = [P(A1-v1) — Pi(Aq - v1)]At — pgAfLyvg sin OAT+ Qq
M’YUQC2 — M’lecZ = [Pl(Al . Vl) — PQ(AQ . Vg)]At — pgAlLl”Ul sin OAt + Ql 5
. 4

M’}/Uk+1c2 — M’yvkcz = [Pk(Ak : Vk) — Pk+1(Ak+1 - Vi + ].)]At - pgAkLkUk sin OAt + Qk s
My, = M, = [Pp1(Asp - Vi) — Pora(Aige - vic + 2)]At — pgAicy 1 Licy 101 5in 0AE + Qiyr

MP)/'UTC2 - M'er_lcz - [Prfl(Arfl : Vrfl) N Pr(Ar ° Vr)]At - pgArflerlvrfl sin 9At + Qrfl

./\/l’yUFc2 — ./\/l%ch = [P(A; - vy) — Pr(Ar “vp)|At — pgA; Ly, sin AL + Q.
(72)

Adding over the FLT equations of-thexfluid elements, the FLT for the process is obtained:
('YUF - ’Y’UI)M02 = (PI ) ) PF)V - Mg(hF - hl) + Q —
P(vor — PVDESE(L Pr) — pg(he — h1) + ¢,

where Q = X1 Qx = qV.
By comparing NSL.CDR Eq: (68) with the FLT Eq. (73), one has:

Q=pW.

The process pseudorwork pW. quantifies the mechanical energy dissipated and emitted to the
thermal reservoir by heat, Q.

(73)

Four-vector fundamental equation for fluid element (k). The FVFE for element (k) is
given by:

€Y, 1 Mui gy cos 0 €Y My cos 6 ¢(PcAx — Pey1Axk41) cos OAL
Yo MUp1sind | | ey Muysind _ c(PcAx — Pey1Axy1) sin OAE n
0 0 0
Ve, Mc? Yo Mc? (PcAx — Pey1Axqr) - vieAt (74)
0 cny cos OAt 0
—cMgAt cny sin At 0
0 + 0 1o |-
—MgLy sin 6 0 Qx

20
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with volume V = (Ak . Vk)At = Ak . Lk = AkLk = V, and inertia M = pV.

the

Four-vector fundamental equation for the Bernoulli process. Adding over all elements,
four-vector fundamental equation for a generalised Bernoulli process is obtained:

Yop Mur cos d €Y, Mur cos 0 cPrAg cos At cPrAp cos At
YopMupsing | | ey, Mursing | cPiArsin OAt _ cPr Ar sin OAt
0 0 - 0 0
Yop Mc? Yoy Mc? Py PpV )
0 cN, At 0
—crMgAt cNyAt 0
0 oo Tl o]
—MgL;siné 0 Q

where N = Yyny.

(F)

The description of the process is assumed as if fluid inertia were taken from point (I) to point
without changing the state of the fluid inside the pipe. By applying the,pringciple of locality, a

many-body problem with (r42) elements is reduced to a one-bodysproblem.

The role of the tube in the process is considered through force N, which determine the thermal,

dissipative effects. The result depends on the geometry of the anodel.
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