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On relativistic hydrodynamics: Bernoulli process equations

J Güémez and J A Mier*

Applied Physics Department, University of Cantabria, 39005 Santander, Spain

Abstract

A relativistic covariant description of a Bernoulli process is presented in terms of a set of
two fundamental equations: Newton’s second law and the first law of thermodynamics. The
set is first obtained in the rest frame of the process S, then in a frame S̄ moving at a constant
velocity relative to S. It is shown that the set is covariant under Lorentz transformation, and
reduces to the classical equations at the low-speed limit.

1 Introduction

Fluid dynamics is a difficult physics subject [1]. It is a many-body, or continuous media [2],
problem, with system’s internal [3] and external [4] forces and interactions, difficult to reduce to
a one-body problem. As a representative of fluid dynamics, we will use a generalised version,
including thermal effects, of Bernoulli’s (after Daniel Bernoulli) process equation.

1.1 Classical Bernoulli equation
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Figure 1: Bernoulli process. Observer-lab frame S, incompresible fluid flowing thorough a resting
pipe. (a) Initial state (I), with PI, FI = PIAI, vI and hI. (b) Final state (F), with PF, FF = PFAF,
vF and hF. By continuity equation AIvI∆t = AFvF∆t (greenish areas).

The Bernoulli process, described by the Bernoulli equation [5], can be found in almost any
university physics textbook.
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Classical physics Bernoulli’s equation [6] describes the energy density equation [7] of a process
in which an incompressible fluid, i.e., constant density ρ (ρ = M/V), mass M and volume V, flows
(with zero viscosity), under pressure gradient and varying velocity, through a rigid walls pipe,
with varying cross-section and height, relating pressures Pk, speeds vk and fluid heights hk at two
different, initial (I) and final (F) (k : I,F) points (see Fig. 1), with:

PI +
1

2
ρv2I + ρghI = PF +

1

2
ρv2F + ρghF . (1)

Equation (1) works well, properly describing a process, when no dissipative forces are exerted on
the fluid [8]. Many ways have been proposed to obtain Eq. (1) [9]. Despite several centuries of
existence [10], equation terms physical meaning, particularly the pressure terms appearing in it
[11, pp. 80-4], continues producing literature.

Equation (1) applies the first law of thermodynamics (FLT) (in terms of density and pressure
instead of mass and work) [12]:

∆Kcm +∆U = W +Q . (2)

In Eq. (1), there are (implicitly): (i) hydrostatic system (PVT ), configuration work terms, δWk =
−PkdV (k: I, F), pressure described by fluid thermal equation of state P = P (V, T ), (ii) work Wg

performed by gravitational force G = (0,−Mg, 0), with Wg = Mg(hF − hI), and (iii) no internal
mechanical energy (rotational kinetic energy, for instance) variation, with thermal internal energy
variation ∆UT = Mcξ(TF − TI), being cξ fluid ξ specific heat, and heat Q,

1

2
Mv̂2F − 1

2
Mv2I +∆U = PFVF − PIVI −Mg(hF − hI) +Q , (3)

when dissipative forces are involved.

1.2 Covariant equations

An interesting way to clarify the physical meaning of an equation, and the terms that integrate
it, is to obtain covariant equations for the processes to which it is applied. For the case of the
classical Bernoulli theorem, its relativistic generalization was first established in Ref. [13, 14],
where an hydrodynamical theory in general relativity was developed. The scope of the present
work is that of the special theory of relativity. To fully understand the proceses analyzed here,
all external forces must be considered, including the gravitational force exerted by the Earth (see
Fig. 1). According to the General Theory of Relativity, gravity does not actually exert a force
but instead curves space-time. In this work, the gravitational interaction will be considered from a
phenomenological point of view as a conservative force, in order to avoid unnecessary complexity.
Obtaining covariant equations is an important issue in any branch of physics and is of great
conceptual interest in physics.

According to the principle of relativity, any covariant equation, e.g., the first law of thermody-
namics in frame reference S̄ (FLT), must be linear combination of the Newton’s second law (NSL)
and the first law of thermodynamics (FLT) in frame S; and vice-versa [15, pp. 1-10].

On the one hand, when thermal effects are involved in an actual Bernoulli process, it is difficult
to know how Eq. (1) generalizes [16, pp. 40-6–40-9]. On the other hand, confusion between (i)
Newton’s second law complementary dynamical relationship [17] (NSL-CDR), and (ii) the energy
equation (FLT) for the process, also contributes to physics for Bernoulli’s process misunderstand-
ing.

An extended classical description of Bernoulli’s process must include: the linear momentum
equation (NSL), and the energy balance equation (FLT). Since the NSL for this process is usually
not considered, it is challenging to obtain the classical covariant description of Bernoulli’s equation
[18].
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Figure 2: Bernoulli process on a moving wagon-lab. Frame S̄(x̄, ȳ). Bar magnitudes, e.g., v̄, as
mesured in frame S̄, with the train station ground at rest, and moving pipe (lab).

1.3 Performing experiments

Providing a covariant equation for a process involves a description of an experiment in two inertial
frames (asynchronous formulation of relativity [19]). Figure 2 shows a sketch of the process already
seen in Fig. 1, described in frame S̄, in relative motion with respect to frame S.

Carrying out an experiment means: (i) designing the experiment, ensuring that conditions
under which the theory has been developed – i.e., theoretical equations have been obtained – (e.g.,
the fluid is incompressible) are fulfilled, (ii) collecting the space-time coordinates of certain events,
(iii) obtaining the numerical values of different physical magnitudes, based on the events space-time
coordinates, and (iv) comparing these results with those anticipated by the theory.

For a given experiment, mass (M) and gravity acceleration (g) are known parameter. Sensors
measure intensive magnitudes, e.g., pressure P , and temperature T . Sensor send the collected
information to computers in frames S and S̄. Time t0, and time intervals [0,∆t] are measured by
synchronized clocks in S.

Magnitudes like forces or velocities must be obtained in every inertial frame by the lattice of
rules and synchronized clocks that conform it. The set of observers in, e. g., frame S(x, y, z), mea-
sure displacements, velocities and, where appropriate, accelerations through experimental space-
time observations of events coordinates. Position (xj, yj, zj) for observer (j) is known in frame S
and time recorded when an event (E) occurs in its position; for example, the piston-(I) event, in
which the (centre of the) piston (I) is in observer (j) position at time tj. When the experiment is
over, this set of observers share the recorded information. If the observer (a)-(xa, ya, za) observes
the piston (I) – event-(I) – at instant t0 = 0 and the observer at (b)-(xb, ya, za) observes the
event-(I) at t0 + ∆t, they know that piston displacement has been xI = xb − xa; if the observer
at (c)-(xc, ya, za) detects the event piston-(I) at time t0 and the observer at (d)-(xc +dx, ya, za) at
time t0 +∆t, they can assign speed v(t0) ≈ ∆x/∆t to piston (I).

When necessary displacements, heights, and velocities have been obtained in proper frame,
every proper magnitude is substituted into the corresponding equation, checking for consistent
results. When inertial observers, for example, one in frame S and another in frame S̄, compare
their results, their conclusions must be equivalent: each equation in S̄, must be linear combination
of equations in S, and vice-versa.

1.4 Special relativity

When working with the concepts and methods of Einstein’s special theory of relativity (STR), one
naturally obtains covariant equations under the Lorentz transformation between inertial frames.
The aim in this work is to express the Bernoulli equation in relativistic covariant form [20], and
then to obtain its classical physics covariant description in the low-speed v/c → 0 limit. The search
for a covariant equation for the Bernouli process is a good example of a useful application of the
methods and concepts of the STR to processes occurring at speeds much slower than the speed
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of light (with some similarity to the relativistic treatment of the magnetic field associated with
electric charges moving at speeds much slower than the speed of light).

The article is organized as follows. In Sec. 2 the main four-vectors for the process are defined in
proper frame S: linear-momentum–energy four-vector for the state of the system, linear-impulse–
work four-vector for the interactions of the system with its environment through forces, and the
heat four-vector. These four-vectors enter into the four-vector fundamental equation (FVFE) for
the process. Next, the NSL and the FLT equations for the Bernoulli process are deduced, first
relativistic and then in classical physics, discussing the conditions when the process evolves with
mechanical energy conservation and recovering Eq. (1). In Sec. 3 the equations of the process
in a moving frame S̄ are obtained, applying the Lorentz transformation to the FVFE in S. The
relativistic effects are discussed, and the relativistic equations are obtained. In the low-speed
limit, the classical Bernoulli equation in frame S̄ is obtained. In Sec. 4, some conclusions are
drawn, highlighting the didactic and pedagogical advantages of using the concepts and methods
of STR. In the Appendix the application of the relativistic principle of locality is implemented;
the system is divided into elements, the NSL and the FLT equations are obtained for each fluid
element, then the FVFE is obtained for each element, and adding over all of them the FVFE for
the Bernoulli process is obtained.

2 Relativistic Bernoulli’s process equations

The classical energy equation, the FLT, usually needs to be complemented with their mechanical
NSL equations. Description of forces arriving from mechanical potentials, conservative forces
exerting linear impulse and performing work on the system, do not combine easily with non-
conservative forces, exerting linear impulse on the system but performing no work. Since the
system is at rest in frame S, it is often overlooked that in frame S̄, the process evolves with work
terms W̄cb ̸= 0 in S̄ related to forces not performing work Wcb = 0 in frame S.

In classical physics, there is no an algorithmic procedure allowing to change between inertial
frames. This is because in classical physics it is not recognized: (i) that there is not a single (four-
vector matrix) equation (ansatz), from which NSL (first ansatz) and FLT (second ansatz) can
be obtained for the process, and (ii) that an equation’s transformation operator between inertial
frames could be applied to a four-vector matrix equation of that type.

An interesting way to analyze an equation, is to consider how it is described in different inertial
frames [21], using the concepts and methods of Einstein’s STR, a naturaly covariant theory with
mathematical rigour and versatility.

It is usually considered that Einstein’s STR should just be applied to processes in which speeds
comparable to the speed of light c are involved; therefore, at first sight, it would seem that a
relativistic description of the Bernoulli equation would not be justified [18].

On the one hand, we understand relativistic hydrodynamics as the description of a fluid dy-
namics process (e.g., Bernoulli process) in inertial frames in relative motion – frame S (Fig. 1) is a
lab inside a moving wagon or conveyor belt (Fig. 2) –, speed V ≪ c, fulfilling the STR postulates,
considerations and results, even at low speed [22]. On the other hand, when thermal effects are
present – e.g., the energy exchange between a system and its environment by heat, described as
electromagnetic radiation or photons –, physical effects taking place at the speed of light [23].
So, in this paper we want to obtain a relativistic (covariant) four-vector fundamental equation
describing the Bernoulli process.

Four-vector fundamental equation. When a relativistic equation describes the Bernoulli
process, the linear impulse–linear momentum variation equation (NSL) and the energy equation
(FLT) are simultaneously obtained in proper frame S. Then, by applying the Lorentz transforma-
tion to the four-vector fundamental equation in S, the four-vector fundamental equation in S̄ is
obtained, giving the NSL and the FLT equations in S̄. Equations obtained in S̄ are equivalent to
equations in S, i.e., fulfill the principle of relativity.

Given the system and the process, chosen the reference frame (S), the four-vector fundamental
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equation formalism [19]:

Eµ
f − Eµ

I = ΣkW
µ
k +Qµ , (4)

allows to obtain mechanics and thermodynamics equations for a process.
The Lorentz transformation, Lµ

ν (V ), applied on the four-vector fundamental equation in frame
S, transforms Eq. (4) into that in frame S̄:

Lµ
ν (V )[Eν

f − Eν
I = ΣkW

ν
k +Qν ] → Ēµ

f − Ēµ
I = ΣkW̄

µ
k + Q̄µ , (5)

Lν
µ(−V )[Ēµ

f − Ēµ
I = ΣkW̄

µ
k + Q̄µ] → Eν

f − Eν
I = ΣkW

ν
k +Qν , (6)

and vice-versa from S̄ to S, by Lorentz transformation Lµ
ν (−V ).

2.1 Fluid dynamics four-vectors

An inclined angle θ pipe (see Fig. 3) is going to be considered. By application of the principle of
locality (see Appendix), the system is divided into elements, each with same inertia M and volume
V, and constant density ρ. The system is taken as the set of elements: (I), 1, 2, . . . , k-1, k, k+1,
. . . , r-1, r, (F). External forces due to external pressures FI = PIAI and FF = PFAF are applied to
this system. There are external gravitational forces Fg|k = (0,−Mg, 0), applied to each element of
the system. There are non-conservative forces on the fluid due to the pipe. When thermal effects
take place, they are represented in terms of a heat four-vector.

2.1.1 Internal energy and inertia.

The Bernoulli equation involves the fluid internal energy E0 and the NSL equation involves its
inertia M. Einstein’s inertia of energy principle [23] allows the two concepts to be related as
M = c−2E0.

The fluid volume V is made up of mj elementary particles (protons, neutrons, electrons, in
H and O atoms, for instance), assembled as N fluid molecules – H2O for instance–, with bound
energy Ũξ = ŨN + ŨA + ŨM < 0, where ŨN, ŨA and ŨM are (bonding) energies for nuclei, atoms
and molecules [23].

The concept of rigid solid is not allowed in relativity, i.e., zero adiabatic compressibility co-
efficient κS = −(1/V)(∂V/∂P )S ≈ 0, and sound speed, vs = (1/ρκS)

1/2 = (γP/ρ)1/2 above the
light-speed.

Van der Waals thermal equation of state. The Van der Waals thermal equation of state
is a good equation for describing dense but compressible fluids (κS ≈ 10−11 Pa−1). Let be n moles
of fluid of chemical composition ξ (H2O for instance) described by the Van der Waals equation:

P (ξ,V, T ) = nRT

(V − nb)
− an2

V2
, (7)

being a and b fluid ξ characteristic constants. Its internal energy E0(ξ, T,V) is given by:

E0(ξ, T,V) = Σjmjc
2 −

∣∣Ũξ

∣∣+ nc̃ξT − an2

V
;U0 = Σjmjc

2 −
∣∣Ũξ

∣∣ , (8)

with n = N/NA (N , number of molecules and NA, Avogadro’s number).
Four-vectors are obtained in frame S in which: (i) pipe walls, through which the fluid flows, are

at rest – the relative velocity pipe-observer is zero; (ii) forces, conservative and non-conservative,
apply simultaneously during time interval [0,∆t]; (iii) energy exchanged by heat with thermal
reservoir surrounding the system are described, if any, by a set of thermal photons.
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Figure 3: In time interval [0,∆t], fluid inertia M = ρAIvI∆t (fluid volume V = AIvI∆t = AILI),
velocity vI, located at height hI is translated from region (I) to intermediate region (1), under
force FI = PIAI. During the same time interval, fluid inertia M = ρAFvF∆t, is translated from
the intermediate region (r) to region (F), moving with velocity vF, located at height hF, against
force FF = PFAF. Pipe walls could exert force on the fluid. There could be frictional forces, due
to fluid viscosity, or to a porous plug, and thermal effects (not represented). Distance between
surface Σk and surface Σk+1 is Lk (see Fig. 4 in Appendix).

2.1.2 Linear-momentum–energy four-vectors

A finite process, time interval [0,∆t] will be considered. Inertia M transits from region (I) to
region (F), the mechanical state of the fluid inside the pipe does not change (Fig. 3) during that
time interval.

For fluid element (k), velocity vk = (vxk, vyk, 0), modulus vk = (v2xk+v2yk)
1/2, linear momentum

pk = (γvMvxk, γvMvyk, 0) and energy Ek = γvk
Mc2 (total energy E = E0 + K), the linear-

momentum–energy four-vector Eµ
k is given by:

Eµ
k =


cγvk

Mvxk
cγvk

Mvyk
0

γvk
Mc2

 ≡
(

cγvk
Mvk

γvk
Mc2

)
, (9)

with spatial – cpk ≡ cγvk
Mvk – and temporal – Ek ≡ γvk

Mc2 –, four-vector components, where
γvk

= (1− β2
k)

−1/2 is the Lorentz factor and βk = vk/c.
Element (I) has an initial thermal state at temperature T and volume V, moving its centre-

of-mass, located at height hI, with velocity vI. In its final thermal state at temperature T and
volume V, its centre-of-mass, at height hF, the fluid moves with velocity vF. Initial and final fluid
states are given, respectively, by the following four-vectors:

Eµ
I =

(
cγvIMvI

γvI
Mc2

)
; Eµ

F =

(
cγvF

MvF

γvF
Mc2

)
. (10)

Element (k) linear-momentum–energy variation four-vector. During the process, ele-
ment (I) disappears and is transformed, due to the forces exerted on it, into element (1); element
(k) is transformed into element (k+1) and so on; element (r) is transformed into element (F). By
adding over fluid elements, and since there exists a stationary state inside the pipe, the mechanical
state of the set of elements inside the pipe does not vary during the process. However, the linear
impulse exerted and work performed on the fluid elements inside the pipe do not cancel each other
out.

By the continuity equation: AILI = AkLk = AFLF = V. For fluid element inside the pipe (k),
which becomes the element (k+1), the following linear-momentum–energy variation four-vector is
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found (see Appendix):

∆Eµ
k ≡

(
cM∆(γvk

vk)
M∆(γvk

c2)

)
≡

(
cM(γvk+1

vk+1)
M(γvk+1

c2)

)
−

(
cM(γvk

vk)
M(γvk

c2)

)
. (11)

By adding over ∆Eµ
k four-vectors:

Σk=F
k=I ∆Eµ

k = Eµ
F − Eµ

I . (12)

This important result is obtained by means of the relativistic principle of locality (see Appendix).

2.1.3 Linear-impulse–work four-vectors

Each force exerted on the fluid must be characterised by its linear impulse and its work.

1. Pressure impulse–work four-vectors Wµ
I , W

µ
F .

Inclined pipe angle θ (see Appendix Fig. 4). Constant pressure PI is exerted, during time
interval [0,∆t], on piston (I), cross-section AI = (AI cos θ,AI sin θ, 0) with, piston (I) and force
FI = PIAI, displacement LI = (LI cos θ, LI sin θ, 0), with vI = ∆LI/∆t = (vI cos θ, vI sin θ, 0).

Constant pressure PF is exerted, during time interval [0,∆t], on piston (F), cross-section AF =
(AF cos θ,AF sin θ, 0) with, piston (F) and force FF = PFAF, displacement LF = (LF cos θ, LF sin θ, 0),
with vF = ∆LF/∆t = (vF cos θ, vF sin θ, 0).

For these FI = PIAI and FF = −PFAF external pressure origin forces, impulse–work four-
vectors Wµ

I and Wµ
F , are given by:

Wµ
I =

(
cPIAI∆t
PIAILI

)
, Wµ

F =

(
−cPFAF∆t
−PFAFLF

)
, (13)

with LI = vI∆t, and LF = vF∆t, respectively, with volume V = AILI and V = AFLF, respectively.

2. Gravitational impulse–work four-vector Wµ
rg|k.

Gravitational force Fg|k = (0,−Mg, 0), displacement Lk = (Lk cos θ, Lk sin θ, 0), velocity vk =
(vk cos θ, vk sin θ, 0), with (Ak · vk)∆t = Ak · Lk = V, is exerted on each element (1,2, . . . , k-1,
k, k+1, . . . , r-1, r) inside the pipe, performing work Wg|k ≡ Fg|k · Lk = −MgLk sin θ during the
process. The momentum–energy four-vector associated to the gravitational force is given by:

Wµ
g|k =

(
cMg

M(g · vk)

)
∆t =

(
cMg∆t

−MgLk sin θ

)
. (14)

The total gravitational force linear-impulse–work four vector, Wµ
rg, is obtained by adding over the

(r) elements:

Wµ
rg ≡ Σk=r

k=1W
µ
g|k =

(
crMg∆t

−MgLp sin θ

)
, (15)

where Lp = Σk=r
k=1Lk is the length of the pipe and hF − hI = (ΣkLk) sin θ = Lp sin θ the difference

in heights between the centres-of-mass of elements (F) and (I).

3. Pipe restriction force Wµ
N.

Even in an idealised process, the pipe walls will exert forces nk on the moving fluid (see Fig. 4).
For force nk exerted on fluid element (k), the impulse–work four-vector is given by:

Wµ
n|k =

(
cnk∆t

0

)
, Wµ

N ≡ Σk=r
k=1W

µ
n|k =

(
cN∆t

0

)
.

From force N exerted by pipe walls on the fluid, the linear-impulse–energy four-vector Wµ
N can be

obtained by adding over fluid elements four-vectors Wµ
n|k, with N = Σk=r

k=1nk = (Nx, Ny, 0).

4. External agent force F ext on the pipe.
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When the fluid flows inside the pipe, the tube exerts net force N on the fluid, and the fluid
exerts force Ff/p = −N on the pipe. To write equations for the pipe is not interesting, as the
problem would become more complicated. Assuming the pipe linear momentum variation is zero
in S, it must be admitted that an external agent must exert force Fext = N on the pipe in such a
way that the net resultant fluid-external agent force applied to the pipe is zero. An external agent
forces that the velocity of the pipe is zero in lab frame S [24].

Since force Fext is not directly exerted on the fluid, its role is not usually taken into consid-
eration. In the lab frame S, external force F ext on the pipe exerts linear impulse and performs
no work, so it will not appear into the energetic equations describing the process in this frame.
However, in frame S̄, force N exerts linear impulse and performs work W̄ ext

cb = (N ·V)∆t, as well
as force N exerted on the fluid, work that will appear in the equations describing the process in
frame S̄. Work W̄ ext

cb must be performed by an external agent, in order to maintain constant the
lab S speed [25].

2.1.4 Relativistic heat and entropy variation

In a kind of Bernoulli process involving dissipative forces, with pseudo-work pW < 0, mechanical
energy is dissipated. For an adiabatic process, pipe does not allow to exchange energy as heat
with its surroundings, variation in fluid temperature will occur. Considering diathermic pipe walls,
energy exchanged by heat with surroundings is allowed. In frame S this energy exchange is emitted
as electromagnetic radiation. During time interval [t0, t0 +∆t], Nph = aT 3∆t photons are emitted
[26, pp. 159-161], with frequency ν = bT (Wien’s law, in the monochromatic approximation [27]),
and power Ė = σAT 4 (Stefan-Boltzmann law), with energy exchanged as heat Q = Nphhν.

Relativistic heat definition. In classical thermodynamics, the Born-Caratheódory definition
of heat [28], Q = W −Wad, exchanged by a system in a given process, is the difference between
the adiabatic work (univocally determined, ∆U = UF −UI = Wad) and the actual work performed
in the process, connecting the same two, initial (I) and final (F), states of the system; in classical
thermodynamics no linear momentum is attached to energy as heat. For a given process, according
to the second law of thermodynamics (SLT), heat must be a relativistic invariant, the same in any
inertial frame. In general, energy Q emitted as heat in a process in frame Ŝ is defined as the norm
∥Q̂µ∥ of the four-vector Q̂µ [24],

Q̂µ ≡
(

cp̂Q

ÊQ

)
, ∥Q̂µ∥ ≡ (Ê2

Q − c2p̂2Q)
1/2 = Q .

With Ê2
Q = c2p̂2Q +M2

Qc
4, this definition of heat retains from energy ÊQ the part EQ = MQc

2,
not endowed with linear momentum, energy that really contributes to the system, environment
and universe, entropy variations. This heat definition ensures that heat involved in a process as
well as entropy variation, are frame invariants.

Heat four-vector. To ensure that heat is energy emitted with net zero linear momentum
(i.e., maximum entropy of the universe variation [29]), thermal photons are emitted as opposite
pairs (cc̃), with directions uc = (cos θc, sin θc, 0), and uc̃ = (− cos θc,− sin θc, 0), and with linear-
momentum–energy four-vectors in frame S:

Eµ
ph|c =

(
hνuc

hν

)
, Eµ

ph|c̃ =

(
hνuc̃

hν

)
. (16)

For heat four-vector, Qµ, adding on Nph/2 opposite photon pairs (cc̃), one has:

Qµ = ΣNph/2(E
µ
ph|c + Eµ

ph|c̃) =

(
0
Q

)
, (17)

with Q = Ṅphhν∆t the energy emitted as heat during time interval [0,∆t], where Ṅph = dṄph/dt.
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2.2 Four-vector equation: frame S

In frame S, the pipe is at rest, forces are simultaneously applied during time interval [0,∆t], and
emitted photons have zero net linear momentum. The following circumstances apply to the process:

1. The system consists of elements (I), 1, 2, . . . , k− 1, k, k + 1, . . . , r-1, r, (F).
2. Only elements (I) and (F) change their mechanical state during the process.
3. External forces FI = PIAI and FF = −PFAF perform works WI = PIV and WF = −PFV

respectively.
4. Gravitational forces, with g = (0,−g, 0), exert linear impulse and perform work on all (r)

elements inside the pipe, with associated four-vectors Wµ
rg = Σk=r

k=1W
µ
g|k.

5. Forces Fk = PkAk are internal forces cancelling each other out and performing zero net
internal work.

6. External pipe-on-fluid forces, nk, exert linear impulse and perform no work (but pseudo-
work). It can be considered N = (Nx, Ny, 0), with N = Σknk.

7. Heat, described as a set of thermal photons, has zero net linear momentum (and zero net
linear impulse on the system) in frame S, with Q = ΣkQk.

For a Bernoulli process in time interval [0,∆t], one has the four-vector fundamental equation:

Eµ
I − Eµ

F = Wµ
I +Wµ

F +Wµ
rg +Wµ

N +Qµ . (18)

In its matrix form, Eq. (18) is given by:
cγvF

MvF cos θ
cγvF

MvF sin θ
0

γvFMc2

−


cγvI

MvI cos θ
cγvI

MvI sin θ
0

γvIMc2

 =


cPIAI cos θ∆t
cPIAI sin θ∆t

0
PIV

−


cPFAF cos θ∆t
cPFAF sin θ∆t

0
PFV

+

+


0

−crMg∆t
0

−MgLp sin θ

+


cNx∆t
cNy∆t

0
0

+


0
0
0
Q

 .

(19)

Height difference between (I) and (F) is hF − hI = Lp sin θ. Initial and final volumes are identical,
V = AILI = AFLF. The velocity in this equation is the velocity of the centre-of-mass of the system
in each region (I), or (F).

The derivation of Eq. (19) is equivalent to considering as the system a fluid, with inertia M,
moving during time interval [0,∆t] from point (I) to point (F) subjected to various external forces,
some of which are conservative, performing work, and some performing pseudo-work, dissipating
mechanical energy; the fluid inside the pipe play no role in this process, remaining in the same
steady state (see Fig. 3). If any, thermal effects are considered into heat four-vector Qµ.

Equation (19) can be obtained if a FVFE is posed for all fluid elements (Fig. 3), (I), 1, 2,
. . . k-1, k, k+1, . . . , r-1, r, (F), and adding over them. This methodology has been chosen, by
application of the locality principle, in the Appendix, to obtain the Eq. (19) for the process.

2.3 Bernoulli relativistic equations. Frame S

Equation (19) provides, by components, the relativistic NSL and FLT equations, allowing a com-
plete mechanical-thermodynamical description of the process. From this FVFE, the following
relativistic NSL and FLT equations are obtained:

Newton’s second law. The NSL equation for the process is obtained considering the FVFE
four-vectors linear impulse and linear momentum variation components. For a finite process, with
forces applied during the interval [0,∆t], one has:

M(γvF
vF cos θ − γvI

vI cos θ) = (P1AI cos θ − PFAF cos θ)∆t+Nx∆t ,

M(γvF
vF sin θ − γvI

vI sin θ) = (P1AI sin θ − PFAF sin θ)∆t− rMg∆t+Ny∆t
(20)
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which constitutes the linear-impulse–linear momentum variation equation for the process.

Newton’s second law complementary dynamical relationship. For the pseudo-work–
kinetic energy variation equation (NSL-CDR) one has:

γvF
Mc2 − γvI

Mc2 = (PI − PF)V −Mg(hF − hI) + [Σk=r
k=1(vk · nk)]∆t , (21)

with pseudo-work:
pW = Σk=r

k=1(vk · nk)∆t = Σk=r
k=1(Lk · nk) . (22)

First law of thermodynamics. The FLT equation for the process is obtained considering
the FVFE energy and work four-vectors, temporal components. For the FLT for the process one
has:

(γvF − γvI)Mc2 = (PI − PF)V −Mg(hF − hI) +Q . (23)

Forces FI and FF perform work, WI = PIAILI = PIV and WF = PFAFLF = PFV; also the
gravitational forces perform work Wrg = Mg(hF − hI) = MgLp sin θ; heat Q takes into account
possible thermal effects during the process. With ρV = M, one achieves relationship:

γvF
ρc2 − γvI

ρc2 = −ρg(hF − hI) + PI − PF + q , (24)

where q = Q/V is heat per unit volume. In general, comparing the NSL-CDR Eq. (21) and the
FLT Eq. (23), one obtains:

Q = −pW . (25)

Pseudo-work quantifies heat. Equation (25) quantifies dissipative effects. For the entropy of the
universe increment during the process, ∆SU = |Q|/T > 0 is obtained, with Q = ∥Qµ∥, showing
the irreversibility of the process when pW < 0.

Mechanical energy conservation. Whether the process is carried out with pW = 0 [i.e.,
with Σk=r

k=1(nk · vk) = 0], no thermal effects will take place and the relativistic Bernoulli’s equation
is given by [6]:

PF + ρ(γvF
− 1)c2 + ρghF = PI + ρ(γvI

− 1)c2 + ρghI . (26)

2.4 Bernoulli’s classical equations. Frame S

The classical description of the Bernoulli process is carried out exclusively with his mechanical
energy equation. Relativity tells us that we must work simultaneously with the NSL and the FLT
for the process. In turn, from the NSL it will be possible to obtain the NSL-CDR equation, based
on the pseudo-work, and by comparison between the NSL-CDR and the FLT, the heat equation
and the entropy of the universe variation (SLT). This description allows a more complete physics
analysis of the process.

In the low-speed limit, with limv/c→0 γv = 1 and limv/c→0(γv − 1)c2 = 1
2v

2, the well-known
Bernoulli equation, for an incompressible fluid flowing without friction or viscosity inside a variable
section and height pipe, is obtained. In this limit, the energy equation (FLT) and the NSL-CDR
equation are the same. In the absence of dissipative forces, Bernoulli’s equation can be obtained
from NSL as its NSL-CDR, for a pure mechanical process [30].

Classical NSL equation. For the classical linear-impulse–linear-momentum variation equa-
tion for the Bernoulli equation one has (M ≡ M):

M(vF − vI) = [(PIAI − PFAF) + rMg +N]∆t . (27)

An external force Fext ≡ N is needed in order to maintain pipe walls at rest.

Classical NSL-CDR equation. From Eq. (21), in the low-speed limit, the following pseudo-
work–kinetic energy variation classical equation is obtained:

1

2
Mv2F − 1

2
Mv2I = (PI − PF)V −Mg(hF − hI) + pW . (28)
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Classical FLT equation. From Eq. (23), in the low speed-limit, the following classical FLT
equation for the Bernoulli process is obtained:

1

2
M(v2F−v2I ) = (PI−PF)V−Mg(hF−hI)+Q =⇒ PI+

1

2
ρv2I +ρghI = PF+

1

2
ρv2F+ρghF+q . (29)

Heat equation. Comparing the NSL-CDR equation and the FLT, the heat-pseudo-work
equation, Eq. (25), is obtained.

Mechanical energy conservation. In the absence of mechanical energy dissipation, the
classical equations for the Bernouilli process are obtained:

M(vF − vI) =[(PIAI − PFAF) + rMg +N]∆t ,MvF cos θ
MvF sin θ

0

−

MvI cos θ
MvI sin θ

0

=

PIAI cos θ
PIAI sin θ

0

−

PFAF cos θ
PFAF sin θ

0

+

 0
−rMg

0

+

Nx

Ny

0

∆t ,

1

2
M(v2F − v2I ) =(PI − PF)V −MgLp sin θ ,

1

2
M(v2F − v2I ) =(PI − PF)V −MgLp sin θ .

(30)

In this limit, the classical FLT equation is given by Eq. (1), which is not a general equation for the
speed variation of a fluid flowing through a varying-cross pipe, subject to a gradient of pressures
and heights. It is only valid under the rather restrictive conditions stated above.

3 Four-vector equation. Frame S̄

Figure 2 shows a diagram of how the experiment is described from the point of view of observers
in frame S̄. Frame S̄(x̄, ȳ) is integrated by various observers, each one located at a node, equipped
with measuring devices, in particular, a clock synchronized with the rest of the observers in S̄
(see Sec. 1.3). Each S̄ observer (j) is characterized by its coordinates x̄j ≡ (x̄j, ȳj, z̄j) and it stores
spatio-temporal coordinates for events taking place at its location.

Fluid elements displacements x̄k and velocities v̄k are measured by the set of observers in S̄,
posing a series of equations: NSL, NSL-CDR, FLT. Then, it will be checked if their experimental
observations comply with these proposed equations.

Lorentz transformation. As previously indicated, an advantage of the STR four-vector
formulation, and the description of processes by a FVFE, is that the process can be described in
a generic frame S̄ moving with velocity V relative to a proper frame S, by applying the Lorentz
transformation. For the standard configuration, with velocity V = (−V, 0, 0) of frame S̄ relative
to frame S, the corresponding Lorentz transformation, Lµ

ν (−V ), in its matrix form, is given by:

Lµ
ν (−V ) ≡


γV 0 0 βV γV
0 1 0 0
0 0 1 0

βV γV 0 0 γV

 , (31)

where γV = (1 − β2
V )

−1/2, with βV = V/c. It is easy to check that an equation in frame S̄, NSL
or FLT, will be linear combination of NSL and FLT equations in frame S, and vice versa, with
V dependent coeficients γV and βV γV . Thus, four-vector fundamental equation descriptions in S
and S̄ are equivalent (as demanded by the principle of relativity).

As stated above, formalism coherence demands that frame S observer can anticipate the FVFE
for the observers in frame S̄ by means of:

Lµ
ν (−V )[Eν

F − Eν
I = W ν

I +W ν
F +W ν

rg +W ν
N +Qν ] →

Ēµ
F − Ēµ

I = W̄µ
I + W̄µ

F + W̄µ
rg + W̄µ

N + Q̄µ .
(32)
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In its matrix form, the FVFE in frame S̄ is given by:
cγv̄FMv̄F cos θ̄
cγv̄FMv̄F sin θ̄

0
γv̄F

Mc2

−


cγv̄IMv̄I cos θ̄
cγv̄IMv̄I sin θ̄

0
γv̄I

Mc2

 =


cPIAI∆t̄I

cPIAI sin θ∆t
0

PIAIL̄I

−


cPFAF∆t̄F

cPFAF sin θ∆t
0

PFAFL̄F

+

+


−cγV [c

−2MgLp sin θ]V
−crMg∆t

0
−cγV MgLp sin θ

+


cNx∆t̂
cNy∆t

0
NxV∆t̂

+


cγV (c

−2Q)V
0
0

γV Q

 ,

(33)

with relativistic transformations (A:I, F):

γv̄A
v̄A cos θ̄ = γvA

γV (vA cos θ + V ) ,

γv̄A
v̄A sin θ̄ = γvF

vF sin θ ,

γv̄F = γvFγV (1 + vF cos θV/c2) ,

(34)

and

v̄xA ≡ v̄A cos θ̄ = (vxA + V )/(1 + vxAV/c
2) = (vA cos θ + V )/(1 + vA cos θV/c2) ,

v̄yA ≡ v̄A sin θ̄ = γ−1
V vyA/(1 + vxAV/c

2) = γ−1
V vA sin θ/(1 + vA cos θV/c2) ,

L̄I = γV (LI + V cos θ∆t) , L̄F = γV (LF + V cos θ∆t) ,

∆t̄I = γV (cos θ∆t+ V c−2LI) , ∆t̄F = γV (cos θ∆t+ V c−2LF) ,

∆t̂ = γV ∆t .

(35)

Relativistic effects. The description of the process in frame S̄ presents several relativistic
effects:

1. Non simultaneity. Forces, FI, FF, and N, that were simultaneously exerted during time
interval [0,∆t] in frame S, are not simultaneously applied in frame S̄ (according to the
asyncrhonous formulation of relativity [19]), with time intervals [0,∆t̄I], [0,∆t̄F], and [0,∆t̂],
respectively. This effect is an order c−2 relativistic effect, which will be neglected in the
low-speed limit (absolute time interval [0,∆t]).

2. Velocity transformations. Fluid relativistic velocities transformations guarantee that no
speed in S̄ reaches light-speed c, even when V ≈ c. In the low-speed limit the Huygens-
Galileo velocity transformations,

v̄xA = vxA + V , v̄yA = vyA , v̄A = vA +V , (36)

are recovered.

3. Conveyor belt effect. In frame S̄, work W̄cb = γV (N · V)∆t, temporal component in four-
vector W̄µ

N in Eq. (33) is performed by the external force Fext ≡ N: i.e., force N component
Nx moves with speed V during time interval ∆t̂ = γV ∆t; this effect has no relation to the
speed of the fluid, just with frame S̄ relative speed to frame S. It is W̄cb the work performed
by the external agent that keeps the wagon-lab, or the belt-lab, moving at constant speed V
when the flowing fluid exerts force N on the pipe [25].

4. Angle transformation. Angle θ, tgθ = vy/vx, transforms to angle θ̄, with tgθ̄ = v̄y/v̄x,
tgθ̄ = γ−1

V v sin θ/(v cos θ + V ) a kind of velocity aberration effect.

5. Inertia of work effect. Work related inertia M̄g = c−2MgLp sin θ contributes to the linear
impulse in S̄, according to the inertia of energy principle.
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6. Heat inertia and entropy of the universe increment. According to Einstein’s IEP, heat inertia
MQ ≡ c−2Q contributes to the linear momentum in S̄. When heat exchanged is described in
S as a set of thermal photons, relativistic Doppler and aberration effects are obtained [24],
with the relativistic transformations in frequency and direction (e.g., Ēµ

ph|c = Lµ
ν (−V )Eν

ph|c,

etc),

ν̄c = νγV (1 + βV cos θc) , ν̄c̃ = νγV (1− βV cos θc) ,

cos θ̄c = (cos θc + βV )/(1 + βV cos θc) , cos θ̄c̃ = (− cos θc + βV )/(1− βV cos θc) ,

sin θ̄c = γ−1
V sin θc/(1 + βV cos θc) , sin θ̄c̃ = −γ−1

V sin θc/(1− βV cos θc) ,

tgθ̄c = γ−1
V sin θc/(cos θc + βV ) , tgθ̄c̃ = −γ−1

V sin θc/(− cos θc + βV ) .

(37)

Then, by adding over photons linear-momentum–energy four-vectors in S̄ one obtains:

hΣcc̃(ν̄c + ν̄c̃) = γV (Nphhν) ,

c−1hΣcc̃(ν̄c cos θ̄c + ν̄c̃ cos θ̄c̃) = γV (c
−2Nphhν)V ,

c−1hΣcc̃(ν̄c sin θ̄c + ν̄c̃ sin θ̄c̃) = 0 .

(38)

These transformations allows to obtain the four-vector Q̄µ in the same way that it has been
obtained by applying on four-vector Qµ the Lorentz transformation. In frame S̄, a nonzero
linear momentum is attached to heat (unlike in S, where heat linear momentum is zero).
Therefore, an associated linear impulse is present due to emitted photons with different
frequencies in different directions (with respect to how they are emitted in S): this effect is
a relativistic order c−2 effect and will be neglected in the low-speed classical limit.

Since the physical meaning of the entropy of the universe variation is related to lost work,
Wls, or dissipated mechanical energy, T∆SU = Wls, the entropy change of the universe for
the process must be a relativistic invariant, the same in every inertial frame. According to its
definition, heat in S̄ is the norm of Q̄µ four-vector, with p̄Q = γV MQV, and ĒQ = γV MQc

2,

Q̄µ =

(
cγV (c

−2Q)V
γV Q

)
, (39)

with ∥Q̄µ∥ = [E2
Q − c2pQ · pQ]

1/2 = Q , and T∆S̄U = ∥Q̄µ∥ = ∥Qµ∥. Since ∥Qµ∥ =

[Q2 − 0]1/2 = Q , then ∆S̄U = ∆SU.

3.1 Relativistic equations. Frame S̄.

Newton’s second law in S̄. From Eq. (33), the linear-impulse–linear-momentum variation
(NSL) in frame S̄ is obtained: γv̄F

Mv̄F cos θ̄
γv̄FMv̄F sin θ̄

0

−

 γv̄I
Mv̄I cos θ̄

γv̄IMv̄I sin θ̄
0

 =

 PIAI∆t̄I
PIAI sin θ∆t

0

−

 PFAF∆t̄F
PFAF sin θ∆t

0

+

+

 −γV [c
−2MgLp sin θ]V
−rMg∆t

0

+

 Nx∆t̂
Ny∆t
0

+

 γV (c
−2Q)V
0
0

 .

(40)

Forces that were simultaneously applied in S, are not applied simultaneously in S̄. Inertia Mw ≡
c−2Mg(hF − hI) attached to energy exchanged as work contributes to the fluid linear momentum
variation (order c−2 relativistic effect). Inertia MQ ≡ c−2Q attached to energy interchanged as
heat contributes to the fluid linear momentum variation (order c−2 relativistic effect).

First law of thermodynamics in S̄. For the energy (FLT) equation in S̄ one has:

M(γv̄F
− γv̄I

)c2 = −γV Mg(hF − hI) + PIAIL̄I − PFAFL̄F + W̄cb + γV Q , (41)
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with the conveyor belt effect work: W̄cb = N · V∆t̂ , as the work performed on the wagon, or
conveyor belt, to keep it moving with constant speed V .

Newton’s second law complementary dynamical relationship in S̄. For the NSL−CDR
equation in S̄ one has:

M(γv̄F
− γv̄I

)c2 = −γV Mg(hF − hI) + PIAIL̄I − PFAFL̄F + W̄cb + γV [Σk(nk · vk)]∆t , (42)

with pseudo-work pW̄ = γV (pW ).

Principle of relativity. The FVFE formalism has been developed in order to demonstrate
that transformations of NSL and FLT equations comply with the principle of relativity: a rela-
tivistic equation, NSL or FLT, in frame S̄ can be expressed as a linear combination of NSL and
FLT equations in frame S, and vice-versa, with transformational symmetry between the relativistic
NSL and the FLT equations.

There is a symmetry between the relativistic NSL and FLT equations transformations from S
to S̄ and vice-versa.

NSL equation. By applying the Lorentz transformation to the FVFE, the component (x) of
the equation NSL, can be expressed as:

cNSLx = γV (cNSLx − βV FLT) . (43)

The FLT in S contributes to NSLx in S̄: it is an order c−2 relativistic effect.

FLT equation. The FLT equation can be expressed as:

FLT = γV (FLT− βV cNSLx) . (44)

The NSL in S contributes to FLT in S̄: it is a c0 relativistic effect, and then, also classical.

3.2 Bernoulli classical equations in S̄

Classical Newton’s second law in S̄. In the low-speed limit, from Eq. (40), the classical NSL
equation is obtained:

M(v̄F − v̄I) = [(PIAI − PFAF) + rMg +N]∆t . (45)

In its matrix form:Mv̄F cos θ̄
Mv̄F sin θ̄

0

−

Mv̄I cos θ̄
Mv̄I sin θ̄

0

=

PIAI cos θ
PIAI sin θ

0

−

PFAF cos θ
PFAF sin θ

0

+

 0
−rMg

0

+

Nx

Ny

0

∆t . (46)

This equation is not operational. Even when the pseudo-work for the process is zero Σk(nk ·vk) = 0,
forces nk will still exist and will have to be obtained from the geometry of the pipe and the flow of
the fluid, which will not always be easy. Multiplying the equation in x by cos θ and the equation
in y by sin θ, we have:

Mv̄F −Mv̄I = (PIAI − PFAF − rMg sin θ)∆t+ N̂∆t , (47)

which is the equation of the NSL along the symmetry axis of the pipe. Multiplying the equation
in x by sin θ and the equation in y by cos θ and subtracting,

Nx sin θ −Ny cos θ + rMg cos θ = 0 , (48)

which gives the condition for the components of the force N so that the flow only has component
along the symmetry axis of the pipe.
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The FLT equation contribution to Newton’s second law in S̄ is an order c−2 effect, so it disap-
pears (inertia of energy effect) in the classical limit. With the Huygens-Galileo velocity transfor-
mation, v̄ = v −V, one has:

M(vF − vI) = [(PIAI + PFAF) + rMg +N]∆t . (49)

The classical NSL and NSL equations, in S and in S̄ respectively, are identical. The classical NSL
description of the Bernoulli process does not comply with the principle of relativity.

Classical first law of thermodynamics in S̄. In the low-speed limit, from Eq. (41), the
classical FLT is obtained in S̄:

1

2
M(v̄2F − v̄2I ) = (PIAIL̄I + PFAFL̄F) +MgLp sin θ + (N ·V)∆t+Q , (50)

with N · V = NxV . Time interval is absolute. The following classical equations for the velocity
and length transformations are obtained:

v̄xA ≡ v̄A cos θ̄ = (vA cos θ + V ) ,

v̄yA ≡ v̄A sin θ̄ = vA sin θ

L̄I = LI + V cos θ∆t , L̄F = LF + V cos θ∆t .

Q̄ = Q ,

(51)

with work W̄cb = (N ·V)∆t (conveyor belt effect). This FLT equation in S̄ can be expressed as
linear combination of NSLx and the FLT equations in S.

The effect of the NSL equation, in S, on the FLT equation, in S̄, is a genuine effect, also
appearing in the classical limit. Heat in S̄ is given by Q̄ = Q.

3.3 Classical covariant equations for the Bernoulli process

The mass M is the same for all observers. Forces nk, pressures Pk, sections Ak, are the same for
all observers, and also g. The time intervals ∆t are identical. The distances between two planes,
Lk are identical. Physical varying magnitudes between observers are displacements, velocities of
the elements and displacements and velocities of the application point of the forces. The linear
momentum variations are identical, but kinetic energy variations and work are different. Heat,
pseudo-work and temperature are identical.

For generic observers S and S̄ for which the lab is moving at speed V = (−V, 0, 0), the following
classical equations related to pseudo-work are found respectively:

pW = Σk(nk · vk)∆t ,

pW̄ = Σk(nk · v̄k)∆t = Σk(nk · vk)∆t+V · (Σknk)∆t = pW + (N ·V)∆t .
(52)

Covariant equations NSL, NSL-CDR and FLT are given, respectively, by:

M(v̄F − v̄I) = [(PIAI − PFAF) + rMg +N]∆t ,Mv̄F cos θ
Mv̄F sin θ

0

−

Mv̄I cos θ
Mv̄I sin θ

0

=

PIAI cos θ
PIAI sin θ

0

−

PFAF cos θ
PFAF sin θ

0

+

 0
−rMg

0

+

Nx

Ny

0

∆t ,

1

2
M(v̄2F − v̄2I ) ≈(PIAIL̄I − PFAFL̄F)−Mg(hF − hI) + Σk(nk · v̄k)∆t ,

1

2
M(v̄2F − v̄2I ) =(PIAIL̄I − PFAFL̄F)−Mg(hF − hI) + (N ·V)∆t+Q ,

Q = pW .

(53)

Every observer measures the same heat, equal to the pseudo-work of forces exerted on the fluid by
the walls of the pipe in frame S where the pipe remains at rest.
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When the fluid flows in such a way that Σk(nk · vk)∆t = 0, no thermal effects are present and
Q = 0.

This set of equations constitute the classical covariant form of Bernoulli equation: each of these
equations can be expressed as linear combination of the corresponding equations in frame S and
vice-versa.

4 Conclusions

Covariant equations can be obtained for a Bernoulli process, by applying the concepts and methods
of Einstein’s special theory of relativity. This approach overcomes the classical physics transfor-
mational asymmetry between Newton’s second law and the first law of thermodynamics equations.
The solution lies in using a single hypothesis, the four-vector fundamental equation, instead of
the two independent equations, Newton’s second law and the first law of thermodynamics. This
equation is based on the principle of inertia of energy, which relates internal energy and inertia,
and is implemented by the Lorentz transformation.

Obtaining a covariant description for the Bernoulli process is a good example of the application
of the concepts and methods of the special theory of relativity to a process in which speeds are not
comparable to light-speed. Since the relativistic description of a process is per se covariant, the
classical covariant description for Bernoulli’s process is obtained from its relativistic description in
the low-speed limit.

To apply the special theory of relativity to a Bernoulli process, the following steps must be
carried out:

1. First, the corresponding four-vectors associated to physical magnitudes must be obtained,
in order to consider both the Newton’s second law and the first law of thermodynamics. Then, a
covariant relativistic four-vector equation for the process will be posed.

2. By application of the Lorentz transformation, the four-vector fundamental equation for the
moving-lab frame, S̄, will be obtained from the four-vector fundamental equation in the proper
frame S and the corresponding relativistic transformations.

3. After the relativistic description, the classical covariant description of the process in the
low-speed limit can be obtained.

Proceeding with the Lorentz transformation on the four-vector fundamental equation in frame
S, the following is guaranteed:

1. The principle of relativity is fulfilled and four-vector fundamental equations in S and S̄ have
the same functional form.

2. Predictions can be made and can be contrasted experimentally about how an observer in
frame S̄ describes the process in S and vice-versa.

3. The components of the four-vector equation in S̄ are linear combinations of the equations in
frame S and vice-versa, which can be checked by application of the Lorentz transformation onto
the corresponding four-vector fundamental equation in S̄.

On the one hand, by solving problems using formalisms complying with the special theory of
relativity postulates and requirements, we are forced to think about physical issues that are usually
omitted when solving the same problem under the classical approach. On the other hand, when
changing between inertial frames to describe the same process, covariant equations are needed,
which, in turn, requires consideration of relativistic transformations of velocities, displacements,
time intervals, forces, etc. Since the Lorentz transformation is used in relativity, new relativistic
effects can be discovered when dealing with new problems.

The validity of the classical Bernoulli equation has been discussed. The relativistic four-vector
fundamental equation formalism allows the consideration of a general process and simultaneously
obtain the linear momentum and energy equations of the process. The classical Bernoulli equation
is valid without mechanical energy dissipation. In that case, the process is purely mechanical,
and mechanical energy is conserved throughout the process: Newton’s second law complementary
dynamic relationship match with the energy equation.
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The classical physics covariant form for the Bernoulli process energy equation requires consid-
ering Newton’s second law for the process and taking into account the force exerted by an external
agent, imposing the pipe moving with constant speed (zero speed in proper frame S). This force
exerts linear impulse and performs work in every frame (conveyor belt effect), except in proper
frame S. The relativistic description of the process implicitly considers these two circumstances.

Appendix. Principle of locality

The special theory of relativity is a local theory [23]: equations must relate causes (e.g., force,
lineal impulse, work) and effects (e.g., linear momentum variation, energy variation) for the same
spatiotemporal event; it must be ensured that a force is applied at the point where it produces
effects; contact forces cannot act at a distance; even forces coming from the interaction of the
system with a field, must be considered applied to the different elements that conform the system.

Since there is no incompressible fluid (nor rigid solid), and forces cannot act at a distance,
according to the principle of locality, the system must be divided into elements such that forces
are applied to the elements for which the equations are written, such that forces can be identified
as applied to the elements whose mechanical-thermodynamical state they modify. Thus, when
dealing with the relativistic description of a process in which a large body is involved, the equation
for the whole system is obtained by adding over the system elements equations.
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<latexit sha1_base64="jbbq5AczJUCJrHMQ0UofnIYHGeM=">AAAB+nicbZDLSsNAFIZPvNZ4i7pw4WawFFyVRLwtK0KpG6lgL9CGMJlO2qGTCzMTocS8jK5E3fkYvoBv4/Sy0Naz+ub8/8D5fz/hTCrb/jaWlldW19YLG+bm1vbOrrW335RxKghtkJjHou1jSTmLaEMxxWk7ERSHPqctf3gz1luPVEgWRw9qlFA3xP2IBYxgpVeedViqellXhOg2N0vXU6zm5p1nFe2yPRm0CM4MijCbumd9dXsxSUMaKcKxlB3HTpSbYaEY4TQ3u6mkCSZD3KcdjREOqXSzSYAclYJYIDWgaPL+7c1wKOUo9LUnxGog57Xx8j+tk6rgys1YlKSKRkRbtBakHKkYjXtAPSYoUXykARPB9JWIDLDAROm2TB3fmQ+7CM3TsnNRPr8/K1ZqsyIKcATHcAIOXEIFalCHBhDI4QXe4cN4Mp6NV+Ntal0yZn8O4M8Ynz/Ni5Jc</latexit>

N

<latexit sha1_base64="qyq9Squ66uRiMSCysdCR647ftu4=">AAAB93icbZDLSsNAFIZP6q3GW7zs3AyWgquSiLdlQSh1V8FeoA1hMp20QycXZiZCDXkWXYm68z18Ad/Gac1CW//VN+f/B875/YQzqWz7yyitrK6tb5Q3za3tnd09a/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv+5Gbmdx+okCyO7tU0oW6IRxELGMFKjzzrqNrwsoEI0W1uFtTIPati1+y50DI4BVSgUMuzPgfDmKQhjRThWMq+YyfKzbBQjHCam4NU0gSTCR7RvsYIh1S62Xz7HFWDWCA1pmj+/p3NcCjlNPR1JsRqLBe92fA/r5+q4NrNWJSkikZER7QXpBypGM1KQEMmKFF8qgETwfSWiIyxwETpqkx9vrN47DJ0zmrOZe3i7rxSbxZFlOEYTuAUHLiCOjShBW0g8AjP8AbvxtR4Ml6M159oySj+HMIfGR/fmMKRxg==</latexit>

FF

<latexit sha1_base64="W1GsVU7U2aBiF+dkhoH2YVaIze8="></latexit>

F

<latexit sha1_base64="GxQkMapSA5YorzlV8JIXOfIv494=">AAACDXicbZDLSsNAGIUnXmu8RV26GSwFcVES8basCKXuKtgLtCFMppN26EwSZiaFEvIM+jK6EnXnxhfwbZy2EbT1rL455wz8/+/HjEpl21/G0vLK6tp6YcPc3Nre2bX29psySgQmDRyxSLR9JAmjIWkoqhhpx4Ig7jPS8oc3k7w1IkLSKLxX45i4HPVDGlCMlLY866RU9dKu4PA2M0vXM6xqDGc4zMzRj+lZRbtsTwUXwcmhCHLVPeuz24twwkmoMENSdhw7Vm6KhKKYkczsJpLECA9Rn3Q0hogT6abTnTJYCiIB1YDA6ft3N0VcyjH3dYcjNZDz2cT8L+skKrhyUxrGiSIh1hWdBQmDKoKT08AeFQQrNtaAsKB6SogHSCCs9AFNvb4zv+wiNE/LzkX5/O6sWKnlhyiAQ3AEjoEDLkEF1EAdNAAGj+AZvIF348F4Ml6M11l1ycj/HIA/Mj6+AZCWmfQ=</latexit>vF

hF

hI

hk

<latexit sha1_base64="c7VB0QCuYOzvqr5oAqHulg7kow0="></latexit>

Lk

<latexit sha1_base64="LLwteb45dfLaTK8JAz9EDwtDkKQ="></latexit>

k
<latexit sha1_base64="hnSXawAbYEWP8/cKLn8yjo63iuI=">AAACDXicbZDLSsNAGIUnXmu8RV26GSwFcVES8basCKXuKtgLtCFMppN26EwSZiaFEvIM+jK6EnXnxhfwbZy2EbT1X33znzPwn+PHjEpl21/G0vLK6tp6YcPc3Nre2bX29psySgQmDRyxSLR9JAmjIWkoqhhpx4Ig7jPS8oc3E701IkLSKLxX45i4HPVDGlCMlF551kmp6qVdweFtZpauZ1jVGM5wmJmjH/Ksol22pwMXwcmhCPKpe9ZntxfhhJNQYYak7Dh2rNwUCUUxI5nZTSSJER6iPuloDBEn0k2nmTJYCiIB1YDA6fu3N0VcyjH3tYcjNZDz2mT5n9ZJVHDlpjSME0VCrC1aCxIGVQQn1cAeFQQrNtaAsKD6SogHSCCsdIGmju/Mh12E5mnZuSif350VK7W8iAI4BEfgGDjgElRADdRBA2DwCJ7BG3g3Hown48V4nVmXjPzPAfgzxsc3x/GaGQ==</latexit>vk

<latexit sha1_base64="zZeeLh3Wr+o3NAozDax+y7WSOsI=">AAACGHicbZBLS8NAFIUnPmt8RV26GSwFVyURqy5bhFJ3FewD2hAm00k7dCYJM5NCCf0j+md0JT5W7vw3Ttso2npW35xzBu69fsyoVLb9aaysrq1vbOa2zO2d3b196+CwKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD3NWyMiJI3COzWOictRP6QBxUhpy7NKhaqXdgWHNxOzUJljVWM4x6HG0U+h8m16Vt4u2jPBZXAyyINMdc967/YinHASKsyQlB3HjpWbIqEoZmRidhNJYoSHqE86GkPEiXTT2XoTWAgiAdWAwNn7dzdFXMox93WHIzWQi9nU/C/rJCq4clMaxokiIdYVnQUJgyqC0yvBHhUEKzbWgLCgekqIB0ggrPQtTb2+s7jsMjTPis5FsXR7ni/XskPkwDE4AafAAZegDGqgDhoAgwfwBF7Bm3FvPBrPxsu8umJkf47AHxkfXyOWnfI=</latexit>

Ak

<latexit sha1_base64="Q/ucFSurzNpQIdrEWTgLFsrYkqo="></latexit>

Pk

Figure 4: Inclined angle θ pipe. (a) Initial state. (b) Final state. Element (k) surface Ak, width
Lk, distance to surface AF, ξk. For θ = 0, horizontal pipe, no gravitational effects; for θ = π/2,
vertical pipe.

Fig. 4 schematizes the locality principle application to a Bernoulli process [10]. The space
between the volume element at point (I) and the same volume element at point (F) is sliced into
1, 2, . . . , k-1, k, k+1,. . . r-1, r, elements. A four-vector fundamental equation will be proposed for
each fluid element, including (I) and (F). The outgoing flow of element (k-1) must be the incoming
flow of element (k), etc. Intermediate, pipe inside, forces, Fk = PkAk, are system internal forces,
so they will do not appear into the final equations. Through elements edges, the pipe surface exerts
normal forces nk on the fluid inside the element, with net force N = Σknk for the whole pipe.
An external agent must exert resultant force Fext = N on the pipe to ensure that it moves with
constant speed.

The process of continuously transporting volume V = ρM, and inertia M, from point (I), up
to point (F), implies that a steady state remains inside the pipe.
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On mathematical surface Σk, with section Ak, pressure Pk is exerted on its bottom face, with
Fk = PkAk and P̃k = PF + ρgξk, where ξk is the distance between surfaces Σk and ΣF. Fluid
column pressure ∆P̃k = ρgξk is obtained. Fluid inside element (k), becomes the fluid in element
(k+1), etc.

During time interval [0,∆t], the volume of the fluid is conserved on every pipe element, with
(Ak · vk)∆t = (Ak+1 · vk+1)∆t, or Ak · Lk = Ak+1 · Lk+1 = V (continuity equation), where Lk is
the width of element (k): Lk = ξk − ξk+1 = hk+1 − hk.

Figure 4 sketches a Bernoulli process with an inclined angle θ pipe. Applying the locality
principle, three equations will be obtained for the process: (i) Newton’s second law equation, (ii)
Newton’s second law complementary dynamical relationship, and (iii) the first law of thermody-
namics. From these equations, the four-vector fundamental equation for a generalised Bernoulli
process is obtained.

Newton’s second law. Fluid in element (k) occupies the volume of element (k + 1), varying
its speed from vk to vk+1 varying its linear momentum as:

∆pk ≡ M∆(γvk
vk) = Mγvk+1

vk+1 −Mγvk
vk . (54)

This variation in linear momentum is due to the net linear impulse exerted on element (k): force
Pk exerts pressure on the bottom face of surface Σk, where pressure Pf + ρgξk is exerted from its
top face. The linear impulse on element (k) is given by:

Ik = [(PkAk − PFAk+1) + ρgAkξk+1 + nk]∆t . (55)

The NSL is applied to each fluid element, and the following set of equations is obtained:

M∆(γvI
vI) ≡ Mγv1

v1 −MγvI
vI = [(PIAI − PFAI) + ρgAIξI]∆t+ nI∆t ,

M∆(γv1
v1) ≡ Mγv2

v2 −Mγv1
v1 = [(P1A1 − PFA1) + ρgA1ξ1]]∆t+ n1∆t ,

. . .

M∆(γvk−1
vk−1) ≡ Mγvk

vk −Mγvk−1
vk−1 = [(Pk−1Ak−1 − PFAk−1) + ρgAk−1ξk−1]∆t+ nk−1∆t ,

M∆(γvk
vk) ≡ Mγvk+1

vk+1 −Mγvk
vk = [(PkAk − PFAk) + ρgAkξk]∆t+ nk∆t ,

. . .

M∆(γvr−1
vr−1) ≡ Mγvr

vr −Mγvr−1
vr−1 = [(Pr−1Ar−1 − PFAr−1) + ρgAr−1ξr−1)]∆t+ nr−1∆t ,

M∆(γvr
vr) ≡ MγvF

vF −Mγvr
vr = [(PrAr − PFAr) + ρgArξr]∆t+ nr∆t .

(56)

Pressure PF+ρgξk sin θ on the top face of surface Σk, is equal to the pressure on top face of surface
Σk+1, PF + ρgξk+1, plus the liquid column pressure in (k), ∆Pk = ρgAkLk sin θ, where Lk = vk∆t
is the liquid width in element (k), AkLk = V. Thus, impulse Ik exerted on element (k) is:

Ik = [(PkAk − Pk+1Ak+1) + ρgAkLk + nr]∆t . (57)

Then, the NSL equation for element (k) is: Ik cos θ
Ik sin θ

0

=

 PkAk cos θ
PkAk sin θ

0

+

−Pk+1Ak+1 cos θ
−Pk+1Ak+1 sin θ

0

+

 0
−Mg
0

+

 nk cos θ
nk sin θ

0

∆t . (58)

18

Page 18 of 22AUTHOR SUBMITTED MANUSCRIPT - PHYSSCR-129469.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



We have the set of local NSL equations, one per element:

Mγv1v1 −MγvIvI = (PIAI − P1A1)∆t− ρgAILI∆t+ nI∆t ,

Mγv2v2 −Mγv1v1 = (P1A1 − P2A2)∆t− ρgA1L1∆t+ n1∆t ,

. . .

Mγvk
vk −Mγvk−1

vk−1 = (Pk−1Ak−1 − PkAk)∆t− ρgAk−1Lk−1∆t+ nk−1∆t ,

Mγvk+1
vk+1 −Mγvk

vk = (PkAk − Pk+1Ak+1)∆t− ρgAkLk∆t+ nk∆t ,

. . .

Mγvrvr −Mγvr−1vr−1 = (Pr−1Ar−1 − PrAr)∆t− ρgAr−1Lr−1∆t+ nr−1∆t

MγvFvF −Mγvrvr = (PrAr − PFAF)∆t− ρgArLr∆t− nr∆t .

(59)

Adding over the elements equations, pressure forces inside the pipe cancel each other, nk forces
are added, the process global equation is obtained, involving just elements (I) and (F):

M(γvF
vF)−M(γvI

vI) = [(PIAI − PFAF) + rMg +N]∆t . (60)

In matrix form:MγvF
vF sin θ

MγvF
vF cos θ
0

−

MγvI
vI sin θ

MγvI
vI cos θ
0

=

PIAI cos θ
PIAI sin θ

0

−

PFAF cos θ
PFAF sin θ

0

−

 0
rMg
0

+

Nx

Ny

0

∆t . (61)

For element (k):

M(γvk
vk)−M(γvIvI) = [(PIAI − PkAk) + kMg +Nk]∆t , (62)

with Nk = Σr=k
r=1nr,Mγvk

vk sin θ
Mγvk

vk cos θ
0

−
MγvI

vI sin θ
MγvIvI cos θ

0

=

PIAI cos θ
PIAI sin θ

0

−

PkAk cos θ
PkAk sin θ

0

−

 0
kMg
0

+

Nx|k
Ny|k
0

∆t . (63)

For a fluid vertical cylinder (θ = π/2), with nk = 0, Ak = A and Lk = L, with ΣkLk =
rL = ht − hb [(t) ≡ top, (b) ≡ bottom], the hydrostatic equation PbA− (PtA+ rMg) = 0, with
L = (ht − hb)/r, and AL = V, ρ = M/V, transforms into Pb = Pt + ρg(ht − hb).

Newton’s second law complementary dynamical relationship. Multiplying each
element (k) NSL equation by vk and from relationship [20]:

vk ·∆(γvk
vk) = ∆(γvk

c2) , (64)

one has:

Mvk ·∆(γvk
vk) = {(PkAk − Pk+1Ak+1)− ρgAkLk sin θ + nk} · vk∆t →

M∆(γvk
c2) ≈ [Pk(Ak · Lk)− Pk+1(Ak+1 · Lk+1) + (vk · nk)]∆t .

(65)

Then, with (g · vk)Ak∆t = gAkLk sin θ = gV sin θ, AkLk = V and assuming Ak ≈ Ak±1 and
Lk ≈ Lk±1, the set of NSL-CDR equations is obtained:

M∆(γvIc
2) ≈ [PI − P1]V −M sin θvI∆t+ (vI · nI)∆t ,

M∆(γv1
c2) ≈ [P1 − P2]V −M sin θv1∆t+ (v1 · n1)∆t ,

. . .

M∆(γvk
c2) ≈ [Pk − Pk+1]V −M sin θvk∆t+ (vk · nk)∆t ,

M∆(γvk+1
c2) ≈ [Pk+1 − Pk]V −M sin θvk+1∆t+ (vk+1 · nk+1)∆t ,

. . .

M∆(γvr−1
c2) ≈ [Pr−1 − Pr]V −M sin θvr−1∆t+ (vr−1 · nr−1)∆t ,

M∆(γvrc
2) ≈ [Pr − PF]V −M sin θvr∆t+ (vr · nr)∆t .

(66)

19

Page 19 of 22 AUTHOR SUBMITTED MANUSCRIPT - PHYSSCR-129469.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



Finally, assuming:
M∆(γvk

c2) ≡ Mγvk+1
c2 −Mγvk

c2 , (67)

and adding over elements, the whole NSL-CDR is obtained:

γvF
Mc2 − γvI

Mc2 = (PI − PF)V −Mg(hF − hI) + [Σk(vk · nk)]∆t . (68)

The process pseudo-work is thus:

pW = [Σk(vk · nk)]∆t . (69)

First law of thermodynamics. The fluid in element(k) occupies the volume of element
(k + 1), varying its kinetic energy as:

∆Kk ≡ M∆(γvk
c2) = Mγvk+1

c2 −Mγvk
c2 , (70)

due to work performed on it:

Wk = {[PkAk − Pk+1Ak+1]− ρgAkLk} · vk∆t , (71)

being Wk = ρgAkLkvk∆t = Mgvk∆t = MgLk sin θ the work to raise the liquid of the element (k)
itself by distance Lk sin θ.

The local set of equations for the FLT of the process is then:

Mγv1
c2 −MγvI

c2 = [PI(AI · vI)− P1(A1 · v1)]∆t− ρgAILIvI sin θ∆t+QI ,

Mγv2
c2 −Mγv1

c2 = [P1(A1 · v1)− P2(A2 · v2)]∆t− ρgA1L1v1 sin θ∆t+Q1 ,

. . .

Mγvk+1
c2 −Mγvk

c2 = [Pk(Ak · vk)− Pk+1(Ak+1 · vk + 1)]∆t− ρgAkLkvk sin θ∆t+Qk ,

Mγvk+2
c2 −Mγvk+1

c2 = [Pk+1(Ak+1 · vk+1)− Pk+2(Ak+2 · vk + 2)]∆t− ρgAk+1Lk+1vk+1 sin θ∆t+Qk+1 ,

. . .

Mγvr
c2 −Mγvr−1

c2 = [Pr−1(Ar−1 · vr−1)− Pr(Ar · vr)]∆t− ρgAr−1Lr−1vr−1 sin θ∆t+Qr−1

MγvFc
2 −Mγvrc

2 = [Pr(Ar · vr)− PF(AF · vF)]∆t− ρgArLrvr sin θ∆t+Qr .

(72)

Adding over the FLT equations of the fluid elements, the FLT for the process is obtained:

(γvF
− γvI

)Mc2 = (PI − PF)V −Mg(hF − hI) +Q →
ρ(γvF − ργvI)c

2 = (PI − PF)− ρg(hF − hI) + q ,
(73)

where Q = ΣkQk = qV.
By comparing NSL-CDR Eq. (68) with the FLT Eq. (73), one has:

Q = pW .

The process pseudo-work pW quantifies the mechanical energy dissipated and emitted to the
thermal reservoir by heat, Q.

Four-vector fundamental equation for fluid element (k). The FVFE for element (k) is
given by:

cγvk+1
Mvk+1 cos θ

cγvk+1
Mvk+1 sin θ

0
γvk+1

Mc2

−


cγvk

Mvk cos θ
cγvk

Mvk sin θ
0

γvk
Mc2

=


c(PkAk − Pk+1Ak+1) cos θ∆t
c(PkAk − Pk+1Ak+1) sin θ∆t

0
(PkAk − Pk+1Ak+1) · vk∆t

+


0

−cMg∆t
0

−MgLk sin θ

+


cnk cos θ∆t
cnk sin θ∆t

0
0

+


0
0
0
Qk

 ,

(74)
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with volume V = (Ak · vk)∆t = Ak · Lk = AkLk = V, and inertia M = ρV.

Four-vector fundamental equation for the Bernoulli process. Adding over all elements,
the four-vector fundamental equation for a generalised Bernoulli process is obtained:

cγvF
MvF cos θ

cγvF
MvF sin θ
0

γvFMc2

−


cγvI

MvI cos θ
cγvI

MvI sin θ
0

γvIMc2

=


cPIAI cos θ∆t
cPIAI sin θ∆t

0
PIV

−


cPFAF cos θ∆t
cPFAF sin θ∆t

0
PFV

+


0

−crMg∆t
0

−MgLp sin θ

+


cNx∆t
cNy∆t

0
0

+


0
0
0
Q

 ,

(75)

where N = Σknk.
The description of the process is assumed as if fluid inertia were taken from point (I) to point

(F) without changing the state of the fluid inside the pipe. By applying the principle of locality, a
many-body problem with (r+2) elements is reduced to a one-body problem.

The role of the tube in the process is considered through force N, which determine the thermal,
dissipative effects. The result depends on the geometry of the model.
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