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Abstract. In this paper, we formulate a semismooth Newton method for an abstract opti-
mization problem and prove its superlinear convergence by assuming that the no-gap second order
sufficient optimality condition and the strict complementarity condition are fulfilled at the local min-
imizer. Many control problems fit this abstract formulation. In particular, we apply this abstract
result to distributed control problems of a semilinear elliptic equation, to boundary bilinear control
problems associated with a semilinear elliptic equation, and to distributed control of a semilinear
parabolic equation.
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1. Introduction. Let (X,S, ) be a measure space with 0 < (X)) < co. In this
paper, we prove the superlinear convergence of a semismooth Newton method to solve
the following abstract optimization problem:

. R 2

(P) R a_C_[#]J(U) + 5 lullzax,)
where kK > 0, —o0 < a < f < 400, and J : LP(X) — R is a function of class
C? for some p € [2,+00). Many optimal control problems fall within this abstract
formulation: distributed or boundary control problems, and bilinear control problems
associated with nonlinear elliptic or parabolic equations. The analysis of semismooth
Newton methods has a long history, but there are only a few papers in the framework of
optimal control problems of partial differential equations where this method is proved
to converge superlinearly. The reader is referred to [8, 11, 13] and [14, Chapter 8] for
the case of convex control problems. In this case, the well-posedness and superlinear
convergence of the method are established. The situation is more delicate for nonlinear
state equations [1, 9, 11], where a strong second order condition is assumed to prove the
convergence of the algorithm. We also mention [14, Chapter 10] where the semismooth
Newton method is applied to solve a control problem associated with the Navier-Stokes
equations in dimension n = 2. In this chapter, the superlinear convergence is proved
assuming that the second derivative of the cost functional at the local minimizer is
coercive on the tangent space of the strongly active constraints and that the control
constraint is reduced to u > 0.

The aim of this paper is to prove the superlinear convergence of the algorithm to
local solutions @ assuming that the no-gap second order sufficient optimality condi-
tion and the strict complementarity condition are fulfilled at . These are the usual
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assumptions required to prove the superlinear convergence of numerical algorithms in
finite-dimensional optimization problems; see, for instance, [10, Chapters 17 and 18].

The plan of this paper is as follows. In section 2, we formulate the hypotheses
on the problem (P), propose a semismooth Newton method and prove its superlin-
ear convergence. In section 3, we formulate and establish superlinear convergence of
this algorithm for three different control problems: distributed control of a semilin-
ear elliptic equation; boundary bilinear control associated with a semilinear elliptic
equation; and distributed control of a semilinear parabolic equation. This selection
of control problems is made only to show the generality of the abstract result. Many
other cases could be included in this abstract formulation.

2. A semismooth Newton method to solve (P). This section is divided
into two parts. In the first part, we establish the assumptions on (P) and carry out
the first and second order analysis of this problem. In the second part, we formu-
late a semismooth Newton method to compute a local solution of (P) and prove its
superlinear convergence.

2.1. Analysis of (P). Let us fix some notation and make the assumptions on
problem (P). We set

Upa ={ue LP(X) :a<u(x) < B a.e.[u]},
where —oo < a < f < +00 and additionally
(2.1) ifp>2, then —oco<a<pf<+oo.

Let A be an open subset of LP(X) such that U,q C A. The function J : A — R is of
class C? and satisfies the following hypotheses:
(H1) There exists a C* mapping ® : A — L°(X) such that

(2.2) j’(u)v:/xé(u)vdu Vue A and Vv e LP(X).

(H2) For every u € A the linear mapping ®'(u) : LP(X) — L*°(X) has an
extension to a compact operator ®'(u) : L?(X) — LP(X) satisfying the following: for
all € > 0 there exists p > 0 with B,(u) C A such that

(2.3) (@' (w) — @ (W)]v||Le(x) <ellv]lr2(x) Vw € By(u) and Vo € L*(X).

Above and along this paper, B,(u) denotes the open ball of L”(X) centered at u
with radius p.

Remark 2.1.
i) The assumption (2.1) is used in the second order analysis, where some Taylor

expansions have to be performed in an L?(X) neighborhood of some point .

ii) In the case p = 2, (2.3) is a consequence of (H1), hence hypothesis (H2)
only assumes that the linear mapping ®'(u): L?(X) — L?(X) is compact.

iii) As a consequence of hypotheses (H1) and (H2), we infer that for every u € A
the bilinear form 7" (u) : LP(X)? — R has a continuous extension to L?(X)?
such that the weak convergence (vi,wy) — (v,w) in L?(X)? implies

(2.4) T (u)(vg, i) = /

[® (u)vg]wy dp — / [®' (uw)v]wdpu=T" (u)(v,w).
X X
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We define the function J: A — R by J(u) = J(u) + %Hu”%z(x). Then, (P) can
be written as follows:

(P) min J(u).

u€EULq

From (2.1) we infer that @ is a (strict) local minimizer of (P) in the LP(X)-sense if
and only if it is a (strict) local minimizer in the L?(X) sense. From now on, a local
minimizer will be understood in the L?(X) sense.

THEOREM 2.2. If @ € Uyq is a local minimizer of (P), then the following identity
holds:
_ . 1
(2.5) () = Projq s (f Eq)(u)(:c)) a.e. [u].

Proof. Using the convexity of U,q and (2.2) we get
/ (®(u) + ku)(u —a)dp=J' (a)(u—u) >0 Yu €Uy,
b's

that is equivalent to (2.5). |

Associated to a local minimizer & we define the cone of critical directions Cj as
the set of elements v € L?(X) satisfying
>0 ifa(z)=aqa,
v(z) <0 if a(z) =5, a.e. [p].
=0 if ku(z)+ (a)(z) #0,
It is well known that a local minimizer of (P) satisfies the second order necessary
condition: J”(#)v? >0 Vv € Cy; see, for instance, [5, Theorem 2.4 and Remark 2.5].

Conversely, if i € Uyq satisfies (2.5) and J” (@)v? > 0 Vv € Cy \ {0}, then there exist
€ >0 and v > 0 such that

v . _
(2.6) J(a) + §Hu - 11||2L2(X) < J(u) Vu€Uaq with [Ju—a|r2x) <e.

See [5, Theorem 2.6] for the proof. Furthermore, it was proved in [6, Corollary 2.6] that
€ >0 can be selected such that there is no other element u € A with [|u — ||z 2(x) <e
satisfying the optimality condition (2.5).

(H3) In the rest of this section, @ will denote a local minimizer of (P) satisfying
the following assumptions
(2.7) J'(@w® >0 VoeCy\ {0},
(2.8) p({z € X :u(x) € {a, B} and rii(x) + ®()(z) =0}) =0.

We refer to (2.8) as the strict complementarity condition. Now, for 7 >0 we define
(2.9) ET ={ve L*(X):v(z) =0 if |su(x) + ®(a)(z)| > 7}.

The following result is crucial in the proof of the semismooth Newton method defined
later.

THEOREM 2.3. Let 4 € Uyq satisfy (2.7) and (2.8). Then, there exist 6 >0 and
7 >0 such that
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Proof. First, we observe that (2.8) implies that C = E2. Now, we proceed by
1

contradiction. Assume that for every integer k > 1 there exists vy € E} such that
J" (v < %Hka%Q(X). Dividing vy by its L?(X)-norm and taking a subsequence we
infer

1 1
(2.11) v, € BF and J"(ﬂ)v,%<E Vk>1, and vy —v in L*(X) as k — oo.

Let us take € > 0 arbitrarily. It is obvious that EZ is a closed subspace of L?(X) and
{vk}ps1 C EE. Therefore, v € EE holds. Since EQ = N.soE%, we infer that v € ED.

u’

Hence, (2.7) implies that J”(#)v? >0 unless v = 0. But, (2.11) and (2.4) lead to

J"(@)v* < liminf J”(@)vi < limsup J” (@)vi < 0.
k—o0 k—00

Therefore, we have that v = 0. Using (2.4) again and the above inequalities we get that
J"(w)vi — 0 and J”(@)vi — 0. These convergences and the fact that [Jvg|/r2(x) =1
yield

T 2 7 "(=\,2 (N0, 2)

o= lim ey = lim (77 (@02 — 7" (@)02) =0,

This contradicts our assumption « > 0. 0

2.2. A semismooth Newton method. Let ¢y : R — R be the function given
by ¥(t) = Proj[aﬁ](—%t). We also define the mappings ¥ : L>*(X) — L*°(X) and
F:A— LP(X) by U(y)(z) =9 (y(z)) and F(u) =u — U(P(u)). From (2.5) we infer
that any local solution of (P) solves the equation F(u) = 0. Moreover, as claimed
after (2.6), if @ satisfies (2.7), then it is the unique solution of this equation in a
LP(X) ball around @. Unfortunately, F is not Fréchet differentiable in A due to the
lack of differentiability of 1. However, F is semismooth. Let us recall the definition
of semismoothness. To this end, we follow [14, Definition 3.1]. A slightly different
approach using the concept of slant differentiability can be found in [8].

DEFINITION 2.4. Given two Banach spaces X and Y, an open subset V of X, a
continuous function H :V — Y, and a set-valued mapping OH : V = L(X,)) such
that OH(u) £ O for every u €V, we say that H is OH-semismooth at €V if

(2.12) lm  sup PAEEY) M@ Muly

0.
v=0 preaH (utv) vl

The multifunction OH is called the generalized derivative of H.

In order to solve the equation H(u) = 0, the semismooth Newton method generates
a sequence according to Algorithm 1.

The proof of the following convergence theorem can be found in [14, Theorem
3.13]. See also [8, Theorem 1.1].

Algorithm 1. Semismooth Newton method.

1 Initialize. Choose ug € V. Set j = 0.

2 repeat

3 Choose M; € 0H(u;) and solve M;v; = —H(u; ).
4 Set ujy1 =u;+vjand j =7+ 1.

5 until convergence
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THEOREM 2.5. Suppose that H:V — Y is OH-semismooth at u €V solution of
H(u) = 0. Then, there exists § > 0 such that for all ug € V with |lug — @|lx < ¢ the
sequence {u;};>0 generated by the semismooth Newton method 1 converges superlin-
early to u if the operators M; € OH(u;) are invertible and there exists Cy > 0 such
that

(2.13) M| £,20) < O Vi 2 0.

Let us prove that Algorithm 1 can be applied to our equation F(u) =0 and the
superlinear convergence holds. First, we check that F is semismooth in A with respect
to some generalized derivative that we define below. Foremost, we observe that 1 is
a Lipschitz function with % as Lipschitz constant and its Clarke’s subdifferential is
given by

(0 it —tglaf)
o(t) = {—i} if—%tE(a,ﬂ),

{—i,o} it — %t € {a, B}.
Now, we define
OF (u) ={M € L(L*(X), L (X)) : (Mv)(z) = v(z) — h(®(u)(x))[2' (u)v](z),
where h: R — R is Lebesgue measurable and h(®(u)(z)) € v (®(u)(x))}.

It is obvious that 0F(u) is not empty for every u € A. Since ¢ is Lipschitz and
®: A— L®°(X) is of class C'! and, hence, locally Lipschitz, we infer from the results
of [14, section 3.3] that F is OF-semismooth in A.

Let us define the function g: R — R by

{—1 if — lte (o, 8),

g(t) = K K
0  otherwise.

It is obvious that g(t) € Oy (t) for every ¢t € R.

To implement the semismooth Newton method we select for every u € A the
element M, € OF (u) defined by M,v=v— h, - ®'(u)v, where h,(z) = g(®(u)(z)). We
have the following property of these linear operators.

THEOREM 2.6. Let @ satisfy (2.5), (2.7), and (2.8). Then, there exist p >0 and
C > 0 such that M, : LP(X) — LP(X) is an isomorphism and |M; | < C for all
u € By(u) C A, where B,(u) denotes the ball of center u and radius p in LP(X).

Proof. We split the proof into two steps. First, we prove that M, is an isomor-
phism for every u in a certain ball around % and then we prove that ||M || < C for
all » in such a ball.

Step 1. M, is an isomorphism. Let u be an element of A. Since h, : X — R
is measurable, ||hy|/r=(x) < L, and ®'(u) : LP(X) — L°°(X) is a continuous linear
mapping, we deduce the continuity of M, : LP(X) — LP(X). To prove that M, is an
isomorphism it is enough to show that M, is bijective and apply the open mapping
theorem. Given w € LP(X) arbitrary we will prove that there exists a unique element
v € LP(X) such that M, o =w. Let us define the measurable sets

Hu:{xeX:—ifb(u)(x)e(a,B)} and A, =X\IL,.
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From the definition of h, we get that M, =w holds if and only if

() =w(x) ifzeA,,
2.14 1
(2.14) o(x) + =@ (u)v](z) =w(z) if xz€l,.
K
Denoting by x,, and x, the characteristic functions of I, and A, respectively, we
have that v =y, v+ x, v for every v € LP(X). The first equation of (2.14) defines v
univocally in A,,. Using this fact we infer that the second equation is equivalent to

(215)  [x, vl(@) + %[‘P'(U)(Xrﬁ)](x) =[x, wl(z) - %[‘P'(U)(me)](x) if z € L.

For every measurable function v : I, — R, x; v denotes the extension of v to X by
zero. Now, we define the linear quadratic mapping H : L*(I,) — R by

() = 37" ()0, 0 = [ (b, wl(@) = 0/0) (e, )0 s, ol
From (2.2) we get that x, o satisfies (2.15) if and only if H'(7) = 0. Let us recall
that hypothesis (H2) yields ®'(u)v € LP(X) for every v € L?(X). Therefore, since
w € LP(X), if x,, v € L*(X) solves the equality (2.15), then x, v € LP(X) holds. If
we prove that H is strictly convex and coercive we infer the existence and uniqueness
of a point x, v satisfying (2 15). To this end, it is enough to show the existence of

v > 0 such that J"(u)(x,, v)* > V||1}||2 . Let § be the constant introduced in (2.10).

From (2.3) with e = —9—— we deduce the existence of p; > 0 such that B, (u) C A
ou(X) %

and

5
(2.16) |[|[®(u) — @' (@)]v]l Lr(x) < anumx) Yu € B, (4) and Vv € L*(X).
w

Now, using (2.10), taking u € B, (), and assuming that x, v € E7, the following
inequalities hold:

T'(w) o, 0 = (@ )(xh P o1 = @l
= @), = | [ (0 - ¥ @0, ), v

)
> 0l[vll72,) — @' (w) = (@) (v, v) [l 220 [1x0, ll 220 = 2||v|\L2(11

Let us prove that x, v € E for every v € L?%(1,) if we take u close enough to .
Since ® : A — L>(X) is of class C, it is locally Lipschitz. Therefore, there exists
p2 € (0,p1] and a constant Lz such that B, (a) C A and

(217) ||(I)(UQ)—(I)(U1)||L00(X) SL@HUQ—ul”Lp(X) Vul,UQEsz(’U,).
Setting p = min{ps, Liu} we deduce from the above inequality that
(2.18) By(u)CA and [[®(u) = P(u)||pe(x)<T VYuc€ B,(u).

Given z € X, if ku(z) + ®(@)(x) > 7 holds, then (2.5) implies that @(z) = a. Thus we
have

—%@(ﬂ)(m) <a-— %
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This inequality and (2.18) lead to

B (u)(2) < @) (&) + () ~ D) 1 x) <

This yields € A, and, consequently, [x, v](z) = 0. Arguing in a similar way we
deduce that [y, v](z) =0 if ku(z)+P(u)(z) < —7. Hence, x, v € E7 holds. Therefore,
H is strictly convex and coercive and, consequently, M, is an isomorphism.

Step 2. 3C >0 such that | M, || < C Vu € B,(u). Multiplying the identity (2.15)
by rx,,v and integrating in X we get

Sl < 7700, 002 = sl + [ @), o), v
= /X (0 = [@' () (X, w)]) s, D1t < (]l 2y + 197 () v, w0) 2200 12,
< (A5l ) + 1O I ()X, w0 ol 20,

The Lipschitz property (2.17) implies that

(2.19) 9" (w)v|| o (x) < Lallv|r(x) Vu€ By(a) and Yv € LP(X).

Inserting this inequality in the above estimate it follows that
g, p=2 1
Sollaa) < (RO + u(X) 2 La )l x).

Thus, we get [|0]|2(r,) < Ct1|lw|| e (x) for C1 = %(RM(X)%Z +1(X)2 Ly). We use this
inequality to estimate ||0||zr(r,). First, we observe that hypothesis (H2) along with
(2.16) implies

19 (u) (X, 9) | e (x) < [197(@) (x,, 0) | Lo (x) + N[ (w) = @ (@)](x,, 0)|| Lo (x)
1)

< (|1®'(u 4+ v =C. v ,

< (|| (u>||£(L2(X),LP(X)) 2M(X)p;pz )”XLuUHLz(X) ZHXHH’UHLQ(X)

where C5 is independent of u. Now, combining (2.15), the above inequality, and (2.19)
we infer that

_ 1 _ 1
16, Blle ) < — 197 (w) (6, D)l r ) + I, wlee o) + 119 () O, ) le )

Csy _ 1 1
< i, ol + (14 2003 La ) Lol

c,C 1 1
< (2 + 14 —uX)5 La) [wl ) = Callwl o x).

Finally, setting C' =1+ C3 and using the first identity of (2.14) we obtain
1)l e x) <10l zean) + 110l zr @) Swllzr@ag) + CsllwllLex) < Cllwl|Lex)-

This proves that ||M; 'w||1s(x) < Cllwl|Lr(x) for all u € B,(a) and all w € LP(X),
which concludes the proof. ]

Semismooth Newton’s method for problem (P) is detailed in Algorithm 2. Theo-
rems 2.5 and 2.6 yield the following result on its convergence.
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Algorithm 2. Semismooth Newton method for (P).

1 Initialize. Choose ug € A. Set j = 0.

2 repeat

3 Compute p; = ®(u;).

4 | Setj={zeX:a<—1pjx)<pf}AY={reX:—+p;(x)<al,
Al ={zeX:—Lpjx)>pB} Aj=ATUAY.

5 Compute
—uj(z) + B ifxEA?,
wj(@) = =F(u)(x) = —u;(x) — pp;(z)  ifael
—uj(x) + a if v € AJ.

6 Compute n; = X, Wi — %¢/(u]‘)(XAj w;).

7 Solve the quadratic problem
(Q;) min H;(v) - /(@’( ), v) + )x;, vd / d
; i (v) = ui)(x. V) + KX — [ nv
j e I3 (1) j 2% Jy j er an X'[j H L v du

Name vy, its solution.

8 Set v; = Xo, Wi =+ Xy, VI

9 Set ujy1 =u; +vjand j =7+ 1.
10 until convergence

COROLLARY 2.7. Let @ € Uyq satisfy (2.5) and assume that the second order
sufficient condition (2.7) and the strict complementarity condition (2.8) hold at 4.
Then, there exists p > 0 such that for all ug € B,(4) C A the sequence generated by
Algorithm 2 converges superlinearly to .

Remark 2.8. Note that the assumptions (2.7) and (2.8) are not used directly in
the proof of Theorem 2.6. We simply use (2.10), which is a consequence of (2.7) and
(2.8); see Theorem 2.3. Therefore, the previous corollary remains valid if we replace
the assumptions (2.7) and (2.8) with (2.10). However, the assumptions (2.7) and (2.8)
seem to be more natural, easier to verify and are the hypotheses formulated for the
analysis of numerical algorithms in finite-dimensional optimization. If (2.8) does not
hold, then (2.10) is very far from the necessary second order conditions.

3. Application of Algorithm 2 to solve some control problems. In this
section, we show how Algorithm 2 can be applied to solve some control problems.
Along this section 2 will denote an open, connected, and bounded subset of R™ with
1 < n < 3 and a Lipschitz boundary I". In case n = 1 we assume that () is a real
interval (a,b) with —oco < a < b < 400, and I' = {a,b}. In Q we consider a partial
differential operator A defined by

Ay = Z awj [aljaﬂcly] + apy
ij=1

with ag,a;; € L>(Q) for 1 <4,j <n, ag > 0. We also assume that there exists A >0
such that
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Z aij ()€€ > A|¢J? for a.e. x € Q and all £ € R™.

ij=1

3.1. A semilinear elliptic control problem with distributed control. The
first control problem is formulated as follows:

(Py) min J(u) :=J(u) + E/Qu(ac)zdyc,

UEUL 4 2

where k > 0,
J(u)= / L(z,yu(z))dz  and U= {ue L*(Q):a <u(z)<j for a.a. z€Q}
Q

with —oco < a < f < +00. Above y, denotes the state associated to the control u
related by the following semilinear elliptic state equation:

Ayu + f(xvyu) =u in Q’
(3.1) {yu =0onT.

The following assumptions are made on f and L:
(A1) We assume that f:Q xR — R is a Carathéodory function of class C? with
respect to the second variable satisfying the following conditions for almost all x € Q:

o p> g such that f(-,0) € LP(Q),

of
= >
° ay(:c,y)_() Yy €R,

2 g
e VM >0 3C) > 0 such that Zj:1 |55 (2, y)| < Cp o for all [y| < M,
oVe >0 and VM >0 30 > 0 such that |'327’;(m,y1) - g%{(x,ygﬂ <e
for all |y1|, ly2] < M with |y; — ya| < 6.

(A2) For the cost functional we suppose that L:Q x R — R is a Carathéodory
function of class C? with respect to the second variable satisfying the following con-
ditions for almost all x € Q:

e L(-,0) € L*(Q) and YM >0 3 5y € LP(Q) and Cf ps > 0 such that

oL %L
a—y(x,y) < W, m(z) and ’W(x’y)‘SCL’M for all |y| < M,
e Ve >0 and VM >0 39 > 0 such that |gjﬁ(m,y1) - ‘?;T%(a:,ygﬂ <e

for all |yi1], ly2| <M with |y; — ya| <.

Let us consider the Banach space Y = H}(Q) N C(Q2). Under the above assump-
tions, it is known that (3.1) has a unique solution y, € Y for every u € L?(€2). The
mapping G : L2(2) — Y, given by G(u) = y,, is of class C2. Furthermore, for all
u,v € L*(Q), 24, = G'(u)v is the unique solution to

of o
Az+8fy(x,yu)z—v in Q,

z=0 onT,
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and, given vy,v € L*(Q), 2y, (v;,05) = G” (v)(v1,v2) is the unique solution to

2
Azt %u,yu)z - —g—yf<x7yu>zmzw i Q,

z=0 on T,

where z,, =G’ (u)v;, i =1,2.
Further, for every u € L?(Q) the adjoint state equation

L
Ao+ %(%%)%’ = %(%%) in 0,
p=0onTl

has a unique solution ¢, € Y. The mapping ® : L?(Q) — Y defined by ®(u) = ¢, is
of class C! and 7, = ®'(u)v €Y is the solution of the linear equation

af 92L 92 f ,
A* —_— = —_— —_ —_— Q
TI’U + 8y (x7yu)77v (ay2 ($7yu) Sou ay2 (xayu)> Z’U m 9

M =0 onT.

We also have that the functional J : L?(2) — R is of class C? and for every
u,v,v1,v2 € L2(2) the following identities hold:

jI(U)UZ/QSDuwa:/Q@(u)vdx,

2 2
J" (u)(v1,v2) :/Q <Zy§(l’,yu) - cpugyé(:r,yu)) Zuy 2oy AT

:/T]’U1U2dx:/n’uzvldxa
Q Q

where ¢, = ®(u), 2, = G'(u)v;, and n,, = ®'(u)v; for i =1,2.
Any local minimizer @ of (P;) satisfies the identity

. 1_ , 1.,
u(z) = Proji, g (7 Egp(:c)) = Proji, g (f E@(u)(w)) for a.a. z €

or, equivalently, F () =0 with F(u) =u— ¥(®(u)), ¥ as defined at the beginning of
subsection 2.2.

The reader is referred to [4] for the proof of the above statements.

We apply Algorithm 2 to compute a local minimizer 4. To this end we identify
the following elements: X = Q, u is the Lebesgue measure, p =2, A = L?(f2). Since
Y C L*°(9) and it is compactly embedded in L?(£2), hypotheses (H1) and (H2) hold.
Then, Algorithm 3 is the application of Algorithm 2 to (Py).

Under assumptions (2.7) and (2.8), Corollary 2.7 implies that Algorithm 3 is
locally and superlinearly convergent to the local minimizer .

3.2. A semilinear elliptic bilinear control problem with boundary con-
trol. In this section, we consider the following control problem:

uEUGq 2

(Ps) min J(u) =7 (u) + v / u(z)? de,
r
where k > 0,

J(u) = /Q L(z,yu(x))dz and Uyg={uecL*):a <u(xr) <pB for a.a. zcT}
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Algorithm 3. Semismooth Newton method for (Py).

w N =

10
11

Initialize. Choose ug € L*(9). Set j = 0.
repeat
Compute y; = G(u;) solving the nonlinear equation

Ay; + f(z,y;) =u; in Q, y; =0in T

Compute ¢; = ®(u;) solving the linear equation

. of oL . .
Apj + @(w’yj)Wj = (,Ty(:c,yj) in§, ¢;=0inT

Set I = {x € Q:a < —Lp;(x) < B}, AY ={z € Q: —Ly;(z) <a},
Al ={zeQ:—Ly;(x)>p}, Aj =AY UAT.

Compute
—uj(z)+ 8 if x GAf,
wj(z) = —=F(uj)(z) = § —u;(z) — é(pj(x) if x € I,
—uj(z) + ifz e A;‘.

Compute n; = 7x, w; solving the linear equations
W

0
Azj + aff(%yj)zj =X, wj i Q, zj =0onT,
y J

. of 9L 0% f .
A*n; + Fy(x’yj)nj = (ayQ(:U,y]) - %TI/Q(%%) zjin€,n; =0onl.

Solve the quadratic problem

1 1

, 1
(@) oin H;(v) = 5.7 ()0, 0)* + /Hj(2v —wj + —n;)vdp

Name vy, its solution.
Set v; = Xa,; Wi + Xi; VI

Set Ujp1 = Uj + Vj and J=J+1L
until convergence

with 0 < a < 8 < oo. We assume that 8 < oo if n=3. Here y, is the solution of the
state equation

(3.2) {Ay + f(,y) =0 inQ,

On y+uy=g onl.

Regarding this problem, the reader is referred to [2, 3] for all unproven claims set

out below.
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We suppose that the functions L and f satisfy the same assumptions (Al) and
(A2) introduced in section 3.1. Additionally we assume that

(A3) n=2or 3, ag £0, g€ LIY(T) with ¢ >n — 1 and, without loss of generality,
g<n.

We set p=2if n=2 and p = ¢ if n =3. Under assumptions (A1), (A2), and (A3),
there exists an open set A of LP(T") such that A D {u € LP(T): u > 0} and (3.2) has
a unique solution y, € Y = H*(Q) N C(Q) for every u € A. Moreover, the mapping
G : A — Y defined by G(u) :=y, is of class C? and Vu € A and Vv, v,vo € LP(T)
the functions z,,, = G'(u)v and 2y (v, v,) = G”(u)(v1,v2) are the unique solutions of
the equations:

Az + g(x,yu)z =0 in Q,

dy
On, %2+ uz=—vy, onl,

of O f .
Az + @(xayu)z = _aiyg(xayu)zu,vl Zy,uy 1M Q,
On, 2 +UZ=—V12y .y, — V2Zye, o0,

where 2y, = G (u)v;, i =1,2.
An application of the chain rule implies that the function J : A — R is of class
C? and its derivatives are given by the expressions:

j/(u)v = _/ Yupuv de,
T

O%L 02
7" w)er) = [ [ayQ<x,yu>—wuay§<x,yu> .

— /[vlzu,v2 + V224 0, Jpu d
I

for all uw € A and all v,v1,vy € LP(T"), where z,,,, = G'(u)v;, i = 1,2, and ¢, € Y is
the adjoint state, the unique solution of the equation
0 oL
Aot @)= 5 (@) n 9
On,.¢p+up=0 onl.

Now, we introduce the mapping S : A — Y given by S(u) = ¢,. This mapping is

of class C! and for all u € A and v € LP(T') the function 7,, = S'(u)v is the unique
solution of

. Of 9L O°f i
At g @ yn =[5z (09 —pu g (9] 7ue WD

On ,.n+un=—vyp, onl,

where z,, = G'(u)v. Now, we define the mapping ® : A — L*(T") by ®(u) =
—(Yupu)|r = —[G(u)S(u)]|.. We have that ® is of class C' and the following alterna-
tive expressions for the derivatives of J hold:

J'(u)v:/rfl)(u)vdx,
7" (W), = |

A [® (u)vi|vgdz = / [®' (u)va]vy dz

r

= / ((puzu,'ul + yunu,vl )U2 d.’l? = / (@uzu,vz + yunumg)vl dx
T r
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Looking at the equations satisfied by z,, and 7,, we immediately infer that
G’(u) and S’(u) are linear and continuous mappings form L?(T") to H*(£2). Moreover,
using that y,, p, € Y for every u € LP(T), we get that [G'(u)v]S(uw) + G(u)[S' (u)v] =
ZuwPu + Yulu,o € H'(Q). Hence, ®(u)v = —([G'(u)v]S(u) + G(u) [S’(u)v])‘F defines
a linear and continuous mapping from L2(T) to H2(T'). Since p < n, then Hz(I)
is compactly embedded in LP(T') and, consequently, ®'(u) : L%(I') — LP(T) is a
compact linear mapping.

(P2) has at least a global minimizer. Moreover, any local minimizer satisfies the
identity

() = Proj (%g(w)@(w)) = Proj (- %@(a)(@) for a.a. z €T,
where §=G(u) and = S(a).

Problem (P3) fits into the abstract framework of (P) by taking X =T and u
equal to the n — 1-dimensional measure on I'. As a straightforward consequence of the
above statements we get that hypotheses (H1) and (H2) hold. A detailed proof of
inequality (2.3) in the case n =3 can be found in [3, Lemma A.10]. Under assumptions
(2.7) and (2.8), Corollary 2.7 implies that the semismooth Newton method applied to

(P3) is locally and superlinearly convergent to the local minimizer .

3.3. A semilinear parabolic control problem with distributed control.
Now, we analyze the following control problem:

(Py)  min J(w)i= () + 5 /Q w(,t)2dzdt (k> 0),

where Uy,qg = {u € L*(Q) : a <u(x,t) < B for a.a. (z,t) €Q}, —0o <a << +oo and

Jw)= [ L(z,t,yu(z,t))dxdt.

O

Here y,, denotes the solution of the state equation

a .
(3.3) 3*?+Ay+f(x,t,y):u in@=0x(0,7),
y=0 on X =T x(0,T), y(0)=yo in Q.

We make the following assumptions on the data of (P3):

(Ad) yo € L(9).

(A5) We assume that f: Q x R — R is a Carathéodory function of class C?
with respect to the second variable satisfying the following conditions for almost all

(z,t) €Q:
1
e dg,r > 2 such that — + 22 <1and f(-,-,0) € L"(0,T; L)),
ro2q
of
¢ 3C¢ € R such that a—(m,t,y) >C VyeR,
Yy

2 gig
oV M >0, 3Cp > 0 such that Z 1|W(ac,t,y)\ < Cy,um for all |y| < M,
=

oVe >0 and VM >0 35> 0 such that |34 (x,t,1) — 5.4 (x,t,)| <e
for all |y1], ly2| < M with |y; — ya| <.
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(A6) For the cost functional we suppose that L: Q x R — R is a Carathéodory
function of class C? with respect to the second variable satisfying the following con-
ditions for almost all (z,t) € Q:

o L(-,-,0)€ L' (Q) and VM >0 3V 5 € L"(0,T; L9(Q)) and Cf, pr > 0 satisfying

oL 0?L
a—y(m,t,y) <y pm(z,t) and 8 S5 (@t y)‘ SCLM for all |y| < M,
e Ve >0 and VM >0, 30 >0 such that | Lz, t,y1) — (xty2)|<e

for all |y1], |y2| < M with |y; — y2| <.

The reader is referred to [7] for the unproven statements of this section.

Let us consider the Banach space Y = W(0,7) N L>*(Q), where W(0,T) =
L2(0,T; HY(2)) N HY0,T; H-1(Q)). Under the above assumptions, it is known that
(3.3) has a unique solution y, € Y for every u € LP(Q) with p =2 if n = 1 and
p>1+47% if n=2 or 3. The mapping G': L?(Q) — Y, given by G(u) = yu, is of class
C?. Furthermore, for all u,v € LP(Q), 2., = G’ (u)v is the unique solution to

0z of .
(34) 8t +AZ+ 8y (xatvyu)z_v mn Qa
z=0 on ¥, z(0)=0 in{,
and, given v1,vs € LP(Q), Zy, (v, ,0,) = G” (u)(v1,v2) is the unique solution to
0z 0 9? .
(3.5) 5% + Az + 8;; (z,t,yu)z = ~ o J;(x b, Yu) 2o, 2o, I Q)
z=0 on X, z(0)=0 in Q,

where z,, = G'(u)v;, 1 =1,2.

From assumption (A5) we infer that %(-, “Yy) € L®(Q) for all uw € LP(Q). Hence,
it is well known that (3.4) has a unique solution z, € H'(Q) for every v € L(Q); see,
for instance, [12, section II1.2]. Hence, G'(u) : L*(Q) — H'(Q) is a continuous
linear extension of the mapping G'(u) : LP(Q) — Y. Moreover, taking into account
that HI(Q) C L*(Q) for 1 < n < 3, and using again assumption (A5), we deduce
that T( s Yu) %o, 20, € L*(Q). Consequently, we have that z, (y, ,) € H'(Q) and
G"(u) : L*(Q) x L*(Q) — H'(Q) is a bilinear continuous extension of G”(u) :
17(Q) x IP(Q) — V.

Further, for every u € LP(Q2) the adjoint state equation

0o . Of oL ,
(3.6) ot TPty (z,t,yu)p = 3 Z(xty,) in Q,

p=0o0n% p(T)=0 in Q,

has a unique solution ¢, € Y. We define the mapping ®: LP(Q) — Y by ®(u) = ¢,
From the chain rule we infer that the functional J : LP(Q) — R is of class C?
and for every w,v,v1,v2 € LP(Q) the following identities hold:

(3.7) j’(u)v:/nguvdxdt:/QfI)(u)vdxdt,

1 L *f
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where z,, = G'(u)v;. From the above comments on the extensions of G'(u) and G (u)
we deduce that J'(u) and J”(u) can be extended to continuous linear and bilinear
forms on L?(Q) given by the same integral expressions written above.

The following theorem provides some important properties of ®.

THEOREM 3.1. The mapping ® enjoys the following properties:
(i) @ is of class C' and n, = ®'(u)v €Y is the solution of the linear equation

(3.9)
2 62

oy . af 0°L f )
- ot + A T =+ @(Ivtayu)nv = (ayg(x7t? yu) - @uaiyg(x7t7yu) Ry M Qa

=0 onX,n,(T)=0 in Q.
(ii) For 1+ % <p<4 and ue LP(Q) the linear mapping ®'(u): LP(Q) — Y has
a unique extension to a compact operator ®'(u): L?(Q) — Y and, for every
ve L3(Q), n, =¥ (u)v € HY(Q) solves (3.9).
(iii) Taking p as in (ii) and given u € LP(Q), for every e > 0 there exists p > 0
such that

(3.10) |[|[@'(w) — @ (w)]v||rr(q) <ellvllrzg) VYw € By(u) and Vv e L*(Q),
where B,(u) denotes the ball with respect to the LP(Q)-norm.
(iv) The following identities hold:

(3.11) j"(u)(vhvg):/anlvg dxdt:/szvldxdt,

where n,, = ' (u)v; fori=1,2.

The proof of this theorem is given in the appendix.
(P3) has at least a global solution. Moreover, any local solution satisfies the
identity

u(x,t) = Proji, g (— %@(m,t)) =Projj, g (— %@(ﬂ)(:mt)) for a.a. (x,t) € Q.

Problem (Ps3) falls into the abstract framework for (P). It is enough to set X =@,
p equal to the Lebesgue measure in Q, p=2ifn=1and 1+ 35 <p<4ifn=2or
3, and A= L?(Q). Since the continuous embeddings Y C L>*°(Q) C L?(Q) hold, then
hypotheses (H1) and (H2) are consequences of Theorem 3.1. Therefore, under the
assumptions (2.7) and (2.8) the superlinear convergence of the semismooth Newton
method follows from Corollary 2.7.

Remark 3.2. Often the control is located in a small region of the domain € or the
boundary I'. Assume that w is a measurable subset of € or I" with nonzero measure.
The case of an elliptic control problem with controls located in w fits into the abstract
framework by setting X =w and ®(u) = @y, or ®(u) = —(yupu)|, in the case of a
boundary bilinear control. For parabolic control problems we set X =w x (0,7T).

Appendix A. Proof of Theorem 3.1.

Proof of (i). We apply the implicit function theorem. To this end we introduce
the space Y, = {¢ € Y : —%—f + A*p € L™(Q) and ¢(T) = 0}. Endowed with the
graph norm this is a Banach space. Now, we define the mapping

F:Y, x LP(Q) — L*(Q),
of oL

0 .
F(¢,U)=—8ff + A% + afy(»-,yu)so— afy(w-,yu)»
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Since the mapping G : LP(Q) — L*>(Q) is of class C, it is a straightforward ap-
plication of the chain rule and the assumptions (A5) and (A6) that F is of class C*
and

OF . 0f
%(%U)n— 5t + A+ ay(’ Y,
oF 0% f A2L

%(%U)’U = 87?42(7 'ayu)sz - Tyg(a 'ayu)zm

where z, = G'(u)v. It is obvious that g—F(ga,u) 1Y, — L*°(Q) is an isomorphism.
Moreover, we have that ®(u) € Y,, for every v € LP(Q) and F(®(u),u) =0. Then, the
implicit function theorem implies that ® is of class C! and using the expressions for
g—i(go,u) and ‘g—i(go,u) we get that 7, = ®’(u)v is the solution of (3.7).

Proof of (ii). Given v € L?*(Q) we know that 2z, € H'(Q) and the embedding
HY(Q) C LP(Q) is compact for p < 4. Hence, the operator G'(u) : L?(Q) — L*(Q)
is compact. From (3.9) and this compactness property we deduce that the linear
mapping ®’(u) : L2(Q) — Y is compact as well.

Proof of (iii). Since G, ®: LP(Q)) — Y are continuous mappings, given u € LP(Q)
and €1 > 0 there exists p; > 0 such that

(A1) 9w = yully + o0 — eully <1 Vw € By, (u) C LP(Q).
This leads to the existence of M; > 0 such that

(A.2) [ywllL=(@) + [lewllL=(@) <M1 Vw € B, (u).
Using this, we infer from (3.4) and assumption (A5) that

(A'S) ”Zw,v

(@) = G ()] o (@) < CLlG (W)l () < Callvllz2(q)
for all (w,v) € B,, (u) x L*(Q). Now, for every w € LP(Q) we denote
0?L o0 f

R(w) = Tyg(? 'ayw) - wwaiyg(W ‘7Z/u;)-
With assumptions (A5) and (A6) and (A.2) we deduce for every w € B, (u) and all
v € L*(Q) that
(A4) [R(w)l| L (q) < M2 =Cra, + MiCy oy
and with (A.3)
(A5) B0z 150y < MaCalol 2.
Then, from (3.9) we get that
(A.6) 11,0y = 12" (w)v]ly < Cs||R(w)zuw,0llLr (@) < C3MaCallv[|L2(q)

for every w € B, (u) and all v € L*(Q).
Now, setting z = 2y — 2w,v = G'(v)v — G'(w)v and subtracting the equations
satisfied by 2z, , and z,,, we get

92 of B
¢t A+ g )= |

z=0 on X, z(0)=0 in .

of .
(l’,t, yw) - @(xatayu)} Zw,p 1M Qa

of
dy
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Using assumption (A5), (A.1), (A.3), and (A.4) we get for every w € B,, (u) and all
v € L?(Q) that

of
Jy
< CaCr oty 1Y — Yull L (@) Callvl| L2(q) < C2CaClr i1 |v]| 22(0) -

Zw,v||LP
oPeelir@

0
”ZHLP(Q) < ClHZ”Hl(Q) < C4H87£(5 'ayw) - ('a '7yu) ‘Loo

Setting Cs = C2C4Cy py, We obtain

(A7) 2u,0 = Zw,0llLr(@) < Cse1llvl|r2(q) Yw € By, (u) and Vv € L*(Q).

Finally, we set 7 = Ny — Nw,o = [®'(u) — ®’'(w)]v. Subtracting the corresponding
equations we get

O

ot

* ai B ai 787.}"
+ A n-+ ay(Lt,yu)n* |:ay(a ayw) 8y(’ 7yu) Nw v

+ [R(u) — R(w)]zu,0 + R(w) (Zu,0 — Zw,v)-
Then, using (A.3), assumption (A5), (A.4), (A.6), and (A.7) we get
H of ( of
0

Il < Co{ | 5 o) = 5, o)

e Il @

+1R(u) = R(w)l| =@ 1zu0ll o(@) + I1R(w)l Lo (@) 200 = Zw””@)}
1

< Cg{cf,M151C3M2CQ|Q| ?llvflL2(@)

IR ~ Rl @Callll @) + MaCsealilzacan )

From assumptions (A5) and (A6) and inequality (A.1) we infer the existence of p €
(0, p1] such that

IR() = R(w)lp~(@) <1 Vo € By(u).

Inserting this inequality above and selecting e; small enough we deduce (3.10).
Proof of (iv). Equalities (3.11) are a straightforward consequence of (3.8) and
(3.9).
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