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ABSTRACT. In this paper we established three global in time results for two
fourth order nonlinear parabolic equations. The first of such equations involved
the Hessian and appeared in epitaxial growth. For such an equation, we gave
conditions ensuring the global existence of the solution. For certain regime of
the parameters, our size condition involved the norm in a critical space with
respect to the scaling of the equation and improved previous existing results in
the literature for this equation. The second of the equations under study was
a thin film equation with a porous medium nonlinearity. For this equation, we
established conditions leading to the global existence of the solution.

1. Introduction and main results. High order partial differential equations
(PDEs) are a very interesting topic due to their many applications such as beam
dynamics, thin films [17, 18, 19, 20], crystal dynamics [14, 16], and many others.
From a mathematical viewpoint, its study is more challenging that standard second
order PDEs, for instance, due to its lack of maximum principles and some other
features.
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Our main goal is proving existence and decay results in Wiener spaces to the
following problems:

K.
dyu = KoAu + 2K, det D?u — Ko A%y — 73A (Au)® in (0,T) x T2,

u(0, ) = ug(x) in T2,

(1.1)

with
Ky>0, Ki>0, Ky>0, K32>0,

and

{ Opu = —div (uVAu) — xAu? in (0,T) x T2, (12)

(0, z) = ug(w) in T2, '

with

x > 0.

Equation in (1.1) models epitaxial growth, and its geometrical derivation can
be found in [9, 10] and [11, Section 2] (where the meaning of the constants K; is
explained). Roughly speaking, this growth process consists in the superposition
of layers due to deposition of new material, all under high vacuum conditions.
As pointed out in [10], this phenomenon has several applications such as crystal
growth. Crystal surfaces are made up of terraces separated by steps of atomic
height. These steps contain straight parts separated by kinks. On the terraces,
there are surface vacancies resulting from missing surface atoms. Under ultra-high
vacuum conditions, atoms are sent onto the surface, and they diffuse until they are
incorporated.

The authors of this work considered the case Ky = K3 = 0, and they proved the
existence of solutions to

Owu = det D*u — A%u + f(t,2) in (0,7) x €, Q C R?

which are global in time under smallness assumptions on the data, or local in time
with arbitrary data. They assumed H? initial data, and they studied both the
homogeneous case f =0 and the case f € L?(0,T; L*(Q)) with Dirichlet or Navier
boundary conditions. When f = 0 and |Jug|| - is large enough, they also proved
that the W4 norm of the solution blows up in finite time. Later, Escudero [9]
improved the blow up result previously obtained in [10].

Another interesting model of which is linked to (1.2) is contained in [21]. Here, the
authors studied a problem modeling the effect of odd viscosity on the instability of
liquid film along a wavy inclined bottom with linear temperature variation, and they
found that the free boundary evolution equation verifies the following asymptotic
equation:

du = —A(u)d,u — ady (B(u)dpu+ C(u)diu),
which, for appropriate choice of A, B, and C| is equivalent to (1.2).

There exists a huge literature concerning equations as in (1.2). Equation
Oru = —div (u"VAu) — yAu?, u>0, x€R, (1.3)

describes the evolution of the thin-film liquid height u spreading on a solid surface.
The fourth order term takes into account the surface tension, while the porous
medium one is related to the Van der Waals forces.
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The case x = 0, n = 1 has been deeply studied in [17]. The author also provides
the derivation of the one-dimensional model, and a detailed description of the phys-
ical experiment motivating the interest of the equation itself. The cases with x = 0
and n € (0,2) and n € [2,3) can be found in [6, 15], respectively.

The case x = —1 in (1.3) has been dealt with in [7], and the relation among the
positive parameters p and n has been investigated.

The blow up of solutions has been proved in the one-dimensional case and for
X = 1in [3] when p > n + 3, and this result has been refined in [20] in the critical
case p=n+ 3.
Always in the case x = 1, the existence of self-similar solutions to (1.3), as well as
blow up results, are contained in [19] with p = n + 3, [18] with 0 < n < 3, n < p,
and [12] for the case of the first critical exponent p =n +142/N, 0 < n < 3/2,
N >1.

Finally, equations as (1.2) are related also to approximations of nonlocal aggrega-
tion-diffusion models [2, 8] and tumor growth [5, 13].

In this paper, we are going to establish the global existence of weak solutions
and decay assuming Wiener initial data. The main advantage of these spaces when
compared to classical estimates on L? based Sobolev spaces is that Wiener spaces
usually allow to reach the critical functional space with respect to the scaling invari-
ance of the equation. The technique we are going to apply is contained in [14] (see
also [4, 16, 1]). We present the notions of definitions of weak solutions we consider
below.

Definition 1.1 (Weak solution to (1.1)). We say that a function u is a weak solution
of (1.1) if
u € L*((0,T) x T?) N L*(0, T; W2*(T?))

and verifies the following weak formulation:

/ uo(0) dx
’]1‘2
K
+ // udy o+ <K0u+3(Au)2) Ap+2K;pdet D*u— KouA%p dx dt =0
T2%(0,T) 2

for every

© € WH(0,T; L*(T?)) N L' (0, T; W (T?)) n L?(0, T; H?(T?)).

Taking advantage of the fact that the equation (1.2) conserves the mean, we
define the new variable

o(t,z) = u(t,z) — ! /uo(z) dx.

42

Without loss of generality from this point onward we assume that

:?/uo(x) _1

O = —A%v — div (vVAv) — YAl +v)P in  (0,T) x T?,
v(0,2) = vo(z) = up(z) — 1 in T2

Hence, (1.2) becomes
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Definition 1.2 (Weak solution to (1.4)). We say that a function v is a weak solution
of (1.4) if
ve L®((0,T) x T?) N L0, T; H*(T?)),

and verifies the following weak formulation:
—/ vo(0) dx + // —v0pp — vV AV -V + x(v+ 1P Apdrdt =0
T2 T2 x (0,T)

for every

o € W0, T3 LN(T2) 1 L7 (0, T3 HA(T?)) with 1<q<2

The k-th Fourier coefficients of a 27-periodic function on T¢ are

k) = — w(z)e Frdy
u(k)_(27r)dA~d () d7

and the Fourier series expansion of u is given by

u(z) = Z a(k)e™®,

kezd

Using this, we define the Wiener spaces for s > 0:

A* = ue LNTY) : ||ul

qe= D kP Jak)] < o0

kezd
We note that A° is a Banach algebra and, furthermore,
A CC® C H®.
We will largely make use of the interpolation inequality [4, Lemma 2.1]:

_ P
lulae < llulllolulhe for 0<p<gq, 6= .

Theorems 1.3 and 1.4 contain two existence results for problem (1.1), and the
main difference concerns the regularity of the initial data.

Theorem 1.3 (Existence result to (1.1) for K3 > 0). Let K3 > 0 in (1.1) and
consider ug € A2 is a zero mean initial data such that

Ky — 2(K3 + Kl) ||u0||A2 >0 if Ko =0, (15)

and
min {K2 —2K3 ||’LL0||A2 Ko — 2K, ||u0||A2} >0 ZfKO > 0.

Then, there exists at least one global weak solution of (1.1) in the sense of Definition
1.1

uw€ L(0,T; A>) L' (0,T; A®)  VT.
Furthermore, the solution satisfies
lu(t)] 42 < e” e 2EeH R0l g | 1o if Ko =0,
and

Hu(t)||A2 <e” min{ K2 —2Ks||uo|| y2,Ko—2K1luol| 42 }t ||U0||A2 if Ko > 0.

Similarly, in the case K3 = 0, we have that:
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Theorem 1.4 (Existence result to (1.1) for K3 = 0). Let K3 = 0 in (1.1) and
consider uyg € A° is a zero mean initial data such that

Ky — 2K, ||’LL0||A0 > 0.

Then, there exists at least one global weak solution of (1.1) in the sense of Definition
1.1

u e L(0,T; A°) N LY (0, T; A*) VT.
Furthermore, the solution satisfies

[u(®)]l 40 < e~ (K2=2K1|[uoll 40)1 [[uoll 4o -

This particular result improves the previous global in time result contained in
[10] due to the fact that our size condition is given in A° instead of H?. In fact, the
space A° is a critical space with respect to the scaling of the equation

uy(z,t) = u(Az, \*t).

We now present our existence result concerning problem (1.4).

Theorem 1.5 (Existence result to (1.4)). Let 0 < ug € AY be a an initial data
satisfying
1
42

together with the smallness condition

p—1
cxp!
1= 2]vollp0 — =5 (UOHAO +2) ||Uo||(ixo> > 0.

q=1

uodx =1

Then, there exists at least one global weak solution of (1.4) in the sense of Definition
1.2:

v e L>(0,T; A% N L' (0,T; A*) VT.
Furthermore, the solution satisfies

p—1
[o()] 40 < exp <— <1 = 2|lvoll 4o — exp! <||vo||Ao +2) ||vo?40>> t) [[voll 40 -

q=1

The above results could be extended to whole R? considering the Wiener spaces
A? defined through the Fourier transform:

i = [ e e < oo 16)

For other boundary conditions, a similar approach could possibly be implemented
using Wiener spaces defined via eigenfunctions of the bilaplacian with such bound-
ary conditions.

A® = {u € LY(T?) : ||ul

In the following, we write
faj = azj f

for the space derivative in the j—th direction.
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2. Proof of Theorems 1.3 and 1.4. Approximate problem: We explicitly
compute each term of (1.1):

Au = Uyig
2
2det D*u = Uyiq Uyjj —Uyig Uyij
2, _
Au = 4455
1 2
iA (Au) = U,i; u,jjkk .

Hence, (1.1) is equivalent to

Opu=Kot,i; + K1 (Wi Usjj—yij Usij ) — Kothyiiji—Kau, u,jiee in (0,7)x T2,
u(0,2) = up(x) in T2

We consider the following approximating problem:

o™ = Kou™ ;; + K1 P, (u(n)m. ul™ iy —u("),ij u("),ij )
—Kou™ i — K3 Py (u™ i u™ ipr) in  (0,7)xT?2,
u™(0,z) = Pyug(x) in T2,
(2.1)
where P, is the projector on the Fourier modes satisfying

|k| < n.

Using this Galerkin projection approximation, we obtain a (finite dimensional) non-
linear system of ordinary differential equations (ODEs). Indeed, it is enough to
solve for the 2n + 1 Fourier modes of u(™. As this ODE system has a Lipschitz
nonlinearity (it’s merely a number of multiplications), the classical Picard theorem
leads to the local existence of solution up to time 7;,. So far, the solution to the
approximate problems may exist locally in time. Furthermore, we have to discard
that liminf T,, = 0. However, we will show below that there exists a common and
positive time interval of existence.

A priori estimates in Wiener spaces: Let us omit the superscript (n) in the
following computations. We rewrite each term of the right hand side of (2.1) in
Fourier:

g~y iy (k) = 37 (Il e = m® = mam; (k= mi) (k; —m;) ) %
meZ?
< Gt, m)i(t, k —m),

Taiz; (t, k) = |k[Ma(t, k),
Wt k) = [k[> At k),

i Uik (k) = — Y fml*[k — m|*a(t, m)a(t, k —m).
meZ2

Note that the contribution of the term
KQA’LL

is always negative in Wiener spaces.
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Assume that Ky = 0. Then, the Fourier coefficient of (2.1) is given by

ik, t) =K1 > (|m|2 k—m|? — mim; (ks — my) (k; — mj)) at, mya(t, k—m)

meZ?

— Kalk[*a(t, k) + Ky > [ml*k — m*a(t, k — m)a(t, m).
meZ?

In order to estimate the A% semi-norm of Oyu, we use the fact that

Re (ﬁ(t, k)dya(t, k:))

(2.2)

to obtain the estimates
~ d ~
> kPoy [k, t)| = 7 1@z, > K[t k)| = [lu()] 40,
keZ? kez?
SRS (1l e —mP? = mom (k= o)k — my)) e, mage, k — m>‘
kez? mez?

< 2 [Ju(®)]] g2 lu@)] 4 ,

and also, by Tonelli’s Theorem,

> kP

Z Im|*|k — m|?U(t, m)u(t, k — m)‘

keZ? meZ?2
< 3 mltacem)| D Pk —mf? [at, k—m)]
meZ? keZ?
< 3 mft ft.m)| 3 1k i (e k)
meZ? keZ?
+ Y Iml®[ag,m) Y [k —ml* [t k —m)
meZ? kez?

2
< () Fas + [lw(®)l] a2 @) 46
< 2 [u(®)]] g2 lu)] 46,

where the last inequality follows interpolating.

We gather the previous estimates, obtaining
d

2 14z < = (Ko = 25 [[u(®) ]| a2) [[u(®)] a6 + 2K [Ju(@)]] 42 [u(®)l] 4 -

We now estimate the last term in the r.h.s. of (2.4) as below,
2K [[u(®)]] a2 [lu(®)]] 40 < 2K [Ju(@)]] 42 [lu(®)]] 46 »
so that J
2 1Ol g2 < = (K2 = 2(Ks + K1) [u(®)l] 42) [u(®)]] a6 -

Thus, if ug € A?(T?) is such that
Ky = 2(K3 4 K1) ||lugl[ 42 > 0

(2.4)

and using a contradiction argument in time, we obtain that v is uniformly bounded

m

W0, T; A%(T?)) N L*(0,T; AS(T?)),

(2.5)
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and, furthermore, it decays

lu(t)]] g < e (a2t ED Tl g,

If Ky > 0, we can improve the smallness condition (1.5) in the following way.

The term —Kj |k|>@(t, k) appears in the r.h.s. of (2.2). Then, reasoning as in
the case Ky = 0, the inequality in (2.4) takes the following form:

% [l 42 < = (Ko = 2K [[u(t) 42) [[u(®)]| 46 — (Ko — 2K7 [Ju()] 42) [lu(t)]] 4 -

We can thus avoid to estimate ||u(t)|| o with |[u(t)|| 46, requiring uy € A? such that
min {Ky — K3 ||uol| 42 , Ko — 2K |Jug|| 42} > 0.
Moreover, in the case where Ky = K3 = 0, we can improve the previous result
and find that
)0 < 251 (0 — K Ju(t)]

Using interpolation, we obtain that

% [l g0 < (=K + 2Ky [[u(@)] g0) [[(O)] 41 »

from where we can conclude the desired estimates as before.
An analogous estimate holds in the case Ky > 0.

Estimates for the approximate problem: Using that

D Paf < If Lo,
k

we observe that the previous a priori estimates are valid for the approximate problem
Oput™ = Kou™ i + K1 Py (0™ i ut™ 55 —u™ 5 ul™ ;)
—Iou™ 55 — K3 P (u™ 5 u™ ) in (0,7) x T?,

u™(0,2) = Pyug(z) in T2

Compactness results: Up to subsequences, we have that

u™ =y a.e. (0,T) x T?, (2.6)
u™ Sy in L°°(0, T; W%°°(T?)), (2.7)
u™ 2y in M(0,T; W6>(T?)), (2.8)
WO in L%s (0, T; WP™(T?) with 2<p<6,  (2.9)
u™ - in L2(0,T; H*(T?)). (2.10)

Indeed, the weak-* convergences (2.7) and (2.8) follow from the uniform bound in
(2.5) and the Banach-Alaoglu Theorem. We use the interpolation inequality to say
that,

3p—
2p

A6

b

‘W) (t) — u(t)‘

—p
2p
A2

o -], < o ot

and we integrate in time

T
/ [t t) — ur)| dt.
0

_2p
3p—06 dt < Hu(n) _u )
A

AP

S-p T
3p—6 / Hu(n)(t) _ u(t)‘
) Jo

Loo (A2
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Then, (2.9) follows recalling (2.5) and observing that || f||yp.c < ||f]l 4». Similarly,
the a.e. convergence in (2.6) follows from the previous ones.

We now focus on the strong convergence in (2.10). Interpolation inequality im-
plies that

3

—ul’ §c”u(”)7u
L2(H?)

- :

<[
)

g

L2(H? L2(L?) L2(L2)

by (2.9) with p = 3. Then, we just have to prove the strong convergence
u™ — in L%(0,T; L*(T?)) (2.11)

to deduce (2.10). We want to apply classical compactness results in order to get
(2.11). Then, we need some spaces X and Y such that

u™ uniformly bounded L? (0,T; X),

opu™ uniformly bounded L'(0,T;Y),
verifying

X I 22y sy

We set X = H?(T?), so the boundedness in L*(0, T; H?(T?)) follows from the one

in L2(0,T; H3(T?)) and the finiteness of the domain. We choose Y = H~2(T?) and
we prove the uniform boundedness of the time derivative using that

1™ @llys = sup <atun<t>,w>\.
® € H*(T)

el <1

cf
T2

Then, we estimate as

+ (Au)?) |Ag| de

+ ‘Au(")

o™ dx
T2

+c/ det D*u™| p dx
T2
S (1 [ ) [ Nl

Then,

o],y e (4w o) [

H—-2 W2.00 H2
and
H@tu(") (t)‘ <c <1 + Hu(") ) Hu(") c.
L2(H-2) Loo (W2) L2(H?)

Passing to the limit: We want to take the limit in n in
K-
/ Phugp(0) do + // u™ 8, + (Kou(") + 3(Au("))Q) Apdxdt
T2 T2 % (0,T) 2
+ // 2K pdet D*u™ — Kyu™ A2pdadt = 0,
T2 % (0,T)

being ¢ € W1(0,T; L1 (T?)) N L1(0, T; W41 (T?)) N L*(0, T; H2(T?)).

We only detail the convergence of

// (Au™)2Ap dax dt
T2 x(0,T)
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// odet D*u™ dx dt
T2 % (0,T)

is similar to the first one, and the others follow from the assumptions on ¢ and the
weak-* convergence (2.7). We have

// ((Au(”))2 - (Au)g) Apdzdt

T2x(0,T)

= // A(u™ —u)A(u™ + u)Ap dr dt
T2 % (0,T)

< Hu(”) + u” // ‘A(u(”) - u)’ |Ap| dx dt
L= (W?22°) JJ12x(0,T)

thanks to (2.7). We now apply Hoélder's inequality, obtaining that

// (Au,)? — (Au)?) Apdz dt
T2 x (0, T)

< lun + ull o 2oy llun = ull 2z 10l 222y »

because the one of

which converges to zero as n — oo by (2.10).

3. Proof of Theorem 1.5. Approximate problem: We observe that in the new
variable v, problem (1.4) is equivalent to

OV = — 0,55 —Vsi Vyjji —V0siiz5 —XP(® — 1)(1 +0)P v v, —xp(1 + v)P " oy,
in (0,7) x T2,

v™(0,2) = ug(z) — 1
in T2

We define the following approximate problem

Do) = ) ) ) )
7Xp(p - 1)(1 + U(n))p72v(n)7i U(n)ai 7Xp(1 + v(n))pilv(n)ﬂ‘i
in (0,7) x T2,

v(0,z) = P, (ug(x) — 1)
in T2
(3.1)
Similar comments to (2.1) hold for (3.1).

A priori estimates in Wiener spaces: Let us omit the superscript (n) in the
following computations. We use that

o=y ( ) ankph
=0
and we rewrite each term of the r.h.s. of (3.1) in Fourier:
Tyiigg (t, k) = [k[*a(t, k),
Tavggit k) = > mi(k; —my)|k — m[*0(t, m)o(t, k — m),

meZ?

D055 (k) = Y |k —m[*3(t, m)o(t, k —m),

meZ?
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—~

1+ ) Vyy U 7i(t k)
p—

p— 2>/\
viv,; v, (t k
. (t. k)

»-Q

__ 2( )Z S (ki — mb)(md — m2)o(t, k — mb)o(t,mt — m?)

mlez? matlez?2

q=0 q
p—1 D 1 q—1
:-Z( ) S JE=mTo k—mt) ] 0t mf —m ot m?)
q=0 q mlez? maez? =1
p—1

Then, the Fourier coefficients of (3.1) satisfy
v(t, k) = —|k[*D(t, k) — Z mi (ki —mi)|k — m|*0(t,m)o(t, k — m)

meZ?

p—2 (9)
— Z |k — m|*(t, m)d(t, k —m) +Xp'ZM

mezZ? p 2- q)
p—1 AfM)@,k)
+apl Y S
=dp-1-9!

We recall (2.3) to deduce
> O ok t)] Hv( Maos D KOk, )] = [[0(8)]] 4a

kez? ke72

~—

< @ ax o)l 40

D

keZ?

Z mi (ki —mg) |k —m[*0(t, m)o(t, k —m

meZ?

< ol ao (@)l 4

Y k= m*a(t, m)o(t, k —m)| < Jo(t)] 4o [[o()]]4a

meZ?

>

kez?

p—2

> d—s—q 2_q.Z!N<‘”tk{<cva Moo @I

q=0 kez2
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p—2
<ed [o@I%" ()]l 42
q=0
p—1 1 p—1
> =19 > ’Nz(‘”(t»k)‘ < ey @i @)l
g=0 TP U ez q=0

and we estimate the A° semi-norm of v as

d
p lv(t)]] 40

< = (=2 a0) [lo ()] 4a + exp! (Z @)%+ IIU(t)|io> (@)l 4
q=0

q=0
== (1 =2[lv(®)] 40) [l0(®)]] a2 + exp! (U(t)lle +2) U(t)ll‘i;o) [o@)] 42 -

qg=1
We estimate the [[v(t)|| - as

1 1
[o()][ 42 < lo(@®)| 0 o)1 34 <

obtaining that

d
el o

DO | =

oo + = ()] e

2

p—1
<- (1 2o (D) 0 — 2 (nv(t)nAo +2y” ||v<t>||?40>> 0(6)] 40

n %p' <|v(t)||Ao +2)° v(t)||?40> 1o ()]0 -

qg=1
The smallness condition

p—1
cxp!
1= 2]fvoll 4o = =5~ (UOHAO +2) ||UO||?40> >0,

q=1
implies that, for small times,

p—1
exp!
2 10@lao + (1 = 2|lvoll 40 — =5~ <||U0Ao +2) ||Uo||?4o>> [v(®)]] 44
q=1
cxp -
<=5 <||U(t)||A0 +2) ||v(t)||qu> v ()] 40

q=1

p—1
cxp!
<=5 (IIvolle +2) ||vo‘io> l[voll 40 -
q=1

We extend this inequality to all times using a contradiction argument in time.
As a consequence, we find the uniform boundedness in the following space:

W0, T; A°(T?)) N L* (0, T; A*(T?)).
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Invoking a Poincaré inequality in Wiener spaces, we conclude the decay estimate

p—1
[o®), < exp (— (1 — 2vo]l 40 — cxp! (nvonAo +2) |vo||?40>> t) lvoll 4o

g=1
for x eventually smaller.

Compactness results: Reasoning as for the previous problem (2.1), we have
that

™ a.e. (0,T) x T?,

oM Iy in L>=((0,T) x T?),

o™ Iy in M(0, T; W4 (T?)),

o™ 2oy in L= (0, T; W™>(T?)) with 0<m < 4,
o™~y in L%(0,T; H*(T?)),

o™ o in L2(0,T; H"(T?)) with 0<r <2,

o™ o in L9(0,T; H*(T?)) with 1<g¢<?2

up to subsequences.

Passing to the limit: We want to take the limit in n in

—/ P, uoep(0) dx+//
T2 T2x(0,T)

— Mo — vMVAV™ . Vo 4+ x (0™ + 1P Apdadt = 0,

for every ¢ € WHL(0,T; LY(T?)) N L4(0,T; H*(T?)) and 1 < ¢ < 2. Then, using
that, due to interpolation, we have strong convergence in

L"(0,T; H?),

and since
p—1
(v, + )P~ — (v 1)P ng —v? = (v, —U)vabv”_l_q
q=2

we deduce that

// (v + )P = (0 +1)P7Y) Apdzdt
’E2><(0 T)

1—
< Z [l oo ooy 1017 (25 1o = 1l L2 r2) 191l L2 a2y — O

and we can pass to the limit.

4. Conclusion. In this paper, we have studied two fourth order nonlinear parabolic
equations. These equations arise in the study of epitaxial growth and in thin films.
Such quasilinear PDEs are mathematically challenging due to the high number of
derivatives in the main part. For these PDEs, we have established a number of
global in time existence results in the nonstandard Wiener spaces. These functional
spaces allow us to take full advantage of the parabolic structure.
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In particular, one of our main contributions has been the improvement of the
previous global in time result contained in [10]. Indeed, the authors in [10] estab-
lish global in time results for initial data with small energy akin to the H? norm.
However, with our techniques we can prove a global in time result imposing a size
condition in the Wiener algebra A°. The Wiener algebra shares the same scaling
as L and both are critical spaces with respect to the scaling of the equation.

Regarding uniqueness, a possible approach could be the one exploited by J.-G.
Liu and R. Strain in [16]: Here, with medium size assumption on |lug|| 42 (see (1.6)),
the authors proved the uniqueness of solutions to

Oyu = Ae™ B in (0,7) x RN,

Another possible way to approach this type of problem is the one proposed by D.
M. Ambrose in [1]. Here, the author proves existence and analyticity results for a
fourth order problem, which describes crystal growth surfaces through fixed point
techniques. The equation, in this case, is the same as [16] but in the N dimensional
torus.

REFERENCES

[1] D. M. Ambrose, The radius of analyticity for solutions to a problem in epitaxial growth on
the torus, Bull. Lond. Math. Soc., 51 (2019), 877-886.

[2] A. J. Bernoff and C. M. Topaz, Biological aggregation driven by social and environmental
factors: A nonlocal model and its degenerate Cahn—Hilliard approximation, SIAM J. Appl.
Dyn. Syst., 15 (2016), 1528-1562.

[3] A. L. Bertozzi and M. C. Pugh, Long-wave instabilities and saturation in thin film equations,
Commun. Pure Appl. Math., 51 (1998), 625-661.

[4] G. Bruell and R. Granero-Belinchén, On the thin film Muskat and the thin film Stokes
equations, J. Math. Fluid Mech., 21 (2019), 1-31.

[5] J. A. Carrillo, A. Esposito, C. Falc6 and A. Ferndndez-Jiménez, Competing effects in fourth-
order aggregation-diffusion equations, preprint, 2023, arXiv:2307.14706.

[6] R. Dal Passo, L. Giacomelli and G. Griin, A waiting time phenomenon for thin film equations,
Ann. Sc. Norm. Super. Pisa Cl. Sci., 30 (2001), 437-463.

[7] R. Dal Passo, L. Giacomelli and A. Shishkov, The thin film equation with nonlinear diffusion,
Commun. Partial Differ. Equ., 26 (2001), 1509-1557.

[8] C. Elbar and J. Skrzeczkowski, Degenerate Cahn-Hilliard equation: From nonlocal to local,
J. Differ. Equ., 364 (2023), 576-611.

[9] C. Escudero, Explicit blowing up solutions for a higher order parabolic equation with Hessian
Nonlinearity, J. Dynam. Differ. Equ., 35 (2023), 2939-2949.

[10] C. Escudero, F. Gazzola and I. Peral, Global existence versus blow-up results for a fourth
order parabolic PDE involving the Hessian, J. Math. Pures Appl., 103 (2015), 924-957.

[11] C. Escudero, R. Hakl and I. Peral, et al., On radial stationary solutions to a model of non-
equilibrium growth, European J. Appl. Math., 24 (2013), 437-453.

[12] J. D. Evans, V. A. Galaktionov and J. R. King, Source-type solutions of the fourth-order
unstable thin film equation, European J. Appl. Math., 18 (2007), 273-321.

[13] C. Falcé, R. E. Baker and J. A. Carrillo, A local continuum model of cell-cell adhesion, STAM
J. Appl. Math., (2023), S17-S42.

[14] R. Granero-Belinchén and M. Magliocca, Global existence and decay to equilibrium for some
crystal surface models, Discrete Contin. Dyn. Syst., 39 (2019), 2101-2131.

[15] G. Griin, Droplet spreading under weak slippage-existence for the Cauchy problem, Commun.
Partial Differ. Equ., 29 (2005), 1697-1744.

[16] J. G. Liu and R. M. Strain, Global stability for solutions to the exponential PDE describing
epitaxial growth, Interfaces Free Bound., 21 (2019), 61-86.

[17] F. Otto, Lubrication approximation with prescribed nonzero contact angle, Commun. Partial
Differ. Equ., 23 (1998), 2077-2164.

[18] D. Slepéev, Linear stability of selfsimilar solutions of unstable thin-film equations, Interfaces
Free Bound., 11 (2009), 375-398.


http://mathscinet.ams.org/mathscinet-getitem?mr=MR4022433&return=pdf
http://dx.doi.org/10.1112/blms.12283
http://dx.doi.org/10.1112/blms.12283
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3537876&return=pdf
http://dx.doi.org/10.1137/15M1031151
http://dx.doi.org/10.1137/15M1031151
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1611136&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3952686&return=pdf
http://arxiv.org/pdf/2307.14706
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1895718&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1865938&return=pdf
http://dx.doi.org/10.1081/PDE-100107451
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4574535&return=pdf
http://dx.doi.org/10.1016/j.jde.2023.03.057
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4668594&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3318175&return=pdf
http://dx.doi.org/10.1016/j.matpur.2014.09.007
http://dx.doi.org/10.1016/j.matpur.2014.09.007
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3053654&return=pdf
http://dx.doi.org/10.1017/S0956792512000484
http://dx.doi.org/10.1017/S0956792512000484
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2331315&return=pdf
http://dx.doi.org/10.1017/S0956792507006912
http://dx.doi.org/10.1017/S0956792507006912
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4758375&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3927505&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2105985&return=pdf
http://dx.doi.org/10.1081/PDE-200040193
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3951578&return=pdf
http://dx.doi.org/10.4171/ifb/417
http://dx.doi.org/10.4171/ifb/417
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1662172&return=pdf
http://dx.doi.org/10.1080/03605309808821411
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2546604&return=pdf
http://dx.doi.org/10.4171/ifb/215

1660 RAFAEL GRANERO-BELINCHON AND MARTINA MAGLIOCCA

[19] D. Slepcev and M. C. Pugh, Selfsimilar blowup of unstable thin-film equations, Indiana Univ.
Math. J., 54 (2005), 1697-1738.

[20] T. P. Witelski, A. J. Bernoff and A. L. Bertozzi, Blowup and dissipation in a critical-case
unstable thin film equation, European J. Appl. Math., 15 (2004), 223-256.

[21] D. Xue, R. Zhang and Q. Liu, et al., Instability of Liquid Film with Odd Viscosity over a
Non-Uniformly Heated and Corrugated Substrate, Nanomaterials, 13 (2023), 19 pp.

Received December 2023; 1st revision June 2024; 2nd revision July 2024; early
access August 2024.


http://mathscinet.ams.org/mathscinet-getitem?mr=MR2189683&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2069680&return=pdf
http://dx.doi.org/10.1017/S0956792504005418
http://dx.doi.org/10.1017/S0956792504005418
http://dx.doi.org/10.3390/nano13192660
http://dx.doi.org/10.3390/nano13192660

	1. Introduction and main results
	2. Proof of Theorems 1.3 and 1.4
	3. Proof of Theorem 1.5
	4. Conclusion
	REFERENCES

