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In this note, we provide two results concerning the global well-posedness and decay of solutions to an
asymptotic model describing the nonlinear wave propagation in the troposphere, namely, the morning glory
phenomenon. The proof of the first result combines a pointwise estimate together with some interpolation
inequalities to close the energy estimates in Sobolev spaces. The second proof relies on suitable Wiener-like

1. Introduction and main result

Many fascinating events that constantly test our comprehension of
the dynamic and intricate atmospheric processes on Earth characterize
the field of atmospheric science. Of all these mysterious events, the
morning glory is the one weather phenomenon that has fascinated
scientists for decades. Long, horizontal cloud bands that often spread
across the sky to make a recognizable and arresting pattern are what
define the morning glory phenomenon. Recently in [1], the authors
derived from the general Navier-Stokes equation in rotating spher-
ical coordinates a more tractable asymptotic nonlinear system that
describes this wave propagation given by

u; +uuy +vuy, = pdu+au+ fu+ F, inQ, t>0, (1a)
u +v,=0, inQ, 1>0. (1b)

The components of the vector velocity field are denoted by u,v and
u € (0,00) is the viscosity parameter. Moreover, a,f are fixed real
constants that depend on the wave front distortion and a fixed reference
parameter measuring the latitude. A more precise description of both
constants will be given later. The force F represents a thermodynamic
forcing term, which comprises the heat sources driving the motion.
Eq. (1)b comprises the incompressibility condition of the flow. In (1)

* Corresponding author.

the spatial domain (2 is the two-dimensional channel domain
Q={x,yst.xeT, 0<y<l1},

and the time satisfies + € [0,T] for certain 0 < T < oco. Moreover,
Egs. (1) are subject to the following boundary conditions

u=0, onadf, t>0, (2a)
v=0, on{y=0}, t>0. (2b)

The corresponding initial-value problem consists of the system (1), (2)
along with the initial condition

u(x, y,0) = uy(x, y) 3

which is assumed to be smooth enough for the purposes of the work (cf.
the statement of Theorem 1 for the precise assumptions on the initial
data). As already mentioned, system (1) was originally derived in [1,
equations (6.18)-(6.19)]. After a quick inspection one can readily check
that the constants « and g are given in [1, equations (6.18)-(6.19)] as

C cos(y)

=0S, f=
a=o0 ﬂado

where S = sin(6, + @ sin(y)) and C = cos (6, + @sin(y)), see [1, equation
(4.19)]. Here @ describes the distortion along the wavefront, 6, is a
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fixed parameter measuring the latitude (in spherical coordinates) and y
2 (sinz(y )+C cos? (y))

is a fixed angle of rotation. Moreover, we have that6 = ———=
(1-C) sin(y) cos(y)

and d, denotes a positive density function.

In [1], Constantin & Johnson provided a number of exact solutions:
breeze-like flows, bore-like flows as well as oscillatory-like solutions,
cf. [1, 86]. The same named authors investigated the existence of
travelling-wave solutions, cf. [2]. Their analysis relies on studying a
nonlinear second-order ordinary differential equation by means of a
global phase-space analysis using Lyapunov functions. Recently, Matioc
& Roberti in [3], using an abstract quasilinear parabolic evolution
framework, showed the global existence of weak solutions to (1) as
well as the local existence of strong solutions. The main contribution
and novelty of this article is to show the global existence and decay
of classical solutions to (1) in Sobolev spaces under a smallness L*®
assumption. Moreover, we also show a similar result in Wiener-like
functional spaces.

In order to present the main result of this work, it is convenient
to rewrite (1) by eliminating the variable v. Following the approach
in [3], we find that integrating v in (1)b from 0 to y, we have that

o(x, y,1) = /y vy(x, &, 1) d& = —/yux(x,é, 1 d¢ = -Tu(x,y,1),
0 0
where Tf : @ xR* — R is given by
¥y
Tf(x,y.1) =/0 (%, &,1) dé.

This idea of using the fundamental theorem of calculus to express v
in terms of u is reminiscing about the viscous primitive equations of
large scale ocean and atmosphere dynamics, cf. [4]. Therefore, using
this observation system (1) can be rewritten as

u; +uuy —Tuu, = pdu+au— pTu+ F, inQ, t>0, (4a)

Tu= /Oy u,(x,&) dé, (4b)

u(x,y,0) = uy(x,y), (x,y)€Q (40)
supplemented with

u=0, onaQ, t>0. 5

We need to impose some further conditions in order to show the main
result of this article. In particular, we will take « < 0, # = 0 and no
external forcing, i.e., F = 0. Hence, (4) becomes

u, +uuy — Tuu, = pAu+au, in 2, t>0, (6a)
y
Tu=/ uy(x, &) dég, (6b)
0
u(x, y,0) = up(x,y), (x,y) €L (6¢c)

supplemented with
u=0, ondw, t>0. (@]

As noticed in [1, §6 (b)], in the particular case of the geographical
coordinates of the Gulf of Carpentaria, we have that C ~ 0.97,.5 ~ —-0.24
and ¢ ~ 133 (for y = %”), so that @ = 6.5 < 0. Therefore, taking a < 0
is a physically justified assumption. Generically, since y can be chosen
freely, we can also take y such that g ~ 0, for instance, y ~ % Moreover,
we are assuming that the external thermodynamic force is negligible,
this is, that the are not heat sources driving the motion. The three stated
hypothesis on a, f and F are crucial in order to show the decay of the
solution.

The main result of this work is to provide the decay of the L* norm
for arbitrary initial data together with a global existence of classical
solutions to (6a)—(6b) under a smallness L*® assumption on the initial
data. More precisely, the result reads as follows:

Physica D: Nonlinear Phenomena 469 (2024) 134323

Theorem 1. Let uy € H)(2) n H*(Q), be a zero mean function. Let
a < 0and u € (0,00). Then, the Cauchy problem (6a)—(6c) possesses a
unique classical solution

ue C([0,T); H ()
for T =T(uy) > 0 satisfying

lu®ll Lo () < Nupllpoo()y for 0<t <T.

Furthermore, if ||uy|| ;. is sufficiently small, the unique classical solution to
(6a)—(6b) satisfies

u € C([0, 00); H ) (£2)) N C([0, 00); H*(2)) N L2([0, 00); H>(2)).

Remark 1. Before stating the next result, let us make the following
important observations regarding Theorem 1 compared to previous
well-posedness results obtained results in the literature.

+ In [3], Matioc & Roberti showed two well-posedness results for
system (1). First, they establish the existence and uniqueness of
classical solutions to (1) for sufficiently regular initial data in
H}(2) with 1 < s < 2 and external force F € C'~ (C[0, 0); H"(22))
for some small r > 0. In [3], the Sobolev spaces Hj, are given by

H(Q) = {ue HQ) : u=0on Q).

To that purpose, they invoke an abstract quasilinear parabolic
evolution framework. Moreover, they also show the existence
of global weak solutions for initial data in L*(Q) and F €
L2 ((0,T); L%(£2)). The proof uses a Galerkin scheme together with
proper a priori estimates to pass to the limit.

Our main contributions are three-fold: First, since the local so-
lutions in [3] enjoy just the regularity u € C ([0,T); H}(Q)),
1 < s < 2, we follow a classical approach based on estimating
the time-derivative of the equation to provide the higher order
regularity u € C ([0,T); H*(£2)). Second, we show the L*® decay
of the classical solution (under the assumptions « < 0, f = 0 and
F = 0). Such decay is not available in the literature before and
to the best of the authors’ knowledge it is new. To conclude, we
prove that for small initial L* data, the local classical solution
can be extended globally in time, i.e. T = .

Just after the completion of this article, the preprint [5] ap-
peared. Compared with the results in [3], the authors shows
the global existence of weak solutions for external forces F €
L?((0,T); H"'(22)). On the other hand, the author in [5] shows
that for initial data in H'!(2) and F € L? ((0,T); L*(£2)) there exists
a global strong solution u € L? ((0,7); HX(2)) n H' ((0,T); L*(£)).
Compared to our global existence result showed in Theorem 1, the
author in [5] does not need the L*® smallness on the initial data
to absorb the non-linear contributions. Actually, such nonlinear
terms are handled claiming an odd extension method works. To
the best of our knowledge it is not a priori clear why the imposed
odd-parity is preserved by system (1).

In order to present the second result showed in this manuscript,
let us introduce the so called Wiener-like spaces. Recalling that Q =
{(x,y) s.t. x €T, 0< y< 1}, let us consider the Fourier series represen-
tation

u(x,y) = 2 z (n, mye™™ sin(mzy).
n€Z m>1

Using this, we can consider the following Wiener-like spaces .As for
s > 0 given by

AsQ) = {u = 20D in, mye™ sin(mry) : |ull g

neZ m>1

= D nl + ImHlacn m)] < oo}.

n€Z m>1
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These spaces will allow us to achieve maximal parabolic regularity. The
properties of Wiener-like spaces have been investigated in [6] and the
references therein. In particular, we observe that

A(Q) c C(),

and that they form a Banach scale of Banach algebras. Let 0 be a first
order differential operator, then we have that

”a"u”A~O <Cllull g . ¢>0.
In particular, we have that
logull o < Nl i+ J|oyu o < lhull o Nl o 2 el o - ®)

Moreover, for 0 <s<r, 0 = E the following interpolation inequalities

1-0 6
lll ze < Co llall'5 %,

hold. In particular, we have that

1 1
el o < el %l - ©

Let us state the second result shown in this work.

Theorem 2. Let u, € AO(Q) be a zero mean function. Let a, f € R and
1 € (0, 00) such that the relation

2
a+ﬂ—§0,
2u

holds. Then, if u, € A(Q) is such that

(U4 ) fJuo o < - 10)

there exists a unique global in time solution to (4) satisfying u € C([0, o0);
AV(2)) N L1([0, 0); A2(Q)).

Remark 2. In order to show Theorem 2 we need milder restrictions
on the parameter «, f and u. In particular, we can take =0 and a <0
as in Theorem 1, however this is not the only choice. Moreover, this is
the first result in Wiener-type spaces for system (4).

Notation

For m € N, the natural inhomogeneous and homogeneous Sobolev
norms are defined by

2 . 2 2 2 . 2
1 Wy 1= W12 ) 10" A aigy s WS Wy = 10" 12 gy

respectively. We will use z = (x, y) to denote an element in Q. More-
over, throughout the paper C = C(-) will denote a positive constant
that may depend on fixed parameters (but independent of time and the
projection parameter N) and can change from line to line.

2. Proof of Theorem 1

We divide the proof of Theorem 1 into several steps.

Step 1: Local in time solution d’aprés matioc & roberti [3]. As stated in
Remark 1, invoking the result by Matioc & Roberti [3] there exists a
unique local solution u to (6a)-(6c) such that u € C ([0,T); H ;)(Q)),
1 < s < 2. Moreover, from such regularity we can also extract the
parabolic contribution implying u € L? ((0,T); H'**(2)). However, in
order to apply a pointwise L® type estimate to (6a)-(6c), we need to
show higher regularity for the solution u. More precisely, we will show
that u € C([0, T); H*(Q)).
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Step 2: The regularized approximate problem and higher-order a priori
estimates. To show the higher order estimate, we derive appropriate
energy estimates combined with a suitable approximation procedure,
given by

u; + Py(PyuPyu,) — Py(PyTuPyuy) = pAPyu + aPyu, a1
where

N N
Pyu= Y Y a(n,me"™ sin(mzy), N €Nu{0}.

n=—N m>1
Observe that we can use Picard’s theorem in these finite dimensional
spaces to prove the local existence of an analytical approximate so-
lution to (11), so, in particular, u € C* ([0,T)x ). Hence, every
computation is justified and we just focus on deriving the desired a
priori estimates.

Let us start, by showing the evolution of the L? estimate for u. First,
using the fact that P, commutes with derivatives and recalling the
definition of Tu in (6b) we find that

1
/ Py(PyTuPyuy)u dz = —% // Pyu (Pyu)* dy dx
Q T Jo

= —1/ 0. (Pyu)® dz=0. 12)
6Ja

Hence, taking the inner product of (11) with u, integrating by parts,
and making use of the cancellation estimate (12) together with the sign
assumption on « we obtain that

esssup ||u||i2 <C ||uo||i2 . 13)
I<T
Furthermore, we also achieve the parabolic gain

T
/0 IVPyu@|%s dr < C g - a4

To obtain higher regularity, we follow a classical approach based on
taking time-derivatives of the problem. Indeed, deriving in time (11) we
find that

uy + Py (Pyu, Pyuy + PyuPyuy,) — Py (PyTu, Pyuy, + PyTuPyuy,)
= uAPyu, + aPyu,, (15)

with the same boundary conditions in 0. Repeating the same argu-
ments as for the L? estimate (13), i.e., testing (15) against u, and
integrating by parts we find that

1d 1
EE”"’”ZLZ +H||VPN'41||2LZ =3 /QPN”x(PN”r)2 dz

+/ (PNTu,PNuyPNu,— % (PNTu)y(PNu,)Z) dz+oc/ [Py, |? dz.
Q Q
(16)

Therefore, using the sign assumption on «, the cancellation property
(12) and invoking Holder’s inequality we obtain that

d
<l + IV P15, < ClPy I3, | Py Vil o
+ / | PNyTu, Pyu, Pyu,| dz. a7
Q

Moreover, using the definition of Tu given in (6b) combined with
Holder’s and Young’s inequality we readily check that

/ | PyTu, Pyu, Pyt | dz < C | Py Vi o | Py V] o 1Pyl
Q
H 2
< 5 1P Vel + CUP Vul Lo 1 Py 17
18)
Hence, combining both (17)-(18) we conclude that
d
Z il < CllPyu I, (I1Py Vall s + 1| Py V)

2 2
< ClPyully U Py ull gries + 1 Pyuell )
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where in the last inequality we have used Sobolev embedding H*(£2) <
L®(Q) for 1 < s < 2. Using Gronwall’s inequality combined with the
fact that

u € C ([0,T); Hy(R)) n L? ((0,T); H'*(Q)),

by Matioc & Roberti [3], see Step 1, we infer
t
llu 113, < Cllug |1l exp < /0 (P u@)l g1ss + I Pyu@lI3,1,) dr)

< C (llimoll 2 Nl ) exp (V7). (19)
Moreover, evaluating Eq. (11) at r = 0 we have that
llioll 2 < € (11w (Pto Pt o)l 2 + | P (P T Pty o).
+|4Pyug| 12 + ||PN”0||L2)
< (I1Pxuolpr + [PaTuol] o | Putyliso] . + [Prtoll )
< C ([luolp2) - (20)

where in the last inequality we have invoked the classical Gagliardo—
Nirenberg inequality (where we have used the boundary conditions to
eliminate the extra term C || f1|;2)

LAl < CHUALLIVA

for f = PyTuy and f = Pyu,|,o. Thus plugging (20) in (19) we can
find T > 0 and a uniform bound in N such that

esssup [l |2 < Clllugll g2)exp (VT). 22)
t<T

1/2
2

1/2

v @D

In addition, using Eq. (17) we find the parabolic regularity estimate

T
|19 Pvn I, d < Clluglrexp (VT) 23)

Furthermore, using Eq. (11) with the previous parabolic estimate (23)
we obtain

T
| 19RO, a5 < Clluglesp (VT). 24)

Next, let us show how estimate (22) yields control for the H? norm
of the solution using the structure of Eq. (11). Indeed, we have that
p||APyu| > = ”u, + Py (PyuPyu,) — Py (PyTuPyu,) aPNuHL2
< llull 2 + || PxuPrn |2 + | PuTubyu, |, +lal || Py -

—— —

I L

(25)
Using Holder’s and Young’s inequality together with Sobolev interpo-
lation we find that

1/2 1/2

1 < Pl (Pt 2 Bwl2) < Clllz 4Pl - 26)
Here, we use the fact that ||Pyul|; < C|lull ~ for smooth functions
u. On the other hand, using Jensen inequality and the Gagliardo—
Nirenberg inequalities
1/2

Il senmmiZ)n]s - lale <clan@leds. @
for f = Pyu and g = Pyu we have that
L < |[PyTull o | Pysy | o < Cll Pl o [ Paas|

< Cllull e | 4Py u| 2 - (28)

Combining (26) and (28) and recalling estimates (13) and (22), we
show that

ul|aPyull 2 < € (luoll ) exp (Vi) +C llull o [[ APy 29)

Therefore, in order to absorb the second term with the left hand side
of (29), we use the fact by continuity for 0 < T sufficiently small

lullpoo <2 |Jug|l o>, for0O<t<T. (30)
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Thus taking ||u0|| 1 small enough, for instance ||u0|| Lo = % we

conclude that

esssup [[4Pyul 2 < C ([lug]l 2) exp (VF) (1)
<T

Since by (13) we also have uniform control of the L? norm of u, we
have shown that the H? norm of u is bounded by

esssup [lull 2 < C (||ug|| 2 ) exp (ﬁ) . (32)
<T

Taking the inner product of (15) with —Au, and integrating by parts
we obtain

0| —

d
E”Vu,”iz + ﬂllAPNurllsz = / <PNutPNux + PN“PN“xz>PNA“r dz
Q

_/<PNTu,PNuy+PNTuPNuy,>PNAu, dz+a/ |PN'4,|2 dz.
Q Q

Using the sign hypothesis on « together with Holder’s and Young’s
inequality (mimicking the computations in (17)—(18)) we find that

d 2 H 2
EIIVurlle + EIIM’N%IIL2
2 2 2
< ClIPy Vull3, (IPyullie + 1Py Vullf o)
+ 11 Py Yl o | P12, (33)

Invoking Gronwall’s inequality and the previous parabolic gain of
regularity bounds (19) and (23), we conclude

esssup |Vl 2 < C(Viglcoll 2 o rexp (V)
t<

However, as before taking the spatial gradient in (11) and evaluating
at 1 =0, we find that || Vu, ||| ;2 < C(llugll y3) and hence

esssup || Vi, || ;2 < C(||ug| y3)exp (ﬁ) . (34)
(<T

Moreover, repeating the parabolic regularity gain using Eqgs. (11) and
(33)

T T
/ 1Py, DI, d7 +/ 14 Pyu(o)|2d7 < Cllugllo)exp (V).
0 0

In the same way that we derived the bound for the H? norm of u (32)
using the L? control for u, in (22), we can obtain H 3 norm control of
u using the L2 bound for Vu, (34). Indeed, using Eq. (11) we readily
check that

w|[VAPyul 2 =||Vi, +V Py (PyuPyi) =V Py (PyTuPyu,) = a¥ Pya
< C(|Va|| 2 + [[VCPyuPyup|| 2 + | VPy TuPyu)| , +lal | VPyul|2):
R S —

3 5

(35)

Therefore, using Gagliardo-Nirenberg inequality (27) and the Sobolev
embedding H*(Q) & L®(£) for 1 < s <2 we find that

I < | P Vall o [Py, + 1Pvul o 9Pyl 2
< C || Pyl o [|APyul| 2 + || Pyul;. < C | Pyull}e . 36)

For the second term we proceed in a similar way. Using once again
Holder’s and Jensen’s inequality we obtain

3 < C (1 Py Vae Lo [Py + Pwitell e [PV | ) -

By means of the Gagliardo-Nirenberg inequality (21) and (27) we first
notice that

1 1
1Px Vil o < C | Py V]|, [| Py V Ve[| 1, + C | Py Vi | 12«

[vwul. selowvu ] frvval, + vl

1 1
[ w0 < Pz [ Prss ] + €[ ws]
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1 1
[Pvuellps < Cl1Prull Lo [|Prttll > + € [| Prl] 2 -
L

Therefore, following the same argument before taking 0 < ¢+ < T and
using bound (32), we find that

by < C [ Pyul s [IVAPyul| 2 + C || Pyull e

< C gl V4PNl 2 + C(llu | y0exp (V). @7)

Collecting estimates (36)—(37), taking [|uyl|; sufficiently small and
invoking the previous estimate (34) we conclude that

esssup IVAPyu|| ;2 < C (||Juo]| 43) exp (ﬁ) . (38)
t<T

Hence, estimate (38) together with the uniform bound (14) yields

esssup lull ;2 < C ([lug ) exp (V). (39)
t<T

Taking a new time derivative of the problem we find that

Uy = —Py(Pyuy Pyuy + PyuPyuy,) + PN(PNT“trPN”y
+ PyTuPyuy,) + pAPyuy, + aPyuy,
— Pn(Pyu Pyug, + PyuPyuy)
+ Py(PyTu Pyuy, + PyTu Pyuy,),

and performing an L? energy estimate repeating the previous compu-
tations once again, we find

esssup [l |l 2 < Cllugllyo)exp (VT ). (40)
1<T

Bound (40) can be bootstrapped (mimicking the estimates (32) and

(39)) using the structure of the Egs. (11) and (15) to obtain the H*

bound

esssup [lull g+ < Clllugll )exp (\/?) (41)
T

t<

In particular, combining bounds (22), (34) and (40) we find uniform a
priori estimates

esssup [lu; || 2 + esssup ||ull 4 < Cllugll 4 )exp (\/%) . (42)
<t

1<T '
Recall that this estimate is only valid, as long as the bound (30) holds
which for the moment can only be guaranteed for times 0 <t < T.

Step 3: Passing to the limit and inherited regularity. Thanks to the previ-
ous uniform estimates, we can extract weakly converging subsequences.
More precisely, owing to (42), we deduce the existence of a function i
belonging to the space L™([0, T); H*(2)) such that, up to the extraction
of a subsequence, one has the convergence

w>a, in L([0,T); H*(Q)) for N — co.

Moreover, we also have that d,u is uniformly bounded in L* ([0, T'); H?(£2)),
thus

du— o in L®([0,T); HAQ)) for N — co.

Hence, using the compactness argument as in [7, Corollary 4], we
obtain up to a subsequence that

in C([0,T); H*(22)) for N - oo,

u— i

for 2 < s < 4. Equipped with these convergences we can pass to the
limit in N via the weak formulation of the problem and find a weak
solution. Furthermore, given the regularity of the limit function, such
weak solution is in fact a classical solution of the original problem
(6a)-(6¢) supplemented with (7). By uniqueness of the limit (we avoid
writing the bar notation again) the limit solution u enjoys the regularity
L((0,T); HY(L).
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Step 4: The pointwise estimate and global in time solution. The time life-
span of the constructed classical solution is valid as long as the bound
(30) holds true. In this section, we will show a pointwise estimate
for the classical solution that demonstrates that (30) is valid for all
T > 0. Before proceeding to the computations, notice that the mean
zero condition is conserved during the existence of the solution. Indeed,
integrating (6a) in 2 we find that

6,/ u(z,t)dz = —/ (uux — Tuuy, — pdu — au) (z,1) dz. 43)

Q Q

Notice that the first and the third term on the right hand side in
(43) are zero using the periodicity in the x variable and the boundary
condition (7). Furthermore, integrating by parts in the y variable,
recalling the definition (6b) and using that u = 0 in 92 we also have
that

/Tuuy dz:—/uxudzzo.
Q Q

Therefore,

6,/ u(z,t)dz:a/ u(z,t) dz,
Q Q

and since by assumption u,(z) has zero mean and ¢ < 0 we conclude
that

/Qu(z,t) dz=0, for0<t<T. (44)
Following, [8,9], we define

M@ = rzneaf)z( u(z, 1) = u(z,, 1), for t >0, (45)

m(t) = 17213 u(z, 1) = u(z,, 1), fort > 0. (46)

One can readily check that M (), m(r) are Lipschitz functions. Moreover,
one can readily check that M (r) satisfies
u(z,, 1) — u(zy, s) if M(1) > M(s)
|M (1) - M(s)| = ' o
u(zy, s) —u(z,, 1) if M(s) > M(t)
. u(Z,,t) — u(z,, s) if M(t) > M(s)
T u@z,,s) —uz,,t) if M(s)> M)
_J 10w Ol = s if M) > M(s)
[0,uzZg, Ot — s| ifM(s) > M (1)
< max |d,u(n, §)|[t — s|.
n.é

Similarly
|m(t) — m(s)| < n;féx [0,u(n, HI|r = s|.

From Rademacher’s theorem it holds that M(¢) and m(r) are differen-
tiable in 7 almost everywhere. Furthermore, adding and subtracting in
the denominator u(z,,4,1), we find that

U(Zpys,t 4 6) —u(z,, 1) o uZgst +6) —u(Zy s, 1)
< lim
o -0 1)
< 0z, 1).

M@ = li
) lim

In a similar fashion, adding and subtracting in the denominator u(z,, t+
§), we obtain that

U(Zys.t+ 6) —u(z,, 1) u(z,, t+6) —u(z,, 1)
5 =5 5
> 0,u(Z,,1).

M' (1) = lim
6—0

As a consequence
M'(t) = 0,u(z,,t) a.e. 47)
Similarly

m' (1) = o,u(z,.1) a.e.
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Therefore, using (6a) and noticing that u,(z,,1) = u,(z,7) = 0 and
Au(z,,1) < 0 we find that

M'() <0,

which implies that

M) < M(0). (48)
Similarly, repeating the same argument and recalling that Au(z,,?) > 0,
m(r) = m(0). (49)

Notice that the maximum is obtained in the interior of @, i.e. z € Q
and moreover M(t) > 0. Otherwise, the maximum is obtained on the
boundary and hence using the boundary condition (7) this implies
M (t) = 0. Similarly, the minimum must be obtained in the interior of
Q, otherwise m(r) = 0 but this violates (44). As a consequence m(t) < 0.
Hence, combining (48) and (49) we have that

lull Loy < [luol| ooy - for0<r<T. (50)

Therefore, we have shown that the constraint (30) is satisfied for
all times T > 0. Therefore, we can derive once again the same energy
estimates as in Step 2 for the classical solution and prove that the
solution remains in the desired functional spaces for all positive time.

To obtain the uniqueness, we argue by means of a contradiction
argument. If u and w are two solutions emanating from the same initial
data, we consider U their difference. Then, U = u — w solves

U =-ulU,+TUuy,—Uw, +TwU, + pAU + aU.

Testing against U and integrating by parts, we find

LNUIR, < =uIVUIR, + 1T 219U a2l o + el o)
U2 ITU N 2 Nlull oo + 20U 21U Nl g2 1]l s -

Using the smallness hypothesis we conclude the desired bound and the

result.

3. Proof of Theorem 2

For the proof of Theorem 2 we just provide the needed a priori
estimates. The approximation procedure to justify the regularity can
be done by mimicking projecting the functions into a finite dimensional
space as in the beginning of the proof of Theorem 1.

Let us start by deriving appropriate a priori energy estimates. Notic-
ing that

Ll o= Y, . oanmol,

neZ m>1

we find that
d
MOl o < | o + | Ty | 1, + el o + BTl jo = N1l o -

Using the inequalities (8) and the Banach algebra property we obtain
that

d
Ol o < Nl o el gy + 2 1Tl o Nl
+allull o+ BITull o llull 3 -

Moreover, noticing that ﬂ(n, m) = ~i(n,m) and the fact that m > 1 we

find that

n
m

ITull o < llull ;1 -

Thus,

d 2
Ellu(l)llgo < el o Mlell o+ 7 Wull 2, + acllaall o + B llull g = pe llull o -
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Invoking the interpolation inequality (9) and Young’s inequality we
find that
2

d
Lol g0 < 1+ ) el o o+l g+ f—ﬂ el o = 5
H s
< (A +mlall gy = 5 )l o+ <a + ﬂ> il p. 6D

2
Therefore, since by hypothesis o + g—” <0, we have that

d B "
SO o < 14 ) gy g+l g+ - o = &

< (@ +m g = £ ) lull 52)

Taking ||u|| ;, small enough, more precisely as in (10), concludes the a
priori estimates of the solution. The uniqueness is a consequence of the
obtained regularity and a standard contradiction result, from where we
conclude the desired result.

CRediT authorship contribution statement

Diego Alonso-Oran: Writing — review & editing, Writing — orig-
inal draft, Investigation, Formal analysis, Conceptualization. Rafael
Granero-Belinchén: Writing — review & editing, Writing — original
draft, Methodology, Investigation, Formal analysis, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgements

D.A-O is supported by the Spanish MINECO through Juan de la
Cierva fellowship FJC2020-046032-1 and ULL-Santander fellowship.
Both authors are funded by the project “Anélisis Matemético Aplicado
y Ecuaciones Diferenciales” Grant PID2022-141187NB-I00 funded
by MCIN/AEI/10.13039/501100011033/FEDER, UE and acronym
“AMAED”. This publication is part of the project PID2022-141187NB-
100 funded by MCIN/AEI/10.13039/501100011033.

References

[1] A. Constantin, R.S. Johnson, On the propagation of nonlinear waves in the
atmosphere, Proc. R. Soc. A 478 (2022).

[2] A. Constantin, R.S. Johnson, Atmospheric undular bores, Math. Ann. (2023) 26,
http://dx.doi.org/10.1007/s00208-023-02624-8, (Online First).

[3] B.-V. Matioc, L. Roberti, Weak and classical solutions to an asymptotic model for
atmospheric flows, J. Differential Equations 357 (2023) 603-624.

[4] C. Cao, E. Titi, Global well-posedness of the three-dimensional viscous primitive
equations of large scale ocean and atmosphere dynamics, Ann. of Math. 166
(2007) 245-267.

[5] P. Holst, Global well-posedness of leading-order equations for nonlinear wave
propagation in the troposphere, 2024, arXiv:2401.07652.

[6] H. Bae, R. Granero-Belinchén, Global existence and exponential decay to equi-
librium for DLSS-type equations, J. Dynam. Differential Equations 33 (2021)
1135-1151.

[7] J. Simons, Compact sets in the space L?(0,7;B), Ann. Mat. Pura Appl. 4 (146)
(1987) 65-96.

[8] A. Cérdoba, D. Cérdoba, A maximum principle applied to quasi-geostrophic
equations, Comm. Math. Phys. 249 (3) (2004) 511-528.

[9]1 D. Cérdoba, R. Granero-Belinchén, R. Orive, On the confined Muskat problem:
differences with the deep water regime, Commun. Math. Sci. 12 (3) (2014)
423-455.


http://refhub.elsevier.com/S0167-2789(24)00274-4/sb1
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb1
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb1
http://dx.doi.org/10.1007/s00208-023-02624-8
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb3
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb3
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb3
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb4
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb4
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb4
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb4
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb4
http://arxiv.org/abs/2401.07652
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb7
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb7
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb7
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb8
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb8
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb8
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00274-4/sb9

	Well-posedness and decay for a nonlinear propagation wave model in atmospheric flows
	Introduction and main result
	Notation

	Proof of Theorem 1
	Proof of Theorem 2
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


