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A B S T R A C T   

Micro- and nano- sized particles display an outstanding performance in the selective capture or release of 
molecules after the target species is contacted. Microfluidics can hugely benefit the performance of these systems 
given the remarkable features it presents. In this work, to the best knowledge of the authors, the microfluidic 
solid/liquid selective interfacial mass transfer is tackled for the first time in a Computational Fluid Dynamics 
(CFD) model based on the Euler-Lagrange framework. To gain insight on the effect of describing the particles as 
discrete entities, another model with the same purpose has been developed under the Euler-Euler approach. To 
experimentally validate and test the performance of the models, the microfluidic capture of chromate ions 
employing amino-functionalized particles in a Y-Y shaped microdevice has been selected as case study. Both 
models have been successfully validated, providing a relative root-mean-square error (RRMSE) of 9.86% for the 
Euler-Lagrange model and 22.62% for the Euler-Euler one. The performance of both models has been tested 
through a set of simulations in which the residence time and the load of particles are varied. The Euler-Euler 
option overestimates the hexavalent chromium removal in the kinetic region up to 27.94%, although both 
provide equally precise equilibrium data. The prediction difference between models is more significant when 
higher particle loads are used. Therefore, it is concluded that the Euler-Lagrange model proves to be a reliable 
and highly resourceful tool to predict the behavior of microfluidic multiphasic systems in a wide range of 
conditions.   

1. Introduction 

Solid/liquid particulate systems are increasingly gaining presence in 
a wide range of applications due to their considerable versatility. Par-
ticles can be used as sorbent media in solid phase extraction to recover 
critical raw materials such as rare earths from different liquid matrices 
[1], organic pollutants as PAHs, PFAs or BPA [2] or metals like Cd(II), Cr 
(III), Cr(VI) Hg(II), Pb(II) or As(V) [3,4]. They can also be used with 
therapeutic purposes through drug delivery [5] and they can catalyze 
the photodegradation of aqueous pollutants and the photogeneration of 
hydrogen [6,7]. Microfluidics have proven to offer a fast and reliable 
platform for such processes in which the precise control of particles fluid 
dynamics is crucial [8]. Elevated surface-to-volume ratios, reduced 
handling of both reagents and wastes, decreased diffusional times and 
tailored passive mixing through the geometry are only a few of the many 
features that push microfluidics as a promising technology [9–11]. 

Given the bright path set forward for solid/liquid microfluidic 

systems, the availability of a mathematical model that can rigorously 
predict their functioning giving an insight on the phenomena taking 
place in the process becomes a critical need. Several options can be 
considered when facing multiphasic systems modelling. 

The single-phase, or homogeneous, approach is the simplest option 
to face the formulation of the problem. In this case, the heterogeneous 
system consisting of two phases is represented by a set of governing 
equations referred to a single fluid phase. This simplification implies 
that both phases present the same properties, the particles show a suf-
ficiently fine size and a uniform distribution through the fluid field and 
the slip between solid and liquid can be dismissible [12]. This approach 
has been studied by several authors when describing heat transfer in 
systems comprising nanofluids. For instance, Minakov et al. [13] 
developed a single-phase mathematical model to describe fluid dy-
namics and heat transfer in laminar regime in a forced convection 
scheme based on CuO nanoparticles. Their model satisfactorily 
described the experimental data, presenting higher deviations at lower 
Reynolds numbers. Albojamal et al. [14] built a single-phase model and 
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two two-phase models to describe convective heat transfer and pressure 
drop of Al2O3 − water nanofluid laminar flow inside a tube. They 
concluded that the homogeneous model constituted a fast and low-cost 
tool to analyze nanofluids without the need of heterogeneous models. 
Maganti et al. [15] developed a computational study employing a single- 
phase and a two-phase model to analyze concentration and thermohy-
draulic maldistribution in parallel microchannel systems containing 
Al2O3 − water nanofluid. Their work pointed out that homogeneous 
systems are not able to predict nanofluid performance in complex flow 
geometries, being necessary a two-phase model for that purpose. 

To consider in the model the multiphasic nature of the particulate 
microfluidic system, two options arise: Eulerian-Eulerian and Eulerian- 
Lagrangian models [16]. These two-phase approaches may provide 
more accurate results since they treat the base fluid and the dispersed 
solid as individual phases with their own properties, which translates 
into models with higher complexity requiring longer simulation times to 
reach a final solution [12]. The Euler-Euler model, also referred to as 
Two-Fluid Model (TFM), describes both phases as interacting and 
interpenetrating continua coupled by an interaction term in a fixed 
reference frame [17]. The concept of volume fraction is introduced to 
indicate the presence or absence of a phase in time and space. Conser-
vation equations are derived and solved for each phase [18]. This 
alternative does not consider the solid as a discrete phase, neglecting the 
position of every particle in time and space. Thus, this reduction in the 
computational load makes affordable the simulation of denser particu-
late flows, even for industry-scale systems [19,20]. Nevertheless, some 
Euler-Euler models devoted to describe solid/liquid flows in micro-
channels can be found in literature. For example, Amin Arefi et al. [21] 

reported a Eulerian model that predicts the deposition of fine nano-
particles on the epithelial layer of a lung-on-a-chip device, being the 
particulate phase represented by a concentration field. Gracka et al. [22] 
developed both Euler-Euler and Euler-Lagrange models to predict blood 
multiphasic flow in a microchannel. The authors concluded the need to 
search for a more rigorous approach that recognizes the discrete nature 
of the solid phase (in that case, red blood cells) to obtain more accurate 
velocity and concentration fields. 

The Euler-Lagrange approach treats the solid particles as discrete 
entities, modelled under the Lagrangian moving reference frame. This 
method tracks the particles along their trajectories by accounting for the 
relevant forces acting on them. The dispersed phase, conceived as 
massless points, acts as sources or sinks of mass, momentum and energy 
in the fluid field. This approach also allows for the use of particles with a 
size distribution [23,24]. The behavior of the discrete phase can be 
approached using different models, such as the discrete phase model 
(DPM), discrete element model (DEM), dense discrete phase model 
(DDPM) and multiphase particle-in-cell model (MP-PIC). The DPM relies 
on the concept of “parcels”, which are groupings of real particles with 
the same properties. This approach is mostly indicated to predict the 
behavior of particles in dilute flows. DDPM and MP-PIC also track par-
ticle parcels, in this case, in dense flows. Both model particle in-
teractions implicitly with the stochastic collision models, although they 
diverge in the way they treat interparticle interactions. The first one 
relies on KTGF (Kinetic Theory of the Granular Flow), while the second 
one uses a solid stress tensor. The DEM considers the shape and prop-
erties of each individual particle and models particle–particle in-
teractions employing direct collision models based on a soft-sphere or 

Nomenclature 

Roman symbols 
A Surface (m2) 
c Molar concentration (kmol⋅m− 3) 
CD Drag coefficient (− ) 
Cvm Virtual mass factor (− ) 
d Diameter (m) 
dij Deformation rate tensor (s− 1) 
Di,m Mass diffusion coefficient of species i in the medium 

m
(
m2⋅s− 1) 

DT,i Thermal diffusion coefficient for species i
(
kg⋅m− 1⋅s− 1) 

EE Euler-Euler (− ) 
EL Euler-Lagrange (− ) 
F→ Force (kg⋅m⋅s− 2) 
FD Functionalization degree (kg⋅kmol− 1) 
g→ Gravity vector (m⋅s− 2) 
I Unit tensor (− ) 
J→i Diffusion flux of species i

(
kg⋅m− 2⋅s− 1)

k Equilibrium ratio (m3⋅kg− 1) 
kf Mass transfer coefficient (m⋅s− 1) 
K Equilibrium ratio (− ) 
m Mass (kg) 
ṁk,i Mass flow rate of species i in cell k

(
kg⋅s− 1) 

ṁpq Mass transfer rate from phase p to phase q
(
kg⋅m− 3⋅s− 1) 

ṅi Molar flow rate of species i
(
kmol⋅s− 1)

p Pressure (kg⋅m− 1⋅s− 2) 
Pe Peclet number (− ) 
Qi,1 Mass fraction of species i on the solid (− ) 
Re Reynolds number (− ) 
RRMSE Relative Root Mean Squared Error (− ) 
Si Species source term (kg⋅m− 3⋅s− 1) 

Sm Mass source term (kg⋅m− 3⋅s− 1) 
Smom Momentum source term (kg⋅m− 2⋅s− 2) 
Sh Sherwood number (− ) 
T Temperature (K) 
v→ Velocity vector (m⋅s− 1) 
V Volume (m3) 
x→ Position vector (m) 
Yi Mass fraction of species i (− ) 

Greek symbols 
α Volume fraction (− ) 
γ Mass concentration (kg⋅m− 3) 
μ Dynamic viscosity (kg⋅m− 1⋅s− 1) 
ν Kinematic viscosity (m2⋅s− 1) 
ρ Density (kg⋅m− 3) 
τ Stress tensor (kg⋅m− 1⋅s− 2) 
τ Residence time (s) 
τr Particle relaxation time (s) 
ϕ Molar ratio amino groups per Cr(VI) (molamino⋅mol− 1

Cr(VI)) 

Subscripts and superscripts 
c Relative to molar concentration 
eq Relative to the equilibrium 
f Final 
i i-th species 
j j-th species 
k k-th cell 
m m-th medium 
p p-th phase 
part Relative to particle 
q q-th phase 
0 Initial 
γ Relative to mass concentration  
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hard-sphere approach. This last option is the most computationally 
demanding [17,25]. Meanwhile, the fluid phase is formulated as a 
continuum under the Eulerian reference frame. The distinctive features 
that the Euler-Lagrange approach presents have led to its application in 
the prediction of the functioning of several and different systems. 
Erosion [26], absorption [23,27], mixing in stirred tanks [28], virus or 
infecting particles propagation [29,30], drug deposition [31] or micro-
pollutants photodegradation [32] are just a small sample of the many 
purposes this approach can handle. 

When it comes to microfluidic solid/liquid systems, the Euler- 
Lagrange approach finds its main task in determining the position of 
every particle and predicting the heat flow. The first case corresponds 
with studies whose purpose is to provide a separation extent as a 
consequence of an applied force or a geometry devised with that 
mission, to provide beads’ deposition degrees or, plainly, to identify the 
position and distribution of particles along a channel. Magnetic [16,33] 
or inertial [34,35] propelled separations are some examples. The second 
case, linked to heat induced migrations, corresponds to the use of 
nanofluids [36,37]. However, there is scarce evidence of the use of the 
Eulerian-Lagrangian approach to depict microfluidic solid/liquid inter-
facial mass transfer. 

In light of the ample and long path expected for microfluidic solid/ 
liquid systems in which interfacial mass transfer is involved, a predictive 
and robust model accounting for the phenomena happening in the de-
vice becomes necessary. This work intends to present, to the best 
knowledge of the authors, the first Eulerian-Lagrangian model devised 
to stand for the microfluidic capture in solid particles of species dis-
solved in a liquid phase. To gain insight on the robustness of the model, 
simulated data for the microfluidic multiphasic chromium (VI) capture 
by amino-functionalized magnetic particles have been compared to 
experimental values. Furthermore, predictions have been also compared 
to the information provided with a multiphasic simplified model based 
on the Eulerian-Eulerian approach. The performance of both models is 
compared under different operational conditions to determine which 
option is the most convenient in terms of accuracy and solving time. 

2. Mathematical modelling 

Two Computational Fluid Dynamics (CFD) models have been 
developed, implemented, tested and validated in this work. Both models 
conceive the feed phase as a continuum, while they treat differently the 
receptor phase. The Euler-Euler approach describes the particulate re-
ceptor phase as another continuous phase. Meanwhile, the Euler- 

Lagrange approach considers the solid phase as a discretized set of 
particles. Therefore, both models present similarities in the description 
of the fluid phase and specific features in the modelling of the solid one. 
The two options included in this work aim to predict the capture of a 
single target species present in the feed phase into the receptor phase 
(Fig. 1). The two models have been implemented in the software ANSYS 
FLUENT 2019 R3 (ANSYS, Inc., Canonsburg, PA, USA). 

The dynamics of the continuous fluid phase are calculated resorting 
to the volume-average Navier-Stokes continuity and momentum equa-
tions: 

∂
∂t
(
αqρq

)
+∇⋅

(

αqρq v→q

)

=
∑n

p=1
ṁpq + Sm,q (1)  

∂
∂t

(

αqρq v→q

)

+∇⋅
(

αqρq v→q v→q

)

=

= − αq∇⋅p +∇⋅τq + αqρq g→+
∑n

p=1
ṁpq v→pq + Smom,q

(2)  

where α (− ) is the volume fraction of the fluid phase q in a cell, ρ 
(kg⋅m− 3) is the density, v→ (m⋅s− 1) is the velocity vector, ṁpq 

(kg⋅m− 3⋅s− 1) characterizes the mass transfer rate from phase p to phase 
q, v→pq (m⋅s− 1) is the interphase velocity, p (kg⋅m− 1⋅s− 2) is the static 
pressure, g→ (m⋅s− 2) is the gravity force. Sm (kg⋅m− 3⋅s− 1) and Smom 
(kg⋅m− 2⋅s− 2) correspond to the mass and momentum source terms due 
to the biphasic interaction between continuous and discrete phases, 
respectively. In addition, the stress tensor τ (kg⋅m− 1⋅s− 2) is given by: 

τq = μq

[

αq

(

∇⋅ v→q +∇⋅ v→q
T
)

−
2
3

αq∇⋅ v→qI
]

(3)  

Being μ (kg⋅m− 1⋅s− 1) the viscosity and I (− ) the unit tensor. 
To account for the mixing and transport of the chemical species 

involved in the system, an additional conservation equation describing 
the effects of convection, diffusional and interfacial mass transfer is 
considered: 

∂
∂t
(
αqρqYi,q

)
+∇⋅

(

αqρq v→qYi,q

)

+∇⋅αq J→i,q =
∑n

p=1
ṁpiqj + αqSi,q (4)  

where J→i (kg⋅m− 2⋅s− 1) is the diffusion flux of species i, ṁpiqj 

(kg⋅m− 3⋅s− 1) denotes the mass transfer source from species i on phase p 

Fig. 1. Schematic diagram of the models’ conceptualization.  
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to species j on phase q and Si (kg⋅m− 3⋅s− 1) is the source term corre-
sponding to species i due to the interfacial mass transfer with discrete 
entities. The diffusion flux, which is described through the Fick’s law, is 
expressed as: 

J→i,q = − ρqDi,m∇⋅Yi,q − DT,i
∇⋅T
T

(5)  

where Di,m (m2⋅s− 1) is the mass diffusion coefficient for species i in the 
fluid, T (K) is the temperature and DT,i (kg⋅m− 1⋅s− 1) is the Soret diffusion 
coefficient. The system is considered to operate under isothermal con-
ditions, so the energy contributions are dismissed. 

The Euler-Euler approach conceives both phases as fluid inter-
penetrating continua. The model includes volume of fluid (VOF) pa-
rameters, which introduce the concept of phasic volume fraction (αq), 
that allows to delineate the interface position. Volume fractions repre-
sent the space in a control volume occupied by each phase, being the 
interphase located in those cells in which the volume fraction varies 
between 0 and 1 [38]. Eqs. (1) – (5) are solved twice, one for the feed 
phase and another for the receptor phase. 

When the kinetics of the chemical reaction are very fast, it can be 
considered that the reaction takes place instantaneously at the interface, 
where the target species reacts with the selective compound. This way, 
the phenomenon is modelled through a source term for the mass transfer 
between the two continuous phases: 

ṁpiqj = kpqA
(

Kγγi
p − γj

q

)
(6)  

being A (m2) the interfacial area, γi
p(kg⋅m− 3) the mass concentration of 

species i in phase p, Kγ (− ) the mass concentration equilibrium ratio and 
kpq (m⋅s− 1) the overall mass transfer coefficient, which is defined as 
follows: 

1
kpq

=
1
kq

+
Kγ

kp
(7)  

where kp (m⋅s− 1) and kq (m⋅s− 1) are the phase-specific mass transfer 
coefficients. In this case, kp is modelled as a function of the phase 
Sherwood number through the Ranz-Marshall model, kq is assumed to 
tend to infinity (as the resistance in the receptor phase is considered 
null) and Kγ is computed through a molar concentration equilibrium 
ratio Kc (− ), as defined in Eq. (8) [39]. 

cj
q,eq = Kcci

p,eq (8)  

Where cj
q,e (kmol⋅m− 3) is the molar concentration of species j in phase q 

in equilibrium. 
The Euler-Lagrange approach treats the feed phase as a fluid, while 

the receptor one is described as a discrete phase. Since this model is 
intended for scenarios with particle dilute flow, the solid phase is 
modelled under the Discrete Phase Model (DPM) approach, which is 
valid as long as particle volume fractions inferior to 12% are introduced 
in the system [40]. Eqs. (1) – (5) describe the fluid phase under a 
Eulerian fixed framework. The mass, species and momentum coupling 
between the continuous and discrete phases is achieved through the 
definition of the so-called source terms, which gather the volume- 
averaged contributions of all particles in each control volume: 

Sm = −
∑

k

ṁk

Vcell,k
(9)  

Si = −
∑

k

ṁk,i

Vcell,k
(10)  

Smom = −
∑

k

v→kṁk

Vcell,k
−
∑

i,k

F→i,k

Vcell,k
(11)  

being ṁk (kg⋅s− 1) the mass flow rate in cell k, ṁk,i (kg⋅s− 1) the mass flow 

rate of species i in cell k, F→i,k (kg⋅m− 1⋅s− 2) force i in cell k and Vcell,k (m3) 
is the volume of cell k. 

The dispersed solid phase is modelled employing the Lagrangian 
approach, which tracks every particle by taking into account all the 
forces exerted on them. 

The trajectory of every particle is predicted by integrating the 
following coupled ordinary differential equations: 

mp
d v→part

dt
=

∑
F→T (12)  

d x→part

dt
= v→part (13)  

where x→part (m) is the position of the particle, v→part (m⋅s− 1) the velocity 

of the particle, mpart (kg) is the mass of the particle and 
∑

F→T (kg⋅m⋅s− 2) 
represents all the relevant external forces with influence on the particles 
trajectories. 

Eq. (12) represents the force balance for each particle, where the left 
side of the equation accounts for the particle inertia and the right side for 
the external forces. The model considers the forces gathered on Eq. (14) 
and itemised on Eqs. (15) – (19). 
∑

F→T = F→drag + F→buoyancy + F→virtual mass+

+ F→pressure grad. + F→Saffman lift

(14)  

F→drag = mpart
v→− v→part

τr
(15)  

F→buoyancy = mpart
g→
(
ρpart − ρ

)

ρpart
(16)  

F→virtual mass = Cvmmpart
ρ

ρpart

⎛

⎜
⎝ v→part∇ v→−

dv
̅→

part

dt

⎞

⎟
⎠ (17)  

F→pressure grad. = mpart
ρ

ρpart
( v→∇ v→) (18)  

F→Saffman lift = mpart
2Ksν0.5ρdij

ρpartdpart(dlkdkl)
0.25

(

v→− v→part

)

(19)  

The virtual mass and the pressure gradient forces are considered in Eq. 
(14) given that the density ratio between the fluid and the particles is 
greater than 0.1 [40]. The Saffman’s lift force has been regarded since 
the particles are subjected to low Reynolds numbers [41,42]. 

In previous equations, τr (s) is the particle relaxation time, described 
by Eq. (20), ρpart (kg⋅m− 3) represents the density of the particles, Cvm (− ) 
is the virtual mass factor (which receives a value of 0.5), Ks (− ) is the 
constant coefficient of Saffman’s lift force with a value of 2.594, ν 
(m2⋅s− 1) is the kinematic viscosity and dij (s− 1) is a deformation rate 
tensor [43]. 

τr =
ρpartdpart

18μ
24

CDRe
(20)  

Here, CD (− ) denotes the drag coefficient and Re is the relative Reynolds 
number. They can be calculated employing Eqs. (21) and (22), 
respectively. 

CD = a1 +
a2

Re
+

a3

Re2 (21)  

Where a1 (− ), a2 (− ) and a3 (− ) are constants depending on the Rey-
nolds number [44]. 
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Re ≡

ρdpart

⃒
⃒
⃒
⃒ v→part − v→

⃒
⃒
⃒
⃒

μ (22)  

The particles are assumed to be spherical, rigid, non-rotating and of 
uniform size. 

The interphase mass transfer rates, accounted by the mass and spe-
cies sources terms given by Eqs. (9) and (10), are calculated using the 
following equation, assuming that a single species i is selectively 
exchanged: 

dmpart

dt
=

dmpart,i

dt
= Apartkf ρ

(
Yi − Yi,1

)
(23)  

Apart (m2) is the particle’s surface area, kf (m⋅s− 1) denotes the mass 
transfer coefficient, while Yi (− ) and Yi,1 (− ) represent the species mass 
fraction on the bulk of the fluid and at equilibrium with the solid, 
respectively. 

The chemical equilibrium is described as a partition coefficient as 
follows: 

Qi,1 = Yi,1kρ (24)  

where Qi,1 (− ) is the species mass fraction on the solid and k (m3⋅kg− 1), 
the equilibrium ratio. 

The mass transfer coefficient is calculated using the correlation re-
ported by Sirkar [45], which has been developed for small particle 
Reynold’s numbers: 

Sh = kf Di, mdpart = 0.992b1 /3Pe1 /3 (25)  

here, b (− ) is a parameter depending on the void fraction and Sh (− ) and 
Pe (− ) are the Sherwood and Peclet dimensionless numbers, 
respectively. 

To account for the interfacial mass transfer, a subroutine coded in C 
language has been implemented in the ANSYS Fluent software. This 
submodule tracks the particles over the computational domain and ad-
dresses the species interfacial transfer resorting to Eqs. (23) – (25). 

The conservation equations for both the feed and receptor phase 
being modelled under a Euler-Euler and Euler-Lagrange framework are 
summarized in Table 1. 

In the Euler-Euler framework, the pressure–velocity coupling is 
approached through the phase Coupled SIMPLE (Semi-Implicit Method 
for Pressure Linked Equations) scheme. The gradient terms are treated 
employing the least squares cell-based scheme. The convective and 
diffusive terms are discretized using the first-order upwind scheme. 

As for the Euler-Lagrange model, the laminar flow field is solved under 
steady state conditions employing the pressure-based segregated algo-
rithm SIMPLE. The convective and diffusion terms are discretized 

selecting the second-order upwind scheme, while the gradient terms are 
evaluated using the least squares cell-based scheme. To consider the effect 
of the interphase contact, the problem is solved following a two-way 
coupling approach, which implies that the effects of the liquid on the 
solid and vice versa are considered. Thus, the continuous phase flow is 
solved without introducing the particulate phase. Once a solution is 
reached, the discrete phase is approached. To this end, the particle tra-
jectories are computed and the mass and momentum effects resulting 
from the biphasic interaction are calculated. Next, the liquid phase con-
servation equations are updated and the particle trajectories, properties 
and exchange terms are recalculated in the modified continuous flow field 
iteratively until the convergence criteria is achieved. Fig. 2 depicts the 
numerical procedure to solve this two-way coupled problem [46]. 

The boundary conditions for the fluid phases include the normal 
velocity components at the inlets and atmospheric pressure at the out-
lets, no-slip condition at the wall side and the corresponding species 
concentration at the inlets. As for the solid phase, the initial position and 
velocity of the particles, mass flowrate and species content need to be 
specified. 

The simulations for both models have been run in a workstation 
equipped with an Intel® Xeon Gold 6148 CPU with 256 GB RAM and 40 
physical cores. 

3. Model testing and experimental validation 

Currently, addressing the detection and removal alternatives of 
persistent pollutants from wastewater stands out as a challenge of major 
concern. In this context, an emerging technology that is gaining 
importance in recent years consists of the utilization of functional 
magnetic particles for solid/liquid separations. Surface-modified parti-
cles have been used as magnetic sensors for the detection of harmful 
substances [47,48] and as adsorbents for the targeted capture of pol-
lutants [49,50]. The properties that make magnetic particles ideal for 
this kind of applications include their high loading capacity, which fa-
cilitates the interaction with target compounds; the ease to be func-
tionalized, that provides selectivity in the interaction; and the 
superparamagnetic behavior, which appears for particles below a 
certain material-dependent diameter. Superparamagnetic materials 
exhibit notably high magnetic saturation values, several orders of 
magnitude greater than those observed in paramagnetic materials, 
allowing their efficient separation from complex multiphase systems 
after application of magnetic fields. Moreover, magnetic particles show 
chemical stability, high mobility and low intraparticular diffusion rate. 
This last property results in shorter diffusion distances, reducing the 
required doses, and faster kinetics in comparison with other conven-
tional adsorbents, lowering the operating costs and increasing the 
operational efficiency [51–53]. 

Table 1 
Conservation equations for the feed phase (FP) and the receptor phase (RP) modelled under the Euler-Euler (EE) and Euler-Lagrange (EL) frameworks.   

EULER-EULER (EE) EULER-LAGRANGE (EL) 

Continuity 
FP ∂

∂t
(αFρF)+ ∇⋅

(

αFρF v→F

)

=
∑n

p=1ṁpq 
∂
∂t

ρ+ ∇⋅(ρ v→) = Sm 

RP ∂
∂t
(αRρR)+ ∇⋅

(

αRρR v→R

)

=
∑n

p=1ṁpq 
dmpart

dt
= Apartkf ρ

(
Yi − Yi,1

)

Momentum 
FP ∂

∂t

(

αFρF v→F

)

+ ∇⋅
(

αFρF v→F v→F

)

= − αF∇⋅p+ ∇⋅τF + αFρF g→+
∑n

p=1ṁpq v→pq 
∂
∂t
(ρ v→)+ ∇⋅(ρ v→ v→) = − ∇⋅p+ ∇⋅τ+ ρ g→+ Smom 

RP ∂
∂t

(

αRρR v→R

)

+ ∇⋅
(

αRρR v→R v→R

)

= − αR∇⋅p+ ∇⋅τR + αRρR g→+
∑n

p=1ṁpq v→pq mpart
d v→part

dt
=

∑
F→T 

Species 
FP ∂

∂t
(
αFρFYi,F

)
+ ∇⋅

(

αFρF v→FYi,F

)

+ ∇⋅αF J→i,F =
∑n

p=1ṁpiqj 
∂
∂t
(ρYi)+ ∇⋅(ρ v→Yi)+ ∇⋅ J→i = Si 

RP 
∂
∂t
(
αRρRYi,R

)
+ ∇⋅

(

αRρR v→RYi,R

)

+ ∇⋅αR J→i,R =
∑n

p=1ṁpiqj  
dmpart,i

dt
= Apartkf ρ

(
Yi − Yi,1

)
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Once the beads are synthesized and properly functionalized, it is 
important to test their behavior for the target environmental applica-
tion. To this end, the use of microfluidics appears as a promising tech-
nology. Microdevices operate under the laminar regime, handle short 
residence times and offer a favorable high area/volume ratio, improved 
kinetics for mass and heat transfer, the capability to operate in contin-
uous mode and the possibility of greatly enhance the mixing by 
designing a proper geometry, preventing agglomeration and adhesion of 
the particles to the walls [10,39]. The magnetophoretic recovery of 
magnetic particles from complex fluids using microdevices has been 
deeply studied both experimentally and by means of mathematical 
models [33,54,55]. However, there is scarce information about the 
capture stage. In 2022, a previous work of the research group used a 
microfluidic device to test the behavior of amino-functionalized mag-
netic particles for the capture of pollutants from aqueous solutions, 
using Cr(VI) as model compound [4]. The current work evaluates the 
feasibility of Euler-Euler and Euler-Lagrange models to rigorously 
describe the phenomena responsible for the said case of study. 

The geometry used in the simulations of Cr(VI) capture is shown in 
Fig. 3. It consists of a Y-Y microfluidic device with two inlets, two out-
lets, a circular section of 3 mm diameter and a length of 50 mm. This 
type of straight channel has been selected to study the performance of 
both models in absence of passive mixing [9,11]. The microdevice was 
meshed with a regular grid using a multizone method with a higher 
refinement in the radial direction. Both models considered that an 
aqueous solution of 0.44 mM of Cr(VI) was introduced through the 
upper inlet. In the case of the Euler-Euler model, amino solutions in the 

range 0.44 – 1.32 mM were introduced through the lower inlet, while for 
the Euler-Lagrange model, suspensions of micrometric particles in the 
range 2.5–8 g⋅L− 1 with an amino functionalization level of 1.7 £ 10− 4 

molamino⋅gpart
− 1 were employed. The applied ratio of moles of the amino 

functional group per moles of hexavalent chromium, ϕ (− ), was calcu-
lated using Eq. (26), where cCr(VI) (molCr(VI)⋅L− 1) is the initial molar 
concentration of the prepared chromium (VI) solution and cpart 

(molamino⋅L− 1) is the molar concentration of the amino functional groups 
in the suspension of particles. This last value is obtained from the mass 
concentration of the suspension of particles (γpart, g⋅L− 1) and the 
calculated functionalization degree of the particles (FD, mol⋅g− 1). 

ϕ =
cpart

cCr(VI)
=

FD⋅γpart

cCr(VI)
(26)  

Thus, both in Euler-Euler and Euler-Lagrange simulations, the ratio 
between amino groups and Cr(VI) was in the range 1–3 molamino⋅molCr 

Fig. 2. Flowchart depicting the numerical procedure to solve the two-way coupled model.  

Fig. 3. Microdevice geometry and dimensions.  
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(VI)
− 1. Table 2 shows the concentration of chromium (VI) capturing 

agents employed for each model. 
The system was considered to operate under room temperature (20 

◦C) and the density and viscosity of the fluid phases were assigned the 
values of 998.2 kg⋅m− 3 and 10− 3 cP, respectively. Furthermore, the 
diffusion coefficient of chromate ions in water was set as 1.76 £ 10− 9 

m2⋅s− 1 [39]. 
Experiments were performed under acidic pH conditions, at which Cr 

(VI) is present in the form of bichromate. As a result, the mechanism of 
hexavalent chromium removal takes place due to an ion exchange re-
action between bichromate anions and the primary and secondary 
protonated amino groups, as shown in (R1). 

HCrO−
4 +NH+

n ⋅Cl− ⋅NH+
n ⋅HCrO−

4 +Cl− (R1)  

This chemical reaction takes place instantaneously at the interphase, 
and the phenomena is included in the Euler-Euler model by means of the 
molar concentration equilibrium ratio Kc previously defined in Eq. (8). 
The values of this constant for the different molamino⋅molCr(VI)

− 1 ratios are 
calculated by means of Eq. (27), where Keq is the equilibrium constant 
calculated from experimental data obtained in a previous work [4]; [Cl− ]
is the equilibrium chloride concentration in the solution, considered 
equal to the captured chromate concentration 

[
NH+

n ⋅HCrO−
4
]
, assuming 

the stoichiometric ratio 1:1; and finally, 
[
NH+

n ⋅Cl−
]

is the concentration 
of chloride groups on the particles at equilibrium, calculated after the 
mass balance to the known concentration of functional groups on the 
surface of the beads and the calculated chloride equilibrium concen-
tration in solution. 

Kc = Keq⋅
[Cl− ]

[
NH+

n ⋅Cl−
] (27)  

In the case of the Euler-Lagrange approach, the chromium (VI) distri-
bution between both phases is taken into account through Eq. (24), 
where k has a value of 0.49 m3⋅kg− 1. This equilibrium ratio value is 
calculated starting from equilibrium data obtained in a preceding work 
[4], which reports the extent of hexavalent chromium capture for 
different loads of particles. 

All chemicals employed in the experimental validation were used as 
received without further purification and all solutions were prepared 
with ultrapure water (18 MΩcm, MIliQ,Milipore). Ferrous chloride 
(FeCl2⋅4H2O, ≥99%), ferric chloride (FeCl3⋅6H2O, ≥ 99%), n-[3-(trime-
thoxysilyl) propyl] ethylenediamine (TMPED, 99%), sodium hydroxide 
(NaOH 2 M) and hydrochloric acid (HCl, 2 M) were purchased from 
Sigma-Aldrich. Isopropyl alcohol (C3H8O, 99.5%) was obtained from 
PanReac AppliChem, and ethanol (C2H5OH, ≥ 99.5%) was provided by 
Merck. Finally, potassium chromate (K2CrO4) was purchased from 
Scharlau. 

The magnetic particles made of magnetite were continuously syn-
thesized and continuously functionalized with amino groups, following 
a method previously reported by the research group [4]. Briefly, a 0.1 M 
Fe solution and a 0.57 M NaOH solution were introduced in a spiral- 
shape PLA microreactor, which was submerged in a thermal bath at 
60 ◦C; applying a residence time of 2 min 40 s, the beads were collected 
at the outlet, centrifuged, separated from the supernatant with the help 
of a magnet, washed with ethanol and dried in the oven. The aim of the 

functionalization was to anchor primary and secondary amino groups on 
the surface of the particles; in this case, a suspension of 5000 mgpart⋅L− 1 

and a solution of 9 £ 10− 2 M TMPED were introduced in the spiral-shape 
microreactor at ambient temperature with a residence time of 4 min; 
functional particles were collected at the outlet, centrifuged, separated 
from the supernatant with the help of a magnet, washed with iso-propyl 
alcohol and dried in the oven. Thus, spherical particles with amino- 
functionalization in the order of 10− 4 molamino⋅gpart

− 1 were obtained. 
The complete characterization of these particles was presented in a 
previous work [4]. 

For the ion exchange reactive capture of Cr(VI) as seen in (R1), the 
amino-functionalized solids have to be protonated. Therefore, HCl was 
applied to protonate the primary and secondary amino groups in the 
surface of the functionalized particles, as presented in (R2). A solution of 
0.01 M HCl was added to the particles with a ratio of 500 mL⋅gpart

− 1 ; the 
resulting suspension was sonicated for 5 min and left stirring for 6 h at 
ambient temperature; when the reaction ended, particles were centri-
fuged, separated from the supernatant with the help of a magnet, 
washed with ultrapure water and put in the oven until completely dried. 

NHn− 1 + HCl ↔ NHn
+⋅Cl− (R2)  

For the Cr(VI) capture experiments, the previously described Y-Y 
microdevice (Fig. 3), was made of PLA using an Ultimaker S3 3D printer. 
Tetrafluoroethylene tubing (0.3 mm ID and 1.58 mm OD) was used to 
connect the microreactor with a pressure pump (Asia Flow Chemistry 
Syringe Pump, Syrris). Experiments were performed at ambient tem-
perature, working in continuous mode with the previously described 
microdevice. To this end, a 0.44 mM chromium (VI) solution with a pH 
of 7.25 was introduced in the upper inlet while a suspension of particles 
containing 1.32 mM concentration of amino groups in the surface of the 
particles and a pH of 2.74 was pumped through the lower inlet. Fig. 4 
depicts the experimental setup. The contact between both phases took 
place continuously inside the microfluidic device with flowrates ranging 
between 6.24 to 424 µL⋅min− 1 per inlet. The upper and lower streams 
were collected at the two outlets respectively, samples were centrifuged, 
the magnetic particles were separated with the help of a magnet and the 
supernatant was analysed using microwave plasma atomic emission 
spectroscopy in an MP-AES Agilent spectrometer at a wavelength of 
427.48 nm. Experiments were duplicated to prove reproducibility, and 
thus, results are shown as mean values ± their standard deviation. 

Table 2 
Concentration of chromium (VI) capture agents employed in the simulations.   

Concentration of 
particles (g⋅L− 1) 

Concentration of amino 
groups (mM) 

Number of 
particles 

ϕ = 1 2.5 0.44 3.22 £ 108 

ϕ = 3 8 1.32 1.03 £ 109  
Fig. 4. Setup for the experimental microfluidic capture of Cr(VI).  
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4. Results 

4.1. Analysis of grid independence 

First, a grid independence study was carried out to test the quality of 
the mesh to be employed in the simulations described along this work. 
For that purpose, five meshes with a number of nodes in the range 104 – 
2.16 £ 105 were evaluated, for both models, in terms of hexavalent 
chromium capture, as defined by Eq. (28), setting a residence time of 
300 s and a value of ϕ of 1. Fig. 5 shows the dependence of the Cr(VI) 
capture on the mesh refinement, being noticeable that above 6.6 £ 104 

nodes the increase in the computational cost does not have a significant 
relevance on the capture of the target species. Hence, a grid containing 
6.6 £ 104 nodes was selected and employed in the simulations described 
in the following lines. 

Capture Cr(VI) (%) =
ṅCr(VI),0 − ṅCr(VI),f

ṅCr(VI),0
⋅100 (28)  

Where ṅCr(VI),0 (kmol⋅s− 1) stands for the initial chromate molar flow rate 
and ṅCr(VI),f (kmol⋅s− 1), for that one leaving the system. 

4.2. Model validation 

The reliability of the Euler-Euler and Euler-Lagrange based models 
has been tested from the comparison with experimental values, as rep-
resented in Fig. 6. 

As shown in Fig. 6, both models are able to adequately predict the 
multiphasic capture phenomena with absolute deviations inferior to 

15% in the case of the Euler-Euler approach and 6% in the case of the 
Euler-Lagrange one. The accuracy of both models has been compared in 
terms of their relative root-mean-square error, RRMSE (− ), which 
quantifies the differences between predicted and observed values and 
scales these residuals with the observed data: 

RRMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
n
∑n

i=1
(yi − ŷi)

2

∑n

i=1
(ŷi)

2

√
√
√
√
√
√
√

(29)  

Attending to this parameter, the model accuracy can be considered 
excellent when RRMSE < 10%, good if 10% < RRMSE < 20%, fair if 
20% < RRMSE < 30% and poor when RRMSE > 30% [56]. In this case, 
the Euler-Euler based model presents a RRMSE of 22.62%, while the 
model relying on the Euler-Lagrange approach displays a RRMSE of 
9.86%. Both models can precisely predict equilibrium data with a de-
viation inferior to 2.5%. 

4.3. Comparison of the results obtained with Euler-Euler (EE) and Euler- 
Lagrange (EL) models 

The crucial difference between the two approaches studied in this 
work lies on the description of the fluid dynamics of the particles, 
namely, the receptor phase. While EE model omits the presence of 
discrete solid entities, EL model considers it (Fig. 7). This is a key feature 
that determines the simulated results of system operation. 

The performance of the two models is studied attending to the hex-
avalent chromium capture they provide using different ϕ values, 
maintaining a constant Cr(VI) initial concentration of 0.44 mM. The 

Fig. 5. Grid independence test. Dashed lines have been included to guide 
the eye. 

Fig. 6. Comparison between experimental and modelled data with a ϕ value 
of 3. 

Fig. 7. Diagram showing the phases treatment in the simulations carried out using the a) Euler-Euler and b) Euler-Lagrange models.  
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results depicted in Fig. 6 and Fig. 8 show that the Euler-Euler approach 
leads to a capture overestimation before the chemical equilibrium is 
reached. The capture is governed by (R1). Hence, for the capture to 
happen, the chromate ions and the amino groups, in the case of the 
Euler-Euler approach, and the chromate ions and the particles, in the 
case of the Euler-Lagrange approach, need to get in contact. In both 
approaches the mobility of the Cr(VI) species depends on their diffu-
sivity in the liquid medium. However, the mobility of the amino groups 
is addressed differently in each model. The Euler-Euler alternative treats 
them as species with a defined diffusivity, while the Euler-Lagrange 
model considers that the Cr(VI) species are attached to the injected 
particles, whose movement is determined by the force balance. There-
fore, the contact between the reacting species is simplified in the first 
case, leading to a superior chromium (VI) capture. The discrepancy 
between both approaches becomes more significant at low residence 
times (reaching capture overestimations up to 27.94% for residence 
times inferior to 600 s), while it is softened as the capture system ap-
proaches chemical equilibrium, attaining practically the same values 

when both entities are given enough time to get in contact. 
This deviation turns more noticeable when the ratio between amino 

groups and chromium (VI) (ϕ) increases, which implies raising the 
concentration of particles. The higher the molar ratio between amino 
groups and chromate, the higher is the divergence of the models in 
predicting the capture of chromium (VI). Fig. 9 shows simultaneously 
the effect of the particle concentration and the residence time on the Cr 
(VI) removal. Warmer colors point to higher removal percentages, being 
perceptible that, for the same conditions, the simplified multiphasic 
model (Fig. 9a.) provides values superior to the ones predicted by the 
fully heterogeneous option (Fig. 9b.) Thus, the Euler-Euler option pre-
sents a simplification in the mass transfer opposed to the more rigorous 
consideration that the Euler-Lagrange alternative pays to the fluid dy-
namics of the particles, which affects the prediction of the evolution of 
the system in the kinetic region. 

The capture extent provided by each model can also be analyzed 
through the contour plots to a transversal plane of the Y-Y device 
(Fig. 10) for operational times comprised in the kinetic region. The 
presence of Cr(VI) in the liquid phase is presented in a scale of colors that 
varies from red (maximum Cr(VI) concentration) to blue (minimum Cr 
(VI) concentration). Fig. 10a., b., e. and f. depict the influence of the 
residence time when employing a ϕ value of 1, as predicted by the EE 
and EL models. The contour plots for the shorter residence time (100 s), 
show how the effect of diffusivity is more limited for short operational 
times, leading the species to follow a distribution resembling the parallel 
flow development that is characteristic in microfluidics. The principal 
exchange of species is taking place at the interphase (central axis of the 
device). When increasing the residence time up to 400 s, diffusion has 
already started to have a noteworthy contribution to mass exchange. 
Around half the length of the channel, the fluids begin to present green 
tonalities that spread to the total width of the reactor. Therefore, the 
increased Cr(VI) capture is responding to a chained mechanism between 
diffusion and the chemical reaction. Moreover, at low residence times 
(higher flowrates) the predicted outcomes for the EE (Fig. 10 a) and the 

Fig. 8. Euler-Euler and Euler-Lagrange predicted chromium (VI) capture at 
different ϕ values. 

Fig. 9. Effect of particle concentration and residence time on the chromium (VI) removal as predicted by a. the Euler-Euler based model and b. the Euler- 
Lagrange one. 
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EL models (Fig. 10 b) are quite resemblant. However, it can be observed 
that, at the lower outlet of the device, the EE contour presents a greener 
color, connected with a superior capture. For a residence time of 400 s, 
the upper outlet for the EL option (Fig. 10f.) shows a bluer tonality in the 
upper outlet, although the capture result is lower than in the Euler-Euler 
case (Fig. 10e.), which is more yellowish. In this case, the difference is 
not due to the capture of Cr(VI), but to differences related to the 
formulation of the models. 

Analogously, Fig. 10c., d., g. and h. show how rising ϕ to 3 affects the 
system for the same residence times (100 and 400 s), as predicted by the 
EE and EL models. Increasing the concentration of particles leads to 
higher Cr(VI) removals (the upper outlets of the aforementioned con-
tours are bluer than those for an ϕ of 1). Again, the effect of the residence 
time is clearly recognizable. Moreover, the upper outlet shows bluer 
tonalities in the case of the EE model for both residence times, implying 
a lower concentration of Cr(VI) or, what is the same, a superior Cr(VI) 
removal. In all the studied cases, the closer the system is to the equi-
librium conditions, the smoother is the increase in the capture when any 
variable is modified to favor the equilibrium. 

In the central axis of Fig. 10, images of the flow of particles at half of 
the channel are gathered for the two residence times and ϕ values. 
Larger concentration of particles and lower flowrates lead to higher 
particle densities, being related to the amount of solid in the first case 
and to their accumulation in the second. To extend the analysis on the Cr 
(VI) capture by the particles, plots of the solids at different locations of 
the device showing the Cr(VI) mass fraction are assembled in Fig. 11. 
Particles with a null loading of Cr(VI) are colored in blue. As the 

captured Cr(VI) attached to the particles increases, their color shifts to 
lighter blues, green and yellow (as shown in the scale provided in 
Fig. 11). 

The higher the time and ϕ values, the more obvious it is the color 
shift in the particles, related to a superior Cr(VI) uptake by the particles. 
If the pictures are analyzed by pairs for the same residence time 
(Fig. 11a. with Fig. 11b. and Fig. 11c. with Fig. 11d.), it can be appre-
ciated that the particles for the case with lower ϕ (Fig. 11a. and 
Fig. 11b.) are reaching higher mass fractions of Cr(VI), as the colors for 
the surroundings of the central axis of the outlet (interphase) are 
approaching yellowish greens, while the case with higher ϕ (Fig. 11c. 
and Fig. 11d.) is stuck on tonalities approaching blue and greenish blues. 
For the same capture of Cr(VI) referred to the aqueous phase, the higher 
the functionalization degree of the particles (larger ϕ), the lower is going 
to be the Cr(VI) mass fraction in the solid particles. For that reason, it 
may appear that the cases with lower ϕ capture more Cr(VI) because 
they display higher Cr(VI) mass fractions in the particles. However, 
when higher ϕ are used, although the mass fraction of Cr(VI) in the solid 
may be more diluted, the global uptake referred to the aqueous phase is 
superior. Fig. 11c. depicts the case in which the particles are being 
leveraged the most, as the lower load and higher residence times allow 
each individual particle to capture more Cr(VI) (this does not lead to a 
superior global capture). Fig. 11 shows that the hexavalent chromium 
capture takes place mainly in the surroundings of the interphase, being 
less noticeable at more distant points. Fig. 12 is built to probe the hex-
avalent chromium capture spatial extent that the Euler-Euler model 
predicts. 

EE

EE

0 10 20 30
X

0 0.440.220.07 0.15 0.29 0.37

Fig. 10. Contour plots showing the chromium (VI) removal in the feed phase (liquid). Results are shown for both models for a residence time of 100 s and 400 s and 
for 1 and 3 as ϕ values. Solid particles are scaled 500:1 for visualization. 
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At the very inlet, it can be seen in Fig. 12i. that the EE model already 
presents less Cr(VI) in the feed phase (left half of the circle), while the 
receptor phase is gaining more Cr(VI) compared to the outcomes 
brought by the EL option. When advancing in the channel, the difference 
is still recognizable, endorsing the fact that the simplified model leads to 
higher removals due to an easiness in the species mobility. 

The divergences between models do not only comprise physico-
chemical features attained to the microfluidic system that is being 
evaluated, they also play a key role in the operation of the models 
themselves. In the first place, the Euler-Euler based alternative considers 
both phases as two fluids. Therefore, there is no need to define a solid 
particulate phase that exchanges species with the fluid one when they 
get into contact. In the case of the Euler-Lagrange option, with the 
software selected for this purpose, the interfacial mass transfer had to be 
implemented to the software via a subroutine, coded separately. 

As for the running of simulations, convergence issues and compu-
tational time are two important details to take into account. The simu-
lations concerning both models have been run in the same equipment 
with the same processes. In the case of the Euler-Euler alternative, the 
simulations have been straight forward and notably short. However, in 
the case of the Euler-Lagrange option, run under a two-coupling scheme, 
convergence is an important bottle neck that has to be faced, especially 
when increasing the concentration of particles. The under-relaxation 

factors are a good ally to tackle this issue. However, decreasing the 
last ones leads to increasing notably the computational time, so the use 
of the Euler-Lagrange model sets the need to find a tradeoff between 
reaching convergence and increasing the computational time, which is a 
non-existing limitation in the Euler-Euler case. 

When resorting to multiphase models, it is important to have both 
phases tracked down. In the selected case study, the capture of hex-
avalent chromium is approached with functionalized magnetic particles 
because their recovery is guaranteed with the use of magnets. Therefore, 
there is an interest on separating both phases after the mass transfer 
between them has occurred. It is unfeasible for the Euler-Euler model to 
predict whether the particles are going to be separated from the liquid 
when a magnetic field is applied or whether the hydrodynamic force has 
diverted them to one location or another. However, the separation of 
phases can be implemented to the Euler-Lagrange model, making it an 
even more versatile tool. 

Thus, both models present a series of advantages and disadvantages 
(Table 3). They have proven to be resourceful and highly valuable tools 
to predict the behavior of microfluidic solid/liquid systems in which 
interphase mass transfer driven by chemical reactions is involved. The 
Euler-Euler based option is optimal to provide capture data in the 
proximity of chemical equilibrium in a fast and reliable way. The Euler- 
Lagrange model constitutes a robust option that can predict the behavior 

Fig. 11. Plots showing the chromium (VI) mass fraction on the particles at the i. inlet, ii. half and iii. outlet of the device for the following operational conditions: a. τ 
= 100 s and ϕ = 1; b. τ = 100 s and ϕ = 3; c. τ = 400 s and ϕ = 1 and d. τ = 400 s and ϕ = 3. Solid particles are scaled 1500:1 for visualization. 
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of the system in any conditions and that can be integrated with other 
stages of the system to give place to a model that overlooks the whole 
operation of a system. 

5. Conclusions 

In this work, to the best knowledge of the authors, the first model 
based on the Eulerian-Lagrangian framework for the prediction of the 
fluid dynamics and interfacial mass transfer and chemical reaction be-
tween liquid and solid particles is reported. This model takes into 
consideration the solid particles as discrete entities and follows their 
trajectories along time and space. To give a deeper insight on the 
importance of modelling the solid phase recognizing its individual na-
ture, a Euler-Euler model has been also developed with the objective of 
predicting the mass transfer between phases. This option considers both 
phases as interpenetrating continua and does not track the particles in 
space and time, although it constitutes a simpler and more straight 
forward approach to address the problem. 

To test and validate both models the selective capture of hexavalent 

chromium in aqueous samples into amino-functionalized magnetic 
particles has been selected as case study. The experimental validation 
has been proven successful, with relatively higher deviations in the case 
of the Euler-Euler option. However, the two models are equally precise 
when it comes to predict the chromium (VI) removal in the proximity of 
chemical equilibrium. A set of simulations has been run to analyze the 
effect of taking into account the discrete nature of the particles, showing 
that it becomes crucial when managing data in the kinetic region. 
Moreover, the divergence between models turns more significant when 
the concentration of particles in the system is risen. 

Hence, herein we provide two valuable tools to predict the capture 
behavior of target species in multiphasic microfluidic systems. The 
Euler-Euler alternative constitutes a versatile tool to assist in the pre-
diction of the capture of the system when fast and raw data are required, 
being most suitable when working close to chemical equilibrium. 
Meanwhile, the Euler-Lagrange tool proves to be a rigorous and precise 
platform to shape a general and detailed view of the operation of a 
microfluidic solid/liquid system; it considers particles fluid dynamics, 
intra- and interphase mass transfer and chemical reaction phenomena, 
presenting the possibility of being integrated with other predictive 
models that consider other steps such as phase separation. 
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Fig. 12. Plots showing the chromium (VI) presence in the feed phase (left halves) and receptor phase (right halves) at the i. inlet, ii. half and iii. outlet of the device 
for τ = 400 s and ϕ = 1 as predicted by the a. Euler-Euler model and b. Euler-Lagrange model. Solid particles are scaled 2000:1 for visualization. 
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[12] O. Mahian, L. Kolsi, M. Amani, P. Estellé, G. Ahmadi, C. Kleinstreuer, J.S. Marshall, 
M. Siavashi, R.A. Taylor, H. Niazmand, S. Wongwises, T. Hayat, A. Kolanjiyil, 
A. Kasaeian, I. Pop, Recent advances in modeling and simulation of nanofluid 
flows-Part I: Fundamentals and theory, Phys. Rep. 790 (2019) 1–48, https://doi. 
org/10.1016/j.physrep.2018.11.004. 

[13] A.V. Minakov, A.S. Lobasov, D.V. Guzei, M.I. Pryazhnikov, V.Y. Rudyak, The 
experimental and theoretical study of laminar forced convection of nanofluids in 
the round channel, Appl. Therm. Eng. 88 (2015) 140–148, https://doi.org/ 
10.1016/j.applthermaleng.2014.11.041. 

[14] A. Albojamal, K. Vafai, Analysis of single phase, discrete and mixture models, in 
predicting nanofluid transport, Int. J. Heat Mass Transf. 114 (2017) 225–237, 
https://doi.org/10.1016/j.ijheatmasstransfer.2017.06.030. 

[15] L.S. Maganti, P. Dhar, T. Sundararajan, S.K. Das, Particle and thermohydraulic 
maldistribution of nanofluids in parallel microchannel systems, Microfluid. 
Nanofluidics 20 (2016) 109, https://doi.org/10.1007/s10404-016-1769-3. 

[16] S.A. Khashan, E.P. Furlani, Effects of particle-fluid coupling on particle transport 
and capture in a magnetophoretic microsystem, Microfluid. Nanofluidics 12 (2012) 
565–580, https://doi.org/10.1007/s10404-011-0898-y. 

[17] A.K. Thakur, R. Kumar, N. Banerjee, P. Chaudhari, G.K. Gaurav, Hydrodynamic 
modeling of liquid-solid flow in polyolefin slurry reactors using CFD techniques – A 
critical analysis, Powder Technol. 405 (2022) 117544, https://doi.org/10.1016/j. 
powtec.2022.117544. 

[18] R.I. Singh, A. Brink, M. Hupa, CFD modeling to study fluidized bed combustion and 
gasification, Appl. Therm. Eng. 52 (2013) 585–614, https://doi.org/10.1016/j. 
applthermaleng.2012.12.017. 

[19] S. Li, Y. Zhuo, Y. Shen, Modelling of multiphase reactive flows in a full-loop coal- 
direct chemical looping combustor, Chem. Eng. J. 457 (2023) 141306, https://doi. 
org/10.1016/j.cej.2023.141306. 

[20] L. Yang, C. Han, J. Xu, B. Lu, Y. Xu, W. Wang, W. Ge, Role of mesoscale structure in 
gas–solid fluidization: Comparison between continuum and discrete approaches, 
Chem. Eng. J. 454 (2023), https://doi.org/10.1016/j.cej.2022.139979. 

[21] S.M. Amin Arefi, C.W. Tony Yang, D.D. Sin, J.J. Feng, Simulation of nanoparticle 
transport and adsorption in a microfluidic lung-on-a-chip device, Biomicrofluidics 
14 (2020), https://doi.org/10.1063/5.0011353. 

[22] M. Gracka, R. Lima, J.M. Miranda, S. Student, B. Melka, Z. Ostrowski, Red blood 
cells tracking and cell-free layer formation in a microchannel with hyperbolic 
contraction: A CFD model validation, Comput. Methods Programs Biomed. 226 
(2022) 107117, https://doi.org/10.1016/j.cmpb.2022.107117. 

[23] L. Marocco, Modeling of the fluid dynamics and SO2 absorption in a gas-liquid 
reactor, Chem. Eng. J. 162 (2010) 217–226, https://doi.org/10.1016/j. 
cej.2010.05.033. 

[24] F. Durst, D. Miloievic, B. Schönung, Eulerian and Lagrangian predictions of 
particulate two-phase flows: a numerical study, Appl. Math. Model. 8 (1984) 
101–115, https://doi.org/10.1016/0307-904X(84)90062-3. 

[25] M. Adnan, J. Sun, N. Ahmad, J.J. Wei, Verification and validation of the DDPM- 
EMMS model for numerical simulations of bubbling, turbulent and circulating 
fluidized beds, Powder Technol. 379 (2021) 69–88, https://doi.org/10.1016/j. 
powtec.2020.10.041. 

[26] H. Pouraria, F. Darihaki, K.H. Park, S.A. Shirazi, Y. Seo, CFD modelling of the 
influence of particle loading on erosion using dense discrete particle model, Wear 
460–461 (2020) 203450, https://doi.org/10.1016/j.wear.2020.203450. 

[27] Y. Xu, B. Jin, Y. Zhao, E.J. Hu, X. Chen, X. Li, Numerical simulation of aqueous 
ammonia-based CO2 absorption in a sprayer tower: An integrated model combining 
gas-liquid hydrodynamics and chemistry, Appl. Energy 211 (2018) 318–333, 
https://doi.org/10.1016/j.apenergy.2017.11.054. 

[28] A.K. Pukkella, R. Vysyaraju, V. Tammishetti, B. Rai, S. Subramanian, Improved 
mixing of solid suspensions in stirred tanks with interface baffles: CFD simulation 
and experimental validation, Chem. Eng. J. 358 (2019) 621–633, https://doi.org/ 
10.1016/j.cej.2018.10.020. 

[29] M. Ahmadzadeh, E. Farokhi, M. Shams, Investigating the effect of air conditioning 
on the distribution and transmission of COVID-19 virus particles, J. Clean Prod. 
316 (2021) 128147, https://doi.org/10.1016/j.jclepro.2021.128147. 

[30] T. Dbouk, D. Drikakis, On coughing and airborne droplet transmission to humans, 
Phys. Fluids 32 (2020) 053310, https://doi.org/10.1063/5.0011960. 

[31] H.X. Ren, L.X. Zhang, G. Guo, Z.B. Tong, Z.Y. Li, Y. Zhang, A.B. Yu, Numerical 
simulation investigation of drug deposition process during nasal administration 
with auxiliary airflow, Powder Technol. 426 (2023) 118534, https://doi.org/ 
10.1016/j.powtec.2023.118534. 

[32] B.A. Wols, C.H.M. Hofman-Caris, Modelling micropollutant degradation in UV/ 
H2O2 systems: Lagrangian versus Eulerian method, Chem. Eng. J. 210 (2012) 
289–297, https://doi.org/10.1016/j.cej.2012.08.088. 
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