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Abstract
In this paper, we get the sharpest known to date lower bounds for the minimal Green energy
of the compact harmonic manifolds of any dimension. Our proof generalizes previous ad-hoc
arguments for the most basic harmonic manifold, i.e. the sphere, extending it to the general
case and remarkably simplifying both the conceptual approach and the computations.
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1 Introduction

This paper deals with a fundamental problem in Approximation Theory, translated to a
classical object from Geometry, that is harmonic manifolds. Consider the question: how
should we choose N points in a given set in such a way that their “energy” or “potential”
is minimized? One can think to begin with on some kind of electric potential, which should
grow to infinity if two points become arbitrarily close, hence intuitively producing somehow
well distributed points. Dealing with manifolds, it turns to be more natural to change the
electric potential to another classical object (the Green function) which indeed guarantees
that points minimizing the associated energy have good distribution properties. Our main
result gives the sharpest known lower bound for that minimum energy as a function of N .
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The Green function Let M be any compact Riemannian manifold. The Green function
G(M; ·, ·) is the unique function G : (M × M) \ {(p, p) : p ∈ M} → R with the
properties:

(1) In the sense of distributions, �qG = Sp(q) − vol(M)−1, where Sp is Dirac’s delta
and � = −div∇ is the Laplace–Beltrami operator, which is the natural extension of the
Laplacian to M (note the sign convention).

(2) Symmetry: G(M; p, q) = G(M; q, p).
(3) The mean of G(M; p, ·) is zero for all p ∈ M, i.e.,

∫
q∈M G(M; p, q)dq = 0.

The Green Energy Let p1, . . . , pN ∈ M and consider the Green energy

EM(p1, . . . , pN ) =
∑

i �= j

G(M; pi , p j ).

The search for minimizers of the Green energy is an interesting and difficult mathematical
problem. If M = S

2 is the usual 2–sphere, we have

G(S2; p, q) = 1

2π
log

1

‖p − q‖ − 1

4π
+ log 2

2π
, (1.1)

where log denotes the natural logarithm. Hence, the search for minimizers of the Green
energy in S

2 is the question of Smale’s 7th problem [17].

In a general compact Riemannian manifold, if p1, . . . , pN are minimizers of the Green
energy for increasing values of N , then they are asymptotically uniformly distributed, i.e.,
the associated counting probability measure converges in the weak sense to the uniform
probabilitymeasure inM, see [2].More quantitatively, in [19] it is shown that theWasserstein
2–distance between these two measures is of order N−1/dim(M), which is the best possible
for dimension greater than or equal to 3. Here and all along the paper, dim(M) stands for
the real dimension of a manifold M.

Minimal Value of the Green Energy in Spheres Upper and lower bounds for the least
possible Green energy have been investigated by several authors. The most studied case is
that of S2. After [7, 9, 11, 15, 18, 20] it is known that

min
p1,...,pN∈S2

∑

i �= j

log
1

‖pi − p j‖ =
(
1

2
− log 2

)

N 2 − 1

2
N log N + ClogN + o(N ),

where Clog is a constant whose value is not known. From [7] we have

Clog ≤ CBHS = 2 log 2 + 1

2
log

2

3
+ 3 log

√
π

�(1/3)
= −0.0556 . . .

This upper bound has been conjectured to be an equality using several different approaches
[7, 10, 18]; see also [8] for context and history of these results. The best currently known lower
bound [13] has the same form but for a slightly different constant log 2 − 3

4 = −0.0568 . . .

instead of Clog. These bounds can be translated using Eq. 1.1 in terms of the Green energy:

− 1

8π
N + o(N ) ≤ min

p1,...,pN∈S2
ES2(p1, . . . , pN ) + 1

4π
N log N ≤ (1.2)

1

4π
(2CBHS + 1 − 2 log 2) N + o(N ) = −0.9950 . . .

8π
N + o(N ).
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It has been proved in [6] that, ifM = S
n is the n–sphere, the argument in [13, Appendix B]

(see [14, 16] for some precedents) can be adapted to get a seemingly sharp lower bound

min
p1,...,pN∈Sn ESn (p1, . . . , pN ) ≥ − n1+2/n

(n2 − 4)V 1−2/n
n V 2/n

n−1

N 2−2/n + o(N 2−2/n), (1.3)

where Vn = 2π(n+1)/2/�((n + 1)/2) is the volume of Sn . Upper bounds of the same order,
also with explicit constants, can be obtained from the respective bounds for Riesz energies,
see [5] and follow–up papers.

Minimal Value of the Green Energy in General Manifolds In a general compact Rieman-
nian manifold, [19, p. 4, Corollary] proved that

min
p1,...,pN∈M EM(p1, . . . , pN ) ≥

{
Constant(M)N log N dim(M) = 2,

Constant(M)N 2−2/dim(M) dim(M) ≥ 3.

It is easy to see that Constant(M) is negative in all cases, but obtaining explicit values for a
given M seems to be a much more difficult task in general.

Minimal Value of the Green Energy in Harmonic Manifolds Recall that the compact har-
monic manifolds are the sphere S

n , the real, complex and quaternionic projective spaces
RP

n,CPn,HP
n and the Cayley plane OP

2. These are all 2–point homogeneous spaces: if
p1, q1, p2, q2 ∈ M satisfy dR(p1, q1) = dR(p2, q2), then there exists an isometry of M
that takes p1 to p2 and q1 to q2. This fact implies that many geometric properties (including
minimal energy computations) can be described in a simpler manner than for general man-
ifolds. The case M = RP

2 is particularly simple since, as noted in [4], E
RP

2(p1, . . . , pN )

can be written in terms of ES2(p1, . . . , pN ,−p1, . . . ,−pN ) and the lower bound on the
latter implies a lower bound on the former:

min
p1,...,pN∈RP2

E
RP

2(p1, . . . , pN ) ≥ − N

4π
log N + 1

4π

(
1

2
− log 2

)

N + o(N ). (1.4)

Moreover, CP1 is isometric to the Riemann sphere, that is, the sphere of radius 1/2 centered
at (0, 0, 1/2), and hence E

CP
1(p1, . . . , pN ) = 4ES2(2 p̂1, . . . , 2 p̂N ) for some p̂i given by

the aforementioned isometry. This implies from Eq. 1.2:

min
p1,...,pN∈CP1

E
CP

1(p1, . . . , pN ) ≥ − 1

π
N log N − 1

2π
N + o(N ). (1.5)

These are the sharpest known lower bounds for the harmonic manifolds of real dimension 2.
The higher–dimensional case has been studied in [3] for the complex projective space and
in [1] for general harmonic manifolds. This last paper contains the sharpest upper and lower
bounds for the Green energy to the date. The notation in that paper is slightly different from
ours, since in it the Riemannian metric is normalized in such a way that each M has unit
volume. Translating their result to our notation, we summarize the lower bounds of [1]:

ERPn (p1, . . . , pN ) ≥ − n

4(n − 2)V

( √
π

�
( n+1

2

)

)2/n

N 2−2/n + o(N 2−2/n),

ECPn (p1, . . . , pN ) ≥ − n

4(n − 1)n!1/nV N 2−1/n + o(N 2−1/n),
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EHPn (p1, . . . , pN ) ≥ − n

2(2n − 1)�(2n + 2)1/2nV
N 2−1/2n + o(N 2−1/2n),

EOP2(p1, . . . , pN ) ≥ − 2

7V
8

√
6

11!N
15
8 + o(N

15
8 ).

In each case, V holds for the volume of the corresponding manifold, given in Table 1. The
main goal of this paper is to show that the argument in [6, 13] can indeed be extended quite
straightforwardly to all the harmonic manifolds of any dimension, sharpening the lower
bounds for the minimal Green energy:

Theorem 1.1 (Main Theorem) The following lower bounds for the Green energy of N points
in each compact harmonic manifold M with dim(M) > 2 holds:

ERPn (p1, . . . , pN ) ≥ − n

(n2 − 4)V

(
�

( n
2 + 1

) √
π

�
( n+1

2

)

)2/n

N 2−2/n + o(N 2−2/n),

ECPn (p1, . . . , pN ) ≥ − n

2(n2 − 1)V
N 2−1/n + o(N 2−1/n),

EHPn (p1, . . . , pN ) ≥ − n

(2n − 1)(2n + 1)1+1/2nV
N 2−1/2n + o(N 2−1/2n),

EOP2(p1, . . . , pN ) ≥ − 4

63 8
√
165V

N
15
8 + o(N

15
8 ).

Our method applies equally to S2, Sn with n ≥ 3,RP2 andCP1, which yields the same lower
bounds as in Eqs. 1.2, 1.3, 1.4 and 1.5, respectively.

We can compare our bounds with the ones of [1] mentioned above, and in all the cases
our bounds are sharper, see Figs. 1, 2 and 3 for the comparison in the real, complex and
quaternionic projective cases and observe that

0.0335 . . . = 4

63 8
√
165

<
2

7
8

√
6

11! = 0.0400 . . .

for the Cayley plane.

2 Harmonic Manifolds

2.1 Basic Definitions and Notation

Harmonic manifolds are the most symmetric manifolds that one can conceive. There are just
five examples of compact harmonicmanifolds (up to dimension choices):Sn,RPn,CPn,HP

n

and OP
2. That is, the n–dimensional sphere, the real, complex and quaternionic projective

spaces of any dimension, and the octonionic projective space of (octonionic) dimension 2,
that is, real dimension 16, usually called the Cayley plane.Wewill use the following notation:

• d = dM = dimR(M) is the real dimension of the compact harmonic manifold M.
• D = DM is the diameter ofM, that is, the maximum Riemannian distance between two
points in M.

• B(p, a) = BM(p, a) = {q ∈ M : dR(p, q) < a} is the ball centered at p of radius a.
Here, dR is the Riemannian distance.
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Fig. 1 The absolute value of the dominant coefficients in the lower bound for ERPn (p1, . . . , pN ), without
the 1/V factor and for increasing values of n. Square dots are our constants in Theorem 1.1 and circle dots
are those of [1]

• V (a) = VM(a) is the volume of the ball BM(p, a). Note that due to the symmetry of
the harmonic manifolds, this quantity does not depend on p ∈ M.

• V = VM = VM(D) is the volume of M.
• S(p, a) = SM(p, a) = {q ∈ M : dR(p, q) = a} is the sphere centered at p of radius a.
• v(a) = vM(a) is the (d − 1)–dimensional volume of the sphere SM(p, a), with the
inherited Riemannian structure. Again, this value is independent of p ∈ M.

Fig. 2 The absolute value of the dominant coefficients in the lower bound for ECPn (p1, . . . , pN ), without
the 1/V factor and for increasing values of n. Square dots are our constants in Theorem 1.1 and circle dots
are those of [1]
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Lower Bound for the Green Energy...

Fig. 3 The absolute value of the dominant coefficients in the lower bound for EHPn (p1, . . . , pN ), without
the 1/V factor and for increasing values of n. Square dots are our constants in Theorem 1.1 and circle dots
are those of [1]

• The exponential map expp0 = expM,p0 is

expp0 :{v ∈ Tp0M : ‖v‖ < D} →M
v →expp0(v).

Here, p0 is any point inM and expp0(v) is equal to γp0,v(t = 1), with γp0,v the geodesic
passing by p0 with tangent vector v at t = 0.

• �(r) = �M(r) is equal to the Jacobian Jac(expp0)(exp
−1
p0 (q)) for some p0, q such that

dR(p0, q) = r . This is usually called the volume density function. Since M is 2–point
homogeneous, it is independent of the concrete choice of p0 and q .

• BM/VM is the constant in the first asymptotic term of the Green function for d ≥ 3,
that is

G(M; p, q) = BM
VM dR(p, q)d−2 + O

(
1

dR(p, q)d−3

)

. (2.1)

In the sphere case it can be obtained from [6] by combining Proposition 3.1 and Lemma
C.2, while for the projective cases it corresponds to [1, Eq. (2.9)].

• Finally, we consider two functions that will be useful in our analysis:

K (M, a) = 1

V · V (a)

∫ a

0
v(r)

∫ r

0

V (u)

v(u)
dudr , (2.2)

�(M, a) = 1

V (a)

∫

q∈B(p0,a)

G(M; p0, q)dq. (2.3)

The first of these two terms appears in the closed formula for the expected value of the
Green function in a ball given in Lemma A.3.

Except for the last item, these are all standard definitions in Riemannian geometry.We present
the value of these constants and functions for the different choices of M in Table 1.
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2.2 Computing the Green Function in Harmonic Manifolds

From the change of variables theorem, for any integrable function F : M → R such that
F(p) = f (dR(p, p0)) depends only on dR(p, p0) we have

∫

p∈M
F(p) dp =

∫

v∈Tp0M:‖v‖<D
F(expp0(v))�(‖v‖) dv

=
∫ D

0
�(r)

∫

v∈Tp0M:‖v‖=r
f (‖v‖) dv dr

= vol(Sd−1)

∫ D

0
rd−1�(r) f (r) dr . (2.4)

In particular,

V (a) = vol(Sd−1)

∫ a

0
rd−1�(r) dr . (2.5)

Following [2] we have G(M; p, q) = φ(dR(p, q)), where

φ′(r) = −V−1
∫ D
r td−1�(t) dt

rd−1�(r)
,

which can be computed with Table 1 at hand. We can then integrate φ′ to get the Green func-
tion. The integration constant must be chosen to grant that the integral in M of G(M; p, ·)
is zero for all p ∈ M. In other words,

φ(r) = V−1
(
φ̂(r) + CM

)
, φ̂(r) =

∫ D

r

∫ D
s td−1�(t) dt

sd−1�(s)
ds, (2.6)

where CM is a constant whose value is given in the following result.

Lemma 2.1 The value of the constant CM in Eq. 2.6 is:

CM = −vol(Sd−1)

V

∫ D

0
φ̂(r)rd−1�(r) dr .

Proof The integral of G(M; p, ·) equals

0 =
∫

q∈M
G(M; p, q) dq

Eq. 2.4= vol(Sd−1)

∫ D

0
φ(r)rd−1�(r) dr .

Since we have φ = V−1(φ̂ + CM) and
∫ D
0 rd−1�(r) dr

Eq. 2.4= V
vol(Sd−1)

, we get the
result. ��

A different approach is described in [1] where explicit and closed formulas are
given for all the cases. We will only need the main term asymptotics G(M; p, q) =
BM/(VMdR(p, q)d−2) + l.o.t., with BM the constant in Table 1.

Other useful asymptotics are:

Lemma 2.2 For a 
 1, we have:

V (a) = vol(Sd−1)ad

d
+ o(ad),

v(a) = vol(Sd−1)ad−1 + o(ad−1),

123

254



Lower Bound for the Green Energy...

K (M, a) = a2

2(d + 2)V
+ o(a2),

�(M, a) = dBM
2V

a2−d + o
(
a2−d

)
.

The last of these equalities needs d > 2, but the rest of them hold in all cases.

Proof All these asymptotic expansions follow from Eq. 2.4. The first one is immediate from
Eq. 2.5 and Table 1. The second one follows from

v(a) = dV (a)

da
= vol(Sd−1)ad−1�(a) = vol(Sd−1)ad−1 + o(ad−1).

This yields the third formula of the lemma:

V · K (M, a) = 1

ad

∫ a

0
rd−1

∫ r

0
u du dr + l.o.t = a2

2(d + 2)
+ o(a2).

For the last asymptotic we reason in the same way:

�(M, a) = 1

V (a)

∫

q∈B(p0,a)

G(M; p0, q)dq

Eq. 2.4= vol(Sd−1)

V (a)

∫ a

0
rd−1�(r)φ(r) dr (2.7)

Eq. 2.1= vol(Sd−1)

V · V (a)

∫ a

0
rd−1 BM

rd−2 dr + l.o.t,

and the last claim follows. ��

3 TheMain Technical Result

We will generalize to harmonic manifolds an argument sketched in [14, 16] and described in
detail in [13, Appendix B] for a bounded region in the plane.

Theorem 3.1 Let M be a harmonic manifold and a > 0. For any collection of N points
p1, . . . , pN ∈ M we have

EM(p1, . . . , pN ) ≥ N

(

1 − 2N + V

V (a)

)

K (M, a) − N�(M, a),

where, recall, V is the volume of M, V (a) the volume of the ball of radius a and the terms
K (M, a) and �(M, a) have been defined in Eqs. 2.2 and 2.3, respectively.

Proof Consider the following terms:

UBB = N 2

V 2

∫

p,q∈M
G(M; p, q)dpdq = 0,

Ui j = G(M; pi , p j ),

Ûi = − 2N

V · V (a)

∫

B(pi ,a)

∫

M
G(M; p, q)dpdq = 0,

Ûi j = 1

V (a)2

∫

B(pi ,a)

∫

B(p j ,a)

G(M; p, q)dpdq.
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Define α, γ and δ by

EM(p1, . . . , pN ) = UBB +
N∑

i=1

Ûi +
∑

i, j

Ûi j

︸ ︷︷ ︸
(α)

−
N∑

i=1

Ûii

︸ ︷︷ ︸
(γ )

+
∑

i �= j

(Ui j − Ûi j )

︸ ︷︷ ︸
(δ)

.

Now, note that α � 0 from Proposition A.2, just taking

ν(p) = N

V
−

N∑

i=1

1

V (a)
χB(pi ,a)(p),

where χA is the characteristic function of the set A, and check that

α =
∫

p,q∈M
G(M; p, q)dν(p)dν(q).

We now need to find lower bounds for γ and δ. From Lemma A.3, we immediately have

δ =
∑

i �= j

(

G(M; pi , p j ) − 1

V (a)2

∫

B(pi ,a)

∫

B(p j ,a)

G(M; p, q) dq dp

)

≥
∑

i �= j

(

G(M; pi , p j ) − 1

V (a)

∫

B(pi ,a)

(
G(M; p, p j ) + K (M, a)

)
dp

)

≥
∑

i �= j

(
G(M; pi , p j ) − (

G(M; pi , p j ) + 2K (M, a)
))

= − 2N (N − 1)K (M, a),

(and moreover, although we do not use it in the proof, if B(pi , a) ∩ B(p j , a) = ∅ then the
inequalities above are equalities, so for most choices of pi , p j the inequalities above are
quite sharp).

On the other hand, an elementary symmetry argument shows that

γ = − N

V (a)2

∫

p,q∈B(p0,a)

G(M; p, q)dpdq,

where p0 is any point in M. We will give a simpler formula for γ using the fact that the
integral in M of G(M; p, ·) is zero:

γ = − N

V (a)2

∫

p∈B(p0,a)

[∫

q∈M
G(M; p, q)dq −

∫

q /∈B(p0,a)

G(M; p, q)dq

]

dp

= N

V (a)2

∫

p∈B(p0,a)

∫

q /∈B(p0,a)

G(M; p, q)dqdp

= N

V (a)2

∫

q /∈B(p0,a)

∫

p∈B(p0,a)

G(M; p, q)dpdq.

From Lemma A.3, we conclude

γ = N

V (a)

∫

q /∈B(p0,a)

(G(M; p0, q) + K (M, a)) dq

= N (V − V (a))

V (a)
K (M, a) − N

V (a)

∫

q∈B(p0,a)

G(M; p0, q)dq
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= N (V − V (a))

V (a)
K (M, a) − N�(M, a).

The theorem follows. ��

4 Proof of Theorem 1.1

Combining Lemma 2.2 with Theorem 3.1 we have

EM(p1, . . . , pN ) ≥ N

(

1 − 2N + dV

vol(Sd−1)ad

)
a2

2(d + 2)V
− N

dBM
2V

a2−d + l.o.t.

Choosing a of the form C1/2N−1/d with C a constant we conclude (up to l.o.t.):

EM(p1, . . . , pN ) ≥ − N 2−2/d

V

(
C

d + 2
+ dC1−d/2

2

(

BM − V

(d + 2) vol(Sd−1)

))

.

This last formula is maximized choosing

C =
[
d(d − 2)(d + 2)

4

(

BM − V

(d + 2) vol(Sd−1)

)] 2
d

,

implying, for that concrete value of C :

EM(p1, . . . , pN ) ≥ − dCN 2−2/d

(d2 − 4)V
+ l.o.t,

which yields the claimed lower bounds, using the values of Table 1 for each case.

Appendix

A Some Properties of the Green Function

We recall some properties of G(M; p, q) which hold in any compact manifoldM. Green’s
function is in some sense the inverse of the Laplace–Beltrami operator:

Proposition A.1 If f : M → R is a continuous function with
∫

f = 0, then

u(p) =
∫

q∈M
G(M; p, q) f (q)dq,

is of class C2 in M and satisfies �u = f .

Proof See [2, Remark 2.3]. ��
The following result says that theGreen function is a conditionally positive definite kernel.

Proposition A.2 Let ν be any finite signed measure in M with ν(M) = 0. Then,
∫

p,q∈M
G(M; p, q)dν(p)dν(q) � 0,

with equality if and only if ν = 0.
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Proof See [2, p. 166, Def. 3.2] and [2, p. 175, Prop. 3.14]. ��
We also have the following result [12, p. 108, Lemma 5.3.1] that gives a closed formula

for the expected value of the Green function when one of its entries lives in a ball.

Lemma A.3 Let M = S
n,RPn,CPn,HP

n or OP
2.Then, for any p0, p ∈ M,

• If dR(p0, p) ≥ a, then

1

V (a)

∫

q∈B(p0,a)

G(M; p, q) dq =G(M; p, p0) + K (M, a).

• If dR(p0, p) < a, then

1

V (a)

∫

q∈B(p0,a)

G(M; p, q) dq =G(M; p, p0) + K (M, a)

− 1

V (a)

∫ a

d(p0,p)
v(r)

∫ r

d(p0,p)

du

v(u)
dr .

In particular, for any p0, p ∈ M,

1

V (a)

∫

q∈B(p0,a)

G(M; p, q) dq ≤ G(M; p, p0) + K (M, a).

Proof We sketch a proof for completeness. For the first identity, multiplying by V (a) and
computing the derivative with respect to a, it suffices to check that

1

v(a)

∫

q∈S(p0,a)

G(M; p, q) dq = G(M; p, p0) + 1

V

∫ a

0

V (u)

v(u)
du, a < dR(p, p0).

(A.1)
It is clear that both sides of Eq. A.1 are equal as a → 0. We check that their derivatives also
coincide. Call F(a) the left–hand term in Eq. A.1. Writing it down in normal coordinates
with basepoint p0, we find that the derivative of the left–hand side equals

F ′(a) = 1

v(a)

∫

q∈S(p0,a)

∇N (q)G(M; p, q) dq,

where N (q) is the unit vector orthogonal to S(p0, a) at q and ∇ is the covariant derivative.
From Green’s second identity, we get

F ′(a) = − 1

v(a)

∫

B(p0,a)

�G(M; p, q) dq = V (a)

V v(a)
.

Hence, the derivatives at both sides of Eq. A.1 are equal, proving Eq. A.1 and the first claim
of the lemma in the case that dR(p0, p) < a. The case dR(p0, p) = a follows from the
continuity of both sides of the equality. Finally, if dR(p0, p) = t < a we can still compute
the derivative using Green’s second identity, now to the other open set delimited by S(p0, a)

and using −N (q):

F ′(a) = 1

v(a)

∫

M\B(p0,a)

�G(M; p, q) dq = − 1

V v(a)
(V − V (a)), a > t .

All in one, we have proved

F(a) = F(t) + 1

V

∫ a

t

V (u) − 1

v(u)
du

= F(0) + 1

V

∫ t

0

V (u)

v(u)
du + 1

V

∫ a

t

V (u) − V

v(u)
du
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=G(M; p, p0) + 1

V

∫ a

0

V (u)

v(u)
du −

∫ a

t

1

v(u)
du.

The second claim in the lemma now follows, since
∫

q∈B(p0,a)

G(M; p, q) dq =
∫ a

0
v(r)F(r) dr .

��

B Closed Formulas for K(M, a) and2(M, a)

Although we have not used them in our analysis or proofs above, in the cases M =
CP

n,HP
n,OP

2 it is possible to produce exact formulas for these two functions. We sum-
marize them in the following result.

Proposition B.1 Denoting S = sin a, we have:

K (CPn, a) = 1

4nV S2n

(

(1 − S2n) log(1 − S2) +
n∑

k=1

S2k

k

)

,

�(CPn, a) = 1

2nV

(

−Hn−1 − log S + n

2

n−1∑

k=1

1

k(n − k)S2k

)

,

K (HP
n, a) = 1

4(2n + 1)(2n(1 − S2) + 1)V

×
[

1

S4n

(
2n+1∑

k=1

S2k

k
+ log(1 − S2)

)

− (2n(1 − S2) + 1) log(1 − S2)

]

,

�(HP
n, a) = 1

V

(
n

2(2n(1 − S2) + 1)

2n−1∑

k=1

1

k(k + 1)(2n − k)S2k

− H2n−1

2(2n + 1)
− log S

2(2n + 1)
− 1 + 2(n − 1)S2

4(2n + 1)(2n(1 − S2) + 1)

)

,

K (OP
2, a) = 1

1219680V S16(−120S6 + 396S4 − 440S2 + 165)
×

[
S2(815640S20 − 1826748S18 + 1019480S16 + 3465S14 + 3960S12

+ 4620S10 + 5544S8 + 6930S6 + 9240S4 + 13860S2 + 27720)

+ 27720(120S22 − 396S20 + 440S18 − 165S16 + 1) log(1 − S2)
]
,

�(OP
2, a) = 1

V

[
1

9240S14
(−120S6 + 396S4 − 440S2 + 165

)
(
101420S20

− 353334S18 + 427500S16 − 190150S14 + 9900S12 + 2310S10

+ 924S8 + 495S6 + 330S4 + 275S2 + 330
)

− 1

22
ln S

]

.
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Proof These are all obtained directly from the definitions Eqs. 2.2 and 2.3, carefully com-
puting all the indefinite integrals and using the explicit formulas given in Table 1. Once
computed, their correctness can be checked by automatic differentiation. ��
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