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Resumen

Este trabajo se centra en el estudio del sistema de ecuaciones en derivadas parciales
propuesto en 2021 por D. Kato y S.J. Moura con condiciones periédicas. Se prueba
la existencia de solucién local por el Teorema de Picard para el problema regularizado,
utilizando las estimaciones de energia y el paso al limite para extrapolar la existencia local
al sistema de ecuaciones original. Por ltimo, es comprobada la no existencia de solucion
global para el problema planteado.

Palabras clave: Existencia y unicidad de solucién local, formacion de singularidades,
acoplamiento parabdlico-hiperbdlico, ecuaciones en derivadas parciales.

Abstract

This project focuses on the study of a partial differential equations system proposed in
2021 by D. Kato and S.J. Moura with periodic conditions. The well-posedness is proven
by Picard Theorem for the regularized problem, using energy estimates and passing to
the limit to generalize the local existence for the original equations system. Lastly, the
non existence of a global solution for said problem is shown.

Key words: Well-posedness, singularity formation, parabolic-hyperbolic coupling,
partial differential equations.
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Chapter 1

Introduction

1.1 Motivation

This project studies the behaviour of a coupled battery and fluid cooling system proposed
in the article [5].

We study a one dimensional parabolic-hyperbolic coupling physics based model with
two states: the temperature distribution in the battery pack u(z,t) and the temperature

distribution in the coolant w(z,t).

The system is governed by two main PDE equations:

ug(x,t) = D(z, t)uge(x,t) + h(z, t,u(x, b)) + (w(x,t) —u(z,t)), (1.1)

R(z,t)

wy(z,t) = —o(t)we(x,t) + (u(z,t) — w(z,t)). (1.2)

R(z,t)

In this work, we will consider the simpler (and probably unrealistic) boundary conditions:

u(0,t) = u(1,1),
Uz (0,) = ug(1,1),
w(0,t) = w(1,t),
we(0,1) = wy(1,1)

Analyzing (1.1), there is a clear separation in three terms:

o D(x,t)uz,(z,t) denotes the Heat Equation; a second order PDE where D(z,t) is
the thermal diffusion coefficient within the battery pack. The characterization of
this equation can be found in the following proof, obtained from [3]:
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Proof. The gradient points to the maximum growth direction of a function. Knowing
that heat flows from high temperature areas to the lower ones, it can be supposed
that the heat flow is parallel to the gradient. Given a one-dimensional segment, we
obtain

J = —Duy,,

with u the temperature of the wire.

Therefore, the temperature variation along the segment x + dx and time 0t is given
by
dzu(x,t + 6t) — dzu(z,t).

This alteration must be equal to the heat flow at the ends of the segment, and said
flow adopts the following structure:

J(x, t)0t — J(x + dz,t)ot.
Consequently, we get to
dzu(x,t + 0t) — dxu(z,t) = J(x,t)ot — J(x + oz, t)dt;

which is equivalent to

u(z,t + 0t) —u(z,t) Uz (x4 02, t) — uy(z,t)
=D .
ot ox

Now, applying Taylor’s polynomial, we obtain the second order PDE
up(x,t) = Dugy(x,t).

]

o h(z,t,u(z,t)) is the internal heat generation in the battery pack due to charging/
discharging. It is an exogenous term that can generally be computed from a battery
model and would be a function of current imposed on the battery pack.

1
R(z,t)
R(z,t) is the thermal resistance between the battery pack and the cooling fluid.

(w(z,t)—u(z,t)) is the differential form of Fourier Law of Heat Transfer, where

On another side, (1.2) is formed by two terms:

o —o(t)w,(x,t) is a 1D advective transport equation; a first order PDE where o(t)
represents the transport speed of the cooling fluid. Since we restrict ourselves to the
case of an incompressible fluid and uniform cross-sectional area in the cooling fluid
channel, o(t) is constant in z. Now, the proof to the Transport Equation, extracted
from [3]:
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Proof. Let fw(x,t) be the number of particles between the points z and x + dx at
time ¢. Additionally, let fv(x,t) be the number of particles that pass through = per
unit of time at a given time ¢.

Thus,

fw(z,t + 0t) = fw(x,t) + fo(z, t)0t — fo(z + dz, t)ot. (1.3)

This concept may be simplified by thinking of it as “taking the particles originally
in the tube, adding those that come in and subtracting the ones leaving”.

Given that w(z, t) is the density of particles at a point x and time ¢; and additionally
considering density = mass/volume:

tw(z,t) = w(z,t)ox.

Therefore,

(w(a, b+ 8t) — w(x, )5z = tw(z,t +6t) — fw(z,t) = —(Ho(z + oz, t) — to(z, 1))t
which is equivalent to

w(x,t + 0t) —w(z,t) N to(z + ox,t) — fu(z, 1)

ot ox =0

Using Taylor’s polynomial!

w(x,t + 0t) = w(x, t) + w(x, t)ot,

we obtain
wy(z,t) + vy(z,t) = 0.

It is indispensable to suppose that the flow of particles is related to their velocity
to ensure a proper reasoning. Therefore,

v(z,t) = v(w(z, 1)),
from which

ov(w(z,t))
Ox

Additionally, assuming the regularity of v'(-) and applying Taylor, we get

= v (w(x,t))we(x,1).

V(Y)=qo+ QY+ @y’ + -

Lol + h) = g(a) + h' () + W2 -
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From which we reach a first approximation of the transport equation, only valid if
|w| < 1 (which can be assumed since w denotes the temperature distribution in the
coolant and it should be low):

wt(xa t) + Qwa(lHt) =0.
]

e The same linear heat transfer term as in (1.1) with the opposite sign. This change
is due to the heat transfer from the battery to the coolant.

Both terms R(; o) (w(z,t) —u(x,t)) and R(}C 5 (u(@,t) —w(x,t)) correspond to the heat

loss. There is need for two hypothesis in order to understand their structure:

e There is no heat loss in the exchange between the battery and the coolant. Then,
the sum of both terms must be 0.

e Temperature variation is proportional to temperature difference. This means that,
if the temperature is considerably high, the exchange is fast.

1.2 Sobolev spaces

Sobolev spaces [4] and their properties will constitute an important part of the development
of this project. This section gathers some auxiliary characteristics of these spaces that

may be required.

Definition 1.1. The Sobolev space H™(T), m € Z* U {0} is a vector space formed by
functions v € L*(T) such that 9%v € L*(T), 0 < |a| < m. The H™ norm is defined as

2

o |12
ol = | D NlOZ0lIZ2 | (1.4)

0<|er|<m

When generalizing to the case m = s € R, we consider the Fourier H® norm

2

=1 ), D AR eEr| (1.5)

0<|a|<s §=—00

]

Now that Sobolev spaces have been given a definition, we will study some of their
properties.

Lemma 1.2. The space H*™*(T), s > 1, k € Z* U {0} is continuously immerse in the
space C*(T), i.e., there exists ¢ > 0 such that

1llox < ellvllgere Vv € HH(T). (1.6)
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Lemma 1.3. Sobolev spaces inequalities.

i) For every m € ZT U{0}, there exists ¢ > 0 such that, for every u,v € LN H™(T),

[luv]| gm < e{lull oo 107 0[] L2 + 1070l 22 [[0]] o }- (1.7)

ii) For every s > %, H*(T) is a Banach algebra, i.e., there exists ¢ > 0 such that, for
every u,v € H*(T),
(1.8)

[luv]l s < ellullgs o] g -

Lemma 1.4. Interpolation in Sobolev spaces. Given s > 0, there exists a constant Cj
such that, for every v € H*(T) and s > s’ > 0,

1-s'/s

e < Ol 7% (o] 13- (1.9)

ol






Chapter 2

Local Existence

The contents in this chapter gather the proof to the following theorem, proceeding

similarly to [1].

Theorem 2.1. Let uy and wy be initial data in H*(T). Then, there exists a time T*

where there is a unique solution (u,w) to the PDE system

[ up = Uy +UP + (W — ),
u(0) = u(1),
uz(0) = u, (1),
wy = —w, + (u—w),
w(0) = w(1),
| wz(0) = wy(1).

(2.1)

The first step is to introduce an operator J called mollifier. This is a smooth function
that, convolved with a rather irregular function, helps to smooth its sharp features. As a
result, the derivatives become regular functions while it still remains close to the original

nonsmooth attributes.

Given a function

its convolution with 7. holds
© . e~ En eina:Tr
J-* f(x) = Z fnT-

Now, some properties of the operator J.:

i) For every f € LP(T), g € LP(T)

/Ol(Jg*ﬂg:/olf(x*g)-

7

(2.3)
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ii) For every g € H*(T), J. * g converges to g in H® and the radius of convergence at
the norm H* ! is linear in

ti 17 %9~ g1l =0, 2.4
1Tz % g = gllgor < Cellgllps - (2.5)
iii) For every g € C°(T)
1Tz * gl poe < 19l 00 - (2.6)
Furthermore,
Tz * gll 2 < gl - (2.7)

iv) Mollifiers commute with derivatives, i.e.,

0, Je % g =Jex 09, Vn| <k (2:8)

v) For every g € H™(T), k € ZT U{0} and ¢ > 0,

Cmk
[Tz * gl|gpmsn < g_ngHHmv (2.9)
1053 Tz * gllgpm < C(n,8) |[gllgpm VIn| <k, (2.10)
n Ck
102 T * 9l < g ol Vin < k. (2.11)

The proof to these properties can be found in [6].

Hence, we denote

up = Jex Jexul, + To % (Te % u)P + Tox (T x w” — Jo %),
wi = Jex To* (—wo) + Te x Toxu” — T Je x w'.

Composing a mollifier with an unbounded differential operator, a bounded operator
is obtained. Therefore, Picard Theorem for ODEs in a Banach space can be applied to
prove the existence of a solution for the regularized problem.

Theorem 2.2 (Picard Theorem on a Banach space). Let O C B be an open subset of a
Banach space B and let F': O — B be a mapping that satisfies the following parameters:

(a) F(X) maps O to B.



(b) F is locally Lipschitz continuous, i.e., for any X € O there exists L > 0 and an
open neighborhood Ux C O of X such that

|F(X) = F(X)|lp < LIIX = X|[p  foral  X,X €Uy
Then, for any Xo € O, there exists a time T such that the ODE

dX
dt

has a unique (local) solution X € C'[(=T,T);O].

= F(X),  X|o=Xo€O, (2.12)

Thus, the following proposition must be proven:

Proposition 2.3. Given the initial conditions (ug,wy) € H3(T) x H3(T) it is true that,
for any € > 0, there exists a unique solution (u®,w®) € C1([0,T.); H*(T) x H*(T)) for the
ODE
d(u®, we)
dt

Ua\t:o = J= * uo,

= F(u®, we), (2.13)

w£|t=0 = J: * wo,

where

Pl ur) =  Jo# Jex g+ Tox (Ter ) + o x (T w = Tow )
’ o Tex Tex (—w) + T % T xu® — T * T * we ’

and T, = T(H(uo,wo)||H3(T)xH3(T)§5)-

Proof. Applying Theorem 2.2 we denote B = H3(T) x H3(T), O = {f € H3(T) x H*(T) :
|| £ 3 ryx 3y < A} where A = 2|(uo, wo) || m3 ()< 3 ()

F: H3T)x H¥T) — H3(T) x H*(T),
with

e ooy Tex Texufy + Tox (Texus)P + T (T xw® — T xud)
F(u,w)—( Tex Tox (—ws) + Tex T xu® — T % T xw® ’ (2.14)

which we may rewrite as:
F(u®,w®) = Fi(u,w®) + Fa(u®, w®) + F3(u®, w®),
with

ey [ TexTexug,
Fl(u7w)_<‘-7€*‘-7€*(_w§)>7
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FQ(uaawa) - ( jE* <%*u£)p ) )

5 e\ __ \78*(t7€*w8_\7€*ug>
F3(u’w)_<$*$*u5—$*$*we)'

Since (uf,w®) € H3(T) x H3(T), J. xu® € C* and J. * w® € C*™, every term in F is
well defined. Hence, it is yet to study if the second condition in Picard Theorem is satisfied.

€ € ;x € € ng
|[F1(u®, w®) — Fy(US, Wo)[gs(ryxms(r) = (jsj* };7* >I(ﬁlw‘a)) (jej* }sj >(k )>

o Tex Tox (—ws) + T« T x WE

Je  Je * (—wg, + W)
= ||Te* Tex (ug, — Umsm)HH?'(’]I‘)
+ [Tz * T * (_wi+W§)|‘H3(T)‘

H3(T) x H3(T)

H3(T) x H3(T)

H3(T)x H3(T)

Which is correct given that H(Xla XQ)HH3(T)><H3(T) = ||X1HH3(T) + ||X2||H3(T)

According to (2.2), by differentiating the summation twice with respect to z, it is true
that

—en? ( 7T2n2)6inx7r e . e 5( 7T2n2)eimv7r
T * = 0 2.15
Knowing the Taylor series of the exponential function is defined as
ey
n=0 nl
we may write
2 2 6277/4 2
en“ <14en”+ 5 4+ < e
Now, using that
Tl grsery < €, (2.16)
we can state
Tz Tex (wow = Up sy < T2 * (uzy = Uz sy

= |02 * (" = U9)|| ooy
< C(2,¢)||u® — U€HH3(’]T)



11

Following a similar procedure and differentiating (2.2) once with respect to x, we
obtain

az($ . f(x)) _ Z fne—an (,L';g)emmr _ Z fne—an \/g(,i,n_n)emxﬂ'. (217)

n=—0oo n=—0oo

Hence,

Ven <14+ +en+ - < eV

In consequence,

| Tz * e (—wj + W;)HH3(’[[‘)

IN

|| T (—wg + W)l gs
10Tz * (=w® + W)l o
< O e) [|[(=w® + W)l g -

We have shown the second condition in Picard Theorem is held by Fi(u®, w®):

HFl(UE,wE) - FI(U€7 WE)||H3(’]I‘)><H3(’]I‘) < C’||(u€,w€) - <U€7W€>HH3(’]T)><H3(T)-

The next step consists on working with Fy(u®, w®). For each inequality, we will refer
to every constant as C, although its value might change throughout the process.

g\p £\p
|[Fo(u”, w®) = Fo (U5, Wo)|[ma(myxmsry = H(Ji * (% ) ) - (‘75 * (jé " )

[T (T % )P = T (Te x US)P|| sy
| T ((Te # ) = (T % US| gary

H3(T)x H3(T)

< Ol = (T UP ey
< H( Pl + 1—u)y)p‘1) (. % (uF — U)
H3(T)
< c] / pluz+ (L= || I (0 = U)oy
0 H3(T)
< COV I = Ul pm, (2.18)

This is correct since, according to the Fundamental Theorem of Calculus,

o= = [t (== [ pe s (=g pde, (219
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In addition, (2.18) is satisfied due to O being defined as a set of functions whose norm
is bounded by A, i.e.,

1
[+ a=mr]| < e
0 H3(T)
< Cllz sy, 2 teo
< ox!
Now, as a result for Fs(u®, w®),
|| Fs(u®, w®) — F3(U, W) ||lgs(myxusmy = H <j;7j< }E\%:Eui }Ef}iz 205)
Tex (T x We — T x U°)
- (jf * Jex U = Tox Tz x Ws) H3(T)x H3(T)
_ H(JJ WE)—@*@*(M—UE))
Tex To* (uf —U®) — T2 % Jo x (w° — W*) H3(T)x H3(T)

= | Tex Tew (0 = W) = To Tex (05 = U)|| gy
FTex Tex (0 = U") = Te = Te % (" = W)y
2| T % Tex (0 —U®) — T x Je % (w° _WE)HH3(T)

< 2 (I % % (0 = U)oy
1T 5 T (0 = W) )
< 20 (I = U¥l |y + 110" = Wl

= 200|(u",w?) = (U5 W)l s myxpsry
Thus, taking each inequality we can state
|| F (", w) = F(US, W) gsmyxmsry < O, w) — (U, W)l asmyxmsmy-
[

We have shown that there exist solutions given any € > 0 for a time 7T.. If the limit of
(uf, w®) existed along a certain period of time, said limit is the solution to (2.1). Now, we
must study if every regularized solution has a common existence interval for any e close
enough to 0 (by ensuring liminf. (7, # 0). Otherwise, it would be possible for the time
of existence of the hypothetical limit to be at ¢ = 0.

2.1 Energy estimates

In this subsection, we will make an estimate of the energy

E(t) = [[(u, )| 2 + | |05 (0 ) |

s (2.20)
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by showing it is proportionally bounded by itself, i.e.,

dFE
< ¢EF.
ar =€

Taking the Fourier Definition 1.1 of a Sobolev space:

oo

I, wf)Ze = 30 (1 + I (e @)

f=—0

O (10w + (020 w2

IN

By definition,

0w = [ e tfdo s [ oot

T

Additionally, we will make use of Plancherel Theorem with real values, according to
which

o0 oo

/ fTgdr = Y fue g = > fae G, = / J.fgdz. (2.21)
T n=—oo n=—oo T
Therefore,
S @E, ) |)Pe = —— [ uf(w,t)2dr + =~ [ wi(x, )
s |0l = 5o [ nPde v o | wi(e iy

— /ua(,js*js*u;x—l—.js*(js*ug)p—{—jg*(‘ﬂ*wg—‘js*ua))d;v
T
—l—/ws(jg*jc_*(—wi)—l—js*js*ue—je*je*ws)dx
T
= /(ja*ua)(je*uix)+(ja*ua)(jg*ug)pﬂL(%*US)(ﬂ*wE—‘YE*US)dI
T

+ /($ ww) (T * (—wy)) + (Je x w)(Te * u”) — (Je x w)(Te x w®)dx
T
= L+
The sum of integrals equals the integral of the sum, which implies that we can dissect

each term to ease the process. Then, applying integration by parts and taking into account
the periodic conditions in (2.1), we obtain
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/T (T ") (e * (—u)de

/(‘76 wut)(Je * ul, )dr
T

0.

IN

CHAPTER 2. LOCAL EXISTENCE

(T %) (T %))} — / (. % u)2da
T

— /(ja  uS) da
T
— (T *u3)ll 7

Now, working with the next term and using the Sobolev inequality (1.6)

/T(Js s« u®)(Je * u®)Pde

Given that Holder states

| FGH <P Gl

we can write

[ (T T w)aa

IANININ TN

The last term in I; satisfies

/T(jE xu”) (=T % u)dx

In consequence, we have proven

I, <CE’" '+ CE* < CEPH 4+ 1.

/(jc. * u)PHde
T

CI(Te * u)lgs’
CI(Te * w5’
CEPL.

VANRVANRVAN

1 1 1
4z
p q T

such that

=1, (2.22)

1 T2 % || 2| T+ w2

| T2 uf || g3 || Tz * w®|| s
Cllu|| ars||w®| s
CE?.

= —/(\75 * u)’da
T

NI
= [[(Je +w)|[ L
< 0.

(2.23)

Following a similar procedure for the terms in Is:

(T 5 w) (T % ()} — / (T * (—")) (T % u)de
(T % w) (T * (—wf))]q

= 0.
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On another side,

/ —(Texw) (T xw)de = — /(js * we) dx
T T
= —(Fe % w)[7e
< 0.
Thus, considering the analogous case,
I, < E”. (2.24)
Taking (2.23) and (2.24) we get
Ld 5 e\|[12 p+1 2 p+1
§E||(u,w)||L2§CE +1+FE*<CEP™ 4+ 1. (2.25)

Now, studying the case for ||83(uf, w)]||%,:

1d
5 02 ). = / O (uf, )P, w)d
T
= [oonian s [ Buotuian
T T
B /uimxag(ﬂ*jf*uiﬁje*(Je*ug)uja*(&*wf—z*ua))dx
T
T
= ]3 + ]4.

We will start by rewriting I3

b= [ (T T+ T (o= Do = D ) Tox )
T
#3p(p = (e w0 )T # 0 (e 0sy) + (T w0 )T 1))
+Te * T % Wiy — Je * T2 * ug,,) do
- / (T # ) (Te % W) + 20 = (P = D(Te ¥ U5 ) (e % 0™ )(Te % 03)
T

+3p(p — D(Te % S, ) (T % w” ) (Te % ws) (e * us,)
(T % uS, ) (Tex us ) (Te % uSyy) + (Te % uS0)(Te % wly,) — (Je % uS,,)2da
= 131 + [32 + [33 + I34 + [35 + [36'

The first term satisfies
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1 2
T

T

2

0.

IN

Applying Hélder (2.22), we may write

-3 3
I, < || JTe st lli2C)ITe* u™ ||poe | Tz s s | oo [|1]] 2
< ONTe g lliz | Te % u (| ool| T % S [|en
< OTe * Sl s | T % u (s || T % 6 || s
< Ol a (s [l | s
< CEEr3FE?
= CEP.
Likewise,
Ly, < 1T % wuulli2CO T % u || oo | T # S| oo | T 0, || oo 11| 22
< O * w2 1T % 0 (oo | T uSf|en | T |l
< O\ Te g llms | T % 6™ || o | T || s | T 0 | s
< Ol llamslu (s ||uf |
< CEEP2E?
= CEPT,
and

Iy, < e % sl 2CO)ITe %0 | oo | T # Sl
< O % ul |3 Te o u |
< COE*Er!
= CE".
On another side,
I35 < |’¥7ff*u§czz||L2|l\7ff*w:€bzx‘|L2
< CE*
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As a consequence, using the previous reasoning to conclude /3, < 0, we have proven

I; <3CEPT™ + COE* < CEPY! 4+ 1. (2.26)

Now, working similarly with I

T

[ wn T (k) + (T i )T $0,) — (T, oo
- [fl + I, + L.
The first term satisfies
Ly = Joruig Jor (~uf)lh— [ T (i) T do
T

2
= 0.
The second one holds
[42 é ”\jf*wfcxa:HLz”‘j’f*uiamHL2
< CE~.
With this, we can write
I, < CE% (2.27)

So, taking (2.26) and (2.27), we get
1d

577 |02 )|}, < CEPY 414+ CE* < OB +1. (2.28)
Therefore, using (2.25) and (2.28), we have proven
dE
—r SOET 41 (2.29)

By integrating the inequality, we obtain

E(t) <2E(0) Vt<T". (2.30)
Observe that T™* does not depend on €. In fact, T* < T, for every € > 0.
Furthermore, there is a uniform existence time 7™ for the regularization parameter.

The last step consists on proving the existence of the limit of (u®,w®) along the interval
[0, 77].



18 CHAPTER 2. LOCAL EXISTENCE
2.2 Passing to the limit

To show there exists a limit for (u®,w®) in the interval [0, 7%], in this subsection we will
prove it is a Cauchy sequence in a certain Banach space. This reasoning must be enough
given that every Cauchy sequence is convergent in a Banach space.

Proposition 2.4. The family (u, w®) forms a Cauchy sequence in C([0, T*]; L?). Particularly,
there exists a constant C' depending on ||(u®, w®)|| gz and T*, such that, for every e and &

sup ||(u®, w®) — (ug,wé)HLQ < C'max{e, £}. (2.31)

0<t<T™*

Proof. 1t is true that

5 e g 52 52
sl =@} = 55 [ =P+ 55 [10f - ufaa
= /(ua—ua)(uf—uf)daﬁL/(wa—wa)(wf—wf)dx
T T
= Iy+ I.

First, working with I5, we may rewrite it as

Iy = /T<u5—ué)(Lﬁ*x*uix—%*%*uix)dx
+/T<uf—u5>($*(@*uﬁ)ﬁ—xg*(%*ug)p)dx
+/T(u8_uf)(ja*@*wa—jg*jé*wf)dx
_/Tws_ué) (T # T 5 — T Je % 00f) da

= Iy + 15, + Is, + I,

Selecting the first integral and introducing the crossed term Jz * Jz * u:,,, we get

I, = /(ua—ug)(@*%*uix—\ﬁ*%*uix)dx
T

= /(us—ué)(kﬂ*kﬂ*uix—‘fg*%*u;m)dm
T

+/(u‘€—u€)(jg*jé*uiz_%*jé*uiw)dx
T
= 1511+I512‘
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Now, we will add another crossed term J. * J: * u;, to each integral. Hence,

I, = /(UE_Ué)(\7g*\7a*u2$_k7€*\75*u;w)dx
T
—|—/(UE—U€)<‘_75*‘_7§*u;z_x7€*t7§*uix>dx

T
— /(us—ué)((ja—j&:)*jg*uiz)dx
T

4 [ =) (T = T« o) d
T
15111 + ]5112'

Applying Cauchy-Schwarz inequality to I5,,,
Iy < luf = wllleel[(Te = Je) * Te x ugy e
Introducing the term J. * v, and applying the triangle inequality, we obtain
Iy < 0F = |2 | T+ Te g, — T ug oo
+luf — | pe|| Tz * Te xS, — T *uS, || L2
Taking (2.5) into account, it is true that

[ — vl 2 (Cell T * vzl + CETe * ugy |l )

C'max(g, €)||u® — uéHLzHJE kUS| g

15111

C'max(e, €)|[u — u|| 2| T2 # v o

IAIA A IAIA

(¢,€)
C'max(g, é)||u® — u§|]L2||u€||Hs
(€,€)

C max(g, &)/ E(0)||u® — u]| 2.

Following an analogous procedure for [I5,,, and using the term Jz * u, in this case:

Juf — |2 ||(Te — Tz) * T x uly || 12
[0 = w2 )| Te * Te iz, — T w2
= || 2 || Tz % Tz % ul, — Te# uS, || 2

C'max(g, é)||u® — u‘fHLz | Tz ul, ||

15112

IAINA

C max(e, )| — | 2 T # u s

VAN VAN VANRVAN

(¢,€)
Cmax(e, &) ||u® — v z2]|uf|| gs
(¢,€)

C max(g, &)/ E(0)||u® — u®| 2.
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Now, for I5,,, applying Plancherel Theorem (2.21) and integrating by parts:
1512 = /(u£_u5>(\%*xﬁ*ufcw—%*%*uix)dx
T
— /(u€ — %) (T x T+ (W, — i) do
T

= /jg* (uf =) Tz * (5, — g, )dx
T

— Tx (i — )Tk (0 — )L — / (T (u, — ) 2de
T

- [ (= e
0.

IN

Therefore,

Is, < Cmax(e,&)\/E(0)||u® — vl . (2.32)
On another side, if we add the crossed term Jz * (J. * u®)?, I, holds,
I;, = /(ua —uf) (jE s (Joxu®)P — Tz + (Jz * ug)p) dx
T
= /(us—ug) (T (T xu®)P — Tz % (Je % u®)P) da
T

—|—/(u€—u5) (%*(\ﬂ*us)p—\ﬁ*(%*ué)p)dm
T
1521 +I522'

By adding the term (J. * u®)? to Is,,, we get

I, = /T(us — ") (T * (T % u°)P — (Jo x uf)P) do

+ [ =) (v = Tox (Tt da

< — T (TP — (T kP

= 2T 5 0)? — T (T 5 0P|
<l =l (Cell (T w Pl + CEN (T w)P )
< COmax(e, &)||lu® — || p2||(Te * uf)P|
< Cmax(e, @) |uf — vl 2| (T = uf) [
< Cmax(e, &)[|u” — || 2 (T2 * w) |7
< CE(0) max(e, &)||u® — v 2.

For Is,,, we may apply (2.19) and obtain
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I, = /T(uE — ) (Je* (T x 0P — (Je x u')P)) da

<l = ]| || Tz % (e % uf)P — (Te* ud)P) |2
< e = ] 2 Tz * )P — (e % u)P| 2
1
< o =l |( [ oo + (0= 0yt (3w = o)
0 12
1
< o = allae || [ pneu + (0= )iy ]| e = T
0 L2
<l = ||| 2pu e | T uf — Tk 4+ Te x uf — T x| 2
< Ol — | llu (s (17 % 0 — Te# uf|| e + | T %0 — T x| 12)
< CE0) Yu —uf| e (HuE — e + || Te ¥ Ut — uf +uf — Tz * uéHLz)
< 07w — w2 (JJu® — |2 + (| T * w° — w2 + [Ju° — Tz * uf|2)
<

CE(0) (
C’E(O)p_lHu8 —u®| 2 (HuE — ||z + Cmax(e,é)HuEHLz)
CE(0)P ! Juf — |2 (HuE — |2 + C/E(0) max(g,é)) .

IA

As a result,
I5, < CE(0)’ max(e, &) ||uf —u®|| 2+CE(0)P~ || u® —u| 2 <||u6 — uf|| g2 + C'v/E(0) max(e, 5)) .

Now, for I5,, a similar procedure to the one used for I5, will be followed.

I, = /(ue—ug)(‘ﬂ*kﬂ*we—%*%*wé)d;ﬂ
T

— /(ua—ué)(\ﬂ*ﬂ*we—%*%*wa)d:p
T

+/(U/E—U/€)(%*%*w8—$*%*wé)d$
T
]531+I532'

Hence,

Ly = [ =) (T T = T Tow) da
T

- /(“6wé)(Js*Je*wE—x*Jg*we)dx
T

+/(u€—ué)(ﬂ*\%*wa—%*%*wa)dx
T
I5311+I53127
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with

[uf = uf|| 2| Tz % Te % w® — Te s Tz w2
[0 — w2 || Tz % Te % w® = T % w2
e = all T ¢ T — T s
o — all (Cell T  wlls + C T 5wl
C max(e, &)||u® — u|| 12| Tz * w1
(€ )l — ufl| 2| T2 % w?|| s
C max(e, &)[|u® — uf[| p2[|w® || s
(€9

C max(g, &)/ E(0)||uf — v 12,

15311

IA A

C max(e,

VAN VAN VAN VAR VAN

and

(I P A Ay A el
T N I A Ay A
= a1 % e — T w2

< Cmax(e, &)/ E(0)||u — v 2.

I5312

On the other side,
I532 = /(ue_ué)(%*%*we—‘ﬁ*%*wé)d.%
T

- /T(us—ué)(jg*jé*(ws—wé))da:

/Jg (U —uf) Tz * (0 — w')da
T

< Tz * (0 = wf) |22 ]| Tz + (wF — wf)| 2
< Ol =)l 2 l(w® — w2
Therefore,
L5, < C(max(e, €) v/ E(0)[Ju® — u?[|z2 + [|(u® — uf) || 2| (w® — w®) | 12). (2.33)
Next, 5, satisfies
I, = —/(ua—ué) (%*‘Z*Ua—%*%*ué)dﬂﬁ
T

B _/<us_ué)(js*js*ug—jé*jé*ue)dx
T

—/(us—ué) (%*%*ua—%*%*ué)dx
T
= 1541+I542‘
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Thus,

holding

and

In addition,

Then,

15411

[5412

VANVAN

VAN VAN VAN VAN VAN

IAINA

IA

—/(ug—ug)(Js*Jg*uE—.ﬁ*%*uf)dx

T

_/(U€_Ué:)(ja*js*us—jg*jg*ua)dx
T

—/(u‘f—ué)(\ﬂ*kﬁ*ua—jg*‘jg*ug)dx
T
15411 +]54127

luf — uf|| 2| Tz * To % u® — To % Tz % us|| 2
uf — uf|| 2| Tz * T * u® — To * uf|| 2

A — || || T * Tz x uf — T * |12

[0 — |2 (Ce|| T * uf||mn + CE|Te % uf|| i)

Cmax(e, &)||u® — u||z2|| Tz * u®|| g

C max(e, &)||u® — u| 2 || Tz * u®|| s
Cmax(e, &)||u® — u| z2||uf|| gs
Cmax(e, &)/ E(0)||u® — |2,

||u® —u5|\L2]|$*.75*u5 — Tz x Jz % u°|| 2
lu® —u®||2|| Tz * Tz % u® — Tz % u|| 2
+|u® — uéHLijg * Jzxu® — Jz % uf| 2

C max(e, &)/ E(0)||uf — u| 2.

= —/(ue—ué) (jg*jg*us—l:*%*ué)dx
T

_/T(ue—ug) (\ﬁ*%*(ua—ug))d:ﬁ

= —/%*(ug—ué)ﬂ*(ug—ug)dx
T

IN

—|1Te * (u® — )22

0.

Is, < Cmax(e, &)/ E(0)|u® — || 2. (2.34)
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On another hand, moving onto /:

/(wE — wé)(wf — wf)dx
T

/(w6 —w) (Jc. x Jo* (—ws) — Jzx Tz * (—wi)) dx
T

Ig

-I—/(wa—wé)(\ﬂ*%*ua—jg*jg*ué)dx
T

—/(ws—wé) (.ﬁ*‘jg*ws—.jg*.jg*wé)dx
T
Is, + I, + Ig,.

Following an analogous reasoning,

with

Then,

and

Is, =

16111

16112

IN N

VAN VAN VAR VAN VAN

/T(w6 —w®) (T x T * (—ws) — Jz % J= % (—w})) dx

+/(wf—w5) (Je# Te % (—wf) = Je = Te+ (—ws)) da
T
1611 +Iﬁ127

ININA

IN

/T(wE —w) (T x To % (—ws) — T % Tz % (—wS)) dx

+/(w5—w5)($*$*(—wi)—jé*jé*(_wfc))dw
T
[6111 + ]6112'

[w® — wf[| 2| T+ Te ¢ (—ws) — Te % Te  (—ws)|| 12
[w® = w®[| 2| T+ Te  (—ws) — Te x (—ws) |2

Hw® = wf||2 | T ¢ Te + (—wl) = Te  (—ws) |2

[w® — w®|| 2 (Ce|| T * (—wi) || + CE|T. * (—w) )
C'max(e, &)|Jw® — w®|| 2| T * (—wg) | m

Cmax(e, &) |w® — w?l| 2| T * (—w) | s

Cmax(e, &)||w® — w®|| 2 ||w®|| gs
(

£)
C max(e, &)/ E(0)||w® — wf|| 2,

[w® — w‘E:HLzHJE * Jex (—wf) — Tz Tz x (—wi)|| 12
lw® = w2 | T2+ Te # (—wz) = Tex (—wg)| e
Hlw® — w2 || Tz % Te x (—ws) — Tz * (—w) || 22

C max(e, &)/ E(0)]|w® — w®|| 2.
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To conclude,

iy = [0 ) (T Toe () = e x T (—u) d
= [ ) (T e () — () d
= [ T =0 x () — (—u)ds
= (T (" =T s () = (—uD)y = [ T () = (2P T (0 = i
o

(Je * (w" — wf))(Jz * ((—wg) — (—uwg)))
2

= 0.

Therefore,

Is, < Cmax(e,&)\/E(0)|w® — wf|| . (2.35)

Since I, and I, are analogous to I5, and [5,, we may state

Is, < C(max(e, &)/ E(0)||w® — w2 + [|(u® — w)| e [[(w® — wF)]2), (2.36)
Is, < Cmax(e, &)/ E(0)|w® — wf]| 2. (2.37)

Let &€ be equal to ) N
£ = [luf = o]l + [t — - 23%)

Taking every inequality, it is held that

1d i i ) i
7l =l < CBOP [u = ||, + Clitw” — ) el (" — w2
+C max(z,€) [[uf = ||, (VE() + B(O) + E(0)" %)
Then,
d € 5 p—1 5 £ € £
EHU —ufl], < CEQOP||lu —u|, +Cl(w —w)e

+C max(g, €) (x/E(O) + E(0)P + E(O)P—%)
< C€& + Cmax(e,é). (2.39)



26 CHAPTER 2. LOCAL EXISTENCE

On another side,

ld € g||2 = € g € 5 € 5
5 [ = ][, < € (max(e, &) VEO) lwf —wllzs + 1 (uf =) 12| (= w2
Which leads to,

d 5 ~ 5 5
o =[] < € (max(e, &)V/EO) + | (uf = )12
< C&+ Cmax(g,é). (2.40)
Thus,
d d € g d € 3
@ = gl =l + gl =]
< C€& + Cmax(e, é). (2.41)

Now, if we denote

I = C€& + Cmax(e, é),
by using (2.39) and (2.41), we may write

I'<1I.
Solving the ODE, we obtain
sup £ < I(0)e”
0<t<T*
< COmax(e,&)e’,

given that, at time ¢t = 0, u§ = u§ and w§ = w§.

With this, (u®, w®) is a Cauchy sequence in the Banach space C{[0,T*]; L*(T)}, so it
is convergent and its limit exists in C{[0,T*]; L*(T)}; i.e., we have proven the existence
of a term (u,w) such that

sup || (u”, w") — (u, w)[| > < Ce.
0<t<T*

The next step consists on applying the fact that the sequence (u°,w*) is uniformly
bounded in H? (proved in the previous subsection) to show that there exists a convergence
in every intermediate norm 0 < s’ < 3. Then, using (1.9)

€ & c e 1—s'/3 c c s'/3
[1(uf, w%) = (uy w)]| o < Cs [, w7) — (u, w)]112%7 ] (0, w07) — (u,w)|[55°

Obtaining
o < Cog'*PET0). (2.42)

sup ||(U€, wa) - (u7 U}>|

0<t<T*
Thus, there is convergence for s’ < 3 in C{[0,T*]; H*(T)}. In sum, since (u,w®) —
(u,w), the limit of (uf,w;) is (ug, wy). In consequence, (u,w) is the solution to the initial
PDE system (2.1). O
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As a result of the previous sections, we have proven the well-posedness of a solution
to the regularized problem by Picard Theorem. The energy estimates obtained led us to
a uniform existence time and, passing to the limit in this last subsection, the existence
and uniqueness of a solution to the PDE system (2.1) until a time 7™ has been shown.






Chapter 3

Nonexistence of a global solution

This chapter conforms the proof to the following theorem, applying the knowledge extracted
from [2].

Theorem 3.1. Not every initial data (ug,wo) € H3(T) results in a global solution to the
PDE system (2.1).

In other words, we will show that there exists (ug,wp) € H?(T) such that maxu
diverges for p > 2.

Let’s define

J(t) = /u(:c,t)dx and K(t) = /w(m,t)d:c.

Then, the derivative of J with respect to t is

1 1 1 1

% :/utdx = /uxxdx+/upd:v+/(w—u)d$

0 0

1 1 1
= (1) —ur(O)—i-/u”dx—i-/wdx—/udx
0 0 0

= /updx+/wdx—/udx. (3.1)

0 0 0

[e=]
[e=]

The Holder inequality states that

n n n 1
J T | < [TIA@ e 1 <5< o032 = 1 32)
o i=1 i=1 i=1 "

29
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with

LP(Q2) := < equivalence classes u such that Hu||’£p(m = / |u(z)|Pdr < 0o
Q

Thus,

1 1
1 1 P 1 q

1
J(t):/u-ldazg /u-ldm <|lu||ze - ||1]|2a = /\u(x)]pda: . /1qd:c
0 0

0 0

Notice that, since p > 2 and ¢ must be greater than 1, ¢ is a finite number so that the
sum of their inverses is 1.

Therefore, by elevating everything to p,

1

1 w1 1
Jpg/]u(:v)|pd$- /1qd:r :/|u($)\pdas- %=/|u(az)|pd:p,
0 0 0

0

and we obtain
—>JP-J+ K. (3.3)

Now,

1 1 1
K
dd—t:/wtda::/—w$dx+/uda:—/wda7:—w(1)+w(0)+J—K:J—K. (3.4)
0 0

0 0

From this point on, it will be assumed that J(0) and K(0) are big values that verify
the hypothesis

1. 29> K(0) >0,

2. 70 > J(0).

In addition, we must select K (0) big enough so that K(0) >> 1 and, in consequence,
there exists a value ¢ such that

K(0
K(t)>%>0foreveryt§5.

Therefore, in this time interval, (3.3) satisfies
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Given the size of J(0) and the second hypothesis, it is correct to state

JP(t)
2

— J(t) > 0 for every t < 0,

so, consequently, the following ODE is obtained

al _ () I Jo(t)
dt — 2 2

Applying the separable variables method

/dJ dt
> _
Jgr = | 2
Jr ot o
> . .
1_p_2+ (3.5)

From this moment on, we will replace the constant C' with ‘71%;0) since, for t = 0, the
inequality (3.5) satisfies Jl%;o) >C.
1
< Jr i
(1—=p)z+J2(0) —
1

/(= )b+ T0)

< J (3.6)

Now, we may assume the following hypothesis without compromising the previous
assumptions:

2JP(0 )
L2 0 (37)
1—0p 2
Therefore, for every t < §, there will always exist a time t; = —%;(0) at which a

zero appears in the denominator of (3.6), leading to an asymptote in the function, i.e.,
a singularity formation. With (3.7), this implies that the existence time assumed is not
verified and, in fact, is smaller than . Thus, J diverges and we have proven there does
not exist a global solution to the PDE system (2.1).
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