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a b s t r a c t

In this short note, we provide the well-posedness for an hyperbolic–hyperbolic–
elliptic system of PDEs describing the motion of collision free-plasma in magnetic
fields. The proof combines a pointwise estimate together with a bootstrap type
argument for the elliptic part of the system.
© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction and main result

The motion of a cold plasma in a magnetic field consisting of singly-charged particles can be described
by the following system of PDEs [1,2]

nt + (un)x = 0, (1a)

ut + uux + BBx

n
= 0, (1b)

B − n −
(

Bx

n

)
x

= 0, (1c)

here n, u and B are the ionic density, the ionic velocity and the magnetic field, respectively. Moreover, it
as also been used as a simplified model to describe the motion of collision-free two fluid model where the
lectron inertial, charge separation and displacement current are neglected and the Poisson equation (1c) is
nitially satisfied, [1,3]. In (1) the spatial domain Ω is either Ω = R or Ω = S1 (i.e. x ∈ R or x ∈ [−π, π]

∗ Corresponding author.
E-mail addresses: dalonsoo@ull.edu.es (D. Alonso-Orán), rafael.granero@unican.es (R. Granero-Belinchón).
ttps://doi.org/10.1016/j.aml.2023.108863
893-9659/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
http://creativecommons.org/licenses/by-nc-nd/4.0/).

https://doi.org/10.1016/j.aml.2023.108863
https://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2023.108863&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:dalonsoo@ull.edu.es
mailto:rafael.granero@unican.es
https://doi.org/10.1016/j.aml.2023.108863
http://creativecommons.org/licenses/by-nc-nd/4.0/


D. Alonso-Orán and R. Granero-Belinchón Applied Mathematics Letters 147 (2024) 108863

c

w

s
b
a
r
r
o
H
f
a
a
w
y
g

T
s

N

a

with periodic boundary conditions) and the time variable satisfies t ∈ [0, T ] for certain 0 < T ≤ ∞. The
orresponding initial-value problem consists of the system (1) along with initial conditions

n(x, 0) = n0(x), u(x, 0) = u0(x), (2)

hich are assumed to be smooth enough for the purposes of the work.
System (1) was introduced by Gardner & Morikawa [2]. Furthermore, Gardner & Morikawa formally

howed that the solutions of (1) converge to solutions of the Korteweg-de Vries equation (see also the paper
y Su & Gardner [4]). Berezin & Karpman extended this formal limit to the case where the wave propagates
t angles of certain size with respect to the magnetic field [1]. Later on, Kakutani, Ono, Taniuti & Wei [3]
emoved the hypothesis on the angle. This formal KdV limit was recently justified by Pu & Li [5]. Very
ecently in [6], by means of a multi-scale expansion (cf. [7,8]), the authors derived three asymptotic models
f (1) and studied several analytical properties of the models: the existence of conserved quantities, the
amiltonian structure, the well-posedness and the formation of singularities in finite time. More precisely,

or the uni-directional model which resembles the well-known Fornberg–Whitham equation (cf. [9,10]), the
uthors showed that wave-breaking occurs, that is, the formation of an infinite slope in the solution. In [11],
new sufficient condition on the initial data is given which exhibits wave breaking extending the previous
ork [6]. To the best of the author’s knowledge, although system (1) has been introduced more than 50
ear’s ago, the well-posedness of the system has not been studied elsewhere. The result of this work is to
ive a positive answer to the previous problem and the main theorem reads as follows

heorem 1. Let n0(x) > 0, n0(x) − 1 ∈ H2 and u0(x) ∈ H3. Then, there exists a T > 0 and unique
olution of (1) such that

(n − 1, u) ∈ C([0, T ], H2 × H3).

otation

For 1 ≤ p ≤ ∞, let Lp = Lp(R) be the usual normed space of Lp-functions on R with ∥ · ∥p as the
ssociated norm. For s ∈ R, the inhomogeneous Sobolev space Hs = Hs(R) is defined as

Hs(R) ≜
{

f ∈ L2(R) : ∥f∥2
Hs(R) =

∫
R
(1 + ξ2)s|f̂(ξ)|

2
< +∞

}
,

with norm
∥f∥2

Hs = ∥f∥2
L2 + ∥f∥2

Ḣs .

Moreover, throughout the paper C = C(·) will denote a positive constant that may depend on fixed
parameters and x ≲ y (x ≳ y) means that x ≤ Cy (x ≥ Cy) holds for some C.

2. Proof of Theorem 1

The proof follows the classical a priori estimates approach which combines the derivation of useful a priori
energy estimates and the use of a suitable approximation procedure via mollifiers (see for instance [6]). First,
we write system (1) in the new variables n = 1 + η, B = 1 + b. Then system (1) becomes

ηt + (uη)x + ux = 0, (3a)

ut + uux + (1 + b)bx

1 + η
= 0, (3b)

b − η −
(

bx

)
= 0. (3c)
1 + η x

2
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We are going to find the appropriate energy estimates for the following energy

E(t) = ∥η(t)∥2
H2 + ∥u(t)∥2

H3 + max
x∈R

1
1 + η(x, t) . (4)

n order to estimate the last term in the energy E(t), we need to derive a pointwise estimate. To that purpose,
ollowing [12] and defining

m(t) = min
x∈R

η(x, t) = η(xt, t), for t > 0,

t is easy to check that m(t) is a Lipschitz functions and one has the following bound

|m(t) − m(s)| ≤ max
y,z

|∂tη(y, z) ∥ t − s|.

rom Rademacher’s theorem it holds that m(t) is differentiable in t almost everywhere and furthermore

m′(t) = ∂tη(xt, t) a.e. (5)

hen, using (1a) and noticing that nx(xt, t) = we readily see that

m′(t) = −ux(xt, t)m(t) − ux(xt, t) = −ux(xt, t)(1 + m(t)) (6)

oreover, since by assumption m(0) > −1 we also have that

m(t) > −1, for 0 < t ≪ 1. (7)

We remark that this is not a monotonicity statement relying on a sign condition for ux(xt, t), but just a
mall in time argument. Hence, following the argument in [13] and using (6) we find that

d

dt

(
max
x∈R

1
1 + η(x, t)

)
= − ∂tη(xt, t)

(1 + m(t))2 = ux(xt, t)
1 + m(t) ≤ C(E(t))2. (8)

he lower order L2 norm of η is bounded by

1
2

d

dt
∥η∥2

L2 ≲ ∥η∥2
L2 ∥ux∥L∞ + ∥η∥L2 ∥ux∥L2 (9)

imilarly, we find that
1
2

d

dt
∥u∥2

L2 ≲ (1 + ∥b∥L∞)
 bx

1 + η


L2

∥u∥L2 (10)

esting equation (3a) and (3b) with ∂4
xη and ∂6

xu respectively, and integrating by parts we have that

1
2

d

dt

∂2
xη
2

L2 ≲ ∥η∥2
H2 ∥u∥H3 + ∥η∥H2 ∥u∥H3 , (11)

1
2

d

dt

∂3
xu
2

L2 ≲ ∥u∥3
H3 + (1 + ∥b∥L∞)

 bx

1 + η


H3

∥u∥H3 . (12)

herefore, combining (9)–(12) and using Sobolev embedding and Young’s inequality that

1
2

d

dt

(
∥η∥2

H2 + ∥u∥2
H3

)
≲ ∥η∥3

H2 + ∥u∥3
H3 + (1 + ∥b∥H1)2

 bx

1 + η

2

H3
+ ∥u∥2

H3 . (13)

Moreover, using (3c) we find that bx

2
=
∫ ⏐⏐⏐⏐( bx

) ⏐⏐⏐⏐2 dx =
∫ (

bx

)
(b − η)xx dx ≤

 bx

 (∥η∥H2 + ∥b∥H2) .
1 + η Ḣ3 R 1 + η xxx R 1 + η xxx 1 + η Ḣ3

3
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Therefore, we find that  bx

1 + η


H3

≤ ∥η∥H2 + ∥b∥H2 .

lugging the previous estimate in (13) we infer that

1
2

d

dt

(
∥η∥2

H2 + ∥u∥2
H3

)
≲ ∥η∥3

H2 + ∥u∥3
H3 + (1 + ∥b∥H1)2 (∥η∥H2 + ∥b∥H2) + ∥u∥2

H3

≲ 1 + ∥η∥3
H2 + ∥u∥3

H3 + ∥b∥3
H2 . (14)

To close the energy estimate, we need to compute ∥b∥3
H2 . To that purpose, we first find using the elliptic

equation (3c) and integrating by parts that

∥b∥2
L2 =

∫
R

ηb dx +
∫
R

(
bx

1 + η

)
x

b dx =
∫
R

ηb dx −
∫
R

b2
x

1 + η
dx

herefore, using the pointwise estimate (7) we find that the last term

−
∫
R

b2
x

1 + η
dx ≤ 0,

nd hence Young’s inequality yields
∥b∥2

L2 ≤ ∥η∥2
L2 (15)

o compute the higher-order norm, let us first write

∥bx∥2
L2 =

∫
R

1 + η

1 + η
(bx)2 dx = −

∫
R

bx

1 + η
(1 + η)xb dx −

∫
R

(
bx

1 + η

)
x

(1 + η) b dx = I1 + I2. (16)

Using Hölders and Young’s inequality we readily see that

|I1| ≤ ∥bx∥L2 ∥ηx∥L∞ ∥b∥L2

 1
1 + η


L∞

≤ 1
2 ∥bx∥2

L2 + C ∥η∥2
H2 ∥b∥2

L2

 1
1 + η

2

L∞
. (17)

n the other hand, using once again the elliptic equation (3c) we find that

I2 =
∫
R
(η − b)(1 + η)b dx =

∫
R

(
ηb + η2b − b2(1 + η)

)
dx ≤ ∥b∥L2 ∥η∥L2 + ∥b∥L2 ∥η∥L2 ∥η∥L∞ . (18)

herefore, collecting (16)–(18) we infer that

∥bx∥2
L2 ≤ 1

2 ∥bx∥2
L2 + C ∥η∥2

H2 ∥b∥2
L2

 1
1 + η

2

L∞
+ ∥b∥L2 ∥η∥L2 + ∥b∥L2 ∥η∥L2 ∥η∥L∞ (19)

nd hence using (15) we conclude that

∥bx∥2
L2 ≲ ∥η∥2

H2 ∥η∥2
L2

 1
1 + η

2

L∞
+ ∥η∥2

L2 + ∥η∥2
L2 ∥η∥L∞ . (20)

e iterate the previous idea, to provide an estimate ∥bxx∥L2 . To that purpose, we write

∥bxx∥2
L2 = −

∫
R

1 + η

1 + η
bxxxbx dx =

∫
R
(1 + η)bxx

(
bx

1 + η

)
x

dx +
∫
R
(1 + η)xbxx

bx

1 + η
dx = J1 + J2.
4
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Using the elliptic equation (3c), we have that

J1 =
∫
R
(1 + η)bxx(b − η) dx ≤ ∥bxx∥L2 ∥(1 + η)(b − η)∥L2

≤ 1
2ϵ

∥bxx∥2
L2 + Cϵ

(
1 + ∥η∥4

H2 + ∥b∥4
L2

)
, (21)

here in the second inequality we have used the Sobolev embedding and Young’s inequality. Similarly,

J2 ≤ ∥bxx∥L2

(1 + η)x
bx

1 + η


L2

≤ 1
2ϵ

∥bxx∥2
L2 + Cϵ

(
1 + ∥η∥8

H2 +
 1

1 + η

8

L∞
+ ∥bx∥8

L2

)
. (22)

herefore taking ϵ ≪ 1 (for instance ϵ = 1/4), we find that

1
2 ∥bxx∥2

L ≤ C

(
1 + ∥η∥8

H2 +
 1

1 + η

8

L∞
+ ∥bx∥8

L2

)
. (23)

ence, estimate (23) combined with the previous estimates for ∥bx∥L2 given in (20) and ∥b∥L2 in (15) we
onclude that

∥b∥3
H2 ≤ C (1 + E(t))p

, (24)

or some C > 0 and p > 2 large enough. The precise power of p can be computed though it is not essential
o provide a local-in-time solution. Hence, plugging the previous estimate into (14) and taking into account
8) we conclude that

d

dt
E(t) ≤ C (1 + E(t))p (25)

or some C > 0 and p > 2 large enough which ensures a local time of existence T ⋆ > 0 such that

E(t) ≤ 4E(0), for 0 ≤ t ≤ T ⋆.

n order to construct the solution, we first define the approximate problems using mollifiers, which reads

ηϵ
t + Jϵ(JϵuJϵη)x + JϵJϵu

ϵ
x = 0, (26a)

uϵ
t + Jϵ (JϵuJϵux) + (1 + b)bx

1 + ηϵ
= 0, (26b)

b − ηϵ −
(

bx

1 + ηϵ

)
x

= 0. (26c)

epeating the previous estimates we find a time of existence T ⋆ > 0 for the sequence of regularized problems.
sing compactness arguments and passing to the limit we conclude the proof of existence. The time

ontinuity for the solution is obtained by classical arguments. On the one hand, the differential equation (25)
ives the strong right continuity at t = 0. Using the change of variables t̂ = −t, we get the strong left
ontinuity at t = 0, which combined show the continuity in time of the solution.

ata availability

No data was used for the research described in the article.

cknowledgements

D.A-O is supported by the Spanish MINECO through Juan de la Cierva fellowship FJC2020-046032-I.
.G-B is supported by the project “Mathematical Analysis of Fluids and Applications” Grant PID2019-
09348GA-I00 funded by MCIN/AEI/10.13039/501100011033 and acronym “MAFyA”. This publication is
5



D. Alonso-Orán and R. Granero-Belinchón Applied Mathematics Letters 147 (2024) 108863
part of the project PID2019-109348GA-I00 funded by MCIN/AEI/10.13039/501100011033. This publication
is also supported by a 2021 Leonardo Grant for Researchers and Cultural Creators, BBVA Foundation,
Spain. The BBVA Foundation accepts no responsibility for the opinions, statements, and contents included
in the project and/or the results thereof, which are entirely the responsibility of the authors. D.A-O and
R. G-B are also supported by the project “Análisis Matemático Aplicado y Ecuaciones Diferenciales” Grant
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