
On Keller-Segel systems with fractional diffusion
Rafael Granero-Belinchón1

Departamento de Matemáticas, Estadística y Computación, Universidad de Cantabria, Santander, Spain

Abstract

In this note we review some recent results on the parabolic-elliptic and parabolic-parabolic Keller-Segel model
with fractional diffusion. Furthermore, we consider with particular emphasis the parabolic-hyperbolic case with
a fractional Laplacian. In particular we prove certain new results. Namely, first, we prove the existence of
solution for analytic initial data and then we establish the finite time singularity formation for initial data in this
class. Finally, we obtain a new equation describing unidirectional wave propagation for the parabolic-hyperbolic
Keller-Segel system.

1. The parabolic-parabolic and parabolic-elliptic Keller-Segel systems
Even if as of 2021 no “standard model" of the origin of life has yet emerged, most currently accepted models state
that life arose on Earth between 3800 and 4100 million years ago. These first forms of life where single-celled
organisms. For most of the History of life on Earth there were only unicellular organisms. However, now there are
many different fungi, algae, plants and animals that are multicellular organisms (they are formed by aggregations of
cells working together). Thus, even if we know that these single-celled organism eventually formed multicellular
organisms (around 1500 millions of years ago), the origins of multicellularity are one of the most interesting topics
in biology because we still do not know the details of how multicellularity arised.
A particular situation where cells form a cluster, in a process known as cell aggregation, arises when the motion

of the cells is driven by a chemical gradient, i.e. the cells attempt to move towards higher (or lower) concentration of
some chemical substance. This process is usually called chemotaxis. Then, multicellular aggregates and eventually
tissue-like assemblies are formed when individual cells attach to each other as a consequence of the chemotactic
movement and when this aggregation leads to subsequent cellular differentiation. That is, for instance, the case of
the slime mold Dictyostelium Discoideum and bacterial populations, such as of Escherichia coli and Salmonella
typhimurium.
A preliminary step towards a better understanding of chemotaxis and cell aggregation, was given by Keller &

Segel with their 1970 classical paper [18] (see also the prior work by Patlak [21]). In this paper, Keller and Segel
proposed a nonlinear system of PDEs of cross-diffusive type. After a number of simplifications, the following PDE
system appears as a model of cell aggregation as a consequence of chemotactic movement:

𝜕𝑡𝑢 = −(−Δ)𝛼/2𝑢 + ∇ · (𝑢∇𝑣) + 𝑓 (𝑢, 𝑣) (1.1)
𝜏𝜕𝑡𝑣 = 𝜈Δ𝑣 + 𝑢 − 𝜆𝑣. (1.2)

Here (−Δ)𝛼/2 denotes the fractional laplacian, 𝑢 and 𝑣 denote the cells and chemical concentration, respectively, and
𝜏, 𝜈, 𝜆 ≥ 0 are fixed constants. In most of the applications, the forcing is typically 𝑓 (𝑢, 𝑣) = 0 or 𝑓 (𝑢) = 𝑟𝑢(1− 𝑢).
System (1.1)-(1.2) is known as the parabolic-parabolic Keller-Segel equation (ppKS).
Diffusions given by −(−Δ)𝛼/2𝑢 for 𝛼 < 2 arise naturally when studying feeding strategies of some organisms in

certain situations. For instance, these fractional diffusions have been reported for amoebas [19], microzooplancton
[4], flying ants [23], fruit flies [12], jackals [2] and even humans! [22].
Following the works by T. Hillen, K. Painter & M. Winkler [17] and references therein, equations (1.1)-(1.2)

also appear in the modelization of cancer invasion of healthy tissues. In particular, the model (1.1)-(1.2) with
𝑓 (𝑢, 𝑣) = 𝑟𝑢(1 − 𝑢) appears as a valid approximation of the three-component urokinase plasminogen invasion.
The casewhen 𝜏 = 0, (1.1)-(1.2) is known as the parabolic-elliptic Keller-Segel equations (peKS) and, besides its

interest in regards to aggregation and chemotaxis, this equation also arises as a model of other physical phenomena.
In particular, the (peKS) equation (with 𝛼 = 2, 𝜈 = 1, 𝜆 = 0 and 𝑓 ≡ 0) is, formally, similar to the two-dimensional,
incompressible Navier-Stokes written in vorticity form 𝜔 = curl𝑣:

𝜕𝑡𝜔 = Δ𝜔 + ∇ · (𝜔∇⊥𝜓), −Δ𝜓 = 𝜔.

The (peKS) equation also arises as a model of gravitational collapse and star formation [1]. Thus, every new
mathematical result regarding equations (1.1)-(1.2) has potential implications in Applied Sciences.
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Using the Keller-Segel model (1.1)-(1.2), aggregation is mathematically equivalent to a finite time singularity
of the type

lim
𝑡→𝑇
max
𝑥
𝑢(𝑥, 𝑡) = ∞. (1.3)

Then, the question we want to answer is the following: Can the (ppKS) or the (peKS) systems develop a
finite time singularity of the type of (1.3)?
For the simpler case of the (peKS) equations this question is nowadays well understood. Specifically, it is known

that the aggregation of cells is very sensitive to changes in the dimension of the spatial domain and the order of the
diffusion, 𝛼. In particular, in the one dimensional case, (peKS) equation was first studied by Escudero [13]. He
proved the global existence of solution in the case 1 < 𝛼 ≤ 2. This result was later improved by Bournaveas &
Calvez [6], where the authors proved finite time singularities for the case 0 < 𝛼 < 1 and the existence of 𝐾 > 0 such
that, for the case 𝛼 = 1 and initial data satisfying the smallness restriction

∫
𝑢0 (𝑥1)𝑑𝑥1 ≤ 𝐾, there exists a global

smooth solution. Furthermore, based on numerical simulations, Bournaveas & Calvez, reported the existence of
finite time singularities in the case 𝛼 = 1 for large initial data. This conjecture is in agreement with the two
dimensional case and 𝛼 = 2, where there are finite time singularities depending on the mass of the initial data

𝑀 =
∫
R2
𝑢0 (𝑥1, 𝑥2)𝑑𝑥1𝑑𝑥2.

More precisely, when 𝑀 < 8𝜋, the solutions are globally defined and smooth while if 𝑀 > 8𝜋 the solutions
develop a finite time singularity (see for instance the paper by A. Blanchet, J. Dolbeault & B. Perthame [5] and the
references therein). The singularity formation for the two dimensional case with 𝛼 < 2 has been proved by D. Li,
J. Rodrigo & X. Zhang [20]. Systems akin to (peKS) with a nonlinear fractional diffusion have also been studied
in [16] and [7].
In a fruitful collaboration with Jan Burczak, we were able to

• Lack of threshold behavior for the critical (𝛼 = 1) (peKS) equation. One of our results [8] for the
one-dimensional (peKS) equations with 𝛼 = 1 is that smooth solutions can be defined for all later times,
i.e. every initial data leads to a global solution. Furthermore, the solutions are globally bounded (in fact,
they decay to the homogeneous steady state) if the initial mass is small enough (with a smallness condition
of order 𝑂 (1)). This was a very surprising result that disproved the previous conjecture by Bournaveas &
Calvez [6].

• Global existence for the supercritical (𝛼 < 𝑑) (peKS) equation with logistic forcing. In the case where a
logistic forcing of the type

𝑓 (𝑢) = 𝑟𝑢(1 − 𝑢), 0 < 𝑟
is considered into the (peKS) equations, we proved that, if 𝑑 = 1, 2 denotes the spatial dimension, we could
find a range

𝑑 − 𝑐1 (𝑟) < 𝛼 ≤ 𝑑, (1.4)

with 𝑐1 (𝑟) explicit such that there exist global in time classical solutions to the SP equations with 𝛼 in the
range (1.4) [9, 11]. Furthermore, we could also find a second range,

𝑑 − 𝑐2 (𝑟) < 𝛼 ≤ 𝑑, (1.5)

where 𝑐2 (𝑟) is explicit, such that there exist global in time weak solutions to the SP equations with 𝛼 in the
range (1.5). Note that, in 𝑑 dimensions, the case 𝛼 = 𝑑 corresponds to the critical case with respect to the
total mass ∫

𝑢(𝑥)𝑑𝑥.

Consequently, these results are the first global well-posedness results in supercritical ranges (1.4) and (1.5)
for a Keller-Segel type equation. As a consequence of these results, we obtained that aggregation is not
possible for 𝛼 in (1.4) if there is a logistic growth. In the one dimensional case 𝑑 = 1, these results are
also interesting when compared to other classical nonlinear, one-dimensional drift-diffusion equations as the
Burgers equation, where 𝛼 ≥ 1 is a required for global classical solution (with large initial data) to exist.
In the case of two spatial dimensions 𝑑 = 2, the proof of the global existence of classical solutions is based
in a new delicate pointwise estimate for the two-dimensional fractional Laplacian

(−Δ)𝛼/2𝑢(𝑥1, 𝑥2) ≥ 𝐶𝛼,𝛿 𝑢(𝑥1, 𝑥2)
1+ 𝛼
2−𝛿

‖𝜙‖1+
𝛼
2−𝛿

𝐶 𝛿

,
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where 𝜕𝑥1𝜕𝑥2𝜙 = 𝑢 and (𝑥1, 𝑥2) is such that max
𝑦1 ,𝑦2

𝑢(𝑦1, 𝑦2) = 𝑢(𝑥1, 𝑥2). This inequality is interesting by itself
as it may be applied in many other PDE problems.

• Dynamical properties of (ppKS) equation with logistic forcing. In [10] we study dynamical properties of
the (ppKS) system with logistic forcing. Remarkably, this model exhibits a spatio-temporal chaotic behavior,
where a number of peaks emerge. We were able to prove the existence of an attractor and provide an upper
bound on the number of peaks that the solution may develop. Finally, we perform a numerical analysis
suggesting that there is a finite time blowup if the diffusion is weak enough, even in presence of a damping
logistic term.

2. The parabolic-hyperbolic Keller-Segel system
In what follows we study the following system arising in tumor angiogenesis

𝜕𝑡𝑢 = −(−Δ)𝛼/2𝑢 + 𝜕𝑥 (𝑢𝑞), for 𝑥 ∈ T, 𝑡 ≥ 0, (2.1)
𝜕𝑡𝑞 = 𝑢𝑟−1𝜕𝑥𝑢, for 𝑥 ∈ T, 𝑡 ≥ 0, (2.2)

where 𝑢 is a non-negative scalar function, 𝑞 is a zero-mean function, T denotes the domain [−𝜋, 𝜋] with periodic
boundary conditions, 0 < 𝛼 ≤ 2, 1 ≤ 𝑟 ≤ 2 and (−Δ)𝛼/2 = Λ𝛼 is the fractional Laplacian.
This system was proposed by Othmers & Stevens [24] based on biological considerations as a model of tumor

angiogenesis. In that context, 𝑢 is the density of vascular endothelial cells and 𝑞 = 𝜕𝑥 log(𝑣) where 𝑣 is the
concentration of the signal protein known as vascular endothelial growth factor (VEGF).
Equation (2.1) appears as a singular limit of the following Keller-Segel model of aggregation of the slime mold

Dictyostelium discoideum [18] (see also Patlak [21])


𝜕𝑡𝑢 = −(−Δ)𝛼/2𝑢 − 𝜒∇ · (𝑢∇𝐺 (𝑣)),

𝜕𝑡𝑣 = 𝜈Δ𝑣 +
(
𝑢𝑟

𝑟
+ 𝜆

)
𝑣,

(2.3)

when 𝐺 (𝑣) = log(𝑣) and the diffusion of the chemical 𝜈 is negligible.
This system was studied in [14, 15]. In particular

• Local existence and decay. In [15] the local well-posedness for arbitrary 𝐻3 non-negative initial data,
0 ≤ 𝛼 ≤ 2 and 1 ≤ 𝑟 ≤ 2 was proved. We would like to emphasize that that the sign of the initial data plays
the role of a stability condition and helps us to avoid derivative loss. Furthermore, the solution verifies the
following global bound: for 𝑟 > 1

‖𝑢(𝑡)‖𝑟𝐿𝑟
𝑟 (𝑟 − 1) +

‖𝑞(𝑡)‖2
𝐿2

2
+ 1
𝑟 − 1

∫ 𝑡

0

∫
T
(−Δ)𝛼/2𝑢𝑢𝑟−1𝑑𝑥𝑑𝑠 ≤ ‖𝑢0‖

𝑟
𝐿𝑟

𝑟 (𝑟 − 1) +
‖𝑞0‖2𝐿2
2

, (2.4)

while, if 𝑟 = 1,

∫
T
(𝑢 log(𝑢)−𝑢+1)𝑑𝑥+

‖𝑞(𝑡)‖2
𝐿2

2
+
∫ 𝑡

0

∫
T
(−Δ)𝛼/2𝑢 log(𝑢)𝑑𝑥𝑑𝑠 ≤

∫
T
(𝑢0 log(𝑢0)−𝑢0+1)𝑑𝑥+

‖𝑞0‖2𝐿2
2

.

(2.5)

• Global well-posedness for arbitrary initial data in the critical regime for 𝑟 = 2. Notice that the equations
(2.1)-(2.2) verify the following scaling symmetry: for every 𝜆 > 0

𝑢𝜆 (𝑥, 𝑡) = 𝜆
2𝛼−2
𝑟 𝑢 (𝜆𝑥, 𝜆𝛼𝑡) , 𝑞𝜆 (𝑥, 𝑡) = 𝜆𝛼−1𝑞 (𝜆𝑥, 𝜆𝛼𝑡) .

In [14], the global well-posedness for arbitrary 𝐻2 non-negative initial data and the critical diffusion 𝛼 = 3/2
was proved. Similarly, the two-dimensional case is also studied for the critical value 𝛼 = 2 and global
well-posedness is also presented. Due to the hyperbolic character of the equation for 𝑞, prior available
global existence results of classical solution for equation (2.1) impose several assumptions [25–27] and the
references therein.
Our results removed some of the previous conditions. On the one hand, we prove global existence for arbitrary
data in the cases 𝑑 = 1 and 𝛼 ≥ 1.5 and 𝑑 = 2 and 𝛼 = 2. On the other hand, in the cases where we have to
impose size restrictions on the initial data, the Sobolev spaces are bigger than 𝐻2. A question that remains
open is the trend to equilibrium. From (2.4) is clear that the solution (𝑢(𝑡), 𝑞(𝑡)) tends to the homogeneous
state, namely (〈𝑢0〉, 0). However, the rate of this convergence is not clear.
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2.1. Local well-posedness for analytic initial data
Equations (2.1)-(2.2) can be written as

𝜕𝑡ℎ = −Λ𝛼ℎ + 𝜕𝑥 (ℎ𝑞) + 〈𝑢0〉𝜕𝑥𝑞, for 𝑥 ∈ T, 𝑡 ≥ 0, (2.6)
𝜕𝑡𝑞 = (ℎ + 〈𝑢0〉)𝑟−1𝜕𝑥ℎ, for 𝑥 ∈ T, 𝑡 ≥ 0, (2.7)

where ℎ = 𝑢 − 〈𝑢0〉. Without lossing generality we consider 〈𝑢0〉 = 1. Then we have that

Theorem 1 Define
𝜈(𝑡) = 1 − 𝜃𝑡,

for
𝜃 > 1 + ‖ℎ0‖𝜈 (0) + 𝐶𝑟 (1 + ‖ℎ0‖𝑟−1𝜈 (0) ) + ‖𝑞0‖𝜈 (0) .

Let us consider (ℎ0, 𝑞0) such that

‖ℎ(𝑡)‖𝜈 (𝑡) =
∞∑︁

𝑛=−∞
| ℎ̂(𝑛, 𝑡) |𝑒𝜈 (𝑡) |𝑛 | < ∞,

‖𝑞(𝑡)‖𝜈 (𝑡) =
∞∑︁

𝑛=−∞
|𝑞(𝑛, 𝑡) |𝑒𝜈 (𝑡) |𝑛 | < ∞.

Then, there exist a sufficiently short time and a unique local solution which is analytic in a complex strip with
sufficiently small width.

Proof We define the scale of spaces

A𝜈 (𝑡) =
{
𝑢 ∈ 𝐿2, 𝑒𝜈 (𝑡) |𝑛 | 𝑢̂(𝑛) ∈ ℓ1

}
with norm

‖𝑢‖𝜈 (𝑡) = ‖𝑒𝜈 (𝑡) |𝑛 | 𝑢̂(𝑛)‖ℓ1 .
We observe that the previous spaces are a Banach Algebra

‖ 𝑓 𝑔‖𝜈 (𝑡) ≤ ‖ 𝑓 ‖𝜈 (𝑡) ‖𝑔‖𝜈 (𝑡) .

We compute

𝑑

𝑑𝑡
‖𝐹‖𝜈 (𝑡) =

∞∑︁
𝑛=−∞

𝜈′(𝑡) |𝑛|𝑒𝜈 (𝑡) |𝑛 | |𝐹 (𝑛, 𝑡) | +
∞∑︁

𝑛=−∞
𝑒𝜈 (𝑡) |𝑛 |Re

(
𝜕

𝜕𝑡
𝐹 (𝑛, 𝑡) 𝐹 (𝑛, 𝑡)

|𝐹 (𝑛, 𝑡) |

)

≤
∞∑︁

𝑛=−∞
𝜈′(𝑡) |𝑛|𝑒𝜈 (𝑡) |𝑛 | |𝐹 (𝑛, 𝑡) | +





 𝜕𝜕𝑡 𝐹





𝜈 (𝑡)

.

Then, if 0 < 𝜈(𝑡) is a decreasing function we find a regularizing contribution coming from 𝜈′. This regularizing
contribution is reflecting the fact that the strip of analyticity is shrinking. At this point it is easy to find the estimate

𝑑

𝑑𝑡
(‖ℎ‖𝜈 (𝑡) + ‖𝑞‖𝜈 (𝑡) ) ≤ 𝜈′(𝑡) (‖𝜕𝑥ℎ‖𝜈 (𝑡) + ‖𝜕𝑥𝑞‖𝜈 (𝑡) ) − ‖(−Δ)𝛼/2ℎ‖𝜈 (𝑡)

+ (1 + ‖ℎ‖𝜈 (𝑡) )‖𝜕𝑥𝑞‖𝜈 (𝑡) + ‖𝜕𝑥ℎ‖𝜈 (𝑡) (𝐶𝑟 (1 + ‖ℎ‖𝑟−1𝜈 (𝑡) ) + ‖𝑞‖𝜈 (𝑡) )
≤ 0,

where in the last line we have fix

𝜃 > 1 + ‖ℎ0‖𝜈 (0) + 𝐶𝑟 (1 + ‖ℎ0‖𝑟−1𝜈 (0) ) + ‖𝑞0‖𝜈 (0) .

�

Wewant to remark that the previous result does not require any sign condition on ℎ nor the parabolic term (−Δ)𝛼/2.
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2.2. Finite time blow up for the inviscid case
We consider the inviscid system

𝜕𝑡𝑢 = 𝜕𝑥 (𝑢𝑞), for 𝑥 ∈ T, 𝑡 ≥ 0, (2.8)
𝜕𝑡𝑞 = 𝑢𝑟−1𝜕𝑥𝑢, for 𝑥 ∈ T, 𝑡 ≥ 0. (2.9)

and prove the following result:

Theorem 2 Let us consider 𝑟 = 1. Then there exist smooth initial data such that the corresponding solution to
(2.8)-(2.9) blows up in finite time.

Proof Assume that 0 ≤ 𝑢0 (𝑥), is an even function such that 𝑢0 (0) = 𝜕2𝑥𝑢0 (0) = 0. Assume also that 𝑞0 is an odd
function such that 𝜕𝑥𝑞0 (0) = 0. We note that the symmetry is preserved, i.e. as long as the solution exist, 𝑢(𝑥, 𝑡)
remains even and 𝑞(𝑥, 𝑡) remains odd.
The proof is similar to the one in [3]. We argue by contradiction: assume that a a global classical solution exists

for this initial data. Then we want to prove that some quantity blows up. We define the following quantities

𝑈𝑖 (𝑡) = 𝜕𝑖𝑥𝑢(𝑥, 𝑡)
����
𝑥=0
, 𝑄𝑖 (𝑡) = 𝜕𝑖𝑥𝑞(𝑥, 𝑡)

����
𝑥=0
.

Then we have

𝑑

𝑑𝑡
𝑈0 = 𝑈1𝑄0 +𝑄1𝑈0

= 𝑄1𝑈0,

so
𝑈0 (𝑡) = 𝑈0 (0)𝑒

∫ 𝑡
0 𝑄1 (𝑠)𝑑𝑠 = 0.

In the same way,

𝑑

𝑑𝑡
𝑄1 = 𝑈2.

𝑑

𝑑𝑡
𝑈2 = 𝑈3𝑄0 + 3𝑈2𝑄1 + 3𝑈1𝑄2 +𝑄3𝑈0

= 3𝑈2𝑄1

= 3
𝑑

𝑑𝑡
𝑄1𝑄1,

so
𝑑2

𝑑𝑡2
𝑄1 =

𝑑

𝑑𝑡
𝑈2 (𝑡) = 𝑑

𝑑𝑡

3
2
𝑄1 (𝑡)2,

and that implies the finite time blow up of 𝑄1 and𝑈2. �

2.3. Wave propagation
Finally we turn our attention to the wave-like form of the system (2.6)-(2.7). Indeed, we observe that the system
(2.6)-(2.7) with

〈𝑢0〉 = 𝑟 = 1,
can be written as the following bidirectional non-local wave equation

𝜕2𝑡 𝑞 = −(−Δ)𝛼/2𝜕𝑡𝑞 + 𝜕2𝑥 (𝜕−1𝑥 𝜕𝑡𝑞𝑞) + 𝜕2𝑥𝑞. (2.10)

Then, if 𝜀 is a small parameter and we consider the unknown

𝑞 = 𝜀 𝑓 ,

we find the equation

𝜕2𝑡 𝑓 = −(−Δ)𝛼/2𝜕𝑡 𝑓 + 𝜀𝜕2𝑥 (𝜕−1𝑥 𝜕𝑡 𝑓 𝑓 ) + 𝜕2𝑥 𝑓 . (2.11)
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To find the equation describing unidirectional waves we change to far-field variables

𝜉 = 𝑥 − 𝑡, 𝜏 = 𝜀𝑡.

We can apply the chain rule to compute

𝜕

𝜕𝑡
𝑓 (𝜒(𝑥, 𝑡), 𝜏(𝑡)), 𝜕2

𝜕𝑡2
𝑓 (𝜒(𝑥, 𝑡), 𝜏(𝑡))

and, as a consequence, we find that

𝜕2𝜉 𝑓 − 2𝜀𝜕𝜏𝜕𝜉 𝑓 + 𝜀2𝜕2𝜏 𝑓 = (−Δ)𝛼/2𝜕𝜉 𝑓 − 𝜀(−Δ)𝛼/2𝜕𝜏 𝑓 + 𝜀𝜕2𝜉 (𝜕−1𝜉 (−𝜕𝜉 𝑓 + 𝜀𝜕𝜏 𝑓 ) 𝑓 ) + 𝜕2𝜉 𝑓 . (2.12)

Then, if we neglect terms of order 𝑂 (𝜀2), we obtain the asymptotic equation

−2𝜀𝜕𝜏𝜕𝜉 𝑓 = (−Δ)𝛼/2𝜕𝜉 𝑓 − 𝜀(−Δ)𝛼/2𝜕𝜏 𝑓 − 𝜀𝜕2𝜉 (𝜕−1𝜉 𝜕𝜉 𝑓 ) 𝑓 ). (2.13)

Integrating in 𝜉,

−2𝜀𝜕𝜏 𝑓 + 𝜀(−Δ) (𝛼−1)/2𝐻𝜕𝜏 𝑓 = (−Δ)𝛼/2 𝑓 − 2𝜀 𝑓 𝜕𝜉 𝑓 . (2.14)

Changing back to our previous notation for the independent variables, we conclude

𝜕𝑡 𝑓 − 12 (−Δ)
(𝛼−1)/2𝐻𝜕𝑡 𝑓 = − 12𝜀 (−Δ)

𝛼/2 𝑓 + 𝑓 𝜕𝑥 𝑓 . (2.15)
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