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ARTICLE INFO ABSTRACT

Communicated by Enrico Valdinoci In this paper we derive three new asymptotic models for a hyperbolic-hyperbolic-elliptic system
of PDEs describing the motion of a collision-free plasma in a magnetic field. The first of these

glsspgs models takes the form of a non-linear and non-local Boussinesq system (for the ionic density and

35035 velocity) while the second is a non-local wave equation (for the ionic density). Moreover, we

35510 derive a unidirectional asymptotic model of the latter which is closely related to the well-known

76B03 Fornberg-Whitham equation. We also provide the well-posedness of these asymptotic models

X i in Sobolev spaces. To conclude, we demonstrate the existence of a class of initial data which
eywords:

. exhibit wave breaking for the unidirectional model.
Cold plasma asymptotic model

Nonlocal wave equation
Well-posedness
Wave-breaking

1. Introduction

The motion of a cold plasma in a magnetic field consisting of singly-charged particles can be described by the following system
of PDEs [2,12]

n; + (un), =0, (1a)
bb
u +uu, + —= =0, (1b)
n
b
b—n—<—x> =0 (1c)
n X

where n,u and b are the ionic density, the ionic velocity and the magnetic field, respectively. Moreover, it has also been used
as a simplified model to describe the motion of collision-free two fluid model where the electron inertial, charge separation and
displacement current are neglected and the Poisson equation (1c) is initially satisfied, [2,20]. In (1) the spatial domain £2 is either
Q=RorQ2=S'(ie x €R or x € [z, z] with periodic boundary conditions) and the time variable satisfies ¢ € [0,T] for certain
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0 < T < oo. The corresponding initial-value problem (ivp) consists of the system (1) along with initial conditions
n(x,0) = ny(x), u(x,0) = uy(x), (2)

which are assumed to be smooth enough for the purposes of the work.

System (1) was introduced by Gardner & Morikawa [12]. Furthermore, Gardner & Morikawa formally showed that the solutions
of (1) converge to solutions of the Korteweg—de Vries equation (see also the paper by Su & Gardner [27]). Berezin & Karpman
extended this formal limit to the case where the wave propagates at certain angles with respect to the magnetic field [2], i.e. for
angles satisfying certain size conditions. Later on, Kakutani, Ono, Taniuti & Wei [20] removed the hypothesis on the angle. This
formal KdV limit was recently justified by Pu & Li [24].

1.1. Contributions and main results

The purpose of this paper is two-fold. First, we derive three asymptotic models for the hyperbolic-hyperbolic—elliptic system of
PDEs describing the motion of a collision-free plasma in a magnetic field given in (1). The method to obtain the new asymptotic
models relies on a multi-scale expansion (cf. e. g. [1,3-5,9,13,14]) which reduces the full system (1) to a cascade of linear equations
which can be closed up to some order of precision.

More specifically, writing

n=1+N,U=u, b=1+ B, 3)

and, for € > 0, introducing the formal expansions
o oo 5
N = Z HNG, B = Z eHBO U = Z Y@, 4
¢=0 =0 £=0

then the first model is an O(¢?) approximation of (1) and takes the form of the following Boussinesq type system
h, + (hv), + v, =0, (52)
U+ 00y + [L, N AR+ N =0, (5b)
for h=eNO + 2ND, p = eUO + £2UD, The nonlocal terms in (5) are given by
ZL=-021-0)", ¥ =0,(1-0)"(s0 0,4 =-2), (6)

which are Fourier multiplier operators with symbols

2 . .
€ @), Fhe) = —=

1482 e @

ZhE) =

(where ﬁ(:) denotes the Fourier transform of 4 at &) and [.%, -] - denotes the commutator
(2. flg=2(f8) - fZLs. (8)

The extra assumption U® = N© in (4) leads to the formal derivation of the second asymptotic model, as a bidirectional single
non-local wave equation

hy+ Lh=(hh,+[Z, A B h) -2 (hh,)_. 9
The formal reduction of (9) to the corresponding unidirectional version, cf. [29], yields
h, =—% (3hh, — L. N hlh— N h =), (10)

being the third asymptotic model introduced in the present paper. We note that the unidirectional equation (10) has strong
similarities with the well-known equation

u, + %uux = Nu, an

proposed by Fornberg & Whitham as a model for breaking waves [11]. The latter equation has been intensively studied during the
last decades and several results regarding the well-posedness of the ivp in different functional spaces as well as various wave-breaking
criteria have appeared in the literature [15-19,30]. A significant difference between the structure of Eq. (11) and the unidirectional
equation (10) derived in the present paper is the emergence of the nonlocal commutator-type term.

The second purpose of this work is the study of several analytical properties of the models (5), (9), and (10). They are mainly
concerned with the existence of conserved quantities, well-posedness (in the sense of existence and uniqueness of solutions of the
corresponding ivp), and the formation of special solutions. This paper will focus on the first two points, while the existence and
dynamics of solitary-wave solutions will be the object of a separate forthcoming study.

Specifically, the results shown in this paper can be summarized as follows:
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» The system (5) and the unidirectional model (10) admit several quantities preserved by the solutions in suitable spaces,
including a Hamiltonian structure. On the other hand, (9) can be written in a conservation form, leading in a natural way to
the existence of a conserved quantity.

+ The system (5) is locally well posed on a modified Sobolev space involving the operator ..

» The bidirectional non-local wave Eq. (9) has a unique local solution close to the equilibrium and for initial data with sufficiently
small L*® norm.

+ The ivp for Eq. (10) is locally well-posed in Sobolev spaces H*(R) for s > % Furthermore, a blow-up criterion for the solution
by means of a logarithmic Sobolev inequality is provided. In addition, smooth solutions of (10) are shown to exhibit wave
breaking under a suitable hypothesis on the initial condition.

1.2. Structure of the paper

In Section 2 we present the asymptotic derivation of the three models studied in this paper from the motion of a cold plasma by
means of a multi-scale expansion. Section 3 is devoted to the study of conservation properties of the models derived in Section 2.
Focused on well-posedness, the nonlocal Boussinesq system (5) is analyzed in Section 4, while local existence for the bidirectional
non-local wave Eq. (9) close to the equilibrium state is studied in Section 5. Concerning the unidirectional model (10), well-posedness
and blow-up criteria for the solutions are derived in Section 6. These results are finished off in Section 7, where wave breaking of
some smooth solutions for the unidirectional model is shown.

1.3. Preliminaries and notation

Let us next introduce some notation that will be used throughout the rest of the paper.

The functional spaces
For 1 < p < oo, let L” = LP(R) be the usual normed space of LP-functions on R with || - ||, as the associated norm. For s € R, the
inhomogeneous Sobolev space H® = H(R) is defined as

H'(R) £ {f € L’®) : I f s = /Ra +@yIfer < +oo} ,
with norm
W = A2 + A1,

where |||l gs = |A°f ;2 and A° is defined by ASF(&) = |E° £ (&), where f is the Fourier transform of f.
The space of functions with bounded mean oscillation BMO(R) (cf. [25,26]) is defined by

Xo+r _
BMO(R) £ {f € LIIOC(R) I fllsmow) = sup / [ )= F(x)] dx < +00} R

r>0,xg€R J xo—r

where f(x) = % ;(:(]_tr f) dy.

Next, let us introduce two lemmas with useful estimates regarding Sobolev spaces. The first one deals with the so called
Kato-Ponce commutator estimate.

Lemma 1.1 ([21,22]). If f,g € H® ﬂW“’" with s > 0, then for p,p; € (1,00) with i =1, ...,4 and i = ,)L + pi = pi + pi, we have
1 2 3 4

1[4, ] &llpr < C 10 f o 1A gll o2 + A £l s gl o),
and
Al < Cs,p(”f“Ll’l 1A% o2 + AT fll s ligll Loa)-
The second gives a logarithmic Sobolev inequality.
Lemma 1.2 ([10]). Let s > % There exists a constant C = C(s) > 0 such that

Il < C (141 lmo [1+1og(h + I/ I ms@)]) -

holds for all f € H*.
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The Helmholtz operator
We denote by 2 the operator (1 — 92)~! which acting on functions f € L2(R) has the representation

2f®) =[G * fIx) = / G(x—n)f(n) dn, G(x)= %e—'*‘, xeR. (12)
R
Furthermore, the Fourier symbol of 2 is
270 = ——fe.
1+1¢|

and by a simple computation we have that 2f € H? if f € L?> and
0§=@f(x) =(@Z-Df(x), x€R, (13)
where I denotes the identity operator.
Constants
Throughout the paper C = C(-) will denote a positive constant that may depend on fixed parameters and x < y (x > y) means
that x < Cy (x > Cy) holds for some C.

2. Derivation of the asymptotic models

In this section, we derive the three asymptotic models (5), (9), and (10) of system (1) by means of a multi-scale expansion
(cf. [3-5,9,13,14]).

2.1. The non-local Boussinesq model

Using (3), the system (1) can be equivalently written as

N,+(UN),+U, =0, (14a)
(1+ B)B,
U +UU, + ———> =0, 14b
(Ut 1+ N (14b)
B
B-—N - x =0. (14c)
1+N /),

In this new variables, the initial data (2) takes the form
N(x,0) = ny(x) = 1, U(x,0) = up(x). (15)
Furthermore, we can rewrite (14b) as
U, +UU, + B, + BB, +UN + NUU, =0.
Similarly, (14c) can be expanded
B B
TTaN T TN T

and then it takes the similar form

X

B-N

>

2 3 2
B-N+BN>-N?>+2NB-2N>-B_ - NB, +B.N, =0.

Then, (14) becomes

N, +U, = —(NU),, (16a)
U,+ B, =-UU, - BB, -U,N — NUU,, (16b)
B-N-B, =-BN?>+N>-2NB+2N?+ NB,, — B.N,. (16c)

Now, from the ansatz (4) and equating in powers of ¢, the system (16) leads to a cascade of linear equations for the coefficients
N® B®, and UY. The first terms satisfy

NP +U® =0, (17a)
Uz(o) 4 B)(CO) =0, (17b)
BO - NO _B® —0, 17¢)

with initial data from (15). System (17) can be explicitly decoupled and we find

N +U© =0, (18a)
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U® 40,01 - PN =0, (18b)
BO =(1-0)7'NO. (18¢)

Then, (17a), (17b) lead to
NO+ #NO =0, U + 200 = 0. (19)

The second term in the expansion solves

NY+Uud = (NOU©®)_, (20a)
v + BV = —yOy© - pOBO _yONO, (20b)

W _ Ny _ g1 = _yN©O gO) 02 4 NO© O _ O N©O
B - N® _ B = 2NOBO L 3(NO)2 4 NOBO _ gONO, (200)

Note that, using (17c¢), the Eq. (20c) can be written as

1 1 D _ 0)( p0) (O] (0) ) g 0) A7(0)
BW - NW - B = 2NOBO - NO _ g0y _ NOBO) _ O N
— —(N(O)B(O))X.
X
Then, from (18c), we have
BV =(1-)"'ND - #(NOBO) = (1-0)'ND - 4 (NOy NO), (21)
Now, using (18b)-(18c), Eq. (20b) can be written as
m D _ 0770 0 0 0)y ny (0
" +BY = —-vOu© - BO/ NO) 4+ (4 NOYNO.
Furthermore, from (18b), note that the last two terms can be written as
0 0 0y A (0) _ 0) p(O
BN+ (N NOYNO = -y NOBO,
and using (18c) again we obtain
U+ BY = —vOUu©® + ¥ NOZNO, (22)
X X
Substitution of B!V from (21) into (22) leads to
) D _ 0 0 0770 0 0
U+ 4 NO = —2(NO ¥ NO) —vOy0 + yNO2ZNO
=-UOv0 - [2, ¥ NO|NO, (23)

where the commutator is given by (8). The approximate model (5) for the truncations 4 = eN© + 2N, v = eUO 4 £2UD, is
derived from (23) after neglecting O(¢?) terms.

2.2. The non-local single wave equation model

From (19) we observe that N and U© satisfy the same linear nonlocal wave equation. Thus, under the extra assumption of
having the same initial data, we can conclude that

U0 =nNO 24
This will allow to further simplify the system (5). Taking the time derivative of (20a) and using (23) we find that
1
NP — /N = wOU0), - [2, ¥ NO]NO - (NOy©),,.
Furthermore, from (24) and (6), we conclude that
NS+ 2N = (NONO + [2, 4 NO| NO) —2(NONO)
X e x x :

Considering now the truncation 4 = eN© + ¢2N®D, and neglecting contributions of order (&) in the last expression, the single
wave Eq. (9) emerges.

2.3. The unidirectional non local wave model

In this section, we derive the unidirectional asymptotic model (10). We introduce the following far field variables
yY=x—1t T=¢t (25)

Using the chain rule we have that

02
S M0, 70) = hyy —ehy —ehy, + €h,,.
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On the other hand, using the representation (12) of the Helmholtz operator 2, it is not hard to see that 2 = (1 — a9, 1)". Therefore,
from the change of variables (25) and neglecting terms of order )(¢®) (notice that by construction 2 ~ O(¢)), we find that Eq. (9)
becomes

(hy —2eh.) +(Nh), = (3hh, = L. N hlh),

which after integrating in y, reordering terms and going back by abuse of notation to variables x and 7 we obtain (10).
3. Conserved quantities

In this section we derive some conserved quantities of the models above. We start with the system (5). Note first that we can
write

L. N hh= L (hNh)+ %ax (N hY? . (26)
Property (26) leads to the formulation of (5) in conservation form
h
a, <U> +0,f(h,v) =0,
where

) = v(l + h)
fh.o) = NN+ NP+ 21 )

Then, if u = 2h and we assume that &, v,u,u, — 0 as |x| — oo, we obtain the preservation of

I,(h, u)=/hdx, L(h, U)=/de.
R R

On the other hand, the following lemma is used below to derive a third conserved quantity.

Lemma 3.1. If h — 0 as |x| — oo, then:
/ KL (h N hydx = -% / ho, (N h) dx,
R R

/ hA hdx = 0. (27a)
R

Proof. We use the Fourier symbols of the operators .#, ./, the relation d,.4" = —%, and Plancherel identity to have the following
identities:

/ hZ (hAN h)dx / h AV hLhdx = —/ h AV ho, N hdx = —% / ho, (A Rh)? dx,
R R R R

/hL/Vhdx = —/(JVh)hdx. O
R R

Proposition 3.2. Let h,v be solutions of (5) with h,v — 0 as |x| — oo and let
I(h,v) = / hvdx = / (uv + uyv,)dx, (28)
R R

where u = 2h. Then
d
—1I(h,v)=0.
i (h,v)

Proof. Using (26), we write (5) in the form
h, + (hv), +v, =0, (29a)
v+ 00, + LN R+ %ax (VB + Nh=0. (29b)
Multiplying (29a) by v, (29b) by h, adding these two amounts, using Lemma 3.1, and the hypotheses on & and v, we have

/ (v + vh + v((1 + h)v), + vo h) dx = 0.
R

Finally, using that A, v — 0 as |x| — o again, note that

/ (o((1 + h)v), + vv h) dx = / (vvy + v(ho), + vo h) dx,
R

R

2
=/<§ (%)—vxhuwxhu)dx:a O
R X

6
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A final result on (5) is the Hamiltonian formulation. The proof is direct.
Theorem 1. The system (5) admits a Hamiltonian structure

o, <Zl> = _J6E(h,v),

where the solution pair (h,v) is smooth enough and vanishes at infinity,

T
sE= (2L, °8),
6h v
denotes the variational derivative,
0 1
S =% <1 o> ’

and
E(h,v) = % / (V*( + h) + (Bh? + h( AN hY?) dx, 2= 2.
R

On the other hand, using (26), the bidirectional model (9) can be written in a conservation form

2 2
3,(h, + 0,h?) — 3, <,/Vh + 0y <%> — 0y N (h N ) + 0, <(’/V2h) >> =0,

which, assuming that 4 is sufficiently smooth and that 4, vanishes at infinity, implies that
d
o /R(h, +09,hHdx = 0.

As far as the unidirectional model (10) is concerned, using again (26), the model is written in conservation form
3
4
which implies, when h — 0 as x — +o0, the preservation in time of

/hdx.
R

If, in addition, we multiply (31) by h, integrate on R and use Lemma 3.1, then the L? norm

/ h2dx,
R

is the second conserved quantity. Finally, the unidirectional model (10) also admits a Hamiltonian structure

1
hy = 3-0.5E(h).

B+ o, (30 + %/V(hﬁ%) - %(:A/h)z - %Qh - g) =0, 31

where now 6E = i—f and
E(h) = % / (% = B3 + (BhY2 + h(AN hY?) dx, (32)
R

and where the phase space for (32) involves smooth enough functions 4 vanishing at infinity.

4. Well-posedness for the non-local Boussinesq system

In this section we will show the well-posedness of system (5). Due to the coupled nature of the equations when performing the
a priori energy estimates we need to symmetrize the system. To this end, let us introduce the following functional space

2 2

* LX(R)

X = {(h,v) € HXR) x H3(R) : [[(h.v)ll = [I(h, 0)]? + ”x/?aﬁh Pv < ). (33)

L2(R)XL2(R)

’LZ(R)

If m(¢) = % denotes the Fourier multiplier of the operator . (cf. (7)) then in (33) .7 = v/.Z denotes the operator with Fourier

symbol y/m(&), and therefore it formally satisfies .72 = .#. Then the norm introduced in the definition of X in (33) is related to a
classical seminorm in H*(R) as follows.

Lemma 4.1. Let k € N and f € L*(R) be smooth enough. Then, there exists a constant C > 0 such that

)< e (e + |Vzats|,, ) (34)

2~
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Proof. Let R >0 and B(0,R) = {x € R : |x| < R}. Using Parseval identity we have that
A2 22 2 ent2
2= / ERfelr = / SRl de+ / EX @l de
R B(O,R) R\B(0,R)

The first integral can be bounded by

2
xf”LZ =

[ aier as < ® [ ifer a= R,
B(O,R) R

On the other hand, note that for £ € R \ B(0, R) we have the pointwise bound
2 2
¢ > R
14+& 7 1+ R?
Then it holds that
A2 1+ R? 1 + R
[ ejeras [ E P ae< E |VZay
R\B(0.R) R R\BO.R) 1 +¢&
Therefore, choosing for instance R = 1, (35), (36) yield (34). [

1

Then we see that X is a modified version of H? x H?.

Theorem 2. For (hy,vy) € H?> x H? there exist a time 0 < T,,,, and a unique solution
(h,v) € C((0, Tyay), H> x H)
of the ivp of (5) with h(x,0) = hy(x), v(x,0) = vy(x),x € R.

Proof. We first focus on obtaining some a priori estimates. We define the energy

s+

where the norm considered in the space LZ(R) x L*(R) is given by

2

EW = h VIR, + | VZ2h

Yl

172
Il oz = (112, + 8l2,) /o8 € L),

Nonlinear Analysis 244 (2024) 113539

(35)

(36)

37)

Multiplying the first equation of (5) by A, the second by v, adding the resulting equalities and integrating on R we have

EE (A, U)||L2><L2 = _/]R ((hu)x + UX) hdx - /]R (vvx + [Z, N h]h +</Vh) v dx.

1
Now integration by parts, the application of Hélder and Young inequalities, and the Sobolev embedding H 2 ¢(R) < L*(R) for ¢ > 0

lead to

2L oIy < C o L+ AR,

(38)

Next, we deal with the other terms in (37). Multiplying the first equation in (5) by faf;h and integrating we have

/ ZL0*hh, dx = — / (h),.L0%h dx — / U L0%h dx.
R R R
On the other hand, multiplying the second equation in (5) by 0%v and integrating we obtain

/ U,agu dx = —/ vadgu dx — /[f, JVh]hng dx — / ,/Vhdgv dx.
R R R R

Since — = 0,./, integrating by parts we find that the last term in (39) is given by
- / v Loth dx = / VN OTh dx = —/af;u,/Vh dx.
R R R
Moreover, we have that

4 2n _ 6 = l i
/hﬁfahdx_ Ve )2, /Ru,axudx—zm
Then, adding (39) and (40), and using (41), (42) lead to

s (IVZa .+

I I I3

We now estimate each of the integrals I; in (43). First, notice that integration by parts yields

I, = —/ 0*(vv,)0%v dx = _3 /(aiu)zux dx,
R 2 Jr

2
ul = -/(hu)xxa“h dx+/ v, 0% dx+/[$, N h1hdv dx .
L2 R P R X R X

(39

(40)

(41)

(42)

43
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and thus

<C|odv (44)

3
2’

3 2
|IZ|SC”axU”L°° ()xu 2

where in the second inequality we used the Sobolev embedding H %”(R) < L®(R) for € > 0.
Integrating by parts the first term 7, we find that

I = —/ 03(hv)0>.Lh dx = —/ (03vh + O*vh, + v, 0% h) > Lh dx—/ VI3 2 Lh dx.
R R R

N

Ji I

We use Holder inequality to estimate J, as

o 102 + ol 1] 2)

a2Zh| - (45)

|J1|§C<||h||Lw Pof| | +]lo2

L2 aiyh“ﬂ

<Cln P

XX||L2 12
As for J,, using the identity (cf. (13))

FL=-01-0H"=1d-2, (46)
we obtain that

Jy = —/Ruaih (02h — 20%h) dx = —%/Ruax(aihf dx+/Rua§h£za§h dx.
Using integration by parts in both terms we infer that

o e 47)

In a similar way, expanding the commutator and using (46) again lead to

121 < C ol e < |03

Iy = / (LN hh) = N hLh) % dx = — / QAN hh)obv dx + / N h2hd%v dx.
R R R

K, K

We rewrite both terms K, and K, as
K| =— / (N hh) L0 dx,
R

and
K, = —/R(/Vh_@h)maiu dx = —% /R ot ((2h)?) olv dx = -/Ra§ ((2n)* = 2nLh) Ov dx.
Using the fact that, cf. (7),

V2| <cifle. ret? (48)
then the term K, can be bounded by

IKl<C ”hxxniz ”faiv s ”hXXHiZ ozv (49)

2~

2’
for some constant C. As far as K, is concerned, by expanding the derivatives, tedious but a straightforward computation and using
(48) again shows that

3 2 3 2
1Kyl < Cll2hl s |030]| , [V 22|, <€ oo, ecll,2 [ V<2 .- (50)
for some constant C. From (44), (45), (47), (49), and (50) we conclude that
Ld (12,7 3 117 3013 3 2
EE (” ‘Zaxh |L2 + axU 12 <C axv 12 + axU 12 ”hM”L2
3 2
+ [o3e]| o Ml .2 “\/,Sfaxh |L2>. (51)
Applying Lemma 4.1 and Young’s inequality to (51) leads to
1d 2117 3 112 2,112 3 3 113
5 <”\/5/axh|L2 + o], ) ¢ ”\/:/axhhz + A1, + {3, ) - (52)
for some constant C. Combining estimates (38) and (52) yields
3
ENH < CEI), (53)
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which ensures a local time of existence t* > 0 such that £(r) < 4£(0),0 < t < ¢*. In order to construct the solutions, we first define
the approximate problems using mollifiers (cf. proof of Theorem 4). More precisely, the regularized system is given by

hE + J (TR T ), + T T =0, (54a)
U+ J(J 050, T ) + [L. N K| €+ N K =0. (54b)

By the properties of the mollifiers we can repeat the previous energy estimates and provide the same a priori bounds for the

regularized system of (54a)-(54b). Hence, we will find a uniform time of existence T,,,, > 0 for the sequence of regularized problems.

To conclude the argument, we pass to the limit. Furthermore, the continuity in time for the solution (instead of merely weak
continuity) is obtained as follows: first, the energy estimate (53) yields the strong right continuity at s = 0. Moreover, it is easy to
check that changing variables 7 = —t provides the strong left continuity at = 0 and hence the continuity in time for the solutions.
To conclude let us remark that the uniqueness follows by a classical contradiction argument as in Theorem 4. []

5. Well-posedness in Sobolev spaces for the bidirectional non-local wave equation
In this section, we provide the local-well posedness on the bidirectional non-local wave Eq. (9).
Theorem 3. Let (hy, hy) be such that (hy — 1, h,) € H* x H? and
llg = 1l o0 < 1/2.
Then, there exist 0 < T and a unique solution to (9)
(h—1,h)) € C([0,T), H* x H?),

with initial value (hg, h,).

Proof. As before, existence and uniqueness of solutions of (9) are based on deriving useful a priori energy estimates. To this end,
we write 2 = 1 + w and then Eq. (9) becomes

wy, + Lw = (1 +ww, + [L, N w] w)x -2(0+ w)w,)X . (55)
We define the energy
2
EM) = ||w, |55 + H\/Ea;jw L+ Dl (56)

Testing Eq. (55) against w, and integrating by parts we have

1d 2
T <||w,||iz + ”VXLU”U) = /(wi + (1 + ww,)w, dx + / (L, N wlw), w, dx
t R R
- 2/ (1 + ww,w, + ww?) dx < CER/2.
R

In particular,

d

iz < cea.

Furthermore, from the Cauchy-Schwarz inequality and (56)

d, 2
il _2/Rw,w dx <2 |lwll 2 ||| 2 < EO).

On the other hand, it holds that

ld
2 dt

2
aierZLz + H\/«Eaiw”LZ> = —/R(wi +(1+ w)wxx)z)gw, dx—/]R [Z, N w] wdiw, dx

J

M, M,

+2/ ((1 + ww, S w, + wew,0bw,) dx.
R

M3

In order to estimate each of the integrals M;, we first notice a hiding energy extra term in M. Integrating by parts we obtain

4 236 6
awaH - [ widbw, dx— [ ww, 0w, dx.
R R

<

Mo=_1d
! 2dt

My, M3

It is easy to check that after integration by parts

M| < [ |030,w)?0w, dx| < C Pw
12 B x\Yx x x

o ”L2 ' (7)

otw| , el s + 0300] . o0l )

10
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Similarly, integrating by parts we have that

My = —/Rai(wwxx)aiw, dx = —/R wdwdw, dx +1.0.t, (58)
where

ro:tl < € ([02] L, Neweell o + l0ell o Newell 2 + ol o 0220 ) 0200t] 2 (59)
and, after integration by parts again

- /R wolwdw, dx = % /R wo,(0%w)* dx + /R w,0twdlw, dx. (60)
The last term in (60) can be bounded as

‘/wadiwaiw, dx| < C |lwy|| Lo ”ainLz 03w, PN (61)
Thus, from (58), estimates (59), (61) imply that

My = %/Rwa, (0w?) dx+lo.t (62)
where by means of Young’s inequality we find that

ot < C ([a2] , lwsll oo + li0ssllio lissll iz + el o 0200]] ) 0200 < cE@2.

In order to estimate the commutator term M,, let us recall that from (13) we have
M, = _/R [2, 2w, | wdlw, dx = —/R,@ (Qw,w)dlw, dx + % /Rax (2w)* 0w, dx.

Using the duality H—* — H* argument and the fact that 2 is continuous between H*(R) and H**?(R) for any s € R we readily check
that
)

3
6xw,HL2
2
3
a"w”L2>

for some constant C, where in the last inequality we used that H* is a Banach algebra for s > % and Young’s inequality. Similarly,
splitting M and integrating by parts we infer that

My < € ([ 202w, 6 + lw,

o,(2u)?|

[

<cC (IIQWXWHH2 + ”(9“’)2”1;5)

3
0xw,|

< ¢ (el ol + s S CEP, (63

6 6 6
|M;| = '2/]R Wi 0 Wy + WWw 0w, + w w0 w, dx

<c(
o] s el ) %

Hence, combining estimates (57)-(64) and from (56) we conclude that

3
wa,HLz +

00 o Nl oo + lall o Neoieall 2 + oo oo ol

+

G, , <cem? (64)

L ey < C (W +€m) + 2 / wo, (o*w) dx.
dt 2 ]R X
Integrating in time leads to

t 1
EN S EO0)+C / (&3/2(s) + £(5)) ds+% / / w(x, )9, (0*w(x, ) dxds.
0 0 JR

To deal with the latter integral we use Fubini’s theorem and integrate by parts in time which yields
EN S EO0)+C /0 ! (3/2(s) + £()) ds— % /0’ /R 10,5, )0 10(x,5)) dxds
-1 < /R wo(x)(@uwy(x)) dx ~ /IR W, D@, 0 dx>. -
Defining, for T > 0

- — 2 3012 2
o= g, £0= o (o + [VZou =)

11
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> 2
<

4N,

i >y
No y.\/}a

Fig. 1. Positive real roots of the polynomial P,(y) for t < 1.

taking the supremum in time in (65) and Holder’s inequality lead to

3/2 ) 1 4 2 1 4 2
< = = ®
Er < E0+Ct<ET +Ep )+ 5 [lwwo | oo anOHH +3 oilxlgr llwll 6Xw”L2
1 ! 4 |12
+ = = ||0 ds. 66
5o [ e ot (66)
Furthermore, writing
1
w(x, ) = wy(x) + w(x, 1) — wy(x) = wy(x) + / o,w(x,s) ds,
0
then Sobolev embedding yields
sup [lwllpe < ||| e +1 sup 6iw,“L2. 67)
0<t<T 0<t<T

Therefore combining (66), (67), and Young’s inequality we find that

2
Er <Eg+E)/> +Cr (B2 +Er ) +[lwpll sup (68)
0<t<T

4
a"w”LZ ’

for some constant C. Now taking wy with ||wp|| .« = %, from the definition of E; and (68) it holds that

3/2

Er <2(E+E

) +2Ct (E3T/2 + ET),

which is valid for ¢ € (0,#,),#; = min{1,T'}. (Sharper inequalities can be obtained, if necessary, from smaller choices of ||wp|| ;«)-
Noticing that E‘; < E% +1forg=1and q= % and the fact that 7 € (0,¢,),7, = min{1, T} (in particular 0 < 7 < 1), we find that the

polynomial estimate

Er < Ng+4CrE2, (69

3/2
0
us define the polynomial P,(y) = 4Cty> — y + Ny, so that P,(E1) > 0. The roots of P, are computed as

1 +4/1 —16CtN,

Ve = 8Ct

holds. Here we have used the notation N, =2 (EO +E’“+2C ) Similar polynomial estimates as (69) have been derived in [8]. Let

Taking 0 < t < 1 (for instance 0 < ¢ = ﬁ) we have (cf. Fig. 1)

0<y_=4N0(1—\/W)<y+=4N0(1+\/W)
and

0<y_<4Ny<y,.

12
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Furthermore, the application ¢ — E, is continuous for ¢ € [0, T). This, together with the fact that E;, < N, and P,(N,) > 0, implies
that

Vi € (0,1%), Ep <4N, (70)

e 1 = minl e, 1.7) o | |
Similarly as before, in order to perform the a priori estimates rigorously and construct the local existence of solutions we follow

a regularization procedure. More precisely, the regularized version of (55) takes the form

where * = min{

wi, + 2w = (T (A + T wHT W) + [ L, A w| wf)  —2T° (A + T wHT W) . (71)
Repeating the same a priori estimates for the regularized equation (71) we can deduce the analogue of (70) namely
Vi€ (0,%), Ep <4N,, (72)

where t* = min{ 32# 1,T¢}. Notice that the time of existence of the solution depends a priori on the regularization parameter e.
0
Nevertheless, the following argument shows that (72) holds independently of the parameter ¢. Indeed, take T¢ the first time such

that
Ere = 8Ng.

We observe that the precise choice of the quantity 8N, is not special. One could choose also any other quantity bigger than 4N, to
make the argument work. If the previous equality does not hold, that is, E;e < 8Ny, this implies that T¢ = o0, and hence we conclude
(since r* is the minimum) that #* is independent of . On the other hand if T¢ is finite then * = min{ m 1,7¢} = min{ ﬁ 1}.
Indeed, this assertion follows from invoking the continuity of E; of the regularized problem, and using that by construction E;« = 8N,
and E,« < 4N. This concludes the proof. [J

6. Well-posedness in Sobolev spaces for unidirectional non-local wave model

The main goal of this section is to prove the local well-posedness of Eq. (10) in L? based Sobolev spaces. Note first that, using
(13), we have —¢ = 2 — 1, and (10) can be rewritten as (we set ¢ = 1 for simplicity)

hy = _% (3hh, +12. 2hJh— 2h, —h,). 73)
For this equation, we show the following local well-posedness result.

3

Theorem 4. Lets > 3

of (73) with h(0) = hy,.

and hy, € H*(R) with mean zero. Then there exist T,,,, > 0 and a unique local solution h € C([0, T;;,,c), H*(R))

Proof. The proof follows from the combination of appropriate a priori energy estimates and the use of a suitable approximation
procedure using mollifiers, cf. [23]. Thus, we first focus in deriving a priori energy estimates and later comment briefly on the
approximation procedure to construct the solution. We begin by reminding (cf. Section 3) that the mean property is conserved in
time by the solutions

/h(x,t) dx = / hy(x) dx,
R R

as well as the L2 norm

/hz(x,t) dx:/hg(x) dx.
R R

Furthermore, applying A* to (73), multiplying by A*h and integrating we obtain

1d

T ||h||i” = _% / AS(hh )A*h dx — % / A* ([2, 2,h1h) ASh dx 79
R R

+1/A“th/ﬁh dx+l/A“th“h dx.
2 Jr 2 Jr

Using the self-adjointness of the operator 2, a straightforward computation shows that the last two terms on the right hand-side
of (74) are zero. The first term can be estimated by means of the classical Kato-Ponce commutator as follows. Using integration by
parts, we rewrite

/A’(hhx)Ash dx:/[AS,h]thSh dx+/hAthASh dx
R R R

:/[As,h]hx/ﬁh dx— l/hx|/15h|2 dx.
R 2 Jr

13
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Now, invoking the first equation in Lemma 1.1 with p =2, p; = o0, p, =2, we have that

/ AS(hh )Ah dx
R

SIEA% RIA | 2 AR 2 + (|| oo 1A% R
NP VW (75)

The second term on the right hand side in (74) can be bounded as follows. Expanding the commutator and using the self-adjointness
of 2 yield

/ A (12, 2,h1h) AR dx = / A*(2h, h)A* 2h dx — / AS(2h, 2h)A’h dx. (76)
R R R

1.
Then applying the second estimate in Lemma 1.1 with p = 2, p, p; = o, p,, p; = 2, the Sobolev embedding H 2R) & L®(R) for
€ > 0, and the fact that 2 is continuous between H*(R) and H**?(R) for any s € R we find that

/ A(Z2h h)A° 2h dx
R

< ||AS(£thh)||L2 |A° 2h] 2

S (45 20| s 1Al 2 + (| 20| s 14°RY 2) 114° 2] 2
s (IIhIIHS_%H 2l 2 + IIhIIH_%H IIhIIHx> 1721l ps—2 -
Similarly, one can show that

| / AS(2h, 2h)A°h dx
R

S (uhan_%ﬂ allp + el o ||h||m_z> 1l s -

Thus,

/ A ([2, 2,h1h) A°h dx
R

< Clly|l 2 (uhuH ot ||h||Hrz> N1l g5 77)

5= te

where we have used that ||4|| 1, +Ilhllgz-2 < C||All2 = C|lhyl|,2, for some constant C.

Therefore, combining estimates (75), (77) leads to

d
TRl < C e I +C o]l 2 <||h||Hs_%+€ + ||h||H.y-z> 1Al s 78)
which in particular gives the following inequality

d
a7 1l < € (hell o +1) NI, (79)

Using the Sobolev embedding H %J’e(R) < L*®(R), € > 0, we observe that
d
5 WAl < C Al (80)
t
for some constant C independent of . Defining £(r) = ||h||%+,, estimate (80) leads to the following differential equation
') < CE (), (81)

with C = C; > 0 which ensures a uniform time of existence T, > 0 such that

max

E(1) <4E(0),0 <1 < T,

ax

Once this uniform time of existence has been obtained, the local existence result follows classical regularization procedure (cf. [23])
as follows. First, we consider a symmetric and positive mollifier 7 € C>®, J(x) = J(|x|) such that fRJ = 1. For ¢ > 0 we define
Je = %J (f) and consider the regularized problem

0.h¢ = —% (TTRo, T h) + 2, 2hE1h — 2 — T TCRE). (82)

In (82), the conserved quantities are also preserved by the flow and the previous bounds (75)-(77) and thus (78) hold. Therefore,
we may find a time of existence T* > 0 for the sequence of regularized problems. Using compactness arguments and passing to
the limit conclude the proof of existence. The continuity in time for the solution (instead of merely weak continuity) is obtained
by classical arguments (cf. [23]): On the one hand, the differential equation (81) yields the strong right continuity at z = 0. On the
other hand, it is easy to check that changing variables 7 = —, we can repeat once again the same bounds and provide the strong
left continuity at r = 0. Combining both arguments shows the continuity in time of the solution.

As for uniqueness, let 2!, h> € C([0,T,,,), H*(R)) be two solutions corresponding to the same initial condition and denote
h =h?—hl. Then h satisfies

o= —% (31202 = 3nhL+ 12, 2021 — (2, 2Rl 1A' — Dh, ~ ). (83)

14
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Then, multiplying (83) by  and integrating, we have

Ldpf> - 3 22 1A)A 2952 _ 1115

s 7], = 3 /}R (hhx +hh)hdx+ [ |12, 28500 - 12, 2n)0! B dx
Using (27a), it is not hard to check that each commutator can be rewritten as a Burgers-type nonlinear-term and therefore

<€ (e + 20, ) AL <

for some constant C. Similarly, integrating by parts,

| / (hn2 + nh, ) ax o], ). -

Defining g(t) = ”hl “Lw + ”hz”Lco + aXhZHLm, then

‘/ [[Q, 202 |h* ~ 2, Qh;]h']ﬁ dx
R

<c(

athHLw +

1
a.h ”Lm +

LBl <cro

Uniqueness holds applying Gronwall’s inequality. []

2
L2’

Remark 1. One can readily check that a direct consequence of the derived estimates in the proof of Theorem 4 provides the
following blow-up criterion when combined with the logarithmic Sobolev inequality (cf. Lemma 1.2) which we state as a theorem
for the sake of clarity.

Theorem 5 (Blow-up criteria). Let s > %, hy € H*(R) with zero mean and let T,;,, > 0 be the lifespan associated to the solution h to (73)
with h(x,0) = hy(x). Then h blows-up in finite time T, if and only if

Tﬂ!ﬂX
L I lao dr = . (5

Proof. The result follows as a direct consequence of estimate (79). Using the logarithmic inequality in Lemma 1.2 we find that

d

o llgs <€ (1+ | 7cllamo [t +log(t + Il z)] ) Al s » (85)
for some constant C. From (85), it holds that

exp(C ™| @l o d7)
L+ |lAllgs < [(1 + || g | s )exp (1 +CTmaX)] )

Therefore, if there exists L > 0 such that

Tmax
L I lo de < L.

then
exXp(CL)
T+ Allgs < [(1 + |70 ]| g7 Dexp (1 +CTmaX)] .

To show the converse, if fOT"‘“ [|2x®||lgmo 4t = o0, by means of the embedding H 7 (R) ¢ BMO(R), we deduce that the solution A(x, )
will blow up in finite time and (84) follows. []

7. A wave breaking result for the unidirectional non-local wave model

In this section, we investigate the possible wave breaking phenomena for Eq. (10), that is, the formation of an infinite slope in the
solution in the x-direction. As we did for the well-posedness result in Section 6, it is more convenient to work with the alternative
formulation (73). The following lemma shows that for the maximal time of existence T},,, > 0, we have that the solutions remains
bounded. More precisely,

Lemma 7.1. Lets > 7/2, hy € H*(R), and let T,,,, > 0 be the maximal time of existence of the unique solution h of (73) given by
Theorem 4. Then
sup |2l oo (my < 0. (86)

1€10,Tinax)

Proof. To establish the L® bound, we follow a pointwise method (cf. [6,7]). Due to Theorem 4, we have that 4 € C([0, T,,,,.), H*) N
CU([0, Tpay), H*1), hence by the Sobolev embedding theorem, if s > 7/2 we have that h € C'([0, T,,,,) x R). In particular,

ax

m(t) = inf h(x,1) = h(x,,1), M@ = sup h(x,1) = h(x,,1), for t >0,
x€R — xeR

15
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(for some X,,X,) are Lipschitz functions. Following [7], one can readily check that M () satisfies
h(x,.1) — h(X,, s) if M(1) > M(s)
h(X,, s) — h(x,,1) if M(s) > M (1)
B { h(x,.1) — h(X,, s) if M(t) > M(s)
T AGx,, s) = A(X,, ) if M(s) > M(t)
. {Id,h(},,z)llt— s| if M(@1) > M(s)
10,h(X,, 2)||t = s| if M(s) > M(t)

M) — M(s)| = {

< max [0, h(y, 2|t - |-
.z
Similarly
[m(t) = m(s)| < max [0,h(y, 2)||t = 5].

From Rademacher’s theorem it holds that M(¢) and m(z) are differentiable in ¢ almost everywhere. Furthermore

h(xXpys5.1+6) = h(x;, 1) fim h(x, 45,1+ 6) — h(x,, 1) £ h(X, 5.1
5 T 60 5
< lim h(X; 45,1+ 6) — h(X 15, 1)
50 )

M'(t) =i
) lim

< 0,h(x,. 1).

In a similar fashion, we obtain that
h(x, 5.1+ 6) — h(x,, 1) i h(X, 5.1+ 6) — h(x,, 1) = h(X;, t + 6)
= l1im

M'(t) = li
@) lim

) 50 1)
h(x,,t+6)— h(x,,t _
> lim M > 0,h(X,,1).
) 0
As a consequence
M'(1) = 9,h(x,,1) a.e. (87)

Similarly
m'(t) = oh(x,.1) a.e.

Therefore, from (87), evaluating (73) at x = X, and noticing that A (x,,7) = 0, we have

1 — _
M) = -3 ([2. 2h,(x))h(x,) - 2h, (X)) . (88)
Moreover, from (12), the estimates
1 1
1Gl = = 3 0.6 = 5.

and Young’s inequality, it holds that
1
Dh(x,) < ||G||L°°([R{) ||h||L2(1R) = E ||h||L2(1R)v (89)
1

12, 2, ()G S NG Lomiey | 20h]| ey + 120 ooy 120 Loy < 5 A%, . (90)

From (88), the estimates (89), (90) and the preservation of the L> norm by the solutions of (73) imply that
1 2
M0 <5 (1+11moll32 )

and therefore

M) < M) + i (1 + ||h0||2Lz> ‘. (91)
for t € [0, T,,,,)- In a similar way, we have
1 2
m(e) 2 m(© = 5 (1+ [holl32 ) . 92)
for 1 € [0, T;y,c)- Thus combining (91) and (92) we conclude that
1 2
3 WOl < Wiollmgey + 3 (1 Wol2) T < o (93)

and (86) holds. []

Next, let us state the wave breaking result.

16
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Theorem 6. Let s > g, hy € H*(R), and let h be the solution of (73) with initial value h,. Assume that
inf ho.x(x) < —Hy, (€]

for some positive constant H,, which depends on ||ho|| 2, - lholl . and is specified below. Then there exists T, < co such that

lim inf (inﬂf{ hx(x,t)> = —co. (95)

t—=T, \ x€

Proof. Similarly as in the proof of Lemma 7.1, we follow a pointwise method to derive an ODE which breaks down in finite time.
Again, due to Theorem 4, we have that h € C([0, T,,,,), H*)NC([0, T,y,,)» H*~), hence by the Sobolev embedding theorem, if s > 9/2
then h, € C'([0, T,,y) X R). We begin by setting

m(t) = inf hy(x,1) = hy(x,.1), fort € [0, Ty,
xeR -
for some x,. Arguing as in Lemma 7.1, one can check that m(?) is Lipschitz and hence via Radamacher’s Theorem it is inferred that
m' (1) = 0,h(x,.1), ae.
Differentiating (73) with respect to x and using (46) yield
hy= —% (312 +3hhy, + 0,2, 2h Jh — 2h+ h—h,,). (96)
Evaluating (96) at x = x, and noticing that A, (x,,7) = 0 we have
m'(t) = —%m(t)z + K@), 97)
with
1
K@) =3 (0,02, 2h Jh(x,,1) — 2h(x,. 1) + h(x,.1)).
We now estimate the quantity K(¢). First notice, from (12), that

1
12k + Al <G * hll o +11AllLo < NGl Lo 2Nl L2 = 5 IRl L2 + 1Al oo - (98)

1.
On the other hand, from the Sobolev embedding H 2*“(R) < L®(R) for ¢ > 0 and the fact that .2 is continuous between H*(R) and
H**2(R) for any s € R, then the commutator term is bounded by

0,12, PhJh(x,0 < |12, 2hJn| v, <[ 2hhl| 5, +|@w?] .. (99)
HIY®) H2Y®) H2
The first term on the right hand-side of (99) is bounded by
5 2

||,thh||H7%ﬂ <C ||h||L2(R), (100)

and the second term can be estimated from the Sobolev algebra property as
2 2 2
[cem?] 5 <cneni \ <cini.g,. (101)

for some constant C. The bounds (98)-(101), the L™ estimate (93), and the time preservation of the L? norm by & lead to
K0 < € (12, + 1l 2z + 1l ooy )
< C(lholl ey + (1+ 1oll32 ) 4+ 1)- (102)
Using (102), then (97) implies
m (1) < —%m(t)z + A+ B, (103)

where A and B are the positive constants, depending on ||h0|| oo s ||h0|| 12, determined in (102).
In order to show the wave breaking result, let us assume that the initial data is such that (cf. [28])

m(0) < —C, (104)
for some positive constant C such that C? > 44. Then 24 — m(0)?>/2 < 0 and
w' @) < -m0)? - %m(O)z +2A < -m(0)? < 0.
=0

Therefore there exists a sufficiently small 0 < § such that m'(r) < 0, for 0 < ¢ < §. This implies m(t) < m(0) < —C and similarly
24 —m(t)*/2 < 0 for 0 <t < 8. Thus, if 0 < t < min{8, A/B} from (103) it holds that

m' (1) < —m(t)? — %m(zﬁ +24 < —m(1)>.

17
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This leads to

m(0)
< —
m0 < o+ (105)
Taking the initial datum such that
1 A
_—< =
-m(0) ~ B’ (106)

note that (104), (106) define a constant H,, for which m(0) satisfies (94), and (105) implies the existence of a time T, where (95)
holds. O
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