Engineering Structures 305 (2024) 117668

ELSEVIER

Contents lists available at ScienceDirect
Engineering Structures

journal homepage: www.elsevier.com/locate/engstruct

ENGINEERING
| STRUCTURES

Simplified method to detect resonance effects in railway bridges. Viaduct
over Aragon River and Almonte bridge application

a,b,*

Javier Sanchez-Haro ", Begona Fernandez

, Guillermo Capellan ® Emilio Merino

b

2 Department of Structural Engineering, University of Cantabria, Av. de los Castros 44, Santander 39005, Spain
b Arenas&Asociados Ingenieria de Disefo S.L., Marqués de la Ensenada 11, Santander 39009, Spain

ARTICLE INFO ABSTRACT

Keywords:

Resonance velocity
Simplified method
Almonte bridge
Railway

Dynamic analysis
Dynamic influence line

Detecting resonant effects in bridges has been studied for many years, but it has only been solved in a closed form
for simple bridges. This article presents a simplified method that enables the calculation of resonance velocities
in all types of bridges in an easy manner. The method is based on the concept of dynamic influence line and is
validated through finite element models. These models range from simply supported bridges to complex real
bridges such as the Almonte Viaduct, the world’s longest arch bridge of its typology. In the real bridge models, a
dynamic analysis is performed according to the Eurocode to identify train velocities that induce resonant effects,

and these velocities are checked against the simplified method with very good results.

1. Introduction

The main dynamic design standards for railway bridges are Eurocode
[1] and Arema [2], as they are the reference standards for many local
regulations [3,4]. Both regulations share similar philosophies, running
different standard trains at different velocities within the design velocity
range, with a marked step between velocities to be refined if a resonant
effect is detected. All cases covered above must be studied at least twice.
Once for the maximum bridge weight situation and once for the mini-
mum bridge weight situation, as the bridge vibration modes are affected.
Neither standard indicates how many sections and at which locations
the accelerations resulting from the dynamic analyses need to be eval-
uated. This large number of cases, not without uncertainty, represents
such a high computational cost that dynamic analyses are only carried
out in the final phase of the bridge design when the geometry is already
defined. Therefore, if the dynamic analysis reports inappropriate dy-
namic behaviour of the structure, it often causes major setbacks at the
design level. To avoid this situation, known geometric solutions, which
may not be optimal, tend to be used to avoid setbacks. Even when the
dynamic analysis has been carried out, there is no simplified calculation
method available to ensure that the results provided by the FE models
are correct, since the use of these programs requires decisions to be
made that can affect the dynamic results, for example, the discretisation
used [5].

The simplified method presented in this article has been developed

to; avoid the need for such a large number of cases, to be able to perform
dynamic calculations at early stages of the project to provide more
efficient solutions, to know which sections need to be evaluated in a
dynamic calculation and to be able to check the results of an FE model.
Analytical solutions to detect resonant effects have been developed over
the years, but always for simply supported bridges [6-8]. Nowadays,
there are fundamental theories and analytical methods for simple sup-
ported bridges [9], but the research into dynamic calculations con-
tinues, for example: the interaction of the structure with differential
settlements [10], with the terrain [11], or with the vehicle [12-14]. The
effect of vehicle-structure interaction has been implemented, for
example, in the analytical solution to determine resonant effects, but in
simply supported bridges with one span [15,16] or two spans [17,18], or
one span with end restraints [19]. In more complex bridges, resonance
calculations by simplified methods is performed either based on statis-
tical analysis with the aim simply to detect trends [20] or by
semi-empirical methods [21]. Moreover, there are methods based on the
Fourier series [22] for continuous beams, but again, the mathematical
complexity reduces their practical applicability. Additionally, there are
interesting dynamic studies that relate bridge acceleration to train ve-
locity to generate prevention alarms [23,24] and that measure vibration
mode accuracy in real bridges detecting free vibration situations [25].
Some research studies are based on monitoring data to analyse dynamic
behaviour of bridges, such as real damping ratios in bridges [26] or the
damage level through neural networks [27].
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Table 1
Main analysis parameters and FE models for cases from C1 to C4.
Case No of spans Span Length (L) Span Ratio Vel. Range (km/h) Damping (%) Load Type FE Model
C1 1 18 20-320 0.0 AA w
Cc2 2 18 +18 1.00 20-400 0.0 AA
Cc3 2 16 + 20 0.80 20-400 0.0 AA
Cc4 2 L*+L* 1.00 289 0.0 AA

" The span length L of the spans varies from 9 m to 63 m.

Finally, due to mathematical complexity or due to the limitations of
the methods, only FE models are generally used to perform dynamic
calculations in design bridge companies. However, they demand simple
methods to check FE models. In that context, the proposed simplified
method offers different novelties compared to the methods listed pre-
viously, that include: ease of use from a practical standpoint, resonance
velocity detection even in complex bridges, identification of critical
points of the bridges, and providing a useful tool to be applied both in
the design phase stage and in the calculation stage, to check FE model
results easily. For all these reasons, it is believed that the simplified
method presented here can provide an easy and reliable tool for the
contrast analysis of resonant effects with FE models in complex bridges,
saving computational cost, incorporating design criteria in early phases
of the bridge project and, ultimately, providing understanding of reso-
nance more easily in all types of structures under the passage of moving
loads. This article is structured in an Introduction that contextualises the
problem and discusses the lack of knowledge on this subject in the main
bridge design regulations. Next, a description is provided of the cases
analysed and the computer tools (finite element models, FEMs) with
which the analysis was carried out in the Materials and Methods section.
The “Basis of Simplified Method” section describes the proposed
formulation and verifies it for simple ideal bridges. Then, in the section
“Validation of Simplified Method”, two results from two real bridges
with real FE design models are compared with results from the proposed
simplified method. Finally, the main conclusions of the research are
presented.

2. Materials and methods
A total of 6 dynamic analyses were carried out on 6 different

Table 2
Load sequence from AA train for case studies C1 to C4.

structures, divided into 4 case studies on idealised bridges and 2 appli-
cation cases on real High-Speed Railway bridges. In all of them, the
performance of the proposed simplified method is analysed. The 4 case
studies were modelled with the finite element program Sofistik with
plate type elements. Sofistik is a calculation program that is well known
for static [28] and dynamic modelling of bridges [29,30]. The 2 appli-
cation cases were modelled using beam elements with the FE program
Midas Civil, which is also extensively used in modelling static [31] and
dynamic behaviour of bridges [32,33]. FE models of the application
cases were provided by the company Arenas&Asociados for this
research, which was therefore carried out with the real calculation
models with which these bridges were designed. Thus, different types of
models (slab and beam models) and different finite element software
packages (Sofistik and Midas) were used in order to demonstrate that
simplified methods provide reliable results in all cases.

2.1. Case studies

For the 4 case studies, simply supported slab bridges with a width of
15.56 m and a constant depth of 0.8 m of solid section were considered.
The first 3 cases (C1 to C3) have a modulus of elasticity similar to that of
concrete (3.5e7 KN/ rnz), while the fourth (C4) has a variable modulus of
elasticity, in order to keep the vibration frequency constant when
varying the geometry. The specific weight for cases C1 to C4 is similar of
that of concrete (25 kN/m?). The main parameters of the dynamic an-
alyses and the FE models of each structure are shown in Table 1. For the
study of the resonance phenomenon in cases C1 to C4, the two main
bending modes of each structure were analysed.

For the case studies C1 to C4, the load sequence from the considered
train is as defined in Table 2. The train travels at a constant velocity

Train Number of axles N
AA 23 18

NxD

Distance between axles D (m)

Point forces P (kN)
170

57
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Table 3
Modes of vibration 1 (a) and 2 (b) in load cases C1 to C4.
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Case Modes of vibration
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Fig. 1. Geometric definition (above) and FE model (below) of the Viaduct over the Aragén River (C5).

along the longitudinal axis of the structure. All the case studies were
analysed with a damping of 0%. The modes of vibration considered in
cases C1 to C4, as well as the distance between points of maximum
displacement (L,,), are shown in Table 3.

2.2. Application cases

The method proposed in this article was applied to two real High-
Speed concrete bridges. Two bridges of different typology were cho-
sen, one is a variable span girder bridge and the other is an arch bridge,
since this typology, due to its uniqueness, is a focus of interest for dy-
namic study [34,35]. The bridges are shown below:

e Viaduct over the Aragon River (C5), part of the Cantabrian-
Mediterranean corridor High-Speed line, near the town of Marcilla,
Spain, Fig. 1, Fig. 2.

e Almonte Viaduct (C6), part of the Madrid-Extremadura corridor
High-Speed line, at the Alcantara reservoir, Spain, Fig. 3, Fig. 4.

World record in its typology [36-41], concrete arch bridge for rail-
ways, 384 m main span.

The moving loads applied to both bridges correspond to the trains
defined in the Eurocode [1]. Their definition is shown below, Fig. 5.

For the Viaduct over the Aragén River (C5), the first 20 modes of
vibration of the structure were analysed in the "empty" state, that is,
considering the self-weight and the permanent load. The first 20 vi-
bration frequencies are shown in Table 4:

In the dynamic analysis carried out on the Almonte Viaduct (C6), the
first 100 modes of vibration of the structure in the "empty" state were
analysed, considering the self-weight and the permanent load. The first
100 vibration frequencies are shown in Table 5:

The summary of the characteristics of the dynamic analyses per-
formed in Cases C5 and C6 are shown in Table 6:

3. Basis of simplified method

The proposed simplified method for detecting resonance effects in
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Fig. 2. Deck cross-section for constant depth (left), variable depth (right), Viaduct over the Aragén River (C5).
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Fig. 4. Typ. Deck cross-section (left) and arch cross-sections (right), Almonte Viaduct (C6).

railway bridges and its theoretical basis is developed and explained
below. Firstly, the concept of the dynamic influence line is deduced.
Secondly, the expression for the resonance velocity is obtained. Subse-
quently, the influence of the equivalent force and the influence of the
relative span length are analysed. Additionally, since the previous case
analyses focused solely on flexural modes of vibration, the simplified
method has been applied to include a torsional mode of vibration to
comprehensive the research. Finally, based on all the above, the meth-
odology of the simplified method is presented.

3.1. Dynamic influence line

In this section, the concept of dynamic influence line is developed as

the theoretical basis of the simplified method presented in this research.
In other words, this section demonstrates how, when a dynamic load is
located at one point of a structure, the equivalent load acting on another
point of that structure can be estimated from the mode of vibration. That
is, how the deformation of a mode of vibration can be associated with a
line of influence when the loads are dynamic. To approximate the
problem, we will first consider how to calculate the effective part of a
load in a static analysis. In a simply supported beam under a distributed
load g(x), Fig. 6a, we want to know which equivalent force Fe4(L/2)
located at the centre of the beam, Fig. 6b, produces the same displace-
ment at the centre of the beam d(L/2) as the load q(x).

If the equivalent force, but of opposite sign, Fig. 6¢, were added to
the original situation of the distributed load, Fig. 6a, the result at the
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Train N D(m) d(m) P(kN)
Al 18 18 2.0 170
A2 17 19 3.5 200
A3 16 20 2.0 180
A4 15 21 3.0 190
A5 14 22 2.0 170
A6 13 23 2.0 180
A7 13 24 2.0 190
A8 12 25 2.5 190
A9 11 26 2.0 210
Al10 11 27 2.0 210
‘ D ‘ NxD ‘ D ]
4P P 2P 2P 2xP 3P 4P
(1) @ (3) @ ) @ @) @) (1)
[e] 000 00 O 00 00 00 0000 0]
M o H M WU
3 11 |3 D 3 11 |3
3,525 3,525
Fig. 5. Train loads (A1-A10) from Eurocode.
situation two independent states. First, the state (0), Fig. 7a, where a
Table 4 unit dynamic load is located at point x, is applied at instant ¢t and pro-
First 20 natural frequencies of Aragon Viaduct. duces a displacement under it of value dEg?t). Secondly, state (1),
Mode  f(Hz) Mode f(Hz) Mode f(Hz) Mode f(Hz) Fig. 7b, where a unitary abrupt displacement of the imaginary support
1 0.94 6 230 11 3.69 16 470 has occurred which causes the deformation vibration mode dg)t) to be
2 1.33 7 2.50 12 3.92 17 4.79 . i
3 1.58 8 2.74 13 4.01 18 5.33 activated.
4 1.61 9 2.87 14 4.04 19 5.91 - W
5 2.09 10 3.50 15 4.07 20 6.00 Wea = Fogrjon 1
point of application of the equivalent force would be a zero displace-
ment, as if it were a support. In other words, the equivalent force that Table 6

produces the same displacement as any force system at a point can be
calculated as the reaction that occurs at an "imaginary" support placed at

Summary of load Cases C5 and C6.

N°  Bridge N° of Load Vel. Vel. Damping

that point, Fig. 6d. Once the static case has been explained, the dynamic Length modes type Analised Step (%)

case is analysed. Everything explained in the static case is applicable in (km/h) (km/

the dynamic case, the only difference being that in the dynamic case the h)

reaction of the imaginary support varies with time. To analyse this 5 546 m 20 Al- 20-410 10 0

variation, this article proposes the modification of Maxwell’s theorem to ALO

s - - . . 6 99 m 100 Al- 20-420 10 5

consider it in a dynamic analysis. We start from the previous beam with Al0

the imaginary support at the centre of the beam. Consider for this

Table 5

First 100 natural frequencies of Almonte Viaduct.
Mode f (Hz) Mode f (Hz) Mode f (Hz) Mode f (Hz) Mode f (Hz)
1 0.27 21 2.48 41 4.02 61 7.34 81 9.19
2 0.56 22 2.56 42 4.07 62 7.56 82 9.24
3 0.75 23 2.67 43 4.25 63 7.64 83 9.36
4 0.79 24 2.73 44 4.25 64 7.67 84 9.57
5 0.89 25 2.78 45 4.39 65 7.82 85 9.94
6 0.89 26 2.88 46 4.49 66 7.90 86 9.95
7 0.94 27 2.971 47 4.57 67 8.00 87 10.20
8 1.10 28 3.07 48 4.57 68 8.12 88 10.28
9 1.21 29 3.17 49 4.59 69 8.28 89 10.92
10 1.23 30 3.24 50 4.67 70 8.31 90 11.45
11 1.41 31 3.27 51 4.71 71 8.40 91 11.53
12 1.42 32 3.56 52 4.82 72 8.46 92 11.94
13 1.45 33 3.57 53 5.16 73 8.49 93 12.04
14 1.48 34 3.58 54 5.33 74 8.57 94 12.25
15 1.69 35 3.59 55 5.43 75 8.63 95 12.44
16 1.79 36 3.75 56 5.58 76 8.71 96 12.63
17 1.96 37 3.79 57 5.76 77 8.91 97 12.86
18 2.23 38 3.84 58 6.24 78 8.91 98 12.89
19 2.36 39 3.97 59 6.53 79 9.05 99 12.99
20 2.40 40 3.97 60 7.01 80 9.18 100 13.20
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If we analyse the work of the external forces done in a third state, state (0) we obtain:
state (2), the sum of state (0) at first and state (1) afterwards, the result (140) " 0
would be: Wei ' =Foupol +1d,
(0+1) _ 1 40) (1) _ 14D (0) Assuming linear behaviour of the structure, state (2) must be equal
Weo ' =1dy + Fopponl = ldy + Fopon 1 g

regardless of the loading process, therefore:
If we calculate state (2) as the sum of state (1) in the first place plus

Mode 1(t)- C1
0.6
0.4
0.2

-0.2

Mode 1

Bridge C1

-0.6 Load AA

0.8 | e Value of Influence Line

-0.4

Displacement (m)

-1.2
-28 -24 -20 -16 -12 -8 -4 0 4 8 12 16 20

Distance (m)

Fig. 8. Vibration mode 1 of case C1 at instant t.
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Fig. 9. Vibration mode 1 of case C1 at instant t + T.

0+1 140
(0) _ 4
Foyirpn = d(x.,)

That is, the reaction of the imaginary support and, therefore, the
equivalent force when a load acts at a position x of the structure at
instant t, is the deflection in state (1), at that point x and instant t. Where

df;?[) is the dynamic and deformed influence line of any given mode of

vibration for instant t. In principle, the line of influence for another
instant would be different, since the amplitude of the mode of vibration
oscillates with time. However, if the loads are applied at instant ¢ + nT,
where n is a natural number and T is the period of vibration, then the
dynamic influence line remains constant because the amplitude of the
mode of vibration is constant for multiples of the period.

3.2. Resonance velocity

In this section, a general expression for resonance velocity is
deduced. In order to clarify it with an example and to demonstrate it
numerically, this section uses a FE model to analyse the single-span
bridge of case C1, whose mode 1 has a frequency f of value 2.86 Hz.
The load sequence from AA train has a wheelbase of D= 18 m, see
Table 1. Considering the previous section, mode of vibration 1 corre-
sponds to the line of influence of the equivalent force at the centre of the
span, Fig. 8. The loads of the AA train are positioned on the dynamic line
of influence (maximum unit amplitude) so that the equivalent force is
maximum, for a given instant t. Therefore, a load is placed in the centre
of the span, leaving the rest of the loads outside the structure due to the
geometry of the bridge and the load sequence from AA train, as shown in
Fig. 8. In this configuration, as a consequence of the geometry of the line
of influence, the load is most effective when it is in the centre, that is, Feq
= 1P =P.If, due to the forward velocity of the train AA, the second load
is at the same position as the first load was when the mode of vibration is
at the same position at instant t, the equivalent force on the structure
will be added to the previous one F,q; = 1P + 1P = 2P, Fig. 9.

The fact that the line of influence is at the same position at instant t
when the second load passes through the centre of the span (t + 1),
defines the velocity V of movement of the loads, since the time between
two equal positions of the mode is precisely the period T. As the distance
between loads is constant, D, this process will be repeated for all the
loads if the velocity V also remains constant, being in that case Foyeng =
mP where m is the number of loads and, therefore, a resonance process
will occur in the bridge because with each transit of load the Fq will
increase. The velocity associated with this process will be the resonance

Table 7
Considered resonance velocities for case C1 calculated with Eq. (1).
D f n V (km/h)
Vemin-1 18 2.86 1 185.3
Veml n=2 18 2.86 2 95.7
Vrmin=3 18 2.86 3 61.8
Veman=1 18 11.40 1 738.7

velocity V;min—1 of that mode of vibration i for a time separation be-
tween loads nT, with n =1, and it can be calculated as the distance
between loads D divided by the period of vibration T associated with the
frequency of the mode f. Thus, the resonance velocity results in Eq. (1):

b _b

Vimn =
7 onT  n

(€8]

For case C1, the resonance velocities are shown in Table 7:

The point of the structure with maximum acceleration associated
with this resonance velocity will be the centre of the span, because it is
the point of maximum displacement of the mode that is activated, mode
1. In Fig. 10, the maximum acceleration of the span centre on transit of
the load sequence from AA train is shown for the different velocities
evaluated based on FE model results. The resonance velocity V;m1n-1
from Table 7 marked with a vertical line for the value of 185.3 km/h
matches perfectly with the peak of maximum accelerations shown by the
diagram obtained.

In other words, the resonance velocity of the bridge in case 1 was
predicted correctly.

In addition, minor peaks can be found in Fig. 10 around the velocities
of approximately 90 and 60 km/h. The explanation for these accelera-
tion peaks associated with those velocities is as follows. From what has
been stated so far, it has been assumed that the loads take a time equal to
the vibration period T to reach the position of the predecessor, but in
reality, they could take a time multiple of nT (n = 2, n = 3, etc.) and the
amplitude of the mode position, or line of influence, would remain the
same when the load passes through the centre of the span. In this way,
we can speak of resonance velocity submultiples, and they are calculated
in Table 7 (Vym1,n—2 and V,m1 n—3). As can be seen in Fig. 10, the reso-
nance velocities for n = 2 and n = 3, marked with a vertical line, match
perfectly with the small acceleration peaks. Note that the values pre-
sented in Table 7 match the values obtained with the method outlined in
[21]. The accelerations associated with sub-multiple velocities are al-
ways much smaller than the acceleration for n = 1 because they occur
for lower velocities and, furthermore, because they are influenced by
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ACCELERATION Vs VELOCITY - CASE C1
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Fig. 10. Diagram of maximum span centre accelerations of case C1. FE Model Vs Simplified method.
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Fig. 11. Vibration mode 1 in case C2 at instant t.

damping. As the structure vibrates freely for a time equal to several
periods before the arrival of the next load, the damping dissipates the
energy of the system before reintroducing energy. Moreover, sub-
multiples in complex structures do not always produce acceleration
peaks, as the process of load arrival up to the point of maximum
equivalent load can have its influence and virtually eliminate the ac-
celeration peak associated with a submultiple velocity. In the same way
that the resonance velocity of mode 1 was calculated, the resonance
velocity of mode 2 can be obtained for n = 1 in case C1. For this mode,
the resonance velocity would be:

D
=—=Df =18x11.40x3.6 =738.7 km/h

Vr m2,n=1
o T

This velocity is outside the range of velocities studied in case C1, so it
should not be considered. In any case, if the velocity range were up to
800 km/h, due to the shape of this second mode, this velocity would not
trigger mode 2 for the reasons explained in the following section.

3.3. Influence of equivalent force

In this chapter, the influence of the equivalent force on resonant
effects of the bridge is shown. To this end, a continuous structure with

Mode 2(t) - C2

15
1.0 SN coneuconsacsasaosasaensasancasencans
E : :
£ :
S 05
£
o
g y =
5 00 L : s el - ]
2
a Mode 2
-0.5 Bridge C2
Load AA
~~~~~~~~~ Value of Influence Line
-1.0

-28 24 20 -16 -12 -8 -4 0 4 8 12 16 20
Distance (m)

Fig. 12. Vibration mode 2 in case C2 at instant t.

two spans is analysed. Two cases will be shown, in the first one the
length of the spans will be equal (C2) and in the second one they will
have a ratio between them of 0.8 (C3). In both cases, results from Eq. (1)
are compared with results from FE models.

3.3.1. Equal span lengths L1/L2 = 1

The simplified method is applied for case C2 in the same way as for
case C1. First, vibration mode 1, which has a frequency of 2.86 Hz, is
analysed. This mode is the line of influence of the equivalent force at
either of the two span centres, as they have equal amplitude, Fig. 6a.
Using the mode as the line of influence, the load sequence from AA train
is placed so that it provides the maximum equivalent force. In this case,
we place the first two loads of the AA train at the centre of the spans,
Fig. 11.

In this case, the resonance velocity of mode 1 would be:

Vimin—1 =Df =18x2.86x3.6 = 185.3 km/h

However, the equivalent force would be zero in this case, since,
having amplitudes of opposite sign, the load of one span cancels out that
of the other.

Fopy=1P—1P =0
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Fig. 13. Maximum acceleration diagram of the span centres. FE Model Vs Simplified method.
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Fig. 14. Vibration mode 1 of case C2 at instant t.

Since this will happen with the following two loads of the AA train on
the structure at instant t + T, the final equivalent force in this case is
zero and therefore mode 1 will not be activated for its resonance ve-
locity. The second mode is analysed next, placing the loads in the same
way as for mode 1, Fig. 12, at instant t.

The resonance velocity in this case for the second mode is:

Vimon—1 = Df =18 x4.46 x3.6 = 289.0 km/h
And the equivalent force for instant t will be:
Fey =0.95P+0.95P = 1.8P

For instant t + T, mode 2 will have the same amplitude and, there-
fore, the equivalent force will increase with each step of the loads.
Fig. 13 shows the result of the dynamic analysis of case C2. It shows the
maximum acceleration of the centres of span 1 and span 2 (super-
imposed) in case C2 on transit of the load sequence from AA train for
different velocities. It can be seen that for the value of the mode 1
resonance velocity (V,,1,-1=185.3 km/h) marked with a vertical line,
there is no acceleration peak. That is, the zero equivalent force prevents
any resonant amplification from occurring. Note that according to the
method outlined [21], there should be resonant effects for that velocity,
but as can be verified with the finite element results (Fig. 13), there are

Mode 2(t) - C3
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Fig. 15. Vibration mode 2 in case C3 at instant t.

none. The reason is that the simplified method showed in that research
does not take into account the influence of the equivalent force. How-
ever, for the mode 2 resonance velocity value (V,,2,-; = 289.0 km/h),
a very sharp peak appears.

Note that for a velocity value slightly above 140 km/h another minor
peak appears. This peak corresponds to the submultiple of V; o for
n=2:

D 1
Viman= = 7]( = 78 x4.46x3.6=144.5km/h

3.3.2. Unequal span lengths L2/L1 = 1.25

In this section, the case C2 process is repeated, but with unequal
spans of ratio 0.80, case C3. Unlike what happened in case C2 for mode
1, because the spans are not exactly equal, when positioning the load
sequence from AA train on mode 1, the equivalent force does not
completely cancel out, Fig. 14.

The equivalent force, in absolute value, resulting from positioning
the loads in this case is:

Foy = +0.95P—0.45P = 0.5P

The resonance velocity for mode 1 in this case is:
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Fig. 16. Diagram of maximum span centre accelerations in case C3. FE Model Vs Simplified method.

Vimin=1 = Df =18x2.679x3.6 = 173.5 km/h

As for the second mode, based on Fig. 15, the equivalent force and
resonance velocity are:

Fey = 1.0P+04P = 1.4P

Vimon—1 = Df =18x4.86x3.6 =314.9 km/h

Fig. 16 shows the result of the dynamic analysis for case C3. It shows
the maximum accelerations of the span centres on passage of the AA
train for different velocities.

Fig. 16 shows that, unlike case C2, for the value of the resonance
velocity of mode 1 (V;m1n-1=173.5 km/h) marked with a vertical line,
there is a small acceleration peak because the equivalent force is not
zero, although it is small. For this velocity, it can be seen in Fig. 16 that
the centre of span with the highest acceleration is the centre of span 2,

consistent with the deformation of vibration mode 1, Fig. 14. The large
acceleration peak, as expected from the equivalent force, is for the
resonance velocity of mode 2 (Vrman—1 = 314.9 km/h). In this case,
because the activated mode is mode 2, it is span 1 that has the highest
acceleration, consistent with the deformation of vibration mode 2,
Fig. 15. Note that the ratio between the maximum accelerations of the
two span centres is the same as the ratio between the displacements of
the span centres of mode 2. In addition to the velocity associated with
mode 1 and the velocity associated with mode 2, there is also a peak in
the value of the submultiple of mode 2 and, therefore, with more ac-
celeration at the centre of span 1:

18

2

D

5=

Vimon= = x4.86x3.6 =157.5km/h
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3.4. Influence of the relative span length

The analysed cases shown so far (C1, C2 and C3) have in common
that the distance between axles D is practically the same as the distance
between the points of maximum displacements of the modes, parameter
Ly, Table 3. This section analyses the influence of the relative span
length in the resonance effects based on the L,,/D parameter. For this
purpose, the dynamic analysis based on results from FE model in case C4
was carried out varying the parameter L,,,/D between values of 0.5 and 5.
The analysed bridge has two equal span lengths, but that length is
changed in order to modify the parameter L,,/D while the modulus of
elasticity is transformed in an appropriate way to balance the stiffness
and keep the natural frequency constant. The velocity considered for the
AA train to pass through structure C4 is 289.0 km/h for all values of the
L,/D parameter. This is the resonance velocity of mode 2 (mode 1 would
not be activated for its resonance velocity because the displacement
amplitude is equal in both spans, but of opposite sign). The results of the
dynamic analysis in case C4 are shown in Fig. 17, where you can see the
maximum acceleration of the centre of one span (the other span centre
will have the same value due to the symmetry of the mode) as a function
of the parameter L,,/D for the mode 2 resonance velocity.

As can be seen in Fig. 17, when the parameter L,,/D approaches 1, the
acceleration value increases exponentially. Departing from that value,
except for some small undulations in the environment between L,,/D
= 1.5 and L,,/D = 2.5, the acceleration decreases very quickly. That is,
for resonance to occur in a bridge when a train passes, there is not only a
temporal factor (resonance velocity), but also a spatial factor (parameter
Ln/D). Both factors have to be present for resonance to occur in signif-
icant terms. The explanation of how a large value of spatial factor L,,/D
can avoid resonance is as follows. If L,,/D is sufficiently large, the loads
will have practically not moved their relative position in the span during
the time of a half-period T. That is, although it is the resonance velocity
and, therefore, the load occupies the position of its predecessor in a time
T, the movement is negligible regarding the length of the span. In this
way, since the load is in an almost fixed position, the influence line adds
approximately the same value during a half-period (positive mode
amplitude) as it subtracts in the next half-period (negative mode
amplitude). In conclusion, as the load practically does not move, the
equivalent force provided by the dynamic line of influence is zero over a
period T.

3.5. Torsional mode of vibration

So far, the analysed vibration modes have corresponded to flexural
modes, as they are often the most relevant. However, the proposed
simplified method can be applied to any vibration mode. To verify this,
in this section, the C1 case is recalculated, but with the loads moving
along the bridge on a laterally shifted axis of 3.8 m from the central axis,
as shown in Fig. 18a. For this dynamic analysis, in addition to the
flexural modes indicated in Table 3, the torsional mode with a frequency
of 5.75 Hz is considered, as shown in Fig. 18b. Another difference from
the analysis conducted in Section 3.2 is that in that section, only the
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Table 8
Considered resonance velocities for case C1 with lateral and central axis
calculated with Eq. 1.

Flexural mode (m=1) Torsional mode (m=2)

f (Hz) 2.86 f (Hz) 5.75
Train D(m) n V; (Km/h) n V; (Km/h)
AA 18 1 185,5 1 372,4
AA 18 2 92,8 2 186,2
AA 18 3 61,8 3 124,1

accelerations of point PO, the central point, were checked, while now the
accelerations of points P1 and P2, lateral points, are also analysed
(Fig. 18a).

The results of resonance velocities obtained by applying Eq. 1 of the
simplified method for both flexural and torsional modes are presented in
Table 8.

In Fig. 19, the results from finite element analysis for points PO
(dashed line and dot, central axis) and P1 (solid line, lateral axis) are
shown. Vertical lines identify the resonance velocities as indicated in
Table 8, with a dashed line and double dot for the flexural mode
(n=1,2,3) and a dotted line for the torsional mode (n = 1,2,3). As
observed in Fig. 19, for the velocity of 372 km/h at point P1 on the
lateral axis, there is a peak acceleration in FE results coinciding with the
resonance velocity predicted by the simplified method for the torsional
mode, which is not present in FE results for the central axis at point PO.
Note also that at point P1, at the velocity of 185 km/h, the acceleration
is amplified compared to the central axis at point PO. This occurs
because the flexural resonance velocity (n = 1) coincides with the first
submultiple of the torsional resonance velocity (n = 2), and both modes
are superimposed.

To confirm that the peak accelerations at 372 km/h are indeed due to
torsion, the first few seconds of the acceleration-time diagrams for
points P1 and P2 are shown for resonance velocities of 185 km/h
(Fig. 20a) and 372 km/h (Fig. 20b). As evident in the resonance velocity
of 185 km/h, the accelerations of points P1 and P2 coincide, charac-
teristic of a longitudinal flexural mode. Conversely, at the resonance
velocity of 372 km/h, the accelerations of points P1 and P2 exhibit
opposite accelerations, indicative of a torsional mode, as predicted by
the simplified method.

3.6. Simplified method methodology

Based on all the information presented in Section 3, the methodology
of the simplified method is established and summarized in the following
points:

1. Place the loads (train) on the vibration mode (influence line) looking
for the maximum equivalent force to identify the vibration modes
that will have a non-negligible equivalent force result. A quantitative
analysis is sufficient. The remaining modes will not be activated.
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. From the selected modes of vibration, discard those where the
maximum displacement occurs in a span with the parameter L,,/D
greater than 2.0, as these modes will not be activated either.

. Calculate all resonance velocities for n = 1 according to Eq. 1 for all
non-discarded vibration modes and for each train with different
equispaced axle distances (although the locomotives and some
wagons may not have equispaced axles, disregard their influence on
the results and focus on the repeated axle pattern. The amplification
due to repeated axles is much more significant than some loads that
do not follow the pattern).

. If any of the resonance velocities for n = 1 for any vibration mode is
outside the range of study velocities for that project, consider the
resonance velocity of that mode for n = 2 according to Eq. (1) (n > 3
is considered negligible in any case).

. Each resonance velocity will present the maximum acceleration at
the point of the bridge with the maximum displacement associated
with the corresponding mode of vibration.

12

4. Validation of simplified method

In this section, the simplified method is validated using two real
complex bridges: a deck arch bridge (Almonte Viaduct) and a continuous
variable-depth box girder bridge (Viaduct over Aragén River). Both
structures are analysed using a finite element (FE) model according to
Eurocode verification methods, and the results are compared with those
obtained using the simplified method.

4.1. Viaduct over Aragon River

Next, case C5 is analysed. This case is an analysis of a real bridge; the
Viaduct over the Aragén River. The dynamic analysis was carried out
according to Eurocode [1], the main characteristics of which are shown
in Table 6. For this analysis, all span centres of different lengths have
been checked, specifically the centres of spans 1, 3, 4, 6 and 8, Fig. 1.
The simplified method explained in the article for detecting resonant
effects for this real case has been applied. There are 20 vibration modes
considered (Table 4), each of which will have a resonance velocity for
each type of train, since they have different distances between axles.
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Fig. 22. Mode of vibration 12 of Viaduct over Aragén River. Al train load placements.

Some resonance velocities will be above the 410 km/h project maximum
velocity, so they will be beyond the study range. In that case, we would
have to consider their largest submultiples within the study range. As
there are 10 different trains and 20 modes of vibration, the total number
of velocities that need to be checked is 200. Consequently, 20 check
points along the bridge need to be considered per the maximum
displacement in each mode of vibration. However, and after what was
stated in the article, by analysing the shape of the vibration modes, the
number of modes to be considered can be reduced. Specifically, the
analysis of the modes of vibrations 3, 12 and 20 of the Viaduct over the
Aragén River are shown in detail, as they are representative. Fig. 21
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shows mode 3 with the placements of the loads of train Al. As can be
seen, this mode will not be activated significantly. The equivalent force
Feq is very small because the loads cancel out, having the same values
and opposite signs (check equal areas), just as happened in cases C2 and
C3 for mode 1.

Fig. 22 shows the mode of vibration 12 with the placement of the
train Al loads. The shape of mode 12 does enable a non-negligible
equivalent force (more and larger loads over the structure than under
the structure). However, due to the length of the spans where the
maximum displacement occurs, a value of L,,/D > 2.2 is produced for all
trains A1-A10, so the activation of mode 12 will be residual. The
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Fig. 23. Mode of vibration 20 of Viaduct over Aragén River. Al train load placements.
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Fig. 24. Acc. envelope. Trains Al to A10 in sections SC1, SC3, SC4, SC 6 and SC8. FE model results.

discussion of why modes 3 and 12 will not be activated (small F; and/or
large L,,/D) are also applicable to the first 19 vibration modes of the
Viaduct over the Aragén River.

Fig. 23 shows mode of vibration 20 with the placements of the train
Al loads. Mode 20 is the first mode that has a significant equivalent
force result and L,,,/D parameter values between 1.3 and 2, depending on
the train considered. For this reason, it is the mode that will be activated
with the highest intensity of the 20 modes of vibration considered in the
analysis. Due to the fact that mode 20 presents the maximum displace-
ment in the centre of span 8 approximately, it will be this section which
develops the highest accelerations for the velocities corresponding with
mode 20 frequency from train Al to A10.

The results of the dynamic analysis of case C5 are shown in Fig. 24.
Each line represents the envelope of the accelerations from trains Al to
A10 at the check sections defined in Fig. 1. As can be seen, the centre of
span 8 (SC8) develops the highest acceleration peaks, consistent with the
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activation of mode 20. The check section SC8 has been studied deeply in
the areas of greatest acceleration (detail A and detail B, Fig. 24) to check
whether the acceleration peaks are caused by velocities predicted by the
simplified method for each train.

The resonance velocities, n = 1, and the submultiple n = 2 for each
train on mode of vibration 20 are shown in Table 9. Note that the values
outside the project range (>410 km/h) are marked in grey.

The detail of zone A is shown in Fig. 25. In this figure, the law of
maximum accelerations of each train (only trains from Al to A5 are
shown for the sake of clarity) forms the total envelope of section SC8
shown in Fig. 24 for velocities from 320 to 410 km/h. Note that above
350 km/h the envelope is formed for the resonance velocities of train Al
and A2. The resonance velocities of trains A1 and A2 shown in Table 9
have been highlighted with a vertical line. It can be seen that the ac-
celeration peaks from dynamic analysis of the Aragén River Viaduct
coincides perfectly with the resonance velocities shown in Table 9.
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Resonance Velocities for n = 1 and n = 2 of mode 20 of Viaduct over Aragén River.
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Mode 20 | f (Hz) =5.996 | Vrm20,n (km/h)
Train D (m) n=1 n=2
Al 18 388.5 | 194.3
A2 19 410.1 | 205.1
A3 20 431.7 | 215.9
A4 21 4533 | 226.6
A5 22 4749 | 237.4
A6 23 496.5 | 248.2
A7 24 518.1 | 259.0
A8 25 539.6 | 269.8
A9 26 561.2 | 280.6
Al10 27 5822 1 291.4
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To illustrate more clearly how resonance occurs only for a single
train according to its specific resonance velocity, Fig. 26 shows the ac-
celeration versus time diagram developed by section SC8 from the dy-
namic analysis of the Aragén Viaduct at a velocity of 410 km/h
(resonance velocity of train A2 according to the results shown in
Table 9).

It can be seen in Fig. 26 that train A2 (red line) produces an accel-
eration of 2.7 m/s? at section SC8 (as the envelope of Fig. 25 shows),
while the rest of the trains (black lines) produce an acceleration under
0.8 m/s% Detail B defined in Fig. 24 is shown in Fig. 27, where it is
demonstrated that the envelope of each train (for clarity, only trains A5
to A10 are shown) forms the total envelope of section SC8 for the ve-
locity range from 200 km/h to 350 km/h. The resonance velocities for
n = 2 defined in Table 9 are highlighted with vertical lines. As can be
seen in Fig. 27, the acceleration peaks coincide perfectly with the
resonance velocities of the multiples of n = 2 for each train shown in
Table 9. Under 190 km/h, it is the submultiples of n > 2 that generate
the envelope, although with a non-zero damping these peaks would have
been strongly reduced. For example, the peaks of 30 and 60 km/h shown
in Fig. 24 are caused by train A8 with submultiples n =9 and n =18,
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Fig. 28. Modes 1, 9, 20 and 50 of vibration of Almonte Viaduct.

respectively. Based on this analysis, zone A in Fig. 24 can be identified as
the resonance zone for n = 1 and zone B as the resonance zone for n = 2.
In conclusion, for the Viaduct over the Aragén River, the simplified
method predicts perfectly the resonance velocities of each train that will
produce acceleration amplification and also correctly predicts the points
that need to be checked because it identifies the mode that will be
activated.

4.2. Almonte viaduct

Case C6 is analysed below. This case is an analysis of a real bridge,
the Almonte Viaduct, the world’s longest high-velocity train arch bridge.
Analogously to the Viaduct over the Aragén River, a dynamic analysis
was carried out in the Almonte Viaduct according to Eurocode [1]. The
main characteristics of the analysis are shown in Table 6. The sections
analysed were the centres of spans 1, 3, 6, 7, 8,9, 10 and 11 (centre of
the bridge), Fig. 3. Spans 2 and 4 have not been considered for analysis
because they have the same length as span 3, which is the typical span
for approaching the arch. The simplified method for detecting resonant
effects shown in the article for this real case is applied. A total of 100
modes of vibration were considered in the analysis (Table 5). Every
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single mode of vibration has its corresponding resonance velocity for
each type of train (different distances between axles). Some resonance
velocities will be greater than the maximum velocity of the project
(420 km/h), thus their main submultiples within the project’s velocity
range must be considered. In total, there would be 1000 velocities and
100 sections to analyse. However, by studying the shape of the modes of
vibration and according to the concepts shown in this article, the
number of velocities to be analysed can be reduced by discarding the
modes that will not be activated significantly. To give an example of how
this is done, the specific analysis of modes 1, 9, 20 and 50 is shown,
Fig. 28.

The activation of mode 1 will not be significant because it goes up
and down in equal parts approximately, thus the equivalent forces
produced after trains A1-A10 will be cancelled, just as happened with
mode 1 for cases C2 and C3. Mode of vibration 9 has the displacement in
the same upward direction, so there will be a significant equivalent
force. However, the length of the wave over the arch produces a mini-
mum value of parameter Lp,/D > 3, so the activation of mode 9 will be
practically negligible. The activation of mode 20 will be residual for the
same reason as that of mode 1, the spans that go up and down cancel
each other’s equivalent force. Actually, these arguments could be
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Table 10
Resonance velocities of mode 50 for n = 1 and n = 2 in Almonte Viaduct.
Mode 50 | f (Hz) =4.67 | Vrmson (km/h)
Train D (m) n=1 n=2
Al 18 302.7 | 1514
A2 19 319.5 | 159.8
A3 20 336.3 | 168.2
A4 21 353.2 | 176.6
A5 22 370.0 | 185.0
A6 23 386.8 | 1934
A7 24 403.6 | 201.8
A8 25 420.4 | 210.2
A9 26 437.2 | 218.6
Al0 27 454.1 | 227.0

applied to the first 49 vibration modes of the Almonte Viaduct. How-
ever, mode 50 is the first mode that has an important equivalent force
and L,,/D parameter between 1.3 and 2 depending on the train consid-
ered. For this reason, mode of vibration 50 will be activated with greater
intensity. Due to the fact that mode 50 has maximum displacement at
approximately the centre of span 1, this section will be the one that
presents the highest accelerations. The activation of modes from 51 to
100 will be residual for the same reason as the first 49 modes. That
means only the resonance velocity of mode 50 really needs to be
checked.

The result of the dynamic analysis of the Almonte Viaduct that in-
cludes 100 modes of vibration for all the span centres defined in Fig. 3 is
shown in Fig. 29. Each line represents the acceleration envelope of the
trains A1-A10 for the corresponding check section. As can be seen, it is
span 1 that develops the envelope with the highest accelerations,
consistent with the activation of mode 50. Two zones of maximum ac-
celerations in the SC1 envelope can be identified in Fig. 29, detail A and
detail B.

Note that it is the centre of span 1 that presents higher accelerations,
as was expected after applying the simplified method. Section SC1 was
studied in detail in order to check whether the acceleration peaks are
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produced due to the velocities calculated in Table 10 in the detail A and
detail B zones (see Fig. 29). Here the resonance velocities (n = 1) of
mode of vibration 50 for trains A1-A10 and the main submultiples
(n = 2) are shown. Note that values beyond the project’s range are
marked in grey.

The results of the detail A zone are shown in Fig. 30. The velocities in
Table 10 are highlighted by the corresponding vertical lines. As can be
checked, the maximum accelerations for each train form the SC1 en-
velope in the range of 270 km/h to 390 km/h. Note that the maximum
accelerations from dynamic analysis match with the corresponding
vertical lines strongly.

The detail B zone is shown in Fig. 31 where the velocities in Table 10
for n = 2 and trains A6 to A10 are highlighted with vertical lines. The
maximum accelerations of each train form the envelope of SC1 for ve-
locities from 180 km/h to 250 km/h. It can be seen that the acceleration
peaks match perfectly with the velocities predicted by the simplified
method for each train. Below 140 km/h, the submultiples of n > 2
generate the envelope but, due to the damping, the peaks of accelera-
tions remained practically eliminated, Fig. 29.

In conclusion, the simplified method also perfectly predicts, for a
bridge like the Almonte Viaduct, the resonance velocities that each train
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will produce depending on the distance between axles. Additionally, the
simplified method also correctly predicts the section that needs to be
checked, as it identifies the main mode that will activate (mode 50) and
those that will not among the 100 modes involved in the dynamic
analysis.

5. Conclusions

The article presented a simplified method to calculate the sections to
check and the resonance velocities that can occur in bridges. The
simplified method was verified based on FE Model results in 4 ideal
simple bridges and subsequently in two real High-Speed bridges of
different typology. In all cases, the simplified method predicted the
resonant effects and the sections of the bridge where they occur very
precisely.

The main contributions and novelties of the method regarding the
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existing methods are the following:

Firstly, it is the only method that enables the calculation of resonance
velocity in complex bridges easily. Unlike cases of single or double-span
beams discussed in the literature, the article analyses not only simple
cases but also a deck arch bridge and a continuous variable-depth box
girder bridge to demonstrate its validity across various typologies
without increasing the difficulty. Secondly, its calculation simplicity
stands out, making it faster and more manageable than other methods,
providing greater practical applicability. Thirdly, it is the only method
that, for each specific resonance velocity, identifies the point on the
bridge where the maximum acceleration will occur by associating the
resonance velocity with the excitation of a specific vibration mode. This
feature is crucial when a finite element analysis is performed to detect
resonance in bridges, as engineers have to decide, based on their judg-
ment, which points along the bridge are the most critical to check for
acceleration. These properties of the simplified method are based on
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three novel theoretical concepts related to dynamic calculation: dy-
namic influence line, equivalent force, and relative span length. To use
the simplified method effectively, a deep understanding of these con-
cepts is required, which balances out its straightforward mathematical
application. Finally, due to its simplicity, it is a very useful tool to easily
check whether the acceleration peaks that may result from an FE model
are correct or may be due to an error in the numerical modelling.
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