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0.- Introduccién

0.1- Panoramica general

Este trabajo aborda el estudio de la estadistica de transitorios en sistemas Spticos
no lineales. Tres de estos sistemas serdn objeto de nuestra atencién: dispositivos

opticos biestables, laseres de gas y laseres de semiconductor.

Este estudio se engloba dentro del marco mas general del conocimiento de las
propiedades estadisticas de la radiacién electromagnética. De la comprensién de es-
tas propiedades en la radiacién procedente de fuentes en equilibrio térmico surgen
algunas de las ideas basicas de la fisica moderna. Posteriormente, la aparicién del
laser provoca un nuevo impulso en el estudio de la naturaleza estadistica de la luz.
El laser es un ejemplo de la mecénica estadistica fuera del equilibrio cuy‘a. descripcién
puede hacerse con un conjunto reducido de variables macroscépicas[l]. La evolucién
dindmica de estas variables sufre grandes cambios dependiendo de los valores de los
pardmetros de control externos del laser, por ejemplo: el encendido, oscilaciones, for-
macién de patterns, caos temporal, caos espaciotemporal, etc [2-9]. Estos cambios
estdn asociados al hecho de que el laser cruza inestabilidades asociadas con bifurca-
ciones. Se han realizado muchos estudios de la estabilidad dindmica y estructural

del laser y otros sistemas épticos no lineales dentro del marco general de la teoria de



sistemas dindmicos [2-9]. Una posible clasificacién de los estudios anteriores referidos
al laser puede hacerse atendiendo al nimero efectivo de grados de libertad del sistema
[10]. Si consideramos los laseres en que se selecciona un modo, éstos vienen descritos
por ecuaciones para el campo eléctrico E, polarizacién, P, e inversién de poblacion,
D. En los laseres de clase A (Art, He-Ne, colorante...) pueden eliminarse dos de
estas variables (P y D). En laseres de clase B (rubi, YAG, CO,, semiconductor...) se
precisan dos variables (E,D) y en los de clase C (infrarrojo lejano...) las tres vari-
ables. Una parte considerable del estudio de transitorios se ha dedicado al estudio
del comportamiento dindmico de los sistemas 6pticos no lineales cuando el parametro
de control cruza el punto de bifurcacién con una cierta dependencia temporal. Esta
dependencia puede modificar profundamente el comportamiento dindmico del sistema.

(ver parte 0.1.1).

Cuando un sistema en un estado estable se aproxima a una inestabilidad las fluc-
tuaciones dominan la dindmica del sistema[11,12]. De hecho, la relajacién de una
inestabilidad solo se puede iniciar si hay fluctuaciones presentes en el sistema. El
ruido aparece por tanto como un factor crucial para una descripcién correcta del
comportamiento del laser al cruzar una bifurcacién. El origen del ruido puede ser
interno (generado por el sistema independientemente de su entorno) o externo (asoci-
ado a parametros de control externos fluctuantes). Una de las causas fundamentales
de la aleatoriedad en el campo de radiacién es la emisién espontinea, proceso de
naturaleza puramente cudntica. Diversos tratamientos cuénticos de la luz laser con-
siguen deducir ecuaciones de evolucién de los operadores que describen este tipo de

radiacién[13, 14]. El posterior desarrollo de estas ecuaciones permite la obtencién de
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una ecuacién cldsica de tipo Fokker-Planck que describe la evolucion temporal de
las propiedades estadisticas de la radiacién laser. Esta descripcién también puede
llevarse a cabo mediante ecuaciones diferenciales estocdsticas con un ruido blanco.
Tanto la ecuacién de Fokker-Planck como las ecuaciones diferenciales estocasticas
son herramientas adecuadas para el estudio de bifurcaciones en presencia de ruido.
En la parte 0.1.2 se da un resumen de los estudios acerca de la influencia del ruido

en las bifurcaciones, haciendo un especial hincapié en las bifurcaciones dinamicas.

La confirmacién experimental de las teorias que dan cuenta de las propiedades
estadisticas de la luz laser es llevada a cabo mediante medidas de contaje fo--
toeléctrico[15,16]. En estos experimentos se pone claramente de manifiesto el cambio
de estadistica que sufre la luz laser durante su encendido, etapa en la cual los efectos
del ruido de emisién espontinea son especialmente importantes. Dentro del estudio
de la estadistica del encendido de los sistemas épticos no lineales y en especial de los
laseres, dos tipos de problemas han sido los més extensamente tratados. El primero
se refiere a la descripcién estadistica del tiempo en el que se observa la emision laser
y es estudiado mediante el método de los tiempos de paso en el régimen lineal de la
amplificacién laser [17-20]. El segundo problema es la descripcién de las fluctuaciones
que experimenta la intensidad del laser antes de su llegada al estado estacionario [15,
16]. Estas fluctuaciones son de orden uno (a este hecho se debe su nombre de fluctua-
ciones andémalas), mientras que las fluctuaciones antes y después del transitorio son

del orden de la intensidad del ruido de emisién espontanea.

El conocimiento de la estadistica del encendido del laser es importante tanto desde
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un punto de vista fundamental (es un ejemplo de relajacién de un estado inestable)
como desde un punto de vista aplicado (por ejemplo el caracter aleatorio del encendido
limita la méxima velocidad de funcionamiento de los sistemas de comunicacién por

fibra dptica).

En el resto de este apartado un resumen de los trabajos existentes, tanto tedricos
como experimentales, de bifurcaciones dindmicas e influencia del ruido en las bifur-
caciones es llevado a cabo en el contexto de los sistemas 6pticos no lineales. Dentro
de estos sistemas dedicaremos una atencién especial al laser de semiconductor por su

relevancia para este trabajo.

0.1.1- Bifurcaciones dinamicas

El estudio de sistemas cerca de una bifurcacién es interesante pues ligeros cam-
bios del pardmetro de control externo llevan a grandes cambios en su comportamiento
global. Entre estas bifurcaciones destacamos, por su especial relevancia en este tra-
bajo, la que tiene lugar en el encendido del laser, similar a una transicion de fase de
segundo orden[21,22]. Una transicién andloga a las de primer orden se da en el laser
de colorante[23, 24]. Esta ha sido atribuida bien al tiempo de correlacién no nulo del
ruido externo en las pérdidas [23,25,26] o bien a un parametro de ganancia aleatorio
de cardcter blanco[27]. El estudio de las bifurcaciones en sistemas opticos no lineales
se hizo en un principio considerando un cambio instantineo del pardimetro de con-
trol de un lado a otro de la bifurcacién. Posteriormente, el efecto de la dependencia

temporal del pardmetro de control al cruzar la bifurcacién fue considerado tanto en
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trabajos tedricos [28-37] como experimentales [38—44].

Ya en los primeros trabajos tedricos se predijo que cuando el laser es encendido
mediante un barrido del parimetro de control a través del punto de inestabilidad
aparece un retraso entre el tiempo en que se observa la bifurcacién dindmica y el
tiempo en que se cruza la inestabilidad[28, 30-32]. En todos estos trabajos el tiempo
en que se produce la bifurcacién dindmica, t*, es definido como el tiempo en que la in-
tensidad del laser recupera su valor inicial. Este tiempo se puede calcular tedricamente
mediante una linealizacién de las ecuaciones pero en cambio es dificil de ser medido
debido al nivel de ruido en la salida laser [32,40]. Cuando se considera un laser en
el limite de buena cavidad se demuestra que el retraso depende del valor inicial del
pardmetro de control y de la velocidad de barrido, v[28]. Posteriores estudios experi-
mentales introducen una nueva definicién de bifurcacién dindmica como el tiempo en
qﬁe la intensidad alcanza su pendiente maxima, 7' [40]. Este tiempo se puede medir
ficilmente pero su evaluacién tedrica requiere la solucién de un problema no lineal[32].
En las medidas llevadas a cabo se observa una dependencia diferente de t* y T' con
la velocidad de barrido. Esta diferencia solo se da en el limite de velocidades grandes
siendo ambas definiciones equivalentes en el limite de velocidades reducidas[33]. La
transicién entre ambos comportamientos ha sido analizada en funcién de los valores

del pardmetro de control inicial y la velocidad de barrido[35].

Posteriores mejoras en las teorias anteriores fueron desarrolladas tenmiendo en
cuenta imperfecciones en la bifurcacién [36]. Estas imperfecciones consisten en sumar

un término a las ecuaciones de evolucién de la intensidad del laser. Este término



tiene en cuenta el hecho de que la intensidad del laser por debajo del umbral no
es exactamente nula sino que tiene un valor finito debido por ejemplo a la emisién
esponténea. Estas imperfecciones afectan al retraso en la bifurcacién de forma que
éste es de orden uno cuando la imperfeccién es mucho menor que v y nulo cuando la
imperfeccién es de orden uno. La transicién entre ambos comportamientos aparece
cuando el valor de la imperfeccién es de orden v[31]. El retraso en la bifurcacién ha

sido también analizado con imperfecciones periédicas en el tiempo[32].

El estudio del retraso en la bifurcacién ha sido también realizado en otros sis-
temas 6pticos no lineales como laseres de clase B [34, 41, 43], laseres con absorbente
saturable [29, 38, 39] y dispositivos pticos biestables modulados periodicamente[44].
El sistema mas estudiado de los anteriores es el laser con absorbente saturable. El
retraso predicho teoricamente [29] es observado en experimentos efectuados en laseres
de CO, con un absorbente intracavitario. Este retraso se traduce ademds en un
aumento con la velocidad de barrido del ancho del ciclo de histéresis producido al au-
mentar y disminuir el pardmetro de control més alla de los puntos extremos del ciclo
[38,39]. Un ciclo de histéresis aparece también cuando un dispositivo éptico biestable
es modulado periédicamente mediante un pardmetro de control dindmico sinusoidal.
Estudios tedricos y experimentales indican la existencia de leyes de escala sencillas

entre el aumento del area del ciclo de histéresis y la frecuencia de encendido[44]

0.1.2 Influencia del ruido en bifurcaciones

El efecto de las fluctuaciones en un sistema dindmico no lineal es mayor a me-
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dida que éste se aproxima a un punto de bifurcacién. Cuando ésto ocurre las car-
acteristicas de un sistema pueden sufrir grandes cambios respecto a las que tiene
cuando su evolucién es determinista. El estudio de la influencia del ruido en bifurca-
ciones ha sido llevado usando diversos métodos. Se han usado entre otros, diagramas
de bifurcacién estocdsticos [45], exponentes de Lyapunov estocdsticos[46], estudio
de soluciones estacionarias con un pardmetro de control estocastico [12]... Pasamos
ahora a estudiar la influencia del ruido en una bifurcacién dependiendo del régimen
de tiempos considerado. En la parte (i) tratamos el caso de tiempos lo suficiente-
mente grandes para que el sistema llegue al estado estacionario correspondiente a un
pardmetro de control aleatorio. En la parte (ii) consideramos el régimen de tiempos
transitorio, previo a la llegada al régimen estacionario, en el cual las propiedades

estadisticas del sistema cambian con el tiempo.
(1) Influencia del ruido en el estado estacionario

Se ha realizado un gran esfuerzo en el estudio de estos cambios cuando el sistema
alcanza su estado estacionario bajo la influencia de un pardmetro de control aleatorio.
En este caso, fluctuaciones de un pardmetro de control multiplicativo pueden dar lugar
a transiciones inducidas por ruido [12]. Estas aparecen al cambiar la intensidad del
ruido externo mas alli de un cierto valor critico. Ejemplos de estas transiciones son
la creacién de nuevos estados [47,48] o el corrimiento de la bifurcacién respecto de su
valor determinista [49]. Corrimientos de la bifurcacién inducidos por ruido externo
multiplicativo han sido observados experimentalmente en osciladores electréﬁicos [50],

cristales liquidos neméticos [51] y en simulaciones analégicas [52,53]. Los corrimientos
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pueden ser hacia valores mas pequefios del pardmetro de control (avances) o mads

grandes (retrasos) dependiendo del tipo de ruido multiplicativo.

En una de las bifurcaciones mis estudiadas, la bifurcacién de Hopf, se han predi-
cho tedricamente tanto avances [54] como retrasos [50, 54-56]. La localizacién de la
bifurcacién de Hopf en presencia de ruido multiplicativo coloreado puede avanzarse
o retrasarse dependiendo del periodo de rotacién de la variable de fase y del tiempo
de correlacién del ruido [54] Este avance, sin embargo, no ha sido observado en las
simulaciones analégicas [53]. De todas formas, la definicién de bifurcacién de Hopf en
presencia de ruido aparece como un asunto no trivial [53,57]. Esta definicién puede
hacerse por ejemplo atendiendo a caracteristicas topoldgicas de la distribucién de
probabilidad estacionaria [53] o bien recurriendo a pardmetros de orden basados en la
circulacién de las variables del ciclo limite [57]. Otro indicador de la importancia del
- ruido cerca del punto de bifurcacién es el espectro de potencia. Estudios tedricos y
experimentales de la bifurcacién de Hopf en presencia de ruido externo aditivo indican
la aparicién de nuevas lineas en el espectro de potencia a medida que el sistema se

aproxima a la bifurcacién determinista desde valores inferiores a ésta [58].

La influencia del ruido cerca de una bifurcacion no solo ha sido descrita us-
ando ecuaciones diferenciales‘estocé.sticas o ecuaciones de Fokker-Planck. De hecho
también se ha estudiado en sistemas descritos por mapas en transicién al caos me-
diante desdoblamiento de periodo [59, 60] o por ecuaciones diferenciales con retraso

[61].
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(ii) Influencia del ruido durante el transitorio.

El estudio de la influencia del ruido durante el transitorio en sistemas que cruzan
una bifurcacién ha estado ligado histéricamente al estudio de las propiedades es-
tadisticas de la luz en sistemas pticos no lineales y en especial en el laser. Una posible
clasificacién de estos estudios, relevante para este trabajo, puede hacerse atendiendo

a la dependencia temporal del pardmetro de control al cruzar esa bifurcacién.

Cambio instantdneo del pardmetro de control

El problema que ha sido més estudiado es el del cambio instantdneo del parametro
de control a través de la bifurcacién. En el caso del encendido del laser esta bifurcacion
es del tipo pitchfork supercritico. Cuando el bombeo (diferencia entre el parametro
de:ganancia y el de pérdidas) pasa de un valor negativo a otro positivo de forma
instantdnea se inicia debido a la presencia del ruido de emisién espontinea un proceso
de relajacién que es estudiado dentro del marco general de la relajacion de estados
inestables [62—64]. En la relajacién de estados inestables se pueden distinguir tres
etapas. La primera estd dominada por las fluctuaciones inducidas por la emisién
espontinea alrededor del estado inestable. Esta etapa admite una descripcién lineal.
La segunda etapa estd dominada por el régimen no lineal en el cual el ruido de emision
espontinea ya no tiene efecto apreciable. En esta etapa las fluctuaciones iﬁicia.les se
amplifican, dando lugar a las fluctuaciones anémalas. La etapa final consiste en
la relajacién de fluctuaciones alrededor del estado estacionario final. De entre los

anteriores estudios de relajacién de estados inestables destacamos por su especial
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relevancia en este trabajo la teorfa Cuasideterminista[64]. La idea basica de esta
teorfa es que la descripcién de fluctuaciones en el régimen no lineal puede llevarse a

cabo tomando un simple promedio sobre la distribucién de valores iniciales aleatorios

del campo laser[64].

Se han llevado a cabo estudios experimentales y teéricos de la estadistica en tran-
sitorios en una gran variedad de laseres[65]. Para laseres de clase A (He-Ne, Arf*,
colorante), cuya evolucién se puede estudiar con una sola variable (campo eléctrico),
el acuerdo teoria experimento es muy bueno tanto para la descripcién de la evolucion
temporal de los momentos de la intensidad [15, 16,64] como para la descripcion de
los tiempos de encendido en los cuales la emisién laser se cbserva [17, 18, 20, 66].
Para laseres de clase B , que son sistemas descritos mediante dos variables relevantes
(campo eléctrico e inversién de poblacién), existen resultados tedricos y experimen-
tales en estadistica de tiempos de paso tanto para laseres de CO,[41, 67] como de
semiconductor [42,68] . La evolucién temporal de los momentos de la intensidad ha
sido también estudiada de forma tedrica y experimental para laseres de semiconduc-
tor [42,68,69] y de CO,[67]. Por iltimo también existen estudios experimentales en
laseres de clase C (FIR)[70], en cuya descripcién interviene, ademds de las variables

anteriores, la polarizacién del medio.

En la éptica no lineal se pueden encontrar otros sistemas que presentan inestabil-
idades en el encendido distintas a las del laser. Ejemplos de éstos son los dispositivos
épticos biestables y laseres con absorbente saturable cuyos encendidos requieren que

el parimetro de control atraviese bifurcaciones de tipo saddle node y pitchfork su-




percritica, respectivamente. Estudios de la influencia del ruido en el transitorio han
sido llevados a cabo tanto para biestabilidad éptica, [71-76] como para laseres con
absorbente saturable [39,77,78]. En estos sistemas se observa la aparicion de un ciclo
de histéresis cuyos extremos son puntos de estabilidad marginal. La descripcién de la
relajacién de estos estados tiene una dificultad adicional con respecto a la de la rela-
jacién de estados inestables. Esta consiste en la no existencia de un régimen inicial de
tipo lineal. Otro hecho comiin a ambos sistemas es la existencia de un fenémeno de
biestabilidad transitoria debido a las fluctuaciones[71,72]. El estudio de la estadistica
de transitorios en dispositivos épticos biestables pasivos presenta ademds una dificul-
tad adicional que es la falta de simetria de inversic')h. Este tipo de fenémenos también
aparecen en otros sistemas que exhiben una bifurcacién de tipo saddle node como por
ejemplo reacciones quimicas exotérmicas de comportamiento explosivo [79]. La de-
scripcién de las fluctuaciones anémalas y la biestabilidad transitoria que aparecen en

el transitorio de dispositivos épticos biestables ocupard el capitulo 1 de este trabajo.

Barrido del pardmetro de control

Un primer estudio teérico acerca de la influencia del ruido en una bifurca.cién
dindmica se hizo mediante la..integra,cién numérica de las ecuaciones de Fokker Plank
que describen la intensidad de un laser en el limite de buena cavidad con un barrido
lineal del parametro de bombeo[80]. Se demostré que que el retraso que aparece en la
solucién del problema determinista persiste cuando la velocidad de barrido es mayor
que la intensidad del ruido de emisién espontdnea, desapareciendo en el caso contrario

! . . . . . .
[80]. Una forma adecuada de caracterizar una bifurcacién dindmica en presencia de
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ruido es mediante la estadistica del tiempo de primer paso de la intensidad del sistema
6ptico no lineal por un cierto umbral[80, 81]. En esta descripcién la condicién inicial
de evolucién es determinada consistentemente a partir de las fluctuaciones presentes
por debajo del umbral[81]. De esta forma no es necesario introducir una condicién
inicial distiﬁta. de cero, como se hizo en la descripcién determinista, para que el
sistema pueda relajar[81]. Se ha estudiado otra forma de caracterizar una bifurcacién
dindmica que también utiliza el concepto de umbral[82]. Esta consiste en conocer
el tiempo en que el promedio de la intensidad atraviesa un cierto umbral. Debido
a que este tiempo puede ser muy distinto al tiempo medio de primer paso por ese
mismo umbral, ambas caracterizaciones no son equivalentes[83]. De ellas, la basada
en la estadistica de tiempos de paso es la usada usualmente en los experimentos
[38-42]. Se han realizado estudios de simulacién analdgica en los que se verifican
las predicciones de las anteriores teorfas analiticas[83, 84]. Asimismo el papel del
ruido de emisién espontinea ha sido considerado analitica y numericamente [85] en
oscilaciones de ciclo limite de un laser con absorbente saturable. Cuando la solucién
de ciclo limite evoluciona lentamente el problema se reduce al del cruce del punto de
bifurcacién con una velocidad finita. Se ha demostrado que las oscilaciones dependen
dristicamente del ruido siempre que la intensidad de éste supere un cierto valor critico
[85]. La dependencia dela velocidad de barrido ha sido también discutida en conexién
con inestabilidades de fluidos [86] y teorfas generales para el decaimiento de estados

inestables[87].

La mayor parte de estudios experimentales en sistemas épticos no lineales con

a
un barrido del pardmetro de control se concentran en la medida de tiempos de paso
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por un umbral que estd en la zona lineal [39,41,42]. Este barrido en el parimetro
de control se ha realizado de diversas formas, por ejemplo: disminuyendo lentamente
las pérdidas en el tiempo en el caso de laseres de CO;[41] o provocando un aumento
lineal en el tiempo de la ganancia de un laser de semiconductor mediante un cambio
instantdneo de su corriente de inyeccién[42]. También se han realizado medidas de
la estadistica del tiempo de maxima pendiente de la intensidad y de la dependencia
temporal de los momentos de la intensidad de un laser de Ar *[40]. La interpretacién
" de este experimento necesita una teoria que describa la evolucién de la intensida.d
también en la zona no lineal. El desarrollo de esta teoria [88] ocupa el capitulo 2 de

este tra.ba_fo.

Modulacién del pardmetro de control

Un problema relacionado al del barrido surge cuando el pardmetro de control
atraviesa periédicamente el punto de inestabilidad. Se ha demostrado en sistemas
descritos por la ecuacién homogénea de Ginzburg Landau dependiente del tiempo
que el efecto combinado de modulacién periddica y fluctuaciones induce un corrim-
iento bien definido en el punto de inestabilidad [89]. En el contexto de los sistemas
épticos no lineales se han estudiado experimentalmente sistemas como laseres con
absorbente saturable modula;dos, [38, 39], laseres de colorante modulados en los que
se pone de manifiesto el fenémeno de resonancia estocéstica [90], y de semiconduc-
tor modulados[91-93] mediante cambios periédicos en la corriente de inyeccién. Este
dltimo problema ha sido estudiado también mediante métodos numéricos [94, 95] y

analiticos [93, 96].
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Distintos métodos han sido desarrollados para el estudio de sistemas estocasticos
modulados: solucién analitica en el limite esférico (n — oo) de un modelo simétrico de
n componentes [89], una generalizacién de los procedimientos de empalme de Suzuki
[97], aproximacién de integral de camino[98], etc... El desarrollo de un nuevo método
para el anélisis de la estadistica de pulsos en un sistema modulado [99] y su aplicacién

a laseres de gas [99] y semiconductor [96] ocuparén los capitulos 3 y 4 de este trabajo.

Dependencia aleatoria del pardmetro de conirol

El ejemplo mds estudiado en el contexto de los sistemas épticos no lineales de
sistema con una variacién aleatoria de su pardmetro de control es el laser de col-
orante. Este presenta fluctuaciones anémalas de su intensidad en el estado esta-
cionario atribuidas a ruido externo en el parimetro de bombeothO]. La descripcién
de las propiedades estadisticas de la intensidad durante el transitorio y de los tiem-
pos de paso ha sido llevada a cabo siendo el acuerdo entre teoria y experimento muy
bueno[18,66]. Otro ejemplo de sistema con ruido en el pardmetro de control es el del
laser de Art, estudiado en el capitulo 5 de este trabajo, pues la amplitud de la senal
de radiofrecuencia que actia sobre el modulador Acusto-Optico enciendiendo y apa-
gando el lasér, fluctia dando vluga.r a un factor de pérdidas aleatorio. En este capitulo
se presentan resultados de medidas de los tiempos de encendido de un laser de Art
modulado. También se desarrolla una aproximacién tedrica para el calculo de la es-

tadistica de los tiempos de encendido cuando el tiempo de aplicacién del modulador

es corto.
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0.1.3 Estadistica de transitorios en laseres de semiconductores

En los dltimos aifios el estudio de las fluctuaciones en laseres de semiconductor ha
suscitado un gran interés debido a varias razones [65,101-103]. La mas importante
se refiere al uso de estos dispositivos en aplicaciones practicas como los sistemas
de comunicaciones 6pticas. En sistemas de comunicaciones basados en la deteccién
directa de la intensidad éptica es importante reducir las fluctuaciones en el tiempo
de encendido, minimizar el efecto del encendido de un modo secundario del laser y
del cambio dindmico de la frecuencia (’chirping’) y obtener una relacién mixima en
potencia encendido-apagado (on/off), mientras en sistemas coherentes se requiere una
gran pureza espectral. Otra razén, de tipo fundamental, se refiere a las diferencias
de estos laseres respecto de otros no basados en una estructura de bandas de los
niveles electrénicos. Estas diferencias estin relacionadas con la presencia de dos
términos en las ecﬁaciones de balance que describen el comportamiento del laser. El
primero es el término de saturacién en la ganancia que da cuenta de la i'educcién
de la ganancia cuando la potencia ptica dentro de la cavidad aumenta[104]. Este
término es responsable del amortiguamiento de las oscilaciones de relajacién tipicas
de laseres de clase B. El segundo término es el factor de ensanchamiento de linea,
a[105]. Este término tiene en cuenta que la parte real de la susceptibilidad a la
frecuencia laser no se anula en un sistema compuesto por dos bandas de energia
electrénicas. Los principales efectos de este factor son el aumento del ruido en la fase
[105,106] y el chirping debido a la modulacién de la intensidad[107]. En los sistemas
de comunicacién de deteccién directa el chirping produce una distorsién del pulso

1

debido a la dispersién en la fibra dptica.
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Uno de los problemas antes mencionados, las fluctuaciones en el tiempo de encen-
dido originadas por el ruido de emisién espontédnea limitan el disefio de sistemas de
comunicaciones épticas basados en la intensidad trabajando a velocidades de GHz.
En estos sistemas es deseable minimizar el tiempo de encendido y sus fluctuaciones
y a la vez maximizar la relacién encendido-apagado y evitar efectos de ’pattern’.
El compromiso entre estos requerimientos tiene que establecerse para determinar las
condiciones éptimas de operacién del laser. Las propiedades estadisticas del tiempo
de encendido han sido estudiadas experimentalmente[91-93], numéricamente [94, 95]
y analiticamente [68, 93, 96]. Se ha demostrado ademds que se pueden relacionar
propiedades estadisticas de los pulsos del laser como altura o rango de chirp en fre-

cuencia con la estadistica de tiempos de encendido [68,108].

Otro de los problemas mencionados es el del ruido de particién modal. Este
puede limitar el disefio de sistemas de comunicaciones épticas, incluso cuando laseres
de tipo DFB son usados, dando lugar a un gran 'Bit Error Rate’ (BER)[101]. Este he-
cho es debido a que el laser puede encenderse inicialmente debido al ruido de emision
espontinea en un modo secundario con una longitud de onda distinta de la del modo
principal. Después de la transmisién en una fibra éptica dispersiva, el modo secun-
dario llega al receptor en un tiempo distinto del tiempo de llegada del modo principal,
pudiendo provocar un error en la comunicacién. El conocimiento de la probabilidad
de encendido del modo secundario es por tanto un problema de gran interés que se ha
estudiado de forma experimental [109] , teérica [109-112] y de simulacién numérica

[113).
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El estudio de estos problemas de competencia entre modos ocupara el resto de
este trabajo. Como primer paso para el anélisis del problema de la competencia entre
modos durante el encendido hemos estudiado en el capitulo 6 la estadistica durante
el transitorio de laseres de gas de anillo bimodales [114]. Por iltimo, en los capitulos
7 y 8 estudiaremos la estadistica durante el transitorio de un laser de semiconductor
cuasimonomodo [112] haciendo un especial hincapié en el cdlculo del BER debido al
ruido de particién de modos en laseres modulados tanto con una secuencia periédica

de la corriente de inyeccién como con una pseudoaleatoria.
0.2 Resumen del trabajo

En este trabajo se aborda el estudio de la dindmica de transitorios en sistemas
6pticos no lineales mediante el estudio tanto analitico como de simulacién numérica de
las ecuaciones que describen la evolucién temporal de su intensidad. La metodologia
matemadtica utilizada es la de los procesos estocdsticos [11,12,115-118]. El estudio
de la estadistica de transitorios ha sido llevada a cabo basicamente usando las ideas
contenidas en la Teora Cuasideterminista [64]. En esta teoria la evolucién de la
intensidad del laser se separa en dos regimenes: uno en que la intensidad es pequena
y el ruido de emisién espontinea tiene gran importancia y otro en que la intensidad
es grande evolucionando de forma determinista. El primer régimen determina las
propiedades estadisticas del laser, pudiéndose calcular éstas de forma analitica. En
el segundo régimen la evolucién dindmica puede conocerse mediante la resolucién de
una ecuacién diferencial ordinaria. De esta forma la estadistica durante el transitorio

!
puede conocerse de forma numérica y en algunos casos analitica sin necesidad de
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recurrir a la simulacién de las ecuaciones diferenciales estocasticas que describen la
evolucién durante todo el transitorio. Ademds una parte de esta tesis incluye trabajo
experimental realizado sobre un laser de Art. Damos ahora un pequeiio resumen del

trabajo realizado, desgloséndolo por capitulos.

Enel cain'tulo 1 estudiamos la relajacién de un estado marginal en dispositivos bi-
estables épticos. Demostramos que es posible caracterizar las fluctuaciones anémalas
que aparecen en transitorios de estados marginales mediante el uso de la estadistica
de tiempos de paso por un cierto umbral. El maximo de las fluctuaciones se expresa
en términos de los estados inicial y final. Esta caracterizacién de las fluctuaciones
anémalas esta relacionada con el fenémeno de bimodalidad transitoria. Analizamos
la existencia de tal bimodalidad en términos de un pardmetro adimensional. Nue-
stros resultados son verificados mediante el uso de simulacién numérica. Presentamos

también aplicaciones al modelo de biestabilidad absorbente de Bonifacio-Lugiato.

El capitulo 2 trata de la estadistica en el transitorio de un laser en el limite
de buena cavidad encendido mediante una disminucién lineal en el tiempo de las
pérdidas. El estudio es llevado a cabo mediante el uso de la Teoria Cuasideterminista
(QDT) para dos casos: en el primero, caso I, el pardmetro de control , a(t), cambia
sin limite mientras que en el éegundo, caso II, a(t) alcanza un valor fijo. La validez de
la QDT es analizada para ambos casos. Caracterizamos las fluctuaciones anémalas
por el tiempo en el cual aparece el méaximo, ¢m, y por el valor de este maximo,
0. Nuestros resultados demuestran que ¢, coincide con el promedio del tiempo de

méxima velocidad de crecimiento de la intensidad, T'. Demostramos que en el caso 1
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t-1y o, escalan con /v y que las fluctuaciones relativas estin dadas por una funcién
de scaling universal. El scaling de ¢,, concuerda con estudios experimentales. En el
caso II calculamos analiticamente T'\t,, y 0, y demostramos que los momentos de la
intensidad estin dados a través de una variable de escala. Todos los resultados son

verificados mediante simulaciones numéricas.

En el Capitulo 3 desarrollamos un nuevo método para el anilisis de la estadistica
de pulsos en sistemas modulados basado en una generalizacién de la Teorfa Cuaside-
terminista. Con este método se pueden obtener ficilmente las prdpiedades estacionar-
jas de los pulsos mediante la solucién de una ecuacién integral para la densidad de
probabilidad de tiempos de paso por un cierto umbral. En general esta ecuacion
debe resolverse mediante métodos numéricos. Sin embargo, se pueden obtener expre-
siones analiticas en casos limite. Hemos comparado este método con simulaciones en
un laser de gas con modulacién de dos valores (encendido-apagado) obteniendo un

acuerdo excelente en todas las situaciones.

La aplicacién del método del capitulo anterior a un laser de semiconductor
monomodo ocupa el capitulo 4. Calculamos el valor medio y la varianza del tiempo de
encendido de un laser de semiconductor de un modo modulado a frecuencias de Ghz.
Los resultados obtenidos con este método concuerdan con simulaciones numéricas de

las ecuaciones de balance del laser.

En el capitulo 5 presentamos medidas de propiedades estadisticas de tiempos de
encendido en un laser de Ar* llnonomodo modulado mediante el uso de un modu-

lador acusto 6ptico (AOM). El valor medio del tiempo de encendido < 7 > aumenta
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linealmente con el tiempo de aplicacién de AOM, toss, antes de alcanzar un valor
constante para valores grandes de t,5;. La varianza del tiempo de encendido, o7,
desarrolla un maximo en funcién de ¢,55. Estos resultadoé se explican con el uso de
un modelo que incluye el ruido de emisién espontdnea y fluctuaciones en el factor de
pérdidas debido al caricter aleatorio de la seiial de radiofrecuencia que actia sobre el
modulador. Obtenemos expresiones analiticas para la pendiente de < 7 > en funcién

de t,5, para el tiempo en que o, desarrolla un méximo y para el valor de ese maximo.

El estudjo de la estadistica de transitorios en laseres de gas de anillo de dos modos
ocupa el capitulo 6. Este estudio es desarrollado incluyendo el régimen no lineal
de evolucién. Cuando ambos modos estin bien por encima del umbral, obtenemos
expresiones explicitas para las densidades de probabilidad de la intensidad durante
el transitorio usando la teorfa Cuasideterminista. Cuando los pardmetros de bombeo
son similares, la densidad de probabilidad de la intensidad del modo secundario decae
de forma algebraica debido a la competicién entre ambos modos. El modo principal
decae de forma simétrica y la densidad de probabilidad de la intensidad total estd
centrada alrededor de su ‘va,lor medio con muy poca dispersién (ruido de particién de
modos). Las fluctuaciones anémalas de ambos modos son caracterizadas por su valor
méximo y por el tiempo en que aparece ese valor. También consideramos el caso de
un modo secundario muy deprimido. Desarrollamos una aproximacién nueva para
describir el régimen transitorio del modo secundario. Ademés calculamos la densidad
de probabilidad de ambos modos durante el transitorio y la probabilidad de excitacién

del modo secundario.
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El capitulo 7 trata del estudio de la estadistica de transitorios de un laser de
semiconductor cuasi monomodo con una corriente de bias por debajo del umbral.
Caracterizamos la estadistica de los sucesos raros en los cuales el modo secundario
tiene una potencia considerable en términos de los valores de la potencia de salida en el
instante de encendido y de las potencias promediadas del modo principal y secundario
sobre la duracién del pulso éptico. El tiempo de encendido se define como el tiempo
en el cual la potencia total de salida alcanza un valor prefijado. La estadistica de
particién de potencia en el tiempo de encendido se obtiene analitica y numéricamente
para distintas corrientes de excitacién y diversas diferencias de ganancia entre los
dos modos. Resultados numéricos para la estadistica de particién de potencias pro-
mediadas durante la emisién del pulso son presentados. También desarrollamos una
aproximacién analitica para calcular la cantidad anterior. Encontramos ademds una

relacién simple entre ambas caracterizaciones.

Por iltimo en el capitulo 8 estudiamos la estadistica de transitorios en un laser
de semiconductor cuasimonomodo modulado mediante una secuencia pseudoa.le#toria
de bits ”1” y ?0”. Calculamos mediante una aproximacién analitica cotas superiores
e inferiores a la supresién del modo lateral (SMSR) necesaria para obtener un BER
de 10~°. Encontramos que la diferencia de pérdidas entre el modo lateral y el modo
principal (Ac) para una corriente de bias del 10 por ciento por encima de la umbral
debe estar entre 25 y 28 cm ™! a frecuencias de 5 GHz. Observamos efectos de pattern
en la salida del laser para una corriente de bias por encima del umbral debido a la
secuencia pseudoaleatoria de bits en la entrada. Para un valor especial de la corriente

!
de bias ligeramente por debajo de la umbral estos efectos de pattern desaparecen y
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el SMSR (Aa) = 95.7cm™1 es independiéntev de la frecuencia de modulacion.
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Chapter 1

Relaxation from a marginal state in optical bistability. Anomalous fluctu-

ations and first—passage time statistics

1.1 Introduction

In optical bistability the output intensity presents a hysteresis cycle when plotted
versus the intensity of the driving laser. For the value of the incident intensity as-
sociated with the end points of the hysteresis cycle the dynamics is determined by a

potencial with a marginal state. The normal form of this type of potencial is given

by
Vin(z) = —a(z — 20)® + b(z — z0)* — B(z — 20) (a,b> 0). (1)

In optical bistability B is the difference between the incident intensity and its
value at the end point of the hysteresis cycle. The marginal state occurs for =0 at
z = 2.

We analyze here the decay of marginally stable states including the effects of
fluctuations. A typical experiment concérning ‘rela.xation close to marginality in an
optical bistable device is as follows [1-7]. The incident intensity is suddenly switched
from a small value close to the one associated with the end point of the lower branch
of the hysteresis cycle. Then, the system will eventually relax to a state in the upper
branch.

The transient behavior of optical bistable systems is experimentally well known
[1-6] (see refs. [4,6] for recent reviews). Experimental results show intense fluctu-
ations both in the first passage time (FPT) of a given level and in the output light

intensity when the control parameter is suddenly placed near the end point of the
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hysteresis cycle. This gives evidence for a transient from either a marginal or a near-
to—margina.li point. Moreover, the so—called transient bimodality is another sign of
marginality [7]. Fluctuations in the FPT, in the output light intensity and transient
bimodality are also seen in analogue simulations [2] and numerical calculations [7].
Most of the results found in experimental systems have been reproduced with these
simulations. However, there are few theoretical studies of this problem [8-14].

Most of the theoretical analysis of relaxation from marginal states are devoted
to the calculation of FPT statistics. Using asymptotic FPT statistics (small noise
intensity D) it has been shown [11] that the relaxation time is given by a universal

scaling function of the parameter
k = (8/a)(a/DYP, @

which measures deviation from marginality. This prediction has been recently tested
on an electronic circuit [15].

The other alternative point of view to describe a relaxation process is the tran-
sient evolution of statistical moments. In the marginal case this approach is directly
connected with the phenomenon of transient bimodality [7]. Here we analyze the ex-
istence of such a bimodality in terms of an adimensional parameter 7 = t4/0r, where
or is the variance of the time T that the process take to leave the marginal state, and
t4 is the deterministic time required to reach a point close to the steady state in the
upper branch. Transient bimodality is shown to appear when 7 is small. This analysis
of transient bimodality suggests that a good description of the statistical properties
during the relaxation process can be achieved with a step function approximation of
the stochastic paths centered at the escape time T. Anomalous fluctuations in tran-
sients from states close to marginality can then be characterized using FPT statistics

I
[12]. We show that the maximum of the fluctuations happens in the median of the




FPT distribution. The value of this maximum is given in terms of the initial and
final states. This characterization of anomalous fluctuations is directly related to the
existence of transient bimodality. Our predictions are then valid whenever 7 is small,
even when k is not very small (k = 1).

These results are universal in the sense that they are independent of the details
of the model provided the noise is white and additive. The central assumption is the
existence of a potencial With a cubic saddle point. Since we are mainly interested in
~ optical bistable systems, we check the validity of our predictions with simulations of

the Bonifacio-Lugiato model of absorptive bistability in the good cavity case.

1.2 Formulation of the problem

We consider a one dimensional system which can be described by the following

Langevin equation,
z = —V'(z) + &(t), (3)

where £(t) is a white noise with an intensity D, = is the relevant variable of our system
(amplitude of the transmitted field in optical bistability) and the explicit expression
for the potential V(z) is not needed. In terms of the probability density P(z,t), eq.

(3) is equivalent to a Fokker-Planck equation
8P(z,t)/0t = 8[V'(z)P]/0z + D& P(z,t)/0=>. (4)

Although our analysis can be applied to any case, we focus our attention to marginal
initial states which are relevant to optical bistable systems. For the sake of comparison
with standard theories we also consider the well studied case of decay from unstable

points [16] associated with the potential
V. = —c(z — 20)? + d(z — zo)". : (5)
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In both cases we can distinguish three regions in the decay from a state zo (either
an unstable or near-to-marginal point). In the first region the system is close to zo
and the evolution is then dominated by the noise. In the second the system leaves the
state zo and the noise effects have a relatively small influence on the evolution which
is essentially deterministic. In the third region a final state z, is approached and
the evolution around z, is again dominated by the fluctuations. When the noise is
weak (D << 1) the noise dominated regions are small. Then we can approximate the
potential by V(z) ~% —c(z—2,)? (unstable case) and by V(z) ~ —a(z—20)’—B(z—=0)
(marginal case) in the first region, and by V(z) ~ 4(= — =,)? + V(z,) in the third
region.

We first analyze the marginal case. When B = 0 the state zo is a marginal
point. In this case a simple analysis shows that the first (noise dominated) region
corresponds to | z — zo |<< z; = (D/a)'/® (we have checked this with numerical
simulations ). When # # 0 the deterministic evolution due to the term —g(z — o)
is dominated by the noise in the region | z — zo |<< 22 = (D/B). Finally, the
cubic term —a(z — 20)® is negligible with respect to the linear term —8(z — zo) when
| 2 — 2o |<< 23 = (B/a)/?. Since z1/z; = k, z3/22 = k%2 and z3/z, = k'/?, the
parameter k-a.ppea,rs in the analysis in a natural way. When k << 1, 23 << #; << z2,
and we can distinguish the following regions: a first region, | £—2o |<< #;, dominated
by the noise; the deterministic region, z; << (z — z0) << (2, — z0) — (D/27)'/?,
where the g term is neg]igiblé; and a third region around z, again dominated by the
noise. Since the 8 term is always negligible, it is clear than in this case (k << 1)
we are close to marginality [11]. On the contrary when k >> 1, z; << z; << z3,
and there is a region defined by z; <<| z — zo |<< 3, where the evolution is mainly
due to the B term of the potential. When 8 < 0 relaxation occurs via an activation

mechanism of escape through a barrier due to fluctuations. For 8 > 0 the relaxation



is essentially deterministic. Therefore for k >> 1 we are far from marginality [11].
Finally, when k ~ 1 we can distinguish the same regions as in the case k << 1, but
now when | z — z¢ |R 2, ® z2 & z3 the  term must be considered. However, this
case is similar to the marginal one in the sense that there is no region of interest in
which a linear approximation is meaningful.

The relaxation process from a state of marginal stability requires then a nonlinear
description right from the beginning. This is the essential difficulty in the description
of the decay of a marginal state. On the contrary in the unstable case there is a
noise dominated region | = — 2o |<< (D/2¢c)'/? and a linear deterministic region
(d/2c)? <<| = — =0 |<< (c/d)!/?, where the cuadratic term in the potential (5)
is negligible. Therefore the initial stage of the relaxation process is associated with
linear stochastic dynamics, so that an initial description in terms of gaussian statistics
is possible [16].

We note that an approximation for the stochastic path occuring in the decay
process has been recently obtained in the subcritical pitchfork bifurcation [14]. In this
case, and close to the instability, the equation of motion is z =~ (z — z0)*. However,
this approximation is not suitable for the kind of marginality analyzed here. The
saddle-node case lacks an inversion symmetry (z — o) — —(& — o) in the relaxation
from zo. The difficulty is then that a different approximation is required for the
stochastic paths in wich initially z(t) becomes positive or negative.

Our strategy in the following is to extract some information about the transient
time-dependent variance of z from the FPT distribution. The most relevant infor-

mation can be qualitatively obtained form the analysis of transient bimodality.

1.3 Transient bimodality

!

As it is known from experimental and numerical results [1-7], transient bimodality
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is a signature of decay from marginal states. This phenomenon means that the
probability distribution, which is initially one-peaked develops a second peak during
a sizeable interval of time evolution [7]. In the last stages of the time evolution the
first peak gradually disappears and the system approaches the stationary one—peaked
distribution. The physical meaninig is that during a sizable interval of time the
system can be found in two states, initial and final, with similar probability.

The reason for the existence of transient bimodality becomes clear if we consider
the form of the potencial V,, in a situation close to marginality (see eq. (1)). The
probability distribution is initially a delta function, P(z,0) = é(z — zo) which sits
for a long time in the noise dominated region (flat part of the potential). As a
consequence of diffusion and of the asymmetry of the potential, it broadens and
develops a tail in the direction of the potential well. As soon as the leading edge
of the tail reaches the boundary of the deterministic region, it is quickly transferred
to the bottom of the potential, thereby giving rise to the second peak. Only later
the first peak disappears, thus restoring a one-peaked distribution around the steady
state z,. Therefore transient bimodality appears when the evolution exhibits .a long
induction stage near 2, followed by a rapid transition to the stable state z, [7]. This
phenomenon has been discussed [17,7] in chemical and optical systems and observed
[1-6] in optical and electronic systems.

According to the above discussion, transient bimodality can be characterized in
the following way. The time that the process take to leave the state o or escape time,
T, is of the order FPT needed to reach the threshold of the deterministic region. The
transition time, £y, is the time required to cross this region. Transient bimodality
is possible when 4 is shorter than o7 (the variance of T'). Therefore the parameter
7 = ta/or can be used to cha.ra.s,terized this phenomenon. The physical meaninig of

7 can be better understood with the help of fig. 1, where the range of scape time is
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Fig. 1. Schematic plot of temporal dependence of state variable in three sucessive
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roughly given by o7. It is clear that the parameter 7 is proportional to the probability
that the system is in the deterministic region between the peaks. The probability that
the system lies at the peaks in z, and z, tends to one when 7 decreases. Therefore,
the smaller the parameter 7 is, the more perfect is the bimodality. The calculation
of 7 is straightforward in most cases. For example, in the unstable case, using the
asymptotic values of or (D << 1), we have , 7 ~ O(—InD). As expected, transient
bimodality as defined above is not possible in this case when D — 0.

In the marginal case and taking the same approximation for or [11] we have
n ~ O(D'/%) which shows that bimodality will appear when D is small. ﬁence, as
the noise intensity decreases, 7 decreases. Bimodality is then favoured. In such a
situation it is easy to see from simple statistical arguments that the maximum of the
fluctuations is reached when the two peaks have the same area. This correspond to a
time given by the median of the escape time distribution. The value of the maximum
of the variance is (zo—z,)?/4, where zo and z, are the position of the peaks. Moreover
when 7 is small, it is clear that a stochastic path, z(t), is very close to z until a time
T at which it jumps nearly instantaneously to a point close to the steady state z,. It

makes sense an approximation given by
z(t) = z,0(t — T) + zof(T — t), (6)

where 0 is the Heaviside step function. The statistical properties of z(¢) can then be
obtained from the distribution for the passage time T'. In the following section we

use this analysis to characterize transient fluctuations.

1.4 Characterization of anomalous fluctuations

Our keypoint in this section is to extract some information about P(z,t/zo) and

associated moments from the FPT statistics and more specifically from Wo(ao,T)
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which is the FPT probability density. Here zo and ao are the starting and final

position. This can be done with the use of the approximation
P(z,t/20) ~ Pa(z,t/20) = fo Wao(ao, T)8[z — z(ao,t — T))dT, (7)

where ag is required to belong to the deterministic region and z(ao,t) is the determin-
istic trajectory starting at ay, i.e., (@o,0) = ao. This approximation means that the
exact trajectory which crosses ao in time 7' is replaced by the deterministic trajectory
which crosses ao in a time T and evolving towards either the future (¢ > T') or the
past (t < T). Note that the greatest error in this approximation will happen when z
belongs to the noise regions. However, when the noise is weak these regions are small,
and consequently the errors in the moments are also small. This approximation gives
then a good description of anomalous fluctuations during the transient, since they
are not of order D.
With the use of eq. (7) the transient fluctuations are given by
o¥(t) = (2?)~(z)? = /0 ” Wio(ao, T)z(ao, t—T)2dT— ( /0 ” Wzo(ao,T)m(ao,t—T)dT)z.
(8)
This approximation is accurate for a large variety of relaxation process . If we consider
a situation such that there is transient bimodality we can go one step further in the
approximation. According to the discussion of section 1.3, the trajectory z(ao,t — T)

can be approximated by a step function z,8(t — T')+ zof(T —t) with an error of order

7. Then we get

() = (24 — ®o)? [ [ " Wio(T)dT — ( / t W,O(T)dT) 2], (9)

where we have dropped ao, since in this case the FPT distribution is rather inde-
pendent of the explicit value of the level for any a, clearly away from the marginal

state.



Eq. (9) establish a connection between the transient fluctuations and the passage
distribution. A similar idea has been used in the analysis of relaxation from a marginal
state in a subcritical pitchfork bifurcation [14].

With the use of eq. (9) it is easy to show that the maximum of the variance
happens in the median of Wo(T),

1 tmaz

5= Wo(T)dT, (10)
0
and that it has a value given by
02, = 0 (tmaz) = (2o — %0)?/4, (11)

in agreement of the qualitative discussion of section 3. These two quantities, ¢q, and
o2, are useful to characterize fluctuations. Therefore we have shown how to describe
anomalous fluctuations with the use of FPT statistics.

The accuracy and validity of our approach is substantiated in the next section by

numerical simulations for the Bonifacio— Lugiato potential [18].

1.5 Transient fluctuations for the Bonifacio— Lugiato potential

To check the validity of eqs. (9)—(11) we compare these predictions with simulations
results for the Bonifacio-Lugiato model of absorptive bistability [18]. In this model

the potential is
V,(z) = —yz + 2*/2 + Cln(1 + 2?), (12)

where y is the incident field, z is the amplitude of the transmitted field and C is
the bistability parameter. A hysteresis cicle exists for C > 4. We take C =20
in all our numerical simulations. For this value of the bistability parameter the

potential V, has a marginal point z = 2o = 1.0543 when y = yu = 21.026373



(upswitching threshold). An expansion of (12) for z close to the marginal state yields
V,(z) = V,(z0) — a(z — 20)® — B(z — zo) with B =y — ym and a = 2.8021.

Simulations are performed approximating the white Gaussian noise &(t) by a
Poisson one [19]. White Poisson noise is given by a sequence of delta peaks at random
times determined by a Poisson counting process. In all simulations we take A =
100, where A is the mean time difference between pulses. The amplitude of the
pulses is exponentially distributed with a mean value wp = (D/A)Y2. In figs. 2, 3
results correspond to averages over 5000 trajectories. We have checked that the same
results are obtained with 2000 trajectories. Results in table 1 are then derived using
2000 trajectories. We have also checked that the same results are obtained with the
simulation method indicated in ref. [20]. To get the FPT distribution corresponding
to the escape time T, we take ag = 5(D/ 3a)!/3 4 zo. We have checked that ao belongs
to the deterministic region . '

We show in fig. 2 the transient evolution of the variance o?(t) for relaxation very
close to marginality (y = 21.0264) with the initial condition at 2o and for different
values of the noise intensity. In this case the parameter k, which measures deviation
from marginality, takes its greatest value k = 0.04 for D = 10~%. We observe that
the median t,, of the FPT distribution of T approaches the time associated to the
maximum of the variance when the noise intensity D and the parameter 7 decrease.
As concerns the maximum of the variance, the value predicted by (13) is o2, = 79.78.
The simulation results show that this value is approached when 7 and D decrease.
Therefore, our predictions (10) and (11) are valid close to marginality (k << 1) when
the parameter 7 is small. We have also checked that eq. (9) is valid in this case.

As concérns transient bimodality, fig. 3 shows that for D = 10~* the two peaks
have almost the same area when,the maximum of the variance is reached (¢mas = 15).

This result is in agreement with the discussion in section 1.3.
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We remark that the validity of egs. (9)-(11) is directly related to 7 and not to k.
The result in fig. 2 show that our predictions are valid only when 7 is small, even if k
is always very small (k < 0.04). In fact these parameters have an opposite behavior
with the noise intensity. When D increases, k decreases (see eq. (2)) and, since o7
also decreases, 7 increases (see fig. 2).

We now analyze the validity of (10)-(11) when the system begins to deviate from
marginality by increasing k and for different values of the noise intensity D. In all
simulations we take 8 > 0, which corresponds to most of the experimental results. As
concerns tpmaz, We observe (see table 1) that ¢,, approaches tn.; when the parameter
7 is small, even for k = 1. In fact our results do not substantially change with &
when the system is close to marginality (k = 10~,1072,10~3). From table 1 we see
that ey is always greater than t,,. This result can be explained with a simple model
introduced below.

In fig.4 we plot o2 versus the parameter 7 for different values of k. The corre-
sponding values of D can be obtained from table 1. We see that, as for ¢,,4; and ¢,
the maximum of the variance does not change with k when this parameter is small.

In this case our results can be fitted with the straight line
o2 = —27.467 +81.83 o 13)

Another straight line with a slope -22.28 can be used to fit the values of o2 for k = 1.
It is clear from fig. 4 that our numerical results get close to the theoretical value
o2 = 79.778 when 7 is small. |

We now explain our results 7 > 0 with the following simple model. We consider
that for times close t0 tqz the probability distribution in the deterministic regions
between the peaks can be taken as nearly uniform. In this region the trajectories

|
can be approximated by straight lines (see fig. 1). The model is then valid when

11



the escape time distribution is nearly constant in an interval around fmas of width
t4 (note that only trajectories leaving zo at these times contribute to the probability
mass in the region between the peaks). We have checked this assumption when 7 is
small. Since the variation in the total probability of the deterministic region, g4, is
the difference between changes in the probabilities of the peaks at 2o and z,, we can
take gg as a constant for time close to ¢pqz. Using this model, it is easy to show that
the maximum of the variance happens when the probability associated to the peak at
2o is po = (1 —g4)/2. Again the maximum is reached when both peaks have the same

probability. This result shows that tmar > i is in agreement with the numerical

~ simulations. The magnitude of the maximum is given by

0% = (2, — 20)*/4 — (2, — %0)’qa/6 = 79.778 — 53.185,. (14)

According to the discussion in section 1.3 gq is proportional to 7. Therefore close to
marginality we get (13) with g4 = 0.57. This gives a rough estimate for the probability
corresponding to the region between peaks at times close to ¢, as a function of the

parameter . Our results substantiate then the theoretical analysis of section 1.3.
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D k
1 10! 102 10-3
10! 0.9 1.3 1.3 13
2.2 3 3 3
0.59 0.56 0.56 0.56
3.66 1.97 1.86 1.85
10-2 1.7 2.5 2.7 27
3.6 4.8 5 5
0.52 0.48 0.46 0.46
2.27 1.24 1.18 1.17
10-3 3.7 5.1 5.5 5.5
6.3 8.2 8.5 85
0.41 0.38 0.35 0.35
1.34 0.66 0.63 0.63
10— 7 11 11 12
10.5 15 15 16
0.33 0.26 0.26 0.25
0.75 0.39 0.37 0.36
10-3 16 23 25 25
21.5 28.5 29 29
0.25 0.19 0.13 0.13
0.41 0.21 0.19 0.19

Table 1. First row: t,.; second roW:tu,qs; third row: € =| tm — tmaz | [tmazs fourth

TOW: 7).
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Chapter 2

Transient statistics for a good cavity laser with swept losses

2.1 Introduction

The laser switch-on can be considered as a dynamical bifurcation with a control
parameter that is continuously swept in time through the instability point. It has
been shown that because of the critical slowing down dispia.yed by the laser first
threshold, the dynamical bifurcation is delayed with respect to the time at which
the instability point is crossed [1]. Deterministic analysis of this problem in the
context of laser physics include the laser with saturable absorber [2] , the laser Lorenz
equations [3], as well as their good—cavity limit [4,5], class—B lasers [6] and intrinsic
optical bistability[7]. Fluctuations have been considered for the laser in the good
cavity limit by numerical integration [8], analogic simulations [9] and analytic methods
in the linear regime [10-12]. Experimental results for CO; lasers with saturable
absorber [13], Ar* lasers [14], CO, lasers [15] and semiconductor lasers [16] are now
available. Sweeping-rate dependence has also been discussed in connection with fluid
instabilities [17] and general theories for the decay of unstable states [18]..
Numerical integration of the Fokker-Planck equation, which describes the action
of spontaneous emission noise in a good cavity laser, has shown that the delay persists
when the sweeping rate is la.fger than the intensity of the noise [8]. The dynamical
bifurcation has been characterized in terms of first—passage times distribution [10] and
using the averaged intensity [11]. However, experiments in an Ar* laser driven across
the threshold region by a variation of the cavity losses analyze another magnitude, T,
that is the time at which the ini};ensity has its maximum slope. This study indicates

that the sweeping rate, v, and T, satisfy the relation /vT ~ constant [14]. A
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theoretical determination of T requires the solution of a non-linear problem because
at this time the system has already started to be attracted by the stationary solution.
An analysis of the non-linear deterministic equation has been carried out and shows
the same v!/2 dependence for T if the sweeping rate is large enough [4]. When the
effect of spontaneous emission noise is considered, the time T' becomes a random
variable and anomalous large transient fluctuations in the non-linear regime appear
[19,20]. A non-linear stochastic description is then desirable to study this problem.

In this paper the study of the anomalous fluctuations for a good cavity laser with
swept losses is made by generalizing the Quasideterministic theory [21] (QDT) to
this problem [22]. This generalization is performed for two cases: in the first one (1),
the control parameter increases linearly for any time with a sweeping rate, v, and
in the second case (II), it increases in the same way until it reaches a fixed value a.
The first case is of interest in the study of slow variations of the control parameter.
The second one allows us to calculate corrections to the instantaneous—change case.
In both cases, we study the validity conditions of the QDT. The QDT is shown to
be valid in case I when the sweeping rate is large with respect to the intensity of
spontaneous emission noise, D, and in case II when D is much smaller than the final
control parameter, a. We characterize the anomalous fluctuations by the time , ¢, at
which the maximum of the variance of the intensity happens and by the value of this
maximum, ¢1",,,. Numerical sin}_ula.tions__show that if the sweeping rate is of the order
of D the maximum of the fluctuations disappears and the delay in the bifurcation
becomes negligible. When the sweeping rate is larger than D, t,, is found to coincide
with the average of T, (T'), for both cases I and II. This magnitude, T is shown to
have small fluctuations. These results are explained using the QDT.

In case I we find using the QDT and numerical simulations that ¢! and oy, scale

1
with 4/v. This is in agreement with the experimental results for (T') in an Ar* laser
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[14]. With the use of the QDT relative fluctuations of the intensity are shown to be
given by an universal scaling function. In case II we find , by using the QDT, that the
time dependence of the moments of the intensity is given through a scaling variable.
This result generalizes the dynamical scaling obtained in the instantaneous—change
case[19,21]. We also obtain analytical expressions for ¢, and o,, including corrections
to the instantaneous—change case as well as for the mean value and the variance of
T. We check these predictions with numerical simulations.

The outline of the paper is as follows: in section 2.2 the model and QDT are
presented. In sections 2.3 and 2.4 the validity conditions of QDT are obtained and
the analysis of anomalous fluctuations is performed for cases I and II respectively.

Finally, in section V we summarize the most important results and draw conclusions.

2.2 Model and Quasideterministic theory (QDT)

The single mode on-resonance laser can be described near threshold and in the good
cavity limit by the following equation

E=aE—B|E! E+£(¢), (1)
where E = E; +iE,, is the electric field complex amplitude, a = I'—& (T and & are the
gain and loss parameters, respectively) and B = T’ (B is a positive parameter which
involves the coupling constant and the polarization and population-inversion decay

rates). The complex random term, { = ¢, + i¢;, models the spontaneous emission

noise. It is taken as a Gaussian white noise of zero mean and correlation
(£ (£)E(t")) = 2D5(t - t'). (2)

We will study a laser which is continuously driven from below to above threshold
|

at a sweeping rate, v, by changing the loss pa.ra.metelr in this way: x(t) = Ko — vi,
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with a fixed gain parameter. This corresponds to the experimental set up of Ref.
14. Therefore the control parameter is a(t) = ao + vt (a0 < 0,9 > 0) where ao =
T — Ko. The time at which a(t) changes sign is denoted by %, ( = —ao/v). The static
bifurcation is then reached at . We will distinguish two cases. In the first one (I)

the control parameter is changed without bound

ag ift<0

a(t) = (3)

ao+'vt ift>0

In the second case (II) a(t) reaches a fixed value, a, at t; > %

ao ift<0
at) = | ao + vt fo<t<t - (4)
a=ag+vt ift>1t
The first case is of interest when the stationary state value is obtained as a function
of the control parameter. The second case is of interest in the study of fast variations
of the control parameter when switching on the laser.
From a deterministic analysis a time t*, at which the system becomes dynam-
ically unstable, can be defined as the time at which the solution of the linearized

deterministic equation starts to grow exponentially [1]
t‘
/ a(s)ds = 0. (5)
0

It can be shown that in cases I and II, if t; > 2, t* = 2 and in case IL, if ¢; < 2¢,
t* = (a—ao)?/2av. In this deterministic framework t*—Z is the delay in the bifurcation.
In a stochastic description the dynamical bifurcation point has been characterized in
terms of first-passage times [10] and using the time dependence of the mean intensity
[11]. Numerical integration of the Fokker-Planck equation has shown that for a linear

variation in time of the gain parameter, the presence of the spontaneous emission
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white noise decreases the delay with respect to the deterministic value [8]. In fact,
this delay disappears when v ~ D. We have checked with numerical simulations [23]
of equation (2.1) that this result also holds in the case of swept losses [22].

The stochastic analysis of the dynamical bifurcation point only involves the linear
regime. In order to analyze the anomalous fluctuations non-linear terms must be taken
into account. To perform this analysis we generalize the QDT [21] to the case of a
linear variation of the cavity losses [22].

Let us assume that the initial electric field E;(0) is distributed according to the
Gaussian distribution below threshold. Therefore the initial intensity has an expo- |
nential distribution with mean value, (1(0)) = D/ | ao |- This ig valid when non-linear
terms are negligeable, i.e. (I(0)) <<| ao | /B. The linearized version of (2.1) can be

solved with this initial condition. The solution for the intensity is -
I(t) =| A(t) [* oo, (6)
where h(t) is a complex Gaussian process with variance [10]:

(IB(e) ) = o 42D [ 2o ds, (1)

| ao |
In the linear solution | k(t) |? plays the role of an effective random initial condition
for the deterministic evolution. The QDT consists in replacing the actual process (2.1) '

by a process obtained from the nonlinear deterministic solution of (2.1) changing the

initial condition by | h(2) |* -~

2 2ft a(s)ds
I(t) —_ | h(t) I e Jo . - - .
14 2B | h(t) |2 Jt €20 )% g

This approximation is valid whenever two different stages of evolution can be dis-

(8)

tinguished: an initial linear fluctuating regime and a nonlinear regime where the
evolution is esentially determiniftic. This corresponds to the existence of a time, to,

in the linear regime such that for times larger than t, the process | h(t) |* becomes a
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random independent variable | h(co) |2. For these times the evolution will be deter-

ministic. In the following sections we use this criteria to obtain the regions of validity

of the QDT.

2.3 Anomalous Fluctuations. Case I

In this section we consider the case I (see (2.3)). We begin our analysis of the validity
conditions of QDT for this case by calculating the average of the process | h(t) |*. If

we substitute (2.3) in (2.7) we obtain:

D 20 ao| g2/ (VD 2 1
h(t) 2) = ——[1 + —=—e/" * ds|. 9
(WO ) = [t = et [ e di ®)

This stochastic process becomes a time-independent random variable, | h(co) |* when
Vo(t —%) > 2. In this time regime the QDT expression for the intensity (2.8) can be

written as

Rh(oo) 12 ev(t—i)’—vfz
I(t)= | A(c) | ———. (10)
1+ 2B | h(c0) |2 f§ ev(e-D*~vt" dsg

We can also deduce (3.2) if there is a matching time &, , (to > ), such that the

nonlinear terms are negligible for times smaller than o and /v(to—t) > 2. If this last
relation holds, | k(to) |*=| h(oo) |?, and the evolution for ¢ > £, is then deterministic.
The evolution before £, is well approximated by the linearized equation (2.6) if the

following condition is satisfied

(I(to)) << (a0 +vto)/B, (11)
where I(to) is given by

I(to) = hto) [* =", (12)

and the second term is the stationary intensity at to. The intensity for times greater

than ¢, is the solution of the non}inea.r deterministic equation with the random initial
condition, I(2o):
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I (t0)62 f':a (a0+ve)ds

2 Ndg! * (13)
1 +2BI(to) ftto e2f'0(ao+vs )ds ds

I(t) =

If we substitute I(fo) given by (3.4) in (3.5) we obtain the following expression for

the intensity:

| hto) [2 et

= — —. 14
1+ 2B | h(to) |2 [fOt ev(s—i)z—utzds _ j‘oto ev(a—f)2—ut2 ds] ( )

1(¢)

We can consider two cases /¥ >| ao | (fast sweeping) and /v <<| ao | (slow
sweeping). If 4/v >| ao | the condition (3.3) is equiv@lent to

_BD _ << e, (15)

| a0 | V¥

where zo = 1/v(to — t). If this last condition holds, it can be shown that
2 [ ne _ .72 :
2B(| h(to) I?) / explv(s — )? — vE]ds << 1. (16)
0

Therefore if (3.7) holds with 2o > 2, we obtain the QDT expression (3.2) from (3.6).
The validity condition of QDT in the case of fast sweeping is then given by

BD
IGOI\/17

We now consider the case of slow sweeping (/v <<| ao |). For the linear descrip-

<< 107% if v >|ao]. (17

tion to be valid up to a time ¢, > Z, the average of the second term in the denominator

of (2.8) has to be very s1<na.11,_“
e
2B(| h() [?) [ edoeotoIds << 1. (18)
0

After some calculations we then obtain a necessary condition for the validity of the
QDT in the case of slow sweeping:

BD |

4
— <<ev ifyv<<|a]. 19
|a«o|\/‘5 \/— |0| ( )
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These conditions agree when /v >| ao | with the ones [18] found for the validity
of the Suzuki matching procedure [19]. However, when /v <<| ao | we get a more
stringent condition. The difference between both cases is that in the first case (I(¢))
is for times ¢ ~ I of the same order than (I(0)), whereas in the second case (I(Z)) >>
(I(0)). Therefore, for a linear description to be valid up to the matching time o > t,
the sweeping across the bifurcation must be faster in the second case.

We have checked with numerical simulations that if the condition (3.9) is satisfied
in the case /v >| ao |, the QDT describes correctly the anomalous fluctuations as it
can be seen in the Fig. 1. We also give an example in Fig. 2 in which the condition
(3.9) is not verified. In this last figure we see how the QDT description of the average
and variance fails to describe the results of the numerical simulations of Eq. (2.1).

We now study the transient anomalous fluctuations of the intensity using the
QDT. It is well known that in the decay of an unstable state (instantaneous change
of the pump parameter) fluctuations, 02 = (I%) — (I)?, have an anomalously large
maximum [18-20]. However, when v ~ D the maximum disappears as it can be
seen in Fig. 3. In this situation the intensity follows adiabatically the steady-state
value associé.ted with the instantaneous control parameter [8]. We will characterize
anomalous fluctuations by the time at which the maximum takes place, ¢, and by
the value of this maximum o,,. We also consider the time T', at which the intensity
reaches its maximum rate of growth. This time has been measured for a Ar* laser
with swept losses [14].

We have performed simulations of (2.1) for B=1/2, D=0.001, ag=—0.5 and ao=-
0.05 and for several values of the sweeping rate. In Fig. 4, log(T) and log t,, are
represented vs. the logarithm of the sweeping rate for ap = —0.5. In the figure we
see that £,, coincides with the average of T for a large range of values of v. This last

, .
fact can be explained in the framework of the QDT by considering that the largest
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<I>, o

Fig. 1. Average intensity and fluctuations vs. time for B = 1/2,D = 1073,a0

—0.05 and v=10 calculated from simulation (solid line) and from QDT (dotted line).



<I>, o

Fig. 2. Average intensity and fluctuations vs. time for B = 1/2,D = 1073, ao

—0.05 and v=0.02 calculated from simulation (solid line) and from QDT (dotted

/

line).
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Fig. 3. Fluctuations vs. time for B = 1/2,D = 1073,ap = —0.5 and v = 0.003

(dash-dotted line), 0.001 (solid line). The anomalous fluctuations peak disappears if
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describe a straight line with a slope 0.499.
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amplification of the initial fluctuations occurs at the time of maximum rate of growth
of the intensity, T. This time T is well defined (relative fluctuations smaller than
0.06) when v > 1 for ap = —0.5. This corresponds to the region of validity of QDT.
We also observe in Fig. 4 that for these values of v, (| ao |< /), the scaling +/v(T) ~
constant is verified. This scaling is in agreement with experimental data [14] and with
deterministic analysis for large enough v [4,5]. An explanation in the framework of
QDT for both the scaling /¥ (T) = constant and for the small relative fluctuations
or/(T) (where 02 = (T?) — (T)?) can be given in the following way. An equation for
T can be obtained from (3.2) by setting %}] =0 |
X2

yeu s T-vi—ex], (20)

where

el laol/vE ,
A_ZBIh(oo) |2+/° e" du, (21)

and X = /o(T — 7). This condition is similar to the one found in the deterministic
analysis of the Ref. 4. The difference lies in the random character of the initial
condition | h(co) |2. The condition (3.12) is an implicit equation whose solution only
depends on the random variable A. It can be shown by deriving (3.12) with respect to
A that the variation of the root X is AX ~ e~X’AA. When /v >| ao |, it is easy to
- see from (3.1) that large variations of v change slightly the distribution of | h(o0) |*.
Then the changes in A are essentially due to the /v factor. Due to the e~X’ factor
there is a large range of sweeping rates such that AX << 1 and then X ~ constant,
(note that in the nonlinear regime X > 2). Then in this case (vv >| ao |) we get
V(T) ~ constant with small fluctuations for T

Therefore, we have shown that the T = O('v‘l/ ?) law is correct proﬁded that

i

V@ >| ao |. This result agrees with the deterministic analysis [5]. If Vv <<| a0 |
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the deterministic result [4, 5] is different: T = O(v™'). The same conclusion can
be obtained including fluctuations, when the QDT is valid, that is for small enough
values of the intensity of the noise with respect to the sweeping rate (see (3.11)). In

the limit v — 0 we get from (3.12) and (3.13) the following expression for T':

Tzﬂ“”p+lima+BH;”Hgl (22)

This result is in agreement with the deterministic analysis [4]: the domain where
T ~ t* = 2 | ap | /v increases when | ao | increases or when the initial condition
increases.

The expression for o,, can be found from (3.2) by averaging over the initial con-
dition | h(o0) |?

om B[ — " Er(Br) = e En(B)’]

v 2Be~=n [*T. | e¥’du
v B

where f,, is the value of the following function

ﬁeag/v
2B W) F) oy e’ (24)

at ty, Zm = \/V(tm — 1) and E;(B) is the Exponential-Integral function [25]. As it

B =

can be seen from Fig. 5, where log o, is plotted vs. log v, 0 /+/v & constant when

/v >| ag |. We can understand qualitatively this scaling in the following way. First,

the denominator in (3.15) does not change with v, due to the scaling z, ~ (X) =~
constant. Second, the numefa.tor is a function which changes slowly for the values
of B,, found in the simulations. For instance, B, varies between 0.17 and 0.22 when
v varies between v=6 and 600, for the values of the parameters ap=-0.5,D = 1073
and B=0.5. This variation of 8B, produces a change in the numerator of (3.15)
smaller than 3%. Note that if weltake into account that X has small fluctuations and

(X) = ¢,n we can write (3.12) in the form
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Fig. 6. Relative fluctuations vs. In B! for the scaling function (solid line) and
B =1/2,D = 1073,ap = —0.5 and v = 5 (dashed line), 50 (dash—-dotted line), 500
(dotted line). !




- =)2—([ —/1-4/x2]. o (28)

(L+Bm)e ™ [y e du
Therefore for the scaling X = constant to be correct (1 f,,) should vary slowly with

v.
The relative fluctuations for all times are given from (3.2) by the following uni-

versal scaling function

o _Bls-E) - mE]" 26

(I) 1 — BePE,(B)
In Fig. 6 we show that increasing v this scaling function is approached. This corre-

sponds to the fact that the accuracy of the QDT approximation increases with v (see
(3.9)). This scaling has a different nature than the one found in the instantaneous—
change case [18, 19] for the time dependence of (I "(t)). Note that due to the fact
that a(t) is always changing with time, (2.3), the moments of the intensity (see for
instance (3.15)) do not scale directly with 8(t). In case II we find a generalization of
the dynamical scaling for (I™(t)).

2.4 Anomalous fluctuations. Case 1I

In this case the control parameter reaches a fixed value a in ¢; (t1 > t)(see (2.4)).
This is an interesting case because it permits us to calculate corrections, owing to
the finite sweeping rate, to the instantaneous change assumption made in classical
studies of transient statistics {18,19].

We can distingish two cases: In the first one, a >> /v, the anomalous fluctuations
peak occurs before ¢;. This corresponds to the case I (slow sweeping). In the second
case, a < /v, the times of interest are larger than ¢;. This is an interesting case
because the instantaneous change—case is included here. As in the previous section
we begin our analysis of the validity conditions of QDT in this case by calculating
the average of the process | h(t) |* from (2.4) and (2.7)
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D 2D = [Vilu-B) _ , D ..
2 — vt —u vty —2at; __ _—2at 2
R B [|ao|+\/1_le ./;\/EE ¢ du]+ a® [e ¢ ]’ (27)

valid for times ¢ > #;. This stochastic process becomes a time-independent random

variable, | h(co) |2 when 2at >> 1. In this time regime the QDT expression for the

intensity (2.4) can be written as

1(t) = | h(oz) |2 exp[—vt? + 2a,t]_ i .
14 2B | k(o) 2 [ [Y7D edu 4 S (e — e2eh)]

In a similar way than for case I, the QDT will be valid when there exists a time {o in

(28)

the linear regime such that ato >> 1 and (I(fo)) << a/B. When a >>| ao | this is

equivalent to the following condition:
BD

Tanla << 1072 (29)

'Numerical simulations show that when (4.3) is fulfilled the approximation given
by (4.2) is accurate. Recéntly another approximation based on a step function for
I(t) has been considered [12]. This kind of approximation gives very good results in
the relaxation from a marginal state [24]. waever, Eq. (4.2) shows that the step
function approximation can not be correct in the relaxation from an unstable state.

If we consider a range of parameters such that (4.3) is fulfilled, an analysis of the
anomalous fluctuations can be performed by using the QDT. The advantage of this
case respect to the case I is that we are able to get analytical expressions of ¢,, and (T')
in which the corrections to the instantaneous change case due to the finite sweeping
rate are included. The moments of the intensity can be calculated by averaging (4.2)
over the distribution of | h(co) [2. They show a temporal dependence given by a
dynamical scaling parameter 6: '

1
0= 19
2B(| h(oo) [?)]e + Z(e2et-1) — 1)]

(30)

where:
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e(‘:'2 —ug)/“

7= _——a'—’ (31)

e du, : (32)

o =

e~%/v /G/ Vv
VU J-laol/vE
This generalize the dynamical scaling found in the instantaneous—change case [18,19].

Unlike the case I, this scaling holds directly for (I"(t)). This is due to the fact that
for the times of interest (¢ > ¢;) the pump parameter is constant. We can now write

the averaged intensity and the variance as functions of 6:

(I(8) = Z(1+CO)(1 ~ 6’ Eo(6)), (33)
o{6) = %(1 +C0)8(1/6 — °Ey(6) —"e”Ef(o))l/?, (34)

where:
C = B(| k(o) [*)(7 — 20). (35)

The moments depend on 6 and C in the same way that in the instantaneous—change
case, but changing C and the scaling i)arameter 0. The corresponding pé,rameters,

6., and Co of the instantaneous—change case are:

a

b= = BDE T =) (et = 1)’ (36)
Coo=BaD(%+|;0|). (37)

When v >> a? we obtain that § and C coincide with the corresponding ones of the
Q-switching.

Now we will characterize the anomalous fluctuations by t. and o,, like in the
previous case. The value of § at ¢,,, can be calculated from the condition :_;] o=b(tm) — 0
This condition is an implicit equation whose root depends very slightly on C when
(4.3) holds, because C' = %’o— is yery small. The root of the equation is 6(tm)=0.4188.

I
Now, t,, can be found from (4.4)
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1 1 2a
tm = —

In =
2a [Bo(tm)7(| h(co) )
We now calculate T by setting dt.f ] = 0, where I(t) is given by (4.2):

+1] +t (38)

BT (1 (o) ) _
7= 2l B 2 (arr ~ O+ (#)

The average and variance of T are easily calculated by averaging over the exponential

distribution of | k(o) |* and they read

(T) = 21—a [111 m + '7Euler] +4 (40)
o7 = 0.6413 (41)

a

where YEuier=0.5772. In the case a >>| ao |, simple expressions of ¢,, and (T') with

corrections of the order (a/v) to the instantaneous change case can be calculated:

a| ao | a

tm [ln +0.8704] + o (42)
a I ag I a

(T) [ln +0.5772] + o (43)

The main contribution to t,, and (T') comes from the logarithmic term because if
QDT is valid then this term dominates as it can be seen from (4.3). Due to the same
main dependence of t,, and (T') we obtain, as in case I, that the time at which the
maximum appears is nearly the average of T'. In fact, ¢, is always slightly greater than
(T). The fact that ¢,, and (T) are nearly equal can be infered from the analysis made
in the instantaneous—change case [19-21]. In this paper we show this equivalence
in an analytic way. In Fig. 7 the theoretical expressions shows a good agreement
with the results of the simulations, when the condition a < /v is fulfilled. We also
see in this figure that the relation ¢, > (T') is verified according to the equations
(4.16) and (4.17). Another interesting fact is that the variance of T only depends
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on the final value of the control parameter. The comparison between the results of
the simulations for o7 and those ones from equation (4.15) can be made éhowing a
relative error always lower than 2% for the parameters of Fig. 5.

Finally, the value of o,, can be easily calculated from (4.8) for B = 0.4188,

therefore o, is proportional to the stationary value of the intensity:

a
= 0.2381— 44
om = 02381 (44)

This expression has been also checked with numerical simulations.

2.5 Conclusions

In this paper the Quasideterministic Theory, (QDT), is generalised to ‘expla,in the
statistical properties of the intensity of a good cavity laser when the losses are varied
linearly in time. This generalization has been performed in two cases, I and II. In
the first case the control parameter changes without bound and in the second one
it reaches a fixed value. We have shown that QDT is valid when the spontaneous
emission noise is much smaller than the sweeping rate, in case I, and than the final
control parameter, in case II. We have checked the validity conditions of QDT using
numerical simulations.

The QDT has been also used [26, 27] to study the statistical properties of the
transient response of a gain—switched semiconductor laser. When saturation effects
are negligible, this problem is equivalent to a type A laser with swept losses. The
intensity fluctuations, o, also show for semiconductor lasers large transient anomalous
fluctuations associated with the decay of an unstable state as in lasers of type A.
However, due to the relaxation oscillations that characterize the non-line-a.r regime

of lasers of type B, these fluctuations follow the relaxation oscillations. Another
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difference is the existence of a local minimum in o at the time that the mean intensity
reaches a maximum in the oscillation.

The QDT is used to analyze the anomalous fluctuations of the intensity appear-
ing in the non-linear regime of type A lasers with swept losses. To characterize these
anomalous fluctuations, we have studied the time, t,,, at which the maximum fluctu-
ations appear and the value of this maximum op. tm is found to coincide with the
average of the time, T', at which the intensity has its maximum slope.

In case I, when the sweeping rate is large enough with respect to the initial value
of the parameter, we have found that t,, and o,, scale with the sweeping rate in this
way: t-1 = /v and o, & /v. We have also shown that the dependence on time
of the relative fluctuations is given through a scaling variable. In case II, when the
sweeping rate is large enough with respect to the final value of the pump parameter,
we have seen that the moments of the intensity depend on time through a scaling
variable, that generalizes the dynamical scaling found in the instantaneous—change
case. Due to the fact that the control parameter is constant at the times of interest
we have been able to calculate ¢, and (T) showing in an analytic way that ¢, ~ (T').
To finish the cha.racte;iza.tion of the anomalous fluctuations we have also calculated
om that is proportional to the stationary intensity. All these facts, predicted by the

Quasideterministic Theory, have been checked with numerical simulations.
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Chapter 3

Statistical properties of pulses.Application to modulated gas lasers

3.1 Introduction

The decay of unstable states is one of the fundamental problems of nonequilibrium statis-
tical mechanics in which nonlinearities and fluctuations are crucial to have a correct de-
scription of the decay processes !. The usual analysis of this process is based on stochastic
models of the Langevin type in which fluctuations are modeled by a white noise. In most
theoretical analysis it is assumed that the control parameter is instanta.neouslj changed
bringing the system from a stable to an unstable state!?. The effect of the finite velocity
in the change of the control parameter has been also studied in some cases® . A re-
lated situation is the one in which the control parameter is periodically changed through
the instability point. This problem is relevant for several physical systems: modulated
convection?, stochastic resonance®, Q-switched lasers®, and gain switched modulated semi-
- conductor lasers!®. Periodically modulated stochastic systems have been studied with the

use of different methods: analytical solutions for the spherical limit n — oo of a symmetric

b

n—component model'l, a generalization of Suzuki’s matching procedures®’, continuous—

matrix—fraction method!?, path—integral approach... .

In this paper we develop a new method for the analysis of modulated stochastic
systems. Following the main idea of the quasideterministic theory ? (QDT) we consider two
kinds of evolutions. When the v;.ria.ble of interest is greater than a certain threshold value

fluctuations can be neglected and the evolution is deterministic. In the opposite case, non—

linearities are non important and the evolution is described by a linear stochastic equation
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that can be éolved. All the statistical properties can be obtained from the distribution of
the passage time, 7, by the threshold. After an initial transient a periodic distribution,
independent of the initial conditions, is obtained for the passage time distribution P(7).
In this steady—state case the condition that the statistical properties of the passage time
are the same for two consecutive periods leads to an integral equation for P(7). This
equation is the main result of the method. The passage time distribution P(7) is obtained
by solving the integral equation with the use of numerical methods. However, analytical
expressions can be obtained in some cases.

Here we are mainly interested in the steady sté.te statistical properties of pulses for
the ”intensity” (modulus of the variable of interest). Then for symmetric potentials we do
not consider the switching problem from the positive to negative attractor'!. The pulses
can be characterized in terms of their height and width. The probability density of these
magnitudes can be obtained from the distribution of the passage times, P(7), using the
deterministic evolution. Then the statistical properties can be derived from the solution
of the integral equation for P(r). We apply this method to a Q-switched gas laser. In
this system the quality factor of the cavity is changed periodically, and the laser is then
switched on and off in the same way. This leads to the formation of pulses for the laser
intensity. |

The chapter is organized as follows. In sec. 3.2 we describe the method in a one-
dimensional general system, defining the relevant variables and obtaining the basic equa-
tions. ' In sec. 3.3 we introduce the modulated gas laser model in terms of stochastic
equations for the field and transllate the formulation of section 3.2 extending it to complex
variables. As result of these generalizations we get an integral equation for P(7) with

an analytical kernel. In sec. 3.4 we consider a kind of modulation in which the laser is
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switched on and off during a certain time. We compare our method with simulations for
the passage time and pulse height statistics. We also obtain analytical expressions for the
probability density and the mean passage time in two limits: when below threshold the
laser reaches the steady state and in the deterministic limit when fluctuations are negligi-
ble. These expressions are directly obtained from the integral equation and their range of

validity is derived.

3.2 The method

The method is basically an extension to general stages of evolution of the quaéideterministic
approach, originally used for the decay from unstable states?. Here we only analyse the
statistics of unimodal pulses when the system is in a steady-state regime but more general
cases could be treated. Then, we consider that after an initial transient, the relevant
quantities, such as the passage time distribution, are independent of the initial conditions.

In the spirit of the quasideterministic theory we distinguish two kinds of evolutions,
one when the variable of interest is small and variations are mainly governed by noise and
other when the noise can be neglected and the evolution is esentially deterministic. The
quasideterministic theory caﬁ be applied when the first kind of evolution is linear or can
be linearized. Therefore, this restriction gives the condition of validity of the theory. In
our analysis of unimodal pulse formation one finds two regions of the first kind in the
first and last part of the period (see fig. 1). The intermediate time of growth and decay
are governed by deterministic plrocesses. Fluctuations are originated in the first kind of
evolution, when the noise is important, and they are propagated in the deterministic region

with an amplification process during the growth and reduction of fluctuations in the decay.
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In order to outline the method let us consider an equation modelling pulse formation:
&(t) = F(a(t),z) +(?) (1)
where a(t) is a periodic input with period T, a(t + T) = a(t), F is a nonlinear function
with the following conditions:
F(a(t),0) =0,

F(a(t),z) ~ a(t)z, when |z |<zo (2)
and 7(t) is the source of fluctuations, here modelled by a Gaussian white noise with inten-
sity D and correlation:

(n(t)n(s)) = D5(t - s). 3)
D must be small enough to guarantee the validity of the quasideterministic aproach, i.e
noise can be neglected when | z |> zo. We restrict our study to the case of unimodal pulses,
assuming that a(t) has an increasing followed by a decreasing evolution with minimum
@min < 0 and maximum an,q, > 0. We also assume that there are two atractors, Zmin =0
and ez >> Zo, in the equation (1) for | z | corresponding to values @mqin and @mqez of
a(t) respectively. We consider two different situations: the atractors for z are positive or
the evolution is symmetric, F(a(t),z) = —F(a(t),—z). With these conditions a possible
- evolution of a(t) and | z(t) | is depicted in figure 1. We show in this figure the different
regions of evolution. The first region is defined from the beginning of the period with
a(0) = amqz until a time 7 such that | z(7) |= zo. It is a region dominated by fluctuations
where the linearized equation

' (t) = a(t)e(t) + (1) @)
holds. As we will see the passage time to threshold zo , 7 , plays an important role in this
method.
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Fig. 1.- Time evolution of one pulse. We plot z2(t) (solid Hne) in logarithmic scale and

the control parameter, a(t) (dotted line) in arbitrary units.
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Fig. 2.- Time evolution of two consecutive pulses (solid line) and a(t) (dotted line).
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In the second region, from 7 to 7 + 8(7), the evolution is considered deterministic.
6() is the time spent in the deterministic region. Since Zo is a fixed value 6(7) can be

calculated from the deterministic equation
3(t) = F(a(t), (1)) (5)

as a function of 7. The last region from 7 4 8(7) to the end of period T is again a noise
dominated region where the evolution is correctly described by eq. (4).

Once the regions of evolution have been defined, we can proceed withv the calculation of
statistical quantities through the function W(7/7/) defined as the conditional probability
to have a passage time T when the passage time of the previous period was 7/. The passage
time is defined as a delay time between the beginning of the period with @ = @ma- and
the emission of the pulse defined by | z(7) |= zo A graphical picture of the evolution in
two periods of time is given in figure 2. The time origin has been taken at the end of
the first period and beginning of the second one. When the control parameter a takes
large negative values during a large enough fraction of the period, all the pulses decay
from its maximum value to reach the threshold given by zo. In this case the possible
formation of double modal pulses can be neglected and all trajectories with value zo in
—T + 71+ 6(1) € (-T,0) reéch again o in the following period 7 € (0,T). Then W(r/7/)
is the first passage time probability with the initial condition zo in time —T +7/+ 6(1).
Since in this region the evolution is linear this probability can be calculated from the
corresponding Fokker-Planck equation with zero boundary conditions in zo. However,
since the evolution when | z |>[a:o is deterministic, the probability of return to zo when
a(t) is increasing can be neglected. Then, it is possible to obtain an approximated solution
in an easy way by using the passage time, instead of the first passage time. Solving (4) we
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write z2(t) as
t

z%(t) = h(t) exp[2/ a(s)ds] (6)

—(T—r1-8(r1))

where

h(£) = ho + / t exp|— / ! os)ds]n(tr)dt1. (7)

—(T—71-0(71)) —(T—71—-6(71))

with h2 = z2, h(t) is a Gaussian variable with mean and variance given by:

(h(t)) = ho (84)

11

‘ t
oi(t)=D / ezp(—2 / a(s)ds)dtr (8%)
- —(T—11-0(71)) —(T—71—-6(71))

Substituting now | z(t) | by zo and ¢ by 7 in eq.(6) we find a relation between h? and 7

given by :
K(r) = — ©
ezp(2 [ —(T—r1—06(r1)) a(s)ds)

that allows us to calculate statistical properties of 7 from those of h?(7).For instance, the

conditional probability W(r/7/) is
W(r/r1)= th(r)(hz(‘f))lcfi—’:_zl = Ps(r)(h*(7)) | 2a(7) || B*(7) | (10)

where, since h(7) is Gaussian:-

- 1 _(fEesa  _(/Egeo)?
Pra(e) = grmmy(e 0 e O, (1)
When fluctuations are not negligible the evolution at the end of the period is dominated
by the noise, i.e. (| z(0) |) << zo. Then a large time such that e™2%me=" << 1 is needed
to cross the threshold zo and coillsequently 02(7) can be taken as constant, 0.
As we will show the knowledge of W(7/7/) allows the calculation of any relevant
statistical quantity using only the deterministic eq. (5). The passage time probability
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density in the n period, P,(7), follows the chain equation:
T
Pp(7) = / W(r/71)Pp_s(71)dT! (12)
0

This equation is valid or any pair of consecutive pulses, including the first two pulses, but
in this case the system must start at | 2(0) |< zo with a(0) = @min. Now we focus the
attention on the calculation of stationary quantities. If we assume that after an initial
transient a periodic passage time distribution, independent of the initial condition, is

obtained, this stationary probability P(7) must be solution of the integrai equation:
T
P(7) = / W(r/T)P(Ti)dri (13).
0

This equation represents the consistency condition used more indirectly in other methods
3b,14  The passage tirﬁe probability by itself is a relevant quantity used in experiméntal
measurements. Moreover it allows the calculation of other statistical quantities . For in-
étance, the probability density of the modulus of the pulse heigths Py(y) can be inmediatly

calculated as:

Pu(y) =P(r(y))|j’,—;-| (14)

being 7(y) a function obta.im;d from the deterministic equation (5) that gives the initial
time T needed to have a heigth y for | z | starting from zo. The same applies to the
probability density of pulse width Pj.

We conclude this section recalling that with this method the calculation of all relevant

quantities pass through the solution of the consistency equation (13).

3.3 Modulated Gas Lasers
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Pulses of gas lasers can be obtained by modulation of the pump parameter varying the
quality factor of the cavity (Q-switching). The single mode on-resonance laser can be

described near threshold and in the good cavity limit by the following equation:
E = a(t)E — A|E|’E + ¢(t) (15)

where E = E; +iE, is the complex electric field, a is the pump parameter and ¢ = ¢1 +i¢2

is the spontaneous emision noise modelled by a complex Gaussian white noise of zero mean,

intensity D and correlations
($:(t)¢;(t1)) = D&;,;6(t — 1) (16)

For D small this equation fulfils the requirements of the previous section but some modifi-
cations are necessary in order to take into account the complexity of the field E. First we

define the noise dominated region by means of a condition over the light intensity:
I= El(t)z + Ez(t)z < Iy. (17)

In this region the evolution is linear in such a way that the equations for field components

E;(t),(i = 1,2) are decoupled:
Ey(t) = a(t)Ei(t) + 64(t) (18)
and as in the previous section they can be solved giving:

Ei(t) = hilt) expl /_ t(T o(s)ds) (19)

—8(r1)—T1)

where:
o

t .
hi(t) = hio + / ezp(— / a(s)ds)i(tr)dtr, (20)
—(T—-6(r1)—71) —(T—-6(r1)—711)
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hgo + hgo = Ip.

h;(t) are uncorrelated Gaussian processes with mean hio and variance, o2; = o}, given by

(8b). The evolution of the intensity can be written in this linear region as:
t
1) = (K1) + B@)ezn(2 [ a(s)ds) (21)
—(T—6(r1)—71)

and operating like in section 2 we can obtain an expression of W(7 /1) in terms of the
probability of T'(t) = hZ + h3 as

dI‘( )l

W(r/r1) = B(T(7))|— (22)

where from the definition of 7 and (21):

T

I(r) = Ipezp(—2 / o(s)ds). (23)

—(T—6(r1)—71)
The probability density of ' can be straighforwardly obtained from its definition and the

statistics of h; and h, giving:

Pr(e) = g exo(- (20, (24)

being Io the Bessel function of the first order!®. Finally, the calculation of 6(7) involves

only the deterministic equation for the intensity:
I = 2a(t)I — 2AI° (25)

that fortunately has analytical solution. Giving the initial, I(/) = Io, and final, I(71+40) =
I
I, conditions we obtain for 8 the implicit equation:

0+T1

0+11
1+ 2AI, / ezp( / 2a(sl)dst)ds = ezp( / 2a(s)ds). (26)

T
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Summarizing, for the calculation of stationary quantities in a modulated gas laser we
must first calculate the function 6(7/) through the equation (26), then obtain the kernel
W (/1) by means of expresions (22) (24) and finally solve the consistency equation (13).
In general some of these problems would require the use of standard numerical methods of

low computing time, moreover, with this method it is possible to find an analytic solution

for some limiting cases.

3.4 On—Off Modulation. Analytical results and simulations

In this section we are going to consider a very used kind of modulation that involves
only two values, on-off, of the parameter a(t). In a laser this modulation is obtained when
the pump parameter is suddenly switched between a value —a; below to a value a a.bqve
threshold with a modulation period T. The laser is above threshold during a fraction o of
the modulation period, Ty, = T, and below threshold during Toss = (1 — @)T. In this
case (26) can be exactly solved giving for §(77):

1 e—2(q;|-a,,)(aT—-rl)
O(r) = —5o- in| L
ap

Al 2a(aT—71) Al 2a(aT—711)
L+ e 1)+ e )], @

where we have neglected pathological situation of very low probability in which the laser
is on in T, 5 or off in To,. In what follows we also take this assumption making 7 and 7/

smaller that T,, and 7 + 6(7) greater than T,,. From (8b) we obtain for the variance o3:

0.121 _ De2ab(T—0(1'I)-1'I) _1_(
2 ap

1— e_.241,.(T—0(1-l)—'rl)) + l(l — 3—2“"')] i, <Ton  (28)
a

/ .
Using (22) and (24) we obtain for the conditional probability W(7/7/):

—I(1+ ez"'b(T-a(T')—‘rl)—hr)

2
207j;

W(‘r/‘rl) — _‘Z;.:{zgeza,(T—o(r:)fr:) exp
h
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5 I, eab(T—O(TI)—'rl)—a-r ’
e~ 2472 5 ). (29)

Op

Conditions of validity of the method can be explicitely obtained analysing the condi-
tions of existence of regions separated by the threshold Iy. I must be in a deterministic

region so it is far away the region of domain of the noise:
D
Iy >> —F——~ (30)

On the other hand I, must be in a linear region where saturation is negligible:

Al Al .
20 <1 , 22 << (31)
ayp ‘ a

The existence of I and as a consequence the general condition of validity of this method

comes from the simultaneous validity of the above conditions, yielding:

D << [@{_Zﬂﬁ], (32)

From now on we shall consider values of parameters in agreement with these conditions.

| In order to calculate the stationary passage time probability density P(7) we must
deal with the consistency equation (13) with integral kernel given by (29). In general it
is not possible to solve a.nalyfica.lly this integral equation and therefore we use a standard
numerical algorithm. The results obtained with this method are shown in figure 3 (solid
line). These results are compared with simulations (histograms) obtaining a very good
agreement as can be seen in the above figure. In order to be sure that the system is in
steady state conditions we have Iconsidered an initial transient of the order of 100 pulses.
In figure 4 and 5 we plot mean and variances of 7 versus the adimensional parameter a;T.

Theory and simulation are again very close for any value of a;T'.
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The mean value and variance of the passage time increase with ayT and (1 — a),
fraction of the time spent below threshold, in such a way that they are nearly constant for
the same value of & and the product of a;T. In the figures 4 and 5 two different behaviours
are observed. For a;T large the mean passage times and variances saturate going to the
limit of the repetitive Q-sWitching (no modulation effects). In this case the laser intensity
below threshold is mainly due to the spontaneous emission noise and the steady state of
the intensity with parameter a; is reached in the decay of the pulse. The second situation
happens when a;T is small and the passage time is a linear function of a;T" with a slope
that increases with (1 — ). In this case the intensity at the end of the pulse has an
apreciable value and the switching is deterministic.

From the analysis of the kernel (29) it is possible to obtain analytic results for these
limiting situations. In the first situation fluctuations in the decay of the pulse must attain
the stationary state, i.e. (I(0)) ~ (I)stationary = D/ap. From egs. (20), (21) and (30) we

have

D
(1) ~ — + Ipe~2es(T=8(r) =) (33)
and therefore we obtain the condition

D
—2a,(T—0(71)—11) 34
e <o (34)

Using eqgs. (27) and (31), we conclude that (34) holds when a; and T,z are large:

e 20 T(1=2) << A—D—(l + l) (35)
a ap

@b
I

Now taking into account (34) and the estimation

P ((0)
Io abIo

(36)
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Fig. 3.- Probability density function P(7) given by simulations (histograms) and by
our method (solid line). The parameters are a = 10,0y = 10,T = 1.5,D = 1073,4A =

land Iy =0.1
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Fig. 4.- Mean switch—on time (7) as a function of a;T'. Symbols correspond to simulations
and curves are the results of the method. The parameters are T' = 2, = 0.4 (solid line
and stars), T' = 2,o = 0.6 (dashed line and circles), a; = 10, = 0.4 (dof;dashed line
and crosses) and a; = 10, = 0.6 (dotted line and squares). The other parameters are

a=10,D=10"3,A=1and I, =0.1
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Fig. 6.- Mean switch—on time as a function of a;T. We also plot the analytical approx-
imations given by eqs. (39), (dotted line), and (46) ,(dashed line). Parameters are the

same that in Fig. 4 with a = 0.6.
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it is easy to see that the argument of the Bessel function in eq. (29) is very small. Then,

using?® Io(z) ~ 1, the conditional probability becomes separable:

2aIU —2art

W(r/7) = —2—_{_—_1—2—)e exp(——Q—I_Ejje—z‘")
exp (——_Q—I_E'E)_ exp(—2a;(T — 8(r1) — 71))) (37)

and a trivial solution of the consistency equation writes:
Io —2a71
P(t) = Nexp(—2ar — —p—p~€ ) (38)
ot )
with N being a normalization constant. This is the clasical result of the case without mod-
ulation (repetitive switch-on). The mean passage time and variance are readily obtained

a.s5 :

(1)~ gl ey~ 7~ $) (39)
where 9 and 3/ are the Digamma function and its derivative respectively'®, recoverixig
the known result without modulation (see figure 6). We have checked with numerical
simulations that this approximation is valid when (35) holds.

On the other hand, we can now see that the second physical situation just corresponds
to a very large value of the afgument in Io. In this case I(0) must be large enough for the

fluctuations to be negligible. Taking into account that the argument of Iy can be written

in the following form

21, I(0)
z ~ > 40
D[:_b(l - e-—2a:,(T—-9(1'l)—-rl)) + %(1 - e—-2ar)] D(El; + %) ( )
we conclude that in this case, z >> 1. Now we consider the assymptotic expansion’®:
- (41)

Io(z) ~ \/575
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in (29):

Ip
2rail

Iy (e~ 2s(T—8(r)—7) _ e——ar)z
( 20',211 ] ? (42)

W(r/TI)~a

exp(—gafr + %ab(T — 6(71) — 71)) exp [_
where 02! = o2 exp(—2ay(T — 8(7!)—7/)). From equations (28) and (30) we have EIIOL’ <<1,

and the conditional probability leads to:
W(r/71) ~ §(r — (1)) (43)

with:

' 1 1 1
Ar1) = 5 [ln (AR(G + ) + exp(2a(r — oT)) + 26, T(1 - a)- (44)
With this kernel the consistency equation (13) has the solution
P(t) = §(t — D) (45)

where 7p satisfies 7p = 7(p). This equation has a solution only when a)(1 — ) < aa,

i.e. when the laser is in average during a period above treshold. In this case the solution
is
1

™= 2a

[ln(AIo(% + ;1;)) +20sT(1 — @) — In(1 — e~290T+20(=)T)]  (46)
This solution corresponds to \a. limit in which, after transients, the intenéity attains a
deterministi(; stationary state (see fig. 6). Since ayTory < aT,, the last term can be
usually neglected. Then, the switch—on time is a linear function of a;T with a slope given
by (1 — a)/a (see Fig. 6).

In order to find conditions of existence of the above situation we substitute 7 and 7/

by 7p and evaluate the imposed constrains:
—2a4(T—0(r1)—71) 1 1
I(0) ~ Ipe >> D(; + ;‘) (47)
b
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Using (27) and (46) and the condition I(0) < Ip we obtain
1 1 1
AIo(l + _) > e—2abT(1—a) _ e—2aaT >> DA(— + __)2 (48)
a a a  a

Then, T,ss must be large enough to have a passage time different from zero but enough
small to avoid fluctuations at the end of the period. Note that when one of the conditions is
violated, as in the case of the curve with a = 0.4,a = a; = 10 of figure 4 the corresponding
situation does not appears. In this case the laser is in average below threshold and for
some periods the intensity does not reach the level Ij.

The region of values of a;T where the two previous approximations do not hold can
be estimated from unequality (35) and the second unequality of (48). It can be seen that
small changes of the parameter a;T leads to one unequality or the other. Therefore the
range of values of a;T' of the intermediate region between the two approximations is not
very large (see Fig. 6).

To conclude we now analyse the stationary statistics of heights . We recall that with
the knowledge of P(7) the expression of the corresponding density Py is given by (14) ,
and we only require the calculation of H(7) from the deterministic equation (25).In the
on-off modulation case this cglcula.tion is exact and given by:

IerG(aT—r)

H = . 49
1+ %IO(GZa(aT—r) —-1) (49)
Then the probability density is written as:
1 1 1
— — - = 50
PH(’]L) P"'(T(h))za I h— % h I ( )
with
1, k(R -1)

7(h) =T — )- (51)

Zn(——a_— "’
% ”(Io(éaﬁ _1)
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In Fig. 7 we show the good agreement between the method and simulation in four differents
situations. Even in a critical case with T' = 0.8 where pulses are in formation this agreement
is excelent. A great variety in the behaviour of the heights can be obtained when T
decreases, if eq. (35) holds. In this situation the pulses reach the off-stationary state
at the end of the period and P(7) does not change when changing T. When the period
decreases such that (7) becomes of the order of To, the pulses can not reach the on-
stationary state having different heights. We have also analyzed the statistic of thé pulse
width in the same way finding again a good agreement between the simulation and the
present method.

The good results obtained with this method in all cases suggest the possibility of using
it as an alternative to simulations in cases where the computing time becomes excessive.

As an example we have recently applied the method to a semiconductor laser 16,
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T=1 T=1.2

Fig. 7.- Probability density function Py as a function of the height when changing the
period T. The parameters are a = 10,a = 10,a = 0.5,D =10"*and 4 = 1. The solid

line corresponds to the eq. (50) and the histogram is the simulation of eq. (15).
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Chapter 4

Analytical Calculation of Time Jitter in Single-Mode Semiconductor

Lasers Under Fast Periodic Modulation

4.1 Introduction

When a single-mode semiconductor laser is directly modulated by an injection
current the time jitter, i.e. the uncertainty in the switch-on time of the laser due
to the spontaneous emission noise, plays an important role as a limiting factor in
the emission of the optical pulse [1], [2]. For modulation regimes of the order of
MHz, in the IM/DD RZ scheme, it is well known that the jitter strongly depends
on the bias current, assuming almost negligible values for bias currents far above
threshold, due to the fact that the spontaneous emission noise is negligible compared
with the stimulated emission [3], [4]. Since two consecutive electrical pulses are well
separated (of the order of ns), the number of photons I and the carrier number N
have enough time to relax to the steady state given by the bias current. Under these
considerations it is clear that, for optical communication systems working at M Hz
rates, a bias current above threshold would minimize the jitter and consequently the
bit error rate (BER) due to this jitter. On the other hand, it has been recently shown,
both by numerical simulation- [5], [6], and experimentally (7], that, for frequencies of
order of GHz, the time jittex; is almostv independent of the bias current in a periodic—
modulation regime. This is due to the fact that neither I nor N has time enough
to relax to the steady state, giviﬁg rise to an effective initial condition for T and N
below threshold, at the beginning of each pulse . This means that the choice of a
bias current near (above or below) the threshold value is not very important under a

period modulation of the injection current and G Hz rates. However, it has been also
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shown in ref. [6] that a bias current above threshold produces undesirable pattern
effects under pseudorandom word modulation and GHz rates, while a special bias
current, slightly below threshold, suppresses pattern effects at all frequencies and
gives good on/off ratios.

Almost all available results for the time jitter and the switch—on time, at high
frequencies of the injection current, are based on numerical simulation of the rate
equations for the laser. Despite the good predictions given by the simulation results,
it is very difficult to simulate more than 10°-10° pulses, due to the large computational
time.

In this chapter we report a new combined method—numerical and analytical—for
calculating the switch-on time and the jitter for single-mode semiconductor lasers

under a periodic modulation of the injection current at GHz2 frequencies.

4.2 The analytical Method

The analysis is based on the noise-driven rate equations for electrical field £ and

carriers N, inside the cavity, [8]

22 [ +io)G - 13+ V28NE() (1)
B _cw)-wN-o1 )

where G = £ 1\;11:’;’ ;9g=>5.6 x'1-04.'1‘1 is the gain rate per carrier; ¥ = 4X 10“3"1 is the
inverse photon lifetime;b 4e = 5 x 108571 is the inverse carrier lifetime; No = 6.8 X 107
is the carrier number at transparency; s = 1.2 x 107° inverse saturation intensity;
B = 1.1x 10%s71 is the spontaneous emission rate and o is the linewidth enhancement
factor. As we are only interested in statistical quantities which depend only on the

. |
number of photons I, we take a = 0 without loss of generality. The injection current

54



C(t) follows a square-wave modulation of period T = t,, + tofs With C(t) = 3.5Cu
during ton (Cin = (7/94 No)¥e ~ 3.76 x 10'® 571 is the threshold current), and C}, the
bias current, during the time ¢,;5. The random spontaneous emission term is modeled
by a complex Gaussian white noise of zero mean and correlation < ER)e(t) >=
25(t —t').

The analytical method, recently applied to a gas laser [9], is based on the quaside-
terministic theory (QDT), originally used for studying the decay from metastable
initial conditions [10]. In the spirit of the QDT, we distinguish two different kinds
of evolution: one when the electric field E is small and variations are governed by
noise (time interval between —T + Z' 4 6 and Z in fig. 1) and other one where the
noise can be neglected and the evolution is essentially deterministic (time interval
between —T + Z' and —T + Z' + 8 ir fig. 1). In figure 1 a typical evolution of I and
N under periodic modulation regime is shown. I is the reference level for I which
separates the regions of the two different evolutions, and it is taken as a 10 % of the
steady-state value for I with C(t) = 3.5Cwu. Z, the switch-on time, and Nz, the
carrier number at time Z, are the relevant variables of the method.

In the region of I < I, egs. (1) and (2) can be linearized becoming

% = [g(N — No) — 7]—2—" +\/2BNE(2) | (3)
@ =0 ®

(where the subindex i = 1,2 stands for the real and imaginary part of E and ¢,

respectively), together with the conditions

EX-T+2Z +6)+E}(-T+ 2 +06)=1I, (5)

N(-T+2Z'+6)=N, . (6)

!

The solution of eqs. (3) and (4) are given by
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B0 =h) ez [ 60Ny as| @)

(T-2'-6)

t

NO)=No exp{-n(t+T -2 -0+ [ e{-wlt-s)} Cls) ds

(8)

(T-2'-6

where

hi(t) = Bi(—(T — Z' — 6)) + /j e J2BN(#)

X exp {-—-;—/_t(IT_ZI-o)[g(N - No) —7]ds} &) di’ 9)

are Gaussian processes of mean < h; >= E{(—(T — Z' — 6)) and variance

¢I

t ’ /
=0y = - — —9]d dt
== ) eof- [0 oV - ) s

(10)
The intensity I in the linear regime is given by

10=F@+EO=10 cof [ w0-m)-aaf @

(T-2'-6)
where T'(t) = h2(t) + h3(t). Substituting ¢ by Z and I(t) by I, in eq. (11), we find a
relationship between Z and I'(Z). This is

@) =1 ep{- [0 N7 af (12)

(T-2'-6)
From eq. (12) we can calculate the statistical properties of Z through the statistical
properties of I'(Z). Let us define W(Z/Z', Nz), the conditional probability of reach-
ing I, at time Z under the condition that I, is reached at time Z’ in the previous

period with carrier number Nz, i.e.

W/, N0) = o) T (13
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Fig. 1 Qualitative time trace for the number of photons I, the carrier number N and
the injection current C as a function of time.
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Fig. 2 Mean switch-on time < Z > and time jitter oz as a function of ¢,5¢ for
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Cb = 1.1 Cy, (e) and (f), respectively. Solid line correponds to. analytical results; stars
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Note that T'(Z) also depends on Z’ and Nz through Ny and 6. The probability
density Pr can be easily calculated from the statistics of h, and h,, giving

}Io(‘/ﬁ'

Oh

I, +z
20’},

) (14)

1
R

where T, is the Bessel function of order zero.

Ir order to solve the equation for the whole period, we need to find the time 6
during which the system evolves in the deterministic region, and the final number
N, of the carriers at this time (see fig. 1). This is done by numerically integrating
eqs. (1) and (2), neglecting noise effects, together with the boundary conditions
I(=T +2'") = I, and N(—T + 2') = Nz, and tabulating the functions 8 = 8( Nz, Z')
and Ny = Ny(Nz, Z').

The joint probability of the switch—on time Z and carrier number Nz in a period

n, P,(Z, Nz), obeys the recursion relation:
P.(Z,Nz) = fo iz /0 ® AN76(Ny — N(Z))W(Z/Z', N3:)Pas(Z', N22)
(15)
If a stationary probability P(Z, Nz) exists, it must satisfy
P(Z,Nz) = /0 iz /0 ® ANy 8(Ny — N(2))W(2/Z ,Nz)P(Z',Nz) . (16)

This equation is the basis of the method. A more general analysis, incorporating
a wider range of parameters; will be discussed in a forthcoming paper. Here we
consider an approximation valid in the range of parameters given after eq. (2). Since
fluctuations of the carrier number at the beginning of the period N7, N7: seem to
be negligible small, we take this random variable as deterministic with a value no
estimated as follow. We use the minimum value reached by the carriers after the
switch—on of the laser N, given in ref. [5], as the value of N at the time Zon. We

then integrate eq. (2) with I = 0 and C(t) = Cs until the time £,55 in order to obtain
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the value ny of N at the end of the period. The value of N does estimated is in a
good agreement with the one obtained by numerical simulations. Then equation (16)

reduces to
P(Z) = /0 " W(z/2', Ny)P(2')dZ' (17)

with Nz = (no — %2&) exp{—1.2'} + g;;'l This integral equation for the probability

of the switch—on time Z is solved numerically.

4.3 Results of the method

The results of the combined analytical and numerical method, together with the
results of the numerical integration of egs. (1) and (2), are compared in fig. 2, where
we have plotted the mean switch—on time é,nd the time jitter for three different bias
currents, around the threshold value, as a function of .55 (ton = 90 ps fixed, see ref.
[5]). We have included C, = 0.98 Cy, since its value corresponds to the special bias
current, slightly below threshold, proposed in ref. [6] for avoiding pattern effects.
As can be seen a very good agreement is obtained for all the values of .5y and Cp
considered. It is to be expected that for ¢,5; < 50 ps the number of photon I remains
rather high and the analytical approximation should not be as good as for larger values
of t,ss. Graphs (b), (d) and (f) show that the jitter, at frequencies of 1-5 GHz, is
almost independent of the bias current, as was predicted by [5], in contrast to what
happens for slow modulation regimes (M Hz range) where a strong dependence on
the bias current is observed [3]. Also the mean switch-on time < Z > is not very
sensitive to the bias currents as can be seen from graphs (a), (c) and (e).

In fig. 3 the probability distribution function for the switch—on time given by (17)
is plotted fof Cy = 0.95C}, and @y = 1.1 Cy, together with the probability distribu-

tion function obtained by numerical integration of eqs. (1) and (2) over 10° period
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of modulation. The very good agreement can be seen again, except of a very small
shift in the mean value of the switch-on time due to non-linear deterministic effects
neglected in the analytical resolution of the egs. (3) and (4). With the analytical
expression for the probability distribution function given by (17) we can estimate the
time ¢,f; for which the BER is maximum. We consider that we have a BER if any
photon of a given period appears, at the output, in the following pulse, i.e. if the
switch-on time for a given period is such that Z > T— < w >, where < w > is the
mean width of the optical pulse at I,. The value < w > can be obtained from the
table of the function § = 6(Nz:,Z') mentioned above. In our case, < w >~ 60 ps.
Hence, the value of ¢, for which the BER is maximum is 80 ps for our parameter
values. With this time ¢,7s the BER is of the order 10710,

As a conclusion, we have presented a new simple method for calculating the
mean switch-on tixﬁe and the jitter for a single-mode semiconductor laser under fast
periodic modulation of the injection current. The results obtained with this method
are in a very good agreement with numerical simulations of the rate equation for the
laser. The most important advantage is that the method allows one to obtain accurate
results eliminating large computational times due to numerical integrations of the rate
equations (1) and (2). This can be done since the stochastic rate equations can be

integrated using QDT, in the time interval where the noise effects are dominant.
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Chapter 5

Statistical Properties of Switch—on times of Modulated Gas Lasers

5.1 Introduction

The laser switch-on is an example of relaxation from an unstable state. The descrip-
tion of this process is usually done by using non-linear Langevin type equations in
which the fluctuations are modelled by an additive white noise. Transient statistics
has been analyzed according to the temporal dependence of the control parameter.
Most available theories deal with situations in which the control parameter is instan-
taneously changed bringing the system from a stable to an unstable state [1,2]. In
other analysis it is assumed that the control parameter is continously swept through
the instability point [3-7]. Equations with a periodic change of the control parameter
are also studied with the use of different methods [8-11]. These equations model
physical systems like modulated convection[12], stochastic resonance[13], Q-switched
lasers[14] and gain switched semiconductor lasers[15]. Systems with fluctuations of
the control parameter have also been studied. Indeed, the effect of multiplicative and
additive noise has been used to explain statistical properties of physical systems like
the dye laser[16, 17].

In this paper we study the statistical properties of a modula.ted single mode Ar*
laser by means of periodic ﬂﬁctuating cavity losses (Q-switching). The modulation is
performed by using an Acousto Optic Modulator (AOM) that turns on and off the
laser. Measurements of the amplitude spectrum of the Radio Frequency (RF) signal
that drives the AOM indicate a fluctuating character of the loss factor. This system is
an example of modulated system driven by additive and multiplicative noise because

of the effect of the spontaneous emission noise and random cavity losses. We present
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the results of the switch-on time measurements on this modulated Art laser. The
switch-on time, T, is defined as the delay time betwen the time in which the AOM
is turned off and the time in which the laser intensity reaches a certain threshold.
The switch-on time is measured for different laser powers as a function of the time
of application of the AOM, t,ss. The results of the experiment indicates that the
mean switch-on time , < T >, increases in a linear way before reaching a constant
value when the time of application of the losses, toyss, increases. The variance of the
switch-on time, o, shows a maximum when plotted versus ¢o5s.

The switch—on time statistics is also studied by numerical simulation. of the equa-
tions describing the electric field of the laser. The random character of the loss
factor, the noninstantaneous change of the control parameter and saturation effects
are included in the simulation. The numerical computations agree well with the ex-
perimental measurements. We show that when the laser is below threshold for a
short time the statistics of the switch-on time is determined by the loss néise. On
the other hand, the statistics of 7 is determined by the spontaneous emission noise
when the laser is turned off for a long enough time. The maximum of the variance
of T versus t,s; appears at an intermediate zone between the two previous behaviors,
in which both loss and spontaneous emission noise are relevant. In this way a sig-
nature of the joint effect of multiplicative and additive noise in a modulated system
appears. We develop an analytic approximation to obtain the statistical properties of
the switch—on time when i,4; is small. With the use of this approximation it is shown
that (r) increases linearly with t,7; and the slope is found to be independent of the
noninstantaneous change of the losses, the saturation term and the loss noise. We
also obtain the loss noise minimum intensity at which the maximum of o, appears.
Finally, this maximum is cha.ra.c’terized by the time at which it appears, t,,, and by

its value, op,.
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The paper is organized as follows. In sec. 5.2 we describe the experimental
arrangement and measurement techniques used. In sec. 5.3 we describe the modulated
gas laser model in terms of stochastic equations for the electric field. In sec. 5.4 we
present the experimental results. We also compare the results of our model and the
experimental data. Finally, in sec 5.5 we analyze the effect of the fluctuations of the

random control parameter on the switch-on time statistics.

5.2 Experimental Arrangement

The experimental set-up is shown in Fig. 1. Similar experimental arrangements
have been used by other authors [7]. A commercial Ar* laser constituted the object
of our research (framed part in Fig. 1). Single mode operation was achieved by
means of an intracavity Fabry—Perot etalon of low finesse (FPE)(mirror reflectivity -
~ 40%). The spectral characteristics of the laser output were monitored by means of
a scanning Fabry-Perot (SFP) and an oscilloscope (SC2). The high feﬂecting mirror
of the laser cavity was removed from its original position and put farther away (~ 25
cm) in order to introduce into the cavity an acousto—optic light modulator (Newport
mod. N35085-3) whose crystal is made of fused quartz (Si 0.). This ﬁra.s driven
by 85 MHz RF generator (RFD) which in turn is modulated by a pulse generator
(PG)(HP-8005B). The pulse repetition rate, T, and pulse width could be varied to
obtain different experimental situations. The laser output was detected by a fast
photodiode (FPD), whose oﬁtput entered the stop input (Sp. I) of an universal
photon counter (TIC)(HP-5308A) working in time interval mode with 10 ns. time
resolution. At the same time, the photodiode output and the signal from the pulse
generator (PG) were monitored by means of an oscilloscope (SC1). This helped us to
fix the experimental parameters (period, T' and pulse width t,4s) of the laser output.

The start input (St. I) was triggered by the negative slope of the pulses generated
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by the pulse source (PG). The trigger level of the stop input (Sp. I) of the photon
counter (TIC) could be varied in order to fix the threshold output intensity, Iis, at
which we wanted to measure the starting time of the laser action. The measured
time intervals were stored and processed in a desk-top computer (D.C.)(HP-300).
It is evident that there is a unavoidable delay between both inputs due to the finite
value of the sound speed in the SiO, crystal (= 6 km/s). This delay was estimated
experimentally. Its value, 2.6 ps, was measured with high accuracy and was taken as
a reference to obtain the true values of .

A set of data is taken for several £,; as a function of the output laser power. This
was varied by changing the plasma current intensity. The pulse repetition rate, T, is
kept constant and made large enough (= 50 us) to assure that the laser reaches its
on-stationary state, I, during the pulse. The amplitude of the RF signal is also kept
fixed and large enough to assure that the laser is always below a certain threshold ,
I, when we turn off the RF signal. In this way we always obtain a well defined laser
intensity pulse each time we turn on and off the RF signal. We characterize the pulse
statistics by the switch—on time, 7, that is the delay between the turn off of the RF
signal and the time at which the laser intensity cross the threshold. This threshold

is taken as 25 % of the stationary intensity.

5.3 The Model

The modulated single mode on-resonance gas laser is described by the following
nonlinear Langevin equation[18]:

dE gE

F it v el CLELOF (1

where E = E, + iE, is the slowly varying complex field amplitude, I =| E |? is the

field intensity, g and x are the gain and loss factors and I, is the laser saturation
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Fig. 2. Qualitative time traces of the laser intensity and loss factor. In Fig. 2
(a) and (b) are plotted the laser intensity during one pulse for t,45 small and large
respectively. The pulses obtained with and without random cavity losses are plotted
with solid and dashed lines respectively. The loss factor for t,f5 small and large is

plotted in Fig. 2 (c) with solid and dashed lines, respectively.



intensity. The effect of the spontaneous emission on the field is represented by the

complex Gaussian white noise, {(t) = &1 + €2, of zero mean and correlations
(&i(2)€;(") = Déi;5(¢ — t)- (2)

The gas laser can also be described near threshold by an ex_pé.nsion of (3.1) to third
order in the field. This approximation is often called the cubic model.

The laser is modulated in the experiment by changing periodically the losses in
time (Q-switching). These losses are generated by the application of the RF signal to
the AOM . The loss factor is then a periodic function of the time, £(t) = x(t+T), that
esentially takes two values: ko, the losses in the absence of the AOM, and Ko + Km,
where k,, are the losses due to the AOM. The change from one to another value of
the losses takes a time 8. This is the transit time of sound across the waist of the
laser beam. This effect is described in our model by means of a linear variation of
the loss factor between the two previous values. If the origin of times is chosen just
when the intensity of the acoustic wave begins to decrease across the beam, the loss

factor is written in the following way:

4

Ko+ K — 52t fo<t<é

Ko fd<t<T-4t,
K(t) = | 4 | 3)

n0+£6m(t+t0.f.f—T) i_f’T—'tof_f<t<T+5—tofj

| %o+ Km T+t <t<T

where #,5; is the time of a.ppjication of the RF signal. In Fig. 2 we plot with dashed
lines the evolution of the loss factor, and the intensity of the laser during a pulse for
two different t,s7. When ¢,5; is small the effect of the spontaneous emission noise is
small and the intensity pulse is esentially deterministic. However, as to5s grows, the
laser intensity begins to reach t}le spontaneous emission levels and the switching of

the pulse becomes random.
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Another outstanding effect is the presence of fluctuations in the amplitude of the
RF signal, Egpr. Because of this amplitude can be related to the losses due to the
AOM [19], this last quantity can be described as an stochastic process. We model
this random losses by adding a Gaussian white noise, ¢(t).In this way k., becomes
km + ¢(1), where #(t) has zero mean value and correlation given by (#(t)¢(t)) =
€§(t — t'). We have chosen a white character of the noise since a wide spectrum of
the RF signal was observed. In Fig. 2 we plot with solid lines two realizations of the
stochastic process (3.1) for two different values of ¢,5; when using (t) given by (3.3)
with &, replaced by K., + ¢(t). The main effect of the random loss factor is that the
intensity becomes fluctuating during the decay of the pulse.

Recently, a new method has been developed to obtain the statistical properties of
modulated systems [11]. This method has been applied to a gas laser described with
the cubic model[11] and to a semiconductor laser [20]. In both cases a deterministic
on—off modulation with an instantaneous change of the control parameter has been
considered. A very good agreement is found between this theory and the simulation
of the equations describing these systems. With this method the stationary properties
of pulses are easily obtained via the solution of an integral equation for the probability
density of 7. The results obtained in this way for a modulated gas laser without loss
noise [11] show that the mean switch-on time increases linearly with ¢,;; with a slope
given by (km + ko — 9)/(9 — ko). For large values of ¢,5; (7) saturates going to a
constant value. The variance of (7) is found to increase with ¢,s; until a constant value
is reached for large values of ¢,7;. In the following section the statistical properties
of (r) when the loss noise is included are obtained by using numerical simulation
methods. We integrate the stochastic equations for the electric field following the
algorithm described in Ref.[21]., with an integration step of 1 ns. In Sect. V we

develop an analytic approximation to study the effect of the cavity loss fluctuations
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on the statistics of the switch-on time.

5.4 Experimental Results. Comparison of Theory and Experiment

In this section we present three sets of experimental data for the switch-on time.
First, second and third sets were taken with the laser operating with a pump power of
15 %, 30 % and 50% above the threshold pump power, respectively. These operation
_ points correspond to a power of 6mW, 12 mW and 24 mW respectively. These
data are compared with the results obtaned from numerical simulations of our model
(3.3). All the experimental measurements have been fitted by the same values of the
parameters I,,8, Ko, Km, D and €. The losses in the absence of AOM can be splitted
in two: K., the losses due to the transmission of the mirror, and «;, the internal
losses, i.e. Ko = Ki + Ke. Ke can be obtained from the power transmittance of the
mirror (1%), £ = 10%s7. In a first approximation I, can be estimated by means
of known parameters of the Ar* laser (laser transition cross section and spontaneous
lifetime of the laser transition) [22], giving the value I, = 5.2 X 10°Nw?/C?. 6 is
estimated from the speed of the sound across the fused quartz crystal (=~ 6 Km/s )
and the beam waist (~ 1 mm) , obtaining a value for § smaller than 160 ps. A rough
estimation of &, can be given through the maximum diffraction efficency of the fused
quartz crystal (90%), obtaining a value 1.7 x 108s~1. The noise intensity € can also
be estimated from the fact that fluctuations of the RF signal that drives the AOM
are of the order of 5%. The values of the parameters Ko, g and D are obtained by
comparison of experimental and theoreticai results for large values of to5s. In this
situation the laser has enough time to reach the off-steady state corresponding to the
pump parameter given by —(ko+ &m —g). We have used three experimental relations
(< T >, o and laser power versus the laser operation point) for ten different values

of the laser output power to obtain Ko, g and D. We note that the comparison of
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experimental and theoretical results can be done only when the laser power, W, is

estimated in terms of the parameters of our model:

ke€ol,(g — Ko)v
2&0 ’ (4)

W=

where ¢ is the permittivity of free space and v the mode volume within the active
material (3.8 X 10~6m3 We have checked that for large values of £,¢, o, is independent
of the loss noise @(t). This result is similar to the one found for dye lasers when the
threshold value Iy, is not close to the steady-state intensity [16]. The variance is also
found to be independent of § and x,, for the estimated values given above. o, is
then given by the one corresponding to the case of instantaneous change of the pump
parameter [24].

064
(9 — &)

(5)

or

Using (4.1) we get o, = 0.61mW/(xkoW) and by comparing with the experimental
results we obtain ko = 10sec™. The values of g for the three experimental data sets
are then obtained by using (4.1) and xo: minimum power( 6 mW), g = 7.5x 10°sec™;
intermediate power (12 mW), g = 1.4 x 107sec™!; maximum power (24 mW) g =
2.4 x 107sec™l. Because of the large value of g a large ratio g/ko is obtained. The

ratio

:';ﬁ — 0.25 x (g/ko — 1)

is then greater than one and the saturated gain in eq. (3.1) can not be expanded
near the threshold intensity. Therefore, the cubic model can not describe well the
laser intensity near the reference value of our experiment. In fact, the cubic model is
expected to be valid only near threshold [23,18,16]. The value of D obtained from
the experimental and theoretical values of () is D =5 x 103Nw?/C?.
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The parameters Km,€,8 and the precise value of I, are obtained by matching
the three sets of experimental data for the mean passage time as a function of £,
with the simulation results (see Fig. 3). The numerical values we have obtained are
km ~ 5.5 x 107sec™,6 = 10~"sec , € = 3 X 108sec! and I, = 5.6 x 10" Nw?/C?.
Using these parameter values a good agreement is found for {r) as a function of ¢,ss
between the theoretical and experimental results. The discrepancies observed in Fig.
3 can be attributed to the fact that s, can vary slightly due to small variations of
the relative position of the AOM and the laser beam. We -plot in Fig. 4 the variance
of the switch—on time as a function of t,;;. Now, only a qualitative agreement is
obtained between the theoretical and experimental results. The agreement is better
for the minimum power. In this case both results show a maximum value for o, as a
function of t,5;. However, when the power increases the values of o, are very small
of the order of the time resolution of the photon counter. Then the different behavior
obtained from theory and exp.erimenta.l data for the intermediate power for small
values of ¢,s; can be due to this lack of time resolution.

Three different behaviors can be observed in Figs. 3 and 4. The first one occurs
when the laser spends a short time below threshold. The mean switch—on time is then
a linear function of #,;; with a slope that decreases when the laser power increases,
as it was predicted in Ref. [11]. In this case the intensity at the beginning of the
pulse , I(0), has an apreciable value (see Fig. 2-a) and then the spontaneous emission
noise has a negligible effect oxi the evolution. The random character of the decay of
the pulse, the statistical distribution of 7(0) and therefore the statistics of ‘r are only
determined by the loss noise. The second situation happens when t,5; is large. The
mean value and variance of T saturate going to the limit of the repetitive Q-switching
(no modulation effects). This behaviour was also predicted in Ref. [11]. In this case

)

all the noisy intensity paths decay until the off-steady state (see Fig. 2-b). In this way

70




the statistical spread of I(0) and 7 is mainly due to the spontaneous emission noise.
The third situation corresponds to intermediate t,s. In this regime the variance of
the switch-on time has a maximum when plotted versus ¢,5s. This maximum does
not appear with the kind of modulation used in Ref. [11], where no loss noise was
considered. This is a transition zone between the two previous behaviours in which
the joint effect of the loss and spontaneous emission noises determine the statistics
of I(0). The statistical properties of the switch-on time in this regime are then due
to the combined effect of both noises. We note that the maximum of o, for the
minimum pdwer appears for different values of ¢,5; according to the theoretical and
experimental results. This is due to the fact that the transition zone in (7) is obtained

for different values of ¢,45.

5.5 The Effect of the Random Control Parameter

We now study the effect of the fluctuations of the loss factor on the statistics of
the switch-on time. We show in Fig. 5 the variance of the switch-on time obtained
from simulations of Egs. (3.1)-(3.3) with &, replaced by &, + ¢(t) for three different
loss noise intensities. It can be seen that changes of the noise strength only leads to
changes in the variance of 7 when to57 is short. The maximum of the fluctuations of
the switch—on time only appears when the noise intensity is large enough. We have
also checked that the averaged switch—on time changes slightly if € changes when ¢,y
is small. |

These facts can be explained with the use of an analytic approximation valid
when the laser is below threshold for a short time. In this situation the fluctuations
due to the spontaneous emission can be neglected. The intensity Iy, = I(—2,55+ ) is
a random variable whose statisticia.l properties can be obtained by solving numerically

the equation (3.1) with D = 0 and with the initial condition I(—2,55) = I,;. When
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Fig. 3. Mean value of the switch-on time as obtained from simulation (lines) and
from the experiment (symbols) for three different laser powers. Circles and solid
line correspond to the minimum power, 6 mWatts, (g = 7.5 x 10%sec™!). Crosses
and dashed line represent the results for the intermediate power, 12 mWatts, (g =
1.4 x 107sec™!). Squares and dot-dashed line correspond to the maximum power, 24

mWatts, (g = 2.4 x 107sec™!).
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Fig. 4. Variance of the switch-on time as obtained from simulation (lines) and
from the experiment (symbols) for three different laser powers. Circles and solid
line correspond to the minimum power, 6 mWatts, (g = 7.5 x 10%sec™). Crosses
and dashed line represent the results for the intermediate péwer, 12 mWatts, (g =

1.4 x 107sec™!). Squares and dot-dashed line correspond to the maximum power, 24

mWatts, (g = 2.4 x 107sec™?).
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the dynamic evolution can be linearized below the intensity I, the solution can be

written in the following way:
t
I(t) = I exp 2/ (g — x(s))ds. (6)
—togs+6

We have checked that this is a good approximation for all the sets of parameters used
in this work. We then use the former expression to calculate the time, 7, at which

the laser intensity reaches the mean value of Ip:

_ (Km + 80— g) B ) 1 (IL) 7(t)
iy P (toss — 6) + 2o = o) METPETR Ll A pae (7)

where 7 is given in terms of the Wiener process W(t) by
1 ¢6
0= W(0) ~ W(—toss +8) +5 [ W(s) - W(0)] ds (8)

This last expression for 71 holds if the laser intensity reaches the value (IL) when
the loss factor is constant, i.e. 2(g — Ko) < Km. This condition is satisfied for the
~ numerical values of our parameters. The switch-on time is then 7 = 71 + A, where
A is the time the laser intensity spends from (IL) to Iis. In this way the switch-on

time has a mean value given by

Emd 1- In(Ig)

_ ("m + Ko — g) +
2(g — ko) ~ 2(g — o) (InIr)

<T>= (g — Eo) + A4, (9)

(toss — 8) +

and a variance given by

2 _ .é(toff — 25/ 3) 1 2
= g —ma) T Ag— e (10)

The mean switch-on time depends in a linear way on i, since §, A and I are

independent of #,¢5. The slope of this straight line is given by (Km + Ko — 9)/ (g — Ko)-
This slope agrees with the one obtained with the model of Ref. [11], that is without
saturation effects at the refereqce intensity I,z and loss noise (€ = 0) and with an

instantaneous change of the pump parameter (§ = 0). In this way the existence of
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the linear intensity level, Iz, assures that the random nature and finite velocity of
the loss factor and the saturation do not affect that slope. The variance of switch-on
time as obtained from (5.5) is shown in Fig. 5. A good agreement is obtained when
toss is small between this analytic approximation and the simulation of (3.1) for all
the loss noise intensities.

This analytic approximation can be used to know when there is a maximum of
o, versus toss. This maximum is characterized by the time t,, at which appears and
by its value, 0,,. As we noted in Sec. IV the maximum appears at an intermediate
region in which the laser intensity at the beginning of the pulse begins to reach the

off-stationary state, i.e.:

D
<I(0) >x¢ ———. 11
(0) >~ — (1)

The use of eq. (5.1) and (5.6) let us estimate the value of {,:

1 (I )(nm + Ko — g)
2(km + K0 — g) In == D (12)

tm ~ 6+

The maximum appears if the variance of the switch-on time, approximated by (5.5)
when t,55 < tm, is greater at ¢, than the constant value obtained when ¢4y is large.
This variance agrees with the one obtained with the repetitive Q-switching given by
Eq. (4.2) as we have checked for the numerical values of our parameters. In this way

the maximum appears for any value of § when

0.41(Kpm + Ko — 9) o
€> o (@ [“"bﬂ"—g) . (13)

The value of the maximum is then easily found from Egs. (5.5) and (5.7). From
these expressions we find that t,, increases with the gain factor (laser output power),

whereas o,, is found to decrease with g. This behavior is in agreement with the one

observed in the simulations (see Fig. 4).

73



0. (us)

0.15 .

o

8

] _ O — - i emimamm e

_________ O Qe
. o0
o
% ‘ ‘ ‘ * l ! . 4 4 1] f 1 : " | 1 1 ! 1 ! 1 . 2 I | 1
0.1 0.15 0.2 0.25 0.3 0.35

Fig. 5. Variance of the switch—on time as obtained from simulation (symbols) and
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In conclusion we have shown that the mean switch-on time is a linear function of
toss for small values of ¢,s; with a slope independent of the loss noise. We have also

obtained expressions for the time at which the maximum of the variance of T appears

and for this maximum value oy,.
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Chapter 6

Transient statistics for two-mode gas ring lasers

6.1 Introduction

The statistics of laser switch-on has been recently considered in a variety of systems
and situations (see Ref. [1] for a recent review). There are in general two different

statistical problems to be studied. One is the statistics of the switch-on time at which

laser emission is observed. This is described by the method of passage times (PT)
in the linear regime of laser amplification. The second problem refers to the large
statistical fluctuations of the laser intensity during a later nonlinear regime. For type-
A lasers results for PT statistics are well established [2], including the cases with pump
noise (dye lasers) [3,4] and sweeping of the pump parameter [5,6]. The problem of
PT statistics for type-B lasers has been also considered for CO; [7] and semiconductor
lasers [8,9]. The intensity fluctuations in the nonlinear regime were considered for
type-A lasers earlier [10,11] than the PT statistics. More recent analysis include the
cases with pump noise [4], sweeping [12] and type-B lasers (semiconductor) [13, 14].
A description of the fluctuations in the nonlinear regime is possible by taking a simple
average over a distribution of random initial values of the laser field. This is the basic
idea of the Quasideterministic Theory (QDT) [15]. Most of the analysis of the laser
switch-on ffoblem consider the single-mode c;a.se. The transient multimode dyﬁa.mics
has been analyzed only in the linear regime for semiconductor [9, 16] and gas ring

lasers [16).

In this paper we study transient statistics during the Q-switching of two-mode

on-resonance gas ring lasers including the nonlinear regime. When the pump param-
eters of both modes, o; and a3, are large with respect to the spontaneous emission

noise, we show that the transient regime can be described by the Quasideterministic
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Theory (QDT). This case corresponds to situations well above threshold. In the QDT
the effect of the noise is replaced by an effective random initial condition, and the
evolution in the nonlinear regime is deterministic. In this way explicit expressions for
the transient intensity probability densities for both modes are obtained. In the case
of non-equivalent modes, intensity fluctuations show a maximum. This is similar to
the anomalous fluctuation peak found for a single-mode class A laser.

When the pump parameters are slightly different, the intensity probability density
for the secondary mode is shown to Have a polinomial tail. This tail appears at times
of order (a; — @3)~!. This time scale can be much larger than the time scales, oy’ !
and a3, corresponding to both ques. The main mode shows a symmeéric tail. This
tail corresponds to mode competition.. In fact the probability density for the total
intensity is peaked around its mean value. This phenomenon is similar to the mode
partition noise found in semiconductor lasers [17]. The anomalous intensity fluctua-
tions of the two modes are characterized by the time at which its maximum appears
and by the value of this maximum. All these results are checked with numerical
simulations.

We also consider the case of a very depressed secondary mode. Now the evolution
of this mode is dominated by the noise. Then the QDT is not able to describe the
transient regime of the secondary mode. We develop a new approximation which
includes the spontaneous emission noise and a random pump parameter given by the
intéﬂéity of the main rﬁode,‘ that is described by the QDT. Numerical simulations
show that this approximation describes correctly the transient proba.bifiiy dehsity for

both modes and the side mode excitation probability.

6.2 Quasideterministic Theory (QDT)

The two-mode on resonance gas ring laser can be described by the following equations

[18]:
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By = Sles — (1 By P+ | Ba PIE: + 6
®)
E,= %[az —BUE P+ | B P))Ex + &2

where E;(t) and E;(t) are the complex amplitudes of both modes, a; and a; are the
pump parameters and [ is a constant. The complex random terms, &1(t) and &(2),
model the spontaneous emission noise. They are taken as Gaussian white noise of

zero mean and correlation:

(&) () =D &; (¢ - ¢t) 4,5 =1,2. (2.2)

We consider that the laser is initially below threshold and that at time £ = 0
the laser is instantaneously switched on. 'We can easily obtain from Eq. (2.1) the

intensity, I; =| E; |?, when saturation effects are negligible:
Ii(t) = hi(t) |* e, (23)

where h;(t) is a complex Gaussian process playing the role of an effective random

initial condition for the deterministic evolution. The variance of this process is
D o
(I d) Py = —(1— &™) (24)

The QDT [15] consists in approximating the actual process (2.1) by a process ob-
tained from the nonlinear deterministic solution of (2.1) changing the initial condition
by | hi(2) |*:

| Bu(t) 2 e
T4 B Fa(®) I (e — D)feust | ha(d) I (e — D)fea]

This approximation is valid whenever two different stages of evolution can be dis-

(2.5)

I;(t) =

tinguished: an initial linear fluctuating regime and a nonlinear regime where the

evolution is essentially deterministic. These different stages appear when the pump
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parameters are large with respect to the spontaneous emission noise. For times such
that exp(—a;t) < 1 the effective initial condition | k(%) |* becomes a time indepen-
dent randoﬁl variable. As a consequence the evolution will be deterministic with a
random initial condition. When the pump parameters are different the steady state
obtained from Eq. (2.5) is deterministic. Then the QDT can describe the fluctuations

only during the transient.
The joint probability density P(I,I;t) can be obtained from Eq.(2.5):

P = Lt a0 @9

where
I, I, _
.f(IlaI2at) =1- Zlm - ;‘2'(?) (2.7)
and
D (oot PR
a'i(t) = ;:(e - 1) ,c,(t) = ﬂ(l — e—""") . (28)

The domain in which P(Iy,I;t) is defined is given by f(I1,I3,¢) > 0.

Initially when exp(—a;t) = 1 the evolution is dominated by the spontaneous
emission and the modes are not coupled, i.e. P(I,I;t) =~ Pi(I1,t)Py(I2,t). When
a;(t) > c;(t) the modes are coupled through the deterministic evolution. This happens

for times such that
o;? 9
&(t) = Eexp[—a,-t] (2.9)

is smaller than one. Finally, it is easy to see from Eq. (2.5) that for non-equivalent

modes (a; > o) the stationafy state is reached in a time scale such that
(112
u(t) = -;2—2 exp[—(al - az)t] (2.10)

is a small quantity. In the case of equal pump parameters the steady state is reached

when the modes become coupled, i. e. €(t) < 1.

The transient probability depsity function of the intensity of both modes can be
derived from Eq. (2.6):
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caas(czay + Iifar(1 — Lj/c)t+1) L
Pl(Il,t) a1(62(1 Il/cl) + 0:211/0,1) xp[— al(l.— Il/Cl)] ’ Il <
(2.11a)
clal(clal + Iz[a2(1 - 12/62)]— +1) Iz C
Pz(Iz,t) az(cl(l Iz/Cz) n alIz/az) exp [——————a2(1 — Iz/cz)] L <c.
(2.11b)

Finally, we consider the total intensity I = I, + I,. This magnitude is relevant
" to analyze the coupling of the modes during the transient. From Eq. (2.6) we obtain
the probability density function of I (a1 > az):

'6162C(I, t)2
alaz(cl - Cz)

P(I,t)= {( é(l—I/C1)—l+w+1)exp[—-ad—————

.(61 - 62)0-102

(01 - Cz)alaz

- (g;(l —I/ex) ' + (—l-l-'-l-———gi,—)-(ic-z- + l)ﬂp[—m]}

(2.12a)
when I < cp(t) and
2 —
P(I,t) = %{(é(,1 —I/e) '+ %:—_—:-2"'—))511% +1) exp[—a—l(—l—_IT/c—l)]}
(2.12b)
when cy(t) < I < ci(t). In these expressions C(I,t) is given by
o,y = [ Llammac, Iy (@213)

(61 - Cz)alaz <
We have checked with numerical simulations [19] of the equation (2.1) the validity of
the QDT. The QDT is found to give a good approximation in the transient regfme
(see Figs. 1,2) unless a very depressed mode is considered. In this case, oy > az, the
evolution of the secondary mode is dominated by the noise and a new approximation
is required (see Sec. IV). However, the main mode is always well described by the

QDT. !
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6.3 Transient Statistics in the Mode Competition Case

We analyze in this section the transient statistics when the pump parameters for

both modes are slightly different, i. e. when the parameter v defined as
=21 (3.1)

is a small quantity. As noted in Sec. II a new time scale (o — ap)™! appears when
a; > ap apart from the usual ones a;’ and a;'. This time scale is related to the
competition between both modes and it can be much slower than the first two when
a; & ap. This time (a; —ay) 7! is the characteristic time at which the modes approach
the stationary state. It is also the typical time for the main mode to be switched on
if the side mode has been initially excited.

When the modes are coupled, i.e. €(t) < 1, the probability densities for both

modes (2.11) can be approximated by

T = u(®) z 2a
Pi(z1,t) P <1 (3.2a)

u'(2) _
[1+ za(u2(t) — 1)]

except in a small region z; ~ 1 with a negligible contribution to the probability,

Pz(zz, t) = T2 < 1 (3.2b)

where the exponential term must be taken into account. In these expressions we use
the Lnormaliged modal intensities z; = BI;/a. Note that u(t) < 1 when ¢(t) < 1.
This is due to the fact that ﬁD/ a? < 1, that is the validity condition-of the QDT.
When €;(t) < 1 we have u(t) < (y+ 1)*(8D/c})" that is always smaller than one for
BD/a3 < exp(—2).

The probability density for the secondary mode has a polinomial tail and the
main mode shows a symmetric tail for small values of the intensity (see Fig. 3).

These distributions (3.2) are related in a simple way: the probability density of z;
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Variance of the intensity
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Fig. 4. Mean values obtained from simulation of the main mode and depressed mode

normalized intensities as a function of u~!. The mean values of the normalized main
mode intensity (z;) are re];;resented by the dashed line (a; = 1) and the dotted line
(az = 3) and the mean values of the normalized depressed mode intensity (z») by the
dot-dashed line (a; = 1) and the three dot-dashed line (a; = 3). We also plot with
the solid line the functions given by Eq. (3.3). Other parameters in the figure are

4=0.1,8=1and D =1073.




is given by that of 1 — z,. The tails correspond to mode competition. The tail for
the main mode corresponds to realizations starting later with respect to the most of
the realizations. The meaning of the tail for the secondary mode is that- for those
realizations for which the main mode starts later there is a large probability that the
secondary mode starts. For this reason, the dependence on z; of this tail is the same,
but symmetric with respect to that of the main mode. In fact, at times such that
€(t) < 1, the probability density for the total intensity is peaked around its mean
value like in the mode partition noise phenomenon found in semiconductor lasers [17]
(see Fig. 3). Then, the variance of the total intensity or is very small, in contrast
with the variances of the two modes that take its maximum values when o decreases.
This behavior can be derived from Eq. (2.12) faking into account that for these times
the exponential terms are equal to one when I < (az/B8). Then the two terms in Eq.
(2.12a) cancel each other and P(I,t) is non negligible only when the total intensity
varies between (a;/B) and (a1/B).
« The expressions for the probabilities densities given by Eqs. (3.2) show that when
€i(t) < 1 the temporal dependence of the normalized intensities z;(t) scales with u(t).

The mean intensity values are given by

(@1(0) = 1= (@8 = Ty ~ ey (3.3)

Fig. 4 shows the dynamical scaling given by u(t).
-We have also studied the scaling of the moments of the intensity of the secondary
mode. We find from Eq. (3.2b) that for n > 1 and times such that u(t) < 1:

(z2) ~ u(t) (3.4)

n—1"

This result shows the non-Gaussian character of the transient statistics.
We now study the transient fluctuations of the intensity using the QDT. When
the modes are non equivalent (o > o) the intensity fluctuations of both modes show

a maximum (see Fig. 2). This is similar to the anomalous fluctuation peak found
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for a single mode class A laser [10]. As concerns the total intensity, I = I + I3, its
variance also shows a maximum. We will characterize anomalous fluctuations of the
two modes normalized intensities by the time at which the maximum appears, ¢m,i,
and by the value of this maximum o, ;. When €(t) = [2?/(8D)] exp[—a;t] < 1 these

fluctuations can be derived from Eq. (3.2):

o:2(t) = u(t) _ u(t) w(£))?
0= Tuey - @-uero (33)

Then for these times the fluctuations of the normalized intensities coincide and they
show a temi)oral dependence given by a dynamical scaling parameter u(t) (see Fig.
5). This generalizes the dynamical scaling found in the single mode case [20].

The variance given by Eq. (3.5) is a decreasing function of ¢ in its validity region
given by €(t) < 1 and then u(t) < 1. Then it can not be used to obtain the time at
which the maximum of the fluctuations appears t,;. The maximum appears when
the modes become coupled, i. e. €(t) S 1 and the mode competition is strong. This
corresponds to a time regime such that the mean intensity for the side mode takes its
maximum value (see Figs. 1,2,4 and 5). For times such that side mode intensity is
depressed by the main mode, i. e. €(t) < 1, fluctuations decrease with time. When
the pump parameters are similar, i. e. 7 small, the competition between modes lasts
for a long time and the variance changes very slowly (see Figs. 2 and 5). Then the
variance obtained from Eq. (3.5) at u = u(tm,), that is valid when &(t) < 1,is a
good approximation for oy, (see Figs. 2 and 5). However, since o;(t) decreases for
times ¢ < t,; in an appreciable way only when €;(t) 2 1, Eq. (3.5) can'not describe
this behavior.

To obtain tm; we use Egs. (2.11) instead of Egs. (3.2). The main difference
between both expressions lies in the exponential term. When 7 is small the mo-
ments for the mode intensities at £m; can be obtained from Egs. (3.2). Using this

approximation the following equéa.tions for ¢, can be derived
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Fig. 5. Variances obtained from simulation of the main mode and depressed mode

1) and the three dot-dashed line

normalized intensities. The variance of the main mode intensity o is represented

by the dashed line (az = 1) and the dotted line (az = 3) and the variance of the

depressed mode o, by the dot-dashed line (a2

(az = 3). We also plot with the solid line the function given by Eq. (3.5). The other

parameters in the figure are the same that in Fig. 4.
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o) = (5p) s 1+ 7)2/77 = ul) T ™
- «1»1)2 u”l (3.62)
o) = (55) gy | oy~ e ™ oo™
_7[8 tz; q 2us - Inu Y] (3.6b)
where
o(u) = ((11:‘))3 + _2_“u)4 mu! — 2(11(1:%‘5—)(111 )2 (3.7)

and u; = (a1/az)? exp[—(a1 — az)tm;]- In Fig. 6 it is shown that Eqs. (3.6) give
correctly the time at which the maximum of the fluctuations appears and that the
approximation works better when v decreases.

It is not possible to get an analytic solution for u; from Eq. (3.6). However, when
~ decreases u; approaches 1 (see Fig. 6) and an approximation can be obtained. In
this case it is found that u; changes very slowly with (a;?/8D)in the following way:
(1 — %) = vIn(a,?/BD). Then u; depends mainly on v when the pump parameters
are similar.

Finally \;e consider the case of equivalent modes, a; = a; = a. Since the modes
compete forever the variance increases until the steady state is reached. Now the
QDT describes the fluctuations in the stationary state (see Eq. (2.5)), that is given
from Eq. (2.11) by an uniform probability between 0 and (a/B). This result is in

agreement with the exact result [21] well above threshold.

6.4 Transient Statistics in the very depressed mode case.

When the secondary mode is very depressed, a; < ai, the evolution of I, is mainly

due to the spontaneous emission noise. Then the evolution is not deterministic and
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the QDT does not describe correctly the secondary mode. Since the effect of a very
depressed secondary mode is negligible, the evolution of the main mode is given by
the QDT for the single mode laser:

| ha(oo) |* e
1+ (B8/c1) | ha(oo) |2 ext’

where we consider times such that | h;(t) |?=| hi(o0) |, that is e™** << 1 (see Eq.

(2.4)).

For the secondary mode we develop a new approximation by using a random pump

(3)

LM(t) =

parameter given by the intensity of the main mode and by including the spontaneous
emission noise. Using this approximation the evolution equation for the secondary
mode is
. 1
E, = 5(012 —BEM)E, + ;. (4)
The probability density of I, can be obtained from the conditional probability density
P(I, | I1;t) by integrating over I; the function P(Iy,I;;t) defined by

P(I,I;t) = P(I, | L;t)Pi™(1h,t) . (5)

In this expression P(I, | I;;t) is an exponential distribution with mean value

ﬂI‘)+ D-ﬂff~pt(1—ﬂI‘)+£——%, (6)

ay a;

(I | Bt) = (e = (1 -

and PSM(I,,t) can be obtained from (4.1):

—agt

—a t
)€ aj e Il ] (7)

PM(L,t) = D - L /oy )2 = _[D(l — BL/a;)

For short times such that €;(¢) > 1 the main mode intensity is small and the side
mode intensity increases due to the spontaneous emission noise. Then the probability
density of I, is an exponential distribution with mean value Dt. For intermediate
times such that a;te; > 1 the mean value (4.4) can be approximated by the first

term and the following approximation holds
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e—Izl(Dt)
Dt

P(L) = f— ). ®)

(1 + I./(Dtey)) T e+ L/ (Dter))’
In this time regime ([I/(Dt)]") is a function only of €. Finally, when the steady state
is attained, i.e. when €(t) < 1, the probability density of I, is again an exponential
distribution with mean value D/a;.

The moments of the intensity of the depressed mode can be easily obtained from

Egs. (4.4)-(4.5). The mean value is given by
D (3 (3 -

. <Iz(t)) = &—1(1 — €€ ‘El(el)) + Dtele 1.E;[(Gl) ) (9)

where E, is the exponential-integral function [22]. The fluctuations are given by
D Boi(t)q2
2(4) — 92| —(1 — e \NPA 2
o) = 2[ (1 — at) = =]+ (B (10)

where o, is the variance of the main mode:

or(t)? = (a1/B)[er — e Ba(er)(e Ba(er) +1)] - ¢t

Fig. 7 shows that the mean value and the variance of the depressed mode are well de-
scribed by the approximation. We observe that initially (I;) = o2 = Dt in agreement
with the discussion above. When I, starts to be depressed by the main mode we have
(I) ~ o2 ~ Dt(1 — (BI1/0u)). This corresponds to small values of (1) and a3 (see
Egs. (4.4) and (4.7)-(4.9)). This time regime, that includes the times at which the
maximums of (I;) and o, appear, can be described by (4.6). When the main mode
increases the two terms in Eq. (4.4) are important and o7 > (I,). Finally in the
steady state we have (I;) = 02 = D/ay.

Finally, we calculate the probability, &(I,)dI;, that when the intensity is for the
first time I; + I, = I the main mode intensity is between I; and I + dI;. This prob-
ability gives direct information about the side-mode excitation probability and it has
been obtained by neglecting the nonlinear terms for the semiconductor and gas lasers

[16] when the side mode is not very depressed. The calculation of this probability is
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equivalent to find, in the multidimensional phase space of the system, the direction
of departure from the initial laser unstable point. The probability density, (1), can
be written as a function of the probability current (J1,J2), associated to the Fokker-
Planck equation equivalent to the Langevin equations of our approximation, in the

following way
®(L) = /(; (1 + J2)(Ih, I — L)dt (12)
where

Jl(Il,Iz,t) = (a1 —ﬂI]_)IIP(Il,Iz,t) (13)

opP
Jz(I],Iz,t) = (az - ﬂIl)Iz.P - D(Iz‘é—

Iz + P)(II)'I2:7t) . (14)

To obtain ® one should impose absorbing boundary conditions. However, a good
approximation can be obtained by using natural boundary conditions. This corre-
sponds to the fact that for large enough values of a; the boundary I) + Ip = It is
only crossed one time. In this way we obtain that the function P(Iy,I5,t) appearing |
in the expression of the probability current coincides with (4.3). We compare in Fig.
8 ®(I,) calculated from (4.10) and by using the linear theory [16] with the simulation
results. It is not posible to obtain an analytical expresion for the integral appearing
in (4.10). This integral is evaluated numerically by using (4.11), (4.12) and the joint
probability density given by (4.3). It is clear that the approximation (4.10) gives very
good results and that the linear theory is unable to describe correctly ®().
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Fig. 7. Mean value and variance of the intensity of a very depressed mode. Simulation
results for the mean value and the variance are represented with the solid and dashed
line respectively. We also plot the mean value (dot-dashed line) and variance (dotted
line) given by the approximation. The parameters in this figure are a; = 10, az =

0.01, 3=1and D =1073.
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Chapter 7

Transient multimode statistics in nearly single-mode semiconductor lasers

7.1 Introduction

Mode-partition noise in optical fiber communication systems is still causing an error
rate floor even with distributed-feedback (DFB) lasers sources [1], [2] having a side-mode
suppression ratio (SMSR) larger than 30 dB in stationary conditions. The excitation of a
side mode during the transient operation has been‘initially studied using the rate equation
approach without considering fluctuations. However, spontaneous-emission noise must be
taken into account to have a correct description of this problem [3]-[11]. Even though
the laser usually starts to oscillate in the main mode, i.e., the mode having the minimum
cavity loss, spontaneous-emission noise can trigger the laser to oscillate on a side mode
as well. For nearly single-mode DFB lasers only one side mode can have an appreciable
probability to be excited during the transient. The analysis can then be limited to two
modes.

In this chapter we study analytically and numerically the transient dynamics of the
density of photons in the main I, and side I, modes for nearly single-mode semiconductor
lasers when the injected current is suddenly switched from a value Cj below to a value C
above the threshold current. The dynamics of the laser is modelled using noise driven rate
equations for the density of miﬁority carriers n and for the photon densities I, and I,.
The relative net gain difference o, = (o, — @m)/a@m and the laser operating point, given by
C, are taken as parameters. Here o (o) corresponds to the loss of the main (side) mode.
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We characterize the statistics of the rare turn-on events in which the depressed mode
carries significant output power using two different but related magnitudes: i)side-mode
excitation probability during the switch on and ii) the mean output power associated with
each mode during a time interval that includes the relaxation oscillations. When the laser
is biased below threshold the first characterization corresponds to a linear regime such that
the carrier depletion can be neglected. In the second characterization nonlinearities due
to gain depletion play a crucial role.

In Section 7.2 we analyze the statistics of the power partition between the two modes
during the laser switch on. Analytic expressions were previously obtained with the use
of a linear approximation neglecting the coupling between the main and side modes [7].
However, this approximation is not accurate when the side mode is highly suppressed, a,
large and/or C small. A new theory is developed taking into account the gain saturation
for the side mode due to the main mode. A better agreement than using the linear theory
is found between this theory and numerical simulations. Using this approximé,tion the
probability that the side mode has a photon density larger than the main mode during the
switch-on of the laser is obtained. We calculate the SMSR required to have this probability
lower than 10~° for different values of the injection current.

Section 7.3 contains the results of our second characterization of the statistics of rare
events and its relation with the first characterization. A theory is developed to obtain
the mean output power of the depressed mode as a function of the output power of the
main mode at the turn-on time. This approach is similar to the one carried out recently
for the periodic intensity modulz;tion regime [11]. Our main result is to show that both
characterizations are directly connected. We find a simple relation for the rare events

between the mean output power of the depressed mode and the output power of the main
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mode at the turn-on time. Given this relation the probability for a significant contribution
of the side mode to the mean total output power is obtained as a simple transformation
of the output power statistics at the turn-on time. Qur results show that this quantitative
measure of errors due to rare events decreases with the relative net gain difference and
operating close to threshold. The SMSR required for this probability to be lower than

10~? is obtained.

7.2 Side-mode excitation probability: Theory and simulations

The dynamics of a nearly single-mode DFB laser can be modelled using the well-known
noise driven rate equations for the density of minority carriers n and for the density of

photons in the cavity modes I;, i = m (main mode), (side mode) [12], [13]:

dn n c
E—C—;;;—n—nzg(fm‘FIs) (D
dI; c v 2y
— =—(9g—ai)li+ — 1/— Iin Fi(t 2
= ng(g a;)], +TspDn+ TspD n Fi(t) (2)
with '
_ nmgA(Dn — ng) 3)

c(1+ L‘“;—I"—) .
The meaning of the symbols and typical values [7] of the different parameters involved in
these equations are listed in Table I. The total output power of the laser is proportional
to I = I, + I,, with a proportionality factor of the order of 4 X 10715 mW cm®. The
parameter D gives the fraction of the minoﬁty carriers interacting with each mode [14].
We have assumed that D,, = D, = D, a valid assumption when the frequency difference
between the two modes is much less than the spontaneous-emission linewidth. The random

spontaneous-emission process is modeled by uncorrelated Gaussian white noise terms F;(t)
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of zero mean and correlation functions:(F;(t)Fj(¢')) = 68;;6(t — t'). We neglect the effect
of the radiative and non-radiative carrier generation and recombination noise in the rate
equation for n(t) since it is negligible in comparison with the fluctuations induced by
Fi(t) during the transient, as they are amplified by the stimulated-emission process. The
stochastic differential equations (1) and (2) are defined in the Ito sense [15].

According to egs. (1)-(3), the laser threshold is given by:

2 Qm
Cin = — ( ° + no)
Tsp \ Anng

and the value of the carrier density at threshold is ni, = 7,pCin. We will consider the

transient evolution after the injected current is suddenly switched at time ¢ = 0 from a
bias value C; below C;j, to a value C above threshold. Throughout our study we fix a bias
current sufficiently below threshold so that the results are independent of Cp. The initial
conditions are sampled from the steady state associated to this value of C;. The relative
importance of the side mode depends on various parameters C,C, 4, X, and Ag = a;—am.
For larger bias value the effect of the side mode is reduced, but it is not always convenient
to have a very large Cj because of the reduction of the on/off ratio [5].

The saturation parameter x is not very important for this matter [7] and A only
affects [7] in the combination A(C — Cy,). We will study the statistics of TMP taking as
parameters the operating point given by C and the relative net gain difference a,. We
report results for C = 1.2Cy, C = 1.5Cy, and a, between 7.9% and 49.7%. The largest
value of the a, is too large for presently available DFB lasers but it will be used to predict
possible improvements in situa,tilons of large SMSR. Typical experimental values of the
SMSR are 42 dB [16], [17] for \/4—shifted DFB lasers and 38 dB for not shifted DFB

lasers [18]. These values correspond to a, = 18 % and a, = 7 %, respectively.
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Our numerical simulations integrate the equations for the electric field corresponding
to equations (1)—(2) with an integration step of 0.5 ps. We integrate the equations until 2
ns. and 1 ns. for currents C = 1.2Cy; and C = 1.5C respectively. Typically our statistics
are obtained from 5 x 10° — 2.5 x 10° different turn-on events. The largest number of events
is needed for the largest values of a, and the smallest of C. These are the values for which
the probability of a rare event becomes smaller.

Some examples of turn-on events obtained from our simulations are shown in Fig. 1
where two events in which the side mode carries significant output power are compared
with a typical turn-on event. The turn on time is defined as the time f in which total
photon density I, + I, reaches a prescribed value It defined here as I = %ﬂ, being I,
the stationary value of the total photon density in the on state. It is clear that rare events
are associated with large turn-on times. For a large turn-on time, the side mode turns-
on before the main mode and the later the main mode turn-on the larger is the optical
pulse associated with the side mode. At steady state the side mode is dépressed and the
total photon density is carried by the main mode. We will characterize the statistics of
these rare events by two probability densities: ¢(Im/ I7) is the probability density that
the main mode has a fraction Ir,/IT of the total photon density at the turn-on time %,
and Pp(W,/Wr) that is thevproba.bility density that the mean photon density W, of the
side mode is a fraction of the total mean photon density Wr during a time T'. The mean

photon densities are defined as

1 T
) Wa,m = _/ Is,m(t)dt (4)
T Jo

and Wpr = W, + Wp,.

It is seen in Fig. 1b, 1c that a large value of W, in a given event is tipically associated
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with a small value of I,,(). The probability Pr(W, /WT) depends crucially on the value
of T. A precise relation between ¢(I,,/Ir) and Pr(W,/Wr) will be established in the
following Section for values of T' which include the whole optical pulse.

In this Section we study the statistics of the power partition between the two modes
during the switching of the laser in terms of the probability density function (PDF) ®(I,,)
of the main-mode photon density I, at the turn-on time. An analytic expression for ®(I,)
was obtained [7] with the use of a linear approximation neglecting the last term in (1) and
the gain-saturation factor in (3). This approximation is valid below threshold and during
the first stage of the exponential growth of the photon density. Since we take I = I,:/2,
I,; being the stationary value of the total photon density in the on state, it is reasonable to
assume that the carrier depletion due to stimulated emission can be neglected. The linear
theory has been used to obtain Pr(I, > I,;), i.e., the probability that the side mode has a

photon density larger than that of the main mode when the total photon density is I,¢/2:
IT/2
6 = Pr(l, > I,) = / (1) dln . (5)
0

Since each time that I, > I,, an error occurs, this magnitude is analogous to an error
rate in optical communication systems. In fact, §; gives an upper bound for the error rate
because the main mode can recover during the evolution to the steady state and average
power of the main-mode over a large enough time interval can be larger than that of the side
mode. We will see in the following Section that for low modulation rates this is always the
case [10]. The results for Pr(I, > I,,) show [7] that the side-mode excitation probability
decreases with the relative net g;.in difference e, and it increases with A(C — Cy). This
dependence upon A(C — Cp) can be explained by noting tha.t the side-mode gain at the

laser switching time increases with this parameter [7].

97



l]1llllll§lll]lllTlTll

(a)

II|1IIIII!I‘III]I

II|I!II'IILIJ|I

Power (mW)

~—

111

i Ty

!IIlllllllllllIll_‘_lll‘lllllllllllllilll‘llllllllllll

III}/lllllllllllll

Olllllll(!l

500 600 700 800 900 - 1000
Time (ps)

Fig. 1 Time traces showing the evolution of the power in three different turn—on events.
We plot the power of the main mode (dotted line), the side mode (solid line) and the total
power (dashed line). In Figure (a) we have plotted a normal turn—on event in which the
power of the depressed mode };as been increased in a factor of 100. Figures (b) and (c)
contain two rare turn—on events. The turn—on times , {, are indicated with arrows. The

parameters corresponding to this figure are a, = 14.9% and C = 1.5 Cy;.
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The bit error rate (BER) required in optical communication systems (usually smaller
than 10~?) leads to large values for the gain difference between the modes [6]. It turns out
that the linear approximation is not accurate when the side mode is highly suppressed (o
large and/or C close to C:4). In Fig. 2 we compare the results obtained for §; from the
linear theory [7] and the numerical simulations of eqs. (1)-(3) for several values of a, and
C. We note that no previous comparison between theory and simulation for §; had been
reported. It is clear that §; decreases with the relative net gain difference and operating
close to threshold. Probabilities as low as 1073 — 10~° can be obtained in our simulation.
The number of turn-on events involved in the simulations is shown in table II. We consider
a situation of repetitive gain-switching with an injection current that is suddenly (zero
rise-time) switched from a value C}, below to a value C above the threshold current. The
repetition frequency (400 MHz) is such that the laser reaches the steady state in the on and
of f states. We always consider a bias current C; = 0.85C;;, sufficiently below threshold
(Cs/Cin < 0.95) such that the results are independent of the value of Cj [9]. The results
show that the linear theory overestimates the side-mode excitation probability. In this
theory the modes are decoupled and the depletion of the side mode due to the main mode
is not considered. However, for large SMSR and in a typical turn-on event, the photon
density associated to the main mode I,,, grows while I, remain small. The growth of I,
contributes significantly to prevent the growth of I, through saturation of the gain of the

side mode.

!
In this chapter we improve the calculation of Ref. [7] by taking into account the gain
saturation for the side mode due to the main mode. In this approximation the dynamics

is described by the linear theory but with a gain saturation factor for the side mode in eq.
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(3) that is approximated by 1 — I, /x:

dn n
7 -¢- - (6)
dI;
Tit— =rn+ G:I; + \/2rnl; F;(t) (7)
with
c I,
Gm = a(n —n4), Gy = a(n — ngp) — Ag— — a(n — 2no)— (8)
ng X
Y n4
gy = TspCth, Ag= (a5 —am), 7= a=—. (9)
PR ( ’ 2Tsp’ 2

For large values of Ag the probability of a turn-on event in which I, develops significantly
is very low so that good accuracy is needed. We expect that the term proportional to I, in
G, is important for a good description of the normal turn-on events and as a consequence
it improves the determination of the probability of the different turn-on events.

The main mode is then described as in the linear theory, but the side mode is coupled

to the main one. Replacing the solution of (6)

n(s) = C1yp [1 - exp(—;; ] + CyTsp exp(—;_%;) (10)

in (7), Im(t) can be approximated [19] as the solution of the linear eq. (7) without spon-
taneous emission (r = 0) and with a random initial condition I.(t:n) at the time #;, at

which n crosses its threshold value n;p:

In(t) = Im(ten) exp {a‘r,,p(C —Cu) [(t —ten) — Tup (1 — exp M)] } .y

Tap
The effective initial random condition I (2:1) is an exponentially distributed random vari-

able with mean value

(Im(ten)) = %\/g{c [1 +fer(\/17tth)] +
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(C — Cun)exnl( 2) fer( —\/atth)—l]}, (12)

2\/_ Tap
where v = 2(C — Cy1.) and fer(z) is the error function.

Using (11) in (7) it is easy to obtain the statistical properties of I,(t) conditioned to
a value I,, of the main mode power at time ¢. The joint probability density P(Ip,1s,1)

takes then the form

e—Im/<Im (t)> e“Ia /<Ia (ﬂlIm)

<In(t)> <L{#)In>"’ (13)

P(Ip,I,,t) =
where (I,(t) | Im) is the mean value of I,(t) conditioned to a value of I, at time &

(L(2) | In) = (L)) exp] / ds Gy(s,Im)] +7 /t dsn(s) exp] / ds' Go(s', Im)]. (14)

ten ten

In this expression (I,(t)) can be obtained using the linear theory [7] since at times before

t = t;, the gain saturation factor is negligible, and G,(s,1) is given by

c I,
G.(s,I) = a(n(s) — nsw) — Ag— — a(n(s) — 2no)— X
ng X
(s — _(t—t
X exp {ar,p(C — Cin) [(s —t)+ Tsp (exp M — exp —(———th—))] } . (15)
Tsp Tep
The PDF &(I,,) can be obtained in a similar way than for the linear theory by using
the probability current [7], [14] associated with (6), (7), and the joint probability density

(13),

<I>(I,,J=/t dit {a(n(t) nen )T — [a(n(t) 2n0)——+Ag ](IT IL.)+

i

rn(t)(IT — Im)
(Is(2) | Im)

This result reproduces the one of Ref. [7] in the formal limit x — oo.

} P(Im,Ir — I, ). (16)
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Our result (16) for ¢(In/IT) = ®(Im)IT is compared in Fig. 3 with the linear ap-
proximation (x — oo) and with direct numerical simulations of egs (1)-(3). As a general
conclusion we see that (16) provides a good description of the simulation and that the
correction due to gain saturation of the side mode becomes more important the smaller
is the injection current and the larger is the SMSR, that is in the situations in which the
probability of a rare event is smaller. The inclusion of gain saturation lowers the probabil-
ity ¢ except for values of I, very close to It. Due to the normalization of ¢ the two curves
in Fig. 3 for the two approximations cross at a value very close to Ir. For very rare events
such that I, is nearly zero at the laser switch on both theories coincide. Since I, is very
small in this case the effect of the gain saturation due to the main mode is negligible. For
rare events (I, < I, i.e., I, /I < 0.5, but I, not zero) ¢(Irm/I7) is always smaller in our
theory than in the linear one due to the gain saturation factor. Then, the results obtained
for §; are closer to the numerical simulation results than the ones derived from the linear
theory (see Fig. 2). However, as in the linear theory, our theory still overestimates the
side-mode excitation probability when the injection current C is small and the side mode
is highly suppressed. In this case the carrier depletion must be taken into account to ob-
tain a better description of the switching process. When C increases the overshoot of the
carrier density is larger and our theory gives better estimates for §;. A precise comparison
of the resuits of simulation, the linear theory and our result (16) is given in Table II. The
improvement upon linear theory by the consideration of gain saturation can be as large as

25% and it is more important the smaller is C.

The statistics for small (I,,/IT) is very poor for the extreme value of the relative
net gain difference considered (49.7%) for which no rare events have been recorded. How-
ever, the overall good agrement with the simulation gives confidence in the use of (16)
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Figure 3 Probability density function, ¢(§t;}), calculated from simulation (histogram),
linear theory (dashed line) and the aproximate theory (solid line). Figure (a) corresponds
to C = 1.2C,;, and a, = 7.9%; Figure (b) to C = 1.5C, and a, = 14.9% and Figure
(c) to C =1.5C¢, and a, = 49.7%. The number of turn—on events in the three figures is

2 x 108.
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solid line (main mode) and the dashed line (side mode) correspond to an average performed
until the time 0.69 ns. The dash-dotted line (main mode) and the dotted line (side mode)

correspond to an average performed until the time 0.8 ns.



to determine events with very low probability. Our theoretical results predicts that to
have a probability lower than 10~° the SMSR has to be larger than 31.7 dB, 37.4 dB for
C = 1.2, 1.5 Cy;, respectively. These values correspond to relative net gain differences given
by ar = 17% and a, = 25.5%, respectively. Given the simulation results it is expected
that these values of SMSR are a safe upper bound since consistently our theoretical result

yields a slightly larger value than the simulation.

7.3 Statistics for the average photon densities

Mode-partition effects have been analyzed in the previous Section using the probability é;
that the main mode is smaller than the side mode at the turn-on time. However, as we have
noticed in Sect. 2, the main mode can recover during the pulse interval and the average
of the photon density carried by the main-mode over the duration of the pulse can be
larger than that of the side mode. Then, to have a complete description of power partition
during the transient, we must follow the evolution until the steady state is reached. In the
following we focus on the characterization of pulses by the mean photon densities (4). We
first analyze the statistics for the average of the main and side mode photon densities for
different values of T. In this way it is possible to determine whether the mode evolution
in time is essentially deterministic or dominated by spontaneous-emission noise. Second,
we study in detail the photon densities averaged during the whole pulse emission for the
rare events such that at the turn-on time I, is smaller than I,.

Since we are interested in photon densities emitted above a noise level, I, s,m(t) in (4)
have to be understood as being above a threshold value that we take I, = 8 x 10™*mW.
Whenever I, m(t) < I it has to be replaced by I,,m(t) =0 in (4). When the side mode is
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not highly suppressed (a, small and/or C large) the PDF for the average photon densities
during a time interval T change with T'. Results for Pr(W,) and Pr(Wr), the probability
densities of the mean side and total power respectively, obtained from numerical simulation
for an intermediate relative net-gain difference 14.9% and two different integration times,
0.69 ns and 0.8 ns, are shown in Fig.4. The PDF for the side mode has a tail that extends to
larger values when T increases. In this case the evolution is not dominated by spontaneous-
emission noise and most of the side mode pulses are not noisy and carry significant output
power. When T is large enough to include all the relaxation oscillations, the PDF does
not change anymore. As concerns the main mode, the PDF for the average photon density
over T becomes a sharp distribution peaked around its maximum value when T increases.
An important point to notice in Fig. 4 is that there exist some events where the average
photon density of the secondary mode is larger than the one of the main modé, even
when we consider times large enough to include the relaxation oscillations for most of the
realizations. These events are associated with a delay in the switching of the main mode,
which reaches its maximum later than most of the realizations. For large values of a.(49.7
%) we have checked that the PDF for the side mode remains unchanged when T increases.

In this case the side mode evolution is mainly due the spontaneous-emission noise.

We next consider the statistics for the average photon densities of the main mode,
Wi, and side mode, W,, over a time interval large enough to include all the relaxation
oscillations for all the events. In this case the average total photon density Wz = W + W,
is found to be a constant for all the realizations (see Fig. 5). This result indicates that
the depletion of the carrier numl;er is profited by the two modes in a different partition in
each turn-on event but keeping Wy constant. We have checked this result (also obtained
by Marcuse [10]) for different values of a, and C. We also find that W,, is always larger
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Fig. 5 Natural logarithm of the average photon density vs. I, /Ir for o, = 14.9% and
C = 1.5C;,. The average is performed until the time 1 ns. The total, main and side

mode average photon densities are represented by crosses, stars and circles, respectively.

Each symbol represents a realization of equations (1)-(4). We also plot the results of our

analytical approximation for the side mode average photon density.
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than W, even for rare events such that I,, is smaller than I, at the switch-on time. Since
the side-mode suppression ratio in the steady state is very large, the main mode always
recovers during the evolution to the steady state [10]. This result might be changed if the
laser is modulated at high rates [6]. Finally, a linear relation is seen in.Fig. 5 for rare
events ( I, < I, ) between the logarithm of W, and the main mode photon density at
the turn-on time I,,. These relation does not hold only for very rare events when I,,, /1, is
close to zero.

From now on we fix a value of T' = 1 nsec for which Wz is constant. An alternative
measure to (5) of errors associated with rare events is given by the probability that the
mean power associated with the side mode is larger than a given fraction of the mean total

power.

1 W, w,
- 22y
5, / Pr(p )

where Pr(W,/Wr) as defined in Section 2 is given by Pr(W,/Wr) = Pr(W,)Wr. The

) (17)

lower limit of integration is fixed to 1/10. For this value of a the two magnitudes 1,62

that measure the errors due to rare events are of the same order.

The probability of the average side mode photon density and then the error §; can
be obtained from the sta,tisti;'.s of the power partition at the turn-on time ¢(Im/ It) using
the following method. For a rare event the side mode develops a pulse (see Fig. 1). Then
the evolution of the main and side modes after the turn-on time is deterministic. This
evolution can be obtained by integrating numerically the egs. (1)-(3) without noise. The
initial time for this integra.tion; is given by the turn-on time #(I,) at which the main
mode power is I, and the side mode is I, = It — In. Since the carrier depletion can be

neglected during the regime of amplification until the turn-on time, the initial condition
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for the carrier density is given by its value at #(I,,) obtained from eq. (10). The turn-on
time probability density P(Z | I,») can be obtained by neglecting also the gain saturation
(x = 00) in eq. (3). Using the probability current associated to egs. (1), (2) with x = o0
and eq. (3) the following expression is obtained [7]
I m IT — Im]

?

mi(t)  ma(t)
(18)

P(t—‘Im)=

1 1 [ml(t) | ha(t)

(L) ma(O)ma(d) lma()) ™ mz(t)(IT_Im)] exp| -

where the dots stand for time derivatives and m;(t) (: = 1,2) are the mean values of the
main and side mode intensities, respectively. These mean values can be obtained from the
linear eqs. (1)-(3) with x = co and from eq. (10) (see Ref. [7]). The mean turn-on time
(| Im) a.nd.its jitter can be calculated by using eq. (18). The theoretical results agree
with the simulation results (see Fig. 6). However, due to the fact that carrier depletion is

neglected, the mean turn-on time obtained from (18) is smaller than the simulation result.

Since the jitter of #(I,) is very small (see Fig. 6), a relation between (Im/Ir) and
(W,/Wr) can be found by integrating numerically the deterministic version of egs. (1)-(3)
with the initial conditions I,, and I, = It — I,, for the main and side modes respectively
at a time ¢ = (f | I,,). The results of this method shown in Fig. 5 reproduces well the
relation found from the simuiation including the deviation from the linear relation when
(In/Ir) — 0. However, our theoretical result yields slightly smaller values for W, /Wt
than the simulation. This result is due to the smaller value of the turn-on time given by
the theory (see Fig. 6). Then the main mode has more time to recover during the evolution
to the steady state and the mea.1’1 side mode power is smaller.

Theoretical and simulation results for 8, for different values of relative net gain differ-
ence and different values of the injection current are given in Fig. 7. We find that like 6,
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the error given by 8, decreases with a, and operating close to threshold.  The agreement
between theory and simulation is better the larger is the injection current. Again this is
due to the fact that the analytical result for ¢(I,/I7) is more accurate when the injection
current increases. Our theory predicts that to have an error §; smaller than 10~° the
SMSR has to be larger than 37.15dB for C = 1.5Cy. This value is close to the one found
by using the first characterization of rare events in terms of é;.

Finally, we show that the relation W,(Irm/IT) obtained integrating numerically the
deterministic rate equations can be derived in an analytic way. Our numerical simulations

indicate that the following linear relation holds in the region of interest

W,
Wr

Im

i ' 19
IT<05 (19)

In

I
= aE + 8,

Since o < 0 the side-mode mean photon density is a decreasing function of the value of
I,. at the switching. Evidence of this relation is given in Fig. 5. Deviations from this
linear relation are observed only when I, /IT is very close to zero. The number of turn-on
events considered has to be large enough to have enough data points to establish (19). The
number of rare events recorded can be read from the table II. In any case we have between
4610 events and 3 events fof the worst case considered of a, = 11.9% and C = 1.2 Ci.
Table III contain the values of o and B obtained from our simulations. We find that for
C = 1.5C;;, a is constant and the slope is given by the linear relation 8 = —0.0733a,—1665

with a regression coefficient 0.997.

The origin of the relation (v19) for rare events and the constant value of the slope o
can be understood in the following way. When I, < I, at the laser switch on time (rare

events) the side mode evolution is not dominated by spontaneous emission noise. Using
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the deterministic evolution (eq. (2) with 4 = 0) the following relation can be derived

In(t)  Im(ton)

L) = Tu(ton) exp[AG(t — ton)], (20)

where t,, is the turn-on time and AG = cAa/ngy. Then the average side-mode photon

density (4) is given by

1 (T I(t)
W, = T _/;m 1+ uexp[AG(t — ton)] “ 1)

where 4 = Iy (ton)/Is(ton), I is the total photon density and we have neglected the contri-
bution to W, due to times ¢ < ,,. Since the average total photon density is independent
of u, we can assume that I(t) is nearly independent of u. For rare events such that
(I7/I,) exp[-AG(T — ton)] < 1 (that is I, /IT not very close to zero) we obtain from
(21) the relation In(W,/Wr) = In[—In(In/IT)] + b where b is a constant. When I./It
varies from 0.1 to 0.5 this relation can be well approximated by a linear relation and a
good approximation for a can be obtained by calculating the slope of In(—In[I,s/Ir]) at an
intermediate point such as I,,/I7 = 0.3. This explains the constant value obtained from
the simulations for the slope a. From the previous derivation it is clear that the following
relation also holds: (W,/Wr) = —[I/(WrTAG)]|In(Iy,/I7). Since no linear approxima-
tion is required to derive this relation, its validity region includes values of I, /It closer
to zero than those corresponding to the relation (19). However, the slope of this linear
relation changes with AG. Evidence of this relation is given in Fig. 8 for different relative
net gain differences and injection currents. |

The importance of the relation (19) is that the two propbsed characterizations of the
statistics of i'are events, based on the probabilities Pr(W,/Wr) and ¢(I/IT), are related

in a simple way for the range of their variables associated with rare events. To give evidence
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Figure 7 6; vs. a, for two different injection currents: C = 1.5 Cir (upper figure) and
C = 1.2 Cy;, (lower figure). Crosses, circles and solid line represent respectively the results
of the simulation, the fit, and the approximate theory. We indicate with arrows the values
of a, such that §, = 10~° for C = 1.5Cs;. The left arrow corresponds to ?he approximate

theory and the right arrow to the fit of the simulation results.
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Fig. 8 PWV;_ vs. the fraction of power of the main mode at the turn—on time, %} Each
symbol represents the result of one turn—on event. In Fig. (a) the parameters are C =
1.2C;1 and ag = 7.9% with an average time of 2 ns. In Fig. (b) the average time is 1 ns,

C = 1.5C;, and agr = 14.9%.

Each symbol represents a realization of equations (1)-(4). We also plot the results of our

analytical approximation for the side mode average photon density.



of this fact we compare in Fig. 7 the values of §, obtained from (19) and direct numerical
simulation to obtain Pr(W,/Wr), with the values obtained determining Pr(W,/Wr) from
our analytical result for ¢(Im/I7) (see eq. (16)) through (19):

W,

Wr  nye -8
Pr( WT) - aW,¢( a ) (23)

The agreement between the two values is better the larger is the injection current. This
is related to the fact that the analytical result for ¢ provides a better description of the
simulation when the injection current increases. Using the relation (23), the analytical
result for ¢ and the linear relation for 3 obtained from numerical simulations, it is found
that the required value of ag (and then of the SMSR ) to have §, smaller than 10~° is very

close to the one found above by integrating numerically the deterministic rate equations

(see Fig. 7).

7.4 Conclusions

We have studied in this paper analytically and numerically the transient ‘statistics of the
density of photons in the main and side modes for nearly single-mode semiconductor lasers
biased below threshold. The dynamics of the laser is modelled using noise driven rate
equations. Mode-partition noise effects are analyzed in two different but related ways.
We first consider the output power at the turn-on time. We improve the calculation of
Ref. [7] based on the linear approximation by including the effect of gain saturation of
the depressed mode due to the growth of the main mode. Using numerical simulations
it is shown that going beyond the linear aproximation is necessary when the side mode
is highly supressed. A quantitative measure of errors associated with rare events is given

by the probability §; that the side mode has a larger photon density than the main mode
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at the turn-on time. The SMSR required to have §; smaller than 10~° is calculated for
different operational points of the laser.

Our second characterization is in terms of the mean output power during the duration
of the optical pulse. The first characterization involves heavily the role of spontaneous
emission noise triggering the turn-on of the laser in a regime of linear amplification, while
the second characterization involves the whole nonlinear dynamics of optical pulse emission.
The mean total photon density is found to be constant for different turn-on events when the
time average is taken over T' = 1 nsec, which includes the whole duration of the pulse. We
calculate analytically and numerically the probability that the side mode carries a fraction
of the total mean output power. Our main result is to show that both characterizations are
directly connected. For the rare events a linear relation between the logarithm of the mean
output power of the side mode and the output power of the main mode at the turn-on
time is found. Given this relation the probability 8, for a contribution of the second mode
larger than 10 % of the mean total output power is obtained as a simple transformation

of the output power statistics at the turn-on time. Finally, the SMSR required to have 4,

smaller than 107° is calculated.
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TABLE I

PARAMETER

T

Qam

VALUE

0.5
0.5

2 ns

2.2 x107°

5.62 x 10 %cm?®s™!
6.8 x 10}"ecm ™3
50.3cm™?!

3 x 10'%cms™!

20 I,¢

MEANING

mode confinement factor
line shape factor
spontaneous lifetime
group index
fraction of spontaneous emission
coupled into the mode
differential gain
carrier density at transparency
loss of the main mode
speed of the light in vacuum

saturation photon density

Meanings and values of the parameters in Eqgs. (1)-(3).
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TABLE II

ar% SIMULATION
7.9 6.17x10~*
9.9 5.30x10~°

11.9 1.5x107°

79  9.22x1073

9.9  2.34x1073
11.9  5.26x10~*
13.9  1.10x10~*
14.9 4.70x10~°
16.9  5.60x10°°

17.9 3.20x10°°

P(I, > I,,) versus relative net gain difference. The first set of values correspond to

C = 1.2C;;, and the second one to C = 1.5C;;. We also indicate the number of turn—on

events in each simulation.

THEORY
7.68 x10~%
6.90 x10~°

4.66 x10~°

9.30x1073
2.33x1073
5.22x10~*
1.05x10~*
4.51x107°
7.69x10~°

3.04x10°8

9.18 x10~¢
8.28 x10—°

5.61 x107

1.02 x10~2
2.56 x1073
5.74 x10~*
1.16 x10~*
4.98 x107°
8.53 x10‘»6

3.39 x107°
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LINEAR THEORY TURN-ON EVENTS

2 x 108
2 x 108

2 x 108

5 x 10°
5 x 10°
5 x 10°
5 x 10°
2 x 10°
2.5 x 108

2.5 x 106



TABLE II1

ar% a B
79 -2.70 -1.51

99 -2.58 -1.72

79 -292 -0.73
%9 -293 -0.90
119 -291 -1.06
139 -293 -1.19

149 -2.98 -1.24

Values of the parameters o and g for different relative net gain differences. The first

set of values correspond to C = 1.2C};, and the second one to C = 1.5C;y.
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Chapter 8

Pseudorandom Word Modulation of Nearly Single-Mode Semiconductor

Lasers

8.1 Introduction

Mode partition noise (MPN) can severely affect the performance of optical commu-
nication systems, even when using DFB lasers, yielding a large Bit Errbr Rate (BER)
[1]-[9]. This occurs because different modes are dispersed in the optical fibre. An
important magnitude to characterize BER due to MPN is the Side Mode Suppres-
sion Ratio (SMSR). Even though SMSR larger than 30 dB has been measured at
stationary conditions in DFB lasers, spontaneous emission noise can trigger the laser
to oscillate in a side mode under intensity modulation conditions 8], [9]-

Monte Carlo simulations of the Langevin rate equations has been recently done [1],
[4]-[7] in order to understand the effect of MPN on the BER. Despite of the progress
on computer simulations, we are far from the possibility of simulating 10'*-10"2 bits in
order to predict BER’s smaller than 10~° as required for optical communication sys-
tems. This fact makes necessary to develop analytical approximations to understand
how the various laser parameters influence on the BER. Some analytical studies on
transients in nearly single-mode lasers have been reported in refs. [2], [3], [6]. More
recently, two analytical and similar approaches have been carried out for repetitive
gain-switching [1] and intensity modulation [7] of nearly single-mode lasers. The main
difference between both approaches is that the one of ref. [7] considers two different
methods: one for high probably events and the other for rare events. This is so be-
cause the time the laser is in the "on” state (¢,,) used in ref. [7] is large enough for

the pulse to develop relaxation oscillations. If we take t,, ~ 90 ps, very close to the
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pulse emission time, the pulse has not time enough to develope relaxation oscillations
and consequently it is not necessary to distinguish between the two different regimes.

In this chapter we calculate, following the analytical approach developed in ref.
[1], upper and lower bounds of the SMSR required for a BER = 10~° under pseudoran-
dom word modulation of the injection current, BERpg, in the Intensity Modulation
| Direct Detection Return to Zero scheme. The results are tested by an extensive
numerical simulation of the noise-driven rate equations over 2 X 10° pseudorandom
input bits. We count an error when the averaged side mode power W, during a bit
17 pulse is larger than the one of the main mode Wi The bounds of the BER are
obtained by using periodic modulation of the injection current BERp (...1111...) and
repetitive gain-switching BERgs (...0001...). The main idea is that errors are associ-
ated with large turn-on times [1]-[7]. For ton = 90ps and modulation frequencies up
to 6 GHz the turn-on time depends mainly on the initial condition for the carriers
n(0). When the laser is biased above threshold n(O) is smaller for the periodic regime
than the for the repetitive gain-switching regime, leading the former to a larger turn-
on time. Therefore BERp (BERgs) is an upper (lower) bound of the BERpgr. The
contrary happens for a bias current below threshold.

An important feature that appears from the simulations is the presence of multi-
modal distribution functions of the turn-on time and the mean output power, when
the laser is pseudorandomly modulated with a bias current above threshold. This
multimodal distributions yieid non-desirable pattern effects at the output. These
pattern effects can be represented as superposition of different periodic sequences of
input bits [10]. On the other hand, a bias current slightly below threshold avoids
pattern-effects at the output. This means that this special bias current makes the
response of the laser to a bit ”1” independent of the previous input bits. We find

that by biasing slightly below threshold the BER is independent on the modulation
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frequency and it is the same in the periodic, gain-switching and pseudorandom word
modulation regimes. This behaviour is very similar to the one observed for single-
mode semiconductor lasers [10]-[12].

The chapter is organized as follows. In section 8.2 we describe the rate equations
and the theoretical model. In section 8.3 we present the results of the calculations

and its comparison with numerical simulations.

8.2 Rate Equations and Theoretical Model

The dynamics of a nearly single-mode DFB laser can be modeled by the noise driven
rate equations for the density of minority carriers n and for the density of photons in
the cavity modes I;, i = m (main mode), s (side mode) [13]:

dn n
7 =C@) - -

P

aI; ¢ 5 [2~ .
== E(g —ao;); + aDn + aDI,n F(it) i=sm (2)

_ qmgA(Dn — np)
9= c(1+s(Is + I,))

— 3 dk 1

n 9 1=s,m

with

(3)

The meaning of the symbols and typical values of the different parameters involved
in these equations are listed in Table I. The total output power of the laser is propor-
tional to It = I, + I,,, with a proportionality factor of the order of 4 x 10~5 mW em3.
The random spontaneous-emission process is modeled by uncorrelated Gaussian white
noise terms Fj(t) of zero mean and correlation (F;(t)F;(t')) = &;;6(t —t'). We neglect

the effect of the radiative and non-radiative carrier generation and recombination
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noise in the rate equation for n(t) since it is negligible in comparison with the fluctu-
ations induced by F;(t) during the transient, as they are amplified by the stimulated-
emission process. The stochastic differential equations (1) and (2) are defined in the
Ito sense [14].

According to eq. (1) and (2), the laser threshold is given by:

Cin = 2 ( P +no) | (4)

Top \ ANNg

and the value of the carrier density at threshold is ng;, = TepClh-

We will study the statistics of transient MPN taking as parameters the bias
current Cp, the modulation frequency and the relative net gain difference ap = (o —
am)/om. The laser operating point is fixed by taking Con = 3.5 Ci-

As we noted above bounds for the BERpr can be obtained by using the periodic
modulation (...1111...) and repetitive gain-switching (...0001...) sequences. We then
consider three different operating regimes according with the time dependence of the
injection current C(t):

Gain switching (GS): At time ¢ = 0 the injection current is changed from a value
C = C, to a value above threshold C,, during a time ¢,,. For t > ton, C = Cp and
the laser relaxes to steady-state conditions.

Periodic modulation (P): The injection current follows a square-wave modulation
of period T = t,,+1to5s taking values C,n during t,, and C; during ¢,55 in each period.
The gain-switching regime is i:ecovered for very large t,55.

Pseudorandom word modulation (PR): The injection current is composed of a
stochastic sequence of 0 and 1 bits. A bit 1 has an injected current of Con during ton
and Cj during ¢,ss. On the other hand, a bit 0 has an injected current Cy during the
full period T'.

1

We fix t,,, = 90 ps such that the injection current changes from C,, to Cj at a time

119



intermediate between the pulse emission time and the time at which n goes through
its minimum value. In this way a good on-off ratio is obtained and no relaxation
oscillations appear [10].

The typical time trace obtained from (1) and (2) in the gain-switching and pe-
riodic modulation regimes can be described as follows [10]. For fast modulation
frequencies up to 6 GHz and larger than 2 GHz tors is large enough for the output
power to be very small at the beginning of a period of modulation in the periodic
modulation regime. Then the turn-on time depends mainly on the initial condition
for the carriers n(0). The role of the intensity at the beginning of the pulse Im(0),
is negligible in this case. For larger tos; the effect of I,(0) is to reduce the turn-on
time. For bias current above threshold under fast periodic modulation n(0) is below
its threshold value. Then the initial value n(0) is smaller for the periodic regime than
for the gain-switching regime (see Fig. 1), leading the former to a larger turn-on time.
The contrary happens for a bias current below threshold (see Fig. 1). Rare events in
which the side mode carries significant ouput power are associated with large turn-on
times [1], [7]. For a large turn-on time the side mode turns on before the main mode
and the later the main mode turns on the larger is the optical pulse associated with
the side mode. Therefore we get the relation BERgs < BERpg < BERp for a bias
above threshold and BERp < BERpgr < BERgg for a bias below threshold.

The BER of the periodic and gain-switching sequences can be calculated by con-
sidering two different regimes of evolution. In the first regime of amplification until
the turn-on time Z the photon density is small. Then the carrier density depletion
and gain saturation due to the growth of the output power can be neglected. The
turn-on time ¢ can be defined as the time at which the total photon density reaches
the threshold value I = I,;/2, being I,; the stationary value of the on state. In the

second regime for times ¢ > Z the evolution can be approximated as deterministic for
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rare events such that the side mode carries a significant fraction of the total power.
The first regime can be characterized by the probability density ¢(I) that the main
mode has a total photon density I, at the laser turn-on. In order to calculate the

probability distribution function ¢(Im) we follow ref. [6]. We obtain

I, Ir—1I,

my me

)dt,  (5)

ALL) = /OT 1 [fn_lIm n T_Z(IT _ Im)] exp(_

mymsz LMy m2

where the dots stand for time derivatives and m;(t) (i = 1,2) are the mean values of
the main and side mode intensities, respectively, whose expressions are given in the
appendix A of ref. [6]. The initial conditions for the modes are chosen as follows.
The value of the main mode photon density at the beginning of the pulse is taken
as an exponential distribution with a mean value < I,2(0) >. The initial value of
n(0) has very small fluctuations. Then we use the mean value < n(0) >. < I,(0) >
and < n(0) > are obtained by numerical integration of the rate equations for a few
number of bits. The value of the side mode photon density at the beginning of the

pulse is taken as zero.

The turn-on time at which the main mode takes a value I, and the side mode
takes a value I, = It — I,, has a very small jitter. Then it is given by

- 1 T 1 'l’hl 'l'hz Im IT - Im
<E|I,>= / ¢ [-—Im+——I —Im]ex [——— ]dt.
| ¢(Im) 0 mma Llm ‘mz( T ) P

my ma

(6)

After the turn-on time, and until the end of the period, a non-linear regime
holds. For rare turn-on events the spontaneous emission noise has a neglegible effect,
making the evolution purely deterministic. The relationships Win(Im), Wi(Im) are
then obtained by a simple numerical integration of the rate equations without noise.
The initial conditions at ¢ =< f | I,, > for integrating the deterministic rate equations

are the values of the main mode I,, and side mode I, = It — I, photon densities,
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Fig. 1 Time evolution of the carrier density under two different operating regimes: periodic
(solid line) and gain switching (dashed line). Carrier density corresponding to Cy = 1.1C}

and Cj = 0.9C;y, are plotted in part (a) and (b) respectively.
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and the carrier density n(< t | I,, >) obtained by neglecting carrier deplétion from
< n(0) >. The probability that the mean power of the main mode is smaller than

the mean power of the side mode can be obtained from
Inm
P(Wo < W) = [7 §(L)al., (7)

where I, is such that W,,,(I_m) = W,(I_,,,). Then the BERp and BERgs can be
obtained from the knowledgé of the probability density function of I,,, &(In). We

have checked the theoretical results with numerical simulations (see Fig. 2).

8.3 Results

As we mentioned above, we consider three regimes of modulation: periodic, gain-
switching and pseudorandom. We count an error when the mean output. power of
the side mode, W,, is larger than the mean output power of the main mode, W,,.
We plot in Fig. 3 the BERpg vs. the frequency of modulation for a bias current
above threshold, C, = 1.1C,; = 6.6 mA » and a bias current slightly below threshold,
Cp = 0.98Cy, = 5.88 mA, for Aa = 12.5¢cm~! obtained by numerical integration of
the stochastic rate equations ( 1)-(2) with an integration step of 0.1 ps. Our statistics
are obtained from 2 x 10® pseudorandom input bits. Two important features appear.
The BER for a bias current above threshold is always smaller than the one for the bias
current below threshold and it is found to increase with the modulation frequency.
The shorter is t,7; the smaller is the value of n(0) (see Fig. 1). This corresponds to an
smaller effective value for the bias current and then the BER increases. However, the
BER for Cy = 0.98 C;;, = 5.88 mA does not change with the frequency of modulation.
This behavior is due to the fact that the response of the system for this special
value of Cj is almost independent of previous bits (no pattern effects) [10]-[12]. We
discuss this problem in detail later. The other feature is that the BER is more
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insensitive to the bias current when the frequency increases and both BER’s tend
to each other as the frequency increases. In Fig. 4 the case of a bias current below
threshold (Cp, = 0.9Ci, = 5.4 mA) is presented. Now the BERpR decreases with the
modulation frequency. This is due to the fact that n(0) increases when t,55 decreases
(see Fig. 1) and then the effective bias current increases.

| As we have discussed above we expect that the following relation BERp <
BERpr < BERgGs holds for bias current below threshold and that the contrary hap-
pens, i.e., BERgs < BERpr < BERp for a bias current above threshold. This two
assumptions can be now checked. The BER is calculated numerically for the pseu-
dorandom sequence, and analytically for the periodic and gain-switching sequences.
The relationship BER} < BERpr < BERgs is shown to hold for a bias below thresh-
old in Fig. 4. For a bias current above threshold (Cy = 6.6 mA) the relationship
BERgs < BERpr < BERp is shown in Fig. 3.

We also plot in Fig. 3 the BERp and BERgs for the special value Cy, = 0.98 Cin.
Very close values are obtained for the three regimes, periodic gain-switching and
pseudorandom. The response of the laser to an input ?1” bit, randomly chosen, is
independent of previous bits. This special value of Cj is associated with the minimum
value n,, reached by n during the relaxation from Con. After a ”1” bit the system
evolves with n = n,, constant independently of t,zs. If the following input bit is a
70” the system remains with n = n,, during the full period, giving the same initial
conditions for the following input pulse, as if the input was a "1” (see Fig. 5). The
pulse statistics are then independent of ¢,¢ and the probability distribution functions
of the turn-on time (see Fig. 6) and average main mode photon density Wy, are then
single peaked (see Fig. 7). However, for bias above threshold these distributions are
not single peaked (see Figs. 8 and 9). This behavior is due to the memory of the

system, i.e. the response of the laser to an input bit depends on previous bits (pattern
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Fig. 3 BER as a function of the modulation frequency for Aa = 12.5¢m ™. Squares and
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Fig. 5 Time evolution of the carrier density under two different operating regimes: periodic

(solid line) and gain switching (dashed line) when C) = 0.98C4;,
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Fig. 6 Probability density function of the turn—on time for Cp = 0.98C%h, tory = 150psec
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effects) [10].
As the final point, we calculate upper and lower bounds for the SMSR required

for a BERpR smaller than 10~°. For C, = 6.6 mA we found a loss difference between
the side and main modes of 25.5cm™! < Aa < 28.6cm™! for w = 4.2 GHz, and
255em™ < Aa < 25.8ecm™! for w = 1.7 GHz. For Cy = 5.88 mA we obtain

Aa ~ 28.5cm™! independent of the modulation frequency.
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TABLE I

PARAMETER

Ui

A
o

Qm

VALUE
0.5
0.5
2 ns
4
1.76 x 1074

2.24 x 10~3cm3s™!
3.4 x 10"em™3
53.3cm™!

3 x 10%%ms™!

6 x 10~ 7cm?
3.76 x 10%cm ™3

10~ %m3

MEANING
mode confinement factor
line shape factor
spontaneous lifetime
group index
fraction of spontaneous emission
coupled into the mode
differential gain
carrier density at transparency
loss of the main mode
speed of the light in vacuum
saturation parameter
threshold current

volume of the active region
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Conclusiones

En este trabajo se ha abordado el estudio de la estadistica de transitorios en sistemas
opticos no lineales dedicando una especial atencién al encendido del laser. Este estudio se
ha llevado a cabo principalmente mediante la aplicacién de la Teoria Cuasideterminista. La
idea basica de esta teoria es la separacién de la evolucién de la intensidad del sistema 6ptico
no lineal en dos regimenes. El primer régimen, de amplificacién lineal y dominio del ruido
de emision espontdnea, determina las caracteristicas estadisticas de todo el transitorio. El
célculo de la estadistica en este régimen se puede realizar de forma analitica. En el segundo
régimen, de evolucién no lineal, el ruido ya no influye en la evolucién pudiendose describir
ésta de forma numérica y en algunos casos analitica. De esta forma la estadistica en este
régimen se encuentra como una simple transformacién de la estadistica en el primer régimen
sin necesidad de recurrir a la simulacién de las ecuaciones diferenciales estocisticas que
describen la evolucién. Este esquema no funciona en la relajacién de un estado marginal
en dispositivos épticos biestables pues no es posible determinar de forma analitica las
propiedades estadisticas de la intensidad en la regién dominada por las fluctuaciones debido
al caricter no lineal del problema.

Dos problemas principales han podido ser abordados mediante el uso de la anterior
aproximacion. El primero se refiere a la influencia de la dependencia temporal de un
parametro de control externo sobre la estadistica de la intensidad del laser en el transitorio.
El segundo se refiere al estudio de la competencia entre los diversos modos que pueden
aparecer en el encendido de un laser. Ambos problemas han sido tratados en laseres de
gas y semiconductor. En estos sistemas hemos descrito la estadistica del laser durante el

transitorio bien a través de la dependencia temporal de los momentos de la intensidad o a
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través de la estadistica de tiempos de paso por un cierto umbral.

Resumimos ahora los resultados obtenidos (un resumen mas amplio puede encontrarse
en la seccién 0.2):
*En el probiema. de la relajacién de un estado marginal en optica biestable hemos con-
seguido relacionar las fluctuaciones anémalas de la intensidad con la estadistica de tiempos
de paso por un cierto umbral.
*En el problema de un liser de gas encendido mediante una disminucién lineal de las
pérdidas en el tiempo hemos obtenido relaciones de escala de los tiempos de retraso con
la velocidad de disminucién de las pérdidas. También hemos encontrado leyes de escala
dindmicas de los momentos de la intensidad
*Hemos desarrollado también un método para el cilculo de la estadistica en sistemas
estocasticos modulados. La estadistica de los pulsos formados la caracterizamos mediante
la estadisticg, del tiempo de paso de la intensidad por un cierto umbral. Este método lo
hemos aplicado con éxito a laseres de gas y de semiconductor modulados. En el primer
caso hemos observado la existencia de dos tipos de comportamiento: uno en que el ruido
de emisién espontinea determina la estadistica del pulso (tiempos de apagado largos) y
otra de comportamiento determinista (tiempos de apagado cortos). En el caso del laser de
semiconductor modulado hemos calculado la densidad de probabilidad de tiempos de paso
en funcién de la frecuencia de modulacion.
*Predicciones anteriores para los tiempos de encendido de un laser de gas han sido verifi-
cadas en un experimento en el que un laser de Art es modulado mediante un modulador
acusto éptico. La aparicién de unh méximo de la varianza del tiempo de encendido (que no
aparece con el modelo anterior) es interpretada mediante un modelo en el que fluctuaciones

en el pardmetro de control (motivadas por la aleatoriedad de la amplitud de la sefial de
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radiofrecuencia que es aplicada al modulador) son tenidas en cuenta.
*En el problema de un laser de gas bimodal de anillo hemos descrito la evolucién dindmica
de la estadistica de la intensidad de ambos modos para el caso de competencia fuerte
(parimetros de bombeo de los dos modos similares) y de competencia débil (el pardmetro
de bombeo de uno de los modos es mucho mayor que el del otro). Aparece una escala de
tiempo nueva ligada a la competencia entre modos que puede ser mucho mayor que las
asociadas a cada modo por separado, a medida que lés parametros de bbmbeo son mas
parecidos.
*Hemos analizado también el problema de un laser de semiconductor cuasimonomodo.
Hemos estudiado en detalle los sucesos en que el modo con mayores pérdidas (modo lateral)
tiene mds potencia que el principal durante el transitorio. La probabilidad de estos sucesos
(que dan lugar a errores en sistemas de comunicaciones 6pticos) ha sido caracterizada de
dos formas: mediante la probabilidad de modo lateral tenga mayor potencia que el modo
principal en el instante de encendido y mediante la probabilidad de que la potencia del
modo lateral integrada en el tiempo sea mayor que la correspondiente del modo principal.
Ambas probabilidades han sido calculadas. Este mismo problema ha sido. analizado en el
caso de una modulacién pseudoaleatoria rapida (2 a 6 GHz) de la corriente de inyeccién.
Hemos calculado cotas supériores e inferiores a la supresién del modo lateral (SMSR)
necesaria para obtener BER de 10~°. También hemos observado efectos de pattern en la
salida del laser para una corriente de bias por encima del umbral debido a la secuencia
pseudoaleatoria de bits en la entrada.

La ventaja de las aproximéciones analiticas usadas a lo largo de este trabajo se hace
patente cuando se requiere predecir BER en sistemas de comunicaciones 6pticas menores

que 10~° pues la capacidad de célculo de los ordenadores actuales estd lejos de permitir
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calcular probabilidades tan bajas mediante simulacién numérica.
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