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Abstract

We show an alternative proof of the sharpest known lower bound for the logarithmic
energy on the unit sphere S?>. We then generalize this proof to get new lower bounds
for the Green energy on the unit n-sphere S".
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1 Introduction

We consider Smale’s 7-th problem [21], that was actually posed by Michael Shub
and Stephen Smale in their search for an algorithm to explicitly generate sequences
of well-conditioned polynomials (see [7, 8, 20]) and is related to the distribution of a
finite number of points on the unit sphere S?:
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Problem 1.1 (Smale’s 7th problem) Can one find N points p1, ..., py € S* such
that

Epl,...,pN) <my+cIlnN,

for ¢ a universal constant?

Here, £(p1, ..., py) is the logarithmic energy:

1
E(proeop) =D In
Iy Pi — Dj
andmy =min, . 2 &(p1,..., pn). The problem is well known and so are its

origins that can be found in the references above as well as in [10, Section 6.7] and
[4], so we omit the (quite long!) historical perspective in this note.

Smale’s 7th problem, despite the simplicity of its statement, is considered a
extremely difficult question. A major obstacle is that the value of the minimal loga-
rithmic energy on the sphere is not fully known. The current knowledge, after [9, 11,
13, 19, 23, 24], is the following asymptotic expansion:

1
my =kN? — SNINN + CiogN +0(N),

where « is the continuous energy

1 / 1 1
K= ———— In——dpdg = - —In2,
(vol(§*)? Jpgesz  llp —qll 2

and Cog is a constant whose value is not known. From [16] and [9] we have

3 1.2
—0.0568...=In2— = < Clog <2In2+ ~In= +3In VT 0055, .
4 23 r(1/3)
(1.1)

The upper bound has been conjectured to be an equality, and one of the most important
open problems in the area is the exact computation of this constant; see [9, 10, 12, 23]
for context. The lower bound In2 — % < Clog proved by Lauritsen in [16, Appendix
B] follows from an argument in the real plane and then invokes a sophisticated result
by Bétermin and Sandier [9, p. 3, Theorem 1.5] that relates the energy in the 2-sphere
to a certain renormalized energy in the plane, and that is a purely 2-dimensional
argument which does not seem easy to translate to higher dimensions. In these pages,
we describe how the argument by Lauritsen can be directly adapted to work on the
sphere S? without the use of [9, p. 3, Theorem 1.5] and moreover we also show that
it can be quite straightforwardly extended to spheres of arbitrary dimension.
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3

2 An Alternative Proof for Lauritsen’s Lower Bound Cjog > In2 — 7

2.1 Mean Values of the Logarithmic Energy in the 2-Sphere

Let B(po, a) be the geodesic ball centered at pg € S? with radius a > 0, that is,
B(po,a) = {p € S? : dr(po, p) < a} € S? where dg(-,-) = arccos(-, -) is the
Riemannian distance on the unit sphere. Let |B,| be the volume of this ball. The
following result is known:

Proposition 2.1 Let py, p € S*> and a € (0, ). Then, | B4| = 47 sin® % and

(i) If p ¢ B(po. a)

1
|Bal

1 s a a
In|p—gqlldg =In|p— poll — 2 — cot Elncos R
q€B(po,a)

(ii) If p € B(po, a)

1 1 cot?g
[ mip-qldg=m2- 5 - <22
|Ba| qgeB(po.a) 2 2

2
xln(l—M)—{—ln(sin%).

Proof This result is [3, Proposition 3.2]. Note that in that reference, the result is given
for the radius 1/2 sphere in R3. The translation to the unit sphere is straightforward.
]

Lemma 2.2 The function F : (0,2) x (0, 7) — R given by

cot? & 12
F(t, ) =ln2—|—lnsin% +— 2 (21n (cos%) —In (1 — Z)) —Int,

is not negative.

Proof 1Tt is easy to see that F'(¢, @) has a minimum in ¢ = 2sin 5 for any fixed
o € (0, m). Indeed, lim; .o F (¢, ®) = lim;_,» F(t,®) = oo and

3 cot® ¢ , : .o
—F(t,a) =t — —, whichequals O iff 7 =2sin —,
ot 4—12 ¢ 2
so the minimum is at ¢t = 2 sin % Finally, F (2 sin %, o) = 0 and we are done. O

Corollary 2.3 Let po, p € S*> and a > 0. Then,

1 ha a
In|lp—gqlldg zIn|p— poll — 5 — cot” > Incos .,
|Bal JgeB(po.a) 2 2 2
with an equality if p ¢ B(po, a).
Proof Immediate from Proposition 2.1 and Lemma 2.2. O
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2.2 Proof of the Lower Bound of Cj,4

Let p1,..., PN €S2, and let

I(p1,....,pNn) =E(p1, ..., PN)

Inllp: —qlld
vol(SZ)Zf nllpi —qldg

N2
-3 In|lp —qlldpdq.
(vol(§%))? -/[7,qu2
For any p € S? we have
! / In || Ild In2 ! 2.1
— nlp— =In2— - = —«, .
Vol(S2) Jyeo 1 T 1N 2

and hence we immediately deduce that I(py, ..., pn) = E(P1,---, PN) — kN2
Define

N2 2.1 2
Unn =~y |l = qlldpdg & 2,
(vol(§2?))2 p.geS?
2N @D
" vol(S?) Js2 nlpi—dlida )
Uij = —In|pi — pjll
. 2N @b
0= g . [ wie - aldpdg 2 ~2en,
" vol(S))|Bal Jp(pra) Js2
_ 1 f /
U= —— In|lp —qlldpdgq.
Y |B.|? B(pi.a) /B(pj,a)
Clearly,
1(p1,...,p1v)
—UBB+ZU +ZUIJ+Z(U U)_ZU”_l_Z(U” Vi)
i#j
o ﬁ 4 8

We proceed to lower bound and, when possible, to calculate exactly, the terms «, 8, y
and 6. From Proposition B.2, and the fact that the logarithmic potential is the Green
function (except multiplicative and additive constant: see (3.1)) we deduce that o > 0.
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Indeed, just take the following measure

N

1
np) =) EXBm,a)(P) -

N
P vol(S?)’

(note that sz w(p)dp = 0) where x4 denotes the characteristic function of a subset
A C S?, and note that

o« / / Inllp — qlldu(p)du(q).
S2 Js2

Moreover, we obviously have g = 0. The explicit expression of y is obtained imme-
diately using Proposition 2.1, since the value of U;; does not depend on the point

pi:

N
Y =103 / / In|p —qlldpdq
|Bal* JB(p1,a) J B(pi.,a)

N
=—2f (/ 1n||p—q||dp—f 1n||p—q||dp)dq
|Ba| B(p1,a) \JS? B(—p1,m—a)

4dn Nk N
__ __2/ / In |p — qlldpdg
|Bg| |Bg| B(p1,a) J B(—p1,m—a)

:_47TNK_N(47T—|Ba|) ln”_p]_q”_l_lncos”;“ dg
B(p1.a) 2

1Bl [Bal? tan® %7
4N N@x — |B 1 Incos %4 1

_ ANk (4m — |B4|) L 2 _(2-=—cot® Lincos <
|Ba] B \2 " an?Ze 22

N + Insin a + cot? a(l + cot? a In cos a4
2 2\2 2 2
Finally, we bound §. Note that

8= Z(Uij — Uy)).
i%i

and applying Corollary 2.3 twice we get for all i, j:

Uiy = Oy = —nllpi — pyll + — (1 I —qll— & —cot? 41 “)d
ii—Ui;>—1In|p;i — p; _ njpi —q|| — =< —cot” —Incos - q
ij ij i J |Ba| B(pi.a) J 2 2 2

> —1 — 2 cot? Elncos ﬁ'
2 2
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(A similar inequality with less explicit constants has been given recently in [18, Lemma
3.1]). Therefore, we have obtained that

(o1, ... px) = N(N = 1) (—1 — 2cot? %lncos%)

N n2— 2 fmsin? 4o (L4 co? L incos
nziZ—— nsin — CO — — CO — InCoS — .
2 2 2 2 2 2

This lower bound is valid for any choice of a. Choosing sin’ 5 = C/N we have:

N-C C 1
I(pl,...,pN)zN(N—1)<—1— C ln(l——))—ENlnN

N
infm2— iy tme MO (L N (2 E
2 2 C 2 2C N
1 2InC —2C+4In2—-1 (C? 1
>——NInN+N -——4+0|—=),
2 4 2 N
where we have used the elementary inequality
c ¢ c? C c cC?
_— - —— — — <h({l-=)<—-———-—, VN>2C.
N 2N2 N3 N 2N?

Taking C = 1 (which is the optimal value) we conclude that

EP1r....pN) =kN>+1(p1,....pN)
1 3
EKNZ—ENlnN+N<1n2—Z) + o(N),

proving Clog > In2 — % as claimed.

3 The Green Function in S"

How should we extend the logarithmic energy to the unit n-sphere S € R”*17 In the
literature it is quite frequent to study Riesz potentials and also to use the very same
logarithmic potential in this context. However, in a general Riemannian manifold M
the Green energy

Em(pi,....pn) =Y G(M; pi, p)),
i

where G(M; -, -) is the Green function in M associated to the Laplace—Beltrami
operator, is a more natural choice since it does not depend on extrinsic quantities, and
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is attracting more attention in the last few years, see [1, 14, 23]. It turns out that the
Green function in S? is

5 1 In2
G(S%; p,q) = ——lnllp qll——+§ 3.1

That is, up to multiplicative and additive constants, the Green energy in S is the
logarithmic potential. We claim that the deep reason why the argument by Lauritsen
can be performed directly in S? as we have done in Sect.2.2 is precisely this fact.
Hence, an extension to the Green energy in S” is possible.

We start by computing an explicit formula for the Green energy in S”. Let

ntl
22

r()

Proposition 3.1 The Green function for S" is G(S"; p,q) = g(|lp — ql|), where

(n)k |:<1 B ﬁ)kH B B(5.5+k+ )j|
+D (5 +1), 4 B (3. %) '

(See (A.1) for the definition of the Pochhammer symbol (n)i. Here, B(-, -) is the beta
function (A.3)).

V, = vol(§") =

e¢]

gt) =

An alternative and equivalent expression of the Green function for S” is given in
[1], although with a different normalization.

Proof Following the method in Appendix B.l1, we have G(S"; p,q) =
o (§"; dr(p, ),

n 2" B, 25 (%, 2
(p(Sn;r):/ o5 (5 2)ds+C C a constant.
. s

(We have also used Lemma A.1). From (A.4) and [15, (9.131.1)] we have

1 T
") = o /r sins 2 Fy (13 5 5+ Licos 5) ds + C.
Using (A.2), the half-angle identities and the change of variables t = 1“% we get
1 & () 1
S r) = 1 +cos )kt 4+ C.
PEE = nVn,;(’2’+1)k2k(k+1)( &

It is immediate to check that || p — g ||*> = 2(1 — (p, ¢)) and r = arccos(p, ¢). Hence,

2Nkl
(1 4 cos r)kt! = 2k+1 <1 _lp=4l” 4q|| ) , p.ges,
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and we thus get

pR (N lp — g\
G(S"; p, = 1— + C.
hpa) nVng(kH)(%Jrl)k( 4 )

It remains to compute C such that G(S"; p, -) has zero mean in S”. Without loss of
generality we take p = (0, ..., 0, —1) € §". Let g\ y be the parameterization of S”
given by the inverse stereographic projection:

0 R” N S"™\(0,...,0,1)

2 2 21
Z:(Z],...,z,,p( a2 el )

L+zl2” T T+ zl? T+ liz)?

whose Jacobian equals 2" /(1 + ||z]|*)". Then

4llz))?
0) — 2= =7
e (0) — ¢ e

and so we have

1
v GES"; p,q)dg
n JSn

o0

=C +/ dz,
R nV;2 2 (k+1(5+1), \I+lzlI? (1 +1Iz)1)"

n k=0

which equals O if and only if

2n+1 00 (n)k 1 n+k+1
C:_nV2 an(k-l-l)('l—l-l) 1+||Z||2 dz.
n k=0 2 k

It suffices to exchange the sum with the integral and pass to polar coordinates, recalling
the definition of the beta function and the fact that

v, =2y B(E E)
n — n—1 272 B

to conclude the result. O
4 A Lower Bound for the Green Energy on S"

The search for minimizers of the Green energy on compact Riemannian manifolds (see
Appendix B) has been the main subject of a large number of recent research papers.

In fact, from (3.1), it follows that the question of Smale’s 7th problem is equivalent to
the search for minimizers of the Green energy in S°.

@ Springer



Constructive Approximation (2023) 58:565-587 573

Baker’s work [2] contains a lower bound (whose value is —cN In N, with¢ > 0 a
constant) for the Green energy of P! (K) with K a field, as well as a historical context
for this result and its applications. The question for complex surfaces was actually first
discussed by Noam Elkies whose work is summarized in [17].

More recently, it has been shown that the points that minimize the Green energy
are asymptotically uniformly distributed in any compact Riemannian manifold (see
the main result in [5] and the sharper version in [22]). In addition, it is proved in [22]
that a lower bound for the Green energy on general compact manifolds is —c¢N In N
and —cN2~%/¢ in dimensions d = 2 and d > 3, respectively. In particular, upper and
lower bounds for the Green energy in projective spaces have been given in [1]. See
also [6] for the concrete case of the real projective plane.

Recall that given pi,..., py € S", their Green energy is Esi(p1, ..., pN) =
Zi#j G(§"; pi, pj). The following quantity will play the role of the term “—1/2 —

cot?(a/2) Incos(a/2)” in Proposition 2.1:

2 X Bgpa(z+k+1,%)
K" a) = _ () a2 2 4eO.m).
nVy = (5+1), (k+1) B a(3,3)
Note that, from Proposition 3.1,
GES"; p,—p)=¢g)=—-K(§", ), VpeS§ 4.1

We state some basic properties of K (S”, a). The first one just shows that K (S?, a)
equals —1/2—cot?(a/2) In cos(a/2) up to the multiplicative constant —1/(27), which
makes sense in the light of (3.1).

Lemma 4.1 We have K (S?,a) = —1/(2n)(—1/2 — cot?*(a/2) Incos(a/2)) for a €
(0, ). Moreover,

2

KES" a)= —2 4+ 0@
T 2n+4)V, ’
KS,7m—a)=KS",7)— ——— .
7 —a) = KE"m) = oo +ola)
Proof See Sect.5.1 |

Our main new result is the following lower bound for the Green energy on S”.

Theorem 4.2 (Main result) Let p1, ..., py be N points in S" withn > 3. Then,
pl+2/n Vs \ s
Eg(p1,....pN) = — T N (NPT,

(n2 -4V, Vv

n—1
where, recall, V,, is the volume of S".

The proof of Theorem 4.2 proceeds exactly as in Sect. 2.2, changing S? to S":
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(A) We write the analogous to Proposition 2.1, Lemma 2.2 and Corollary 2.3: as before,
let B(po, a) be the geodesic ball centered at py € S" with radius @ > 0 and let
| B, | be the volume of this ball.

Proposition 4.3 (S"-analogous of Proposition 2.1) Let pg, p € S" and a € (0, 7).
Then, |B,| =2""'V,_; BSinz% (%, %) and moreover

(i) If p ¢ B(po.a):

/ GS"; p.q)dg = G(S"; p, po) + K(§", a).
|Ba| qeB(po.a)

(ii) If p € B(po, a):

1 B 2 a ﬂ,
/ GE§"; p,q)dq = —COSZ—(;)
| Bg| qeB(po.a) Bsinz% (7’

IS | |

)

x (G(S"; p.—po) + K" 7w —a)).
Proof See Sect.5.2. O

Lemma 4.4 (S"-analogous of Lemma 2.2) The function F : [0, 2] x [0, 7] — R given
by

Bcos [ ﬂ’ 5
Fta) = g+ K(S" a) + —3 (j f) (¢(Va-2)+ k"7 - a),
sinz% (7’ i)

with g(t) as in Proposition 3.1, is not negative.
Proof See Sect.5.3. O
Corollary 4.5 (S"-analogous of Corollary 2.3) Let pg, p € S" and a > 0. Then,

1

|Ba| qg€B(po,a)

G(S*; p,q)dg < G(S"; p, po) + K(S*, a),

with an equality if p ¢ B(po, a).
Proof Immediate from Proposition 4.3 and Lemma 4.4. O
(B) We write the Green energy as follows:
Esi(pr.....pn) = Y _GS" pi. p))
i#]

N

——Zf _, G pia)dg
i=1vae"

@ Springer



Constructive Approximation (2023) 58:565-587 575

N2
+ W/ G(S"; p,q)dpdq.
n qu"

Note that from Definition B.1, these two new integrals are equal to zero.
(©) Let

N2
Upp = _2/ G(§"; p.q)dpdq =0,
Vn p.qeS"
2N
Ui=—-— GE" pi.q)dg =0,
Vi Jsn

Uijj = G(S”' Pi, Dj)s

U, = / / G(S"; p,q)dpdg =0,
l V|B| B(p;.a) JS"

Uj = _2/ / G(S"; p,q)dpdq.
|Bal* JB(pi,a) JB(pja)

Define «, 8, y and § by

Esn(pl,--.,pN)

—UBB+ZU1+ZU1]+Z(U U)_ZUZZ+Z(UIJ Ulj

i=1 i#j
——
o B 14 )

Again o > 0 from Proposition B.2, § = 0 and as in Sect.2.2:

N
|Bal® JB(p1.a) I B(p1.a)

N
=—— / (/ G(S"; p,q)dp —/ G(S"; p, q)dp) d
|Bal* JB(p1.a) \Jsn B(—p1,m—a)

_ N|Br—dl

1Bal>  JB(p1.a) (GE" =P g) + KE" 7w —a))dg
1,

N|By_

= % (KES", m —a)+ K", a) + GES"; —p1, p))
N|Byr—q4

4D ﬁ (K", 7 —a)+ K", a) — K", 7).

We bound § also following the same method as in Sect.2.2: for each i # j, from
Corollary 4.5 we have

N 1
Uij — Uij = G(S"; pi, pj) — _2f / G(S"; p,q)dpdq
1Bal® JB(pi.a) J B(pj.a)
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1
> G pispj) — —— (G(S"; pj,q) + K", a))dg
|Bal JB(p;.a)
> —K(©",a)+ GES"; pi, pj) — (GES"; pj, pi) + K(S", a))
= —-2K(§", a).

All in one, we have
§ > —-2N(N — DK (S, a),
and hence we conclude:

Esi(p1,...,pN) > —2N(N — DK(S", a)
N|Br—al

AT (K", 7 —a)+K(S",a) — K(S", 7).

(D) The inequality above is valid for any a € (0, 7). Takinga = C'/2N~1/" itis clear
that, if n > 3, a lower bound for Es: (p1, ..., py) is

N2y,

_ 2 n
(*) = —2N2K (S ’a)+7Vn_1C"/2

(K", m —a)+ K", a) — K(S", 71)) + Lo.t.

Using Lemma 4.1 we conclude that, if n > 3,

N2—2/n C 2ncl—n/2
) =— <

JR— - N2—2/n X
) V,,+(n—2)v,,1>+0( )

2/n
We are free to choose C > 0. The optimal value C = (‘ﬁn‘i"l) yields

n1+2/n
*) =
(n2 . 4)an—2/n V2 n

n—1

N2—2/n + 0(N2—2/n)’

finishing the proof of Theorem 4.2.

In the light of (1.1), we see that the lower bound provided by the argument above
in the case n = 2 is surprisingly sharp. In the case of S" for n > 3 we have not
found upper bounds on the Green energy to compare with, so we have performed
some numerical experiments to provide some insight on the sharpness of our result.
In Fig. 1 we plot the (numerically found by a standard Riemannian-gradient method)
minimal value of the Green energy for n = 4 for an increasing number of points. This
graphic suggests that our lower bound is again quite sharp in higher dimensions.
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2 T T T T T T T T T 3
®  Energy of computed minimal energy points . x %
Lower bound from Theorem 4.2 * M
x
or L xx B 7
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® *3
x * .« x
* L]
* ®
2+ . . Lk . : _
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0 5 10 15 20 25 30 35 40 45 50

N

Fig. 1 The minimum of the Green energy for increasing values of the number of points N is compared to
the lower bound provided by Theorem 4.2 (solid line) in the case n = 4. The minimal energy points have
been obtained using Matlab’s function fminsearch, and crosses in the same vertical lines correspond to
local minima found by Matlab for different starting points

5 Proof of the Technical Results

5.1 Proof of Lemma 4.1

If n = 2, denoting s = sin® § we have

k42

2 L s
KE ’“)_4m1§(k+1)(k+2)'

Now, the infinite sum is an analytic function in the complex unit disk and its second
derivative is ) ;- sk = 1/(1 —5), and we deduce the value of the infinite sum above
which is s 4+ (1 — s) In(1 — s). All in one, we have

1 cos? £ Incos?
K% a)=—+—"—F—=.
4 47 sin” 5

and the first claim is proved. For the second one, note that K (S, @) is complex analytic
in the unit disk so we can just compute its Taylor series at a = 0 term by term, and
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only the term k = 0 has a nonzero second derivative at @ = 0 which yields

2 Bsm 7(2 + 1, ) a2
K(S", — 2 C L4o@)=——— +0(d).
O a =y T L )= Gy, T

a
s 7

The second asymptotic requires some more work. Denote
.1
L(n) = lim — (K(S", ) — K@, 7 — a)) .
a—0a

Using (A.5) it is clear that L(n) = L1(n) + Lo(n) where

Li(n) = 21111 1 io: (n)k sm2“B( )B(£+k+l’%)
n m —

T a0 @ (5 1), (kD) Bew s (5. DBGLE)

2 ] i () Ba(5, 5 +k+1)
nVpa0a® o (5 + 1), k+ 1) Beogg(5.5)

’

Ly(n) =

The elementary upper bound from Lemma A.2 implies that L1(n) = 0if n > 3. As
for L, (n), the asymptotic a/2 ~ sina/2, the definition of the incomplete beta func-
tion, the Monotone Convergence Theorem and the change of variables r = u sin’ 2

successively yield

a

1 /sin 3 *—l(l_t)i—l (m)(1 — t)k—i—l
Th D GeneeD

LA — 03t & el — !
2%/0 2nV,B(3.5) S (3+1) (k+1)
. /1 (usin® $)371(1 — usin® $)3~
a—0 2nV, B(L, 1)

eo]

La(n) = 1iﬂ% ,
a— k=0 sin

= lim —
a—0 sin
2 a)k—i—l

! i (m)i(1 — usin® &

= G+ k+D

From the upper bound of Lemma C.1, the inner function is bounded above by some
constant C(n) whose value we do not need to know. Hence, we can interchange limit
and integral by Lebesgue’s Dominated Convergence Theorem getting

n

: L — 1 sin2 2)k+1
o = [ o i (st )y RO
o 2nVyB(3, %) a—0 ) G, kD

k=0

Finally, from Lemma C.2, the inner limit is constantly equal to I" (% +1)Ir (% —1)/T'(n),
which yields

r&+nré-1n 1

b =V BE DT — i av,
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and the lemma follows.

5.2 Proof of Proposition 4.3
Let S(po,r) C S" be a geodesic sphere contained in S” and |S,| its volume. Since

S(po, r) is a (n — 1)-dimensional sphere of radius sin r, its volume is vol(S(po, r)) =
V,_1 sin”~! r. The volume of the geodesic ball is then (using Lemma A.1):

a a . 1 n n
|Ba|:/0 vol(S(po, 1)) dr = Vy_ 1/0 sin ' rdr = 2"V, _1 B, » %(5,5).

The mean value equality if p ¢ B(py, a) is essentially a known result (at least the
existence of the constant K (S”, a), although its exact value seems not to be present
in the literature): consider the function H (¢) = G(S"; p, q¢) — G(S"; —po, g). Then,
since p, —po ¢ B(po, a), we conclude that A H = 0 in that ball. From [25, Theorem
1], the mean value of H on S(po, r) withr < a is equal to H(po) = G(S"; p, po) —
G (S™; —po, po)- That is,

/ " )(G(S”; P.q) — G(S"; p, po))dq
€5(po.r
=/ (G(S"; —po. q) — GS"; —po, po))dq.
€S(po.r)
The integral of G(S"; p, g) — G(S"; p, po) when g € B(po, a) then equals
a
/ f (G(S"; p,q) — GS"; p, po))dq dr
q€S(po.r)
a
= / / " )(G(S”; —p0.q) — G(E"; —po, po))dq dr.
€3(po,r

In other words, we can assume that p = — pg to finish the mean value computation.
Now this is a straightforward computation: denote

A =B, / (GS"; =po. 9))dq — G(S"; —po, po)
€B(po.a)

and note that

a
= / / GS"; —po, 9)dg — G(S"; —po, po)
IBa| qeS(po,r)

e¢]

Z —(n)k sinZ+2 r dr
< (k+1)(5+1), 2

vol(S(po,
~ |Badl / 0

.- (n)k “
= — Y Z ‘/sin”*lrsmzwr2 dr
2" nV,B sin? (f 7 0 1) 0

@ Springer



580 Constructive Approximation (2023) 58:565-587

2 = ()i a r r
— Z / Sin2k+n+l o COSn_l —dr
nVyBga (3. %) k+1D(5+1), Jo 2 2

n n
nBgin 2°2) k=0
2 s )k fsin2§ o "
— uw2(l—u)2”"du
nVy Bsmz (% %)kg(:)(k—i—l)( ) 0
2 O ()i (
= ZQ k+ +1 —)
iy (1D 2 G (3, s F 2t
=K (", a),
as claimed.

Now, suppose that p € B(po, a). Then,

/ G(S"; p,q)dq =/ G(S"; p,q)dq —f G(S"; p,q)dq
€B(po,a) qest qeB(—po,m—a)

= —/ GE"; p,q)dg
q€B(—po,7m—a)

since G(S"; p, -) has zero mean for all p € S". From the previous claim we have:
f G(S"; p.q)dq = |Bx—al (GS"; p, —po) + K(S", 7w — a)),
q€B(—po,m—a)
which readily gives the second item.

5.3 Proof of Lemma 4.4

Carefully collecting the terms and writing down the definition of g(¢) and K (S", a),
Lemma 4.4 is implied by the following.

Proposition 5.1 The function F : [0, 1] x [0, 1] — R given by
- (n)k
F(s,a) = B TR —— s, o), where
(s, @) kg(%ﬂ)k(ﬂl)gk( )

Qi(s, @) = (1 — )+ B, (2 2)+5k+131 a(; Z)
B (3 ke 1.3) = Ba (55 +k+ 1)

is not negative.

Proof We first fix s and look for minima in Qy(s, o) with respect to . We have
a n n
2o Qkls, 00 =27 (1 — )27 = )T = ot — (- o,
a

@ Springer



Constructive Approximation (2023) 58:565-587 581

which readily implies that Q (s, o) is a decreasing function of « in [0, s] and a
increasing function of « in [s, 1]. That is, Q(s, ) has a global minimum at « = s and
consequently so does F (s, o). Hence it suffices to check that F (s, s) > 0, Vs. From
(A.4) and [15, p. 1008, (9.131.1)], we have

Lo =3 () (0)

n
— B, (2 2)2F1(1 nin/2+1;s)

_ B, (2 2>2F1(1 nin/2+1;1—s)
—0.

We will prove that limg_,o F (s, s) = 0 to conclude the result. To this end, we define

_ e (" M\ () e
Tl(s)_Bs<2’2)Z(%+1)k(1<+1)(1 L

nyy
To(s) = Bls(? )kg(%ﬂ)k(zﬁul)s ’

o]

(m)k n n
)= ——2%k g (S4k+1,2),
3() ;(%+1)k(k+l) ‘(2 2)
- )k n n
Ty(s) = ];—( )(k+1)Bs(2,2+k+1)

So F(s,s) = T1(s)+T>(s)+T3(s)—T4(s), and it suffices to check thateach T; (s) — 0
as s — 0, which is quite immediate from Lemmas A.2 and C.1:

Ti(s) < C(n)s2S,(1 —s) < C(n)s,

Ta(s) = Cm)Suls) = —05
(1—s5)3!
- (n)k 24k+1 n S%Jrlc(l’l)
Ty6) = ) s = ) < S
3(s)_k 0(2 ), (k+1)s 528,(s) < e

N s
Ty(s) < / 12751 = 0)271S,(1 — Hdt < C(n) f (1 —)"2dt < C(n)s,
0 0
where each apparition of C(n) may be a different constant. This finishes the proof. O
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Appendix A. Some Special Functions

The contents of this appendix are standard and are mainly taken from [10] and [15].
Recall the Pochhammer symbol, defined for n € C and k > 0 an integer:

mr=nn+1---(n+k—1), @m)o=1 (A.D)
Clearly, (1); = k!, and if n, n + k are not zero or negative integers, then

) [(n+k)

nNy=—.
T Tm

A.1.The Gaussian Hypergeometric Series

Recall that the Gaussian hypergeometric series is analytic in |z| < 1 and defined by
the power series

[e.e]

(@ (D) i

2Fi(a, b;c;z) = Z “or & (A.2)
k=0
It is undefined for integer ¢ < 0.
A.2.The Beta Function
Euler’s beta function is
oo -1

1
B(a, ,8):/ A —t)ﬁ—ldt=f Re(a), Re(B) > 0,
0

o (I4pneth’
(A.3)

and clearly satisfies B(«, 8) = B(8, ). The incomplete beta function

X o
Bx(a,ﬁ)zfo t“*‘(l—t)/’”dm%zFl(aJ—ﬁ;aH;x), (A.4)
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satisfies
B(a, B) = Bx(a, B) + B1—x (B, @). (A5)

LemmaA.1 Forallr € [0, w] we have

,
/ sin" v dr = 2" B (5.5).
0 2\2 2

P4
. n—1 —1 n n
/r sin" "' tdt = 2" BCO82% (E, 5) .

Proof In both cases, the functions involved have the same value at r = Qorr = 7w
respectively, they are smooth and their derivatives coincide, hence they are equal. O

LemmaA.2 For0 <s < landa, B € (0, 00) we have:

1— B—1 .« s s o
Lot [t s b = [ la=1
0 0

o o

Appendix B. The Green Function in a Compact Riemannian Manifold

The Green function is a natural potential on any compact manifold.
Definition B.1 The Green energy of N points pp, ..., py on a compact Riemannian
manifold M is
Epm(pi, ... pn) =Y G(M; pi, pj),
i#j

where G : M x M\{(p, p) : p € M} — R is the unique function, known as Green
function (potential), with the following properties:

(1) A;G = Sp(q) — vol(M)~!, with S, the Dirac’s delta function, in the sense of
distributions.

(2) Symmetry: G(M; p,q) = G(M; g, p).

(3) G(M; p,-) has mean zero Vp € M, i.e., quM GM; p,q)dg = 0.

We follow the convention that the Riemannian Laplacian is given by A = —divV.

Proposition B.2 Let G(M; p, q) be the Green function of a manifold M and v any
finite signed measure such that v(M) = 0, i.e., f/\/l vdvol = 0. Then,

/ GM; p, g)dv(p)dv(g) = 0,
p.qeM

with an equality if and only if v = 0.
Proof See [5, p. 166, Definition 3.2] and [5, p. 175, Proposition 3.14]. O
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B.1 Computation of the Green Function in Compact Harmonic Manifolds

The Green function of a general Riemannian manifold can be very hard to compute.
In [5], a method is given to compute it in compact harmonic manifolds, that is to say,
in spheres and projective spaces (see [1] for an alternative, equivalent method). We
have used it to get the explicit expression of G(S"; p, ¢) in Proposition 3.1.

Given a compact harmonic manifold M, its Green function G(M; p, q) is given
by GM; p,q) = ¢(M:;dr(p,q)) = ¢(M;r) forall p,g € M, where ¢(M;r)

satisfies

[Pe=1Qydr

OM) == T

Here, V is the volume of M, D its diameter, r = dg(p, ¢q) the Riemannian distance
and Q (¢) is the volume density function, that in the case of the sphere S” satisfies

IQ ) = sin .

(See [5] for the density functions of the projective spaces, and note that there are some
ambiguities in the choice of the normalization that produce constant factors as powers
of 2: these constants do not affect the computation of the Green function).

Appendix C. A Bound on a Function Given by Its Series

We have used several times the function
o0 o

Gl k+1 (n)k k+1
Sy = I L _ RO | .
v kX:(:)(%Jrl)k(k—l—l)s s+k§;(%+l)k(k+l)s s €[0,1)

(C.1)

In this section we show some elementary bounds and asymptotics regarding S, (s).
Recall Stirling’s formula, valid for x > O:

PrG) =m0 e

from which we immediately deduce thatifk > 1, n > 2:

(m)k _ T+IrGG+H  T'(G+D
G+ik+1) T@rEG+k+Dk+1)  Tm

k224 0k,

(C2)
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LemmaC.1 Let p > —1. Then

o0
k1 sC(p)
Zk”s Sm, s €10,1),
k=1

for some constant C(p) depending only on p. In particular, for n > 3,

sC(n)

Su(s) < ————
(1—1s)2
where Sy, (s) is given in (C.1).

Proof There is no harm in assuming s > 0. Let f(x) = x?s**1. If p € (-1, 0] then
f(x) is a decreasing function and

o L p k] 00 _sC(p+1) sC(p)
;k g S/(; feoydx = (In %)p+1 = (1 —s)pt1”

If p > 0, f(x) attains its global maximum

)4
( " )

$ 1
eln;

at xmax = p/(n %). The comparison of the sum with the integral must be done in the
two intervals separated by this point since in one side the terms are increasing and in
the other side they are decreasing. All in one, we have

00 p Xmax 00
kask+l < 3s (6‘1[:1 : ) —l—/l xPs*tlax —l—f xPs*tlax
k=1 s Fmax
- sC(p) +/ooxpsx+ldx
iy o
sC(p)  sI'(p+1)
()" anHret

and the lemma follows. The same comparison argument also yields

ik,,sk+l>_s6(p) sT(p+1)
k=1 - (ln%)p (ln%)pﬂ

O

A finer analysis of the approximation argument above unveils the asymptotics of
Sy as its argument approaches 1:

@ Springer



586 Constructive Approximation (2023) 58:565-587

Lemma C.2 The following asymptotic equality holds for n > 3:

rG+nHrG -1
'(n) '

lim s271S,(1 —s5) =
s—0

Proof From (C.2) we have for some constant C(n) > 0:

[N

. cy TG+ N 1 C(n)
171S,(1—s) < —2 "~ 5 IS k32 (14 =22 ) (1 — s)ktL,
s27ls (1 —s) < o kX:(:) + =) =9

Now, Lemma C.1 implies that the sum with the C(n)/k term is bounded above by a
constant divided by s 7_2, which becomes irrelevant in the limit. Hence,

. L4121 oo,
lim s27'S,(1 — s) < lim ¥/ x272(1 —s)*Tldx
5s—0 s—0 I'(n) 1

I+ Ds2ir -1
i G+ DTG D
Ut ()

TR+ DI -1
o '(n) ’

The lower bound is proved the same way (this time the constant C(n) is negative, but
again it plays no role in the limit). O
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