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1 | INTRODUCTION

In this section, we formulate the spectral perturbation problem which constitutes a homogenization problem for the
Laplacian in a periodically perforated rectangular domain, eH being the period, with ¢ < 1 and H > 0; H is the height
of the rectangle. The so-called Floquet-parameter ) € [—m, ] arises on the lateral boundary conditions. On the rest of
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FIGURE 1 (A) The perforated domain Q. (B) The perforated strip II°.

the boundary, Neumann conditions are imposed. The perforations are periodically placed along the ordinate axis. In
Section 1.2, we introduce the homogenized problem which is still a 7-dependent problem. Some background on the prob-
lem and the structure of the paper are discussed in Section 1.3. Our aim is to study the asymptotic behavior of the spectrum,
as ¢ — 0, in its dependence on the other parameters 7 and H.

1.1 | The parametric family of homogenization spectral problems

Let H be a positive parameter and Q be the rectangle
Q% ={x=(x;,x) €ER?: |x1] <1/2, x, €(0,H)}. 1.1

Let w be a domain in the plane R? which is bounded by a smooth simple closed curve dw and has the compact closure
@ = w U dw inside Q°. We introduce the perforated domain QF, see Figure 1A), obtained from Q° by removing the family
of holes

(k) ={x : e 4x;,x,—ckH)€w}, k=0,.,N-1, 1.2)

which are distributed periodically along the line x; = 0. Each hole is homothetic to w of ratio ¢ and translation of ew =
w*(0). Namely,

N-1
0 =0%\wf where o =] (k). (1.3)
k=0

Here, ¢ is a small positive parameter and N is a big natural number, both related by N = ¢~!. The period is eH with ¢ < 1.
In the domain QFf, we consider the spectral problem consisting in the partial differential equation

—AU(x;m) = A*(mUs(x; 1), x € QF, 1.4)

the quasi-periodicity conditions on the vertical sides of QF

1 . 1
UE<§,x2;77> = e”’U€<—§,x2;n>, x, € (0,H),

dU* (1 LU (1 (-
o <§,x2;n> = elna<—§,x2;n>, x, € (0,H),
and the Neumann condition on the remaining part of the boundary of Q°
0,Us(x;mn) =0, x e{x €0Q° : |x;| <1/2}. (1.6)

Here, y € [—x, 7] is the Floquet-parameter, d,, denotes the directional derivative along the outward normal v. A*(5) and
U®(-;n), respectively, denote the eigenvalues and eigenfunctions which depend on both the perturbation parameter and
the Floquet-parameter. We address the asymptotic behavior of (A*(n), U®(:;n)) ase — 0.

The variational formulation of the problem (1.4)-(1.6) reads (see, e.g., [12]): find A*(n) and U%(-;n) € Hll,’enr(ﬂg),
Ut(-;m) # 0, satisfying

(VUi ViV)ge = AUS(57), Vg VVE € Hph(Q9), 7
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where Hzl,’fr(QE ) is the Sobolev space of functions in H'(QF¢) satisfying the quasi-periodicity conditions (1.5), while (-, -)qe
stands for the scalar product in L2(Q¥).
In view of the compact embedding H'(Qf) C L?(Qf) problem (1.7) has a discrete spectrum constituting the unbounded

monotone sequence of eigenvalues (cf. [4, Section 10.2] and [29, Section 4.5]),
0 <A S AS() < -+ SAG() S -+ — 400, asp — oo, (1.8)

which are repeated according to their multiplicities. Also, the corresponding eigenfunctions {U‘If,(-; 77)};":1 are chosen to

form an orthonormal basis in L2(Q¢).
Furthermore, the functions

[-m.7]2n » A(m), peEN, 1.9

are continuous and 27z-periodic. This last assertion is due to the fact that problem (1.4)—(1.6) is the model problem associ-
ated with a waveguide: a periodically perforate Neumann strip recently considered in the literature (cf. (1.17), Figure 1B)
and [9]). For the sake of completeness, in order to outline the interest of the problem under consideration (1.4)-(1.6), as
well as its properties we introduce briefly this waveguide in Section 1.3.

1.2 | The parametric family of homogenized problems

By analogy with the homogenization of perforated domains along manifolds with Neumann boundary conditions (see,
e.g., [15] for spectral problems, and [18, 31] for other close problems), we easily see that the homogenized problem is a
spectral problem for the Laplacian, posed in the rectangle Q°, cf. (1.1), with the Neumann (1.11) (quasi-periodicity (1.12),
respectively) conditions on the horizontal (vertical, respectively) sides of the rectangle. For the readers convenience, we
introduce here this problem and provide the explicit formulas for the eigenvalues and eigenfunctions in terms of the
parameters n and H. The convergence of the spectrum of (1.4)-(1.6), as€ — 0, will be outlined in Section 2 (cf. Corollary 2.3)
as a consequence of a more general result (cf. Theorem 2.2).
In Q°, we set the homogenized spectral problem

—-AU%x;m) = A°(n)U°(x; 1), x € Q°, (1.10)

ou° ou?° 11
T, K12 05m) = (%1, Him) = =515 L1
ax2 (x170’77) 6x2 (xl’ ’77) O’ xl € < >7 ( )

1 . 1
U0<§,x2;7}> = e"7U0<—5,x2;7}>,

0 . 0
ai<l,x2;n> =elnai<_l’x2;n>, xze(O’H),
1 X1 2

(1.12)

where A°(n) and U°(+;n) denote the eigenvalues and corresponding eigenfunctions.

Problem (1.10)-(1.12) admits the variational formulation: find A°(n) and U°(-;5) # 0, U°(-;n) € H;,’en,(ﬂo), satisfying

(V UC5m), ViV go = A’()(UC(55m), VD)o YV € H;;?r(ﬂo). (1.13)
As is well known, it has a discrete spectrum, which we can write in an increasing order
0<ANm) <A < - <AY() < -+ = 400, asp — +oo, (1.14)

where the convention of repeated eigenvalues has been adopted. Also, the corresponding eigenfunctions {Ug(‘; 77)};::1 are
chosen to form an orthonormal basis in L2(Q°). Furthermore, the functions

[-m,7]2n — A, peEN, (1.15)

are continuous and 27-periodic.
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FIGURE 2 The first limit dispersion curves in the cases H < 1/3, H = 1/\/§ andH =1/2.

Explicit formulas for eigenvalues and eigenfunctions of (1.10)—(1.12) are obtained by separation of variables:

2
Agk(n) = +271j)* + 712%, U;.)k(x;n) = el +27)%1 ¢cos (nk%), j€Z, ke Ny=NU{0} (1.16)
It should be mentioned that re-numeration of the eigenvalues in (1.16) is needed to compose the monotone sequence (1.14).

Note that formulas (1.16) are of great interest to draw the limit dispersion curves for different values of H. Recall that these
curves are the graphs of A?,(n), for n € [—x, 7). Figures 2 and 3 show the different possibilities of behaviors of such curves
depending on the value of H. Also, they give an idea of what we can expect for the behavior of the perturbed dispersion
curves, see, for instance, the second row in Figure 3.

1.3 | The state-of-the-art and the structure of the paper

First, let us introduce a problem closely related to (1.4)—(1.6): a Neumann problem for the Laplace operator in a periodically
perforate strip with a double periodicity.

Extending Q°f (cf. (1.3) and Figure 1A)) by periodicity along the x;-axis, we create the unbounded perforated strip IT*
(see Figure 1B)):

N-1

=R x 0,0\ | J | «G.h)

JEZ k=0

where w®(j, k) = {x : ¢ '(x; — j,x, — ¢kH) € w} with j € Z, k = 0,1,...,N — 1. In the waveguide II¢, we consider the
Neumann spectral problem

—Auf(x) = 1fuf(x), x € I,
(1.17)
d,uf(x) =0, x € OII°.

Then, applying the Floquet-Bloch-Gelfand transform (see, for instance, [7, 11, 25, 28, 32])

W) > U = ——= 3 e P(x + pxa),
27 pPEZ

problem (1.17) converts into the boundary value problem (1.4)—(1.6) in QF.
The spectrum of the operator on the Hilbert space L?(TT) associated with problem (1.17) is given by

ot = U Bp (1.18)

peN
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FIGURE 3 Above, the first six dispersion curves of the homogenized problem for some values of H, (A) H € (1/ \/§ 1/2), (B)
H € (1/2,1). Below, some possible dispersion curves of the perturbed problem for the same values of H.

where

Bp =1 : n € [-m, 7]} CR,. (1.19)

As a consequence of the previously mentioned continuity of A*(7) in (1.9), the sets 3}, are closed, connected, and finite
segments. Formulas (1.18) and (1.19) for the spectrum of problem (1.17) are well known in the framework of the Floquet-
Bloch-Gelfand theory (cf. [1, 3, 6, 9, 11, 25, 28-30, 32]).

Therefore, to study the asymptotic behavior of the spectrum of (1.4)-(1.6) becomes essential to detect the band gap
structure of the spectrum (1.18). Opening gaps at the low-frequency level have been broached in [9] under certain sym-
metry restrictions for the holes (further specifying, the so-called mirror symmetry, see Equation (2.14) and Figure 4):
roughly speaking, this involves controlling the total number of perturbed eigenvalues inside certain boxes of the band
[—7, ] X [0, o0) in the coordinate axis (1, A). Nevertheless, the technique in [9] does not allow to obtain uniform bounds
for discrepancies between the dispersion curves {A;(n) :n €[-m,x]}and {Ag(n) : n € [—m, ]} for different values of p.
Instead, the technique in this paper can contribute to discover how to open these gaps. However, we do not deal with this
task but with obtaining the above-mentioned bounds.

Comparing with former papers in the literature, we mention [8-10, 23] as the closest papers. References [23] and [9]
address opening gaps in a perforated waveguide for the Laplace operator with Dirichlet and Neumann boundary condi-
tions, respectively. Asymptotic stability for the spectrum of problem (1.4)—(1.6) but changing the Neumann conditions for
the Dirichlet ones has been addressed in [10], while (1.4)-(1.6) appears as a limit case of the stiff problem considered in
[8]. It happens that for the Dirichlet condition in [23] the limit dispersion curves do not depend on 7 and the analysis in
[10] becomes much more simplified than for Neumann.

It is worth mentioning that the explicit formulas (1.16) allow us to obtain the precise multiplicity of each eigenvalue
A?,(n) for each p = 1,2, ... and for each 5 € [—x, 7]. This proves to be essential for our analysis in Sections 3-5 which
provides the precise number of eigenvalues of the perturbed problem at a distance O(¢) of the eigenvalues of the homoge-
nized problem (cf. Figure 7). It becomes particularly complicated near the points 7, , in which the limit eigenvalues Ag(n)
change the multiplicity from 1 to 2 or 3 (cf. Figures 2, 5 and 7, and Remark 4.4). Note the different behavior of the limit
dispersion curves depending on H; let us outline the following cases:

a) He(o,%), b) He[

- o) He[%,l), d) Hell,+o0),

Ll)
o
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and refer to Figures 2 and 3 to realize the difference for certain of these cases. As a matter of fact, limit eigenvalues of
multiplicity 3 appear first for larger values of H, the first one being A = 47> when H = 1/2. For values of H greater
than 1/2, the parabolic dispersion curves that are translations of A = 7? appear earlier, with a minimum in the interval
[7?,47%) when H € (1/2,1] and much less when H > 1 (the minimum closer to 0) which complicates the trusses-nodes
structure; cf. Figure 2 and the first row of Figure 3. This is the main reason why our final result (cf. Theorem 5.1)
provides uniform bounds for discrepancies, in different intervals, depending on H, and we focus our attention on the
first eigenvalues.

Let us describe the structure of the paper.

In Section 2, we provide some preliminary results valid for any geometry of the holes of smooth boundaries. First, we
obtain upper bounds for the eigenvalues of the perturbed problem (1.4)-(1.6), namely,

A,(m) < A?n(n) +c,e for e<¢,, neEl-r7rl,

that show how they are controlled by those of the homogenized problem (1.10)—(1.12). Then, in Section 2.1, we introduce
a result of convergence of the eigenvalues and corresponding eigenfunctions toward those of the homogenized problem
with conservation of the multiplicity, which also allows a perturbation of the Floquet-parameter (see Theorem 2.2 and
Corollary 2.3),

AN l—>00 AN
AL = A7), as  (g,m) —— (0,7). (1.20)

This shows a strong stability of both problems on the parameter 7 which arises in the quasi-periodicity conditions,
cf. (1.5) and (1.12). The result has recently been introduced in the literature of model problems for waveguides,
cf. [9, 10], and proves to be essential for obtaining uniform bounds (in the perturbation and Floquet parameters) for
convergence rates between the eigenvalues of the perturbation and limit problems. In Section 2.2, we introduce a
boundary layer problem posed in an unbounded strip (cf. (2.5)-(2.9)); it has been obtained by means of asymptotic
expansions in [9].

In Sections 3 and 4, we obtain complementary results on the asymptotics of the eigenvalues which provide bounds for
the distance between the dispersion curves of the limit problem and those of the homogenization problem. To do it, we use
a well-known result on almost eigenvalues and eigenfunctions from the spectral perturbation theory, cf. Lemma 3.1, which
implies the construction of families of quasimodes from the solutions of the homogenized problem and the boundary
layer problem, cf. (3.19)-(3.21). Some restrictions are performed both on the geometry of the hole and on the choice of the
limiting eigenvalues (cf. (2.14) and (3.7)). Avoiding these restrictions implies that further terms of asymptotic expansions
as well as further boundary layer functions are necessary, and the computations become excessively high. Summarizing,
we can set:

|A;(€,n’m)(n) — A ()| < Coe, fore <¢y, n € [-m, 7], and some p(e,n,m) > m,

whenm = landH > 0,whenm = 2and H € (0,1/2)andwhenm = 3andH € (0,1/ \/§). The same results, for 7 ranging
in smaller intervals (dependent on m and H) are obtained in Section 4 for higher values of m (see Theorems 4.1 and 4.2).

At this stage, we cannot assert that p(e,n,m) = m, and this is the aim of Section 5, where we combine the results in
Sections 2 and 4 with different arguments of contradiction involving convergence (1.20). We obtain

IAS, () — A% ()| < Coe, withe < ¢y and n € [-7, 7],

for the same values of m and H. Above and throughout the paper, ¢,,, ¢,,, and C,,, with m € N, denote certain positive
constants independent of both variables ¢ and 7.

Due to the complexity of the trusses—nodes structure of the dispersion curves (cf. Figures 2 and 3), in the theorems, we
have imposed restrictions on the index m depending on H, which can affect the intervals where the Floquet-parameter
ranges, but the technique can be extended to further values of m.

Finally, it should be emphasized that the method here developed can be applied to many problems arising in waveguide
theory, cf. [2, 5, 19-21] among others.
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2 | PRELIMINARY RESULTS: CONVERGENCE AND BOUNDARY LAYER

In Section 2.1, we state a result of convergence for the spectrum of the e-dependent problem toward that of the homog-
enized one which allows the perturbation of the Floquet-parameter, cf. Theorem 2.2. This result extends the usual
convergence of the spectrum for each fixed 7 € [—n, ], cf. Corollary 2.3, and becomes necessary to derive our result
in Section 5. In Section 2.2, we introduce a boundary layer problem and its solution which proves useful, in Section 3,
for the construction of new approximations to groups of eigenfunctions of (1.4)-(1.6) corresponding to eigenvalues in
small intervals.

First, we obtain some estimates for the eigenvalues of the perturbation problem which relate homogenization and
homogenized problems, as a consequence of the comparison of both spectra.

Proposition 2.1. For fixed m = 1,2, ..., let A5,(n) and A% (1) be the eigenvalues in the sequence (1.8) and (1.14), respectively.
Then, there exist positive constants c,, and ¢,,, independent of € and ), such that

AS,() < A% () +cpe,  fore € (0,e,], 7€ [-m,x] 2.1)

Proof. Let us apply the minimax principle. For each m = 1,2, ... and n € [—7, 7], we write

V,.V,V,V)qe
A§n(77)= min ( X X )Q

ma , 2.2)
B, chblon VeE V£ (V,V)qe

where the minimum is computed over the set of subspaces Ef, of H:,;Z(QS ) with dimension m.
To prove (2.1), we take a particular subspace Ej," that we construct as the linear space

Ep = (UG ges s UM o)y

where {Ul‘g(-;n)}km:1 are the eigenfunctions of Equation (1.13), corresponding to the eigenvalues {Ag Zl:l which are
orthonormal in L?(Q°).

For V € E;;" without any restriction we can assume that ||V; L>(Q%)||> = 1 (cf. [2, 8] for the idea in different problems).
Thus, we have V = a;U(:;n) + -+ + a,,, Up,(;n) for some constants «; such that ||V; L2 Q) =a? + -+ ap, = 1.
Therefore, we write

(VxV’ VxV)QE < (VxV’ va)QU = O‘%A(l)(n) +--+ a;%nAgn(n) < A(r)n(n)-

Also, we can write
(V, V)Qs = (V, V)QO - (V, V)QO\Qs =1- (V, V)QO\Q: >1- EmE,

for a certain constant ¢,,, independent of 7 and sufficiently small €. Indeed, to show the last inequality, we use the estimate
2
IV L2(Q° n{|x;| <D™ < Ce||V; HY(QO)||%, YV € H(QV), see, for example, Lemma 2.4 in [18], and consequently,

(V,Vaonas < ce(VV,VV)go + (V,V)qo) < ce(AY,(n) + 1) < Cpee.
Hence, (2.2) leads us to

(VaV.VV)ae _ M)

AS,(n) < max - < A () + cme,

vees vzo  (V,V)ge ~ 1-0Cp
for some constant c,, and € small enough. This shows assertion (2.1) and the proposition is proved. O
2.1 | Convergence for eigenvalues

Based on extensions of eigenfunctions in perforated domains (see, e.g., Section 1.4.2 in [26]), the continuity on the Floquet-
parameter of the mappings (1.9) and (1.15), and some contradiction arguments, the following result has been proved
in [9].
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Theorem 2.2. For each subsequence {(e,,7,)}?2 | such thate, — Oandn, — 7 € [-7, 7], asr — oo, the eigenvalues Ar(n,)
of problem (1.4)—(1.6) in the sequence (1.8), when (¢, n) = (g,,7,), converge toward the eigenvalues of problem (1.10)-(1.12) for
7 =17, asr — oo, and there is conservation of the multiplicity. Namely, for each m = 1, 2, ..., the convergence

An(m) = Ay (@), asr— o, (2.3)
holds, where A (77) is the m-th eigenvalue in the sequence (1.14) of eigenvalues of Equations (1.10)~(1.12) for n = 7.

In addition, we can extract a subsequence, still denoted by ¢,, such that some suitable extension of the eigenfunctions

{U,i{ (31}, —, normalized in L2(QFr), {[’J\,f{ (- ﬁ)};‘l’zl, converge in L>(Q°), asr — oo, toward the eigenfunctions{UY,(; ﬁ)}fnc’zl

of (1.10)~(1.12) which form an orthonormal basis of L>(Q°).

Theorem 2.2 shows a certain stability of the limit of the spectrum of (1.4)-(1.6) under any perturbation of the Floquet-
parameter 7).

Corollary 2.3. For any n € -7, 7], the eigenvalues A, (n) of problem (1.7) in the sequence (1.8) converge toward the
eigenvalues of problem (1.10)-(1.12) in the sequence (1.14), namely,

A () = Ay () as & -0, (2.4)

and there is conservation of the multiplicity. In addition, for each sequence, we can extract a subsequence, still denoted by e,

such that some suitable extension of the eigenfunctions {U ;,(-; Mi._, normalized in L2(Q9), {U\,f1 Yoy COnVerge in L*(Q9), as

€ — 0, toward the eigenfunctions {UY,(-; 77)};‘:1’:1 of Equations (1.10)—(1.12) which form an orthonormal basis of L*(Q°).

This corollary states the classical spectral convergence for problem (1.7); its proof is an immediate consequence of
Theorem 2.2.
2.2 | The boundary layer problem

As usual in two-scale boundary homogenization, near the perforation string w®(0), ..., @*(N — 1) C Q°, there appears a
boundary layer which is described in the stretched coordinates

£ =(6,8) =" (x1,x, — ekH). (2.5)

Using these auxiliary coordinates, we introduce a boundary layer problem and its solution in the unbounded perforated
strip

E:={xeRX(0,H}\w. (2.6)

Obviously, for each k = 0, ..., N — 1, the change of variable (2.5) transforms w*(k) into w, cf. (1.2). The proof of the results
of this section can be found in [9]; cf. also [23, 24] for the technique and further references.
Let us consider the function Wé to be harmonic in E,

—AW(E) =0, E€E, 2.7

FIGURE 4 The strip E with two different possible geometries for the hole w.

[1]
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with the periodicity conditions
. ) oW} oW,
Wo(&1, H) = Wy(§,,0), ¥(§1’H) = ¥(§1’0)’ §1ER, (28)
2 2

and the nonhomogeneous Neumann condition on the boundary of the hole w

OyeyWo(§) = =0y5§1 = —n1(§), § € da. (2.9)

Here, v(§) = (v1(£), v,(£)) denote the outward (with respect to Z) normal vector on dw.
Also, for convenience, we introduce here the cut-off functions, y, € C*(R),

x+(@)=1for +t>2Rand y,(t)=0for +t <R, (2.10)
with a fixed R > 0 satisfying
WCER):={€E: || <R} (2.11)
The variational formulation of (2.7)-(2.9) reads: find W) € H,,(E) satisfying
(VeWy, VeV)z = (—v1(6),V)sw YV € Hpe(B), (2.12)

where the space Héer(E) denotes the completion of the linear space cggr(i) (of the infinitely differentiable H-periodic in
&, functions with compact supports) in the norm
= = - 1/2
IW; Hper (BN = (IVeW; L2 @)I? + W5 LA (ERR)IIP)
Since the compatibility condition, (—v;(§),1)s, = 0, is satisfied, problem (2.12) has a unique solution Wé e Hrl,er(E)

which is uniquely defined up to an additive constant. Moreover, since the boundary dw is smooth, this solution is infinitely
differentiable in E and the Fourier method (cf. [9, 14, 17]), in particular, gives the decomposition

W) = x_(§)C_ + x4+ (E)Cy + W) (2.13)

with the exponentially decaying remainder W, and some constants C, and C_ which can also depend on R, cf. (2.10) and
(2.11).
Note that the above results hold for any smooth hole. In addition, under the assumption of mirror symmetry:

w={=(§,6)eR?: (§,H-§) ew}, (2.14)
see, for instance, Figure 4, the function Wé is even in the £, — H /2 variable and satisfies
oW} oW,
g(fbo): 6_§'2(§1’H)=0’ §1ER, (2.15)

see [9] for a proof.

3 | ASYMPTOTIC FORMULAS FOR CONVERGENCE RATES

In this and next sections, we obtain some important complementary results of (2.4) on the asymptotics of the perturbed
dispersion curves, at a low-frequency range. This implies constructing the so-called almost eigenvalues and eigenfunctions
or quasimodes of a compact operator associated with (1.4)-(1.6). In order to do this, we set an abstract framework for
the perturbation problem and construct the approximations from the eigenfunction of the homogenized problem and a
boundary layer function (cf. Section 2.2). We obtain asymptotic formulas for eigenvalues and estimates when the limit
eigenvalues have corresponding eigenfunctions which do not depend on x,, cf. (1.16), (3.7), and (3.8). These formulas do
not allow us to predict the precise index of the eigenvalue in the sequence (1.8), which will be determined in Section 5
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using the results of Section 2. Another restriction that simplifies computations in this section comes from the geometry
of the perforation: we assume the mirror symmetry (cf. Figure 4, (2.14) and (2.15)).

First, we reformulate the spectral problem (1.4)-(1.6) in terms of operators on Hilbert spaces. Let H¢(n) denote the space
H;;E(QE) equipped with the usual scalar product in H(QFf). We denote by (-, “)ne this scalar product and by ||U®; H*(n)||
the associated norm.

In the space H¢(7), we define the compact, positive, and symmetric operator 3°(n), as

(BE(U, V), = (U5, Vo)q: YUS,VE e H;g((za). (3.1)
It is self-evident that the variational formulation (1.7) of (1.4)-(1.6) can be re-written as follows:

BEmU(n) = M*(U=(n) in  H:(n), (3.2)
with the new spectral parameter
M) = 1+ A0~ (3.3)

The following result, which we state for the specific operator B°(5) in (3.1), is based on the lemma on almost eigenvalues
and eigenfuntions from the spectral perturbation theory, cf. [33], [26, Section 3.1], [22, Section 7.1], and [13, Section 5.32].

Lemma 3.1. Let M5,(n) € R and U(n) € HE(n) \ {0} verify the equality
1BE(m)U¢s(1n) — Mas(MUgs(m); HEMIl = 651U (m); HE@I.- (3.4)
Then, there exists an eigenvalue M*(n) of the operator I3¢(n) such that
|M*(n) — Mg,(m)| < &°. (3.5)
Moreover, for any 5i > &%, there exist coefficients aj, s ocj k1o Satisfying
J+K-1

NUsm); HEMIIT UL (5 m) — aSUS(n); HE ()
j=r

e JHK-1

J 2
<25 ZJ (@7 =1, (3.6)
j:

where M;(n), ..., M5 (1) are all the eigenvalues of the operator 3*(n) in the interval [Mg,(n) — 65, Mg (n) + 631, and
US(5m), ., Uj, 1 (1) are the corresponding eigenvectors normalized by

UG USCim)pe = 8y L j =T, J +K =1,
being §;; the Kronecker delta.

The pair (M:,(n), [|[US(n); HE(n)|| 71 U%(n) ) in Lemma 3.1 is the so-called quasimode of operator /35(n) with remainder
&¢. It approaches eigenvalues and eigenfunctions of the operator B°() as stated in (3.5) and (3.6). Also, if there is no
confusion, the function ||U%,(n); HE(n)|| " U%,(n) is referred to as the quasimode.

In what follows, throughout the section, we construct M (1) and Ug,(n) and obtain a bound for &° in (3.4), cf. (3.13).
The relation of M () with the true eigenvalues in the sequence (1.8) will be given in Section 4.

For j =0,1,2,..,let

Al () = (n x2mj) 3.7

be eigenvalues in (1.16) corresponding to a fixed Floquet parameter 7 € [—m, 7]. From the explicit computations, the
corresponding eigenfunctions

Ui,j(xl; n) = el=2m)x (3.8)

do not depend on the x,-variable. Obviously, for the different signs, values in (3.7) and functions in (3.8), coincide
only for j = 0. Namely, for j = 0, we have the first eigenvalue in the increasing sequence (1.14) and the corresponding
eigenfunction:

A =A% ) =n* Un) = Uy (xi3m) = el 3.9)
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According to the notation in (3.3) we take
MO () = (1 + A (7)™
as an approximate eigenvalue (M5 (n) for +, respectively), and

6U

aU°
Uz ;(xsm) =X€(X1)U9_L’j(X1;77)+(1 —X“—'(xl))(UO (0;1) + x; ——= o L o0; n)) +s)(0(x1) (0 W, ( ) (3.10)

as an approximate eigenfunction U% (n) which we construct from U0 in (3.8) and Wl(«f ), the bounded harmonics in &,
see (2.6), (2.7)—(2.9) and (2.13). Here,

X(x) =1—yxy(x1/e) — x_(x1/e), and, o€ C®(R), xo(x1) =1 for |x;| <1/6, xo(x;) =0 for |x;] > 1/3,
(3.11)

where the even smooth cut-off functions y.. are defined by (2.10). It can be easily verified that UE (x' 1) € HE(n).

Note that, depending on H, j € Ny and n € [, 7], the eigenvalues M0 (77) can be s1mple or have a multiplicity
greater than or equal to 2. Obviously, once H and j are fixed, also the elgenvalue number in the sequence (1.14) may
change depending on 7. Below, we fix j and the sign plus or minus, and for brevity, we omit to write the 7 dependence of
function Uf_,,j-

In order to apply Lemma 3.1, we multiply (3.4) by ||[U%,(n); HE(n)|| !, write 6¢ = 5; j(n) and obtain the remainder
8 ;) 1= IS s HEMITHIB US ; — MY ()US s HEM)Il, (312)
for which we obtain the uniform estimate:
5;}.(77) <cje, fore<ej, (3.13)

where c¢; and ¢; are two positive constants independent of 7 and ¢.
To prove (3.13), first, let us show the almost orthogonality property for the family of functions constructed in (3.10):

|(U5+j,U5_j),;E| < Cjel/? fore <ej,nel-nnl, jeN, (3.14)

|(U_€_hj, US el < Cjxe'/? fore <ejp,npel-n7xl, jkeNy,j#k, (3.15)

where C;, Cj, €j, and ¢  are some positive constants independent of ¢ and »; recall that (-, ), denotes the scalar product
in H® (17)
Let us prove (3.14). Owing to the orthogonality of the functions Ugj in L2(Q°) and H(Q°), we write

|<Ui,j, Us_,j>ns| =(Vx(U_E‘_’j - U?L’j), VxUE_,j)QE + (VxU:)_,j’ Vx(UE_J - Uij))gs
—(VUS , ViU? Danas + (U5 = U U Do (3.16)
+ (U?,,j, U: ;- Ugyj)ne - (Uﬂ)ﬁj, Ug’j)QO\QE-
In addition, by the definition (3.10) of Uf_,,j, we have

UL |

a- XE(xl))<Ui, ) = UY (0m) = x; axil’J (0;77)>; HE(n)

IS, — U0 s HE Il <

UO

£ 0. 1 f .y
+{[e , (O,n)W()(E),H(n) .
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Thus, since U?rj are smooth functions, the support of 1 — X¢ is contained in {|x;| < 2Re} and Wé S H}m(E), we have
IS, = U2 s HE@I < Cpe/?, (3.17)

where, on account of (3.11), we have applied the Taylor formula for U?_r j(xl, 1), while |x;| < O(g), the change of variable

(2.5), and the periodicity of Wé(é’ )in the &,-direction. Also C j is a constant independent of € and 7. Now, using (3.17), the
smoothness of U?_r j(xl, 7) and the fact that |Q° \ Qf| = O(¢), we obtain

e—0
IUS i HE@II? ——— IUY s LAQOI1P + IV.US 5 L2QOI7 = (1 + AL (n)H. (318)

Hence, gathering (3.16), (3.17), (3.18) and using that |Q° \ Qf| = O(¢), we get (3.14).
Rewriting the proof above, with minor modifications, for each k and j, ¥ # j, we obtain the four estimates in (3.15).
Then, for each sign plus or minus, index j € Ny and € [, ], let us introduce

Ugee ) 1= U i HEITT UL () (3.19)

to be the quasimode constructed from the eigenfunction corresponding with A(jr j(n), cf. (3.10) and (3.8). From (3.14), (3.15),
and (3.18), we get the almost orthonormality conditions:

|<U151s‘+,j’ UZS,_,j)ngl < 5j51/2 fore <tj, ne[-m,x], jeEN, (3.20)
|<UZS,i,j’ UZS,¢7k>77€ - 5k]| < éj,kgl/z fore < ng,ka ne [_ﬂ5 7T]5 ]’k € NO’ (321)

where C s Cc i k» €j and € are some positive constants independent of ¢ and 7.
Finally, we write the following estimate:

0 . =~ I~
IBXUY ; — M, (UL sH(Il < Cje,  fore <&

(for a certain positive constant ¢; independent of ¢ and ), whose proof involves cumbersome computations that we avoid
introducing them here: it follows rewriting the proof in [9] with minor modifications. This estimate together with the
convergence (3.18) allows us to write the uniform bound for the remainder (3.13).

Now, applying Lemma 3.1 gives us an eigenvalue M f_r’j (n) of the operator 5¢(n) such that

|M;](7]) —Mi,j(ﬂﬂ < Cje, fore < €, 1 S [—77.', 77.'], (3.22)

where the factor ¢; > 0 and the constant ¢; > 0 are independent of 77 and ¢. Recalling (3.3), we derive from (3.22) that

1AL ;) = AL ()] < cje + AL ;M)A + AL (), (323)
and, hence
(1+ AL DA —cjel+ A2 () <1+ A2 ().
Let us set
1
g :=—————whenj=1,2,.. hilegy := ——————— when j = 0.
T 20 amzjyy WS = e Ay e
Then, for ¢ < min(ej, €;), we have (1 — c;e(1 + Aij(n)) > 1/2 and therefore
IAL () = AL ()] <2061+ AL ()* <Cje Wy € [-7,7]. (3.24)

Estimates (3.22) and (3.24) become essential in what follows to derive bounds for convergence rates between the
eigenvalues in sequences (1.8) and (1.14).
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4 | THE ALMOST EIGENVALUES AND THE TRUE EIGENVALUES

In this section, we provide a certain relation between the eigenvalue A;J. (n) given by Lemma 3.1, which satisfies (3.24),
and an eigenvalue in the increasing sequence (1.8). To state Theorems 4.1 and 4.2 and Corollary 4.3, we use the results in
Section 3 and arguments on families of almost orthogonal functions approaching the eigenfunctions, cf. [16, 23, 27] for the
technique in very different problems. See also [13, Section 5.32] in this connection.

Based on definitions (3.7)—~(3.9) and estimates (3.22) and (3.24), we show the following result.

Theorem 4.1. For each eigenvalue AS,(n) of problem (1.10)~(1.12) in the sequence (1.14), with m = 1,2, 3, ..., and such that
a corresponding eigenfunction does not depend of the x,-variable for n in an interval [a,b] C [—7, 7], there is at least one

eigenvalue A° pEn, m)(n) of problem (1.4)—(1.6) satisfying

|A° ) = ApM] <Cpe YV nelable<ey,, (4.1

p(en,m)
where C,, and €, are certain positive constants that are independent of € and 1. Moreover, for intervals [a, b] which does not
contain 1, such that the multiplicity of AS,(n,) is greater than 1, p(e,n, m) > m.

Proof. Since by hypothes1s A% () coincides with some A° J(}y) in [a, b] for some sign plus or minus and some j = j(m),
we set Ag m)(n) = (77) for the same sign and j, where it should be noted that the sign could change in subintervals
of [a, b]. Therefore (3 24) provides (4.1). The fact that p(e, n, m) be greater than or equal to m is due to the estimate (2.1),
and the theorem is proved. O

It should be emphasized that while Corollary 2.3 provides approaches between all the eigenvalues of (1.4)—(1.6) and
(1.10)-(1.12), Theorem 4.1 only provides estimates for discrepancies between certain eigenvalues of the homogenization
problem (1.4)-(1.6) and certain eigenvalues of the homogenized problem (1.10)—(1.12) for » in certain intervals which can
coincide with [—7, 7] depending on m and H (see Figures 2 and 3). Nevertheless, we cannot assure that all the eigen-
values (1.14) enjoy of such an approach. In addition, we cannot assure yet that the number p(e, 7, m) coincides with m.
To show this rigorously can only be done for a few values of m, always depending on the value of H. This is due to
the difficulty in ordering the eigenvalues (3.7) in the monotone sequence (1.14). In particular, to outline the difficulty,
we show that p(e,n, m) = m for the values of m = 1,2, 3 (cf. Theorem 5.1). Next theorem provides the preliminary result
p(e,n, m) > mforyinaneighborhood of 5, such that A% (5,) is a multiple eigenvalue of (1.10)—(1.12). However, on account
of (3.20)-(3.24), the process can be continued for the values of m arising in the statement of Theorem 4.1, provided that
the {Ap(n)}g;l has a corresponding eigenfunction depending only on x;, see, for example, Figure 2 when H < 1/ \/g and
Remark 4.4.

For the sake of simplicity in the proof of the next theorem, while m = 1,2, 3, it proves useful to write (3.22) and (3.24)
as

IMZ_ () —Mi,j(n)l <ce Vnel-mmn],e<eg (4.2)
and

AL ) — AL (I <Ce Vnel-m 7l <, (4.3)

for certain positive constants ¢,, c and C. Consequently, for any ¢, > c the interval [M, 0 ](77) —ce,M° J(n) + c,€] contains
at least one eigenvalue M ¢ (77) and the value of ¢, can be replaced by ¢, in order “that (4.3) be satlsfled for a certain
constant C,. Namely,

IMS () — M (Dl <ce ¥y €l-m ] e<e, (4.4)

and

1AL ) —AL I <Ce  Vpe[-m 7l e<e,. (4.5)
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Note that the above formulas contain the case where j = 0, cf. (3.9):
A+ AL ) =A+n) T <ce  Vyel-m7ale<e,, (4.6)
and
N, (=0’ <Cre Vnel[-mxl, e<e,. 4.7)

Similarly, for simplicity, for a fixed m = 1,2,3 and 7 € [a,b] C [—7, 7], we avoid writing corresponding signs and index
Jj = j(m) and we denote by Ug; ,,(n) and U} sm +1(m) the two quasimodes in (3.19) constructed from the two eigenfunction
corresponding to AY, () and A21 +1(M), cf. (3.10) and (3.8), for the associated j and sign plus or minus. On account of (3.20)
and (3.21), they satisfy

(Ul Usy e = CVE =0 and  [US i HE@I2 =1, m=1,2,3. (48)

Theorem 4.2. There exist constants gy > 0 and C, independent of ¢ and 1 € [a,b] C [—x, 7] such that for each eigenvalue
A% () of problem (1.10)~(1.12) in the sequence (1.14), with m = 1,2, 3, and a corresponding eigenfunction depending only on
the x,-variable, there is an eigenvalue Agp en m)(n) of problem (1.4)-(1.6) satisfying

|A§,<g,n,m)(77) —A ()| <Coe  form=1,2,3, 0<e<gyand 7€ [a,b] C [-7, 7], (4.9)

where p(e,n, m) > m. Depending on H and m, the interval [a, b] can coincide with the whole [—7, 7r] or with any interval
which does not contain abscises of intersecting points of the dispersion curves with one of the corresponding eigenfunctions
depending on x,.

In particular, form = 1and H > 0, form = 2and H € (0,1/2) and form = 3 and H € (0, 1/\/5) we get

|A;(E,n’m)(77) — A% (m)| < Cye, for0<e<egy, n€l|—mmr], and p(e,n,m) > m. (4.10)

Proof. The existence of such an index p(e, 7, m) has been proved in Theorem 4.1. For each m, let us show that p(e,n, m) >
m, even if [a, b] contains points 7, such that A,,(n°) = A,,+1(n°). We divide the proof into several steps depending on m.

Step (1): The case when m = 1. The result p(e,n, m) > m is self-evident when m = 1, and [a, b] = [—7, 7]. In addition,
when 7 = +7 the multiplicity of A(l)(in') is 2, and (4, 7r%) are the only points of the limit dispersion curve A(l)(n), where
the multiplicity is greater than 1. That is to say, for 7 = +, the first eigenvalue of the limit problem is double: A?(iﬂ') =
Ag(in) = 2. The corresponding eigenfunctions are Ug’(—n') = e ™1 and Ug(—n') = ™1 when 7 = —r, while they are
U(l)(n') =el™1 and Ug(n') = e~ when 7 = 7, and we can prove that p(e, +7,2) > 2. In fact, let us show that there
are at least two eigenvalues of Equations (1.4)-(1.6) satisfying (4.6). Since both points can be treated in the same way,
let us proceed with 7 = —x. The constructed quasimodes Ufl S’l(—n) and UZ s,z(_”) satisfy the condition (4.8). It is self-
evident that actually, Ufm’l(—n) = Uzs,i,o(_”) and Ufm,z(—n) = Ufls,+,1(_7[)’ cf. (3.9), (3.7), (3.8), and (3.10), and, further
specifying,

_ . -1 _ . -1
U;S,l(_ﬂ) - ” U;,O(_ﬂ)’ HE(_ﬂ)” Ui’o(_ﬂ)7 U;s,Z(_ﬂ) - ” Ui—,l(_ﬂ)’ HE(_ﬂ)” Uj_’l(_ﬂ)
For any ¢, > c (cf. (4.4) and (4.5)) let us consider all the eigenvalues
ME(=70), .., ME _, (~)}

in [ +A)(-m)™" —cre, 1+ A)(=7))"" + c,€] and the corresponding eigenfunctions {U5(-; —7), ..., U5 (=)}
Using the bound (3.6) in Lemma 3.1, we get

J+K—-1 c J+K-1
U (—m)— Y of US(s—m); HE (=) <2, > ol P=1, 1=12
i=J i=J

~ J+K-1 ~ J+K—1 . . .
Let us show that U := Zi; ailUf(~; —m)and Uj := Zi:] ocf’zUiE(q —m) are linearly independent functions, and

consequently, among the sequence {Mj(~7), ..., M;_ . _,(—m)} there are at least two eigenvalues of (1.4)(1.6) with total
multiplicity greater than or equal to 2.
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Indeed, using the above estimate and (4.8), we write

(05.05)

< ‘(UE ’ ﬁg - U; (_n»—m:

as,2

+ (5 = US (=), US (=) e

as,1

+’<U;S,1(_7T) s Uzs’z(_ﬂ)>—7[£

<25 428 40y (4.11)
¢ e

Now, assuming that U¢ and U¢ are two linearly dependent functions, without any restriction, we can write aU¢ = U for
some a # 0, || = 1, and taking the scalar product with ffi we have

lal[(TF ., TF) e

=1= ’(ﬁg sﬁi)—ns

c c =
<2— 2= +Cye

c, c,
Consequently, it suffices to take ¢, := ¢, and g, := g, such that

4% +Crfeor <1
to get a contradiction. Thus, we have also shown that p(e, —7,2) > 2 and p(e, 7, 2) > 2, and we can fix constants C, := Cr,
and gy := g, in (4.9) to obtain p(e,n,1) > 1 V7 € [a,b] = [—7, 7] while at the points 7 = +7 where the multiplicity of
A(l’(n) is two, also the index p(e, £, 2) is greater than or equal to 2.

Step (2): The case when m = 2. Let us proceed with m = 2, in such a way that also [a, b] = [—7, 7], namely, H € (0,1/2),
cf. Figures 2 and 3A. Now, since AY(—7) = AY(—7) = 7% and AY(+7) = AY(+7) = 7%, we can avoid the two points since
the result is the same as for A(l)(iﬂ) and p(e,+7,2) > 2.

For each ¢ < g, let us consider the abscises d. . of the two points in which the e-neighborhood of (1 + Ag(n))_1 and
the e-neighborhood of (1 + A(l)(n))_1 cut across each other. Further specifying, we consider the cut points of the lines

A+A@) " —ce and A +AJ) !+, (4.12)

which we denote by d_, . and d, ., respectively (see Figures 5 and 6).

Consider 7 in the interval (d_,.,d,.) since the e-neighborhoods do not intersect, formulas (4.4) and (4.5) when
j =1and (4.6) and (4.7) provide two eigenvalues of (1.4)-(1.6) which cannot coincide and the result holds true, namely
P(E,1,2) 227 € (A_r e, G )

Consider now 7 in the interval (—z,d_, ] and € < gy. In this case, both e-neighborhoods intersect and we take a
larger interval [(1 + A1) ™" — 3¢, &, (1 + A)(1)) ™" + 3¢, €] which contains [(1 + An)™! — ¢, 6,1+ AIM) ™! + ¢, €]
and therefore, it contains at least one eigenvalue of the operator B¢(») in (3.2). Let us show that it contains another differ-
ent eigenvalue of this operator and the result of the theorem is also true for [a, b] = [—7, 7] when H € (0,1/2). Here, and
below throughout the proof, by different we understand that the total multiplicity of these two eigenvalues is greater than
or equal to 2, or equivalently, that they have two corresponding entries in the sequence (1.8) of eigenvalues of (1.4)—(1.6).

Indeed, formulas (4.4) and (4.6) provide two eigenvalues of (1.4)—(1.6) which, by now, could coincide. But, we have con-
structed two quasimodes U, s,1(’7) and U 572(7)) satisfying (4.8). Let us show that they approach two linear combination of
eigenfunctions of (1.4)—(1.6) which are linearly independent functions. To do this, we consider all the possible eigenvalues

. . Jy+Ky—1 .
of the operator Bf(#) in the interval [(1 + A(Z)(n))_1 —3¢,,6,(1+ A(z)(n))_1 + 3¢, ], {M; (77)};;7 7~ and the corresponding
eigenfunctions, and use (3.6) in Lemma 3.1; we get

Ty+Ky—1 Ty+Ky—1
c
UL = Y & UG || < 25—, ) laf,P=1 1=12,
i=I, Yo i=I,
and proceed as above for n = —, cf. (4.11), by contradiction, to obtain the result: namely, we claim that there are at least

two different eigenvalues of the operator 5°(n) in [(1 + Ag(n))_l —3c¢,6,(1+ Ag(n))_1 + 3c,,€]. Then, we fix constants C
and ¢, from 3c,, and g, := ¢, in (4.9), cf. (3.23) and (3.24), to obtain p(e, 7, 2) greater than or equal to 2, V € [-7, ].

In addition, when 0 < H < 1/2 (cf. Figures 2 and 3), we can show that at the point 7 = 0, where Ag(O) = Ag(O) = 472,
the index p(e, 0, 3) satisfies p(e,0,3) > 3. Indeed, consider all the eigenvalues of the operator 5%(n) when 7 =0 in
[(1+ Ag(o))_1 —3¢,,6, (1 + Ag(O))_1 + 3c,,€]. Formula (3.22) provide two eigenvalues of (1.4)-(1.6) which, by now, could
coincide. But, we have constructed two quasimodes UZS’Z(O) and UZS’3(O) satisfying (4.8). Let us show that the two
mentioned eigenvalues are different.
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T A-ge Ao—e

FIGURE 5 Graphics of the curves (1 + A(l)(n))‘1 and (1 + Ag(n))‘1 when H € (0,1/2). Associated e-neighborhoods are the regions
between the surrounding red lines.

1/(1+ A)

1/(1+4m2) :—
.——l————'—_’—
T g e c Ao+ Ome T

FIGURE 6 Figure 5 after stretching the ordinate axis: the curves (1 + A(l’(r)))*1 and (1 + A‘z’(n))*1 and the associated e-neighborhood
between the red lines.

To do this, we consider all the possible eigenvalues
M5 (0), ... M5, (O)}

in [(1+ A(0))™ — 3c,,6, (1 + AY(0)) ™" + 3¢, €] with the corresponding eigenfunctions {U5,(50), ..
use the bounds for discrepancies in Lemma 3.1, cf. (3.6); we get

) Uj()"'KO_l(‘; 0)}’ and

Jo+Ko—1 c Jo+Ko—1
UE, (0) - > af USC O HAO) | < 25—, D lag P =1, 1=23,
i=J, To i=Jy
and proceed as for 7 = —x, by contradiction, cf. (4.11), finding two linearly independent functions
Jo+Kop—1 Jo+Ko—1
{ 2 a5 ,0U5(50), Z OC;&OU;(-;O)}.
J=Jo J=To

Thus, for = 0 there are at least two different eigenvalues of the operator 3°(3), in the interval [(1 + Ag(O))_1 —3¢r,6, (1 +
AJ0)7! + 3¢el.
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€

Consequently, we obtain p(e,0,2) > 2 and p(e, 0, 3) > 3. This comes from the fact that the value Ap(€ o1

coincide with A;(E’O,z)(o) or A; (5’0,3)(0).

Now, in the case where H > 1/2, cf. Figures 3B and 2, considering any interval [a, b] = [—7, by] or [a, b] = [ag, 7] which
does not contain the abscises 7, of the intersecting points of the dispersion curves (5 + 27)? and 5? + 7% /H?, the result
of the theorem holds true. Namely p(e, n,2) > 2 for any 5 € [—7, by] U [ay, 7], is a consequence of the results above for
m =1, m = 2 and Theorem 4.1.

Step (3): The casewhen m = 3. When H < 1/2, the process can be continued for m = 3, cf. Figures 3A and 2. Let us show
that p(e,7,3) > 3 when 5 € [a,b] with 0 € [a, b] C [ag, bg] C [—7, 7], (ay, by) being the largest interval which does not
contain abscises of intersecting points of the curves (( + 27)? + 1)~ and ((n? + 72/H?) + 1)~! nor of (n — 27)> + 1)~!
and ((n? + 72 /H?*) + 1)~ L.

Indeed, let us consider the abscises d. . of the cut points of the e-neighborhood of the curves (Ag(n) +1)7! and
(A + 17! near 5 =0, namely, near the double eigenvalue (1 + A9(0)™! = (1 + A3(0))™! = 1/(1 + 47?) of B%(0).
Further specifying, dy_ . and d,, . denote abscissa of the intersecting points of the curves

)(0) cannot

A+A@) " —c e and A +AI) !+,

with dy_ . < dy4 .; see Figures 5 and 6.

In the case where a > — (similarly, b < 7), it is clear that for € [a, dy_ ) (similarly, 7 € (Gy ., b]) the eigenvalues
A?(v) with i = 1,2, 3 are simple, (4.2) and (4.6) guarantee at least one eigenvalue (A;(n) + 1)7! in the e-neighborhood
of each (A?(n) +1)71, and since these neighborhoods do not intersect, there are at least three different eigenvalues
A; (E’n,i)(n), i =1,2,3 (their total multiplicity is greater than or equal to 3). Therefore, p(e,7,3) > 3 for » € [a,dy_) U

(o4 ¢, b]. Also, if a = —7 (similarly, b = 7), it has been proved above that in an e-neighborhood of (A(l)(n) + 1)7! there are
at least two eigenvalues of the operator 5¢() with total multiplicity greater than or equal to 2, and again p(e, 7, 3) > 3.

Next, let us prove that the result holds for n € [dy_ ¢, do; ¢ ]-

As for n = 0, the result p(e, 0,3) > 3 has been proved above, in the previous step. Because of the symmetry, it suffices
to analyze in further detail the value of p(e, 7, 3) for the case where 7 € [d,_,0). We use the idea in the previous step
for Ag(n) with 7 near —z. That is, now, both e-neighborhoods intersect and we take a larger interval [(1 + Ag(}y))_1 -
3¢,,6, (1 + A1)~ + 3¢, €] which contains [(1 + A1) ™! — ¢, e, (1 + A)()) ™" + ¢, €] and therefore, it contains at least
one eigenvalue of the operator 3°(n). Let us show that it contains another different eigenvalue of this operator.

Indeed, formula (4.2), with j = 1, provide two eigenvalues of the problem (1.4)—(1.6) which, by now, could coincide.
But, we have constructed two quasimodes Uflsg(n) and U?, 8’3(77) satisfying (4.8). Let us derive that they approach to two
linear combination of eigenfunctions of (1.4)-(1.6) which are linearly independent functions. To do this, we consider all

JI+K] —
the possible eigenvalues of B*(n) in [(1 + AJ(1) ™" — 3¢, &, (1 + Ad() ™" + 3¢, €], {M f(n)}il}; 7! and the corresponding

eigenfunctions, and use Lemma 3.1, cf. (3.6); we get

Jp+Kp—1 Jp+Kp—1
€ € (.. . ¢ 2 € 2 _ —
U = Y & Ui M) <25 —. Y &g, IP=1, 1=23.
i=1] To i=J]
and proceed as above for 7 = —7 in (4.11), by contradiction, to obtain the result. Thus, there are at least two different eigen-

values of the operator B°(n) in [(1 + A(3’(17))_1 —3¢.,6, (1 + A(3’(77))_1 + 3¢, €]. Since, for 7 € [Gy_, A4 ], there is another
eigenvalue in the e-neighborhood for (A(l)(n) + 1)~! which does not cut those e-neighborhoods under consideration for
M?r,l(n) , it follows that we have obtained at least three eigenvalues of (1.4)-(1.6) with total multiplicity greater than or
equal to 3. Again, we fix the constants C;, from 3¢, and g, := ¢, in (4.9) to obtain the value p(e, 7, 3) > 3 in the statement
of the theorem.

As a matter of fact, [a,b] = [-7, 7] for H < 1/ \/§ see Figure 2. Therefore, (4.10) and all the statements of the theorem
hold true. O

As a consequence of the proof of Theorem 4.2 when dealing with small neighborhoods of eigenvalues of the
homogenized problem of multiplicity 2, we can state the following result.

Corollary 4.3. Under the hypothesis of Theorem 4.2, assume that for a certain m € {1,2,3} and a certain 1° € [a, b],

A2 (n°) = A(r)n+1(’70)' Then, fore < g, thereare ap . and ap ¢ such that forn € [ano—,a’ ano+,5] C [a, b], at least two eigenvalues
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FIGURE 7 Graphics of the limit dispersion curves A(lJ () and Ag(n) when H € (0,1/2). Associated e-neighborhoods are the regions
between the surrounding red lines.

A; (E’n,m)(n) and A; (s,n,m)+1(77) satisfy Equation (4.9), and consequently,
A @ = N < Coes A @) = A%)| < Coe Vn€lap Lap € <5, (4.13)

while j = m,m + 1. The edges ao . and a0 e of the interval can be determined from an e-neighborhood of (1 + AS, (1))~

and (1 + A}, (7))~ and both converge toward 1°, as e — 0.

Remark 4.4. Comparing results in Theorems 4.1 and 4.2, it proves useful to observe that at the points , such that A%, (1,) =
A?n +1(Mo), the result in Theorem 4.1 provides at least one eigenvalue A;(E,no,m)(n) with p(e, 5y, m) > m, but it does not take
into account the multiplicity. That is to say, it does not ensure that there is another different index p(e, 5y, m + 1) such
that p(e, 79, m + 1) > m + 1, and the same can happen in a small neighborhood of 7. This is provided by Theorem 4.2.
The main difficulty in the proof of Theorem 4.2 arises when we are in an e-neighborhood of the collision points of the
two dispersion curves (79, A% 10)) = (7o, A?n +1(17°)), points in which the multiplicity of each branch A (n) and A?n Y
changes from one to two (see Figure 7). In these neighborhoods also the proof in Theorem 4.2 ensures that there are
two different indexes, namely, at least the eigenvalues A; (S’n’m)(n) and A; (E,n,m)+1(n) satisfy (4.9) for  ranging in a small
neighborhood of 7, cf. Corollary 4.3.

Also, in connection with the last step of the proof of Theorem 4.2, it is worth noting that, again, depending on the value
of H<1/ \/g the reasoning can be continued for other values of m even greater than 3 (cf. Figure 2), and the statement
of the theorem holds true for further values of m. However, the process relies on the complex trusses—nodes structure
for the curves (1 + A% (1))~! and computations become cumbersome, this being the reason for avoiding them in this

paper. |
5 | CONVERGENCE RATES FOR LOW-FREQUENCY DISPERSION CURVES

In this section, we prove the main result of the paper. We show that the index p(e,n,m) > m found in the previous
section coincides with m, and as a consequence, we provide bounds for discrepancies between the eigenvalues of the

sequences (1.8) and (1.14) which are uniform in both parameters ¢ and 7.

Theorem 5.1. Let m be fixed, m ranging in {1, 2,3} and such that A?n(n) is an eigenvalue of problem (1.10)-(1.12) in the
sequence (1.14) having a corresponding eigenfunction independent of x, forn in an interval [a, 0] C [—-7, 7].
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i) Assume that the interval [a, 6] does not contain n° such that A%, (n°) = A° +1(770) then, we show that there exist positive
constants g, and Cy independent of n and ¢ such that the eigenvalue A, (n) of problem (1.4)-(1.6) in the sequence (1.8) is
the only one meeting the estimate

A5 () = A ()l < Coe, Ve < gy, 1) € [a,b]. (5.1)
it) If for some 7, € [a,b], m satisfies A0 (n°) = A?nﬂ(no) < A0 2(770) then, there are exactly two eigenvalues A5, (n) and
A3, .1 () meeting the discrepancy (5.1) for n € [a,o ., av(l,s] N [a,b], where [a,o ., 20 ¢ ] is a small neighborhood of 7.

The edges ap . and a . can be determined from an e-neighborhood of the dispersion curves A% (1) and A° ma1 (M) and
both converge toward n°, as e — 0.
iii) In particular, form =1and H > 0, form = 2and H € (0,1/2) and form = 3 and H € (0, 1/\/§) we have

A, (n) — Al m(M)] < Coe, fore <egy,n€—m, 7. (5.2)

Proof. Let us proceed with the proof in three steps, where we use the bounds in Theorems 4.1 and 4.2.

Step (1): The case where V) € [a,b], A,,,(n) < Ayp1(n). Let us show that p(e,n, m) arising in (4.1) verifies p(e,n, m) =
when 7 € [a, b], and consequently (5.1) also holds.

We proceed by contradiction, denying (5.1), while, on account of Theorem 4.1, p(e,n, m) > m. This implies that there
exists n* € [a, b] such that there is ¢« < ¢, for which p(¢,-,n*,m) > m + 1 and (5.1) does not hold. By the hypothesis,

A) @) > Ay ().

First of all, we observe that, for such a #*, the number of Ep that we can select above must constitute a finite number,
because otherwise, we can take a subsequence of ¢,.; — 0 as | — oo and then, from (4.1), or equivalently from (4.9) we
write

A Ep*l *)

m+1

p(s . L * m)(n*) = 21(77*) + COEn*,l- (5.3)

Now, on account of (2.4), taking limits, as | - oo, we get a contradiction:

A () < A ().

Consequently, for each n* for which (5.1) does not hold, there is at the most a finite number €, 1, €+ 5, ... En* s for which
(5.1) does not hold. In addition, if there is only one such n* taking e, = min(e,, &« 1, &+ 25 - - ), then inequality (5.1)
holds for € < ¢},. The same happens if there is only a finite number of #* for which (5.1) does not hold.

Thus, denying (5.1) must imply that there is at least one sequence {1,}2 that converge toward some 7 € [a,b], as
r — oo, such that (5.1) is not satisfied for Ep 1> EF 20 oo En;’kﬁ, r =1,2,... while (4.1) holds. Without any restriction we can
assume that there is also a sequence of ¢, converging toward zero as r — oo, Indeed, let us explain this latter assertion in
further detail. For the set .J := {n* € [a,b] : (5.1) is not satisfied } C [, 7], we consider the associated set of parameters
constructed above:

= {87)*’1’ En*,z, E’?*vkn* }77*63'

Either £ has a lower bound €5, > 0 or we can extract a sequence {g,+}>°  converging toward zero as r — oo, each term

,; being associated with a certain value 7;° € J. In the first case, (5.1) holds for ¢ < ¢, :=min(e};, €,,) and the proof is
completed In the second case, since the sequence {;}7?, is bounded from above and below, by subsequences, we can
construct the above-mentioned sequence, still denoted by v,

(1f,&y2) = (7,0) asr — oo.

Let us show that this last assertion leads us to a contradiction.
To this end, we notice that, as in (5.3), from (4.9) we can write

m+1(77r) A (nr) < A (77;’) + COEY) > (54)

pleys

for the corresponding sequence of eigenvalues. Taking into account Theorem 2.2, cf. (2.3), and the continuity of the appli-
cation (1.15), we take limits in (5.4), as r — oo, and get A° +1(7;) <A° (7). Therefore, when the limiting eigenvalue A? ()
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is simple, as happens by the hypothesis on the dispersion curves and the interval [a, b], we get a contradiction. The con-
tradiction process also shows that there are no more eigenvalues A, () satisfying (5.1), since by Theorem 4.1 (equivalently,
by the hypothesis) p should be greater than or equal to m.

Step (2): the case where n° € [a,b] with A,(n°) = A) | (n°). Let us start with m = 1.

By the hypothesis on the limiting dispersion curves, there are only two possibilities for the curves A‘l)(n) and Ag(n),
which is to have a common point for the values of 5y = +7, [a, b] being either [—x, b] when 7y = —7 or [a, 7] when
7o = 7 . The two nodes are respectively (—7,72) and (7, 72) and this holds for any H > 0. Let us start by 7 = —7 and
consider the points

. Co
A_ze=—-m+ape and a,.=m—oayE, Wwithoy= 5 € < &,

which are the abscises of intersecting points of the e-neighborhood lines of the dispersion curves: A?(n) + Cye and A(Z’(n) -
Coe near +7 (cf. (4.12) to compare). Since fory € [—x, a_, (] the eigenvalues A(l’(n) and Ag(n) are ata distance O(¢) between
them, it suffices to show

IAS(m) — A)(m)] < Coe,  |AS() — AY()| < Coe, Ve < g, € [-7,a_z ], (5.5)

with C, being a positive constant independent of € and 7.
Considering Theorem 4.2 (see Step (2)), it has been shown that for eachy € [—7, a_, ;] there are at least two eigenvalues
c p A

Ap(m,l) and Ap(s,n,1)+1 satisfying p(e,n,1) > 1 and

1A ., ) = AT < Coe, A

pen.1) - A?(n)' < COE’ Ve < €0, 1 € [—77.', a—ﬂ,&]‘

€
p(en,1)+1

Let us assume that (5.5) does not hold, which means that there is €* < ¢, for which we cannot ensure that p(e*, 7, 1)
is equal to 1 for some 7.« € [-7,a_;.«] , namely, p(¢*,7.+,1) > 2 and p(e*, 7.+, 1) + 1 > 3. If the set of ¢* for which (5.5)
does not hold is finite, taking the minimum, we can take the ¢** in such a way that (5.5) holds for € < £**. Therefore,
the worst situation happens when we can extract an infinitesimal sequence of ¢ and 7, := 7.+ € [-7, a_ .+] for which
p(ef,ns, 1) > 2 and therefore p(¢;,n;,1) + 1 > 3. If so, (&, ny) = (0,—7m) and, as in (5.4), write the corresponding chain
of inequalities

E, % E %
AT () <A

* 04,k .
Pleyx ,nf,1)+1(77’) < A) + Coyy

cf. (4.13). Taking limits and applying Theorem 2.2, we obtain the following contradiction:
AY(—7) < A)(—7) = AY(—7) < AY(—7). (5.6)

Consequently, p(e,n,1) = 1 for € < gy, n € [-7,a_, .| and Equation (5.5) holds. Since in this interval A(l)(n) and Ag(n)
are at distance O(g), also (5.1) holds for m = 1 and m = 2. In addition, there cannot be more eigenvalues A;(n) satisfying
(5.1) because of the same argument of contradiction above: indeed, another eigenvalue should compulsorily be Ag (n) for
certain € and 7 ranging in converging subsequences, which leads to the contradiction (5.6).

In a similar way, we proceed with the other possible node of the limiting dispersion curves, that is, with the point (0, 4772)
when m = 2 and H < 1/2. By the hypothesis on the dispersion curves, there is only one possibility for the curves Ag(n)
and Ag(n) to cut across each other. This possibility means to have a common point at 7, = 0 and 0 € [a,b] C [-7, 7].

We consider the points

Ao—e = _% and  agy . = %s
which are intersecting points of the e-neighborhood lines of the dispersion curves Ag(n) + Cpe and Ag(n) — Coenearn =0,
cf. Figure 7.

Since for 7 € [ag_ ¢, ap, ] the eigenvalues Ag(n) and Ag(n) are at a distance O(¢) between them, it suffices to show

IAS(m) — Ad()] < Coe,  [AS() — AJM)| < Coe, Ve < g9, 1) € [Ag_ e, Gy e (5.7)
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Also, in Theorem 4.2 (see Step (3), and (4.13)), it has been shown that for each 7 € [ay_, a, (] there are at least two

. c c g
eigenvalues Ap(m’z)(n) and Ap(s,n,2)+1(77) satisfying p(e,n,2) > 2 and

|A;(E,7)72)(77) - Ag(’?)| < C()E, |A;(E,,)72)+1(77) - Ag(’?)l < COE’ Ve < €, 1 € [aO—,&" a0+,E]'

Let us assume that (5.7) does not hold, which means that there is ¢* and 7+ € [ag_ ¢+, Qg4 ¢+ | for which we cannot ensure
that p(e*, 7.+, 2) is equal to 2 , namely, p(¢*,%,+,2) > 3 and p(c*,7.+,2) + 1 > 4. As in the reasoning above (in the first
step), the worst situation happens when we can extract a sequence (&yzs ny) — (0,0) and, as in (5.4), we write

€% E %
A () < A;(’En? w2y ) S A7) + Cogy

Taking limits and applying Theorem 2.2, we obtain the following contradiction:
AJ(0) < AJ(0) = AJ(0) < AY(0). (5.8)

Consequently, p(e,7n,2) = 2 for € < gy, n € [ag_,, ap; ] and (5.7) holds as well as (5.1) for m = 2 and m = 3. In addi-
tion, there cannot be more eigenvalues A} (7) satisfying (5.1) because of the same argument of contradiction above:
indeed, another eigenvalue should compulsorily be A(n) for certain ¢ and 7 ranging in subsequences, which leads to
the contradiction (5.8).

It should be noted that when numbering the eigenvalues (1.16) in the sequence (1.14), the eigenvalue number m can
change depending on the values of € [—7, 7] and H > 0. The rest of the node points when m > 2 can be treated in a
similar way, and we avoid introducing here the cumbersome computations. Also, as a matter of fact, if H <1/ \/§ the
process can be continued for values of m greater than 3.

Step (3): Let us show (5.2) for the different values of m. Now, from the previous steps of this proof, we note that while 7 €
[—, 0], the points where estimate (5.2) has not been proved yet are those forn € [a_, ., a] whenm = 1,2, 017 € [a,ao_ ]
when m = 2, 3, with any a such that —7 < a < 0. The same can be said while » € [0, 7], withn € [b,a, ] and m = 1,2,
orn € [apy ., b] when m = 2,3, with any b such that 0 < b < 7.

Letus start with m = 1,2,and n € [-7, a] 2 [a_, ., a]. Theorem 4.2 ensures that (4.9) holds for m = 2 with p(e, ,2) >
2. We can apply the same contradiction argument used above which leads to a certain sequence

(n,*,an;k) — (7,0)asr — oo, forsome# € [—7,al,

for which p(g;, 9y, 2) > 3. Actually, taking limits in

E % E %
AT RSB ey @) < N300 + Coyy
cf. (2.3), we obtain Ag(ﬁ) < Ag(ﬁ) which is a contradiction for 7 € [—x, a] C [—7,0). Thus, (5.2) holds for m = 2 and
n €[-m,a] C[-7,0).

For m = 1, we observe that the construction of the endpoints in the second step applies if we replace the abscise a_, .
by a_, . arising in the second step of the proof of Theorem 4.2 (see Figures 5-7). The construction in Theorem 4.2 ensures
that, forn € [a_,, a], there are at least two different eigenvalues: A; (E’nyl)(n) satisfying (4.10) with m = 1, and A; (E,M)(n)
satisfying (4.10) with m = 2. Since we have proved above that p(e,7,2) = 2, also p(e,n,1) = 1. Thus, (5.2) also holds for
m = 1and n € [—7, a], and therefore we have obtained that for H < 1/2 bounds (5.2) hold for m = 1, 2.

We proceed in a similar way in the interval € [a, ay_ ] when m = 2, 3, arguing by contradiction for a p(¢ 1, 3) > 4 and
then, combining the second step of the proof of this theorem with the third step in the proof of Theorem 4.2. Thus, we
obtain that for H < 1/\/§ bounds (5.2) hold form = 1,2, 3.

Therefore, the result of the last statement holds and the theorem is proved. O
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