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Abstract

Two thermodynamic processes are analysed by using a rela-
tivistic four-vector fundamental equation formalism: the launch-
ing of a projectile by forces produced by chemical reactions inside
a cannon (equivalent to a person launching a ball) placed on a
moving platform, a mechanical energy production process, and the
Joule-Kelvin process implemented on a conveyor belt. Each pro-
cess is first studied in frame S, in which the device — the cannon or
the porous plug —, is at rest, obtaining its four-vector fundamental
equation dE* = §WH + §@Q*. Using the Lorentz transformation,
the corresponding four-vector equation in frame S — in which the
processes are carried out on a moving platform or a conveyor belt —
dE* = §WH+5QH, is obtained, obeying Einstein’s principle of rel-
ativity. For the relativistic description to be coherent, one has to
assign linear momentum to the non-mechanical energies and con-
sider their variations in the corresponding Newton’s second law
equation and the relativistic non-simultaneity and conveyor belt
effects. In relativistic thermodynamics, Newton’s second law and
the first law of thermodynamics are not independent equations. It
is shown that entropy variations and fuel consumption are frame
independent magnitudes.

1 Introduction

Relativistic thermodynamics. During the 20th century, the so-
called ‘relativistic thermodynamics’ [1, 2] was conceived to obtain rel-
ativistic temperature transformations between inertial reference frames
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(e.g., T to T between frames S and S, with relative speed V) [3]. On tem-
perature transformations proposals — T = 7‘71T (Planck) [4], T = vwT
(Ott) [5], or T = T (Landsberg) [6] [yv = (1 — V?/c¢?)~Y/?] — the
scientific community did not reach consensus [7, 8]. Working on two dif-
ferent formulations of relativity — the synchronous formulation [9] and
the asynchronous formulation [10] — also did not help to correctly pose
the relativistic temperature transformation problem. In this summary
on the relativistic thermodynamics story, only a small number of the
reach bibliography [11, 12] has been cited. Recently, in the 21st century,
there has been some renewed interest in the subject [13, 14].

Throughout this work, relativistic thermodynamics will be under-
stood as the description of a thermodynamic process carried out on a
conveyor belt, or wagon, in motion relative to an observer S, at rest on
the ground, by means of Einstein’s special theory of relativity equations
and methods: in the asynchronous formulation [7], by using a four-vector
formalism [2]. The description of the process in frame S will be obtained
from that in S, at rest with respect to the conveyor belt and transform-
ing the corresponding four-vector equation by application of the Lorentz
transformation [15, 16].

To apply Einstein’s inertia of energy principle [17], some thermody-
namic quantities (e.g., heat) will require a quantum mechanical-statistical
description [18, 19].

Principle of relativity and thermodynamics. The principle
of relativity (Huygens-Galileo principle [20, Ch. 16]) does not play a
significant role in Newtonian physics [21, p. 451] and even less in ther-
modynamics. Although the change of reference frame is considered in
describing processes involving a conveyor belt [22], the thermodynamic
aspects of such processes where mechanical energy dissipation is present,
are hardly considered [23].

The scientific community has not been traditionally interested in
describing thermodynamic processes taking place on moving frames, as
is the case of a conveyor belt. The lack of mechanical considerations,
something usual when analyzing thermodynamic processes, entails that
they cannot be properly described in different frames, making difficult to
relate the descriptions of these processes with the principle of relativity.
The Joule-Kelvin (JK) — or Joule-Thomson — process is an exception to
that comment [24]. However, it is not clear how equations describing
the JK process are transformed from frame S, where the porous plug
is at rest with respect to observers [25, p. 3]), to frame S where the
whole device is in motion [26] (Fig. 1). In classical physics, there is no
direct (i.e., algorithmic) procedure allowing the transformation from the



Figure 1: Joule-Kelvin process on a conveyor belt. In frame S (xy),
at rest relative to the conveyor belt, the porous plug (pp) is fixed. The
whole device (frame S) moves with velocity v., = (—=V,0,0) with respect
to frame S, in the standard configuration. (a) One mole of gas, at
temperature 11, is enclosed into a cylinder of section A; with pressure
P, = Fi,/A exerted on it. The porous plug applies force fy, on the
gas. (b) The fluid is forced to flow through the porous plug, expanding
against pressure PR = Fr/A, being Pr < P, with final temperature 7}.

equations in frame S to those in frame S and vice versa.

Analyzing the process of a person, located on a moving wagon (frame
S), with velocity vy = (V,0,0) relative to frame S, throwing an object
(Fig. 2), only mechanical aspects are considered (basically the descrip-
tion of kinetic energy production and work done in both frames, S and S,
as well as their internal coherence [27]). Thermodynamic aspects such as
launcher’s free energy consumption [e.g., ATP (adenosine triphosphate)
wasted in its muscles, previously obtained from food] are not considered.
If any, transformations of quantities between frames are performed in-
tuitively.

The absence of thermodynamical considerations in mechanical pro-
cesses and vice versa, may be in part due to the fact that progress in
classical physics [28] has led both disciplines as separate subjects [29].
Moreover, both of them, in general, ignore the atomic structure of matter
and its constituent elementary particles such as electric charges (protons
and electrons), as well as their interactions, interchanging electromag-
netic radiation (photons [30], even for low-speed processes).

The purpose of this article is to show that an Einsteinian relativistic
analysis allows to pose the equations of a process directly, by means
of a Minowski’s four-vector fundamental equation, implicitly containing
Newton’s second law (NSL) and the first law of thermodynamics (FLT),



Figure 2: Person standing on a moving wagon, throwing a ball. Frame
S (Zy): person on wagon moving with velocity v, = (V,0,0). Frame S
(xy): person at rest relative to the wagon. The ball, with initial velocity
V1 = (91,0, 0), reaches final velocity v = (2,0, 0) in S, and v¢ = (v, 0,0)
in S. A force FSXt is exerted on the person preventing it from moving
relative to the wagon when it throws the ball. An external agent (motor)
must exert the same force on the wagon to keep it moving at constant
speed.

allowing the transformation between frames by using the Lorentz trans-
formation [19], thus obtaining the process description in different inertial
frames, according to Einstein’s special theory of relativity postulates.

Einsteinian principle of relativity. The principle of relativity
(Poincaré-Einstein principle [31, p. 86]) constitutes the first postulate
of Einstein’s special theory of relativity, playing a fundamental role in
its development [23]. Under the Einsteinian relativistic formalism, the
equations must be expressed by four-vectors, which in turn are com-
posed of a vector, a = (a1,a2,as3), and a scalar, a;, into a matrix
structure, called Minkowski four-vector (a contra-variant 4-vector is a
column matrix, denoted by a Latin letter with a Greek index; a co-
variant 4-vector is a row matrix, denoted by a Greek sub-index), as
a* = (a,ay) = (a1,a2,a3,at) [32] (for typographical reasons a contra-
variant four-vector column can be written as a matrix row, still with
Greek superscript; see below). A usual process in mechanics or thermo-
dynamics can be described as a four-vector fundamental equation [17],
allowing the possibility of switching between inertial frames by direct
application of the Lorentz transformation [33], explicitly guaranteeing
the principle of relativity fulfilment. In this work, thermodynamical



processes on conveyor belt will be analyzed using a relativistic Einstein-
Minkowski-Lorentz formalism [34, 1, 2].

The four-tensor Lorentz transformation between inertial frames S
and S, assuming S moves with constant velocity Vgis = (V,0,0) with
respect to S, is given by

w00 —fvw
0 10 0
Ly (V) = o 01 0 ) (1)
—Bvw 0 0 v

with £5 (V)L (—V) = 1/ (Einstein’s summation convention), the Lorentz
factor vy = (1 — ﬁ‘z/)*l/Q, By = V/c and c the light-speed in vacuum.

In the asynchronous formulation of relativity [35], a contra-variant
four-vector in frame S, with A* = (A, Ay) = (41, A9, A3, Ay), is trans-
formed into the corresponding four-vector in frame S, A* = (A, Ay) =
(A1, A, A3, Ay), by applying the Lorentz transformation, A* = L4(V)AY
[36]:

Ay Ay v (A1 — Bv )
i A Az A
B pn | 42 | =
AP = LH(V) P el A . (2
Ay Ay (At — By A1)

Since the transformation is required to be symmetric, A* = L5 (—V)A?
must be satisfied, with vgg = (=V,0,0) [37]. Defining the norm of
four-vector A* [38, p. 639] as,

T - - —9\711/2
| A = [A7 — (A3 + A5+ A3)] /7, (3)

it can be concluded that ||A*| = ||A*|]: the norm of a four-vector is
Lorentz invariant. In other words, the norm of a physical quantity
expressed as a four-vector, is an intrinsic property, regardless of the
frame. For example, the norm of the momentum—energy four-vector
E* = (cp,E), with p = cy,Mv, and E = y,Mc? (see below), is
|E#|| = Mc?, its energy at rest (the norm of other four-vectors such
as heat, Q*, or fuel consumption, AG’g , will be discussed later).

Four-vector fundamental equation in S. As a convenient frame,
we choose frame S where forces are simultaneously applied [37] and the
thermal reservoir surrounding the system is at rest. For a process in-
volving a finite system and a body with near-infinite inertia at rest such
as the floor or a wall, acting as a surrounding thermal reservoir, the
four-vector fundamental equation in S is given by [17]:

Ef — Ef = Wi +@Q". (4)



This equation must be obtainable for well-posed processes. In Eq. (4),
El" and EY' are the final and initial linear-momentum-energy four-vectors
respectively. The term Wi, = zizlwﬁ‘ is the linear-impulse—work four-
vector, expressed as the sum of linear-impulse—work four-vectors asso-
ciated with (r) external forces simultaneously applied on the system in
S.

Energy exchanged as heat is characterized in S as a set of thermal
photons, with frequency v (monochromatic approximation [39]). Adding
over all photons emitted in S during the process as opposed pairs of ther-
mal photons (see below), the total linear momentum, ppy, = Yippnji = 0,
and total emergy, Epn = Xiepy; = Npnhy, are obtained, being Npp
the number of thermal photons emitted [23]. The energy exchanged as
heat has in S linear-momentum-energy four-vector @Q* = (0,0,0, —Epp),
where the convention for the sign in the energy term will be negative for
emission and positive for absorbtion.

The thermodynamical meaning for heat, from a classical point of
view, is given by the norm of heat four-vector, @ = ||Q"|| = Npnhv [19].
The entropy change for the thermal reservoir surrounding the system,
at temperature T, ASp = —||Q"||/TF, can be found by imposing the
maximum entropy principle [23]. The entropy change of the system, its
surroundings and the universe, are obtained by using classical thermo-
dynamics methods.

Four-vector fundamental equation in S. Assuming frame S
moves with velocity vgg = (V,0,0) in the standard configuration relative
to S, we want to obtain the equations describing the process in S. Due
to the near-infinite inertia of bodies at rest in S (floor, platform or
wall), they are described in S as moving, with velocity Vgi§ = (—=V,0,0),
behaving as a conveyor belt. By applying the Lorentz transformation
L (V) onto the four-vector fundamental equation in S [see Eq. (4)],

LUVIEY — BY =Wy + Q"] = Ef — Ef = WL, +Q",  (5)

the corresponding four-vector fundamental equation describing the pro-
cess in S is obtained. The Lorentz transformation procedure followed to
switch equations between different frames (asynchronous formulation of
relativity [10]), guarantees the fulfilment of special theory of relativity
postulates: the principle of relativity, with equations having the same
functional form in frames S and S, and the same light-speed c in any
frame. The four-momentum of an extended body is an operative four-
vector only if the body is not subjected to tidal forces (i.e., the body
is isolated). No aspects related to general relativity will be considered
at this point [40, pp. 142-6]. Hereinafter, it will be assumed that each



body can be considered as isolated, so that the Lorentz transformations,
as expressed in Eq. (5) hold.

The remainder of the article is organized as follows. In Sec. 2, a
process with mechanical energy production — launching of a projectile by
a chemical load inside a cannon placed on a moving wagon —, is described
(by using the same formalism, mechanical energy dissipation processes
have been described in Ref. [16]). In Sec. 3, the Joule Kelvin process for
a Van der Waals gas is described when the whole experimental device is
located on a moving conveyor belt. Finally, in Sec. 4, some conclusions
about relativistic thermodynamics are discussed.

2 Launching of a projectile on a conveyor belt

A process equivalent to that of a person on a moving wagon throwing a
ball, which must spent chemical energy as ATP — previously produced
by food consumption into their cells (Krebs cycle) — into their muscles,
shown in Fig. 2, but somewhat easier to visualise and analyse, is that of
a projectile (ball) launched by a cannon fixed to a wagon.

Figure 3 sketches a process in which a chemical load, for example, a
stoichiometric mixture of ng moles of Hy and ng/2 moles of O, located
inside a cannon fixed to a wagon, launches a projectile. In ground’s frame
S, where the wagon and the cannon move with velocity Vgig = (V,0,0),
the projectile, with initial speed o1 = V, reaches final speed vs.

4y

Figure 3: Observer frame S (Zj). A moving wagon - frame S (zy)
— carries a cannon with a chemical load and projectile inside, moving
with velocity vg = (V,0,0) with respect to S. The projectile, with
initial speed o1 = V in S, is launched from the wagon. When leaving the
muzzle, the final speeds are v; (frame S) and ¢ (frame S).

Internal energy and inertia. A solid system (i.e., almost zero
coefficient of compressibility, k7 ~ 0, see Sec. 3 for a gas), with chem-
ical composition £ (e.g., n moles of & = Fe) and temperature T, has,



according to Einstein’s inertia of energy principle [19], internal energy
Ey and inertia M given by:

T
Eo(f,T) :EjijQ — ‘UN + UA + UM‘ + / nCV(T,)dT/, (6&)
0
M(fa T) :C_2E0 (Ea T) 3 (6b)

where mj is the mass of the (j)-th elementary particle (proton, neu-
tron, electron) components, f]g = Uy + Up + Uy is the sum of binding
energies (nuclear, atomic, molecular or crystal) contributing to chemi-
cal composition and structure, and ¢y (7') is the constant-volume molar
specific heat. In frame Sy where the system is at rest, with linear mo-
mentum pg = (0,0,0) and energy Ey, its state four-vector Ef — linear-
momentum—energy four-vector — is Ef = (po, Eo) = (0,0,0, Ep). In
frame S, in the standard configuration with respect to So, with speed
—0, the linear-momentum-—energy four-vector becomes E#* = Ly (—d)Ef,
with E# = (P, E‘) = (e M1,0,0,7v3Ep), imposing the inertia of energy
principle, with linear momentum p = v3Mv and energy E = ~;Ej.

2.1 Frame S

Figure 4: Observer frame S(zy). Cannon at rest and ground moving
with speed —V with respect to the wagon. Gases produced by a chemical
reaction hit and launch a ball. When leaving the muzzle, the final speeds
are vg (frame S) and o¢ (frame S). On chemicals (€), forces F /¢ and F, /¢
are applied.

Let us consider how an observer at rest over the wagon (frame S)
describes this process. For the observer in S, a projectile with ini-
tial speed v; = 0, is moved by the products of a chemical reaction
[n¢Ha + (ng/2)O2 — ngH20, for example], which, by striking on it, cause
it to reach the muzzle with speed v after travelling distance x, ~ Le¢y
under a constant (average) force F¢/,. The internal energy variation for



this chemical reaction is given by:

AUs = n¢Aug (7a)
Aug = Na{2e(0 — H) — [e(H — H) + %e(O —o)y, ()

where Nj is Avogadro’s number and e(H — H), e(O — O), ¢(O — H) are
bonding energies for H-H, O—O and O—H chemical bonds, respectively.

The key point in the thermodynamic description of the process is
that not all chemical reaction internal energy variation, AUs < 0, can be
transformed to mechanical energy (i.e., kinetic energy in this case; if the
barrel presents pitch angle o > 0 with the ground, the work performed
on the projectile to overcome Earth’s gravitational attraction must be
considered). In the presence of atmosphere, at pressure P, part of the
internal energy variation during the chemical reaction must be used
to expand the products against that pressure, with enthalpy variation,
AH; = AU¢ + PAV, where AV = Az, > 0 is the volume variation
due to chemical reaction and A is the barrel’s section.

During the chemical reaction, a decrease in entropy ASe < 0 takes
place. The second law of thermodynamics requires that at least, a min-
imum amount of heat, Q™" = —T ASg, must be transferred to the ther-
mal reservoir surrounding the system at temperature 7', thus increasing
its entropy by ASp = —‘Qmm‘ /T > 0, ensuring the entropy-of-the-
universe for the process does not decrease, ASy = ASe + ASg > 0.

Inertia of the projectile. The internal energy and inertia of the
projectile (assumed it is composed of n moles) are given by:

Eo(Fe,T) = Lymyc® — |Ux + Ua + Uc| +néyT (8a)
M, (Fe,T) = ¢ *Ep, (8b)

being ¢y its mean [0, 7] K molar heat capacity.

Projectile system. The following forces are applied on the pro-
jectile:

1. Force Fgp, exerted by chemicals; this force exerts momentum and
performs work W, = F¢ /pxp. This force travels length x;, and, for
a given chemical reaction, depends on the rate of fuel consumption.

2. Force Fyi), = PA, due to atmospheric pressure, exerted by the
atmosphere, opposed to the displacement of the projectile. This
force exerts momentum and performs work Wy, = —PAz;. No
friction will be assumed between projectile and the cannon.



As a four-vector fundamental equation in frame S, one has:
dE! = S 6W 4+ 6Q" (9)

where subindex (k) stands for the set of external forces exerted on the
projectile. Focusing on the process sketched in Fig. 4, assuming constant
forces, the four-vector fundamental equation for the projectile becomes:

R 7 VR v o I3
Ep\f Ep\l o Wﬁ/p + Wat/p' (10)
In matrix form:
Yoy Mpg 0 cFe/pto —cP Aty
0 0 0 0
0 — 0 = 0 + 0 . (11)
Yo Mp? Mpc? Fe/pp —PAz,

Matching by components in Eq. (11), the following equations are
obtained:

Newton’s second law. Matching elements of the first row in Eq. (11),
with Mpd(yyvr) = (F¢jp, — PA)dt, one has (vp = 0):

Yo Mpvr = c(Fep, — PA)to. (12)

Newton’s second law complementary dynamical relationship (NSL-
CDR). By using vd(v,v) = c2d(v,), from Newton’s second law:

(yor — 1)Mpc2 = (Fgjp — PA)zp . (13)

First law of thermodynamics. Matching elements of the fourth row
in Eq. (11) (temporal components), from Myd(yc?) = (F¢y, — PA)dx,
again, Eq. (13) is obtained, where the net force, F}, = (F¢/, — PA),
applied on the projectile is related to its kinetic energy variation. Since
the projectile can be considered as a particle (no deformation under
pressure has been assumed), NSL-CDR and FLT equations become the
same.

Fuel system. The mass of the fuel is taken as negligible (relativis-
tic fuel). In frame S its velocity is considered to be unchanged. The
following forces are applied on the fuel:

1. Force Fgje, exerted by the base of the barrel (cylinder) on the
fuel. This force exerts momentum, and does not perform work
Weje = Fejexe = 0, since its point of application does not move.
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2. Force F, ¢, exerted by the projectile on the reaction products.
This force exerts impulse and performs work, Wy = —F}/cxp
(see Fig. 4).

Regarding the heat exchanged during the launching, it is considered
that only the (minimum) heat Q™" = TAS, must be emitted as thermal
photons to the surroundings thermal reservoir, in order to compensate
the entropy decrease due to chemical reaction, thus ensuring no decrease
of the entropy of the universe. Under this assumption, force Fy/, will
be maximum, and the projectile will reach the maximum possible speed
for the same amount of fuel.

Regarding — by quantum statistical-mechanics considerations — the
energy exchanged as heat as an ensemble of pairs of thermal photons,
¢ — ¢, emitted in opposite directions,

hv cos 0, —hv cos 0,

hv sin 6, —hvsin 6,
= | IO e = ; (14)

—hv —hv
one has
0
Q=Seeletrey=| o |, (15)
TASe

where subindex ¢ — ¢ stands for the set of IV}, thermal photons emitted
as opposed pairs to the surroundings, with Npphv > T'ASe. Note that
although ||ef| = 0, HQ’gH = TAS¢ (correlated photons).

The four-vector fundamental equation for the chemical reaction is
thus:

ng — EQI = WC“/5 + Wff/s + Q5 (16)
In matrix form:
0 0 CFC/gt() —CFp/ft() 0
0 B 0 _ 0 n 0 n 0
0 0 0 0 0
Uee Ugit 0 —Fp/erp TAS;
(17)

If frictional forces want to be incorporated (e.g., between the projectile
and the barrel), a linear-impulse-work 4-vector for the frictional force
needs to be incorporated, W§ = (cfrto, 0) (note that now frictional force,
fr, does not perform work) and a heat four-vector, Qﬁ = (0,0,0,QR),
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for thermal photons with zero net linear-momentum. In this case, Eq.
(16) becomes:

T TR ! n i " n
Egp = Egp = Wepe + Wy + Wy + Q¢ + Qg

with Qr = — frZp.
Matching by components in Eq. (17), the following equations are
obtained:

Newton’s second law. Matching elements of the first row in Eq. (17),
one has
0= CFC/gto — CFp/gto — Fc/f = Fp/€ . (18)

The force F /¢ exerted by the cannon on the chemicals is equal to the
force F},/¢ exerted by the projectile on the chemicals.

First law of thermodynamics. Matching elements of the fourth row
in Eq. (17) (temporal components), one has:

Ugit — Ugn = —Ipjep + TASe . (19)

Projectile 4+ fuel system. Adding over the projectile—fuel system
[i.e., adding Egs. (10) and (16)], taking into account that Fy, and F, /¢
are internal forces of this system (thus disappearing from the description
since their contributions to the net impulse and work cancel each other
out), one has the four-vector fundamental equation,

Eprene ~ Elpren = Wayp + Weje + Qe - (20)
In matrix form:
C'vaMpr 0
0 0 B
0 B 0 -
I)/UfMpCZ + Ug‘f Mp62 + Ug‘[ (21)
—cP Aty CFc/ét() 0
_ 0 0 0
0 T 0 + 0 )
—PAx, 0 TAS:

where Az, = AVy and TASe = Q.
Matching by components in Eq. (21), the following equations are
obtained:

Linear-impulse—linear-momentum variation equation. Matching com-
ponents of the first row in Eq. (21), one has NSL,

’va./\/lpvf = (FC/5 — PA)tO — ’}/vfMpvf = (Fg/p — PA)tO . (22)
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The corresponding NSL-CDR is thus,

(Yor — DMyp® = (Feyp, — PA)zy, = Fyjpap — PAVE . (23)

First law of thermodynamics. Matching components of the fourth
row in Eq. (21), one has FLT,

Yo Mpe® — Mpc® + Ugpp — Ugp = —PAVe + TAS; —

24
— Y Mpc? — Mpe® = —AGe, (24

with AG¢ = AUg + PAV: — TASg, the Gibbs free energy change of the
chemical reaction. From Eq. (24), the following relations are obtained:

(Vomae — DMpc? = —neAge, (25a)
(W = DMpe? < —neAge, (25b)
—AGg = Fejprp — PAVE, (25¢)

Fejpp = —(AUs — TAVE) = —AF, (25d)

AK, + PAV; < —AF, . (25¢)

Equations (25a) and (25b) arise from the proper definition of the Gibbs
free enthalpy potential function variation, which can be used to calculate
the maximum amount of mechanical energy obtainable by a thermody-
namically closed system at constant temperature and pressure. Equation
(25¢) can be deduced by combining the definition of the Gibbs potential
and the FLT. Equation (25d) can be obtained from Eq. (25¢), by intro-
ducing the Helmholtz free energy function, F' = U — T'S, which is the
thermodynamical potential measuring the useful work obtainable from a
closed system at constant temperature (including the atmospheric work),
being its change given by AFy = AU —TAS¢. It is important to realize
that Fy/, in Eq. (25d) refers to a force (i.e., the force exerted by the fuel
on the projectile) whilst F¢ refers to chemical reaction Helmholtz free
energy function. Equation (25e) reflects the fact that work performed
by chemical origin forces (including work performed against the atmo-
spheric pressure), equals the decrease of the chemical reaction Helmholtz
free energy function. Finally, Eq. (25a) states that mechanical energy
production (i.e., the final kinetic energy of the projectile, plus gravi-
tational potential energy, if any), equals the decrease of the chemical
reaction Gibbs free enthalpy function.
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2.2 Frame S

The equation of the process for an observer in S can be directly obtained
by applying the Lorentz transformation,

w o 00 By
0 1 0 0
LY(=V) = O 01 0 ; (26)
Bvyw 0 0 v

since for the observer in S, frame S moves with velocity vgis = (=V,0,0)
in the standard configuration.

Projectile system. In frame S, the four-vector fundamental equa-
tion is obtained by applying the Lorentz transformation, £, (—V), to
the corresponding equation in S [Eq. (10)]:

Ly (VB — By = Wep, + Wagp) = 27
i e e K
= Bt = o = Wepp T Wy -
In matrix form:
g MpUs cyy MpV cFepto —cP Aty
0 0 0 0
0 a 0 B 0 + 0 » (28)
Yo Mpc? Vv Mpc? Fe/pp —PAz,
with space-time transformations:
2y = wlap+ Vto). (20a)
to =y to + (V/c*)xp) . (29b)
From the following relationships:
Vﬁf@f = f)/’Uf’YV (Uf + V) ) (30&)
Yor = Yy (1 + veV/e?) (30b)
the velocity transformation
_ v+ V
=—— 31
vt 1+ UfV/02 ’ ( )

is obtained. The observer in S describes forces as in S, applied during
the time interval ¢y, with displacement Z, of its point of application.
The projectile, with initial velocity o1 = V, reaches final velocity v.
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This description is equivalent to the description in S since any equa-
tion in S can be expressed as a linear combination of equations in S
[41, p. 1], which is a consequence of the Lorentz transformation. As an
example, for NSL in S one has:

C’}/@fMpT)f — C’YvMpV =c (Fg/p — PA) t_o —
— WwleyyMprr = ¢ (Fg/p — PA) to] + (32)
+ By [’yvfMPCQ = (Fé/p - PA) xp],

as a linear combination of two equations in S. The same is true for the
equations in S, each of which can be written as a linear combination of
equations in S:

LUV Ey) — Egjp = Wy, + W

_ 1M ©
at/p I_W5p+W

\ / at/p’

since observer in S sees frame S moving with velocity Vs = (V,0,0), in
the standard configuration:

| > Eb—Eb (33)

Yoy Mprr = ¢ (Fg/p — PA) to —
— Wleve Mpts — cyy MV = ¢ (Fgj, — PA) to] — (34)
— B e Mpc® — v Mpc? = (Fej, — PA) Zp) .

This transformational symmetry between frames is required by the prin-
ciple of relativity and is not fulfilled in the Newtonian description, since
the equation of NSL is the same in any frame (time is absolute in this
description) and cannot be written as a linear combination of equations
including the first law of thermodynamics.

Fuel system. The four-vector fundamental equation for the fuel
in frame S is obtained by applying the Lorentz transformation to the
corresponding equation in S [Eq. (16)]:

C

Bl Bl = W T+ QE (35)
In matrix form:
cw (e 2Ugp)V cw (e 2Ugn)V

0 - 0 -

0 0
Y Uglt WUgn (36)
CFC/g’}/\ﬂfo —CFp/SE() C’yv(C_QNpth)V

_ 0 . 0 . 0
0 0 0 ’

FepewvVio —LpeTp YWTASe
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with space-time transformations given by Eqgs. (29a) and (29b).
The description of the process in S has the following characteristics:

1. Inertia of energy. Although the fuel is considered massless in S —
even though it contains energy in their chemical bonds —, in S, due
to the Lorentz transformation with the resulting inertia of energy
principle, the fuel also has inertia, Mg = 0_2U5, contributing to
the linear momentum of the system. Fuel’s inertia changes during
the process.

2. Non-simultaneity effect. Forces applied simultaneously in S, are
neither applied simultaneously nor during the same time interval
in S. As an example, forces F, /e and Fp /¢ are applied during time
intervals t./¢ = yvto and to respectively.

3. Conveyor belt effect. Forces not performing work in S have asso-
ciated work in S, performed by the external agent keeping wagon
speed constant. As an example, force F; /¢ does not perform work
in S, having associated work W e = I /cVi. /¢ in S.

4. Doppler and aberration effects. From

CPph ey (€2 Npphv)V

= 0 0

QM = O = 0 Y (37)
E_'ph ’vaAS§

photons having zero net linear momentum in S have non-zero lin-
ear momentum in S, fulfilling the inertia of energy principle. This
is explained — by transforming all four-vectors et and ef from S to
S — by relativistic Doppler and aberration effects. In S, photons
vary their frequencies and directions with respect to the those in
S. Therefore, photons in S transport energy E’ph = ’y‘%Q with net
linear momentum, pp, = Yy (¢ 2Npphv)V, corresponding to an
amount of inertia, My, = c_2Npth. This inertia becomes inter-
nal energy in S, where its linear momentum is zero. The norm

Q"] = (B2, — P2 = (1 Q% - BE @) 2 =Q,  (38)

takes into consideration that not all energy, E,, = v (@, inter-
changed with the surroundings in S, contributes to the entropy
change of the universe during the process. Energy Eph has an as-
sociated linear momentum, pyy,, and therefore does not fully con-
tribute to the entropy change of the universe since it is a kind of
ordered energy [42]. It is obtained that an entropy variation is a
relativistic invariant.
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Following a Newtonian description, these effects disappear except
the conveyor belt effect.

Projectile + fuel system. The four-vector fundamental equation
for the projectile—fuel system in frame S is obtained by applying the
Lorentz transformation to the corresponding equation in S [Eq. (20)]:

LV EG e — Epren = Waiyp + Wepe + Q¢ =

_ _ _ _ _ (39)
I _ Ok _ M 0 I
= Eoronr = Ploron = Warpp T Wepe + Qe -
In matrix form:
Yo MpTs + ey e 2Uge]V W Mpc? + ey e 2Ug)V
0 - 0 _
0 0 o
YorMpc? + 1w Ugs W Mpc? 4+ v Uy (40)
—CPAEp CFC/gt_C/g cyv [C_QTASdV
0 0 0
- 0 + 0 + 0
—PA.f'p Fc/f'fc/f ’vaAS§ s

Matching by components in Eq. (40), again, the equations for NSL and
FLT are obtained.

For this projectile—fuel system, descriptions in S and S are equiva-
lent since an equation in S can be expressed as a linear combination of
equations in S, via the Lorentz transformation. As an example, for the
FLT in S [i.e., matching by components elements of the fourth row in
Eq. (40)], we have:

Yo Mp® + W Ues — (W Mpc® +wUep) = —PAZy + Fyjedo + v TASe
— BV”YV [’vaMpr = Fg/pto — PAt0]+
+v ['vaMpC2 - ./\/lp02 + (Ug‘f — Ugu) = —PAxp + TAS&] ,
(41)

linear combination of equations in S. Symmetrically, an equation in S is
a linear combination of equations in S. The equations of the FLT in S
and S are given by:

(Yor — DM? = —nelge (42a)
(Yo — DM = (5, — DM = Fe 1, Vyvto — ngyw Age - (42b)
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Fuel-consumption four-vectors in S and S are given by:

0 cyy [C_2AG§] %4
0 = 0
"o Ho_
AGY = 0  AGY = 0 . (43)
—AG& —’}/VAGg

having identical norm, [[AGE|| = HAG? | = neAge. Since fuel-consumption
(either in S or in S) is defined as the norm of the corresponding four-
vector, [|AGE|| or [[AGY| — by subtracting from energy ywAGe the
amount not devoted to produce mechanical energy —, it can be con-
cluded that it is a frame-independent magnitude, with ng = ng¢ [43].

Let be uy, = ¢71V# = (¢71Vyy,0,0,71) the velocity covariant unit
four-vector operator. When this operator is applied on the fundamental
four-vector equation in S, the FLT is obtained in frame S:

uM[E'fu—E#:EkWIf—FQM]—)Ef—EI:Eka—i—Q.

On the other hand, when the covariant unit four-vector, @, = (yv,0,0, (V/e)yv ),
is applied, the NSL is then obtained in S [44]:

ﬂ#[EF — Eiu = Ele‘f + QM] — pr —pr = Sldt .
These properties are equivalent to:
LU(=V)[EE — Bl = 5 W, + Q'] — Ef — B = S W' + Q¥

since the four-vector equation in S contains both the NSL and the FLT
for the process.

The equation for the FLT in S in the classical low velocity limit is
given by:

1
iMUfZ = —ngAgg . (44)

The kinetic energy of the projectile produced during the process is as-
sociated to the decrease in chemical reaction Gibb’s free enthalpy func-
tion. In S, with the wagon moving at constant velocity relative to S,
one might think in equation Mv?/2 — M#?/2 = —neAge. In fact, the
correct equation in S is given by:

1 1
§Ml7f2 - 5./\/11_212 = Fg/pvto - ’I?{Agg s (45)

thus incorporating the work term of the conveyor belt effect, W, =
F¢/pVito. This work has to be done on the conveyor belt, and has to
be incorporated during the launching in order to prevent any change in
its velocity. Even in Newtonian physics, observers in different inertial
frames measure the same fuel-consumption (7¢ = ng¢).
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3 Joule-Kelvin process on wagon

Let us consider the relativistic description of the Joule-Kelvin (JK) pro-
cess [24] depicted in Fig. (5).

Figure 5: Joule-Kelvin process in Frame S (zy) with porous plug at
rest. (a) One mole of gas, enclosed into a cylinder with section A, at
temperature 71, has volume Vi = Vp; pressure P, is exerted on it. (b)
The gas flows through the porous plug, expanding against pressure Pg.
In its final state, the gas, at temperature Tt, has volume V; = VR.

In thermodynamics, the JK process — or porous plug (pp) process
[45] — has been analysed in different inertial frames [26], discussing its
relation to the classical principle of relativity. In Ref. [24], equations
for a JK process taking place on a moving wagon, frame S (Fig. 1) in
standard configuration with respect to frame S (fixed to the wagon), in
which the pp is at rest (see Fig. 5), are presented.

Figure 1 sketches a process in which a fluid is enclosed in a cylinder,
with a fixed porous plug inside and closed by two pistons, L and R.
By applying force Fi, on the left piston to the right, exerting pressure
P, = F1,/A, one mole of fluid is forced to flow through the porous plug,
expanding against pressure Pg = Fg/A. Force Fg is exerted on the
right piston to the left, with Pg < Pp. The process is assumed to
evolve adiabatically (i.e., cylinder walls are thermally isolated). When
the initial temperature of the fluid, 7%, is appropriate (i.e., below the
maximum inversion temperature of the gas, Ti, [46, pp. 277-286]), the
final temperature will be Tt < T, resulting in its cooling.

For the JK effect to take place, a real (non ideal) gas such as a Van
der Waals (VAW) gas must be used since an ideal gas does not present
this effect. Therefore, a gas with short range interactions between atoms
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or molecules and with internal energy, U(§,T,V), depending on volume
V will be necessary. For n moles of a given VAW gas (e.g., £ = Na), the
thermal equation of state is given by [47]:

nRT n2a

POTV =320~ v

(46)

where the & dependence is implicitly given in the VAW gas characteristic
constants a and b [48, pp. 55-56]. For simplicity, one mole (n = 1) of
VdW gas will be assumed. The internal energy of the gas, Eo(T,V), is
given by [32]:

EO(gvT’V) = Ei’rnic2 - |UN + UA + Ug’—l—

T %
L[ ()

o \9T)/ v, \OV ),
where M(£,T,V) = ¢ 2Ey(&¢,T,V) is the inertia of the gas (according
to Einstein’s inertia of energy principle); m; is the mass of the i-th
elementary constituent particle (proton, neutron, electron) and Uy are
binding nuclear (s = N), atomic (s = A) and molecular (s = &) energies
respectively. For the VAW gas internal energy coefficients, one has:

(2 . s

oU oP a
) =T(=) —P=_—. 4
<aV>T <6T>V V2 (450)

Taking as reference volume V; ~ oo, the internal energy becomes:
Eo(¢,T,V) = M(&,T, V)& = Simic® — [S.05| + ey T — % . (49)

The JK thermodynamic coefficient pjk, giving the rate of change of
temperature with respect to pressure in a constant enthalpy H process
[45] is given by:

_[oT\  (9H/OP)
o= (57),, = ~{amfoms o

By approaching RT/PV ~ 1 when convenient, P(T,V) ~ (RT/V)[1 +
(b/V)] —aP/(VRT). Rearranging, the VAW gas thermal equation of
state V(T, P) can be expressed as:

RT a
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By application of the thermodynamics formalism [49, pp. 165-172]
to thermal equation, V(T P), with dT" = pjxdP, one has

OH
(8T>P—CPNCV+R, (52a)
OH oV 2a
AT — b— (2a/RT)dP k= b— (2a/RT) 7 (52)
cp cp

for the VAW gas approximation.

Frame S. In this frame, forces Fy,, Fr and f,p are simultaneously
applied on the fluid, during time interval [0,%p]. Initial and final vol-
umes are V;, = AL, and Vg = ALg respectively. Forces Fi, and Fr
exert linear impulse and perform work on the fluid. The correspond-
ing impulse-work four-vectors are given by W} = (cFi.to,0,0, F},Ly,)
and Wg = (—cFrto,0,0, —FrLR) respectively. Force f,, exerts linear
impulse and performs no work on the fluid [26], with impulse-work four-
vector Wh, = (¢fppto, 0,0,0). The four-vector fundamental equation for
the JK process in frame S (@ = 0, no heat involved) is thus:

Ef — B = Wi + W§ + W, (53)

In matrix form:

Yoy M(E, Ty, VR) vt

CVUIM(fv TI: VL)UI

0 0 B
0 0 o
Yo M(E, Ty, VR )2 Yo M(E, T, Vi) (54)
cP Aty —cPr At ¢ fopto
B 0 0 0
0 0 1 oo
PV —PrVr 0

The sign of force fp, will be determined by the process. Matching com-
ponents of the first row in Eq. (54) the NSL equation for the process is

obtained:

YorM(E, Tk, VR) g — Yoy M(E, T1, Vi)vr = (PLA — PRA+ fpp)to. (55)

Assuming vf = vy, the expression for f},; is obtained:

fpp =~ —(PL — PR)A <0. (56)
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From the enthalpy H = U+ PV, with dH = T'dS+ VdP, the expression
for the entropy variation during the JK process is:

dsS = (8S> dP — ASU:AS%—E(PR—PL) >0. (57)
oP ), 5"
The force fp, exerted on the gas by the porous plug, performing no
work, is usually not considered into the descriptions of JK processes.
Matching components of the fourth row in Eq. (54) the FLT equation
for the process is obtained, in the low kinetic energy limit (v, = 7y, & 1):

M(E T, V) = M(E,T1, V)& ~ PLVL — PrVR (58a)
Ty —T)) —a(Vg' = V') = POV, — PrVR., (58b)
cyTy — avgl + PRVR = oy11 — avL_l + PV, (58¢)

with Ty = Tg and 11 = T1,. From the enthalpy definition:
Hy, =Uy + PV, = Ug + PRVR = Hrg, (59)

Eq. (58c) is obtained again. For this quasi-static approach, enthalpy
remains constant during the JK process. From Eq. (46), assuming V =
RT/P, b < V and n = 1, the following relations are found:

b aP
PYVY~RI(1+ =) ——
V~R <+V> "L (60a)
a aP b aP
CvT—V+PV~CVT—M+RT<1+V>—RT—
2a
= R)T b—— | P 60b
(v BT+ (b= 22 ) P, (601)

where a pressure-temperature relationship along the JK process is ob-
tained. For a finite process, with close initial and final temperatures
Tr ~ Ty, from Eq. (59), with ¢p ~ ¢y + R and Eq. (60b), one has:

b~ (2a/RTy)
cp

Tf —’TI ~ (PR—PL). (61)

If the initial temperature 71 is below the maximum inversion tempera-
ture of the JK process, Tin (with Ti, = 2a/Rb for a VAW gas [50]), the
final temperature of the fluid will be lower than the initial one, T} < T}
(cooling JK process).

Frame S. The four-vector fundamental equation in frame S is
straightforwardly obtained from the corresponding one in S [Eq. (53)]:

LU(V)[EY — EY =W + WE+ W] —

o 62
— BEf — B = W' + Wy + Wl ©2)
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In matrix form,

c’)/ﬁfM(‘San,VR)Ef C’YEIM(&TI,VL)T]I
0 B 0 _
0 0 -
VﬁfM(§7Tf7VR)Cz 7@1M<§7TI7VL)02
CPLAfL —CPRAt_R —Cfppfpp
_ 0 n 0 n 0
- 0 0 0 ’
P ALy, —PRrALR fopVtpp
(63)
with the following force application time lapses:
tL=v[to — (V/c*) L], (64a)
tr =wlto — (V/c*)Lg], (64b)
L?pp =wto. (64c)

Forces are applied in frame S during different time intervals (asyn-
chronous formulation). Displacements for pistons and porous plug in
S are given by:

EL = PYV(LL — Vt(]) s (65&)
Lr =yv(Lr — Vto), (65b)
Lpp = —ywVio. (65¢)

The work performed by the external agent keeping the porous plug in
motion, pr = fppVvto, is directly obtained through the application of
the formalism (conveyor belt effect). Regarding length transformations
for Li, and Ly, it is worth mentioning that the length contraction effect
is a feature of the synchronous formulation of relativity and therefore it
has not been considered [51].

Matching components of the first row in Eq. (63), the NSL equation
for the process in frame S is obtained:

c%f/\/l(f, Tf, VR)T}f — C’}/@IM(é, TI, VL)ﬁl = CPLAEL — CPRAER — Cfppfpp y
— [C’vaM(fa Tf7 VR)Uf - CVUIM(g) ﬂu VL)UI = CPLAtO - CPRAtO + Cfpptﬂ] -
Bvw [roe M(E T, VR)E = 7o M(E,T1, Vi) e? = PLALL — PRALR] -
(66)

Einstein’s inertia of energy principle allows to write NSL in frame S,
[Eq. (66)], as a linear combination of the corresponding NSL (times 7y )
and the FLT (times —By7y) equations describing the JK process in
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frame S. Under the Newtonian approximation, NSL equations are the
same in both S and S.

Matching components of the fourth row in Eq. (63), the FLT equa-
tion for the JK process in frame S is obtained under the assumption
v = o = 0:

M(&, T, Vr)E® — M(§,T1, VL)e® = PLALL — PRALR + v fppVto, (67a)
ev(Tr—T) +a (V7' = Vi) = PLVL — PrVR . (67b)

The same temperature variation is obtained as in S, and the same final
temperature Tt [23]. This result is obtained by the conveyor belt effect
term (work Wy, = v fopVto performed on the porous plug in S). It is
not difficult to check that the FLT Eq. (67a) in frame S can be expressed
as linear combination of NSL (times —fy vy ) and the FLT (times 7y)
equations describing the JK process in frame S.

4 Conclusions

A relativistic formalism, able to correctly describe processes in mechan-
ics or in thermodynamics, taking place on a conveyor belt or moving
platform, has been developed. The process is first described in frame S
where the conveyor belt is at rest and the corresponding four-vector fun-
damental equation is obtained, relating initial and final system states in
terms of linear-momentum—energy, linear-impulse—work and heat four-
vectors. Therefore, conservative, restriction and dissipative forces can
be directly distinguished. By applying this formalism, Newton’s second
law and the first law of thermodynamics arise naturally, and the clas-
sical equations are recovered in the low-speed limit. Newton’s second
law complementary dynamical relationship and thermal effects equation
are also obtained. Then, by applying the Lorentz transformation op-
erator onto the previously obtained equation in S, the corresponding
one describing the process in frame S, with the conveyor belt in mo-
tion, is obtained, ensuring its correctness and preserving the principle
of relativity.

This relativistic thermodynamics formalism has been applied to two
processes: the launching of a projectile subjected to forces produced by
chemical reactions inside a cannon (equivalent to a person launching a
ball), and the well-known thermodynamical Joule-Kelvin process taking
place on a moving platform or conveyor belt.

Problem-solving by using the special theory of relativity, in particu-
lar, the Einstein-Minkowski-Lorentz formalism considered in this work,
overcomes the classical mechanics-thermodynamics separation and can
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deal with problems requiring the laws of both disciplines. In relativity,
there is no difference between mechanical and thermodynamical pro-
cesses since there is a mechanical-thermodynamical description of the
inertia and internal energy of the system, through which both are re-
lated. Moreover, heat is described under a mechanical-statistical way,
providing, if any, an associated linear momentum. Newton’s second law
incorporates the change in linear momentum of non-mechanical energies
(previously, only those corresponding to mechanical energies were con-
sidered) while the first law of thermodynamics incorporates relativistic
effects, including the conveyor belt effect.

For a given process, the relativistic Newton’s second law and the
first law of thermodynamics are not independent equations. They can
be transformed between frames as the components of a space-time four-
vector and can be obtained directly through the spatial and temporal
components respectively. In frame S, forces are simultaneously applied
— during the same time interval — and the thermal reservoir surrounding
the system (conveyor belt included) is at rest. Under this asynchronous
formulation, any variation in thermal energy of the system contributes
to its inertia and linear momentum variation in frame S. Heat also
contributes to the linear momentum variation of the system (a result
explained from Doppler and aberration relativistic effects). Work per-
formed by the external agent keeping the belt moving at a constant
speed (conveyor belt effect) is incorporated into the first law of ther-
modynamics for the process in frame S. The principle of relativity is
correctly and symmetrically fulfilled.

Under this relativistic context (asynchronous formulation with four-
vectors) it does not make sense to ask about relativistic temperature
transformation, since it lacks an associated four-vector. There is no
T* four-vector, the closest one being the linear momentum-energy four-
vector EF for a set of thermal photons enclosed in a cavity [23]. However,
in transient relativistic thermodynamics, an inverse temperature four-
vector in a covariant form, 3, = Tfluﬂ, has been postulated, where
u,, is the velocity 4-vector of the system [52]. This four-vector has not
been considered in the present work. Since temperature is an intensive
quantity, which can be measured with a temperature sensor at rest in
S, and transmitted — via wifi, for example — to other inertial observers,
it has to be considered, at any given time, as a constant of each ther-
modynamic system in equilibrium [53, 6] (the same comment is valid
por pressure P, a variable on which there was early consensus that it
was frame-independent). The heat exchanged is defined as the norm
of heat four-vector @Q*, which is a relativistic invariant, thus entropy
variation (of the system, of the surroundings and of the universe) is a
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relativistic invariant (Planck’s original ansatz about relativistic thermo-
dynamics [4]). Furthermore, it is shown that fuel-consumption is also
frame-independent.

In the low-speed limit (v/c — 0), classical results are recovered,
including the conveyor-belt effect (no Doppler and aberration effects
for heat), and Newton’s second law is the same in all inertial frames
(absolute time).
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