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Abstract

Relativistic four-tensor equation dJµν = Mµνdt is developed to analyse linear
translation with rotation processes. The postulated cause-effect four-tensor equation,
a relativistic generalisation for classical angular-impulse–angular-momentum variation
equation dJ = Mdt, includes the Poinsot-Euler rotation (angular-impulse–angular-
momentum variation) equation, Newton’s second law (linear-impulse–linear-momentum
variation equation), and thermodynamics first law (work–energy equation). This four-
tensor formalism is applied to describe three linear translation with rotation processes:
a ring rolling on the floor by a horizontal force linear impulse and torque, fulfilling
the rolling condition (mechanical energy conservation), a spinning ring placed on the
ground until achieved the rolling condition (mechanical energy dissipation by friction),
and a fireworks wheel ascending an incline (mechanical energy production by decreasing
a thermodynamic potential).

1 Introduction

Scientific theories, e.g., Newton’s second law, are always subject to revision. They are useful
in guiding scientific research until an experiment proves them wrong and new knowledge
is gained. Although provisional and premature when first proposed, scientific theories are
necessary and must be stated at some point. The scientific approach benefits from the results
obtained through these theories [1], and equations developed by earlier physicists should be
updated as new knowledge is acquired [2]. In this sense, and according to J A Wheeler, the
ultimate goal of physicists would be to express the laws of physics in the language of space
and time [3].

In this work, we apply the advances of Einstein’s special theory of relativity [4] compared
to classical physics to develop a four-tensor momenta equation to analyze rolling – linear
translation with rotation (T&R) – processes [5]. With this four-tensor momenta equation
formalism we will discuss rolling processes in mechanical energy conservation, mechanical
energy dissipation by friction and mechanical energy production by a chemical reaction [6].

Linear translation. Four-vector fundamental equation. A relativistic description
of a linear translation process for a rigid enough body, e.g., a block descending an incline,
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can be carried out by four-vector fundamental equation [7]

dEµ = δWµ + δQµ , (1)

a relativistic generalisation of classical first law of thermodynamics dU = δW + δQ [8,
pp. 1four-5] (U for internal energy, δW = −PdV for work, being work done on the system
when dV < 0, and Q for heat). Matrix Eq. (1) includes relativistic Newton’s second law
and energy equations [9], generalising classical Newton second law (vectors are noted in
bold) dp = Fdt – and then its complementary dynamical relationship dKcm = F ·dxcm (cm
stands for centre-of-mass) [10] – and the energy equation, i.e., generalising thermodynamics
first law equation dE = δW + δQ, with total energy E differential dE = dKcm + dU [11];
Kcm refers to the centre of mass kinetic energy defined as Kcm = 1

2Mv2
cm and dU refers

to thermal internal energy variation, usually dU = McV dT with cV the specific heat at
constan volume and T absolute temperature.

Rotation. Poinsot-Euler rotation equation. A pure planar rotation process – i.e.,
no cm linear translation – relativistic description for a system with axial symmetry, e.g., a
ring with moment of inertia I, can be carried out by using a relativistic angular-impulse–
angular-momentum variation equation [vectors noted with Greek letters, (angle) θ, (angular
velocity) ω, (torque) Γ, for example, shall not be written in bold]

Id[χ(ω)ω] = Γdt , (2)

with relativistic rotational kinetic energy variation equation [12]

Md[ζ(ω)c2] = Γdθ ,

being χ(ω) – moment of inertia – and ζ(ω) – inertia – rotating body characteristic functions
(see below). Equation (2) generalises the classical angular-impulse–angular-momentum vari-
ation equation, Poinsot-Euler rotation equation Idω = Γdt – and then its complementary
dynamical relationship dKrt = Γdθ, where Krt is classical rotational kinetic energy [13] –.

Rolling processes. Processes of interest and with no straightforward description [14]
are those in translation with rotation (T&R in what follows), i.e., rolling processes [15] –
(Fig. 1). When a T&R process evolves by mechanical energy dissipation, e.g., by friction or
with mechanical energy production, e.g., by a chemical reaction, decreasing its Gibbs free
enthalpy function, these thermal effects require the laws of thermodynamics to be involved
in their complete description.

For such a rolling process, relativistic requirements demand a covariant description in
terms of a four-tensor equation [16],

dJµν = Mµνdt ,

simultaneously incorporating Newton’s second law for linear translation, the Poinsot-Euler’s
rotation equation and the first law of thermodynamics. Einstein’s inertia of energy principle
[9], will be the foundations for achieving such a four-tensor equation together with the two
four-vector cross-product generalisation as a four-tensor [12].

A rolling ring process is sketched in Fig. 1. In this paper, we will use rings (2D) as rolling
bodies; the underlying physics is essentially the same as for a disk, cylinder or sphere; the
ring characteristic functions (see below) are mathematically simpler than those for disks,
cylinders or spheres [17].
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k S
Figure 1: Frame S (x, y, z, t) (at rest relative to the ground). The ring consists of nr elements
(small solid disks). Force F is applied to the end of a rope unwinding from a radius r circle.
Force FD, exerted by the ground on the ring edge, is required by the rolling condition
v = Rω. Point O is located at ring’s centre. Point Ō is located at ring-ground contact
point. The trajectory of a point located at ring’s edge is a cycloid.

For mathematical simplicity, in this work only processes in planar rotation will be con-
sidered.

Planar rotation. Reference frame (frame in what follows) axes are right-hand oriented,
with versors satisfying i× j = k (Fig. 1). The forces are applied in the (xy) plane, the ring
elements rolling with linear velocities in plane (xy); ring angular momentum and angular
velocity point to z axis; angular momentum z axis direction does not vary during a process.

The ring, composed by solid elements (small disks) joined by elastic springs (see below),
rolls due to application of force F = (F, 0, 0) to the end of a rope previously wrapped around
a radius r circumference, centred around the axis perpendicular to the ring passing through
point O. Force FD = (−FD, 0, 0), exerted by the ground on ring edge, is required to fulfil
the rolling condition.

In classical physics, three basic equations are used to solve a T&R exercise: Newton’s
second law (NSL), the Poinsot-Euler rotation (PER) equation and the first law of thermody-
namics (FLT). In general, for a given process, these equations are not mutually independent.
Thus, when point O, about which momenta are usually taken, is changed to point Ō (see
Fig. 1), the PER equation for point Ō (IŌ = IR +MR2 parallel-axis theorem), given by:

IŌdω = F (r +R)dt ,

is linear combination of NSL and the PER equations for point O, i.e.,

(IR +MR2)dω = F (r +R)dt → (3)

IRdω = (Fr + FDR)dt + (4)

R
[
Mdvcm = (F − FD)dt

]
, (5)

[where → means that Eq. (3) is sum (+), i.e., linear combination of Eqs. (4) and (5), and
square brackets in Eq. (5) means that R affects the whole equation, i.e., it multiplies both
sides of the equation; this criteria for rightarrow (→), plus sign (+) and angular brackets
([]) will be used in what follows], with ωR = vcm, where vcm is ring centre-of-mass linear
speed. Also, when frame S, with the ground at rest, is changed by frame S̄, in the standard
configuration with velocity V = (V, 0, 0) to S, the FLT equation in frame S̄, given by

1

2
Mv̄2

0 −
1

2
MV 2 +

1

2
IRω

2
0 = F (x̄0 + rθ0) + FDV t0 ,
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(this is a mechanical energy conservation equation due thermal effects absence, for con-
stant F and FD forces) –with conveyor belt effect work term W̄D = FDV t0 [18]– is linear
combination of NSL and the FLT equations in frame S [9], i.e.,

1

2
M(v0 − V )2 − 1

2
MV 2 +

1

2
IRω

2
0 = F [(x0 − V t0) + rθ0] + FDV t0 →

−V
[
Mv0 = (F − FD)t0

]
+

1

2
Mv2

0 +
1

2
IRω

2
0 = F (x0 + rθ0) ,

with ω0R = v0, by using Galilean transformations for space (x̄0) and speed (v̄0).
But solving problems in physics is not just a matter of applying formulas. Generally, it

is necessary to ensure the problem is well-posed beforehand. Because nature applies forces
locally on each body component element, the macroscopic description of a process carried
out by an extended, composite body can only be solved when the problem is well posed,
i.e., when the many-body problem is reduced to a one-body problem [19].

In addition, the use of a covariant formalism when writing equations is unavoidable for
any process, ensuring the equivalence in any inertial frame, regardless of how the process is
described. Equivalent here means that every equation in frame S is a linear combination of
equations in frame S̄ and vice-versa [20, p. 1], and that these transformations are carried
out directly (i.e., by a mathematical algorithm, not by hand). In classical physics, equations
are not guaranteed to be covariant, i.e., there is no direct procedure for transforming the
equations describing a process from inertial frame S to frame S̄ (such transformations must be
done by hand). The four-vector fundamental equation (1) contains NSL and FLT equations
and transforms from frame to frame by the Lorentz transformation (see below).

Physics equations relativistic requirements. Classical physics assumes the exis-
tence of non-deformable, rigid bodies, with compressibility coefficient κS = 0. The rigid-
body concept is helpful in theoretical physics: the body does not deform, there are no
internal energy variations, and forces exerted on it are distributed among every body ele-
ment in such a way they all acquire the same linear speed v ≡ vcm (and dvcm), coincident
with body centre-of-mass speed, and the same angular velocity ω (and dω).

In contrast with these classical assumptions, some of then usually not explicit, the rel-
ativistic solution for T&R exercises – i.e., rolling process relativistic description – for an
extended, composite body, a ring in our case, requires some essential issues to consider.

(i) No rigid-body assumption. There is no rigid-body [21]. In a solid with near-zero
compressibility coefficient κS ≈ 0, sound speed vs could be larger than light speed c, vs > c
[22]. Then, in relativity, the ring is described as a chain of solid elements, in our case, disks
(2D), joined by elastic, able to deform, massless springs [23]. With the ring in its minimum
elastic potential energy configuration, a spring (which can be a quantum oscillator in its
fundamental state) does not change its elastic energy during a rigid rolling process (see
below).

(ii) Inertia of energy principle. Every kind of internal energy contributes to ring internal
energy E0, and to its inertia, given byM = c−2E0 [9], a quantity that will be involved in both
ring linear and angular momenta. This postulate, necessary to build coherent relativistic
theories, constitutes the relativistic bridge between classical mechanics and thermodynamics.
For a rolling ring, rotational kinetic energy Krt is internal energy and angular velocity
variation dω will contribute to its linear momentum variation dp. This circumstance must
be considered when obtaining a rolling ring linear-momentum–energy four-vector Eµ(v, ω),
with linear speed v while spinning with angular speed ω. This crossover effect between
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translation and rotation is a non classical physics effect, i. e., characteristic of relativity (see
below).

(iii) Locality. Relativity is a local theory: a force cannot be described as performing
mechanical effects on elements other than those to which it is applied; a force must be located
on the particular element where equations want to be obtained in which that force comes
into play. When this description is not available – e.g., a half-filled glycerine cylindrical body
can roll down an incline [19] or a satellite, subjected to intense tidal forces, orbiting a planet
[24, pp. 121-7]–, the problem is ill-posed, and functional equations cannot be obtained.

(iv) Rigid rolling. For a process to be considered well-posed, it must be admitted that
external, classically identified forces (i.e., macroscopic forces) must be distributed among
the ring elements so that their relative distances are not modified, preventing elastic energy
from being stored into ring springs; i.e., the ring moves as a whole in rigid translation [25]
and rotates around its centre in rigid rotation [12]. This behaviour will be achieved, without
considering completely stiff springs, when identical equations can be written for each ring
element, all of them varying its linear and angular velocities (dv and dω) by the same
amount. Any process with this behaviour is well-posed.

(v) Functional equations. A fundamental difficulty in this relativistic context is reducing
a many-body problem to a one-body problem. Thus, it must be possible to obtain a func-
tional equation – whose predictions can be tested in an experiment (real or simulated [26])
–, with a single linear translation speed v and a single angular speed ω, as the sum over ring
elements equations. Therefore, for well-posed processes, ring elements (and springs) must
be identical.

Finally, to comply with the relativistic requirements mentioned above and to preserve
the relations between the NSL, PER and FLT equations, it seems necessary to formulate a
single equation, which should be formulated in terms of four-tensor momenta, simultaneously
incorporating these three equations.

This article is organised as follows. In Sec. 2 the linear-momentum–energy four-vector
for a rolling ring is obtained by addition of linear-momentum–energy four-vectors associated
to all component elements of the ring. In Sec. 3 relativistic locality is implemented for
the classically identified forces distributed on ring elements, obtaining linear-impulse–work
four-vectors associated to forces. In Sec. 4 the four-tensor momenta is defined for two
four-vectors, and angular-impulse and torque four-tensors are obtained for a ring element
and for the whole ring. In Sec. 5 the four-tensor momenta equation for T&R processes
with mechanical energy conservation is presented. In Sec. 6 the formalism is applied to a
process evolving with mechanical energy conservation. In Sec. 7, the four-tensor momenta for
thermal photons is obtained. In Sec. 8, a general four-tensor momenta equation, including
thermal effects, is presented. In Sec. 9, a process with mechanical energy dissipation by
friction is analysed. In Sec. 10 a process with mechanical energy production by chemical
reactions is discussed. In Sec. 11 some conclusions on the theoretical and practical interest
of this four-tensor formalism are presented.

2 Rolling ring linear-momentum–energy four-vector

The inertia of energy principle, with ring rotational kinetic energy contributing to its inertia,
mixes linear translation and rotation descriptions. Therefore, several steps must be taken
to obtain linear-momentum–energy four-vector Eµ(v, ω) for a rolling ring as the sum over
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element (c) linear-momentum–energy four-vectors Eµc (v, ω).

Non-rotating ring internal energy and inertia. The ring is considered to consist
of nr solid elements joined by elastic (rigid enough) springs. For ring element (s), chemical
composition ξ (e.g., n moles of solid Fe), its rest energy E0|s and inertia Ms are [27]:

E0|s(ξ) = Σjmjc
2 − |Ũs(ξ)|+ ncξT ≈ Σjmjc

2 − |Ũs(ξ)|
Ms = c−2E0|s ,

with mj the mass of the component elementary particles (protons, neutrons, electrons);

binding energy Ũs(ξ) = UN + UA + UM < 0, which includes nuclear (N), atomic (A) and
molecular (M) binding energies [28], with temperature T ≈ 0 K. A ring element (c) does not
vary its temperature for the processes to be considered. Ring elements have the same Ms

inertia – homogeneous ring –. Plain inertia M is defined as M = Σs=nr
s=1 Ms = nrMs [29].

Element and ring. Linear momentum and energy. When ring element (c) moves,
in a frame S, for example, with linear velocity vc, its linear momentum is pc = γvcMsvc,
where γv = (1 − v2/c2)−1/2 (Lorentz factor), and its (total) energy is Ec = γvcMsc

2, with
kinetic energy given by Kc ≡ Ec − E0|c(ξ) = (γvc − 1)Msc

2.

Ring centre frame Ŝ. Let frame Ŝ move instantaneously with ring centre [Fig. 2(a)].
All distances between elements remain unchanged. Springs do not store elastic energy.
At instant t0 every element rotates with angular velocity ω(t0) and linear speed v = ωR.
Rotating element (c) inertia is then Mc(ω) = γ(ωR)Ms, with γ(ωR) = [1− (ωR)2/c2]−1/2

(Lorentz factor) [to avoid confusion with γv].
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Figure 2: Ring centre (instantaneous) frame Ŝ(x̂, ŷ, ẑ, t̂). (a) Each element of the ring spins
with angular speed ω around its centre. The linear velocity of element (c) is v̂c = r̂c × ω.
Ring net linear momentum is p̂ = Σc=nr

c=1 p̂c = 0. (b) Distribution of velocities and forces.

An observer (a set of devices located at the nodes of the three-dimensional lattice forming
the frame, each located by its coordinates, and equipped, in particular, with synchronised
clocks) in Ŝ describes a rotating ring with angular speed ω ≡ ω(t0). In Ŝ, ring element (c),
vector-localised r̂c = (R cos θc, R sin θc, 0), has linear velocity v̂c = (ωR sin θc,−ωR cos θc, 0),

and angular momentum Ĵc =Ms(r̂c×v̂c) = −γ(ωR)MsR
2ωk̂ . By adding over all elements,

ring angular momentum is Ĵ = ΣcĴc = −γ(ωR)MR2ωk̂.
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Due to relativistic locality requirement, observer Ŝ admits that the same force modulus
f̂ = |f̂ |, e.g., f = (f̂ sin θc,−f̂ cos θc, 0) for element (c), is applied on each ring element to
justify the measured angular acceleration [Fig. 2(b)].

Ring linear-momentum–energy four-vector in frame Ŝ. In frame Ŝ, element (c),
located by space-time four-vector [for typographical reasons, a contra-variant four-vector
can be written as a row four-vector, keeping a Greek letter as index] r̂µc ≡ (r̂c, ct̂), with
dθ = −ωdt̂, the velocity four-vector v̂µc is given by:

r̂µc ≡


R cos θc

R sin θc

0
ct̂

 , v̂µc ≡
dr̂µc
dτ

=


γ(ωR)ωR sin θc

−γ(ωR)ωR cos θc

0
γ(ωR)c

 ,

with element (c) proper time dτ = γ−1(ωR)dt̂. For symmetry, and to simplify calculations, it
is assumed that there is another element (c̃), opposite to (c) by ring centre (Fig. 2), localised
by vector r̂c̃ = (−R cos θc,−R sin θc, 0), with linear velocity v̂c̃ = (−ωR sin θc, ωR cos θc, 0).
In frame Ŝ, the linear-momentum–energy four-vectors for elements (cc̃) are given by:

Êµc =


cγ(ωR)MsωR sin θc

−cγ(ωR)MsωR cos θc

0
γ(ωR)Msc

2

 , Êµc̃ =


−cγ(ωR)MsωR sin θc

cγ(ωR)MsωR cos θc

0
γ(ωR)Msc

2

 . (6)

For element (c), localised by r̂c = (R cos θc, R sin θc, 0),

p̂c = (γ(ωR)Ms sin θcRω,−γ(ωR)Ms cos θcRω, 0) ,

Ĵc = r̂c × p̂c = −γ(ωR)MsR
2ωk̂ .

Êc = γ(ωR)Msc
2 .

For element (c̃), localised by r̂c̃ = −r̂c,

p̂c̃ = (−γ(ωR)Ms sin θcRω, γ(ωR)Ms cos θcRω, 0) ,

Ĵc̃ = r̂c̃ × p̂c̃ = Ĵc

Êc̃ = γ(ωR)Msc
2 = Êc .

Rotating ring characteristics functions. The inertiaM(ω) and moment of inertia
I (ω) of rotating bodies are greater than those of non-rotating bodies (inertia of energy
principle).

A body at rest as a whole (zero linear and angular velocity) has inertia M = c−2E(0),
where E(0) is its internal energy. Inertia M(ω) and moment of inertia IB(ω) functions
for axial symmetry bodies composed by nr elements, rotating with angular velocity ω, are
respectively given by [30]:

M(ω) = Σc=nr
c=1 Msγvc =MζB(ω) = c−2E(ω) , (7)

IB(ω) = Σc=nr
c=1 Msr

2
cγvc = IBχB(ω) , (8)

with rest moment of inertia IB, and plain inertia M = nrMs, being χB(ω) and ζB(ω) body
characteristic functions [17].
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For a ring, with non-rotating moment of inertia IR =MR2, its characteristic functions
are

χR(ω) = γ(ωR) , ζR(ω) = γ(ωR) .

Ring linear-momentum–energy four-vector Êµ in frame Ŝ is obtained as a sum over
element pairs (cc̃):

Êµ(ω) = Σcc̃(Êµc + Êµc̃ ) =
(
0, 0, 0, γ(ωR)Mc2

)
. (9)

Four-vector Êµ(ω) describes a homogeneous ring, its centre at rest, p̂ = 0, with internal
energy Ê = M(ω)c2, with M(ω) ≡ MζR(ω): rotational kinetic energy contributes to ring
internal energy and inertia. For the ring in Ŝ [31] :

p̂ = Σcc̃(p̂c + p̂c̃) = 0 ,

Ĵ = Σcc̃(Ĵc + Ĵc̃) = −γ(ωR)MR2ωk .

Ê(ω) = γ(ωR)Mc2 ,

K̂rt = [γ(ωR)− 1]Mc2 .

Rotational kinetic energy K̂rt is ring internal energy. By the inertia of energy principle,
this energy contributes to its inertia. Therefore, for a rolling ring, K̂rt contributes to its
linear momentum.

The Lorentz transformation. The four-tensor Lµν (V ) for the Lorentz transformation
between frames in the standard configuration with velocity V = (V, 0, 0) is:

Lµν (V ) ≡


γV 0 0 −βV γV
0 1 0 0
0 0 1 0

−βV γV 0 0 γV

 (10)

being βV = V/c, γV = [1− β2
V ]−1/2.

The transformation of a four-vector Âµ from frame Ŝ to frame S – floor at rest –, moving
with velocity V̂ = (−v, 0, 0) relative to Ŝ, is given by [32]: Aµ = Lµν (−v)Âµ .

Ring linear-momentum–energy four-vector in frame S. In frame S, rest floor
frame, moving with (instantaneous) velocity V̂ = (−v, 0, 0) relative to Ŝ (Fig. 3), the linear-
momentum–energy four-vectors Eµc and Eµc̃ for elements (cc̃) are given by:

Eµc (ω, v) = Lµν (−v)Êνc ≈


cγvγ(ωR)Ms[v + ωR sin θc]
−cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 , (11)

Eµc̃ (ω, v) = Lµν (−v)Êνc̃ ≈


cγvγ(ωR)Ms(v − ωR sin θc)

cγ(ωR)Ms[ωR cos θc]
0

γvγ(ωR)Msc
2

 . (12)

Order c−2 terms (cross relativistic translation-rotation effect by the inertia of inertia princi-
ple) have been neglected in Eqs. (11)-(12) (i.e., by assuming (1−v2/c2)−1[1−(ωR)2/c2]−1 ≈
[1− (v + ωR)2/c2]−1).
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Figure 3: (a) Rolling ring in frame S(x, y, z, t) with floor at rest. (b) Velocity distribution on
elements by velocities composition. The contact ring-floor contact point Ō has zero speed.
At time t = 0 origin of frames S and Ŝ are coincident.

For element (c), with rc = r̂c,

pc = (γ(ωR)Ms(v + sin θcRω),−γ(ωR)Ms cos θcRω, 0) ,

Jc = rc × pc ,

Ec(ω, v) = γvγ(ωR)Msc
2 .

For element (c̃), with rc̃ = −rc,

pc̃ = (γ(ωR)Ms[v − sin θcRω], γ(ωR)Ms cos θcRω, 0) ,

Jc̃ = rc̃ × pc̃ ,

Ec̃(ω, v) = γvγ(ωR)Msc
2 .

The ring linear-momentum–energy four-vector Eµ in frame S, in which the ring is in
T&R, is obtained by adding over pairs (cc̃):

Eµ(ω, v) = Σcc̃(Eµc + Eµc̃ ) =


cγvγ(ωR)Mv

0
0

γvγ(ωR)Mc2

 ,

Eµ(ω, v) = Lµν (−v)Êν(ω) , (13)

or by apply on Êν(ω) the Lorentz transformation: the formalism has coherence in the rigid
rolling (T&R) consideration. By the inertia of energy principle, there are translation-rotation
cross-effects that do not appear in classical physics.

Four-vector Eµ(ω, v) describes [33]:
(i) a rotating ring with inertia (in rotation) M(ω) = γ(ωR)M moving its centre with

linear velocity v = (v, 0, 0), linear momentum p, total energy E, and kinetic energy K, given

9



by:

p = Σcc̃(pc + pc̃) = (γvγ(ωR)Mv, 0, 0) ,

E = γvγ(ωR)Mc2 = γvM(ω)c2 ,

M(v, ω) = γvγ(ωR)M ,

K = [γvγ(ωR)− 1]Mc2 ,

(ii) or a moving ring with inertiaM(v) = γvM spinning with angular velocity ω around
its centre, with angular momentum J :

J = Σcc̃(Jc + Jc̃) = −γvγ(ωR)MR2ωk . (14)

Low speed limit. In the low-speed limit v/c→ 0, or ωR/c→ 0

lim
v/c→0

γv = 1 , lim
v/c→0

(γv − 1)c2 =
1

2
v2 , (15)

lim
ωR/c→0

γ(ωR) = 1 , lim
ωR/c→0

[γ(ωR)− 1]c2 =
1

2
R2ω2 , (16)

one has [M(ω) =M(v) ≈M], IR =MR2,

lim
v→0,ω→0

(γv − 1)M(ω)c2 + [γ(ωR)− 1]M(v)c2 =
1

2
Mv2 +

1

2
IRω

2 ,

for a rolling ring total kinetic energy.

Ring centre-of-inertia velocity. For a homogeneous ring with nr elements (c), with
linear velocity vc, its centre-of-inertia velocity vci is defined as [34]:

vci ≡
Σc=nr

c=1 γvcMsvc

Σc=nr
c=1 γvcMs

=
p

c−2E
. (17)

Then, vc = vci + rc × ω, and with γvc ≈ γvciγ(ωR), ring linear momentum and energy are
given by [35]:

p = γvciM(ω)vci ,

E = γvciM(ω)c2 .

Then, M2(ω)c4 = E2 − c2(p · p) [36].
Speed v entering into the ring-as-a-whole linear translation equations (see below) is the

ring centre-of-inertia speed, v ≡ vci; then dxci = vcidt. In operational equations, system
centre-of-inertia xci is its geometric centre.

3 Force distribution on ring elements

Each force must be identified as being applied on a ring element due to relativistic locality
requirement; i.e., any force must be located on the ring element on which it is applied,
avoiding instantaneous action at distance descriptions; the effects – on linear momentum,
angular momentum, and energy variations – of any force applied at a given point, are not
allowed to be noticed, or exerted, at different points [37].
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For force fk|c = (fx|k;c, fy|k;c, 0), applied on element (c), the following elements must be
determined:

(i) time interval [t0, t0 + dt], during which the force is applied,
(ii) element (c) on which the force is exerted, located by vector rc = (xc, yc, 0), and

four-vector rµc ,
(iii) force application point velocity uk|c = (ux|k;c, uy|k;c, 0) (this velocity may be different

from that of the element onto which it is applied).
Then, the following quantities can be determined:
(i) Linear impulse, δIk|c = fk|cdt – every force exerts linear impulse (time always runs)

–.
(ii) Angular impulse, dMk|c = (rc× fk|c)dt – some forces do not exert angular impulse–.
(iii) Work performed, δWk|c = (fk|c · uk|c)dt, δWk|c = fk|c · dx|ck, with dxk|c = uk|cdt –

some forces do not perform work–.
The macroscopic forces that can be identified as being applied on the ring (e.g., classically,

e.g., F and FD in Fig. 1), must be distributed among the homogeneous ring elements (Fig. 4),
and must have the following characteristics: (i) on each element, the same set of distributed
forces must be applied, (ii) the resultant of the distributed forces must be the resultant of
macroscopic forces; every force exerts linear impulse; (iii) the resultant of the distributed
torques must be the resultant torque of macroscopic forces; some forces do not exert torque;
(iv) the resultant work performed by distributed forces must be the work performed by the
classical macroscopic forces; some forces do not perform work. Forces are simultaneously
applied in frame S during time interval [t0, t0 + dt].

Force linear-impulse-work four-vector. For force fk|c = (fxk;c, fyk;c, 0), whose ap-
plication point displaces with velocity uk|c = (uxk|c, uyk|c, 0), one has, respectively, the
Minkowski’s force-power and linear-impulse–work four-vectors:

fµk|c =


γvfx|k;c

γvfy|k;c

0
c−1γv(fk|c · uk|c)

 , δWµ
k|c ≡ cf

µ
k|cdτk|c =


cfx|k;cdt
cfy|k;cdt

0
(fk|c · uk|c)dt

 ,

with force application point differential proper time, dτk|c = γ−1
uk|c

dt, being dt the time

interval measured by the ensemble of clocks synchronized in frame S.

Forces distribution on ring elements. It must be possible to hypothesise how
(classical, macroscopic) forces are distributed and exerted on the ring elements to achieve
rigid rolling conditions and to pose equations for each ring element. This demand means one
must propose a model about forces applied to each element according to previous require-
ments. In addition to physical intuition, the observed distribution of velocities by elements
should greatly help in this matter.

We are going to use forces F = (F, 0, 0) and FD = (−FD, 0, 0) in Fig. 1 to explain in
detail how the distribution of forces by elements is carried out. Forces G+N = 0 will not be
considered. Macroscopic and distributed forces are given in Fig. 4(a) and (b) respectively.

1. Force F is assumed exerts linear impulse δI = Fdt, produces angular impulse δM =
(r × F)dt, with lever arm r = (r, 0, 0), and performs work δWF = (F · uF )dt, where uF is
the force application point velocity, uF = vci + r×ω, with vci the velocity of ring geometric
centre and ω the angular velocity [38]. Force F will enter into Newton’s second law equation
for linear translation (vci), the Poinsot-Euler equation for rotation (ω), and the first law of
thermodynamics equation.
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Figure 4: (a) Macroscopic forces. (b) Each force is distributed among ring elements so that
net resultant force, net torque and work, are identical to those corresponding to macroscopic
forces F and FD. As G + N = 0, gravitational and normal forces are not considered.

Force F will give rise to two forces, f on translation, the same for any element, and fr|c,
on rotation, different for different elements (c); force f , contributes to linear translation, and
force fr|c, contributes to rotation; both forces perform work, contributing to generic element
(c) total kinetic energy variation.

1A. Linear-impulse–work four-vector δWµ
t for force f = (n−1

r F, 0, 0), modulus
∣∣f ∣∣ ≡ f =

n−1
r F , is:

δWµ
t =

(
cfdt
δWt

)
; δWµ

t ≡ Ẇ
µ
t dt =


cf
0
0
fv

 dt , (18)

with δWµ
t = Ẇµ

t dt, since its application point moves with ring centre. Each ring element
has the same four-vector δWµ

t .
1B. Forces fr|c = (|fr|c| sin θc,−|fr|c| cos θc, 0) and fr|c̃ = (−|fr|c| sin θc, |fr|c| cos θc, 0), with

modulus |fr|c| ≡ fr|c = n−1
r F (r/R), applied on elements (c) and (c̃), have an associated

linear-impulse–work four-vectors δWµ
r|c ≡ (cfr|cdt, δWr|c) and δWµ

r|c̃ ≡ (cfr|c̃dt, δWr|c̃),

δWµ
r|c =


fr|c sin θcdt
−fr|c cos θcdt

0
fr|cRωdt

 , δWµ
r|c̃ ≡ Ẇ

µ
r|c̃dt =


−fr|c sin θc

fr|c cos θc

0
fr|cRω

dt .

With force lever arm rc = (R cos θc, R sin θc, 0) for element (c), one has:

Σc=nr
c=1 f = F ,

Σc=nr
c=1 (rc × fr|c) = Frk .

Σc=nr
c=1 (fv + fr|cRω)dt = F (v + rω)dt .

Net linear impulse, net angular impulse, and work performed by these distributed forces
are the same as those of the original force F, as demanded. By distributing the global,
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macroscopic forces among ring elements in this way allows to write equations for any element,
fulfilling relativistic locality.

2. Force FD exerts linear impulse δID = FDdt, exerts angular impulse δMD = (RD ×
FD)dt, with lever arm vector RD = (−R, 0, 0) to point O, and does not perform work, i.e.,
FD · vD = 0, since its application point is always instantly at rest; ring rim speed at point
Ō is vD = vcm − ωR = 0. This force enters in NSL and PER equations, but not in the FLT
equation.

Force FD is distributed into two forces applied to each of ring elements (Fig. 4):
2A. Force fD|t = (−fD|t, 0, 0), modulus |fD|t| ≡ fD = n−1

r FD, contributes to ring element
linear translation. This force does not perform work. Then, fD|t = (−n−1

r FD, 0, 0), with
four-vector δWµ

D|t

δWµ
D|t =

(
cfDdt

0

)
; δWµ

D|t ≡ Ẇ
µ
D|tdt =


cfD

0
0
0

 dt , (19)

The same linear-impulse-work four-vector δWµ
D|t is found for each ring element.

2B. Force fD|r;c = (fD sin θc,−fD cos θc, 0), with modulus |fD|r;c| ≡ fD = n−1
r FD, does

not perform work, contributing to the rotation of element (c) around ring centre:

δWµ
D|r;c =


fD sin θcdt
−fD cos θcdt

0
0

 , Ẇµ
D|r;c̃dt =


−fD sin θc

fD cos θc

0
0

 dt .

For this distributed forces one has:

Σc=nr
c=1 fD = FD ,

Σc=nr
c=1 (rc × fD|r;c) = FDRk .

By the linear-impulse-work four-vectors for forces distributed by ring elements one ob-
tains ring elements (c) and (c̃) linear-impulse–work four-vectors:

δWµ
c ≡ Ẇµ

c dt = (Ẇµ
t + Ẇµ

r|c + Ẇµ
D|t + Ẇµ

D|r;c)dt =

=


c(f + fr|c sin θc − fD + fD|r sin θc)
−c(fr|c cos θc + fD|r cos θc)

0
(fv + fr|cRω)

 dt , (20)

δWµ
c̃ ≡ Ẇµ

c̃ dt = (Ẇµ
t + Ẇµ

r|c̃ + Ẇµ
D|t + Ẇµ

D|r;c̃)dt =

=


c(f − fr|c sin θc − fD − fD|r sin θc)

c(fr|c cos θc + fD|r cos θc)
0

(fv + fr|cRω)

dt . (21)

Observing these relationships, by (δWµ
c +δWµ

c̃ ) it is easy to check which forces will contribute
to ring linear translation. Then, for the whole ring, its linear-impulse–work four-vector is

δWµ = Σcc̃(δWµ
c + δWµ

c̃ ) =

(
c(F− FD)
F (v + rω)

)
dt .
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4 Two four-vectors four-tensor momenta definition

Four-tensor formulations have played an essential role in theoretical physics. Shortly after
Einstein published their papers on the special theory of relativity, Minkowski developed a
four-tensor formalism for electro-magnetism [39, Ch. 13]; Einstein developed the general
theory of relativity [40, Ch. 6] formalism in terms of four-tensors.

For linear translation processes, which in classical physics are described by a vector
equation (NSL) and a scalar equation – (FLT), including vectors through the scalar-product
work term–, a four-vector (rank 1 tensor) equation meets mathematical and physical (prin-
ciple of relativity) requirements previously stated. For T&R processes, to which an angular
momentum equation, including vectors cross–product term, (PER) is added, mathematical
and physical requirements imply the description of a rolling process in terms of a rank 2
tensor (a four-tensor in what follows)[41, pp. 133-134].

In classical physics, NSL and FLT are independent equations. In relativity, the four-
vector fundamental equation relates NSL and FLT for a process, such that, for example, the
NSL in a moving frame is linear combination of NSL and FLT in the proper frame through
the Lorentz transformation. Given such a relation between four-vectors, five equations are
obtained: NSL, NSL-CDR, FLT, the heat equation and the entropy variation equation. On
the one hand, NSL is “thermodynamized”, i.e., quantities with no associated linear momen-
tum in classical physics such as heat, in relativity, in a moving frame (S̄) have associated
linear momentum, which is incorporated into NSL in S̄. On the other hand, thermodynamics
is “mechanised” in relativity the same way as in classical physics.

In which follows, given two four-vectors cross-product, Aµ ⊗ Bµ, proper definition –
two four-vectors cross-product definition can be given by an anti-symmetric four-tensor –,
for a given process, a four-tensor momenta equation can be proposed based on its four-
vector fundamental equation, such that seven equations are obtained for the process: NSL,
NSL-CDR, PER, PER-CDR, FLT, heat and entropy variation equations.

Cross-product classical definition: a vector. Let two three-dimensional vectors
be a = (a1, a2, a3) and b = (b1, b2, b3). Cross-product a × b = c, with c = (c1, c2, c3), is
defined as:

a× b =

∣∣∣∣∣∣
i j k
a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣ = (a2b3 − b2a3)i + (a3b1 − b3a1)j + (a1b2 − b1a2)k ,

with
c1 = a2b3 − b2a3 , c2 = a3b1 − b3a1, c3 = a1b2 − b1a2 .

This definition for the cross-product (×) comes from the following: force and its dis-
placement scalar product (·), allows for the calculation of the portion of work done by the
force that is related to the variation in the kinetic energy of the body’s center of mass and
the change in direction of the system’s movement. Additionally, the cross-product between
torque and rotated angle can determine the work done by the force in a direction perpen-
dicular to the body’s displacement. If an object changes its velocity, it can do so by either
altering its modulus or direction. In the former case, the object will not rotate, while in the
latter, it will rotate. The cross-product is used to calculate changes in rotation.

Cross-product classical definition: (3×3) anti-symmetric tensor. The cross-
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product can be defined in terms of the following anti-symmetric matrix: a1

a2

a3

⊗
 b1

b2
b3

 =

 C11 C12 C13

C21 C22 C23

C31 C32 C33

 ,

or 3×3 tensor momenta, with ⊗ operator, with:

Crs = arbs − bras = −Csr ,

Crr = 0 .

The following terms are identified:

C12 = a1b2 − b1a2 = c3 ,

C13 = a1b3 − b3a1 = −c2 ,
C23 = a2b3 − b2a3 = c1 .

Two four-vectors cross-product: (4×4) four-tensor momenta. The above def-
inition for the cross-product between vectors (⊗) can be generalised to four-vectors. A
contra-variant four-vector Aµ, noted by a Greek letter superscript, is formed combining a
vector a and a related scalar at, in column matrix such as Aµ ≡ (a, at). Given four-vectors
Aµ and Bµ,

Aµ ≡
(

a
a4

)
=


a1

a2

a3

a4

 , Bµ ≡
(

b
b4

)
=


b1
b2
b3
b4

 , (22)

the anti-symmetric 4× 4-tensor (four-tensor in which follows) Cνµ is defined as:

Cνµ ≡ Aν ⊗Bµ =


C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44

 , (23)

with components:

C ij = aibj − biaj , C
ij = −Cji.

The operator (⊗) is the four-vector generalisation of the cross-product between vectors (×).
The components in the four-tensor momenta that correspond to those of the 3-tensor

momenta are easy to interpret (that is the reason it is done this way). The purely thermo-
dynamic components should be interpreted (see below): terms involving ct0 will be related
to NSL, satisfying the requirement that forces must be simultaneously applied , and terms
of work and energy will be related to FLT, fulfilling the locality requirement: force must be
applied on the element whose mechanical state it modify.

This definition will also apply to photons, such that thermal photons are emitted with
zero linear and angular momentum (Clausius requirement).
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Four-tensor components C ij include three kinds of momentum: (i) cross-product a × b
components, (ii) vector-scalar product components, e.g., b4a, and (iii) product of a vector
component times a scalar, e. g., b1a4. The non-zero Cνµ components are:

C12 = a1b2 − b1a2 = −C21 , C13 = a1b3 − b1a3 = −C31 , C14 = a1b4 − b1a4 = −C41 .

C23 = a2b3 − b2a3 = −C23 , C24 = a2b4 − b2a4 = −C42 .

C34 = a3b4 − b3a4 = −C43 .

The non-zero components of the 3× 3 tensor momenta for the two vectors cross product
are:

C12 = a1b2 − b1a2 ≡ cz , C
13 = a1b3 − b1a3 ≡ −cy , C23 = a2b3 − b2a3 ≡ cx .

Given this definition of four-tensor momenta for four-vectors, the two vectors cross prod-
uct of the two vectors entering the four-vectors is recovered at the specified positions. The
components of Cνµ with index 4 are relativistic components:

C14i + C24j + C34k = ab4 − a4b , (24)

not entering in classical physics. This components should be interpreted (see below).

A. Angular impulse four-tensor. When Aµ ≡ rµ is an space-time four-vector, and
Bµ ≡ pµ (or Bµ ≡ Eµ) is a linear-momentum–energy four-vector, their cross-product (⊗)
will be a kind of angular-momentum four-tensor. Given a ring element (c) linear-momentum–
energy four-vector Eµc in T&R, the corresponding angular momentum four-tensor Jµνc can
be obtained. For instance, with element (c) four-vector Eµc , given by Eq. (11), and provided
the space-time lever arm four-vector rµc = (rc, ct0), the element (c) angular momentum
four-tensor Jµνc is given by:

Jµνc ≡ rµc ⊗ Eνc =

=


R cos θc

R sin θc

0
ct0

⊗


cγvγ(ωR)Ms(v + ωR sin θc)
−cγ(ωR)Ms(ωR cos θc)

0
γvγ(ωR)Msc

2

 , Jµνc ≡


0 Jz|c 0 Nx|c
−Jz|c 0 0 Ny|c

0 0 0 0
−Nx|c −Ny|c 0 0

 .

with four-tensor components Jz|c, Nx|c and Ny|c easily obtained:

Jz|c = (R cos θc)[−cγ(ωR)Ms(ωR cos θc)]− (R sin θc)[cγvγ(ωR)Ms(v + ωR sin θc)] ,

Nx|c = (R cos θc)[γvγ(ωR)Msc
2]− (ct0)[cγvγ(ωR)Ms(v + ωR sin θc)] ,

Ny|c = (R sin θc)[γvγ(ωR)Msc
2]− (ct0)[−cγ(ωR)Ms(ωR cos θc)] .

For element (c̃), with Eµc̃ given by Eq. (12), located by space-time four-vector rµc̃ = (−rc, ct0),
one has

Jµνc̃ ≡ rµc̃ ⊗ E
ν
c̃ =

=


−R cos θc

−R sin θc

0
ct0

⊗


cγvγ(ωR)Ms[v − ωR sin θc]
cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 , Jµνc̃ ≡


0 Jz|c̃ 0 Nx|c̃
−Jz|c̃ 0 0 Ny|c̃

0 0 0 0
−Nx|c̃ −Ny|c̃ 0 0

 .
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with the corresponding Jz|c̃, Nx|c̃ and Ny|c̃. Observing these relationships, it is easy to check
by Jz|c + Jz|c̃ which four-tensor components will contribute to ring angular momentum.

Adding over pairs (cc̃), the angular-momentum four-tensor for the ring Jµν(v, ω) is ob-
tained as:

Jµν(ω, v) = Σcc̃(Jµνc + Jµνc̃ ) =


0 Jz 0 Nx
−Jz 0 0 Ny

0 0 0 0
−Nx −Ny 0 0

 ,

with four-tensor Jµν(ω, v) components:

Jz = γvγ(ωR)MR2ω ≈MR2ω ,

Nx = Σc(R cos θc)[γvγ(ωR)Msc
2]− (ct0)[cγvγ(ωR)Mv] ,

Ny = Σc(R sin θc)[γvγ(ωR)Msc
2]− (ct0)[0] .

Nxi +Nyj ≈ Σcrc[γvγ(ωR)Msc
2]− (ct0)(cMv) .

Angular momentum, linear momentum and energy. The following quantities can
be found inside ring angular momentum four-tensor Jµν(ω, v):

(i) Angular momentum. The Jµν(ω, v) C12-component, Jz ≈ MR2ω, corresponds (low
speed limit) to ring angular momentum.

(ii) Linear momentum. Linear momentum p = (px,py, 0) = γ(ωR)M(γvvx|ci, γvvy|ci, 0) ,
is involved in four-tensor components Nx, Ny, multiplied by temporal lever arm ct0. For
process sketched in Fig. 1, one has p ≈Mv.

(iii) Energy. Element (c) energy Ec(v, ω) = γvγ(ωR)Msc
2, is involved in four-tensor

components Nx, Ny and multiplied by vector rc.

B. Torque four-tensor. Let Aµ ≡ rµ be a space-time four-vector, and Bµ ≡ Fµ (or
Bµ ≡ Ẇµ) be a linear-impulse–work four-vector. Their cross-product (⊗) will be a torque
four-tensor. Given the macroscopic forces distributed over ring elements, the associated
torque four-tensor can be obtained.

Torque four-tensor Mµν
c exerted on a generic element (c) is obtained by adding over

torque four-tensors Mµν
k|c for the (k) forces applied on it,

Mµν
c = ΣkM

µν
k|c = rµc ⊗ ΣkẆ

ν
k|c . (25)

With element (c) four-vector linear-impulse-work δWµ
c , given by Eq. (20), and provided

the space-time lever arm four-vector rµc = (rc, ct0), the element (c) torque four-tensor Mµν
c

is given by:

Mµν
c ≡ rµc ⊗ Ẇ ν

c =

=


R cos θc

R sin θc

0
ct0

⊗


c(f + fr|c sin θc − fD + fD|r sin θc)
−c(fr|c cos θc + fD|r cos θc)

0
fv + fr|cRω

 , Mµν
c =


0 Mz|c 0 Gx|c

−Mz|c 0 0 Gy|c
0 0 0 0

−Gx|c −Gy|c 0 0

 ,

with Mµν
c components Mz|c, Gx|c and Gy|c:

Mz|c = (R cos θc)[−c(fr|c cos θc + fD|r cos θc)]− (R sin θc)[c(f + fr|c sin θc − fD + fD|r sin θc)] ,

Gx|c = Σc(R cos θc)[fv + fr|cRω]− (ct0)[c(f + fr|c sin θc − fD + fD|r sin θc)] ,

Gy|c = Σc(R sin θc)[fv + fr|cRω]− (ct0)[−c(fr|c cos θc + fD|r cos θc)] .
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For element (c̃) with four-vector linear-impulse-work δWµ
c̃ , given by Eq. (21), one has:

Mµν
c̃ ≡ rµc̃ ⊗ Ẇ

ν
c̃ =

=


−R cos θc

−R sin θc

0
ct0

⊗


c(f − fr|c sin θc − fD − fD|r sin θc)
c(fr|c cos θc + fD|r cos θc)

0
fv + fr|cRω

 , Mµν
c̃ =


0 Mz|c̃ 0 Gx|c̃

−Mz|c̃ 0 0 Gy|c̃
0 0 0 0

−Gx|c̃ −Gy|c̃ 0 0


with Mµν

c̃ components Mz|c̃, Gx|c̃ and Gy|c̃. Observing these relationships, it is easy to check
which forces will contribute to ring rotation.

For the whole ring, the angular impulse four-tensor Mµν is obtained as:

Mµν = Σcc̃(Mµν
c +Mµν

c̃ ) =


0 Mz 0 Gx
−Mz 0 0 Gy

0 0 0 0
−Gx −Gy 0 0

 ,

with momenta four-tensor components:

Mz = (Fr + FDR) ,

Gx = Σc(R cos θc)[fv + fr|cRω]− (ct0)[c(F − FD)] ,

Gy = Σc(R sin θc)[fv + fr|cRω]− (ct0)[0] .

Gxi +Gyj = Σcrc[fv + fr|cRω]− (ct0)[c(F− FD) .

Angular impulse, linear impulse and work. The following quantities can be found
inside ring torque four-tensor momenta:

(i) Angular impulse (torque). The four-tensor Mµν C12-component Mz corresponds to
torque Γ = (Fr + FDR) exerted on ring.

(ii) Linear impulse (resultant force). Forces F and FD, linear impulse on ring is δI =
(F − FD, 0, 0)dt, involved in components Gx and Gy, multiplied by temporal lever arm ct0.

(iii) Work (power). On element (c) located by vector rc power Ẇc = fv + fr|cRω is
performed.

5 Four-tensor momenta equation for rolling processes

For a well-posed process, a set of four-vector fundamental equations, one for each ring generic
element (c), on which (k) forces are exerted, are

dEµc = δWµ
c ,

being δWµ
c = ΣkδW

µ
k|c. Forces are simultaneously applied during time interval [t0, t0 + dt].

Similarly, a set of four-tensor momenta equations, one for each ring generic element (c), on
which (k) forces are exerted, are

d(rµc ⊗ Eµc ) = (rµc ⊗ Ẇµ
c )dt ,

being δWµ
c = Ẇµ

c dt, where dt is common to ring elements. Torques are simultaneously
applied during time interval [t0, t0 + dt]. Summations reflect forces superposition principle:
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force effects – linear impulse, angular impulse, work – does not depend on another exerted
force.

One body functional equations. In order to obtain operational equations, the posed many-
body problem for ring elements must be reduced to a one-body problem (i.e., the ring). Thus,
equations for elements should be possible to be added, thus obtaining an equation for the
ring as a whole, depending on its centre of inertia and angular velocity.

Adding over ring elements,

d(ΣcJ
µν
c ) = (ΣcM

µν
c )dt → dJµν = Mµνdt , (26)

and the four-tensor momenta equation [16] is then:

d


0 Jz 0 Nx
−Jz 0 0 Ny

0 0 0 0
−Nx −Ny 0 0

 =


0 Mz 0 Gx
−Mz 0 0 Gy

0 0 0 0
−Gx −Gy 0 0

dt .

The cause (torque, resultant force and power) acting during time interval [t0, t0 +dt] (an-
gular momentum, linear momentum, work), has the effect of varying the system mechanical
state (combined angular momentum, linear momentum and energy).

For a given system and process, e.g., the process sketched in Fig. 1, the four-tensor
momenta equation dJµν = Mµνdt establishes a cause-effect relationship between the linear-
momentum–angular-momentum–energy four-tensor variation dJµν (effect) and the linear-
impulse–angular-impulse–work four-tensor Mµνdt exerted during time interval [t0, t0 + dt],
where t is frame (S) proper time, measured by its set of synchronised clocks.

5.1 Relationships from four-tensor momenta equation

The equality between four-tensors implies equality component by component or by a linear
combination of components.

Four-tensor equation, spatial components. From four-tensor spatial components,
the PER equation for the process, and then, its PER-CDR, are directly obtained.

PER. From four-tensor C12 spatial (angular) components one has:

d(Σc=nr
c=1 Jz|c) = (Σc=nr

c=1 Mz|c)dt , (27)

dJz = Mzdt . (28)

Assuming γv ≈ 1 (rotation is decoupled from translation), the angular-impulse–angular-
momentum variation equation is obtained:

IRd[χR(ω)ω] ≈ Γextdt , (29)

with external torque: Γext = Σk(rk × Fk), where Fk is k-th external force and rk its lever
arm relative to ring centre O. Equation (29) is the Poinsot-Euler rotation equation for
the process. This equation, through the torques, considers the positions where macroscopic
forces are applied. The same force with another lever arm produces different angular impulse.

For a finite process, with constant torque applied during time interval [t0, t0 + ∆t],

IR[χR(ωf)ωf ]− IR[χR(ωI)ωI] = Γext∆t , (30)
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with resultant external torque Γext = ΣkΓk: the same torque combination produces the
same angular momentum variation.

Equation (30) takes into account the fact that when the (k)-th constant force is applied
outside the centre-of-inertia displacement path, its application point has an additional dis-
placement dxr = rkωdt relative (in addition) to the centre-of-inertia displacement dx = vcidt,
during time interval dt; Therefore, an additional work is performed, provided by the external
agent that ensures a constant force applied (Fig. 5).

F

F

a
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xci

(a) (b)

vci!
vci
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Figure 5: (a) Force F acts along a line through the centre of the bar, during time interval
∆t, moving distance xci and reaching speed vci. (b) Force F acts along a line at distance a
from the centre of the bar, during time interval ∆t, moving distance x̃ = xci + aθ, with an
extra displacement x̂ = aθ. The bar rotates angle θ, reaching angular velocity ω (and centre
speed vci), with force application point speed u = vci + aω.

PER-CDR. The PER-CDR equation relates rotational kinetic energy variation with
external torques pseudo-work dKrt = pWrt. From PER Eq. (29), by using relationship [43]:

IRωd[χR(ω)ω] =Md[ζR(ω)c2] , (31)

[relationship Eq. (31) cannot be used with Eq. (29) if γv 6= 1) its PER-CDR is obtained as:

Md[ζR(ω)c2] = Γextdθ , (32)

M{[ζR(ωf)c
2]− [ζR(ωI)c

2]} = Γext∆θ , (33)

with dθ = ωdt. This PER-CDR Eq. (33), which is not directly obtained from the four-tensor
momenta equation, will assign kinetic energy to that additional work: the rotational kinetic
energy. Product pWr ≡ Γdθ will, in general, not be work but pseudo-work; e.g., a dissipative
force torque does not perform work (see below). Equation (32) is the pseudo-work equation
for ring rotation.

Four-tensor equation, mixed components. From relationship (proposed by the
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intuition provided by classical physics)

dNxi + dNyj = Gxdti +Gydtj , (34)

several equations will be obtained, leading to NSL and to the FLT for the process.

NSL. Matching terms with common factor ct0 and unit vector i or j in Eq. (34):

ict0
{
Msd[γvγ(ωR)vx] = ΣkFx|k;cdt

}
, (35)

jct0
{
Msd[γvγ(ωR)vy] = ΣkFy|k;cdt

}
. (36)

By adding over forces exerted on element (c):

Msd[γvγ(ωR)v] = ΣkFk|cdt . (37)

By adding over ring element pairs (cc̃):

Md[γvγ(ωR)v] = Fextdt , (38)

being external resultant force Fext = ΣcΣkFk|c, and v ≡ vci the ring centre speed.
Relations (35)-(36) check whether forces are simultaneously applied during time interval

[t0, t0 + dt]. Otherwise, this equation will detect the inconsistency. It is assumed that
forces can be added to obtain a resultant characterizing ring centre motion. Equation (38)
represents Newton’s second law for the process.

Assuming γ(ωR) ≈ 1 (translation is decoupled from rotation), for a finite process, with
constant forces applied during time interval [t0, t0 + ∆t],

M(γvf vf)−M(γvIvI) = Fext∆t . (39)

Equation (39) gathers all forces applied on the ring, considering their resultant applied
on its centre during time interval [t0, t0 + ∆t], whether or not the force is conservative.

NSL-CDR. From NSL equation, by using relationship:

v · d(γvv) = d(γvc
2) , (40)

[relationship Eq. (40) cannot be applied to Eq. (37) if γ(ωR) 6= 1] its NSL-CDR is obtained
as:

Md(γvc
2) = Fext · dx , (41)

M(γvf − γvI)c2 = Fext ·∆x , (42)

where dx = vdt (dxci = vcidt), with external resultant force Fext = ΣcΣkFk|c. The NSL-
CDR equation Eq. (41), which is not directly obtained from the four-tensor equation, assigns
ring centre-of-inertia kinetic energy variation to force Fext times ring centre-of-inertia dis-
placement (some forces displacement may not be ring centre displacement, e.g., force FD);
force-displacement product pW ≡ Fext ·∆x will not be, in general, performed work but in-
cludes pseudo-work terms. Equation (42) is, in general, the pseudo-work equation for body
linear translation.

FLT. Matching terms with common location vector rc in Eq. (34), one has the relation-
ship:

rc

{
Msd[γvγ(ωR)c2]

}
= rc

[
Σk(Fk|c · vk|c)dt

]
, (43)
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one for system element. Each equation corresponds to a ring element and checks whether
the force acting on it is really localised on it. Specifically, any force must be exerted directly
on one element and any change in its energy must be due to work performed by distributed
forces applied on it. Assuming that force Fk is exerted on a point other than the ring
element, then rc 6= rk and Eqs. (43) will detect the inconsistency.

Equation (43) is the FLT for ring element (c). By adding over elements energy-work
equations, one gets

Md[γvγ(ωR)c2] = δW ext , (44)

M[γvfγ(ωfR)− γvIγ(ωIR)]c2 = W ext , (45)

with W ext = Σk(Fk · uk)∆t, for constant forces and almost constant velocities, uk∆t =
∆xci + rk∆θ.

These equations properly describe processes in rigid T&R (i.e., rigid rolling). If on the
contrary, this set of equations do not sufficiently describe the process, the process is ill-posed.

Four-tensor momenta Eq. (26) contains all the necessary information to fully solve the
type of processes posed, which evolve at the conservation of mechanical energy. On the one
hand, Eq. (26) does not consider thermal effects, a characteristic feature of dissipative forces.
When thermal effects occur during the process, the momentum four-tensor associated with
thermal photons exchanged with thermal surroundings must be included (see below). On
the other hand, Eq. (26) can incorporate thermodynamic forces Fξ coming from a chemical
reaction (see below).

5.2 Standard configuration observer

When studying a problem under the relativistic approach, only those formalisms explicitly
in agreement with the principle of relativity can be implemented. This demand translates
into the need to find an equation (ansatz) that automatically transforms between inertial
frames, S and S̄ in the standard configuration with velocity V = (V, 0, 0), for example, by
simply applying an operator, ensuring that the equation remains with its functional form
unchanged. Assuming this operator is the Lorentz transformation given by Eq. (10), the
allowed equations must involve four-vectors or four-tensors [44].

Therefore, a four-vector, Aµ, transforms as Āµ = Lνµ(V )Aν , and a four-tensor, Bµν ,

transforms as B̄µν = Lµδ (V )BδσLνσ(−V ). When dealing with four-vector equations, with
multiple elements involved, one has:

ΣcLµν (V )dEνc = ΣcLµν (V )δW ν
c ,

dLµν (V )dEν = Lµν (V )δW ν → dĒν = δW̄ ν .
(46)

For a four-tensor-moment equation, dJµν = Mµνdt ,where t is the proper time in frame S,
with the ground and thermal reservoir at rest, one has: [45, pp. 17-19]:

ΣcLµν (V )rνc ⊗ Lµν (V )dEνc = ΣcLµν (V )rνc ⊗ Lµν (V )δW ν
c ,

d
[
Lµδ (V )JδσLνσ(−V )

]
=
[
Lµδ (V )MδσLνσ(−V )

]
dt→ dJ̄µν = M̄µνdt .

(47)

The four-tensor momenta equation is covariant, expressed in relativistic space-time language
(as Wheeler demanded).
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6 Horizontal rolling ring

Figure 1 sketches, in frame S (x, y, z, t) where the ground is at rest and x-axis parallel to
the floor, a process for a ring rolling under the action of force F = (F, 0, 0) [46], exerted
on a string, previously wrapped around a circle of radius r, which unwinds like a spool.
Gravity G = (0,−Mg, 0) and normal N = (0, N, 0) forces are exerted on the ring, with
G + N = (0, 0, 0); so, they will not be considered. On the ring edge, at its contact point
with the floor, the force demanded by the rolling condition is FD = (−FD, 0, 0) and must
be obtained.

Four-vector fundamental equation and Poinsot-Euler rotation equation. This
exercise is solved first using the four-vector fundamental equation plus the Poinsot-Euler
rotation equation.

Constant forces are applied during time interval [t0, t0 + t1]. Speeds v1, ω1, ring (ci)
displacement x1 and angle θ1 must be obtained, by the rolling condition v1 = Rω1, and
x1 = Rθ1. The four-vector fundamental equation for this process is [25]: Eµf − EµI =
Wµ
F +Wµ

D . In its matrix (1D) form:(
cγv1γ(ω1R)Mv1

γv1γ(ω1R)Mc2

)
−
(

0
Mc2

)
=

(
c(F− FD)t1
F (x1 + rθ1)

)
.

Matching by components, NSL and FLT equations are given by:

γv1Mv1 ≈ (F − FD)t1 ,

γv1γ(ω1R)Mc2 −Mc2 = F (x1 + rθ1) .

For the NSL-CDR equation one has:

(γv1 − 1)Mc2 = (F − FD)x1 , (48)

with pseudo-work term pWD = FDx1.
The relativistic Poinsot-Euler equation is assumed to be IRd[γ(ωR)ω] = Γexdt. Then, for

constant torques applied during time interval [t0, t0 + t1], PER equation and its PER-CDR
equation become:

IR[γ(ω1R)ω1] ≈ (Fr + FDR)t1 ,[
γ(ω1R)− 1

]
Mc2 = (Fr + FDR)θ1 .

Four-tensor momenta equation. For ring elements (c) and (c̃) one has four-tensor
momenta equations:

d


R cos θc

R sin θc

0
ct0

⊗


cγvγ(ωR)Ms[v + ωR sin θc]
−cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 =


R cos θc

R sin θc

0
ct0

⊗


c(f + fr|c sin θc − fD + fD|r sin θc)
−c(fr|c cos θc + fD|r cos θc)

0
(fv + fr|cRω)

dt .

d


−R cos θc

−R sin θc

0
ct0

⊗


cγvγ(ωR)Ms[v − ωR sin θc]
cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 =


−R cos θc

−R sin θc

0
ct0

⊗


c(f − fr|c sin θc − fD − fD|r sin θc)
c(fr|c cos θc + fD|r cos θc)

0
(fv + fr|cRω)

dt .
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Analasing these relationships it is not difficult to verify which forces contribute to ring centre
linear translation (by Ẇµ

c + Ẇµ
c̃ ) and which to ring rotation (by Mµν

c +Mµν
c̃ ).

For this process, with angular momentum four-tensor Jµν and torque four-tensor Mµν =
Mµν
F +Mµν

D , the four-tensor momenta equation is:

dJµν = (Mµν
F +Mµν

D )dt . (49)

From Eq. (49), the following equations are obtained:

PER. Angular-impulse–angular-momentum variation equation dJz = Mzdt (γv ≈ 1):

MR2d[γ(ωR)ω] ≈ (Fr + FDR)dt . (50)

This equation, which was previously written as a hypothesis, is now obtained from the
four-tensor momenta equation formalism.

PER-CDR. From Eq. (50) by relationship Eq. (29) one obtains pseudo-work–rotational
kinetic energy variation equation:

Md[γ(ωR)c2] = (Fr + FDR)dθ . (51)

By integration, with initial conditions ωI = 0, θI = 0 (and in the low speed limit v/c→ 0),

IRγ(ω1R)ω1 = (Fr + FDR)t1 → IRω1 = (Fr + FDR)t1.

[γ(ω1R)− 1]Mc2 = (Fr + FDR)θ1 →
1

2
IRω

2
1 = (Fr + FDR)θ1 .

As it must be demanded, the classical equations for the process are obtained from relativistic
equations in the low speed limit ωR/c→ 0.

NSL. Matching components with common factor ct0 in Eq. (34), the linear-impulse–
linear-momentum variation equation for ring centre (centre-of-inertia) is [γ(ωR) ≈ 1]:

ct0
{
Md(γvv) ≈ (F − FD)dt

}
, (52)

which constitutes NSL for the process. This equation checks that forces involved in the
process are applied during time interval [t0, t0 + dt].

NSL-CDR. From Eq. (52) and by relationship Eq. (40) one obtains

Md(γvc
2) = (F − FD)dx . (53)

This pseudo-work ring (centre-of-inertia) kinetic energy variation is the NSL-CDR equation
for the process. Integrating, with initial conditions vI = 0, xI = 0 (and taking the limit
v/c→ 0) one obtains:

γv1Mv1 = (F − FD)t1 → Mv1 = (F − FD)t1

(γv1 − 1)Mc2 = (F − FD)x1 →
1

2
Mv2

1 = (F − FD)x1 .

The following condition is found for FD, demanded by the rolling condition, with γv1 =
γ(ω1R):

FD = F
R− r

2R
. (54)
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When r = R, FD = 0 and the rolling condition is satisfied just by force F: the ring spins as
a whole around point Ō.

FLT. In this process Eq. (34) there is an equation per element with common factor
rc = R cos θci +R sin θcj. Matching four-tensors components with rc, one obtains:

rc

{
Msd[γvγ(ωR)c2]

}
= rc

{
[(ft · v) + (fr|c · ωR)

]
dt
}
.

This relationship checks that the locality principle is met in the process description. Then,
the energy equation for a ring generic element (c) can be expressed as:

Msd[γvγ(ωR)c2] = n−1
r [(F · v) + (rF/R)ωR]dt ,

and ring energy equation is obtained as:

Md[γvγ(ωR)c2] = F (v + rω)dt . (55)

By integration from initial (vI = 0, ωI = 0), (xI = 0, θI = 0), to final (to be determined)
states [v1 ≡ vci(t1), ω1 ≡ ω(t1)], with x1 ≡ xci(t1), θ1 ≡ θ(t1), one obtains:

[γv1γ(ω1R)− 1]Mc2 = F (x1 + rθ1) . (56)

In the low-speed limit v/c→ 0),

(γv1 − 1)Mc2 + [γ(ω1R)− 1]Mc2 ≈ F (x1 + rθ0) → 1

2
Mv2

1 +
1

2
IRω

2
1 = F (x1 + rθ1) .

With x1 = Rθ1, FLT Eq. (57) is obtained as sum of NSL-CDR Eq. (54) and PER-CDR
Eq. (52); i.e., the process evolves with mechanical energy conservation.

When demanded force FD is obtained to be greater than friction force FR = µdN (max-
imum force ground exerts on the ring), i.e., with FD > µdMg, the rolling condition cannot
be achieved, the ring slips, ground-ring force is Fg/r = µdMg and thermal effects will be
observed (see below).

6.1 Parallel axis theorem

Whenever a valid point is chosen to take momenta, the centre of inertia, or a point instan-
taneously at rest, the four-tensor momenta equation formalism directly applies the parallel
axis theorem.

At instant t, the contact point between the ring edge and the incline, point Ō in Fig. 1,
is, by the rolling condition, instantaneously at rest in frame S [47]. Instead of choosing the
ring centre as origin of position vectors, rµc and rµc̃ , it is possible to choose the instantaneous
axis of rotation, passing through point Ō, as origin for linear momentum and force lever
arms. From point Ō, the position four-vectors, r̄µc and r̄µc̃ , for the pair (cc̃) are:

r̄µc =


R cos θc

R sin θc +R
0
ct0

 , r̄µc̃ =


−R cos θc

−R sin θc +R
0
ct0

 . (57)

From the four-tensor-moment fundamental equation, Σc(r̄µc ⊗ dEµc ) = Σc(r̄µc ⊗ δWµ
c ), it is

obtained:

Poinsot-Euler’s law to point Ō [48]. For the process sketched in Fig. 1, the PER equation
to point Ō is:

d
{[
γvIRγ(ωR) + γvMR2γ(ωR)]ω

}
= F (r +R)dt . (58)
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By integrating during time interval [t0, t0 + t1],

γvγ(ωR)I0ω + γvγ(ωR)MR2]ω
}

= F (r +R)t1 . (59)

PER equation relative to Ō can be expressed as linear combination of NSL and PER relative
to O:

γvγ(ωR)(I +MR2)ω = F (r +R)t →
γvγ(ωR)I0ω = (Fr +RFD)t1

]
+

R[γvγ(ωR)Mv
}

= (F − FD)t1 .

(60)

Four-tensor components with common factor ct0 involved in NSL are not affected by this
change.

Work–energy equation: Regarding components with common factor R, the work–energy
equation is obtained,

(rc + R)
{
Msd[γvγ(ωR)c2] = (fv + fr|cRω)dt

}
,

Md[γvγ(ωR)c2] = F (dx+ rdθ) .
(61)

Ring total kinetic energy K +Krot =Mγvγ(ωR)c2 −Mc2 = K̂rot, does not depend on the
point (provided it is a valid point) with respect to which momenta are taken (same result
as in classical physics).

From FD given by Eq. (54), by using relationship

[γ(ω1R)γv1 − 1]c2 ≈ [γ(ω1R)− 1]c2 + (γv1 − 1)c2 ,

for the translational kinetic energy one has:

(γv1 − 1)Mc2 ≈ F 1

2
(R+ r)θ1 ,

and

[γ(ω1R)− 1]Mc2 ≈ F 1

2
(R+ r)θ1 ,

for the rotational kinetic energy. For point O, half of the work performed by F goes to
translational kinetic energy (ring centre) and half to rotational kinetic energy; for point Ō,
a body with moment of inertia IŌ = 2MR2 rotates around point Ō with angular velocity ω.

Newton’s second law equation is not affected by this change of point about which to take
momenta.

7 Thermal photons four-tensor momenta

In relativity, energy exchanged as heat, e.g., in an isothermal process, is modeled by thermal
photons [9] (a descriptive advantage of quantum statistical mechanics over classical thermo-
dynamics, to be integrated using relativistic considerations [49]). Under the four-vector
fundamental equation formalism, thermal effects are considered through a heat four-vector
δQµ = (0, 0, 0, δQ) with zero linear momentum components and energy component given by

26



δQ [37]. For a description using a four-tensor formalism, a four-tensor momenta must be as-
sociated to each photon involved in the process, and then, by applying statistical mechanics
considerations, the thermal photons four-tensor momenta will be obtained.

Four-tensor momenta for photon four-vector. When a body at rest, with temper-
ature T slightly above surroundings temperature T0, radiates thermal photons, according
to Stefan-Boltzmann law, energy emission is not expected to be such that the body spon-
taneously translates or rotates: such behaviour, even satisfying thermodynamics first law,
would infringe its second law. Under the four-tensor formalism, each emitted photon must
be described to ensure that the ensemble of emitted photons has: (i) zero net linear momen-
tum and (ii) zero net angular momentum (maximum entropy principle); i.e., the emitted
energy as heat is a thermal photons ensemble. These restrictions regarding thermal photons
are equivalent to the implicit consideration of heat in classical physics: bulk energy with
zero linear and angular momentum. In contrast, a pencil of laser photons, with non-zero
net linear momentum, is regarded as energy exchanged by work (not heat) [50].

A correct heat description considers emitted photons on ring element (c), located by vec-
tor rc, as a set of opposite pairs (ss̃). Linear-momentum–energy four-vectors for these pho-
tons, with frequency ν (monochromatic approximation [51]), directions us = (cos θs, sin θs, 0)
and us̃ = −us, are given, respectively, by:

Eµs|c =


hν cos θs

hν sin θs

0
hν

 , Eµs̃|c =


−hν cos θs

−hν sin θs

0
hν

 , (62)

with zero net linear momentum. On ring element (c̃), with r̃c = −rc, another pair (ss̃) is
emitted, with four-vectors Eµs|c̃ and Eµs̃|c̃. Photons emitted on ring element (c) comply: (i)

us + us̃ = 0, and (ii) rc × (us + us̃) = 0; the same applies for ring element (c̃) emitted
photons. This microscopic description guarantees zero linear and angular momentum for
energy emitted by heat at any level (ring elements, ring as a whole, thermal surroundings
and universe).

Heat four-vector δQµ is then obtained by adding over Nph/2 opposite pairs of photons
(ss̃) emitted by ring elements,

δQµ =
1

2
NphΣcΣss̃(e

µ
s + eµs̃ ) = (0, 0, 0, Ṅphhνdt) , (63)

where δQ = Ṅphhνdt is the energy emitted by thermal photons during time interval [t0, t0 +
dt]. Thermal photons rate emission is related to ring surface temperature T ≈ T0 (slightly
above room’s temperature) as Ṅph(T ) ∝ T 3; with ν(T ) ∝ T (Wien law), power emitted is

Ėph = Ṅphhν, with Ṅphhν = σAT 4 (black body Stefan-Boltzmann law) [52].
Photons (ss̃) emitted by element (c) and leaving the system have, respectively, angular

impulse four-tensor:

Mµν
s|c = rµc ⊗ Eνs|c =

=


R cos θc

R sin θc

0
ct0

⊗


hν cos θs

hν sin θs

0
hν

Nph|c ,Ms|c =


0 Mz|ph;c 0 Gx|ph;c

−Mz|ph;c 0 0 Gy|ph;c

0 0 0 0
−Gx|ph;c −Gy|ph;c 0 0

 ,
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Mµν
s̃|c = rµc ⊗ Eνs̃|c =

=


R cos θc

R sin θc

0
ct0

⊗

−hν cos θs

−hν sin θs

0
hν

Nph|c ,Ms̃|c =


0 −Mz|ph;c 0 Gx|ph;c

Mz|ph;c 0 0 Gy|ph;c

0 0 0 0
−Gx|ph;c −Gy|ph;c 0 0

 .

Thermal photons ensemble describes radiated electromagnetic energy with zero net linear
and angular momentum [53].

In frame S (thermal reservoir at rest), Mµν
ph four-tensor is obtained adding over Nph|c/2

pairs of photons emitted by each element during time interval [t0, t0 + dt],

Mµν
ph =

1

2
Nph|cΣcΣss̃(M

µν
s|c +Mµν

s̃|c ) =


0 0 0 Gx|ph

0 0 0 Gy|ph

0 0 0 0
−Gx|ph −Gy|ph 0 0

 , (64)

with Nph = Ṅph(T )dt, Nph = nrNph|c, and four-tensor components

Mz|ph = 0 ,

Gx|ph = ΣcR cos θcNph|chν ,

Gy|ph = ΣcR sin θcNph|chν ,

with Gx|phi + Gy|phj = ΣcrcNph|chν. Thermal photons do not contribute to the angular
momentum equation (PER) or the linear momentum equation (NSL). They only contribute
to the energy equation (FLT), locating the energy emitted as heat on each ring element.

8 Four-tensor momenta equation

The four-tensor momenta equation for a general T&R process is given by:

dΣc=nr
c=1 J

µν
c = Σc=nr

c=1 M
µν
c dt+ Σc=nr

c=1 M
µν
ph|cdt ,

which can be expressed as:
dJµν = (Mµν +Mµν

ph )dt . (65)

In case these summations cannot be performed, the process cannot be reduced to a
one-body process and the exercise is ill-posed. Eq. (65) in matrix form is as follows:

d


0 Jz 0 Nx
−Jz 0 0 Ny

0 0 0 0
−Nx −Ny 0 0

 =


0 Mz 0 Gx +Gx|ph

−Mz 0 0 Gy +Gy|ph

0 0 0 0
−Gx −Gx|ph −Gy −Gy|ph 0 0

 dt

The ansatz given by Eq. (65) as a four-tensor momenta equation is a cause-effect rela-
tionship, enough to describe a well-posed rolling process. All the derived equations (NSL,
PER, FLT) do not need to be written by hand, appearing naturally by matching components
in the four-tensor momenta equation. In addition, Eq. (65) simultaneously relates:

(i) Linear impulse exerted on the system by external forces to linear momentum variation.
Every force exerts linear impulse although net linear momentum could be zero.
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(ii) Angular impulse (torque) exerted on the system by external forces to angular mo-
mentum variation. Some forces may not exert torque.

(iii) Work performed by external forces to system+surroundings energy variation. It is
worth noting that surroundings exchange energy by work and heat with the system and that
some forces may not perform work. In some (dissipative) processes, work performed is not
completely transformed into mechanical energy, being dissipated as heat (see below).

About mechanics-thermodynamics equations. Problem-solving in (fresh and sopho-
more) physics courses barely recognises that the linear momentum variation of a system
(NSL) determines its translational kinetic energy variation (by NSL-CDR) as a whole
(centre-of-mass translational kinetic energy) and its angular momentum variation (PER)
determines its rotational kinetic energy variation (by PER-CDR). Describing these mechan-
ical aspects involves considering each force exerted on the system (conservative, restriction
or dissipative forces). Thermal internal energy variation is not considered in these mechanics
equations.

The following situations may arise when comparing work W performed on the system
by conservative forces with mechanical kinetic energy variations (∆Kcm and ∆Krt):

(i) Work performed on the system equals its mechanical energy variation ∆Kcm+∆Krt =
W . Dissipative forces are absent and the process evolves with mechanical energy conser-
vation. Energy variation in mechanical potential Ep (work reservoir) – exerting forces and
supplying work as W = −∆Ep –, equals, with opposite sign, system kinetic energies varia-
tions, with ∆Kcm + ∆Krt + ∆Ep = 0.

(ii) Work performed on the system is greater than system mechanical energy variation.
Dissipative forces are present. The work performed by the work reservoir (mechanical po-
tential) is dissipated by heat (or transformed into system internal thermal energy, varying
its temperature), with Q = pW .

(iii) Work performed on the system by an identifiable mechanical potential is less than
system mechanical energy variation. Additional work comes, in particular, from a thermo-
dynamic potential free energy, e.g., a decrease −∆G in Gibbs free enthalpy function due
to the presence of chemical reactions, i.e., by a thermal engine, a thermodynamics work
reservoir, with W ≤ −∆G and ∆Kcm + ∆Krt ≤ −∆G (see below).

In this description, the pseudo-work concept (pW ), in linear translation and rotation,
plays an essential role in the mechanical characterization of the process, and it should not
be confused with genuine work performed by a mechanical potential energy variation or by
a thermal engine.

Although tidy to apply (at least the first time), the four-tensor momenta equation artic-
ulates all these considerations; first working vertically, building one by one all four-vectors
intervening in the process, and the corresponding four-tensors in order to pose the four-
tensor momenta equation. Then, the characteristic equations (NSL, PER and FLT) will
naturally appear horizontally. This formalism provides the correct solutions for well-posed
problems with a systematic approach, avoiding an intuitive solving.

9 Rotating ring placed on floor

When the contact point between a rolling body and the floor has non-zero speed (relative
to the ground), a frictional force FR, to be phenomenologically described, comes into play.
Force FR opposes to body-ground contact point displacement. Part of body mechanical
energy is dissipated and thermal effects emerge. In our case, these effects will be considered
as energy emitted by heat, increasing the entropy of the universe.
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When the rolling condition is not fulfilled in a T&R process, thermal effects take place,
with mechanical energy dissipated as heat [54]. Fig. 6 shows a sketch of a process in which
a ring spinning with initial angular speed ωI(t0), is placed on the floor, with zero linear
velocity vI(t0) = 0. The floor exerts force FR = µdN (Amontons-Coulomb), and time
interval [t0, t0 + t∗] elapses until the ring reaches the rolling condition: linear speed v0 and
angular speed ω0 < ωI with v0 = Rω0. During time interval [t0, t0 + t∗], the ring centre
travels distance x∗, with angular displacement θ∗ and an amount of mechanical energy Q∗

is dissipated as heat.

!I

FR x

y

!0

v0

S

Figure 6: A spinning ring with angular velocity ωI is placed on the floor, with initial linear
velocity vI = 0. The dynamical friction coefficient (ring-floor) is µd. The ground exerts
frictional force FR. At time t∗, v(t∗) ≡ v0, ω(t∗) ≡ ω0, the ring reaches the rolling condition
v0 = Rω0. During the process, mechanical energy is dissipated. At t > t∗, no horizontal
forces are exerted on the ring, with v0 = Rω0.

In this problem, there are seven unknown magnitudes (i.e., the answers provided by
nature to the posed problem): t∗, ω0, v0, θ∗, x∗, N , FR, Q∗ (magnitudes with asterisk
are those increasing during transient); by the rolling condition v0 = ω0R, six independent
equations are needed (NSL equation provides two independent equations, one for spatial
component, x and y; for y, N = Mg); the formalism must allow to obtain the remaining
five equations and unknown quantities.

During time interval [t0, t0 + t∗] there is relative displacement between ring edge-ground
contact point and a frictional forces appears. The frictional force is opposed to ring rotation
and favors ring linear translation; this force is considered to be an Amontons-Coulomb kind
frictional force FR = (µdN, 0, 0) and increases ring centre linear speed, one case in which a
frictional force promotes the movement of a body as a whole. Frictional force is parallel to
ring centre motion direction, exerting linear and angular momentum, and not performing
work. Since G + N = 0, gravitational and normal forces are not directly considered.

Four-vector fundamental equation and Poinsot-Euler rotation equation. For
this process, the four-vector fundamental equation is: Eµf − E

µ
I = Wµ

R + Qµ. In its matrix
form: (

cγv0Mv0

γv0γ(ω0R)Mc2

)
−
(

0
Mγ(ωIR)c2

)
≈
(
cµdMgt∗

0

)
+

(
0
Q0

)
. (66)

Until reaching the rolling condition, thermal effects (modeled as thermal photons) take
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place. From Eq. (66), NSL and FLT equations are obtained:

γv0Mv0 ≈ µdMgt∗ ,

γv0γ(ω0R)Mc2 − γ(ωIR)Mc2 = Q∗ .

For the NSL-CDR equation one has:

(γv0 − 1)Mc2 = µdMgx∗ . (67)

Finally, PER and its PER-CDR equations are:

IR[γ(ω0R)ω0 − γ(ωIR)ωI] ≈ −µdMgRt∗ ,

M[γ(ω0R)− γ(ωIR)]c2 = −µdMgRθ∗ .

Then Q∗ = −µdMg(Rθ∗ − x∗).

Four-tensor momenta equation. Phenomenological friction force FR is assumed to
be distributed among ring elements in terms of two forces:

(i) Force fR|t = (fR|t, 0, 0), with fR|t = n−1
r µdMg, identical for each element, contribut-

ing to ring linear (centre) translation.
(ii) Force fR|r;c = (−fR|r;c sin θc, fR|r;c cos θc, 0), with fR|r;c = fR|t, which depends on

element (c), contributing to ring rotation.
The force-power four-vectors associated to friction force FR distributed forces fR|t and

fR|r;c are respectively:

δWµ
R|t ≡ Ẇ

µ
R|tdt =

(
cfR|t, 0, 0, 0

)
dt ,

δWµ
R|r;c ≡ Ẇ

µ
R|r;c =

(
−cfR|t sin θc, cfR|t cos θc, 0, 0

)
.

(68)

These forces do not perform work.

Four-tensor momenta equation elements (c) and (c̃). Considering how forces
have been distributed on ring elements, elements (c) and (c̃) four-tensor momenta equations
(forces G and N are not considered) are given by:

d


R cos θc

R sin θc

0
ct0

⊗


cγvγ(ωR)Ms[v + ωR sin θc]
−cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 =


R cos θc

R sin θc

0
ct0

⊗


c(−fR − fR|r sin θc)
cfR|r cos θc

0

Ṅph|chν

 dt .

d


−R cos θc

−R sin θc

0
ct0

⊗


cγvγ(ωR)Ms[v − ωR sin θc]
cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 =


−R cos θc

−R sin θc

0
ct0

⊗


c(−fR + fR|r sin θc)
−cfR|r cos θc

0

Ṅph|chν

 dt .

Observing these relationships it is not difficult to verify which forces contribute to ring centre
linear translation (by Ẇµ

c + Ẇµ
c̃ ) and which to ring rotation (by Mµν

c +Mµν
c̃ ).

Adding over pairs (cc̃), the four-tensor momenta equation for the process described in
Fig. 6 is:

dJµν = (Mµν
R +Mµν

ph )dt . (69)

From Eq. (69) the following equations are obtained:

PER. Angular-impulse–angular-momentum variation equation is:

MR2d[γ(ωR)ω] ≈ −µdMgRdt . (70)
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The corresponding PER-CDR equation is given by:

Md[γ(ωR)c2] = −µdMgRdθ . (71)

By integration of Eqs. (70)-(71) (and in the low-speed limit):

IR[γ(ω0R)ω0 − γ(ωIR)ωI)] = −µdMgRt∗ → IR(ω0 − ωI) = −µdMgRt∗ (72)

M[γ(ω0R)− γ(ωIR)]c2 = −µdMgRθ∗ → 1

2
IR(ω2

0 − ω2
I ) = −µdMgRθ∗ , (73)

with ω0 < ωI. Initial ring rotational kinetic energy is transformed into ring translational ki-
netic energy by the frictional force; during transient interval, mechanical energy is dissipated
as heat.

NSL. From Eq. (34), matching components with common factor ct0, the linear-impulse–
linear-momentum variation equation is as follows:

Md(γvv) ≈ µdMgdt . (74)

Its NSL-CDR is given by:
Md(γvc

2) = µdMgdx . (75)

Integrating (low speed limit):

Mγv0v0 = µdMgt∗ → Mv0 = µdMgt∗ (76)

(γv0 − 1)Mc2 = µdMgx∗ → 1

2
Mv2

0 = µdMgx∗ . (77)

From Eqs. (72) and (76), by using the rolling condition v0 = Rω0, the time lapse until
reaching the rolling condition and final linear v0 and angular ω0 velocities are obtained.
From Eqs. (73) and (77), the distance traveled by the ring centre and the angle rotated are
obtained.

With moment of inertia IR =MR2 and x0 = Rθ0, then ω0 ≈ ωI/2.

Krt(ωI)−Krt(ω0) =
3

4

1

2
IRω

2
I , Krt(ω0) =

1

4

1

2
IRω

2
I , K(v0) =

1

4

1

2
IRω

2
I . (78)

Final angular velocity ω0 does not depend on friction coefficient. Time lapse t∗, distance
x∗ and angle θ∗ until reaching the rolling condition are given, respectively, by [55]:

t∗ ≈ 1

2

ωIR

µdg
; x∗ =

1

8

ω2
IR

2

µdg
, θ∗ =

3

8

ω2
IR

µdg
. (79)

Time lapse [t0, t0 + t∗] is inversely proportional to friction coefficient µd. It is worth men-
tioning that Rθ∗ > x∗: initially the ring rotates with almost no translation (Fig. 6). For
t > t0 + t∗, the ring-floor contact force is zero: the ring-ground contact point speed is zero,
with v0−ω0R = 0: the ring rolls with constant linear and angular speeds (Galileo’s principle
of inertia or Newton’s first law).

FLT. From Eq. (34), matching components with common factor rc, one has:

rc

[
Msd(γvγ(ωR)c2) = δQc

]
. (80)

Adding over ring elements:

ΣcMsd[γvγ(ωR)c2] = ΣcδQc , (81)
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one obtains:
Md[γvγ(ωR)c2] = δQ . (82)

By integration, with angular speed initial condition ωI, the energy equation is:

γv0γ(ω0R)Mc2 − γ(ωIR)Mc2 = Q∗ . (83)

By approaching:

{[γv0γ(ω0R)− 1]− [γ(ωIR)− 1]}Mc2 ≈ [γ(ω0R)− γ(ωIR)]Mc2 + (γv0 − 1)Mc2 ≈

≈ 1

2
IR(ω2

0 − ω2
I ) +

1

2
Mv2

0 ,

one has (in the low speed limit):

[γ(ω0R)− γ(ωIR)]Mc2 + (γv0 − 1)Mc2 ≈ Q∗ → 1

2
Mv2

0 +
1

2
IR(ω2

0 − ω2
I ) = Q∗ , (84)

with Q∗ ≈ −µdMg(Rθ∗ − x∗).
For mechanical energy dissipated as heat during transient interval [t0, t0 + t∗], one has

[56]

Q∗ = −µdMg(Rθ∗ − x∗) = −1

4
Mω2

IR
2 = −1

2

1

2
IRω

2
I , (85)

with Rθ∗ > x∗. Therefore, for the entropy of the universe variation ∆S∗U = −Q∗/T > 0.
Half of the initial rotational kinetic energy is dissipated as heat; a quarter transforms into
translational kinetic energy and a quarter remains as rotational kinetic energy [54].

The process is irreversible: it is not allowed to completely transform all decreasing ro-
tational kinetic energy into ring centre-of-inertia translational kinetic energy: part of this
initial mechanical energy is dissipated as heat.

10 Fireworks ring ascending an incline

Dynamical and energetic aspects of rolling processes involving chemical reactions can be
described as mechanical energy production processes through variations of thermodynamic
potentials. In a chemical reaction taking place spontaneously – e.g., gunpowder consumption
into the cartridges attached to a fireworks wheel (see Fig. 7)–, the decrease of chemical
reaction Gibbs free enthalpy function could be fully used to obtain mechanical energy. The
second law of thermodynamics states the potentiality and limits for this transformation,
without disclosing how the actual thermodynamics potential decreasing-mechanical energy
conversion can be carried out (see below).

Figure 7 sketches a diagram of a process for a ring attached with two cartridges (in
opposite configuration) in which chemical reactions take place, the ring spinning and as-
cending the incline. The process takes place within pressure P atmosphere. Initial velocity
conditions are vI = 0 and ωI = 0. Chemical reaction could be: 2H2 + O2 → 2H2O. Inside
cartridges, nξ H2 moles and nξ/2 O2 moles are stored. Data for chemical reaction (molar
internal energy variation ∆uξ, volume variation ∆vξ, enthalpy variation ∆hξ = ∆uξ+P∆vξ
and entropy variation ∆sξ are available.

The incline-ring friction coefficient is µd ≥ 1
3 tgα. The surface of the incline exerts force

FD on the ring, fulfilling the rolling condition. If this force is greater than the gravitational
force component Gx =Mg sinα, which will depend on the chemical origin forces Fξ exerted
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Figure 7: A ring ascending an angle α incline due to chemical origin forces Fξ. When nξ
moles of fuel have been consumed, ring centre speed is v0, with angular velocity ω0 = v0/R,
distance traveled x0 and, ascending height h0 = x0 sinα.

and, ultimately, on fuel consumption, and less than the maximum friction force component
Rx = µdMg cosα, the ring will ascend the incline.

The ring mechanical state changes by varying its linear momentum – through the linear
impulse applied on it – its angular momentum – through the angular impulse exerted on it
– and its energy – through work performed on it –. The four-tensor momenta equation will
relate the cause and effect of this process.

The following considerations should be taken into account in the analysis of this process:
(i) Final linear-momentum–energy four vector Eµf (v0, ω0) depends on speeds v0 and ω0.
(ii) Initial linear-momentum–energy four vector Eµf (vI, ωI) depends on speeds vI and ωI.
(iii) Forces are simultaneously applied during time interval [t0, t0 + tξ], until fuel exhaus-

tion.
(iv) Force G = (−Mg sinα,−Mg cosα, 0) exerts linear impulse, no angular impulse and

performs (negative) work. The linear-impulse–work four-vector associated to gravitational
force depends on distance xξ traveled by ring centre, Wµ

G(xξ).
(v) Normal force N = (0, N, 0), with N = Mg cosα exerts linear impulse, no angular

impulse and performs no work.

Chemical forces. The closed end of a cartridge is hit by chemical reaction products
moving at high speed (see Fig. 8). Since the cartridge is attached to the ring, chemical
origin force Fξ in each cartridge exerts linear and angular impulse and performs work on
the ring. Given the cartridge’s opposite configuration, their net linear impulse is zero, with
no contribution to ring linear momentum variation. On the other hand, cartridges’ angular
impulse exerted and work performed on ring must be added.

From enthalpy variation ∆Hξ = nξ∆hξ produced by chemical reactions – internal energy
variation ∆Uξ minus expansion work WP = −P∆Vξ against the atmosphere –, a minimum
amount of heatQmn = nξT∆sξ must be transferred to the thermal reservoir surrounding ring
cartridges to ensure a non decreasing entropy of the universe variation during the process,
with nξ∆sξ + |Qmn|/T = 0. For a process in which heat exchanged is Qmn, maximum
available work Wξ = −nξ∆fξ is obtained, being ∆fξ = ∆uξ − T∆sξ molar Helmholtz free
energy function variation, and maximum mechanical energy production ∆Em = −nξ∆gξ is
achieved, being ∆gξ = ∆uξ + P∆vξ − T∆sξ (i.e., ∆gξ = ∆fξ + P∆vξ) molar Gibbs free
enthalpy function (∆gξ = ∆hξ−T∆sξ) variation. The chemical force Fξ magnitude depends
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Figure 8: Two cartridges in which chemical reactions take place. (a) The reactants, stored
inside two containers, are injected into the combustion chamber. (b) The forces exerted by
chemical reaction products on the walls exert a torque, causing ring rotation.

on how chemical reactions are delivered inside cartridges. For example, two reservoirs,
with chemicals H2 and O2 in stoichiometric proportions, are injected into the combustion
chamber. By sparks, chemical reactions are produced. It is possible to imagine a process
carried out with injection rates such that maximum work −nξ∆fξ = 2Fmx

ξ rξθmx − P∆vξ is
performed, or maximum mechanical energy variation on the ring is obtained as [12]:

2Fmx
ξ rξθmx = −nξ∆gξ , (86)

with dξ = rξθmx distance traveled by force Fξ application point, where Wξ = 2Fmx
ξ dξ is

work performed by chemical forces.

(vi) Chemical force Fmx
ξ exerts angular impulse, no linear impulse and performs work.

The linear-impulse–work four-vector associated to chemical force depends on force Fξ, with
Wµ
ξ ≡W

µ
ξ (Fmx

ξ ).
(vii) The rolling condition demanded force FD exerts linear impulse, angular impulse and

does not perform work. The linear-impulse–work four-vector associated to demanded force
depends on force FD, with Wµ

ξ ≡W
µ
ξ (D).

Torque four-tensors. In this case, gravitational and normal forces do not cancel each
other out. Thus, their linear-impulse-work four-vectors must be obtained.

Gravitational+normal forces. Gravitational and normal forces only contribute to
ring centre linear translation. To simplify calculations, force F(G+N) is defined, f(G+N) =
−Msg sinα, with linear-impulse–work four-vector:

f(G+N)|c = (−Msg sinα, 0, 0) ,

δWµ
(G+N)|c ≡ Ẇ

µ
(G+N)|cdt = (−cMsg sinα, 0, 0,−Msgv sinα)dt .

Chemical origin forces. Chemical origin force Fξ contributes to ring rotation. They
are assumed to be distributed over ring elements such that fξ = n−1

r R−1(Fmx
ξ rξ), with:

fξ|c = (fξ sin θc,−fξ cos θc, 0) ,

δWµ
ξ|c ≡ Ẇ

µ
ξ|cdt = (cfξ sin θc,−cfξ cos θc, 0, fξRω)dt .

Demanded force. This force FD, demanded by the rolling condition, is assumed to be
distributed over ring elements in terms of two forces:
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1. Force fD = (fD, 0, 0), with modulus fD = n−1
r FD, identical for each element, con-

tributing to ring centre translation,

δWµ
D|t ≡ Ẇ

µ
D|tdt = (cfD, 0, 0, 0)dt .

2. Force fD|r;c = (fD|r sin θc,−fD|r cos θc, 0), with modulus fD|r = n−1
r FD, depending on

element (c), contributing to ring rotation.

δWµ
D|r;c ≡ Ẇ

µ
D|r;cdt = (cfD|r sin θc,−cfD|r cos θc, 0, 0)dt .

Four-vector fundamental equation and Poinsot-Euler equation. The four-vector
fundamental equation for this process is: Eµf − E

µ
I = Wµ

G+N + 2Wµ
ξ +Wµ

D , with(
cγvmx

Mvmx

γvmxγ(ωmxR)Mc2

)
−
(

0
Mc2

)
≈
(

c(FD −Mg sinα)tξ
2Fmx

ξ rξθmx −Mg sinαx0

)
,

where tξ is fuel compsumption time interval [t0, t0 + tξ].
Equations for NSL and FLT are:

γvmx
Mvmx ≈ (FD −Mg sinα)tξ ,[

γvmx
γ(ωmxR)− 1

]
Mc2 = 2Fmx

ξ rξθmx −Mg sinαxmx ,

For the NSL-CDR equation one has:

(γvmx
− 1)Mc2 ≈ (FD −Mg sinα)xmx , (87)

For this process PER equation and its PER-CDR equation are:

IR[γ(ωmxR)ωmx] ≈ (2Fmx
ξ rξ − FDR)tξ ,

M[γ(ωmxR)− 1]c2 = (2Fmx
ξ rξ − FDR)θmx ,

with 2Fmx
ξ rξθmx = −nξ∆gξ.

Four-tensor momenta equation. Considering the ring as the system, and considering
the chemical reaction taking place through Fξ forces, the angular momentum four-tensor for
the ring will be Jµν , as stated above.

For fireworks ring elements (c) and (c) one has

d


R cos θc

R sin θc

0
ct0

⊗


cγvγ(ωR)Ms[v + ωR sin θc]
−cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 =


R cos θc

R sin θc

0
ct0

⊗


c(fD −Msg sinα+ fξ|r sin θc − fD|r sin θc)
c(−fξ|r cos θc + fD|r cos θc)

0
fξRω −Msgv sinα

 dt .

d


−R cos θc

−R sin θc

0
ct0

⊗


cγvγ(ωR)Ms[v − ωR sin θc]
cγ(ωR)Ms[ωR cos θc]

0
γvγ(ωR)Msc

2

 =


−R cos θc

−R sin θc

0
ct0

⊗


c(fD −Msg sinα− fξ|r sin θc + fD|r sin θc)
c(fξ|r cos θc − fD|r cos θc)

0
fξRω −Msgv sinα

 dt .

Observing these relationships it is not difficult to verify which forces contribute to ring centre
linear translation (by Ẇµ

c + Ẇµ
c̃ ) and which to ring rotation (by Mµν

c +Mµν
c̃ ).
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For the process described in Fig. 7, considering the ring as the system (without the fuel),
and forces Fξ as external forces to the system, the four-tensor momenta equation is given
by:

dJµν = (Mµν
(G+N) +Mµν

ξ +Mµν
D )dt . (88)

Matching by components, the following equations are obtained.

PER. Angular-impulse–angular-momentum variation equation is:

MR2d[γ(ωR)ω] ≈ (2Fmx
ξ rξ − FDR)dt . (89)

Its corresponding PER-CDR or pseudo-work rotational kinetic energy variation is:

Md[γ(ωR)c2] = (2Fmx
ξ rξ − FDR)dθ . (90)

By integrating (and in the low-speed limit):

IRγ(ωmxR)ωmx = (2Fmx
ξ rξ − FDR)tξ → IRωmx = (2Fmx

ξ rξ − FDR)tξ

M[γ(ωmxR)− 1]c2 = (2Fmx
ξ rξ − FDR)θmx →

1

2
IRω

2
mx = (2Fmx

ξ rξ − FDR)θmx .

From four-tensors components relationship dNxi + dNyj = Gxdti +Gydtj one has:

NSL. Common factor ct0. Newton’s second law

Md(γvv) ≈ (FD −Mg sinα)dt . (91)

Its corresponding NSL-CDR or pseudo-work–translational kinetic energy equation is:

Md(γvc
2) = (FD −Mg sinα)dx . (92)

By integrating (and in the low-speed limit):

Mγvmxvmx = (FD −Mg sinα)tξ → Mvmx = (FD −Mg sinα)tξ

M[γvmx
− 1]c2 = (FD −Mg sinα)xmx →

1

2
Mv2

mx = (FD −Mg sinα)xmx .

For demanding force FD one obtains:

FD = Fmx
ξ

rξ
R

+
1

2
Mg sinα . (93)

If the ring is to go up the incline, then 2Fmx
ξ rξ/R >Mg sinα. The required force FD must

be less than the friction force FR = µdMg cosα (maximum force that the incline can exert
on the ring), i.e., FD < FR. Otherwise, the problem would not be well defined.

FLT. Matching terms with common factor rc for element (c):

rc

{
Msd[γvγ(ωR)c2] = −Msg sinα vdt+ 2fξRωdt

}
.

Adding over ring elements, with vdt = dx, ωdt = dθ:

Msd[γvγ(ωR)c2] = −Msg sinαdx+ 2fξRdtθ ,

and ring energy equation is given by:

Md[γvγ(ωR)c2] = −Mg sinαdx+ 2Fmx
ξ rξdθ .
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By using the following approximation:

d[γvγ(ωR)c2] ≈ γ(ωR)d(γv − 1)]c2 + γvd[γ(ωR)− 1]c2 ,

and by integration, one obtains for the ring energy equation:

M(γvmx − 1)c2 +M[γ(ωmxR)− 1]c2) = −Mg sinαxmx + 2Fmx
ξ rξθmx .

In the low-speed limit:

M{[γ(ωmxR)− 1] + (γvmx
− 1)}c2 +Mg sinαxmx ≈ 2Fmx

ξ rξθmx →
1

2
Mv2

mx +
1

2
IRω

2
mx +Mghmx = 2Fmx

ξ rξθmx .

with maximum height hmx = sinαxmx.

Fuel consumption equation. To relate forces Fξ to fuel consumption nξ, data on the
use of the reagents would be needed, how they are injected, etc. Thermodynamics allows to
obtain the minimum fuel consumption to achieve a given force. In practice, more fuel will
be needed than the minimum to get the same performance.

Once the amount of fuel (e.g., nξ moles) is known, the maximum speed vmx achieved
can be obtained, with ωmxR = vmx, and ascended height hmx. For fuel consumption, the
following equation is obtained:

M(γvmx
− 1)c2 +M[γ(ωmxR)− 1]c2 + Mghmx = −nξ∆gξ →

1

2
Mv2

mx +
1

2
IRω

2
mx +Mghmx = −nξ∆gξ .

1

2
Mv2

mx +
1

2
IRω

2
mx +Mghmx + Pnξ∆vξ = −nξ∆fξ .

Mechanical energy production (i.e., translational kinetic energy Kcm, rotational kinetic en-
ergy Krt and ring-Earth gravitational potential energy Ep ≈ Mghmx) during the process
comes from the decrease of chemical reaction Gibbs free enthalpy function.

As stated above, whether Fξ = Fmx
ξ , the process is reversible, with zero entropy of the

universe variation. The produced mechanical energy can be used to obtain electricity and
then hydrolysing nξ H2O moles to obtain nξ H2 and nξ/2 O2 moles. For a real-life process,
Fξ ≤ Fmx

ξ . In general

M(γvξ − 1)c2 +M[γ(ωξR)− 1]c2 + Mghξ ≤ −nξ∆gξ →
1

2
Mv2

ξ +
1

2
IRω

2
ξ +Mghξ ≤ −nξ∆gξ ,

with real-life values vξ ≤ vmx, ωξ ≤ ωmx and hξ ≤ hmx.

11 Conclusions

The equations bequeathed to us by physics founding ancestors deserve to be updated, pre-
cisely with the knowledge they have contributed to the gain. Einstein’s special theory of
relativity helps present equations such as Newton’s second law, the Poinsot-Euler equation
for rotation and the first law of thermodynamics differently, integrating them into a single
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covariant four-tensor momenta equation. These equations comply with the postulates of
relativity.

In classical physics, the rigid body concept, with constant inertia and moment of inertia,
allows to obtain equations describing linear translation with rotation processes directly. In
relativity, on the one hand, the rigid-body hypothesis is not valid. A classical rigid-body
must be replaced by a set of solid elements connected by springs. The inertia of energy
principle implies a variation of the inertia and moment of inertia for a body throughout a
rolling process. On the other hand, being relativity a local theory, it requires an identification
of all forces applied to each element of the body, or in other words, all the elements on which
the forces are applied must be identified.

This paper has developed a relativistic formalism to provide a four-tensor momenta
equation to describe a rolling process. This formalism has been applied to three T&R
processes: 1) a ring moving horizontally by the action of a force exerting a torque, with
mechanical energy conservation, 2) a spinning ring placed on the floor and rolling until
the rolling condition is reached, a process evolving with mechanical energy dissipation as
heat, and 3) a process in which a fireworks ring ascends an incline, in a mechanical energy
production process from chemical reactions, with Gibbs free enthalpy function decreasing.

The four-tensor momenta equation formalism fulfills relativistic requirements: the con-
cept of rigid body, recurrent in classical physics, is not used and the principle of locality,
dealing with distributed forces on ring elements, is fulfilled.

Three equations are obtained:

1. The equation for vectors J and Γ, involving linear-momentum, through the cross-
product of position and linear-momentum vectors, i.e., J ≡ r × p, and a force mo-
mentum (torque), via the cross-product of position and force vectors, i.e., Γ ≡ r× F.
Poinsot-Euler rotation law is obtained from this equation, relating the body’s angular-
momentum variation to external forces angular-impulse.

2. The equation for the ct0-momenta of both linear-momentum p and resultant force F,
in which the corresponding lever arm, required to obtain momenta, is not a vector but
a scalar, being its value ct0. This equation provides Newton’s second law equation
for the linear-momentum variation due to resultant external force. This equation
checks whether the problem-solving approach considers that forces must be applied
simultaneously in the appropriate reference frame (for well-posed processes, a frame
must exist where this can be done).

3. The equation for energy E and work W momenta, both scalar, whose lever arm is
the element position vector. Once the fulfilment of the local character of relativity is
checked (work performed by external forces is used to vary the kinetic energy of the
element on which they are applied), the first law of thermodynamics (energy balance
equation) is obtained by adding over elements equations.

The four-tensor formalism allows to avoid posing cause-effect equations directly for a pro-
cess. Instead, linear-momentum-energy four-vectors and linear-impulse-work four-vectors
are obtained vertically, and mathematical operations are performed to obtain the corre-
sponding classical equations horizontally, by equaling four-tensors components.

Thus, when a problem is well posed and the process is developed in rigid rolling, it is pos-
sible to obtain a four-tensor momenta equation describing the process. The four-tensor mo-
menta equation contains all the information needed to describe a process. Directly, through
comparison between four-tensor components, (i) the angular-impulse–angular-momentum
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variation equation – the Poinsot-Euler rotation equation –, (ii) the linear-impulse–linear-
momentum variation equation – Newton’s second law equation –, and (iii) the energy equa-
tion – the first law of thermodynamics –, are obtained. From these, the Poinsot-Euler
rotation equation complementary dynamical relationship is also obtained – i.e., the pseudo-
work–rotational kinetic energy variation –, and Newton’s second law complementary dy-
namical relationship – i.e., the pseudo-work–translational kinetic energy variation –. Heat
equation, and the entropy of the universe variation equation are obtained by comparing the
information provided by the previous two with the information provided by the first law of
thermodynamics.

The first time this formalism is applied, it will probably seem rather tedious. This
circumstance is due, on the one hand, to the relativistic demand of having to identify
each component constituting the system, from a proton in an atomic nucleus to the solid
elements composing the body, as well as all the forces applied to the elements composing
the body, and, where necessary, each emitted photon. On the other hand, the inertia of
energy principle introduces cross relations between magnitudes describing linear translation
and those representing rotation.

Symmetry and considerations from the statistical mechanics can reduce a many-body
problem to a one-body problem with just one linear and one angular velocity. In successive
applications of the formalism, obtaining the equations describing the process will be faster
and simpler.

In the low-speed limit, the classical equations for the processes are obtained, and linear
translation is decoupled from rotation.

Finally, the four-tensor momenta equation formalism allows the equations describing the
process to be easily obtained, (i) when the momenta origin point is changed, with direct
application of the parallel axes, or (ii) when the chosen reference frame is changed to another
frame moving in the standard configuration, by means of the Lorentz transformation.
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[30] Güémez J, Fiolhais M and Fernández L A 2017 Relativistic rotation dynamics – For-
malism and examples Eur. Physics Letters 119 10001 (6pp)

[31] Faucher G 1980 Angular momentum of a system of particles in the center-of-mass frame
Am. J. Phys. 48 546-7

[32] Gamba A 1967 Physical quantities in different reference systems according to relativity
Am. J. Phys. 35 83-9

[33] Kolb K B 1966 Mass and Energy Am. J. Phys. 34 705

[34] Sandin T R 1991 In defense of relativistic mass Am. J. Phys. 59 1032-6

[35] Hecht E 2012 How Einstein discovered E0 = mc2 Phys. Teach. 50 91-4

[36] Manzi L P and Wasik P D 1970 Rest Mass of a System of Particles Am. J. Phys. 38
270-1

[37] Güémez J 2010 An undergraduate exercise in the first law of relativistic thermodynamics
Eur. J. Phys. 31 1209-32

[38] Stephas P Fourth component of relativistic forces Am. J. Phys. 53 656-7

[39] Tsamparlis M 2010 Special Relativity. An Introduction with 200 Problems and Solutions
(Berlin Heidelberg:Springer)

[40] Manton N and Mee N 2017 The Physical World. An Inspirational Tour of Fundamental
Physics (New York: Oxford University Press)

[41] Arfken G B and Weber H J 2005 Mathematical Methods for Physicsts Sixth Ed. (Lon-
don:Elsevier)

[42] Jackson J D 1987 Torque o no torque? Simple charged particle motion observed in
different inertial frames Am. J. Phys. 72 148four-7
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