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OutlineThis thesis deals with the statistical properties of pulses generated by di-rect modulation of laser diodes and with the application of such pulses tothe generation and transmission of solitons through optical �ber. The mainadvantages of laser diodes as sources for optical communication systems arethe compactness, reliability, widely tunable repetition rate and low cost ofthese devices. Another advantage of this pulse source is that pseudorandomsequences of pulses can be generated by direct modulation of the injected cur-rent. However, pulses generated in this way are severely chirped due to thecoupling between carrier and phase dynamics. Besides that, the mean value ofthe frequency of a pulse is a random quantity due to the spontaneous emissionnoise. This pulse{to{pulse frequency jitter gives rise to a timing jitter whenthe pulses are transmitted in the soliton regime through a dispersive �ber.Another disadvantage of this pulse source related to the spontaneous emissionnoise is the random nature of the turn{on time. Nonlinear dynamics amplifythe indeterminacy of the turn{on time so that pulses of di�erent pulse height,energy and width occur.In Chapter 2 we show that pulse height and pulse energy depend linearly onthe turn{on time, even when gain saturation is considered. This relation allowsus to obtain the statistical properties of pulse height, width and energy fromthat of the turn{on time. Mean value and dispersion of these quantities areobtained as a function of the injection current, bias current and gain saturationparameter. Both cases, negative and positive gain saturation parameters areconsidered.In Chapter 3 we investigate the e�ect of phase{conjugate feedback on theturn{on time statistics of lasers diodes. A theory, validated by numericalsimulations, is developed to obtain the turn{on time probability density. Ourresults show that, unlike the case with conventional feedback, the turn{on timeis not very sensitive to small variations in the position of the phase{conjugatemirror on the optical wavelength scales. However, it becomes sensitive to thevalue of the linewidth enhancement factor.In Chapters 5 and 6 we study the statistical properties of pulses generatedby laser diodes modulated either with periodic modulation or pseudorandommodulation. In previous Chapters (2 and 3) we have considered that the laseris subjected to repetitive gain{switching (the laser is in a steady state corre-



sponding to the bias current when it is switched on). We start by developinga method to study the statistical properties of pulses in randomly modulatedstochastic systems with one degree of freedom in Chapter 4. We then applythis method to the case of a class{A laser (for example a single{mode gaslaser). Due to the random sequence of o� and on{periods new features appearwith respect to the periodic modulation case (only on{periods). One of themost interesting results is the multimodal character of the probability densityof some of the pulse characteristics.In the case of semiconductor lasers, a theory has been developed to obtainthe turn{on time probability distribution in the periodic modulation regimeat GHz rates. This theory is valid also for low modulation frequencies whenthe laser is biased below threshold. However, for bias current above thresholdit is restricted to large enough rates of the order of several GHz. A newcombined method, numerical and analytical, is developed in Chapter 5 toobtain the turn{on time statistics for laser diodes under periodic modulationof the injected current. This method is valid for lasers biased above thresholdfor any modulation frequency. The main result of the method is an integralequation for the turn{on time probability density. This equation is derivedfrom a consistency condition between two consecutive pulses.Using the theory developed in Chapter 5, a similar method to that devel-oped in Chapter 4 for gas lasers is applied in Chapter 6 to get the turn{on timedistribution for laser diodes under pseudorandom word modulation (PRWM).The method is valid for lasers biased below and above threshold and for a widerange of modulation frequencies. The model reproduces well features alreadyknown from numerical simulations, like multimodal turn{on time distributionsand the lack of pattern e�ects for a bias current slightly below threshold. Theturn{on time distributions obtained in this way can be used to calculate the biterror rate (BER) in optical communication systems for di�erent bias currentsand bit rates.In Chapter 7 we consider several factors that can limit gain{switched laserdiodes as pulse sources for soliton transmission. We analyze the noise e�ectson soliton generation and transmission for di�erent values of the bias current,taking into account the results of the previous chapters. The energy transferto the soliton component of the laser pulse is obtained for di�erent valuesof the linewidth enhancement factor. And �nally, a discussion of interactione�ects for solitons generated by laser diodes as compared to perfect solitonsis included. These results are used in Chapter 8 to optimize the transmission



of solitons generated by laser diodes. In this chapter we compare the resultsobtained for this soliton source with the ones obtained when �ber ring laser(FRL) pulses are employed. Two systems are considered to control solitontransmission: �xed{frequency �ltering along with nonlinear gain and sliding{frequency �ltering. As expected, timing jitter is greater for semiconductorlaser pulses, due to the initial 
uctuations during the gain{switching process.However, interaction e�ects are shown to be more important for �ber ring laserpulses. BER evaluation taking into account interaction e�ects for FRL pulsesshows that transmission of solitons over transoceanic distances at 15 Gb/s ispossible for both soliton sources.
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Chapter 1Introducci�on
1.1 L�aseres de semiconductor1.1.1 Perspectiva Hist�oricaEl concepto de l�aser aparece por primera vez en los art��culos publicados porA. L. Schawlow y C. H. Townes [1] y A. M. Prokhorov [2] en 1958. En estosart��culos los autores hacen una extensi�on del concepto de m�aser (MicrowaveAmpli�cation by Stimulated Emission of Radiation) al rango de la luz in-frarroja y visible. Los propios Townes, junto con J. P. Gordon y H. J. Zeiger[3] y simult�anea e independientemente Prokhorov con N. G. Basov [4] hab��anconseguido en 1954 por primera vez el funcionamiento de un m�aser.Sin embargo la extensi�on del m�aser a la regi�on �optica presentaba variosproblemas. Uno de los principales problemas era el dise~no de una cavidadadecuada. En el caso de los m�aseres la longitud de la cavidad es equiparablea la longitud de onda de la transici�on at�omica, por lo que generalmente solouno de los modos de la cavidad es ampli�cado. La extensi�on de esta estrategiaa la regi�on �optica har��a necesaria la construcci�on de cavidades con longitudesdel orden de la micra. Para superar este problema se propuso [1, 2] utilizaruna cavidad del tipo Fabry{Perot (Fig. 1.1). En este tipo de cavidad lasparedes laterales son eliminadas, manteni�endose solo dos espejos opuestos. Deeste modo solo la luz emitida en una direcci�on pr�oxima al eje de la cavidad(perpendicular a los espejos) es ampli�cada mediante la emisi�on estimulada enel medio activo. Sin embargo, debido a la peque~na separaci�on entre los modoslongitudinales de la cavidad, todav��a era posible la ampli�caci�on de varios13



14 CAPITULO 1
(a) (b)Figure 1.1: Cavidad tipo Fabry{Perot. (a) La emisi�on espont�anea de fotonesocurre en todas las direcciones; (b) debido a los espejos, solo los fotones emi-tidos en una direcci�on cercana al eje de la cavidad son ampli�cados mediantela emisi�on estimulada.de estos modos. Schawlow y Townes pensaban que el modo m�as favorecidosuprimir��a al resto mediante interacciones no lineales [1].La primera emisi�on l�aser fue detectada por T. H. Maiman en 1960 [5].Para ello utiliz�o un rub�� en forma de cilindro con las dos caras paralelas yplateadas actuando como espejos y bombeado por un pulso de luz intenso.Poco despu�es un grupo de los laboratorios Bell [6] reprodujo el experimento deMaiman y midi�o ciertas caracter��sticas de la luz emitida, tales como coherencia,direccionalidad, etc. Unos meses m�as tarde otro grupo de los laboratorios Bellconsigui�o la primera emisi�on l�aser continua utilizando una mezcla de Helio{Neon como medio activo [7].Durante este tiempo varias clases de medios activos fueron propuestos parasu utilizaci�on en la construcci�on de l�aseres, entre ellos los materiales semicon-ductores [8]. En 1962, solo dos a~nos despu�es de la aparici�on del l�aser de rub��de Maiman se constru��an los primeros l�aseres de semiconductor [9]{[12]. Es-tos primeros dispositvos consist��an en una uni�on p{n de GaAs a la cual seaplicaba una corriente el�ectrica (Fig. 1.2 (a)). Dos caras opuestas del diodopulidas actuaban como espejos para formar una cavidad resonante del tipoFabry{Perot. Posteriormente se usaron otros materiales tales como InAs, InP,GaAsP, GaInAs y InPAs, con lo que se obtuvieron l�aseres de semiconduc-tor a distintas longitudes de onda. Sin embargo la utilidad pr�actica de estosprimeros dispositivos era muy limitada debido a que su alta corriente umbral(Ith > 50 kA/cm2) imped��a su funcionamiento en emisi�on continua a tem-peratura ambiente. La zona activa de estos l�aseres era una estrecha franja(' 0:01 �m) alrededor de la super�cie de contacto entre los dos tipos de semi-conductor. En esta zona la recombinaci�on de los portadores (electrones en elsemiconductor de tipo n y huecos en el de tipo p) proporcionaba la ganancia
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(a) Laser de homoestructura

(b) Laser de heteroestructuraFigure 1.2: Esquema de los primeros dise~nos de l�aser de semiconductor.�optica necesaria para la emisi�on l�aser. La ausencia de mecanismos que con-�naran tanto los portadores como el campo el�ectrico en la zona activa era lacausa principal de las altas corrientes umbrales de estos l�aseres.Para solucionar este problema, ya en 1963 se propone la utilizaci�on deheteroestructuras [13, 14]: entre los semiconductores de tipo p y n se introduceuna capa de semiconductor de tipo p, que constituir�a el medio activo (Fig. 1.2(b)). Para conseguir el con�namiento de los portadores, los materiales queforman el recubrimiento han de tener un salto de energ��a (diferencia entre laenerg��a de la banda de conducci�on y la de la banda de valencia) mayor que en elmedio activo. Esto hace que los portadores puedan moverse libremente desdeel recubrimiento (que es donde se produce la inyecci�on de la corriente el�ectrica)hacia la zona activa, pero una vez dentro no pueden escapar de all�� debido ala barrera de potencial que se forma en las super�cies de contacto. Por otraparte, el ��ndice de refracci�on es mayor en la zona activa que en el recubrimientocon lo que tambi�en se consigue el con�namiento del campo el�ectrico en la zonaactiva. Un valor t��pico de la anchura de la zona activa es 0:1{0:3 �m. El mayorobst�aculo para la construcci�on de heteroestructuras era obtener materiales condistinto salto de energ��a, pero con la misma constante de red. Hasta 1969no se consigui�o el funcionamiento a temperatura ambiente del primer l�aser
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Figure 1.3: (a) L�aser de �area ancha; (b) l�aser guiado por ganancia.de heteroestructura [15] {[17], compuesto por capas de GaAs y AlxGa1�xAs.Estos primeros dispositivos emit��an de forma pulsada, pero su corriente umbralera ya de solo 5 kA/cm2. Un a~no despu�es se consegu��a la emisi�on continuaa temperatura ambiente a la par que se reduc��a la corriente umbral hasta 1:6kA/cm2 [18, 19]. Con estos primeros l�aseres de heteroestructura se consigui�oun buen con�namiento de los portadores y del campo el�ectrico en la direcci�ontransversal (eje y en la �gura 1.3), pero no presentaban ning�un mecanismopara el con�namiento lateral (eje x en la �gura 1.3).El primer m�etodo para conseguir este con�namiento se propuso en 1967 [20],pero hasta 1971 no se construy�o el primer l�aser de este tipo [21]. La idea b�asicaera inyectar la corriente en una franja estrecha de forma que la ganancia �opticaestuviera concentrada en la zona central del l�aser y disminuyera hacia losextremos. A estos dispositivos se les denomina l�aseres guiados por ganancia,mientras que a los que no presentan con�namiento lateral se le conoce comol�aseres de �area ancha. Con este dise~no se consigui�o reducir la corriente umbralen un factor 2 �o 3 respecto a los l�aseres de �area ancha. Sin embargo, lacapacidad para reducir la corriente umbral de estas estructuras pronto alcanz�oun l��mite. El incremento de los portadores hace que el ��ndice de refracci�ondisminuya en la zona central, dando lugar a un efecto de antiguiado.El siguiente paso consisti�o en compensar el efecto de antiguiado medianteuna variaci�on del ��ndice de refracci�on a lo largo de la zona activa en la direcci�onlateral, dando lugar a los llamados l�aseres guiados por ��ndice. Estos puedendividirse en d�ebilmente guiados y fuertemente guiados. En los d�ebilmenteguiados hay al menos una capa con un espesor variable a lo largo de la direcci�onlateral. Esta capa puede ser la propia zona activa o puede ser una capa contiguaque realiza las funciones de gu��a de onda. En el ejemplo de la �gura 1.4 (a)
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p-InGaAsPFigure 1.4: Distintos tipos de l�aseres guiados por ��ndice: (a) d�ebilmenteguiado; (b) fuertemente guiado.el modo se extender�a por la capa contigua a la zona activa as�� como porel diel�ectrico y el recubrimiento de p-InP. La diferencia de ��ndice entre eldiel�ectrico (� 1:83) y el recubrimiento de p-InP (� 3:22) es lo que da lugara la variaci�on lateral del ��ndice. De esta forma la variaci�on del ��ndice es de� 0:01 mientras que el cambio de ��ndice inducido por los portadores en unl�aser guiado por ganancia es de � 0:005. En los l�aseres fuertemente guiadospor ��ndice la zona activa est�a rodeada por capas de un material con un mayorsalto de energ��a (InP en el esquema de la Fig. 1.4 (b)). Adem�as la diferenciade ��ndice de estas capas respecto de la zona activa es de ' 0:2. Estos l�aserestienen una corriente umbral m�as baja y pueden ser modulados a velocidadesm�as altas que los d�ebilmente guiados, pero su proceso de fabricaci�on es muchom�as complicado.Una vez conseguido el con�namiento del campo el�ectrico y de los porta-dores, la investigaci�on en el campo de los l�aseres de semiconductor en esta�epoca (principios de los a~nos 70) se centr�o fundamentalmente en dos temas:extender el rango de longitudes de onda y conseguir la emisi�on de un solomodo longitudinal. Hasta ese momento se hab��an construido l�aseres basadosen GaAs con longitudes de onda en el rango de 0:8{0:9 �m, sin embargo hab��aun inter�es especial en conseguir l�aseres con longitudes de onda entre 1:1 y 1:6�m, ya que es el rango m�as adecuado para su empleo en sistemas de comuni-caciones �opticas. Despu�es de probar distintos tipos de materiales se vio quela combinaci�on InGaAsP{InP era la m�as apropiada, ya que sus constantes dered son casi id�enticas. De esta forma, en 1975 se consigue el primer l�aser desemiconductor de 1:1 �m [22]. En 1977 se consigui�o extender la longitud deonda hasta 1:3 �m [23]. Y �nalmente en 1979 varios grupos obtuvieron casisimult�aneamente los primeros l�aseres de semiconductor a 1:55 �m [24]{[29],
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(a) (b)Figure 1.5: Distintos tipos de l�aseres con redes de difracci�on para la discrimi-naci�on de modos: (a) DFB desplazado �=4; (b) DBR.motivados por la aparici�on de �bra �optica con unas p�erdidas muy bajas a esalongitud de onda. Posteriormente, mediante la utilizaci�on de materiales comoCdHgTe, PbSnSe o BiSb se han conseguido longitudes de onda del orden de� 100 �m. En la actualidad el inter�es se centra por un lado en la emisi�onen el azul (mediante el empleo de nitruros) y por otro lado en la emisi�on enel infrarrojo lejano (mediante transiciones entre niveles dentro de las propiasbandas y que son conocidos como \intersubband lasers").Como ya hemos comentado anteriormente, el hecho de que la longitud dela cavidad sea mucho mayor que la longitud de onda de la luz emitida haceque sea posible la ampli�caci�on de varios modos longitudinales. En general elmodo m�as pr�oximo al m�aximo de la curva de ganancia predominar�a sobre elresto de los modos cuando el l�aser emita de forma continua. Pero cuando ell�aser es modulado a frecuencias en el rango de los GHz, una fracci�on impor-tante de la potencia emitida se desviar�a hacia los modos secundarios. Estefen�omeno es especialmente perjudicial cuando el l�aser se emplea para trans-mitir informaci�on a trav�es de �bra �optica. La dispersi�on crom�atica de la �brahace que las distintas frecuencias que componen la se~nal viajen a distintasvelocidades, causando una degradaci�on de la informaci�on y limitando el anchode banda disponible. Para solucionar esto se propuso [30] introducir dentrode la cavidad una red de difracci�on, es decir, una estructura con una variaci�onperi�odica del ��ndice de refracci�on, que seleccionara solamente uno de los posi-bles modos (�gura 1.5). Si llamamos d al periodo de la red, de acuerdo conla condici�on de Bragg, solo tendr�an re
ectividades apreciables aquellas longi-tudes de onda que cumplan d = m�m=2. Escogiendo d = �=2, donde � es lalongitud de onda de la transici�on, conseguiremos que dicha longitud de ondasea ampli�cada mientras el resto de modos longitudinales quedan fuera de lacurva de ganancia. El primer l�aser de este tipo, conocidos como l�aseres DFB



Introducci�on 19(distributed feedback), funcionando en r�egimen continuo a temperatura am-biente, se construy�o en 1975 [31]. En el esquema de la �gura 1.5 (a) se puedever que uno de los periodos de la red situado en el centro de la cavidad ha sidoaumentado en �=4 para seleccionar un s�olo modo [32]. Este tipo de l�aseres sonconocidos como l�aseres DFB desplazados �=4. Casi simult�aneamente aparecenlos primeros l�aseres DBR (distributed Bragg re
ector) [33, 34], basados en elmismo mecanismo de discriminaci�on de modos pero colocado fuera de la zonaactiva. Un ejemplo puede verse en la �gura 1.5 (b). La mayor ventaja de estosl�aseres frente a los DFB es precisamente que el proceso de \grabado" de la redde difracci�on se simpli�ca mucho cuando se hace fuera de la zona activa. A suvez el mayor inconveniente es debido a la presencia de p�erdidas importantesen el re
ector Bragg, ya sea por absorci�on o por acoplamiento de cavidades.En caso de utilizar el mismo material para la zona activa y para los re
ectoresBragg las p�erdidas por absorci�on ser�an muy altas [34] ya que el material queconstituye el re
ector no est�a bombeado. Si se utilizan distintos materialesaparecen p�erdidas por acoplo que deben ser reducidas mediante un cuidadosodise~no de las cavidades [33, 35, 36, 37]. Una descripci�on m�as detallada delas caracter��sticas de este tipo de l�aseres puede encontrarse en las referencias[38, 39, 32].Paralelamente a estas investigaciones para mejorar la estabilidad y aumen-tar el rango de frecuencias de emisi�on se desarrollaban otras que intentabanaveriguar los efectos de una reducci�on del tama~no de la zona activa en ladirecci�on transversal (eje y en la �gura 1.3). Estas investigaciones estabanmotivadas por el trabajo de L. Esaki y R. Tsu publicado en 1970 [40], enel que estudiaban una estructura formada por capas de distinta composici�onalternadas con un espesor de 100 �A, en donde predec��an una fragmentaci�onde la estructura de bandas del semiconductor en bandas m�as peque~nas sepa-radas por zonas prohibidas. Este con�namiento cu�antico reduce la densidadde estados, por lo que se esperaba una reducci�on de la corriente umbral. Entrabajos posteriores se asoci�o esta estructura de bandas a estados acopladosde pozos cu�anticos en los que los portadores pod��an pasar de un pozo a otropor efecto t�unel. El desarrollo de la t�ecnica de crecimiento por MBE ("mole-cular beam epitaxy") permiti�o el crecimiento de capas de GaAs con anchuras� 100 �A donde se comprob�o experimentalmente la nueva estructura de ban-das [41]. S�olo un a~no despu�es, en 1975, se constru��a el primer l�aser de pozocu�antico [42], aunque su corriente umbral era mucho mayor que en los l�aseresconocidos hasta ese momento (llamados de volumen) debido a que el proceso
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xFigure 1.6: Esquema de un VCSEL, con una zona activa compuesta por variospozos cu�anticos.de crecimiento no estaba su�cientemente perfeccionado. Tres a~nos m�as tarde,utilizando un m�etodo de crecimiento conocido como MOCVD ("metalorganicchemical vapor deposition") se construyeron l�aseres de pozo cu�antico con co-rrientes umbral similares a los l�aseres de volumen (� 0:5 kA/cm2) [43]. En1981 este valor se hab��a reducido hasta 250 A/cm2 para un l�aser con una zonaactiva compuesta de cuatro pozos cu�anticos [44] y 160 A/cm2 para un l�aser conun pozo cu�antico [45]. En la actualidad los l�aseres de pozo cu�antico superan alos de volumen en la mayor parte de sus caracter��sticas: menor corriente um-bral, mayor control de la polarizaci�on, menor anchura de l��nea, menor variaci�ondel ��ndice de refracci�on (factor �), etc. Tambi�en se han construido l�aseres dehilo cu�antico [46], en los que se ha llevado a cabo una reducci�on de la cavidadtanto en sentido transversal como lateral (con tama~nos del orden de 10 nm encada una de estas dimensiones), aunque sus corrientes umbral est�an todav��alejos del l��mite te�orico, debido a la complejidad del proceso de fabricaci�on.Vamos a �nalizar este repaso a la historia de los l�aseres de semiconductorcon un dispositivo que en la actualidad est�a atrayendo la atenci�on de gran partede los investigadores que trabajan en este campo: los l�aseres de cavidad verticalo VCSELs (\VerticalCavity Surface EmittingLasers"). El primer VCSEL fueconstruido por el grupo del profesor Iga en 1979 en el Instituto de Tecnolog��a deTokyo [47]. Este primer dispositivo constaba de tres capas, un recubrimientode tipo p, un recubrimiento de tipo n y la zona activa (InGaAsP/InP). Aambos extremos de las capas de recubrimiento se colocaban los espejos (unaaleaci�on de oro y zinc, que actuaban tambi�en como electrodos), de tal forma



Introducci�on 21que la emisi�on se produc��a en la direcci�on perpendicular al plano de la uni�on(eje z en la �gura 1.6). La peque~na longitud de la cavidad (� 7 �m) y la bajare
ectividad de los espejos (< 0:8) hac��a necesaria la inyecci�on de una corrientemuy elevada, lo que provocaba graves problemas de calentamiento e imped��ael funcionamiento a temperatura ambiente. Esto hizo que la investigaci�on deeste tipo de l�aseres no despertara un gran inter�es hasta �nales de los 80. Enesa �epoca la mejora en las t�ecnicas de crecimiento junto con el empleo dere
ectores de Bragg con re
ectividades > 99% permiti�o el funcionamiento deVCSELs en emisi�on continua a temperatura ambiente y con corrientes umbralsimilares a los l�aseres de emisi�on lateral [48]. En la �gura 1.6 puede verse unesquema de VCSEL con una zona activa compuesta de varios pozos cu�anticos.Entre las caracter��sticas m�as importantes de estos l�aseres est�an la emisi�on deun solo modo longitudinal, con un haz circular poco divergente y la capacidadde integraci�on en matrices dos dimensionales. Estas caracter��sticas les hacenespecialmente apropiados para su empleo en sistemas de comunicaciones y deprocesado �optico as�� como para aplicaciones de alta potencia (impresi�on l�aser,bombeo �optico, etc).1.1.2 Ecuaciones de Maxwell y ecuaci�on de ondasPara obtener las ecuaciones que gobiernan la evoluci�on del campo el�ectricodentro del l�aser tenemos que partir de las ecuaciones de Maxwell. Estas ecua-ciones en el sistema MKS son las siguientes [49]:r� E = �@B=@t (1.1)r�H = J + @D=@t (1.2)r �D = �f (1.3)r �B = 0 (1.4)donde E y H son los vectores campo el�ectrico y magn�etico respectivamentey D y B son las correspondientes densidades de 
ujo el�ectrico y magn�etico.El vector densidad de corriente J y la densidad de cargas libres �f son lasfuentes del campo el�ectrico. Estas ecuaciones se completan con las relacionesde constituci�on, donde intervienen los par�ametros que caracterizan a los dis-tintos medios materiales como son la constante diel�ectrica, �, la permeabilidad



22 CAPITULO 1magn�etica, � y la conductividad el�ectrica, �. En el caso de un medio diel�ectricono magn�etico las relaciones de constituci�on viene dadas por:D = �E = �0E +P (1.5)B = �0H (1.6)J = �E (1.7)donde �0 es la permitividad del vacio, �0 es la permeabilidad del vacio, � es laconductividad del medio y P es la polarizaci�on el�ectrica inducida. En el vacioP es nula. Sin embargo, cuando la luz se propaga en un medio diel�ectricoel campo el�ectrico causa una distorsi�on en la estructura at�omica del medio,creando momentos dipolares locales que dan lugar a una polarizaci�on globalP dependiente de E . Para valores peque~nos del campo el�ectrico y en ausenciade resonancias entre �este y el medio P es lineal en E . En el caso m�as simplede un medio is�otropo y que responda instant�aneamente al campo el�ectrico,P = �0�E , donde la susceptibilidad el�ectrica � es un escalar. En un caso m�asrealista en el que la respuesta del material no es instant�anea esta relaci�on vienedada por P = �0 Z 1�1 �(t� �)E(�)d� (1.8)donde �(t � �) = 0 para t < � (condici�on de causalidad). Aplicando latransformada de Fourier a esta ecuaci�on obtenemos la relaci�onP̂(!) = �0�̂(!)Ê(!) (1.9)donde la susceptibilidad �̂(!) es dependiente de la frecuencia y compleja (de-bido a la condici�on de causalidad las partes compleja e imaginaria de �̂(!)est�an ligadas a trav�es de las relaciones de Kramers-Kr�onig).De las ecuaciones de Maxwell podemos obtener una sola ecuaci�on quedescriba la propagaci�on del campo el�ectrico en el medio material. Para ellotomamos el rotacional de (1.1)r� (r� E) = ��0 @@t(r�H) (1.10)donde hemos usado la relaci�on de constituci�on (1.6). Utilizando la ecuaci�on(1.2) y las relaciones de constituci�on (1.5) y (1.7) obtenemos
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r� (r� E) = ��0  @J@t + @2D@t2 ! = ��0�@E@t � �0�0@2E@t2 � �0@2P@t2 (1.11)Esta ecuaci�on se puede simpli�car utilizando la identidad vectorial r� (r�E) = r(r�E)�r2E . En ausencia de cargas libres �f = 0 y de (1.3) obtenemosr �D = �0r � E +r �P = 0 (1.12)En la mayor parte de los casos de inter�es r �P es despreciable [39] con lo quer � E = 0. Sustituyendo en (1.11)r2E � ��0c2 @E@t � 1c2 @2E@t2 = 1�0c2 @2P@t2 (1.13)donde se ha usado la relaci�on �0�0 = 1=c2 y c es la velocidad de la luz en elvac��o. En el caso de un l�aser podemos distinguir dos contribuciones diferentesa la polarizaci�on, una lineal, P0, debida a la presencia de dipolos est�aticosen el material y otra no lineal, Pp, debida al bombeo [50]. Bajo condicionesestacionarias y para un medio is�otropo, la polarizaci�on vendr�a dada porP = �0�(!)E (1.14)donde �(!) = �0(!) � i�00(!) es un escalar complejo independiente de laposici�on [49]. Tambi�en la susceptibilidad puede descomponerse en estas doscontribuciones: � = �0 + �p, donde �0 = �00 � i�000 es la susceptibilidadintr��nseca del material y �p = �0p � i�00p es la contribuci�on a la susceptibili-dad debida al bombeo. En un estudio m�as riguroso la polarizaci�on tendr��a queser calculada cu�anticamente, sumando los momentos dipolares microsc�opicosproducidos por el campo E. De estas forma obtendr��amos un conjunto deecuaciones para el campo el�ectrico, la polarizaci�on y la inversi�on de poblaci�on,llamadas ecuaciones de Maxwell{Bloch [51]. Sin embargo, en un l�aser de semi-conductor, en el que las transiciones tienen lugar dentro de la estructura debandas del cristal, el c�alculo de estas ecuaciones es muy complicado. Habi-tualmente se ha simpli�cado el problema suponiendo que el medio materiales un sistema de dos niveles, pero de esta forma no se reproducen algunas delas caracter��sticas m�as destacables de los l�aseres de semiconductor, como es laasimetr��a de la curva de ganancia respecto a la frecuencia. Recientemente se



24 CAPITULO 1ha desarrollado un modelo microsc�opico [52]{[54] que s�� reproduce estas pecu-liaridades del semiconductor como medio activo, aunque su gran complejidadhace que sea poco intuitivo y que requiera un elevado esfuerzo computacional.Otra aproximaci�on al problema consiste en utilizar modelos m�as simples queincorporen de forma fenomenol�ogica los principales resultados de la teor��a mi-crosc�opica [55, 56]. Sin embargo, si suponemos unas condiciones tales que laemisi�on del l�aser es monomodo ninguno de estos modelos es necesario. En sulugar podemos utilizar la ecuaci�on (1.14), basada en la suposici�on de que lapolarizaci�on puede ser eliminada adiab�aticamente, es decir @P=@t = 0. Lajusti�caci�on de esta aproximaci�on viene dada por la diferencia de escalas entrelos tiempos de relajaci�on de las tres variables que intervienen en el proceso.En un l�aser de semiconductor el tiempo de scattering interbanda (tiempo derelajaci�on de la inversi�on de poblaci�on) es � 1 ns, la vida media de un fot�on(tiempo de relajaci�on del campo el�ectrico) es � 1 ps y el tiempo de scatteringintrabanda (tiempo de relajaci�on de la polarizaci�on) es � 0:1 ps.En el caso de tener campos con una dependencia temporal �armonica,E(r; t) = 12E(r)ei!t + c:c: (1.15)P(r; t) = 12P (r)ei!t + c:c: (1.16)la ecuaci�on resultante se reduce ar2E(r)� i! ��0c2E(r) + !2c2 E(r) = �!2c2 �(!)E(r) (1.17)El efecto de la polarizaci�on y el de la conductividad pueden incluirse en unanueva de�nici�on de la permitividad, que ahora ser�a compleja:�(!) = 1 + �(!)� i ��0! = �0 � i�00: (1.18)La parte real de la permitividad, �0, ser�a la nueva constante diel�ectrica conuna componente intr��nseca del material, �b, y otra debida al bombeo:�0 = <(�) = 1 + �00 + �0p = �b + �0p: (1.19)La parte imaginaria incluir�a las p�erdidas del material as�� como la gananciadebida al bombeo:



Introducci�on 25�00 = �=(�) = �00p + �000 + ��0!: (1.20)Con esta de�nici�on de la permitividad la ecuaci�on (1.13) es equivalente ar2E � 1c2 @2@t2 (�(!)E) = 0: (1.21)Los modos del l�aser son las soluciones de la ecuaci�on (1.17) o de la ecuaci�on(1.21) que satisfacen las condiciones de contorno impuestas por la estructuradel l�aser. En general E ser�a funci�on de x, y y z y � ser�a una funci�on complejade x e y, donde z es la coordenada en la direcci�on del eje de la cavidad, xen la direcci�on lateral e y en la direcci�on transversal (ver �gura 1.3). Paraver el efecto de esta permitividad compleja sobre el campo el�ectrico, vamosa considerar una dependencia espacial del campo del tipo E = E0 exp[�ik̂z].Hemos eliminado el car�acter vectorial del campo al considerar que est�a pola-rizado linealmente y hemos sustituido la dependencia lateral y transversal delcampo por una aproximaci�on de campo medio. Sustituyendo esta expresi�ondel campo en (1.17) y utilizando (1.18) obtenemosk̂ = n!c � i2�abs; (1.22)donde n (��ndice de refracci�on) y �abs (coe�ciente de absorci�on de potencia)vienen dados por n = p�0 = q�b + �0p (1.23)�abs = !cn�00 = !cn ��000 + �00p + ��0!� : (1.24)y hemos usado que �abs � n!=c [39]. En las ecuaciones (1.23) y (1.24) sepuede ver expl��citamente que tanto el ��ndice de refracci�on como el coe�cientede absorci�on de potencia dependen del bombeo externo. En el caso de unl�aser de semiconductor generalmente j�0pj � �b con lo que la ecuaci�on (1.23)se puede sustituir por n = nb +�np = nb + �0p2nb : (1.25)De�niendo los t�erminos



26 CAPITULO 1gopt = � !cn(�000 + �00p) (1.26)�int = �cn�0 ; (1.27)donde gopt es la ganancia �optica y �int son las p�erdidas internas debidas a variosmecanismos (absorci�on por portadores libres, scattering en las super�cies decontacto, etc.), podremos escribir�abs = �gopt + �int: (1.28)Cuando el bombeo !�00p=(cn) compensa la absorci�on del material sin bombeo�mat = !�000=(cn) se dice que el medio es transparente y gopt = 0. Para quese produzca la emisi�on l�aser es necesario que el bombeo compense adem�as lasp�erdidas internas �int y las debidas a la cavidad. Si consideramos una cavidaddel tipo Fabry{Perot de longitud L y con re
ectividades en las caras R1 y R2la condici�on para que el l�aser alcance el umbral de emisi�on ser�a:qR1R2e�2k̂L = qR1R2 exp��2in!c L� �absL� = 1: (1.29)La parte real de (1.29) nos da el valor de la ganancia umbral:gthopt = �int + 12L ln� 1R1R2� : (1.30)En la ecuaci�on (1.30) el t�ermino �m = ln(1=R1R2)=(2L) es una versi�on dis-tribuida a lo largo de la cavidad de las p�erdidas localizadas en los espejos. Laparte imaginaria de (1.29) nos da la frecuencia a la que oscilar�a el campo enel umbral: �thm = m c2nL (1.31)donde m es un entero y �thm es la frecuencia del m{esimo modo longitudinal.De aqu�� podemos obtener la separaci�on entre modos longitudinales, a partirde la expresi�on �(n�) = n(��) + �(�n): (1.32)Teniendo en cuenta la dependencia de n con la frecuencia, obtenemos



Introducci�on 27�� = c2ngL (1.33)donde ng = n+ �@n=@� es el ��ndice de grupo.



28 CAPITULO 11.1.3 El medio materialUn semiconductor es un s�olido cristalino o amorfo con una conductividadel�ectrica intermedia entre la de un metal y la de un aislante. La gran in-teracci�on que existe entre los �atomos de un semiconductor hace que �estos nopuedan ser tratados individualmente. De hecho en este tipo de materialeslos electrones m�as energ�eticos no se encuentran ligados a �atomos individuales,sino que pertenecen a todo el conjunto de �atomos. En estas condiciones cadanivel de energ��a at�omico se divide en m�ultiples subniveles. Estos subniveles seencuentran muy proximos entre s��, formando bandas de energ��a, que puedenconsiderarse continuas. La banda de mayor energ��a ocupada se llama bandade valencia y la banda vac��a que se encuentra por encima de ella se llamabanda de conducci�on. La diferencia de energ��a entre el m�aximo de la bandade valencia y el m��nimo de la banda de conducci�on se llama salto de energ��a.Este salto de energ��a es el que va a determinar las propiedades el�ectricas y�opticas del material. Los materiales con un salto de energ��a grande (> 3 eV)son aislantes el�ectricos, aquellos con un salto de energ��a peque~no o inexistenteson conductores. Los semiconductores presentan saltos de energ��a entre 0:1 y3 eV. En ausencia de excitaci�on t�ermica (T = 0 k) la banda de valencia delos semiconductores se encuentra completamente llena. Sin embargo, cuandoT > 0 K, algunos electrones de la banda de valencia tendr�an la energ��a nece-saria para saltar a la banda de conducci�on, dejando sus estados desocupadosen la banda de valencia. Estos estados desocupados, llamados huecos, juntocon los electrones de la banda de conducci�on son capaces de producir unacorriente el�ectrica cuando se le aplica un campo el�ectrico al material.Algunos elementos del grupo IV de la tabla peri�odica son semiconductores,como por ejemplo el silicio (Si) o el germanio (Ge). Sin embargo, estos materi-ales no son apropiados para la construcci�on de dispositivos emisores de fotones,debido a que presentan un salto de energ��a indirecto (el m��nimo de la bandade conducci�on y el m�aximo de la banda de valencia corresponden a valoresdistintos del vector de onda k, ver Fig. 1.7). Los compuestos binarios, terna-rios o cuaternarios de elementos del grupo III con elementos del grupo V sontambi�en semiconductores. Dentro de los compuestos binarios el m�as impor-tante es el arseniuro de galio (GaAs), que es un semiconductor de tipo directo.Sustituyendo una fracci�on de los �atomos de Ga por �atomos de aluminio (Al)se obtiene un semiconductor ternario muy importante en la fabricaci�on de dio-dos l�aser: (AlxGa1�x)As, donde x representa la fracci�on de �atomos sustituidos.
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kFigure 1.7: Diagrama E{k para un semiconductor de tipo indirecto (Si, dia-grama de la izquierda) y para un semiconductor de tipo directo (GaAs, dia-grama de la derecha). Las bandas de conducci�on y valencia han sido aproxi-madas por par�abolas.Variando el valor de x entre 0 y 1 se consigue una variaci�on del salto de energ��aEg entre 1:42 eV y 2:16 eV. Los semiconductores cuaternarios son incluso m�as
exibles que los ternarios en cuanto a la obtenci�on de distintos valores paraEg. En este apartado destaca el compuesto (In1�xGax)(As1�yPy), con valoresde Eg entre 0:36 eV y 2:26 eV.En un semiconductor la presencia de un electr�on en la banda de conducci�onsiempre viene acompa~nada de la presencia de un hueco en la banda de valenciapor lo que la concentraci�on de portadores (huecos en la banda de valencia yelectrones en la de conducci�on) es igual en las dos bandas: n = p = ni, donden es la concentraci�on de electrones en la banda de conducci�on y p es la concen-traci�on de huecos en la banda de valencia. Sin embargo se puede alterar esteequilibrio mediante la sustituci�on de algunos �atomos del material por �atomosde otro material, llamados impurezas o dopantes. Si el dopante presenta unexceso de electrones en la capa de valencia, se producir�a un aumento en laconcentraci�on de este tipo de portadores, dando lugar a un semiconductor detipo n. En este caso a los electrones se les denomina portadores mayoritariosy su concentraci�on es mucho mayor que la concentraci�on de huecos: n� p. Sipor el contrario el dopante presenta menos electrones en la banda de valenciaque el material original se producir�a un aumento en la concentraci�on de hue-cos, dando lugar a un semiconductor de tipo p. En este caso los portadoresmayoritarios ser�an los huecos y p� n. Un ejemplo de semiconductor de tipo



30 CAPITULO 1n es un semiconductor del grupo IV (Si, Ge) dopado con �atomos de un ele-mento del grupo V (P, As, Sb). Si utiliz�asemos un dopante del grupo III (Al,Ga, In) tendr��amos un semiconductor de tipo p. Este tipo de semiconductoresson llamados semiconductores extr��nsecos, mientras que los no dopados sonllamados semiconductores intr��nsecos.La excitaci�on t�ermica de los electrones de la banda de valencia crea un parelectr�on{hueco. La condici�on de equilibrio t�ermico requiere que el proceso in-verso tambi�en ocurra: un electr�on de la banda de conducci�on se recombina conun hueco de la banda de valencia, liberando energ��a. La energ��a liberada puededar lugar a la emisi�on de un fot�on, en cuyo caso se habla de recombinaci�onradiativa, o puede dar lugar a otra serie de procesos (creaci�on de un fon�on,efecto Auger, etc), en cuyo caso se habla de recombinaci�on no radiativa. Enun semiconductor en equilibrio t�ermico, la tasa de generaci�on de portadoresy la de recombinaci�on son iguales. Para que un semiconductor se comportecomo una fuente de fotones, tenemos que mantenerlo con una densidad deportadores superior al valor correspondiente al equilibrio t�ermico. Esto seconsigue aplicando una corriente el�ectrica (corriente de bombeo) a trav�es delmaterial. El bombeo externo produce una polarizaci�on P que a su vez actuacomo fuente del campo el�ectrico E (ecuaci�on (1.13)). Como ya hemos comen-tado el c�alculo de la polarizaci�on requiere el empleo de la mec�anica cu�antica.En concreto la polarizaci�on macrosc�opica P est�a relacionada con el operadormomento dipolar p̂ a trav�es de la expresi�on [57]P = Tr (�̂p̂) ; (1.34)donde �̂ es el operador matriz de densidad del sistema. Su evoluci�on vendr�adada por [58] d�̂dt = 1ih� hĤ0 � p̂E ; �̂i� 12 (
̂�̂+ �̂
̂) + �̂; (1.35)donde Ĥ0 es el Hamiltoniano no perturbado, �p̂E representa la interacci�ondel campo con el material, 
̂ es el operador de relajaci�on, que representa to-dos los procesos de relajaci�on que ocurren en el material y �̂ es un operadorque representa el bombeo externo. Sin embargo la determinaci�on del operadorĤ0 en el caso de un semiconductor es muy complicada, ya que requiere unconocimiento exhaustivo de la estructura de bandas del material. Lo mismoocurre en el caso del operador de relajaci�on. Los mecanismos de relajaci�on en



Introducci�on 31un semiconductor se pueden dividir en dos categor��as, procesos interbandas yprocesos intrabanda. En el primer grupo se incluyen los procesos que involu-cran la recombinaci�on de un hueco y un electr�on sin que se produzca la emisi�onde un fot�on. Los procesos intrabanda son m�as complicados de describir y hastahace unos pocos a~nos no se ha conseguido una descripci�on te�orica adecuada[52, 53]. Sin embargo utilizando la aproximaci�on ya rese~nada _P = 0, la ec.(1.35) se reduce a una ecuaci�on para el n�umero de portadores.Suponiendo el medio neutro, la evoluci�on del n�umero de portadoresN vienedescrita por la ecuaci�on [50]@N@t = Dr2N + Je �R(N); (1.36)donde D es el coe�ciente de difusi�on, J es la corriente de bombeo, y el t�erminoR(N) representa la p�erdida de portadores debido a los procesos de recombi-naci�on tanto radiativos como no radiativos.El t�ermino de difusi�on en general juega un papel muy importante en laevoluci�on de los portadores, especialmente en ciertos tipos de l�aseres, comolos guiados por ganancia o los VCSELs. En el primer caso la distribuci�onespacial inhomog�enea de los portadores se utiliza para con�nar el modo �optico.En el caso de los VCSELs la importancia de este t�ermino es debida a quelas dimensiones laterales de estos dispositivos son en general mayores que lalongitud de difusi�on. Recientemente se ha comprobado que la inhomogeneidadde la distribuci�on espacial de los portadores en estos l�aseres puede seleccionarel modo transversal en el que emite el l�aser [59]{[61]. Sin embargo en lamayor��a de los l�aseres guiados por ��ndice (especialmente en los fuertementeguiados) el tama~no de la capa activa en las direcciones lateral y transversal espeque~no comparado con la longitud de difusi�on. En estas condiciones y paraintensidades no muy altas de tal forma que no haya efectos de \spatial holeburning" (inhomogeneidades en la distribuci�on espacial de portadores debidoa que en las zonas de mayor intensidad del campo el�ectrico los portadores seconsumen m�as r�apidamente) la difusi�on de portadores es tan efectiva que lasinhomogeneidades espaciales son eliminadas r�apidamente y podemos suponerr2N = 0. Vamos a separar el t�ermino R(N) en dos contribuciones,R(N) = Rst(N; I) + N�N (N) ; (1.37)



32 CAPITULO 1donde Rst(N; I) representa la emisi�on estimulada y N=�N (N) representa lasp�erdidas por recombinaci�on no radiativa y por emisi�on espont�anea.Los procesos que dan lugar a p�erdidas por recombinaci�on no radiativason la recombinaci�on debida a defectos e impurezas, la recombinaci�on en lassuper�cies e interfaces y la recombinaci�on Auger. La presencia de defectos o deimpurezas en la estructura del semiconductor puede dar lugar a la aparici�on denuevos niveles de energ��a situados entre las bandas de valencia y de conducci�on.Estos niveles intermedios de energ��a sirven de transici�on para los electronesque desde la banda de conducci�on pasan a la banda de valencia sin emisi�onde fotones [62, 63]. La recombinaci�on en las super�cies e interfaces tambi�ense produce a trav�es de niveles energ�eticos intermedios. En ambos casos estosniveles aparecen debido a la discontinuidad en la estructura del semiconductor.En el caso de las super�cies este efecto ser�a m�as perjudicial cuanto mayor seala relaci�on super�cie{volumen, mientras que en el caso de las interfaces, laimportancia de la recombinaci�on est�a relacionada con la calidad de la interfaz.Tanto en el caso de recombinaci�on en super�cies e interfaces como en el derecombinaci�on debida a defectos e impurezas, se puede de�nir una tasa derecombinaci�on que en general depender�a de varias factores[62, 63], pero sudependencia del n�umero de portadores ser�a lineal:Rdef;surf = AnrN (1.38)Sin embargo, el proceso interbanda no radiativo m�as importante es el efectoAuger. Existen varios tipos de proceso Auger. Un ejemplo de proceso Augerse produce cuando dos electrones de la banda de conducci�on interaccionanhaciendo que uno de ellos pase a la banda de valencia mientras el otro ocupaun nivel superior de energ��a en la banda de conducci�on. Un proceso an�alogopuede ocurrir entre dos huecos de la banda de valencia. Como este proceso de-pende del choque de dos portadores, la importancia de la recombinaci�on Augeraumenta con la densidad de portadores. En el primer ejemplo la transici�oninvolucra tres estados en la banda de conducci�on y uno en la de valencia mien-tras que en el segundo ejemplo se produce la situaci�on inversa. Adem�as, parauna densidad de portadores �ja, la recombinaci�on Auger aumenta exponencial-mente con la temperatura. A�un en el caso de que este tipo de recombinacionesno sea importante (temperaturas bajas o materiales con un salto de energ��agrande) existe otro tipo de recombinaci�on Auger que involucra la presencia deun fon�on y que puede llegar a ser m�as probable que el tipo descrito anterior-



Introducci�on 33mente.El c�alculo te�orico de la tasa de recombinaci�on Auger es en general com-plicado debido a que requiere un conocimiento profundo de la estructura debandas hasta niveles energ�eticos bastante alejados de los extremos de las ban-das. Utilizando modelos par�abolicos de bandas los primeros trabajos en estecampo ya consiguieron predecir el comportamiento de la tasa de recombinaci�onAuger con la temperatura o con el salto de energ��a [64, 65]. Recientemente,utilizando modelos m�as realistas para las bandas se ha conseguido una deter-minaci�on m�as precisa de la tasa de recombinaci�on Auger [66, 67]. En generalla tasa de recombinaci�on Auger vendr�a dada porRA = CnN2P + CpNP 2; (1.39)donde P representa el n�umero de huecos en la banda de valencia. En un l�aserde semiconductor en el que la regi�on activa no est�e fuertemente dopada N ' Py tendremos RA = CAN3; (1.40)donde C es un coe�ciente que puede determinarse experimentalmente y queincluye todos los procesos Auger.A diferencia de la recombinaci�on Auger, en la emisi�on espont�anea inter-vienen principalmente portadores que se encuentran cerca de los extremos delas bandas, con lo que el c�alculo te�orico de la tasa de emisi�on espont�anea puedehacerse de forma bastante precisa. La dependencia de la emisi�on espont�aneacon el n�umero de portadores ser�a de la formaRsp = BN2: (1.41)Sustituyendo (1.38), (1.40) y (1.41) en (1.37) vemos que��1N (N) = Anr +BN + CAN2: (1.42)En las condiciones de operaci�on del l�aser que consideraremos en esta tesis(corrientes de polarizaci�on pr�oximas al umbral) las variaciones del n�umero deportadores alrededor de su valor umbral Nth son muy peque~nas, por lo quepodemos tomar �N (N) ' �N(Nth) = 
�1e : (1.43)



34 CAPITULO 1El t�ermino de emisi�on estimulada en (1.37), Rst(N; I), es proporcional alnumero de portadores y a la energ��a �optica dentro de la cavidad [50]. Dela misma forma que N representa el n�umero de portadores en la cavidad, esconveniente reescalar el campo el�ectrico de tal forma que j ~Ej2 = I representeel n�umero de fotones:~E = pI = E0sA�0�r�mh�! r1 + r2r1 � 1r1r2 � 1�; (1.44)donde A es la secci�on transversal de la cavidad y ri = pRi son las re
ectivi-dades para el campo de las caras del l�aser. El n�umero de fotones se de�ne comola energ��a total dentro de la cavidad dividida entre la energ��a de un fot�on, h�!.La tasa de p�erdidas por emisi�on estimulada en funci�on de esta nueva variableser�a: Rst(N; I) = �vggopt(N)I; (1.45)donde � es el factor de con�namiento y vg = c=ng es la velocidad de grupo.El factor de con�namiento es la fracci�on del modo que permanece dentro dela zona activa y viene dado por la expresi�on� = Ract �(x)dxR1 �(x)dx ; (1.46)donde x representa las coordenadas transversales, �(x) es el modo transver-sal y la integral del numerador est�a extendida a la zona activa. Si el modotransversal dominante es el fundamental se puede obtener una expresi�on parael factor de con�namiento en funci�on de la anchura de la zona activa d [68]:� = !2c2d2 (n2act � n2rec)2 + !2c2d2 (n2act � n2rec) ; (1.47)donde nact y nrec son los ��ndices de refracci�on en la zona activa y en el re-cubrimiento, respectivamente.La dependencia de la ganancia con el n�umero de portadores es diferentepara los distintos tipos de l�aseres, pero mediante estudios num�ericos y tambi�enexperimentales se ha visto que en general se puede considerar que la gananciaa la frecuencia de emisi�on depende linealmente de los portadores:



Introducci�on 35gopt(N) = dgoptdN (N �N0); (1.48)donde N0 es el n�umero de portadores en transparencia, para el cual la ganan-cia es cero. Tambi�en podemos poner la ganancia en funci�on del n�umero deportadores en el umbral, que es el valor para el cual la ganancia �optica es iguala las p�erdidas (ver Ec. (1.30))gopt(N) = gopt(Nth) + dgoptdN (N �Nth) = �int + �m + dgoptdN (N �Nth): (1.49)1.1.4 Ecuaciones de balanceComo hemos visto en la secci�on anterior, la escala de tiempos en la que var��ala polarizaci�on es mucho menor que la del campo el�ectrico y la de los por-tadores, lo que nos permite prescindir de la din�amica de la polarizaci�on a lahora de describir el l�aser. Sin embargo todav��a tenemos que encontrar lasecuaciones que rigen la evoluci�on del campo el�ectrico y de los portadores. Enesta secci�on vamos a combinar los distintos aspectos de los l�aseres de semi-conductor que hemos visto hasta ahora para obtener unas ecuaciones para laevoluci�on temporal de estas dos cantidades. Despreciando el efecto de la di-fusi�on de portadores y sustituyendo (1.37), (1.45) y (1.48) en (1.36) obtenemosla ecuaci�on de balance para los portadores:dNdt = Je � 
eN � �vg dgoptdN (N �N0)I: (1.50)Esta ecuaci�on se puede simpli�car mediante la introducci�on de la gananciadiferencial g = �vgdgopt=dN y de la corriente de inyecci�on C, que representael n�umero de electrones inyectados por unidad de tiempo:dNdt = C � 
eN � g(N �N0)I: (1.51)Para obtener la ecuaci�on de balance para el campo el�ectrico partimos dela ecuaci�on (1.21) con un campo de la forma E(t) = E(t) exp[i(!0t � kz)].Consideramos que la dependencia de la constante diel�ectrica con la frecuenciaes lineal:



36 CAPITULO 1�(!) = �(!0) + @�@! (! � !0): (1.52)De esta forma tendremos�E(t) = Z 1�1 �(!) ~E(!)ei!td! =  �(!0)E(t)� i @�@! _E(t)! ei(!0t�kz) (1.53)donde ~E(!) es la transformada de Fourier de E(t). Si suponemos que !0 est�apr�oxima a la frecuencia de emisi�on de l�aser podremos utilizar la aproximaci�onde envolvente lentamente variable ( �E(t) = 0) y sustituyendo (1.53) en (1.21)tendremos �k2 + !20c2 �(!0)!E(t)� 2i!0c2  �(!0) + !02 @�@!! _E(t) = 0: (1.54)A partir de aqu�� nos referiremos a �(!0) como �, teniendo en cuenta que re-presenta la constante diel�ectrica para una frecuencia !0. Utilizando (1.18)podremos escribir� = 1 + �0 � i��00 + ��0!0� = (n� in00)2 ' n2 � 2inn00; (1.55)donde n viene dado por (1.25) y hemos usado que n� n00. Comparando (1.55)con (1.26) y (1.27) se puede ver quen00 = � c2!0 (gopt � �int): (1.56)Podemos rede�nir n00 para que incluya las p�erdidas en la cavidad:n00 = � c2!0 (gopt � �int � �m): (1.57)De esta expresi�on vemos que en el umbral, cuando la ganancia es igual a lasp�erdidas, n00 = 0 y � = n2. Las variaciones del n�umero de portadores har�an quevar��en tambi�en n y n00, de forma que podemos escribir la constante diel�ectricacomo �(N) = �(Nth) + �� = n2 + 2n(�n� i�n00): (1.58)



Introducci�on 37En este punto es conveniente introducir el par�ametro de ensanchamiento del��nea �. De las relaciones de Kramers-Kr�onig se puede ver que las componentesreal e imaginaria de �p est�an relacionadas a trav�es del par�ametro � = �0p=�00p.Este par�ametro es determinante en muchas de las caracter��sticas de los l�aseresde semiconductor tales como la anchura de l��nea, el chirping en caso de mod-ulaci�on de la corriente o la respuesta del l�aser al feedback, tanto convencionalcomo conjugado (como veremos en el Cap��tulo 3). En el caso de que la ganan-cia provenga de las transiciones entre dos niveles discretos de energ��a (l�aserde gas, de estado s�olido, etc.), el espectro de ganancia (�00p en funci�on de lafrecuencia) ser�a sim�etrico y la correspondiente parte real de la susceptibili-dad (�0p) ser�a antisim�etrica, cruzando el cero a la frecuencia correspondienteal m�aximo de la ganancia. Sin embargo, en un l�aser de semiconductor lastransiciones se producen entre bandas de energ��a parcialmente llenas, lo quehace que el espectro de ganancia sea asim�etrico y que �0p cruce el cero paraun valor de la frecuencia desplazado respecto del pico de la ganancia. Estaasimetr��a fue detectada por primera vez por Lax [69] y por Haug [70] indepen-dientemente en 1967. El problema del acoplamiento de fase e intensidad enun l�aser de semiconductor es matem�aticamente similar al de un l�aser de gasdesintonizado, es decir, en el que la frecuencia de la transici�on sea diferente dela frecuencia de resonancia de la cavidad. En ambos casos el resultado es unaumento del ancho de l��nea del l�aser en un factor 1 + �2, donde � representael par�ametro de desinton��a. Los primeros c�alculos de este par�ametro para unl�aser de semiconductor s�olo tuvieron en cuenta los efectos directos del camposobre la susceptibilidad, dando lugar a un valor �� 1 que no pod��a explicarlos valores del ancho de l��nea medidos experimentalmente. En 1982 Henry[71] se dio cuenta de que los efectos indirectos a trav�es de los portadores eranmucho m�as importantes. De esta forma obtuvo un valor para el par�ametro �,tambi�en conocido como factor de ensanchamiento de l��nea, cercano a cinco, loque explicaba los valores medidos del ancho de l��nea. Como la ganancia var��alinealmente con los portadores, el ��ndice de refracci�on tambi�en lo har�a, lo quenos permite escribir el par�ametro � como� = @�0p=@N@�00p=@N = �n�n00 ; (1.59)donde hemos usado (1.25), (1.26) y (1.57). Sustituyendo esta de�nici�on en(1.58) obtenemos



38 CAPITULO 1�(N) = n2 � 2in�n00(1 + i�): (1.60)El t�ermino �n00 representa la variaci�on de n00 respecto a su valor en el umbral.Utilizando (1.57) vemos que�n00 = � c2!0 "�dgoptdN (N �N0)� �iint � �m# : (1.61)La constante k est�a relacionada con la frecuencia de emisi�on a trav�es de laexpresi�on k = n!m=c y !m viene dada por (1.31). Sustituyendo esta expresi�onjunto con (1.60) y (1.61) en (1.54)"n2(!20 � !2m) + i!0cn(1 + i�) �dgoptdN (N �N0)� �int � �m!#E��2i!0  � + !02 @�@!! _E(t) = 0: (1.62)Para que se cumpla la condici�on de envolvente lentamente variable la frecuencia!0 tiene que ser cercana a la frecuencia de emisi�on !m, por lo que podemostomar (!20 � !2m) ' 2!0(!0 � !m). Y usando la aproximaci�on � ' n2�+ !02 @�@! = n n+ !0 @n@!! = nng: (1.63)Sustituyendo en (1.62) y simpli�cando obtenemos"�inc (!0 � !m) + 1 + i�2  �dgoptdN (N �N0)� �int � �m!#E � 1vg _E = 0:(1.64)Utilizando la de�nici�on del inverso de la vida media de los fotones 
 = vg(�int+�m) la expresi�on �nal de la ecuaci�on de balance para el campo el�ectrico ser�a:_E = �inc vg�!E + 1 + i�2 [g(N �N0)� 
]E; (1.65)con �! = !0 � !m. De esta ecuaci�on para el campo el�ectrico complejo E =pI exp(i�) podemos pasar a una ecuaci�on para el n�umero de fotones I y otrapara la fase �:



Introducci�on 39_I = 12[g(N �N0)� 
]I (1.66)_� = �2 [g(N �N0)� 
]� nc vg�!: (1.67)En la ecuaci�on (1.67), el �ultimo t�ermino representa un desplazamiento de lafrecuencia del l�aser respecto de la frecuencia de referencia !0. Este t�emino sepuede eliminar de la ecuaci�on sin m�as que tomar como frecuencia de referenciala frecuencia de emisi�on del l�aser.Un fen�omeno que no hemos considerado hasta ahora es la saturaci�on deganancia. Se ha observado experimentalmente que la ganancia se saturacuando la intensidad de la luz es su�cientemente alta [72]. Como consecuenciade �esto, la ganancia, que hasta ahora hemos considerado linealmente dependi-ente del n�umero de portadores, tambi�en depender�a del n�umero de fotones, loque hace que sea conocida como ganancia no lineal. Esta saturaci�on es debidaa varios procesos f��sicos, principalmente el \hole burning" espectral [73] y elcalentamiento de portadores (\carrier heating") [74]. Ya hemos hablado del\hole burning" espacial como una de las causas de inhomogeneidades en la dis-tribuci�on espacial de portadores. El \hole burning" espectral es un efecto sim-ilar en la distribuci�on en energ��a de los portadores: los portadores cuya energ��ase corresponde con la frecuencia de emisi�on son consumidos muy r�apidamentecuando la intensidad es su�cientemente alta, de tal forma que ni la corrientede inyecci�on ni los procesos de scattering intrabanda son capaces de compen-sar ese efecto. El \hole burning" espectral tambi�en puede dar lugar a unadependencia del factor � con la intensidad, lo cual afecta especialmente a laspropiedades espectrales del l�aser [75, 76]. El calentamiento de portadores haceque una fracci�on de los mismos se desplacen a zonas de mayor energ��a en labanda de conducci�on, haciendo imposible la recombinaci�on con portadores dela banda de valencia. Un efecto similar se produce debido a la absorci�on porportadores libres. Mediante interacciones de estos portadores con fonones dela red pueden volver a estados de la banda de conducci�on donde la recombi-naci�on es posible, pero este es un proceso muy lento [77]. Esta dependenciade la ganancia con la intensidad se suele expresar de la formaG(N; I) = G(N; 0)1 + �I ;



40 CAPITULO 1donde G(N; 0) = g(N�N0). Otros autores incluyen esta dependencia a trav�esde un t�ermino [78] G(N; I) = G(N; 0)p1 + sI :A lo largo de este trabajo denotaremos la ganancia no lineal G(N; I) como G.Estas dos formas de la saturaci�on son equivalentes, con � = s=2, siempre que�I �< 0:1. Para intensidades menores (�I �< 0:01) se puede despreciar el efectode la saturaci�on de ganancia. Hay otros aspectos de los l�aseres de semicon-ductor que tambi�en se pueden explicar sin incluir la saturaci�on de ganancia,a pesar de que involucran intensidades no tan bajas. Un ejemplo de �esto sonlas 
uctuaciones de baja frecuencia que aparecen en l�aseres sometidos a unfeedback �optico moderado [79]. Sin embargo se ha demostrado que es de granimportancia a la hora de describir el amortiguamiento de las oscilaciones derelajaci�on en un l�aser de semiconductor [80]. Siguiendo los modelos desarro-llados en [81] y [77] se ha demostrado recientemente [82] que el calentamientode portadores puede dar lugar a factores de saturaci�on de ganancia negativospara determinados dise~nos del l�aser. En el Cap��tulo 2 de este trabajo anali-zamos la in
uencia del factor de saturaci�on de ganancia sobre las propiedadesestad��sticas de distintas caracter��sticas de los pulsos generados por un l�aserde semiconductor, considerando factores de saturaci�on de ganancia positivosy negativos. La principal consecuencia de un factor de saturaci�on de gananciapositivo es la disminuci�on de la velocidad m�axima a la que se puede modularel l�aser [83].1.1.5 Emisi�on espont�aneaLas ecuaciones de balance que hemos deducido en la secci�on anterior no sontodav��a las ecuaciones que utilizaremos a lo largo de este trabajo para repro-ducir el comportamiento de un l�aser de semiconductor. Hay algunos aspectosde los l�aseres de semiconductor que no est�an incluidos en estas ecuaciones. Ydentro de �estos el m�as destacable es la emisi�on espont�anea. Solamente en laecuaci�on para los portadores se ha considerado el efecto promedio de la emisi�onespont�anea sobre la vida media de los portadores, �N . Sin embargo el car�acteraleatorio de la emisi�on espont�anea no se ha tenido en cuenta en las ecuacionesde balance de los portadores y del campo el�ectrico. Su inclusi�on en esta �ultima



Introducci�on 41ecuaci�on es fundamental para describir correctamente el comportamiento dell�aser de semiconductor.La emisi�on espont�anea tiene un origen cu�antico, ya que es debida a las 
uc-tuaciones del vac��o. Adem�as tiene un car�acter aleatorio que es el responsablede algunas de las caracter��sticas de los l�aseres de semiconductor, como porejemplo la anchura de l��nea. En realidad la anchura de l��nea es el resultadode todos los procesos 
uctuantes presentes durante la emisi�on l�aser, pero sise reducen su�cientemente las fuentes de ruido externas (por ejemplo, en elbombeo) la anchura de l��nea resultante est�a pr�oxima al l��mite cu�antico. Enel caso de un l�aser de semiconductor la anchura de l��nea viene dada por laexpresi�on [84]: �� = 
I (1 + �2): (1.68)Como se puede ver la anchura de l��nea es proporcional al inverso de la vidamedia de los fotones, 
. Para un l�aser de semiconductor esa vida media es muypeque~na (� 5 ps) debido a las bajas re
ectividades de la cavidad (� 30%).La emisi�on espont�anea se puede tratar cu�anticamente de dos formas: me-diante ecuaciones de Langevin cu�anticas y mediante una ecuaci�on para lamatriz densidad. El primer m�etodo tiene la ventaja de que la analog��a conlas ecuaciones de balance semicl�asicas es evidente, pero tiene la desventajade que las ecuaciones resultantes s�olo se pueden resolver para corrientes deinyecci�on su�cientemente alejadas del umbral. Esta di�cultad se puede evi-tar formulando una ecuaci�on de Fokker{Planck cl�asica mediante argumentosheur��sticos [85]. Con el segundo m�etodo se obtiene una ecuaci�on de Fokker{Planck generalizada (con in�nitos t�erminos) a partir de la ecuaci�on para lamatriz densidad, que se reduce a una ecuaci�on de Fokker{Planck convencionalcuando el n�umero de fotones no es muy bajo. Usando el m�etodo de corre-spondencia cl�asico{cu�antica se obtiene una ecuaci�on de Fokker{Planck cl�asicaque coincide con la obtenida heur��sticamente con el primer m�etodo. Estos dosm�etodos est�an contenidos en los trabajos de Lax [69, 86] y Haken [87, 88], queson considerados como los trabajos fundamentales en el tratamiento cu�anticodel l�aser.Siguiendo los trabajos de Lax, [69, 86] Henry [71, 89] introdujo la emisi�onespont�anea en la ecuaci�on de balance para el campo el�ectrico. Para ello hayque partir de un campo el�ectrico en la formaE = pIei�;
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Figure 1.8: Representaci�on esquem�atica del cambio en la intensidad y en lafase del campo el�ectrico debido a un suceso de emisi�on espont�anea.de tal manera que un suceso de emisi�on espont�anea tiene como consecuenciaun aumento de una unidad en el n�umero de fotones I y un cambio aleatoriode la fase � (ver �gura 1.8). Estos cambios ocurren en tiempos aleatorios ti,con una tasa de emisi�on R. Siguiendo el esquema de la �gura 1.8 vemos queestos cambios vienen dados por las expresiones�Ii = 1 + 2pI cos(�i � �) (1.69)��i = I�1=2 sin(�i � �): (1.70)En este esquema el l�aser satisface un conjunto de tres ecuaciones diferencialesde primer orden, que incluyen un t�ermino de ruido, del tipo:_xi(t) = Ai(xi; : : : ; xj; t) + Fi(t) i; j = 1; 2; 3:Las funciones Ai(xi; : : : ; xj; t) se escogen de forma que hFi(t)i = 0. En el casode la intensidad y la fase las ecuaciones ser�an:_I = (G� 
)I +R + FI(t) (1.71)



Introducci�on 43_� = �2 (G� 
) + F�(t); (1.72)donde el t�ermino R en (1.71) representa una tasa media de emisi�on espont�aneadebida al primer t�ermino de (1.69) y los t�erminos de ruido son de la formaFI(t) = Xi 2I1=2 cos(�i � �)�(t� ti)F�(t) = Xi I�1=2 sin(�i � �)�(t� ti):Las ecuaciones (1.71) y (1.72) son ecuaciones diferenciales estoc�asticas en elsentido de Ito [85, 90]. Como los tiempos de correlaci�on de los t�erminos deLangevin Fi(t) son mucho menores que los tiempos de relajaci�on 
�1 y 
�1epodemos considerar que dos sucesos de emisi�on espont�anea, representados porFi(t) y Fi(t0), est�an descorrelacionados y por tantohFi(t)Fj(t0)i = 2Dij�(t� t0); (1.73)donde Dij son los llamados coe�cientes de difusi�on. Podemos calcular estos co-e�cientes utilizando las expresiones que hemos obtenido anteriormente para lost�erminos de Langevin. Por ejemplo, en el caso del coe�ciente D�� tendremosquehF�(t)F�(t0)i = I�1hXi sin(�i � �)�(t� ti)Xj sin(�j � �)�(t0 � tj)i: (1.74)Comparando esta expresi�on con (1.73) es evidente que los t�erminos cruzadosen el producto de las sumas ser�an nulos, por lo quehF�(t)F�(t0)i = I�1�(t� t0)hXi sin2(�i � �)�(t� ti)i (1.75)Sustituyendo Pi por R R dti y utilizando que hsin2(�i � �)i = 1=2,hF�(t)F�(t0)i = R2I �(t� t0) Z dti�(t� ti) = R2I �(t� t0): (1.76)Haciendo lo mismo para DII y DI� obtenemos



44 CAPITULO 12DII = 2RI2D�� = R2I2DI� = 0:Y volviendo a la variable compleja E que describe el campo el�ectrico_E = 1 + i�2 (G� 
)E + FE; (1.77)donde FE(t) es complejo con coe�cientes de difusi�on2DEE� = R2DEE = 2DE�E� = 0:En el caso de los portadores tendremos una ecuaci�on de Langevin del tipo_N = C � 
eN �GI + FN(t); (1.78)con coe�cientes de difusi�on2DNN = 2 RI + N�N (N)!2DIN = �2RI2DN� = 0:Estos coe�cientes de difusi�on asociados al medio material se pueden obtenerde forma cu�antica [86, 88]. Para ello partimos de las ecuaciones cu�anticas deLangevin y a trav�es de las relaciones de 
uctuaci�on{disipaci�on e imponiendola condici�on de que en promedio se mantengan las relaciones de conmutaci�onde los operadores, se pueden obtener los valores de los coe�cientes Dij. Loscoe�cientes relacionados con el campo obtenidos de esta forma coinciden conlos obtenidos anteriormente mediante argumentos cl�asicos. El coe�ciente Rrepresenta la tasa de creaci�on de fotones debida a la emisi�on espont�anea y sesuele representar de la forma:
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R = Csp N�N (N) ;donde Csp es la fracci�on de fotones de emisi�on espont�anea que contribuyen almodo considerado y es del orden de 10�5 para un l�aser de semiconductor t��pico.Como hemos visto anteriormente podemos sustituir ��1N (N) por 
e con lo queR = Csp
eN = 4�N , donde � es conocida como tasa de emisi�on espont�anea.De�niendo unos nuevos t�erminos de ruido�I(t) = FI(t)p8�NI��(t) = F�(t)s I2�N�N(t) = FN(t) + FI(t)p2N
elas ecuaciones (1.71), (1.72) y (1.78) quedan de la forma_I = (G� 
)I + 4�N +q8�NI�I(t) (1.79)_� = �2 (G� 
) +s2�NI ��(t) (1.80)_N = C � 
eN �GI �q8�NI�I(t) +q2
eN�N(t); (1.81)donde h�i(t)�j(t0)i = �ij�(t� t0) i; j = I; �;N: (1.82)Y volviendo a la ecuaci�on para el campo tendremos_E = 1 + i�2 (G� 
)E +q2�N�(t) (1.83)con �(t) = �1(t) + i�2(t) complejo y h�(t)��(t0)i = 2�(t � t0). Para tener unadescripci�on completa es necesario conocer las funciones de distribuci�on de lasvariables �i(t). Dado que �1, �2 y �N son variables aleatorias reales debidas



46 CAPITULO 1a la contribuci�on de muchos sucesos estad��sticamente independientes, pode-mos aplicar el teorema central del l��mite, que nos dice que las funciones dedistribuci�on de dichas variables ser�an gaussianas. En esta tesis s�olo consi-deraremos condiciones de operaci�on del l�aser (transitorio de encendido concorrientes de polarizaci�on pr�oximas al umbral) en las que los efectos del ruidode portadores son despreciables, por lo que de aqu�� en adelante no incluiremosdicho t�ermino.1.1.6 Feedback �opticoHasta ahora hemos obtenido las ecuaciones que describen la evoluci�on tempo-ral de un l�aser de semiconductor aislado �opticamente del entorno. Sin embargoen muchas situaciones pr�acticas el l�aser interacciona �opticamente con su en-torno, ya sea de forma involuntaria o intencionada. Cuando una parte de la luzemitida por el l�aser se introduce nuevamente en la cavidad se habla de feedback�optico. En el caso de que la luz provenga de otra fuente hablamos de inyecci�on�optica. En ambos casos el comportamiento del l�aser puede variar notable-mente. El feedback �optico involuntario aparece en muchas de las aplicacionesde los l�aseres, tales como almacenamiento �optico de datos o comunicaciones�opticas, cuando la luz re
ejada sobre un disco compacto o sobre el extremo deuna �bra �optica vuelve a introducirse en el l�aser. Esta re
exiones limitan lacapacidad de modulaci�on del l�aser y aumentan el ruido de intensidad. En estassituaciones la luz que abandona el l�aser regresa al mismo al cabo de un ciertotiempo � llamado tiempo de retraso y que depende de la distancia a la queest�e el objeto que act�ua como espejo. Este par�ametro, junto con la intensidaddel feedback �, que est�a relacionado con la re
ectividad de la cara del l�aserque recibe el feedback y la del espejo externo, son los que caracterizan el feed-back. Para ciertos valores de estos par�ametros aparecen inestabilidades quedan lugar a un gran aumento del ruido, as�� como anchuras de l��nea del ordende varias decenas de GHz. Este estado se conoce como colapso de coherencia[94]. Las razones de que el l�aser de semiconductor sea m�as sensible al feedback�optico que la mayoria de los l�aseres son la mala calidad de la cavidad (conre
ectividades del orden de 30%) as�� como la gran ganancia del medio activo.Sin embargo el feedback �optico tambi�en puede utilizarse para modi�car deforma controlada el comportamiento de un l�aser. De esta forma se puedenconseguir reducciones considerables del ancho de l��nea as�� como aumentar laestabilidad de la frecuencia de emisi�on [95]{[97]. Tambi�en se ha utilizado el



Introducci�on 47feedback �optico para seleccionar un modo de emisi�on longitudinal, para sin-tonizar la frecuencia de emisi�on o para reducir el \chirping" [95] (desplaza-miento de la frecuencia del l�aser durante el encendido). Este tipo de l�aseresa los que se a~nade un espejo externo son conocidos como l�aseres de cavidadexterna.Un tipo especial de feedback �optico es el que se produce cuando el espejoexterno es un espejo de conjugaci�on de fase. Se trata en realidad de un mediono lineal bombeado �opticamente por medio de una fuente coherente en el quedebido a la mezcla de las ondas incidentes (el bombeo y la luz del l�aser) segenera una onda re
ejada que se propaga en la misma direcci�on y sentidoopuesto a la luz del l�aser y cuya amplitud es igual a la del campo el�ectricoincidente conjugada. De hecho el frente de onda que sale re
ejado del espejoes exactamente igual al incidente. Esta propiedad hace que el cambio defase producido en el recorrido desde el l�aser hasta el espejo sea compensadoexactamente en el recorrido inverso. Como consecuencia la fase de la luzincidente en el l�aser es independiente de la posici�on del espejo, a diferencia delo que ocurre en el caso de feedback convencional. Esta dependencia de la fasecon la posici�on del espejo en el caso de feedback convencional es la que haceque el comportamiento del l�aser sea muy sensible a variaciones en la posici�ondel espejo del orden de la longitud de onda de emisi�on [98], mientras que en elcaso de feedback conjugado el l�aser es pr�acticamente insensible a variacionesde la posici�on tan peque~nas [99]. Entre las aplicaciones m�as interesantes delos espejos de conjugaci�on de fase est�a su empleo para corregir la distorsi�oncausada por un medio desordenado. Tambi�en en comunicaciones por �bra�optica se emplea la conjugaci�on de fase para corregir la distorsi�on causada porla dispersi�on de la �bra [100] con la diferencia de que aqu�� el conjugador noactua como un espejo, ya que la onda conjugada es la onda transmitida. Enel caso de los l�aseres, el feedback conjugado se emplea para reducir tanto elruido [101, 102, 103] como el ancho de l��nea [104].En esta secci�on vamos a extender la ecuaci�on de balance para el campoel�ectrico (1.83) al caso de un l�aser con feedback. Para ello utilizaremos unmodelo de onda viajera basado en el esquema de la �gura 1.9, donde los Rison los coe�cientes de re
exi�on para la intensidad del campo de los difer-entes espejos. Consideramos que el campo el�ectrico dentro de la cavidad l�aserse puede descomponer en dos ondas viajeras, una viajando hacia la derechaE+(t) y otra viajando hacia la izquierda E�(t). Si no existiera la cavidadexterna se cumplir��a E�(t) = r2E+(t) con r2 = pR2. Si ahora a~nadimos
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z=L z=L+Lextz=0Figure 1.9: Esquema de un l�aser de cavidad Fabry{Perot con feedback.un espejo externo a una distancia Lext = c�=2, la onda viajera E�(t) tendr�ados contribuciones, una debida al espejo del l�aser y otra debida al espejo ex-terno, E�(t) = r2E+(t) + Eext(t). Si consideramos m�ultiples re
exiones entreel espejo del l�aser y el espejo externo, Eext(t) vendr�a dada porEext(t) = t2t02r3E+(t� �)e�i
� +t2t02r3(�r2r3)E+(t� 2�)e�2i
� +t2t02r3(�r2r3)2E+(t� 3�)e�3i
� + : : :donde 
 es la frecuencia de emisi�on del l�aser y t2 y t02 son los coe�cientes detransmisi�on para la amplitud del campo del espejo del l�aser, de izquierda aderecha y de derecha a izquierda respectivamente. Utilizando que t2t02 = 1�R2una expresi�on general para Eext(t) ser��a:Eext(t) = �1�R2r2 1Xn=1(�r2r3)nE+(t� n�)e�in
� : (1.84)Si la re
ectividad del espejo externo es su�cientemente peque~na, podemossimpli�car (1.84) considerando solo una re
exi�on:Eext(t) = (1� R2)r3E+(t� �)e�i
� : (1.85)Para introducir este t�ermino en la ecuaci�on (1.83) vamos a seguir el esquemadesarrollado por Lang y Kobayashi en la referencia [105]. Si suponemos quelas ondas viajeras E+ y E� han alcanzado el estado estacionario, tendremosE� = r2E+ + (1� R2)r3E+e�i
� : (1.86)



Introducci�on 49Esto nos permite de�nir una re
ectividad efectiva que incluir�a el efecto delfeedback: re� = E�=E+ = r2(1 + ae�i
� ); (1.87)con a = (1� R2)r3=r2. Si ahora sustituimos r2 por re� en la de�nici�on de lasp�erdidas de la cavidad (1.30) tendremos�0m = �m � 1Lln �1 + ae�i
�� : (1.88)El �ultimo t�ermino en el segundo miembro de (1.88) tiene como consecuenciamodi�car las p�erdidas del l�aser, de tal forma que si a� 1, entonces
0 = 
 � avgL e�i
� : (1.89)Ahora introducimos este efecto en la ecuaci�on de balance (1.83), teniendo encuenta que el t�ermino debido al feedback es proporcional al campo en el tiempot� � : _E(t) = 1 + i�2 (G� 
)E(t) + �e�i
�E(t� �) +q2�N�(t); (1.90)donde � = avg=(2L). El �unico efecto del feedback sobre los portadores se pro-duce a trav�es del propio campo el�ectrico, por lo que no es necesario modi�carla ecuaci�on de balance para el n�umero de portadores.1.1.7 Feedback conjugadoEn esta secci�on vamos a obtener la ecuaci�on de balance para el campo el�ectricode un l�aser de semiconductor con feedback conjugado. Para ello primero es-tudiaremos los mecanismos mediante los cuales es posible generar una ondaconjugada. La conjugaci�on de fase puede producirse a trav�es de varios proce-sos, como son el scattering no lineal estimulado, el efecto fotorrefractivo y elproceso conocido como mezcla de cuatro ondas (\four wave mixing", FWM).Ejemplos de materiales que se pueden usar para producir conjugaci�on de faseson BaTiO3, CS2 o un gas at�omico siempre que no estemos pr�oximos a unaresonancia. Aqu�� nos centraremos en la conjugaci�on de fase mediante FWM.El sistema que vamos a estudiar consiste en un medio no lineal, aislante, no
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Figure 1.10: Representaci�on esquem�atica de un proceso de conjugaci�on de fasemediante FWM.magnetico y sin cargas libres que est�a bombeado �opticamente por medio dedos ondas E1 y E2 que se propagan en la misma direcci�on y sentidos opuestos.Sobre este medio incide la onda Es que llamaremos se~nal y que dar�a lugara la onda conjugada Ec (Fig. 1.10). Partimos de las ecuaciones de Maxwell(1.1){(1.4), teniendo en cuenta que ahora J = �f = 0. Vamos a modi�car larelaci�on de constituci�on (1.5) para separar la contribuci�on de la polarizaci�onno lineal: D = �0E +P = �E +PNL: (1.91)Siguiendo el esquema de la secci�on 1.1.2, obtenemos la ecuaci�on de ondar2E � �0�@2E@t2 = �0@2PNL@t2 : (1.92)Para simpli�car los c�alculos suponemos que todos los campos est�an polarizadoslinealmente en la misma direcci�on, por lo que a partir de ahora eliminaremosla notaci�on vectorial. Vamos a considerar campos de la forma



Introducci�on 51Ej(r; t) = 12Ej(r; t)ei(!j t�kj �r) + c:c: j = 1; 2; s; c:Los campos de bombeo tienen que tener la misma frecuencia y su direcci�onde propagaci�on puede ser cualquiera siempre que sea la misma para los doscampos y tengan sentidos opuestos. Adem�as exigiremos que sean uniformesa lo largo del medio no lineal y mucho m�as intensos que el campo se~nal, porlo que podremos considerar que su amplitud es constante tanto en el tiempocomo en el espacio. Vamos a considerar que se propagan a lo largo del eje y:Ej(y; t) = 12Ejei(!pt�kjy) + c:c: j = 1; 2:con k1 = �k2. Escogemos como direcci�on de propagaci�on de los campos se~naly conjugado el eje z:Ej(z; t) = 12Ej(z; t)ei(!j t�kjz) + c:c: j = s; c:En cuanto a la frecuencia podemos distinguir dos situaciones: cuando !s =!p = ! se cumplir�a que !c = ! y ks = �kc = k y estaremos en el caso deFWM degenerado; si !s = !p+ � entonces !c = !p� � y estaremos ante FWMno degenerado. Nosotros nos centraremos en el caso de FWM degenerado.Aplicando la ecuaci�on (1.92) a los campos se~nal y conjugado y usando lacondici�on de envolvente lentamente variable@Es@z = �!k �0�@Es@t � i�0!22k Ps (1.93)@Ec@z = !k �0�@Ec@t + i�0!22k Pc (1.94)donde Ps y Pc son las amplitudes de las componentes de la polarizaci�on nolineal con vector de onda k y �k respectivamente. Para poder resolver estasecuaciones tenemos que encontrar una expresi�on para la polarizaci�on no linealen funci�on de los campos incidentes. En ausencia de resonancias podemosdesarrollar la susceptibilidad dependiente del campo en la forma:�(E) = �(1) + �(2)E + �(3)EE + : : :



52 CAPITULO 1El t�ermino �(1) es el responsable de la polarizaci�on lineal, que hemos incluidoen la de�nici�on de �. El primer t�ermino no lineal, �(2), es el responsable,entre otros fen�omenos, de la generaci�on del segundo arm�onico. Sin embargoen cristales centrosim�etricos como el que vamos a estudiar aqu�� este t�erminoes nulo. Por el contrario los efectos de tercer orden, debidos a �(3), aparecenindependientemente de la simetr��a del cristal. Teniendo esto en cuenta, lapolarizaci�on no lineal vendr�a dada porPi = 4�ijklEjEkEldonde Pi y Ei son las componentes cartesianas de la polarizaci�on no linealPNL y del campo electrico total E t = E1 + E2 + Es + Ec respectivamentey hemos usado el convenio de suma sobre ��ndices repetidos. Como hemosconsiderado todos los campos polarizados linealmente en la misma direcci�on,podemos eliminar los ��ndices que denotan las componentes cartesianas. Elcampo el�ectrico total consta de ocho t�erminos por lo que la polarizaci�on nolineal constar�a de 512. De ellos los que contribuyen a la polarizaci�on con unafrecuencia ! y un vector de onda k son:Ps = �(3) ��jE1j2 + jE2j2 + jEcj2 + 12 jEsj2�Es + E1E2E�c � ; (1.95)donde �(3) = 6�ijkl. Y lo equivalente ocurrir�a para el vector de onda �k:Pc = �(3) ��jE1j2 + jE2j2 + jEsj2 + 12 jEcj2�Ec + E1E2E�s� : (1.96)Como hemos supuesto que el bombeo es mucho m�as intenso que el campose~nal se cumplir�a que jE1j2 + jE2j2 � jEsj2 + jEcj2. Aplicando esta condici�ony sustituyendo (1.95) y (1.96) en (1.93) y (1.94),@Es@z + 1v @Es@t = �i�0!22k �(3) h�jE1j2 + jE2j2�Es + E1E2E�c i (1.97)@Ec@z � 1v @Ec@t = i�0!22k �(3) h�jE1j2 + jE2j2�Ec + E1E2E�s i ; (1.98)donde hemos usado !�0�=k = 1=v y v es la velocidad de propagaci�on delcampo el�ectrico a trav�es del medio. En estas ecuaciones podemos hacer varias



Introducci�on 53simpli�caciones. Aprovechando la condici�on de bombeo uniforme podemosde�nir las constantesC = �0!22k �(3)(jE1j2 + jE2j2)�p = �0!22k �(3)E1E2 = �0!22k �(3)jE1E2jei�12y haciendo el cambio de variableAc = Ece�iCzAs = EseiCztendremos @As@z + 1v @As@t = �i�pA�c (1.99)@Ac@z � 1v @As@t = i�pA�s (1.100)Las nuevas variables Ai est�an relacionadas con las amplitudes de los camposEi a trav�es de un cambio de fase y dado que ese cambio es igual para Ec yE�s , no tendr�a ninguna consecuencia f��sica. Las ecuaciones (1.99) y (1.100) sepueden resolver f�acilmente aplicando la transformada de Laplace,ai(z; s) = 1p2� Z 1�1Ai(z; t)e�stdt i = s; c:Utilizando la condici�on ac(Lm; s) = 0 (no hay campo conjugado incidiendo enel medio desde la derecha, ver �gura 1.10) tendremosac(0; s) = � i�p tan(�Lm)� + sv tan(�Lm)a�s(0; s); (1.101)donde � = qj�pj2 + (s=v)2. Aplicando la antitransformada de Laplace obten-dremos una expresi�on para la refelctividad rPCMei�PCM = Ac(0; t)=A�s(0; t). Enel caso en que los campos hayan alcanzado el estacionario las ecuaciones (1.99)y (1.100) se reducen a



54 CAPITULO 1@As@z = �i�pA�c (1.102)@Ac@z = i�pA�s (1.103)Estas ecuaciones fueron obtenidas por Yariv y Pepper en 1977 [106] e indepen-dientemente por Bloom y Bjorklund [107]. Utilizando otra vez la condici�onAc(Lm) = 0 se pueden resolver f�acilmente:Ac(z) = i�p sin[j�pj(z � lm)]j�pj cos(j�pjLm) A�s(0)As(z) = cos[j�pj(z � lm)]cos(j�pjLm) As(0):Utilizando la de�nici�on anterior de re
ectividad tendremosrPCMei�PCM = Ac(0)A�s(0) = �i �pj�pj tan(j�pjLm): (1.104)El cambio en la fase del campo conjugado respecto del conjugado del campose~nal depende de la fase relativa de los campos de bombeo:�PCM = �12 � �2 : (1.105)Y la re
ectividad para la intensidad vendr�a dada porRPCM = r2PCM = tan2(j�pjLm): (1.106)Como se ve en esta expresi�on, la re
ectividad de un espejo de conjugaci�on defase puede ser mayor que uno. El valor irreal de RPCM =1 que se obtiene paraj�pjLm = �=2 es debido a la suposici�on que hemos hecho de que los camposde bombeo son constantes: esta aproximaci�on es menos v�alida cuanto mayores la re
ectividad. Siguiendo el procedimiento de la secci�on 1.1.6, podemosincluir el efecto del feedback conjugado en la ecuaci�on de balance para el campoel�ectrico [108]:_E(t) = 1 + i�2 (G� 
)E(t) + �ei�PCME�(t� �) +q2�N�(t); (1.107)



Introducci�on 55donde ahora � viene dado por� = 1�R2r2 rPCM vg2L:En este caso no aparece un cambio de fase proporcional a � como ocurre en elcaso del feedback convencional. Esto es debido a que el cambio en la fase delcampo el�ectrico que se produce cuando viaja del l�aser al espejo se compensaexactamente cuando recorre el trayecto inverso. S�� aparece un cambio de faseconstante debido, como hemos visto, a los campos de bombeo. Sin embargoesta traslaci�on de la fase no afecta a la din�amica del l�aser y puede ser elimi-nada cambiando el sistema de referencia de la fase. La ecuaci�on (1.107) ha sidoderivada para campos monocrom�aticos y para el caso degenerado (las frecuen-cias de todos los campos involucrados son iguales). Un estudio del caso casidegenerado puede encontrase en las referencias [109, 110]. La aproximaci�onde campos monocrom�aticos es equivalente a suponer que el espejo respondeinstant�aneamente. Para ver cuando esa aproximaci�on es razonable convieneintroducir la constante tm = nc tan(j�pjLm)j�pj :Cuando j�pjLm � 1 se puede ver que tm ' nLm=c representa el tiempo queel campo el�ectrico tarda en ir de un extremo a otro del conjugador. Cuandoeste tiempo sea claramente menor que la escala temporal que caracteriza ladin�amica del l�aser podremos suponer que la respuesta del espejo es instant�anea.Recientemente se ha obtenido la ecuaci�on de balance para el campo el�ectricoen el caso de un espejo con un tiempo de respuesta tm arbitrario [111, 103]:_E(t) = 1 + i�2 (G� 
)E(t) + �tm Z t�1E�(� � �)e� t��tm d� +q2�N�(t); (1.108)donde ya ha sido eliminado el desplazamiento de fase �PCM y que para tm ! 0se reduce a la ecuaci�on (1.107).



56 CAPITULO 11.2 Solitones en comunicaciones �opticas1.2.1 Perspectiva Hist�oricaLa primera observaci�on de un solit�on fue hecha por J. Scott Russell en 1838.Mientras paseaba a caballo por la orilla de un canal observ�o como la detenci�onbrusca de un bote provocaba una onda solitaria en el agua, que se propagabasin ning�un cambio aparente en la forma ni disminuci�on de su velocidad [112].Desde entonces los solitones han sido observados en diferentes tipos de sis-temas: hidrodin�amicos, plasmas, superconductores (uniones de Josephson),magn�eticos, �opticos, etc. En todos estos casos los medios en los que se propa-gan los solitones cumplen dos requisitos: son medios no lineales y dispersivos.De hecho el solit�on es una onda no lineal con una forma concreta que hace quese compensen los efectos no lineales y los dispersivos. Entre las caracter��sticasm�as destacadas de los solitones est�an su estabilidad frente a las perturbacionesy el hecho de que recuperen su forma despu�es de una colisi�on. Este compor-tamiento similar al de una part��cula hace que reciban el nombre de solitones.Solo unos a~nos depu�es de aquella primera observaci�on de un solit�on yase conoc��a el principio de re
exi�on total interna [113], que es el responsabledel guiado de luz en una �bra �optica. Aunque entre 1920 y 1930 ya se fab-ricaron algunas �bras de vidrio [114]{[116], hasta los a~nos 50 no se produjoel primer gran avance en este campo, con la aparici�on de las �bras con unacapa de recubrimiento [117]{[119]. En estas primeras �bras las p�erdidas eranenormes (� 1000 dB/km). Sin embargo en los a~nos 70 la situaci�on cambi�odr�asticamente: en 1970 las p�erdidas se hab��an reducido a 20 dB/km [120] y en1979 eran de s�olo 0:2 dB/km [121] para una longitud de onda de 1:55 �m, unvalor cercano al l��mite impuesto por el scattering Rayleigh. Este hecho no solosupuso un gran avance en el campo de las comunicaciones �opticas, sino queprovoc�o un aumento en el inter�es por el estudio de los fen�omenos no linealesen la transmisi�on de luz por �bra �optica. Dentro de este marco Hasegawa yTappert proponen en 1973 la posibilidad de propagar solitones �opticos a trav�esde �bra [122]. La ecuaci�on que rige la propagaci�on de solitones en �bra �optica,conocida como ecuaci�on de Schr�odinger no lineal (\NonLinear Schr�odingerEquation", NLSE), pertenece a la clase de ecuaciones diferenciales no linealesintegrables. Estas ecuaciones tienen en com�un que son conservativas y quese pueden derivar de un hamiltoniano. Para resolverlas se emplea el m�etodode scattering inverso [123]. Dos a~nos antes de la sugerencia de Hasegawa y



Introducci�on 57Tappert, en 1971, Zakharov y Shabat hab��an resuelto la ecuaci�on NLSE uti-lizando el m�etodo de scattering inverso [124]. Sin embargo, hasta 1980 nose produjo la primera observaci�on experimental de propagaci�on de solitonesen �bra �optica [125]. A partir de entonces se sucedieron los experimentos detransmisi�on de solitones en �bra �optica, que permitieron comprobar las predic-ciones de la NLSE. Bas�andose en estos �exitos, Hasegawa propuso en 1984 elempleo de solitones para un sistema de comunicaciones �opticas sobre distanciastransoce�anicas sin repetidores [126]. Los sistemas de comunicaciones �opticasde aquella �epoca necesitaban detectar, regenerar electr�onicamente y retransmi-tir la se~nal en cada repetidor, para compensar la dispersi�on y las p�erdidas. Porotra parte los repetidores eran los elementos m�as caros y los que m�as limitabanla velocidad de transmisi�on de los sitemas de comunicaciones �opticas, por loque su supresi�on supon��a un gran avance. En la proposici�on de Hasegawa ladispersi�on no afectar��a a la se~nal debido a las especiales caracter��sticas de lossolitones mientras las p�erdidas se compensar��an mediante la ampli�caci�on Ra-man de la propia �bra. Sin embargo este sistema, como demostraron Gordony Haus [127] estaba limitado en cuanto a la m�axima distancia de transmisi�on,debido a un efecto del ruido en la ampli�caci�on. Cuando se ampli�ca la se~naltambi�en se introduce ruido, que cambia de forma aleatoria la frecuencia delos solitones. Debido a la dispersi�on de la �bra, solitones con distintas fre-cuencias viajan a distintas velocidades, haciendo que el tiempo de llegadade cada solit�on al detector sea aleatorio. Este fen�omeno es conocido comoefecto Gordon{Haus. Para los par�ametros propuestos por Hasegawa la distan-cia m�axima de propagaci�on para conseguir una tasa de error menor de 10�9era de 2800 km. A pesar de �esto en un experimento realizado en 1988 porMollenauer y Smith [128] consiguieron extender esta distancia hasta m�as de4000 km empleando una �bra con una dispersi�on m�as baja que la propuestapor Hasegawa. En este experimento se utiliz�o por primera vez el m�etodo dehacer circular los solitones en un anillo de �bra de unos pocos cientos de kms,consiguiendo de esta forma distancias de propagaci�on arbitrariamente grandes.Un a~no antes de este experimento se hab��an desarrollado los primerosampli�cadores de �bra dopada con erbio (\Erbium Doped Fibre Ampli�er",EDFA) [129]. En poco tiempo estos ampli�cadores sustituyeron a la ampli�-caci�on Raman empleada hasta entonces. A diferencia de esta �ultima, la am-pli�caci�on mediante EDFAs es una ampli�caci�on localizada, es decir, solo seproduce en ciertos puntos del sistema de transmisi�on. Aunque en un principiose crey�o que �esto impedir��a la formaci�on de solitones, luego se vi�o que bajo



58 CAPITULO 1ciertas condiciones [130] las p�erdidas y la ampli�caci�on peri�odica producen unsolit�on efectivo con un comportamiento similar al de un solit�on en una �bra sinp�erdidas. Una de las condiciones que hay que imponer es que la distancia entreampli�cadores sea considerablemente menor que una cantidad caracter��sticadel solit�on, la longitud de dispersi�on. Esta longitud representa la distanciaque tiene que recorrer el solit�on para que los efectos dispersivos empiecen aser importantes y es proporcional a la anchura del solit�on al cuadrado.A partir de aqu�� las mejoras en la capacidad de transmisi�on de estos sis-temas se sucedieron continuamente. De los 4000 km a 0:1 Gb/s del experi-mento de Mollenauer y Smith en el a~no 1988 se pas�o a los 14000 km a 2:5Gb/s en 1991 [131]. Gracias al desarrollo de �bras de dispersi�on nula los sis-temas de transmisi�on lineal todav��a estaban por delante (9000 km a 5 Gb/s) delos sistemas de transmisi�on por solitones, que estaban limitados por el efectoGordon{Haus. Ese mismo a~no, el grupo de Nakazawa demostraba la trans-misi�on a 10 Gb/s durante 106 kms mediante el uso de moduladores de amplitud[132]. Una forma alternativa y m�as simple de corregir el efecto Gordon{Haus,basada en el empleo de �ltros, fue propuesta ese mismo a~no por dos gruposindependientemente [133, 134]. El empleo de �ltros requiere una ampli�caci�onextra que hace que el ruido crezca, por lo que el valor m��nimo del ancho debanda de los �ltros est�a limitado. Para corregir �esto, Mollenauer propuso elempleo de �ltros con una frecuencia central que var��e linealmente con la lon-gitud de propagaci�on [136, 137]. Otro m�etodo que en la actualidad se est�ainvestigando para reducir el efecto Gordon{Haus es el uso de �ltros de fre-cuencia central �ja junto con ampli�cadores no lineales [138].En la actualidad en los sistemas de transmisi�on de solitones se puedenconseguir velocidades mayores de 100 Gb/s durante centenares de kms o ve-locidades de 20 Gb/s para distancias transoce�anicas. La mayor limitaci�onsobre la velocidad de estos sistemas viene inpuesta por la distancia entre am-pli�cadores, ya que �esta tiene que ser considerablemente menor que la longitudde dspersi�on. Para conseguir velocidades de transmisi�on altas se necesitan pul-sos muy estrechos, lo que hace que la longitud de dispersi�on sea muy peque~na(decenas de km) y por tanto la distancia entre ampli�cadores se reduce mucho.En contrapartida, presentan una gran capacidad de multiplexaci�on. Esto haceque no sea descabellado pensar en velocidades de transmisi�on del orden de 100Gb/s a distancias transoce�anicas en unos pocos a~nos [139]. Una revisi�on delos avances realizados hasta 1995 puede encontrarse en la referencia [140].



Introducci�on 59
nn n n0 12

z

x

y

nucleo

recubrimiento

Figure 1.11: Esquema de una �bra �optica. El ��ndice n1 corresponde al n�ucleo,n2 al recubrimiento y n0 al aire.1.2.2 Caracter��sticas de las �bras �opticasUna �bra �optica consiste b�asicamente en un n�ucleo central de SiO2 rodeado deuna capa conc�entrica de recubrimiento, cuyo��ndice de refracci�on es ligeramentemayor que el del n�ucleo (ver �gura 1.11). Para aumentar el ��ndice de refracci�ondel n�ucleo se usan dopantes como GeO2 y P2O5. Para disminuir el ��ndice derefracci�on del recubrimiento se utiliza b�asicamente 
uor. La variaci�on de��ndiceentre el n�ucleo y el recubrimiento puede ser brusca (\step{index") o gradual(\graded{index"). Dos par�ametros que caracterizan la �bra son la diferenciade ��ndice relativa �, de�nida por� = n1 � n2n1y la frecuencia normalizada V de�nida porV = 2�� aqn21 � n22;donde � es la longitud de onda de la luz que se propaga por la �bra, a es el radiodel n�ucleo y n1 y n2 son los��ndices de refracci�on del n�ucleo y del recubrimiento,respectivamente. El par�ametro V determina el n�umero de modos que se propa-gan en la �bra: la �bra ser�a monomodo si V < 2:405 [141]. En general las �bras



60 CAPITULO 1monomodo se diferencian de las �bras multimodo en el tama~no del n�ucleo. Unvalor t��pico para �bras multimodo es a = 25�30 �m. Sin embargo para �brasmonomodo con una diferencia de ��ndice de � � 3 � 10�3 el radio debe estaren el rango a � 2�4 �m. El valor del radio del recubrimiento es menos cr��ticosiempre que sea su�ciente para contener por completo el modo. Un valor t��picoes � 50 � 60 �m. En realidad una �bra monomodo puede propagar dos es-tados de polarizaci�on ortogonales. En condiciones ideales (simetr��a cil��ndricaperfecta y material is�otropo) los dos modos se propagar�an de forma independi-ente. Pero en la pr�actica las desviaciones de este comportamiento ideal hacenque se rompa la degeneraci�on de los dos estados de polarizaci�on, haciendo queel campo el�ectrico salte aleatoriamente de un estado de polarizaci�on a otro.Sin embargo, aumentando arti�cialmente esta birrefringencia por medio de undise~no adecuado de la �bra, se puede conseguir la propagaci�on de uno solo delos estados de polarizaci�on [142] (�bras PM, \Polarization Maintaining").Una caracter��stica de la �bra que es importante conocer es el valor delas p�erdidas. Si la potencia introducida en la �bra es P0, la potencia a unadistancia z ser�a: P (z) = P0e��lz;donde �l es la constante de atenuaci�on, tambi�en conocida simplemente comop�erdidas de la �bra. Generalmente este par�ametro se suele expresar en dB/km�dB = �10z log P (z)P0 ! = 4:343�l:Como puede verse en la �gura 1.12, las p�erdidas en una �bra dependen dela longitud de onda. Este espectro de p�erdidas es debido b�asicamente a dosfactores: absorci�on y scattering Rayleigh. El s��lice presenta absorci�on tantoen la regi�on ultravioleta como en el infrarrojo lejano (� > 2 �m). Sin em-bargo concentraciones relativamente peque~nas de impurezas pueden dar lugara valores importantes de absorci�on en la ventana 0:5 � 2 �m. Dentro de lasimpurezas la m�as perjudicial es el i�on OH�, que es el responsable del pico quese ve en la �gura 1.12 alrededor de 1:37 �m. En la actualidad las mejoras enlos procesos de fabricaci�on de las �bras permiten conseguir niveles de OH�menores de una parte en 100 millones. A diferencia de la absorci�on por im-purezas, el scattering Rayleigh es un fen�omeno intr��nseco de la �bra, debidoa 
uctuaciones locales del ��ndice de refracci�on que dispersan la luz en todas
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Figure 1.12: P�erdidas de una �bra monomodo en funci�on de la longitud deonda.las direcciones. La dependencia de las p�erdidas por scattering Rayleigh con lalongitud de onda es de la forma ��4, por lo que es el factor dominante a longi-tudes de onda cortas. El valor m��nimo de las p�erdidas en las �bras monomodoactuales es � 0:2 dB/km para � = 1:55 �m y es debido mayoritariamente alscattering Rayleigh.Otra caracter��stica importante de la �bra es la dispersi�on de la velocidadde grupo (\Group Velocity Dispersion", GVD), que se mani�esta en una de-pendencia del ��ndice de refracci�on con la frecuencia. Debido a �esto las distintascomponentes en frecuencia de un pulso viajan a distintas velocidades, dandolugar a un ensanchamiento del pulso. Para ver el efecto de la GVD vamos asuponer un campo el�ectrico propag�andose en la diracci�on del eje z de la formaE(z; t) = E(z; t) exp[�i(!0t�k0z)], donde E(z; t) es una envolvente lentamentevariable. Hacemos un desarrollo en serie del vector de onda dependiente de lafrecuencia k(!) = !n(!)=c alrededor de una frecuencia central !0:k � k0 = k0(! � !0) + 12k00(! � !0)2 + : : :Aplicando esta expresi�on a la transformada de Fourier de E(z; t)



62 CAPITULO 1Ê(�k;�!) = Z 1�1 Z 1�1E(z; t)ei(�!t��kz)dz dtdonde �k = k�k0 y �! = !�!0 y antitransformado obtenemos la expresi�on�i@E@z = ik0@E@t � k002 @2E@t2 + : : :Si cambiamos a un sistema de referencia que se mueva a la velocidad vg = 1=k0por medio del cambio de variablesZ = zT = t� k0zobtendremos la ecuaci�on i@E@Z = k002 @2E@T 2 ; (1.109)donde hemos despreciado derivadas de orden mayor que 2. El par�ametrok0 = 1=vg es el inverso de la velocidad de grupo y est�a relacionado con el��ndice de refracci�on a trav�es de la expresi�onk0 = 1c "n + ! dnd!#!=!0 :El par�ametro k00 es el responsable del ensanchamiento de los pulsos y su relaci�oncon el ��ndice de refracci�on viene dada pork00 = 1c "2dnd! + ! d2nd!2#!=!0 ' !0c "d2nd!2#!=!0 ' �32�c2 d2nd�2 :Este par�ametro tambi�en se suele representar por �2 y ser�a �esta la notaci�onque usaremos a partir de aqu��. Como se puede ver est�a relacionado con lavelocidad de grupo a trav�es de la expresi�on�2 = "dk0d! #!=!0 = � 1v2g "dvgd! #!=!0 ;



Introducci�on 63por lo que es conocido como par�ametro de dispersi�on de la velocidad de grupo.Un par�ametro equivalente es el conocido como par�ametro de dispersi�on y vienedado por D = dk0d� = �2�c�2 �2:A la GVD en una �bra contribuyen tanto el material como la propia gu��a deonda. La GVD debida al material es tal que �2 = 0 para una longitud de onda�D = 1:27 �m, siendo positivo para � < �D (dispersi�on normal) y negativopara � > �D (dispersi�on an�omala). En la regi�on de dispersi�on normal lascomponentes de frecuencias bajas viajan m�as r�apido que las componentes defrecuencias altas y lo contrario ocurre en la regi�on de dispersi�on an�omala. Esen esta regi�on de dispersi�on an�omala donde la �bra soporta la propagaci�onde solitones. La dispersi�on de la gu��a de onda hace que el punto donde laGVD es nula se desplace ligeramente, siendo este valor �D ' 1:31 para una�bra est�andar monomodo. Sin embargo este desplazamiento depende de lospar�ametros de la �bra, pudi�endose conseguir �bras de dispersi�on nula en �D =1:55 �m [143] donde las p�erdidas en la �bra son m��nimas. Tambi�en medianteel uso de varias capas de recubrimiento se han conseguido �bras con una GVDmuy peque~na en el rango 1:3� 1:6 �m [144]. Cuando estemos en la regi�on deGVD peque~na y para pulsos estrechos habr�a que tener en cuenta el efecto de ladispersi�on de tercer orden �3 = d3k=d!3. Cuando j�3j sea del orden de j�2jT0,donde T0 es la anchura del pulso, esos efectos ser�an importantes. Para valorest��picos de �2 y �3 la dispersi�on de tercer orden ser�a importante para pulsos conanchuras T0 < 1 ps. Una cantidad que nos da idea de la importancia de losefectos dispersivos es la longitud de dispersi�on LD = T 20 =j�2j. Si introducimosun pulso gaussiano de anchura T0 en la �bra, al cabo de una distancia z laanchura del pulso �(z) ser�a�(z) = T0q1 + (z=LD)2:La densidad espectral del pulso no se modi�ca debido a la dispersi�on, perosi se produce una variaci�on de la frecuencia a lo largo del pulso (\chirping").En el caso de dispersi�on an�omala las frecuencias altas viajan m�as r�apido y secolocan en la parte anterior del pulso, mientras las frecuencias bajas se colocanen la parte posterior. Esto da lugar a una disminuci�on de la frecuencia conel tiempo (chirping negativo), ya que la parte frontal del pulso corresponde atiempos m�as bajos que la parte posterior.



64 CAPITULO 1Como en cualquier otro diel�ectrico, la respuesta de la �bra a la presenciade campos el�ectricos intensos no es lineal. Estos efectos no lineales de las �-bras �opticas se pueden dividir en el�asticos e inel�asticos, dependiendo de si seconserva la energ��a de los fotones o no. Entre los procesos inel�asticos destacanel scattering Brillouin estimulado (\stimulated Brillouin scattering", SBS) y elscattering Raman estimulado (\stimulated Raman scattering", SRS). En am-bos procesos un fot�on del campo el�ectrico interacciona con un fon�on del medio,variando su energ��a. La diferencia entre los dos procesos es que en el caso deSBS el fon�on es ac�ustico, mientras en el SRS intervienen fonones �opticos. Lasdiferentes relaciones de dispersi�on de los dos tipos de fonones llevan a diferen-cias entre los dos procesos de scattering. La diferencia m�as importante es queel SBS solo se produce en el sentido contrario al de propagaci�on, mientras elSRS domina en el sentido de propagaci�on. Ambos procesos presentan un valorumbral de la energ��a, de tal manera que por debajo de ese valor sus efectos sondespreciables. Un valor t��pico del umbral para SRS es � 1 W, mientras parael SBS puede llegar a ser de solo 1 mW. Sin embargo el espectro de gananciadel SBS es tan estrecho (< 100 MHz) que sus efectos son despreciables parapulsos estrechos. Entre los procesos no lineales el�asticos se encuentran la gen-eraci�on del tercer arm�onico, la mezcla de cuatro ondas y el efecto Kerr. Losdos primeros requieren que se cumpla la condici�on de concordancia de fase(\phase{matching") por lo que solo son importantes en �bras de dispersi�onnula [145]. El efecto Kerr es debido a la respuesta no lineal de la polarizaci�ondel material y en concreto a la susceptibilidad de tercer orden �(3), ya quela de segundo orden �(2) es nula al presentar el SiO2 simetr��a de inversi�on.Como consecuencia de ello el ��ndice de refracci�on se hace dependiente de laintensidad n(I) = n+ n2jEj2donde n es el ��ndice de refracci�on lineal, I = jEj2 es la intensidad del campoel�ectrico dentro de la �bra y n2 es el coe�ciente de ��ndice no lineal. A pesar deque este coe�ciente es muy peque~no (un valor t��pico es 3:2 � 10�16 cm2/W),el hecho de que la luz est�e con�nada en una secci�on transversal muy peque~nahace que sus efectos sean importantes. Cuando se propaga un pulso en la�bra, el ��ndice de refracci�on es modulado por la envolvente del pulso, dandolugar a su vez a una modulaci�on de la fase. Este fen�omeno se conoce comoautomodulaci�on de fase (\Self-Phase Modulation", SPM). Un efecto similar



Introducci�on 65es la modulaci�on de fase cruzada (\Cross-Phase Modulation", XPM), que seproduce cuando se propagan simult�aneamente m�as de un campo a distintaslongitudes de onda. El cambio de fase debido al ��ndice de refracci�on no linealal cabo de una distancia z es de la forma ��NL = �NLP (0; t)z donde P (0; t) esla potencia del pulso inicial y �NL es el par�ametro no lineal. Este par�ametroest�a relacionado con n2 a trav�es de la expresi�on�NL = 2�n2�Ae� ; (1.110)donde Ae� es la secci�on transversal efectiva. La distancia de propagaci�onnecesaria para producir un desplazamiento de fase signi�cativo viene dada porla longitud no lineal LNL = (�NLP0)�1, donde P0 es la potencia m�axima delpulso. Dado que la SPM solo modi�ca la fase, la forma del pulso no variar�a,pero su espectro se ensanchar�a. El cambio en la fase produce un cambio en lafrecuencia instant�anea de la forma�!NL = ��NLzdP (0; t)dt ; (1.111)lo que da lugar a un chirping positivo. Este efecto es justo el contrario delproducido por la dispersi�on an�omala, que da lugar a un chirping negativo.Cuando las longitudes LD y LNL son comparables y estamos en la zona dedispersi�on an�omala los efectos dispersivos y los no lineales tienen magnitudesparecidas y actuan en sentidos opuestos. Los solitones son unos pulsos con unaforma determinada que hace que para LD = LNL esos efectos se compensenexactamente.1.2.3 Ecuaci�on de propagaci�on en la �bra. Solitones�opticosLa propagaci�on de pulsos de anchura > 1 ps en una �bra que mantenga lapolarizaci�on se describe, en un sistema de referencia que se mueve a la velocidadde grupo, por medio de la ecuaci�on [146]i@E@z = 12�2@2E@t2 � �NLjEj2E � i�l2 E; (1.112)donde E es la envolvente lentamente variable del campo el�ectrico



66 CAPITULO 1E(r; t) = F (x; y)E(z; t)e�i(!0t�k0z)y F (x; y) es la distribuci�on modal, que para el modo fundamental se puedeaproximar por una gaussiana [141]:F (x; y) = e�x2+y2w2 :Aqu�� hemos supuesto la propagaci�on seg�un el eje z y la polarizaci�on del campoel�ectrico seg�un el eje x (ver �gura 1.11). La �unica dependecia de la ecuacion(1.112) con la distribuci�on modal es a trav�es de la secci�on transversal efectivaAe� =  +1R�1R jF (x; y)j2dx dy!2+1R�1R jF (x; y)j4dx dy ;incluida en la de�nici�on de �NL dada en (1.110). En ausencia de p�erdidas,la ecuaci�on (1.112) es equivalente a una ecuaci�on de Schr�oedinger con lascoordenadas temporal y espacial intercambiadas y con un potencial no linealproporcional a jEj2. Por esta raz�on es conocida como ecuaci�on de Schr�oedingerno lineal (NLSE). Suponiendo que vamos a propagar pulsos de anchura T0, esconveniente renormalizar las variables z y t mediante las constantes Z0 y T0:Z = zZ0T = tT0Sustituyendo en (1.112)i 1Z0 @E@Z = 12 �2T 20 @2E@T 2 � �NLjEj2E � i�l2 E:Esta ecuaci�on se puede simpli�car si escogemos como constante de renormal-izaci�on Z0 la longitud de dispersi�on LD = T 20 =j�2j y renormalizamos el campomediante la transformaci�on q = E=pP0 con P0 = 1=(�NLLD):



Introducci�on 67i @q@Z + 12 @2q@T 2 + jqj2q = �i�q; (1.113)donde � = �lLD=2 y hemos supuesto que estamos en la zona de dispersi�onan�omala (�2 < 0). La soluci�on de onda solitaria (que mantiene la formadurante la propagaci�on) m�as general de la ecuaci�on (1.113) sin p�erdidas (� = 0)es de la forma [146]q(T; Z) = �sech[�(T + �Z)]e�i��T� �2��22 Z��0�; (1.114)donde � representa tanto la amplitud como el inverso de la anchura del pulso,� representa tanto su velocidad (respecto a la velocidad de grupo) como undesplazamiento de la frecuencia respecto de !0 y �0 es una constante de fase.Esta soluci�on corresponde a un solit�on de orden 1 y se puede ver que paracualquier valor de � se cumple LDLNL = 1:Si el pulso que introducimos en la �bra es de la formaq(T; 0) = N�sech(�T );donde N es un entero, tendremos un solit�on de orden N y se cumplir�a larelaci�on LDLNL = N2:A diferencia de los solitones de orden 1, los solitones de orden N > 1 nomantienen su forma durante la propagaci�on en la �bra sino que la var��anperi�odicamente, con un periodo z0 = LD�=2. Una caracter��stica de los soli-tones que se obtiene de las relaciones anteriores es que el producto P0T 20 esproporcional a la dispersi�on de la �bra. Una consecuencia importante es quese pueden conseguir solitones de orden uno con potencias del orden de mW,siempre que la dispersi�on sea � 1 ps/(nm�km). En las variables originales unsolit�on de orden 1 que se mueva a la velocidad de grupo vendr�a dado porE(z; t) = vuut j�2j�NLT 20 sech(t=T0) exp i j�2jz2T 20 + i�0! :



68 CAPITULO 1En la regi�on de dispersi�on normal tambi�en existe una soluci�on de tipo solit�onformada por un \fondo" de amplitud constante con una depresi�on en formade secante hiperb�olica. Estos solitones son conocidos como solitones oscurosen contraposici�on con los solitones brillantes que se producen en la regi�on dedispersi�on an�omala.La NLSE describe correctamente la propagaci�on de pulsos en una �bra�optica siempre que se cumplan ciertas condiciones. Una de ellas es que la�bra mantenga la polarizaci�on, por lo que en principio solo se pueden formarsolitones en �bras PM, que son m�as caras y presentan unas p�erdidas mayoresque las �bras convencionales. En una �bra convencional la descripci�on dela propagaci�on de pulsos se hace a trav�es de dos ecuaciones del tipo (1.113)acopladas, una para cada uno de los dos estados ortogonales de polarizaci�on.Sin embargo, dado que la birrefringencia de la �bra var��a aleatoriamente a lolargo de �esta en una escala peque~na comparada con la longitud de dispersi�on,su efecto se puede promediar [147], dando lugar a dos ecuaciones conocidascomo ecuaciones de Manakov [148] que son integrables y admiten solucionesdel tipo solit�on. Bas�andose en �esto se han dise~nado sistemas que utilizanmultiplexaci�on de polarizaci�on para aumentar la capacidad de transmisi�on[149]. Otra condici�on que se debe de cumplir para que la ecuaci�on (1.113) seav�alida es que los pulsos no sean muy estrechos (< 1 ps). En caso contrariohabr��a que incluir efectos dispersivos de orden superior as�� como tener encuenta el tiempo de respuesta de los efectos no lineales en la �bra (efectoRaman intrapulso).1.2.4 Generaci�on y transmisi�on de solitones. EfectoGordon{Haus e interacci�on de solitonesUna caracter��stica muy importante de los solitones es que son muy establesfrente a las perturbaciones. Esto hace que se puedan formar solitones a partirde pulsos con formas muy distintas. Aunque en un solit�on la frecuencia esconstante a lo largo del pulso, tambi�en se pueden formar solitones a partir depulsos con chirping [141]. En todos los casos en los que el pulso inicial noes exactamente un solit�on una parte de la energ��a es dispersada en forma deondas lineales. Esto tambi�en ocurre cuando el pulso inicial tiene la forma deun solit�on perfecto pero su energ��a no es la adecuada. En concreto se formar�aun solit�on de orden uno siempre que se cumpla 1=2 < (LD=LNL)1=2 < 3=2,



Introducci�on 69pero si el cociente LD=LNL no es exactamente 1 el pulso radiar�a energ��a, hastaformarse un solit�on de energ��a menor que el pulso inicial. Esta propiedadse ha usado para generar secuencias de solitones a alta velocidad mediante lasuperposici�on de dos ondas continuas con una diferencia de frecuencia �!0. Elpatr�on de interferencia que se produce da lugar a pulsos, que con una adecuadarelaci�on entre la potencia m�axima y la anchura, dar�an lugar a solitones. Esteesquema junto con un modulador de amplitud se ha utilizado como fuente desolitones para comunicaciones [150]. Tambi�en se ha demostrado recientementeque es posible convertir una se~nal modulada siguiendo el esquema de no retornoa cero (\Non Return to Zero", NRZ) en una se~nal compuesta de solitones [151].Varios tipos de l�aseres han sido usados en la generaci�on de solitones para sis-temas de comunicaiones �opticas. El grupo de los laboratorios Bell encabezadopor L. F. Molleauer ha usado l�aseres de modos acoplados (\mode{locked")que producen solitones casi perfectos. El mayor incoveniente de estos l�asereses que la velocidad de modulaci�on no es variable. El grupo de la NTT en-cabezado por M. Nakazawa ha usado diodos l�aser encendidos por ganancia ymodulados directamente a trav�es de la corriente de inyecci�on. En este tipo del�aseres la velocidad de modulaci�on s�� es variable, sin embargo presentan otrotipo de incovenientes, como son el chirping y las 
uctuaciones de frecuenciaentre pulsos. El chirping de los pulsos (variaci�on de la frecuencia a lo largodel pulso) debido al cambio en el ��ndice de refracci�on producido por los por-tadores da lugar a pulsos con un espectro muy ancho. Para que estos pulsosden lugar a solitones es necesario �ltrarlos. Un problema m�as importante esel debido a las 
uctuaciones en frecuencia de un pulso a otro causadas por laemisi�on espont�anea [152, 153]. Estas 
uctuaciones en frecuencia se traducenen 
uctuaciones en velocidad durante la propagaci�on en la �bra, haciendo queel tiempo de llegada de los pulsos al receptor sea aleatorio. Sin embargo, se hademostrado recientemente [154] que esas 
uctuaciones se pueden reducir uti-lizando una corriente de polarizaci�on ligeramente por debajo del umbral. Deesta forma los efectos de patr�on (dependencia de las propiedades de un pulsode la secuencia de bits anterior) desaparecen y es posible generar secuenciasaleatorias de solitones modulando directamente el l�aser.Otra de las propiedades m�as importantes de los solitones es su capacidadde mantener la forma despu�es de una colisi�on. Las colisiones de solitonespueden producirse cuando se emplea multiplexaci�on en longitud de onda, yaque los solitones de canales diferentes viajan a velocidades diferentes debido ala GVD, pero tambi�en se pueden producir entre solitones con la misma frecuen-



70 CAPITULO 1

Figure 1.13: Interacci�on de dos solitones (l��nea cont��nua) en fase (l��nea dis-cont��nua) y en contrafase (l��nea de puntos).cia central debido a la interacci�on. La interacci�on entre solitones es atractivacuando los pulsos est�an en fase y repulsiva cuando est�an en contrafase. Puededarse una interpretaci�on cualitativa de la interacci�on entre solitones basadaen el solapamiento de las colas de dos pulsos que est�en su�cientemente cerca[155]. Como se puede ver en la �gura 1.13, cuando los dos pulsos est�an enfase (l��nea discont��nua), la pendiente de la intensidad en la zona central de-crece. Como consecuencia la variaci�on de la frecuencia debida a los efectosno lineales es menor (ver ecuaci�on (1.111)) y no puede compensar los efectosdispersivos. Esto hace que las colas en la zona central se ensanchen, provo-cando que los pulsos se acerquen. El efecto contrario ocurre cuando los pulsosest�an en contrafase (l��nea de puntos en la �gura 1.13), y los pulsos se sepa-ran. Para reducir los efectos de la interacci�on basta con mantener los solitonesseparados una distancia > 5�FWHM, donde �FWHM representa la anchura amedia altura, aunque �esto limita la velocidad transmisi�on. Sin embargo, lossitemas de control empleados para reducir el efecto Gordon{Haus tambi�en sone�caces para reducir la interacci�on. Otros m�etodos empleados para este �nson alternar solitones con dos estados ortogonales de polarizaci�on o alternarsolitones de amplitudes diferentes. En el caso de multiplexado en longitud



Introducci�on 71de onda, la colisi�on de dos solitones en una situaci�on ideal de una �bra sinp�eridas no tiene mas consecuencias que un peque~no desplazamiento temporalde los dos pulsos. Sin embargo en un sistema real, con p�erdidas y ampli�-cadores, la situaci�on puede ser muy diferente. Si la colisi�on ocurre dentro deun ampli�cador, donde la potencia de entrada es muy diferente a la potenciade salida, la simetr��a de la colisi�on se rompe, y la velocidad de los solitonesse modi�ca. Este efecto es despreciable si los solitones solapan durante unadistancia Lc = 2T0=(D��) considerablemente mayor que la separaci�on entreampli�cadores La. De nuevo esta condici�on limita la velocidad de modulaci�onpor canal (inversamente proporcional a T0).Pero el efecto m�as importante debido a los ampli�cadores es el efectoGordon{Haus. El ruido de emisi�on espont�anea que los ampli�cadores a~nadena los solitones produce 
uctuaciones de amplitud y de fase. Las 
uctuacionesde amplitud se traducen en 
uctuaciones de anchura, ya que los solitones sereadaptan para mantener constante el producto P0T 20 siempre que las 
uc-tuaciones no sean muy grandes. Estas 
uctuaciones no in
uyen de formasigni�cativa en el funcionamiento del sistema de transmisi�on. En cambio las
uctuaciones de fase si son importantes, ya que cambian de forma aleatoria lafrecuencia de los solitones. Debido a la GVD, estas variaciones de la frecuen-cia se traducen en un tiempo de llegada al receptor aleatorio. Este fen�omeno,conocido como efecto Gordon{Haus puede ser muy importante para distanciastransoce�anicas. La varianza de los tiempos de llegada al receptor viene dadapor h�t2i = 2�D3T0 S z3Ladonde S es la intensidad del ruido. Desde el descubrimiento del efecto Gordon{Haus se han utilizado numerosas t�ecnicas para compensarlo. El primer sistemaque se ide�o para superar el l��mite impuesto por el efecto Gordon{Haus sebasaba en la utilizaci�on de moduladores de amplitud [132]. De esta forma seconsigui�o transmitir a 10 Gb/s durante 106 kms. Este experimento se realiz�oen un anillo de �bra, lo que simpli�caba la sincronizaci�on de los moduladorescon la se~nal, pero en una l��nea transoce�anica este sistema es mucho m�as compli-cado de implementar. Por otra parte, si se utiliza el multiplexado en longitudde onda, el proceso se complica a�un m�as. Los moduladores compensan elefecto Gordon{Haus corrigiendo la posici�on de los pulsos y haciendo que vuel-van al centro de la ventana temporal. Una forma alternativa y m�as simple de



72 CAPITULO 1corregir el efecto Gordon{Haus, basada en el empleo de �ltros, fue propuestaese mismo a~no por dos grupos independientemente [133, 134]. La idea era lamisma que en el m�etodo de Nakazawa, pero en el dominio de frecuencias: los�ltros tienden a hacer que los pulsos permanezcan en el centro de la ventanade frecuencias, con lo que reduce la diferencia de frecuencia de un pulso a otro.Las mayores ventajas de este m�etodo frente al de Nakazawa son que los �ltrosson dispositivos pasivos y que el sistema puede soportar el multiplexado enlongitud de onda. Sin embargo, el exceso de ganancia necesario para compen-sar las p�erdidas producidas por los �ltros hace que la fracci�on del ruido confrecuencias pr�oximas a la frecuencia central de los �ltros vaya creciendo expo-nencialmente con la distancia, ya que experimenta unas p�erdidas menores quelos solitones. Este crecimiento limita el valor m��nimo del ancho de banda de los�ltros, ya que a �ltros m�as estrechos corresponde una ganancia extra mayory por tanto un mayor crecimiento del ruido. En un experimento sobre dis-tancias transoce�anicas se comprob�o que la reducci�on m�axima de la desviaci�ont��pica de los tiempos de llegada que se pod��a conseguir con este m�etodo eraaproximadamente de un factor 2 [135]. Para corregir �esto, Mollenauer pro-puso el empleo de �ltros con una frecuencia central que var��e linealmente conla longitud de propagaci�on (\Sliding Filters", SF) [136, 137]. De esta formael ruido es �ltrado por igual a todas las frecuencias, mientras la frecuenciacentral de los solitones, debido a las propiedades no lineales de los mismos,es capaz de seguir a la frecuencia central de los �ltros. Otro m�etodo que enla actualidad se est�a investigando para reducir el efecto Gordon{Haus es eluso de �ltros de frecuencia central �ja junto con ampli�cadores no lineales(\Nonlinear Gain", NLG) [138]. La idea en este m�etodo es reducir el incre-mento exponencial del ruido ampli�cando con una ganancia proporcional a laintensidad, de forma que los solitones (m�as intensos) se ampli�quen m�as queel ruido (menos intenso). Para ello se ha propuesto el uso de ampli�caci�onlineal m�as un absorbente saturable, como en el caso de espejos de bucle nolineal (\Nonlinear Loop Mirror", NLM) [156, 157] o de rotaci�on no lineal dela polarizaci�on junto con p�erdidas dependientes de la polarizaci�on [158].



Chapter 2Gain Saturation And PulseStatistics In Single{ModeSemiconductor Lasers
2.1 IntroductionShort optical pulses can be generated in semiconductor lasers by directly driv-ing the laser diode (LD) biased below threshold with electrical pulses (gainswitching) [159]. The attractiveness of this technique is its simplicity. Theidea is to excite the �rst spike of relaxation oscillation without exciting thesubsequent ones. Experimental gain-switched pulse width obtained lies gen-erally in the range of 15 to 40 ps. Ultrashort laser pulses can be generated bymode-locking techniques [160]. The shortest pulses that can be generated bygain switching are related to the strength of relaxation oscillation. Thereforegain saturation is a serious limiting factor for the generation of short opticalpulses [159, 161]. This e�ect is more important in quaternary lasers. The e�ectof gain saturation in short pulse generation by gain switching of semiconduc-tor lasers has been analyzed in a deterministic framework [162]. However, thetiming jitter in the emission of the optical pulse [83] is an important limit-ing factor of the performance of optical communication systems [163]. Therandomness of the turn-on time T of the pulse is originated by intrinsic spon-taneous emission noise �. Nonlinear dynamics amplify the indeterminacy ofT so that pulses of di�erent height and width occur. The statistics of T and73



74 CHAPTER 2maximum light intensity Imax have been analyzed as a function of the biascurrent Cb and the operating point of the laser [83, 93]. The dependence oftiming jitter and pulse statistics on the modulation frequency has been alsoconsidered [164]. It has been found analytically and numerically [93] that inthe absence of gain saturation Imax depends linearly on T . This result alsoholds when gain saturation is considered but the slope is much smaller [165].In all these works a positive gain suppression factor � is considered. How-ever, it has been recently shown that it is possible to have a negative � dueto carrier heating for particular laser designs [82]. Here we analyze the e�ectof gain saturation on the statistics of maximum light intensity, pulse energyand pulse width. Both cases, negative and positive gain suppression factors,are considered. When the gain suppression factor is negative, we always con-sider values of this factor such that the laser is stable, i. e. with positivedamping frequency. We consider that pulses are generated under repetitivegain{switching conditions. In this situation the initial condition is given bythe steady{state associated to the bias current. The pulse height Imax andthe pulse energy A (area under the pulse) are shown to be linear functionsof the switch-on time T (the time at which the laser intensity �rst reaches areference value Ir). The statistics of T can be obtained for lasers biased belowthreshold by neglecting saturation e�ects [83, 93]. Then the statistics of Imaxand A can be also calculated by using the linear relations. The statistics ofthe pulse width �w, obtained as A=Imax, is also derived. This magnitude iscompared with the full width at half maximum of the pulse. An expressionis obtained for Imax as a function of T including the e�ect of gain saturation.The area A is calculated by solving numerically the deterministic nonlinearrate equations. When the laser is biased above threshold the statistics of T isobtained from numerical simulations.The chapter is organized as follows. In Section 2.2 the rate equationsare described and the switch-on time statistics is given. In Section 2.3 themaximum pulse intensity statistics is obtained. Pulse energy and pulse widthstatistics are studied in Section 2.4. Finally, in Section 2.5, a summary andconclusions are presented.



Gain Saturation And Pulse Statistics In Single{Mode ... 752.2 Rate equations and turn{on time statis-ticsOur analysis is based on noise driven rate equations [39] for a single-mode LDfor the number of photons I = EE� and carrier number NdEdt = (1 + i�)(G� 
)E2 +q2�N�(t); (2.1)dNdt = C(t)�N
e(N)�GI; (2.2)where gain saturation is included in the form G = g(N � N0)=(1 + �I) andthe inverse carrier lifetime is given by 
e(N) = Anr + BN + CAN2. Thespontaneous emission is modeled by a complex Gaussian noise �(t) of zeromean and correlation h�(t)��(t0)i = 2�(t�t0). The meaning of the symbols andtypical values of the di�erent parameters involved in these equations are listedin Table 2.1. The injection current C(t) follows a square-wave modulation witha value Con during a time ton and Cb during a time to� , large enough to reachthe stationary state determined by Cb. We have also performed simulationsfor an injection current with a �nite rise and fall time of 12 ps, included in tonand to� respectively, to consider the in
uence of device parasitics. We havechecked that such a modulation does not change the conclusions of this work.The time ton is chosen greater than the time tmax at which Imax is reached, butshort enough to excite only the �rst spike of relaxation oscillations. A goodchoice is to change the injection current before the time at which N reaches its�rst minimum value [164]. In this way the subsequent relaxation oscillationsare avoided and the generated pulses are rather symmetric.The statistical properties of pulse characteristics such as pulse height andpulse width can be obtained from the switch{on time probability distribution.The switch{on time T is de�ned as the time at which the laser intensity reachesthe reference value Ir after the current switching to the value Con. Underrepetitive gain{switching conditions the probability distribution for the turn{on times P (T ) has been obtained for lasers biased below threshold [83], [93].The calculation of P (T ) involves only the �rst stages of evolution when thelight intensity is small, so that gain saturation and the stimulated emissionterm in the carrier evolution can be neglected. This situation corresponds to asmall enough value of Ir. On the other hand this reference level must be high



76 CHAPTER 2Parameter Meaning Value Unitsg Gain parameter 5:6� 104 s�1Anr Nonradiative recombination rate 2� 108 s�1B Radiative recombination coe�cient 1 s�1CA Auger recombination coe�cient 7:9� 10�9 s�1
 Inverse photon lifetime 5� 1011 s�1
e Inverse carrier lifetime at threshold 4:6� 108 s�1� Spontaneous emission rate 1:1� 104 s�1� Linewidth enhancement factor 5 adim.N0 Carrier number at transparency 1:2� 108 adim.Cth Threshold current 5:93� 1016 s�1Table 2.1: Meanings and values of the parameters in (2.1) y (2.2)enough, so that the evolution after reaching Ir will be deterministic. Thenthe laser intensity will not cross this reference level again after the switch{ontime, provided that the current is kept at the Con value. In this way the rateequations can be approximated by_E = 1 + i�2 [g(N �N0)� 
]E +q2�N�(t) (2.3)_N = C � 
eN: (2.4)The threshold value for the carrier number is given byNth = N0 + 
g :Since the carrier number changes slightly around its threshold value when thebias current is close to threshold, the term 
eN in (2.4) can be approximatedby 
eNth. Then we obtainN(t) = Nth + (Con � Cth)(t� tth) (2.5)where Tth is the time taken by the carrier number to reach its threshold valuefrom the initial value Nb = Cb=
e,tth = 1
e ln � Con � CbCon � Cth � :



Gain Saturation And Pulse Statistics In Single{Mode ... 77We split now the complex �eld into two terms so thatE(t) = h(t)eQ(t) (2.6)where Q(t) = 1 + i�2 Z ttth[g(N(t0)�N0)� 
]dt0 (2.7)is the term leading to optical ampli�cation andh(t) = h(0) + Z t0 q2�N(t0)e�Q(t0)�(t0)dt0 (2.8)is a Gaussian stochastic process which retains all the information about thespontaneous emission noise. The statistical properties of h(t) obtained from(2.8) are given byhh(t)i = 0 (2.9)hjh(t)j2i = hIbie�2<[Q(0)] + 4� Z t0 N(t0)e�2<[Q(t0)]dt0: (2.10)where hIbi is the mean value of the intensity in the steady{state associated toCb, that is given by [91] hIbi = 4�g CbCth � Cb :Using this expression, (2.5) and (2.7) in (2.10) we obtainhjh(t)j2i = 4�Cbg(Cth � Cb)e� �2 t2th + 4�g �e� �2 t2th � e� �2 (t�t2th)�++ 4�Nthr �2� �erf �r�2(t� tth)�+ erf �r�2 tth�� ; (2.11)where we have de�ned � = g(Con � Cth); (2.12)and erf(x) is the error function. Since the ligth intensity is related to h(t) inthe following way



78 CHAPTER 2I(t) = jh(t)j2e �2 (t�tth)2 ; (2.13)the probability density function of I(t) is given by [92]f(I; t) = e� IhI(t)ihI(t)i : (2.14)where the mean value of the intensity can be easily obtained from (2.11) and(2.13). The probability that the swich{on time T is greater than a time t cor-responds to the situation such that the intensity is smaller than the referencevalue at time t. Then it is given byP (T > t) = Z Ir0 P (I; t)dI:From the distribution function of TFT (t) = P (T � t) = 1� Z Ir0 P (I; t)dI;we obtain the probability density function of the switch{on timeP (T ) = � Z Ir0 @f(I; t)@t dI: (2.15)In general this integral must be solved numerically. However, an analyticalexpression can be obtained for P (T ) by taking into account that in the usualworking conditions the stochastic process h(t) converges to a random variableh(1) before the switch{on time. This corresponds to the fact that the in-tensity evolution is deterministic after reaching the value Ir. The statistical
uctuations in I(t) correspond to di�erent values taken by the carrier numberfor di�erent events when the reference level is crossed. Under this condition(2.11) can be substituted by the following expressionhjh(1)j2i = 4�"Cth
e r �2� 1 + erf�r�2Tth�!+ Cbg(Cth � Cb) exp[��T 2th=2]#:(2.16)Note that the last two terms in (2.16) are related to the initial conditions andthey re only important when the bias current is very close to threshold [83].Using this expression and (2.14) into (2.15) we obtain



Gain Saturation And Pulse Statistics In Single{Mode ... 79
P (T ) = �Irhjh(1)j2i(T�Tth)e��(T�Tth)2=2 exp"� Irhjh(1)j2ie��(T�Tth)2=2#; (2.17)An alternative way [93] to obtain P (T ) is to perform a change of variable bywriting T as a function of h(1),T = tth +s2� ln Irjh(1)j2 :Then the probability density function of the switch{on time (2.17) can beobtained from that of h(1), that has an exponential form.The mean turn-on time and its variance readT = Tth +  2�� !1=2"1 + 0:5772� #; �T 2 = 1:6452�� ; (2.18)where � = ln(Ir=hjh(1)j2i).2.3 Pulse height statisticsThe maximum pulse intensity is found to depend linearly on T with a positiveslope �I that is independent of the reference value Ir used to de�ne T . Anegative slope is obtained in the Q{switching case [166]. We de�ne T asthe time at which I reaches for the �rst time the value Ir = 0:4Ist, whereIst is the steady state value for C = Con. We plot in Fig. 2.1 Imax as afunction of the switch-on time T for di�erent positive and negative values ofthe nonlinear gain parameter � and for ton = 115 ps. All the points in Fig. 2.1correspond to the same bias current below threshold Cb = 0:9Cth and to thesame injection current Con = 3:5Cth, where Cth is the threshold current. Thedi�erent values taken by Imax are associated with di�erent switch-on timesT . The randomness of this time is due to the spontaneous emission noise andcauses timing jitter. In the gain-switching process the carrier number increasesuntil I reaches the value Ir at the switch-on time T . The later the pulse isemitted, the larger the maximum value of N , and consequently the higher theemitted pulse [93]. The evolution from T onwards is essentially deterministic,so that Imax is a well de�ned function of T . Due to the smallness of the turn-on



80 CHAPTER 2time jitter as compared to the mean turn-on time T , the pulse height can beapproximated by a �rst-order expansion in T � T [93]. Therefore, a linearrelationship between Imax and T is obtained. The results shown in Fig. 2.1 aresimilar to those found without gain saturation [93], but the slope �I is muchsmaller when � is positive [165] and it decreases when this factor increases.For negative values of � the slope increases.The linear dependence of the maximum pulse intensity on the turn-on timeallows us to reduce the problem of calculating the 
uctuations of Imax to thosealready known for T [83], [93]. The dispersion of Imax can be obtained from�Imax = �I�T , where �T is the timing jitter. When Cb < Cth an expression for �Ican be derived in the following way. After the pulse is emitted, that is for timesgreater than T , the carrier number decreases due to the stimulated emittedphotons. The evolution ofN for di�erent events, associated to di�erent turn-ontimes, is mainly governed by the coupling of N with the pulse intensity. Whendi�erent turn-on events are considered, the term GI in Eq. (2.2) changes morethan 14% at an intermediate time between T and tmax , whereas the term Con�N
e(N) is nearly constant with a change smaller than 0.7 %. The variation ofthe pulse intensity is due to the ampli�cation of the initial indeterminacy inthe turn-on time. Therefore, in order to get the dependence of Imax on T , i. e.the slope �I , the current injection and carrier recombination can be neglectedin Eq. (2.2) for times t > T . Since the evolution is deterministic after thepulse emission, the spontaneous emission is also negligible for these times.Using this approximation the deterministic rate equations can be integratedwith the initial conditions at T given by Ir and N(T ). In this way we obtainImax(T ) = a(T )�b(T )1�� � 1� ; (2.19)where a(T ) = �(N(T )�N0) + 1 + �Ir� ; (2.20)b(T ) = g(N(T )�N0)
 ; � = �1� �
g ��1: (2.21)Since the dispersion of T around its mean value T is small Imax can beapproximated by a linear function of T � T . The slope of this straight line isgiven from Eq. (2.1) by
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Figure 2.1: Pulse height Imax and pulse energy A vs. the switch-on time Tfor di�erent values of the gain saturation factor �: squares corresponds to�0:5�10�7; stars to 2�10�7; diamonds to 4�10�7 and triangles to 8�10�7.The values of the injection current are Cb = 0:9Cth and Con = 3:5Cth.



82 CHAPTER 2�I � � a(T )b(T )!��1"1�  a(T )b(T )!#(Con � Cth): (2.22)Since the laser is biased below threshold the value of N(T ) can be obtainedby neglecting the carrier depression by the stimulated emission (GI � 0). Asimple expression can be derived in the following way. The evolution of Nfrom the time Tth at which it reaches its threshold value Nth = Cth=
e until Tis linear. This is due to the small increase of N from Nth to N(T ). The valueof N(T ) can be obtained as a linear function of T � Tth by taking the termN
e(N) in Eq. (2.2) as a constant given by its value at threshold, Nth
e(Nth).The error in N(T ) due to this approximation is always smaller than 0.1%. Inthis way �I is obtained as a function of T � Tth.The slope �I is obtained by using the value of T � Tth given by Eq. (2.18)in Eq. (2.22). Then �I depends on Tth only through the parameter �. Thisdependence is only important when the bias is very close to threshold, that isfor small values of Tth. In this case the evolution of N is linear and the valueof Tth can be obtained in the same way than N(T ) by using the approximationN
e(N) � Nth
e(Nth).Using Eq. (2.22) a good agreement is found with numerical simulations (seeFig. 2.2). The slope �I decreases when the saturation parameter � increases.This is due to the fact that the gain saturation decreases the ampli�cationof the initial indeterminacy in T . For large positive values of � the slope inEq. (2.22) increases linearly with the excitation current Con: �I � g(Con �Cth)=(
�). This linear behavior can be observed in Fig. 2.2 when � increases.The dispersion of the pulse height �Imax can be obtained from the timingjitter �T and the slope �I , �Imax = �I�T . Since �T is independent of �, weconclude that the dispersion of Imax decreases when � increases. Concerningthe current, when Con increases Imax and the slope �I increase. The timingjitter �T for a laser biased below threshold given by Eq. (2.18) decreases as(Con�Cth)�1=2. Since �I increases at least linearly with Con (see Fig. 2.2), thedispersion of the pulse height must increase with Con. For large positive valuesof � the slope grows linearly with Con and �Imax increases as (Con � Cth)1=2.This theoretical prediction seems to be con�rmed by the numerical simulationresults (see Fig. 2.2).We have also analyzed the statistics of pulse height as a function of thebias current and the saturation parameter (see Fig. 2.3). The slope �I is nearly
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Figure 2.2: Slope �I and dispersion �Imax of the pulse height as a function of thecurrent for di�erent values of �. Symbols correspond to numerical simulationsand solid line to theory for the same values of � as in Fig. 2.1. The bias currentis Cb = 0:9Cth.



84 CHAPTER 2constant for di�erent values of Cb below threshold. When Cb > Cth the slopedecreases with the bias current. This is due to the fact that the carrier densityis reduced when the bias current increases. The slope is found to decreasewhen � increases for any value of Cb. The dispersion �Imax follows the behaviorof the timing jitter [83]: it is independent of the bias until Cb is very close toCth, then it increases when Cb approaches the threshold and it decreases abovethreshold.Time jitter comes from two di�erent noise sources. The �rst one is the spreadof the �eld distribution in the initial biasing state. The second one is the noisegenerated by the spontaneous emission events occurring until the build up ofthe optical pulse. Only those photons emitted when the laser is near thresholdwill cause stimulated emission to start. All the photons emitted before thetransparency condition is achieved, in fact, will be absorbed and the systemwill maintain no memory of them. When the laser is below threshold, timejitter is only due to the spontaneous emission events taking place around thethreshold time. Therefore, the dispersion of T and Imax are independents ofCb. When the initial biasing is near threshold, the system has memory ofthe initial conditions, so that the initial �eld distribution also contributes totime jitter and �T increases when approaching the threshold. This increasecorresponds to the last term in Eq. (2.16). Finally, when the initial state isabove threshold, only the intensity noise associated with the initial state isimportant and the time jitter decreases [83].2.4 Pulse energy and pulse width statisticsThe pulse energy A (area under the pulse) is also found to be linearly relatedwith T (see Fig. 2.1). However, for large values of the saturation parameter theslope is small and it is di�cult to �t the data with a straight line. When Cb <Cth the slope of A, �A, can be obtained by solving numerically the nonlineardeterministic rate equations with the initial conditions given by I(T ) = Ir andN(T ) obtained by a �rst iteration of the rate equations from t = Tth, using asthe zeroth order the linear evolution for the carrier number without stimulatedemission. The results for �A shown in Fig. 2.4 are calculated using 10 valuesof A(T ) for turn-on times in the interval (T � 2�T ; T + 2�T ). The valuesobtained in this way for the slopes of A agree well with the values calculatedfrom numerical simulations of Eqs. (2.1)-(2.2).
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Figure 2.3: The same quantities as in Fig. 2.2 but plotted as a function of thebias current for a �xed value of Con = 3:5Cth.



86 CHAPTER 2The slope of the pulse energy decreases with the saturation parameter.Then for large values of � similar values of A are obtained for di�erent turn-on times. This behavior comes from a decrease in the ampli�cation of theinitial indeterminacy in the turn-on time when the nonlinear gain saturationincreases. This ampli�cation increases with the injection current and the slope�A increases with Con. This increase is linear for negative values of the satu-ration parameter (see Fig. 2.4). �A also increases with the current for positivevalues of �, but for large values of this factor the slope becomes independent ofCon. Then the dispersion of A, �A, given by �a�T , decreases for large positivevalues of � when Con increases in the same way than the timing jitter (seeFig. 2.4). For small positive values of � �A increases slightly with Con.We have also studied the behavior of the pulse energy with respect to Cb.The slope �A is nearly constant for di�erent values of Cb below threshold.Above threshold �A decreases with Cb. However for large positive values of� the slope becomes very small and it is very di�cult to �t the data with astraight line. The dispersion �A shows then the same behavior than the timingjitter, except for large positive values of � due to the �tting problem mentionedabove.Concerning the pulse width, the full width at half maximum (FWHM)of the optical pulse �f can be approximated by �w = A=Imax (see Fig. 2.5).Note that we have chosen the time ton at which the current is changed fromCon to Cb short enough to excite only the �rst spike of relaxation oscillations[164]. In this way the generated pulses are rather symmetric and �w is a goodapproximation of the FWHM �f . Using the linear relations for A and Imax wehave �w = [A(T ) + �A(T � T )]=[Imax(T ) + �I(T � T )]: (2.23)When Cb < Cth A(T ) and Imax(T ) can be obtained by solving numericallythe nonlinear deterministic rate equations with the initial conditions given byI(T ) = Ir and N(T ) obtained by a �rst iteration of the rate equations fromt = Tth, taking as the zeroth order the carrier density without stimulatedemission. Then the statistics of �w can be obtained from Eq. (2.23) by usingthe probability distribution of T given by Eq. (2.17). Since the pulse heightincreases much quicker than the pulse energy with the switch{on time, �w isfound to decrease with T . We plot in Fig. 2.6 the mean value and dispersionof �w for di�erent values of the saturation parameter as a function of Con. Agood agreement is found between the results obtained from Eqs. (2.23) and
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Figure 2.4: Slope �A and dispersion �A of the pulse energy as a function of thecurrent for di�erent values of �. Symbols correspond to numerical simulationsand solid line to theory for the same values of � as in Fig. 2.1. The bias currentis Cb = 0:9Cth.
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Figure 2.5: Typical pulse for a current value of Con = 3:5Cth during a timeton = 115 ps. The dashed line corresponds to a triangle with the same height(Imax) and area (A) as the pulse. The bias current is Cb = 0:9Cth.



Gain Saturation And Pulse Statistics In Single{Mode ... 89(2.17) and numerical simulations. The agreement for the dispersion of �w isbetter when Con increases. This is due to the fact that the theory for the turn-on time statistics works better for large values of the injection current [93].In Fig. 2.7 the mean value and dispersion of the FWHM are shown. Theseresults are obtained by numerical simulations of the noise driven rate equations(2.1)-(2.2). A comparison between both magnitudes, �w and �f , shows thatthey have the same behavior with respect to the injection current and to thesaturation parameter. The mean value of �f is always smaller than that of �w.This is due to the tail of the pulse (see Fig. 2.5). The di�erence between bothmean values is around 10%. Concerning the dispersion, the di�erence between��f and ��w is larger but for injection currents Con > 2Cth is of the order of15%.Figs. 2.6 and 2.7 show that the mean value of the pulse width decreaseswith the current and increases with the saturation parameter. The dispersionof the pulse width has the same behavior than the mean value. Since therelative 
uctuations of Imax and A are small, we obtain by developing (2.23)in powers of T � T the following expression for the variance of �w�2�wh�wi2 = � �IImax(T ) � �AA(T )�2�2T �1� 2:28�I�TImax(T ) �: (2.24)This expression gives results in good agreement with numerical simulations forlarge values of the current (see Fig. 2.6). This is due to the decrease of timejitter when Con increases. Both the relative 
uctuations of Imax and A increasewith �. Then ��w=h�wi is nearly independent of the saturation parameter andthe dispersion of �w has the same behavior than h�wi (see Fig. 2.6).2.5 Summary and conclusionsWe have studied the statistics of pulse amplitude, pulse energy and pulsewidth of gain switched semiconductor lasers for di�erent positive and negativevalues of the gain saturation factor. The mean value and dispersion of thesemagnitudes have been obtained as a function of the injection current. Di�erentvalues of the bias current, below and above threshold, has been considered.The values of the pulse amplitude and pulse energy obtained for a particulargain-switching event are determined by the turn-on time for this particular
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Figure 2.6: Mean value h�wi and dispersion ��w of the pulse width as a functionof the current for di�erent values of �. The symbols are obtained from numer-ical simulations for the same values of � as in Fig. 2.1. Solid line correspondsto (2.7) and (2.11) and dashed line to (2.12). The bias current is Cb = 0:9Cth.
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Figure 2.7: Mean value h�f i and dispersion ��f of the full width at half max-imum as a function of the current for the same values of � as in Fig. 2.6obtained from numerical simulations of equations (2.1)-(2.2). The bias cur-rent is Cb = 0:9Cth.



92 CHAPTER 2event. We have shown that these two magnitudes depend linearly on the turn-on time. These linear relationships reduce the problem of characterizing thestatistics of the pulse height and pulse energy to the well established knowledgeof the statistics of the turn-on time.When the laser is biased below threshold an expression is derived for theslope of the pulse height versus the turn-on time. Using this expression thedispersion of the pulse height is obtained. The slope and the dispersion of thepulse height increases with the injection current. These magnitudes decreasewhen the nonlinear gain saturation increases. These results are checked withnumerical simulations. We have also studied the dispersion of the pulse heightas a function of the bias current. The dispersion has the same behavior thanthe timing jitter. It is independent of the bias until Cb is close to threshold,then it increases when the threshold is approached and it decreases abovethreshold.The statistics of the pulse energy are obtained by using the slope of thelinear relationship between the pulse energy and the turn-on time. The slopeof the pulse energy follows the same behavior than that of the pulse amplitudefor small gain saturation. However, for large values of the gain saturationparameter the slope of the pulse energy do not increase with the injectioncurrent. As a consequence, for large gain saturation the dispersion of thepulse energy decreases with the injection current.Finally, the pulse width statistics are obtained from the statistics of thepulse energy and pulse amplitude by taking the pulse width as the ratio of bothmagnitudes. This ratio is found to compare well with the full width at halfmaximum of the pulse. It is shown that the mean value and the dispersionof the pulse width increase with the gain saturation and decrease with theinjection current.



Chapter 3E�ect of phase{conjugateoptical feedback on turn{onjitter in laser diodes
3.1 IntroductionIt is well known that the performance of a laser diode is extremely sensitiveto external optical feedback.[39, 95] The switch{on dynamics of a laser diodesubjected to optical feedback has been recently considered [98], �nding thatthe turn{on delay jitter is extremely sensitive to the re
ector location. This isdue to the phase shift acquired in the external cavity, that can be eliminated ifthe feedback occurs from a phase{conjugate mirror, phase{conjugate feedback,since the phase of the returned light is reversed during re
ection. Thereforethere are signi�cant di�erences between the behavior of a laser diode withphase{conjugate feedback and conventional optical feedback. Analysis of thestability [167, 108, 101] of a laser diode in the presence of phase{conjugatefeedback have been reported. Concerning the noise characteristics, it has beenshown [101, 168] that for weak values of phase{conjugate feedback the in-tensity and frequency noise are reduced at low frequencies. The objective ofthis chapter is to investigate the e�ect of phase{conjugate feedback on theturn{on time statistics of lasers diodes. A theory, validated by numerical sim-ulations, is developed to obtain the turn{on time probability density P (T ).Our results show that, unlike the case with conventional feedback, [98] the93



94 CHAPTER 3turn{on time is not very sensitive to small variations in the position of thephase{conjugate mirror on the optical wavelength scales. This property, dueto the lack of the external roundtrip phase change, is the main advantageof phase{conjugate feedback compared to conventional feedback. However,the e�ective laser threshold is dependent upon the phase that changes dueto chirping. Therefore P (T ) becomes sensitive to the value of the linewidthenhancement factor �. Moreover, when � 6= 0 the stability range of a laserdiode subjected to phase{conjugate feedback is reduced.[167, 101] This is themain disadvantage of phase{conjugate feedback compared with conventionalfeedback.3.2 Rate equations modelHere we consider a degenerate four{wave mixing PCM in a fast{respondingnonlinear medium[101] with a time response smaller than 1 ps. Our analysisis based on noise{driven rate equations for the optical �eld E = E1 + iE2 =pI exp(i�) (Ei being the �eld components) and carrier number N . In thepresence of PCF, these equations can be written as (assuming single{modeoperation) [167, 108, 101]dE(t)dt = q(t)E(t) + �E�(t� �) +q2�N(t)�(t) (3.1)dN(t)dt = C(t)�N(t)
e �G(t)I(t) (3.2)where q(t) = qr(t) + iqi(t) = 1� i�2 (G(t)� 
) (3.3)G(t) = g(N(t)�N0)q1 + sI(t) (3.4)and the meaning and values of the parameters involved in these equationsare listed in Table 3.1. The spontaneous emission is modeled by a com-plex Gaussian white noise �(t) = �1(t) + i�2(t) of zero mean and correlationh�(t)��(t0)i = 2�(t� t0).



E�ect of phase{conjugate optical feedback on turn{on jitter... 95Parameter Meaning Value Unitsg Gain parameter 5:6� 104 s�1s Non{linear gain saturation parameter 1:2� 10�6 adim.
 Inverse photon lifetime 5� 1011 s�1
e Inverse carrier lifetime at threshold 4:6� 108 s�1� Spontaneous emission rate 1:1� 104 s�1N0 Carrier number at transparency 6:8� 107 adim.Cth Threshold current 3:76� 1016 s�1� Linewidth enhancement factor variable adim.� Feedback rate variable ps�1� External cavity round{trip time variable psTable 3.1: Meanings and values of the parameters in (3.1){(3.4)We consider a situation of repetitive gain{switching from stationary initialconditions determined by the bias level. The injection current C(t) is switchedfrom a value Cb = 0:9Cth below the threshold current to a value Con = 3:5Cthabove it. The turn{on time T is de�ned as the time at which j E j2= Ir, whereIr = 3:04�105 corresponds to 13% of the steady{state intensity in the absenceof feedback.3.3 Theoretical calculation of P (T )In the initial stage of evolution the intensity is small, so the term GI in Eq.(3.2) and the non{linear gain saturation are negligible. Within this approxi-mation G(t) can be obtained [98] by solution of Eq. (3.2). For short externalcavities such that �� is small, Eq. (3.1) can be approximated at early timesby _E = (q � �2� exp(�2�qr))E(t) + � exp(��q�)E�(t)+q2�N(�(t)� �� exp(��q�)��(t)): (3.5)From the corresponding Eq. for I the carrier number needed for the beginningof ampli�cation (that is the e�ective threshold) is given to �rst order in � byN e�th = Nth � 2�g [cos 2�+ �� sin 2�(� cos 2�� sin 2�)] ;
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Figure 3.1: (a) Carrier number (dotted line). The e�ective threshold in (a)and the turn-on time distribution in (b) correspond to numerical simulationsfor � = 0 (dashed curves) and � = 5:5 (solid curves). The dashed{dottedcurves in (b) correspond to the theory. Feedback parameter values: � = 0:1ps�1 and � = 1 ps.



E�ect of phase{conjugate optical feedback on turn{on jitter... 97where Nth = N0+
=g. Then N e�th is phase{dependent. If the reinjected �eld isin phase with the �eld in the cavity the threshold is reduced. The reverse e�ectoccurs in the phase opposition case. When � 6= 0 the instantaneous frequencyof the LD changes with time[39] (chirping). This leads to phase oscillationsthat are followed by N e�th (see Fig. 3.1). When the linewidth enhancementfactor � is small (quantum{well lasers) the phase and N e�th are nearly constantin time. In the limiting case � = 0 the �eld components E1 and E2 decouple,having Ei a threshold given by the minimum and maximum values of N e�th ,Nthi = Nth + (�1)i2�=g.Our approach consists in calculating the turn{on time distribution P (T )from P (T ) = � Z Ir0 df(I; T )dT dI; (3.6)where f(I; T ) is the intensity distribution. f(I; T ) is easily obtained from the�eld distribution, which is Gaussian of moments, xi = hE2i i and x12 = hE1E2i.The evaluation of the �eld moments from Eq. (3.5) is in general cumbersome.We give here some explicit expressions in some cases with � = 0 and theresults in other cases are displayed in the �gures. When � = 0, x12 = 0. If inaddition � is small the two �eld components contribute to the laser switch{onand we get xi(t) = 2�is2�ai Nthi exp�ai2 (t� tthi)2�; (3.7)where ai = g(Con � Cth)1� (�1)i�� (3.8)�i = �[1� (�1)i�� ]2 (3.9)and tthi is the time needed for the carrier number to reach the e�ective thresh-old Nthi. When � increases only the component with the minimum thresholdcontributes to the laser switch{on. Then x1 is still given by Eq. (3.7), but x2is negligible. In this case the following expression is obtained for the turn{ondistribution,
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P (T ) = s Ir2�b1a1(T � tth1) exp��a14 (T � tth1)2�� exp�� Ir2b1 exp��a12 (T � tth1)2��; (3.10)where b1 = 2�1q2�=a1Nth1.For values of � 6= 0 typical of bulk LD P (T ) changes from a single{maximum distribution to a multimodal one by increasing � (see Fig. 3.1).The maxima and minima of the turn-on time distribution correspond to thee�ective threshold oscillations due to the chirping. Our theory reproduces wellP (T ) for short external cavities.We have obtained the mean turn{on time hT i and its standard deviation(jitter) �T when P (T ) has a single maximum, i. e. when � and/or � are small.The gross magnitude of hT i in Fig. 3.2 is mainly due to the time spent by thecarriers to reach threshold (see Fig. 3.1). We consider �rst the case with small� for di�erent values of �. Since T is de�ned in terms of the intensity, allresults are symmetric with respect to � changing sign. When � increases hT iis found to increase, whereas the jitter decreases (see Fig. 3.2). As discussedabove when � is small the two �eld components Ei have thresholds given bythe maximum and minimum values of N e�th . The turn{on time is smaller thanthe one in the absence of feedback due to the component with the minimumthreshold. However, the jitter increases with the PCF because of the di�erentturn{on times for photons with di�erent phases. When � increases the e�ectivethreshold oscillates in time with the phase, and these di�erences are washedout. When the frequency of these oscillations is large, values of hT i and �Tclose to those without PCF are recovered. The same behavior is obtainedwhen the external cavity length increases, due to the decrease of the numberof the feedback photons that contribute to the switch{on. When � = 0 thejitter decrease with � corresponds to a reduction of the di�erence between the�eld components in Eq. (3.7). We note that in contrast with the results forconventional feedback [98] a non{oscillatory behavior with � is observed, dueto the lack of the external roundtrip phase change.We now consider the low chirping case (� small). In the limiting case� = 0 the theory simpli�es and P (T ) can be obtained from Eq. (3.7) for low� and it is given by Eq. (3.10) for large �. The turn-on time decreases with
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Figure 3.2: Turn-on time < T > and its jitter �T versus � for � = 0:02 ps�1,� = 1 ps (asterisks) and � = 5 ps (diamonds) from numerical simulations(symbols) and theory (solid curves). The arrows show the values withoutfeedback.
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Figure 3.3: Turn-on time < T > and its jitter �T versus � for � = 1 ps andtwo values of �: 0 (asterisks) and 1 (diamonds). Solid curves correspond tothe theory and the dashed line to Eq. (3.10).
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Figure 3.4: Turn-on time < T > and its jitter �T versus � for � = 0:1 ps�1and two values of �: 0 (asterisks) and 1 (diamonds). Solid curves correspondto the theory.



102 CHAPTER 3� since the minimum value of N e�th decreases. Fig. 3.3 shows that for � = 0and small � the jitter increases with � until a nearly constant value is reached.When � increases the range of phases of the spontaneously emitted photonsthat contribute to the switch{on is reduced. Then the intensity noise and thejitter increase until a constant value is reached when only photons with theminimum threshold contribute. It is shown in Fig. 3.3 that the one{componenttheory [Eq. (3.10)] is valid when � is greater than 0.04 ps�1. As discussedabove �T is reduced when � increases for small �. However, for large � thebehavior is the opposite, since the photons have the same phase and the phaseevolution due to � increases the e�ective threshold and �T . The di�erencesdue to � are smaller for large enough �, since the phase tends to be �xed by thePCF. The behavior of the jitter with respect to the external cavity roundtripdelay is also di�erent for small and large � (see Figs. 3.2 and 3.4). When thefeedback is weak �T decreases with � . For strong feedback the photon phaseis �xed and only one component contributes to the jitter. The photon rateampli�cation given by a1 decreases with � , resulting in a greater value of �T .When � is greater than 10 ps the theory is not valid and �T decreases with �to the value without PCF, since the contribution of feedback photons can beneglected.



Chapter 4Statistical analysis of pulses insystems with randommodulation: Application to gaslasers
4.1 IntroductionPulses in physical systems can be obtained by varying a control parameterbetween two values that correspond to two states o� and on, usually associ-ated to small and large values, respectively, for the variable of interest. Whenthe control parameter is changed in such a way that the o�{state becomesunstable, the evolution is in a �rst stage governed by 
uctuations. Then theanalysis of this decay process is usually based on stochastic models of theLangevin type, in which 
uctuations are modeled by a white noise. The de-cay of unstable states is one of the fundamental problems of nonequilibriumstatistical mechanics, in which nonlinearities and 
uctuations are crucial tohave a correct description [169]. In most theoretical analysis the system isin the o�{steady state when the control parameter is either instantaneouslychanged driving the system to an unstable state [169, 170], or swept acrossthe unstable state with a �nite velocity [171]-[173]. Another interesting situ-ation corresponds to the case of periodic modulation through the instabilitypoint [174]. This problem is relevant for several physical systems: modulated103



104 CHAPTER 4convection [175], stochastic resonance [176], Q{switched lasers [177], and gain{switched modulated semiconductor lasers [95]. In this case the system is not inthe o�{steady state when the control parameter is changed because the initialcondition, at the beginning of a pulse, is determined by the �nal evolutionof the previous pulse. Hence, some kind of consistency condition for the sta-tistical properties associated to two consecutive periods can be used to solvethis problem. This consistency condition has been indirectly used in di�erentmethods: generalization [178] of Suzuki's matching procedure [179], and pathintegral approach [180]. In [174] we have developed a method in which theconsistency condition is explicitly worked out following the main idea of thequasideterministic theory [170]. This theory has been applied to gas lasers[174, 181] and semiconductor lasers [182].In this chapter we develop a method to study the statistical propertiesof pulses in randomly modulated stochastic systems. A random sequence of\1" (pulses) and \0" (associated to the o�{state) is produced by using twodi�erent evolutions for the control parameter a during one period. In on{periods a is changed through the instability point to generate a pulse, whileduring o�{periods a is kept below the instability point. Due to the randomsequence of o� and on{periods new features appear with respect to the peri-odic modulation case (only on{periods). One of the most interesting results isthe multimodal character of the probability density of some of the pulse char-acteristics. The di�erent peaks of the probability distribution are associatedto di�erent periodic sequences. This problem is especially relevant in opti-cal communication systems. In these systems the optical signal is a randomsequence of pulses generated by random modulation of semiconductor lasers[95]. Numerical simulations have shown [164, 183] that for high bit rates amultimodal distribution is obtained for the turn{on time of the optical pulse.This yields undesirable pattern e�ects and a large timing jitter, that limitsthe system performance. The dynamics of semiconductor lasers involves theelectric �eld and carrier density. In our analysis we consider a simpler modelwith one degree of freedom that is applied to a gas laser. However, the mainfeatures observed in semiconductor lasers are also obtained in one dimensionalsystems. Moreover, analytical results can be obtained for these systems, thatare in good agreement with numerical simulations.In our analysis we consider systems with random modulation of the controlparameter described by a one dimensional Langevin equation, in which 
uctu-ations are modeled by a white noise. The statistical properties of pulses for the



Statistical analysis of pulses in systems with random modulation... 105\intensity" (modulus of the variable of interest) are studied. The probabilitydensity of the pulse characteristics, such as width and height, can be obtainedfrom the passage time distribution by using the deterministic evolution. Thepassage time � is de�ned as the delay between the beginning of the on{periodand the emission of the pulse, given by the time in which a reference value isreached by the intensity. After an initial transient the passage time distribu-tion P (�) becomes independent of the initial conditions. In this steady{statecase the statistical properties of � are the same for two consecutive pulses.An integral equation for P (�) is derived from this consistency condition in asimilar way than for the periodic modulation case [174]. The passage timedistribution is obtained by solving this equation and analytical expressionsare given in some cases. This method is applied to a randomly modulated gaslaser. In this system a random sequence of pulses and \zeros" is generated bychanging the quality factor of the laser cavity.The chapter is organized as follows. In Sec. 4.2 we describe the method ina one{dimensional general system, deriving the basic integral equation for thepassage time distribution. The method is applied in Sec. 4.3 to a randomlymodulated gas laser and analytical results are obtained in some cases. In Sec.4.4 theoretical results are compared with numerical simulations.4.2 Theory for randomly modulated systemsWe consider systems that can be modeled by one dimensional equations of theform: _x(t) = F (a(t); x) + �(t); (4.1)where a(t) is a randomly modulated control parameter and �(t) is a Gaussianwhite noise with zero mean value and intensity D:h�(t)�(s)i = D�(t� s): (4.2)We assume for the nonlinear function F the conditions:F (a(t); 0) = 0; F (a(t); x) � a(t)x when jxj < xr; (4.3)where xr is a reference value such that the noise can be neglected when jxj > xr.Then the quasideterministic approach [170] can be applied by considering two
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Figure 4.1: Time evolution for the control parameter a(t) (in linear scale) andthe variable of interest jx(t)j (in logarithmic scale) during an \on� off � on"sequence.kinds of evolution. When the variable of interest jxj is small (jxj < xr) theevolution is linear and noise e�ects are important. In the deterministic regime(jxj > xr) noise can be neglected but nonlinear e�ects are important. It isalso assumed that there are two attractors xo� = 0 and jxonj � xr for jxjcorresponding to values �ao� < 0 and aon > 0 of the control parameter,respectively. Two di�erent situations are considered: the attractors for x arepositive or the evolution is symmetric, F (a(t); x) = �F (a(t);�x).The control parameter a(t) can have two di�erent evolutions during one periodT . During an on{period a crosses the instability point and a pulse is generated.In this case the control parameter �rst increases reaching a maximum valueaon. A decreasing evolution follows towards a minimum value �ao� . In theo�{periods a is below the instability point and the system stays below thereference value, jxj < xr (this corresponds to a \0"). A sequence of on ando�{periods with a probability p for an on{period and (1�p) for the o�{periodis considered. When p = 1=2 a fully random sequence of pulses and zeros is



Statistical analysis of pulses in systems with random modulation... 107generated. A possible evolution for jx(t)j and a(t) is shown in Fig. 4.1, wherea sequence \1 0 1" has been plotted.We assume that in the on{periods all the pulses decay from its maximumvalue to reach the reference value xr. This corresponds to a control parameterthat takes large negative values during a large enough fraction of the period.The di�erent evolution regions are shown in Fig. 4.1. The �rst region is de�nedfrom the beginning of the on{period with a(0) = aon until a time � 0 such thatjx(� 0)j = xr. It is a region such that jx(t)j < xr dominated by 
uctuationswhere the linear equation _x(t) = a(t)x(t) + �(t) (4.4)holds (see (4.3)). In the second region from � 0 to � 0+�(� 0) such that jx(t)j > xrthe noise is not relevant. Then the time spent in this deterministic region �(� 0)can be calculated from the deterministic equation_x(t) = F (a(t); x(t)) (4.5)as a function of � 0. In this region the control parameter crosses the instabilitypoint from above. The last region until the end of the period is similar to the�rst one, but now the control parameter is below the instability point. In thefollowing o�{period a is always below the instability point. Then it can beconsidered as a prolongation of the last region of the on{period. This regionlasts until the reference value xr is crossed at time 2T + � in the last pulseshown in Fig. 4.1.Having de�ned the model and the di�erent evolution regions we now gen-eralize the method used in the periodic modulation case [174] to the case ofrandom modulation. Our task is to obtain the passage time distribution P (�).Since � is associated to pulse emission, it is de�ned only in the on{periods. Thepassage time is de�ned as the delay between the beginning of the on{periodand the time in which the reference value xr is reached. In order to connecttwo consecutive on{periods we consider the function W Tm(�=� 0) de�ned as theconditional probability to have a passage time � in a on{period when the pas-sage time of the previous on period was � 0 and when there are m o�{periodsbetween both periods.If we de�ne PN(�) as the probability density of having a passage time � inthe N on{period, the following chain equation



108 CHAPTER 4PN(�) = 1Xm=0 p(1� p)m Z T0 W Tm(�=� 0)PN�1(� 0)d� 0 (4.6)holds. The conditional probability can be obtained from the expression derivedfor the periodic modulation case [174]. The m o�{periods between two con-secutive pulses can be considered as a prolongation of the last noise dominatedregion of an on{period. Then we haveW Tm(�=� 0) =W (m+1)T0 (�=� 0); (4.7)whereW (m+1)T0 (�=� 0) is the conditional probability corresponding to a periodiccase with a period (m + 1)T , that is formed by the on{period followed by mo�{periods. This conditional probability W T0 (�=� 0) can be obtained in thefollowing way [174]. First, the time spent in the deterministic region �(� 0) isobtained from (4.5). Then the evolution from � 0+�(� 0) until T +� is describedby (4.4) (see Fig. 4.1 for T = 2T , that is m = 1). In this way the followingexpression is easily obtained [174]W T0 (�=� 0) = PZ(z� 0(�))2ja(�)jz� 0(�); (4.8)where z� 0(�) = x2r exp "�2 Z ��(T �� 0��(� 0)) a(s)ds# (4.9)corresponds to the h2 variable introduced in [174] andPZ(z(�)) = 12p2�z�Z(�)"exp �(pz � xr)22�2Z(�) !+ exp �(pz + xr)22�2Z(�) !#:(4.10)The variance is given by�2Z(�) = D Z t�(T �� 0��(� 0)) z� 0(t0)x2r dt0: (4.11)Note that the only parameter depending on the model is �(� 0) that can becalculated from the deterministic equation (4.5).In the stationary regime P (�) is independent of the initial condition andthe chain equation (4.6) becomes:



Statistical analysis of pulses in systems with random modulation... 109P (�) = 1Xm=0 p(1� p)m Z T0 W (m+1)T0 (�=� 0)P (� 0)d� 0: (4.12)This is the main equation that allows the calculation of the statistical prop-erties of the passage time. Moreover, the statistics of the pulse characteristicscan be obtained from P (�). For instance, the probability density of the mod-ulus of the pulse heights is given byPH(y) = P [�(y)] �����d�dy ����� ; (4.13)where �(y) can be obtained from the deterministic equation (4.5). Thereforethe statistics of all relevant magnitudes are known once the integral equation(4.12) is solved.4.3 Random on{o� modulation. Model andanalytical resultsThe single{mode gas laser can be described near threshold in the good cavitylimit by a Langevin equation for the complex electrical �eld E = E1 + iE2 as[174]: _E = a(t)E � AjEj2E + �(t); (4.14)where a(t) is the randomly modulated pump parameter and � = �1 + i�2 isthe spontaneous emission noise taken as a complex Gaussian white noise ofzero mean, intensity D, and correlationsh�i(t)�j(t0)i = D�i;j�(t� t0): (4.15)This model with a complex variable can be treated with the method shown inthe previous section by introducing the intensity I(t) = E21(t)+E22(t) and takeninto account that in the linear noise{dominated region both �eld componentsare decoupled. For small enough D a reference value for the intensity Ircan be introduced to separate this region, I < Ir, from the deterministicregion, I > Ir. In a similar way than in the previous section (see [174] for a



110 CHAPTER 4detailed calculation) one obtains for the conditional probabilityW T0 (�=� 0) theexpression: W T0 (�=� 0) = P� [�(�)] �����d�(�)d� ����� ; (4.16)where �(�) = Ir exp "�2 Z ��(T ��(� 0)�� 0) a(s)ds# : (4.17)The probability density of � isP�(x) = 12�2Z exp "�(Ir + x)2�2Z #J0 "sxIr�2Z # ; (4.18)where �Z is given by (4.11) and J0 is the Bessel function of the �rst order[184]. The time expended in the nonlinear deterministic region, �(� 0), can becalculated from the deterministic equation for the intensity:_I = 2a(t)I � 2AI2 (4.19)with the initial I(� 0) = Ir and �nal I(� 0 + �) = Ir conditions. This equationcan be solved obtaining for � the implicit condition:1 + 2AIr Z �+� 0� 0 exp �Z s� 0 2a(s)ds0� ds = exp "Z �+� 0� 0 2a(s)ds# : (4.20)Now we consider a kind of modulation that involves only two values of thecontrol parameter a(t). This modulation can be obtained, for instance, byvarying the quality factor of the cavity (Q{switching) with an acousto{opticmodulator [181]. In an on{period a(t) takes the value aon > 0 above thresholdduring the �rst Ton = �T fraction of period T and the value �ao� < 0 belowthreshold during the second part To� = (1 � �)T (see Fig. 4.1). Obviously,during an o�{period the parameter a(t) has the value �ao� during all theperiod time. We assume in the following that a pulse is always emitted duringTon. The passage time is then smaller than Ton. It is also assumed thatthe reference level Ir is crossed in the pulse decay during To� . This kind ofmodulation allows us to obtain �(� 0) from the condition (4.20):
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�(� 0) = � 12ao� ln(e�2(aon+ao� )(�T�� 0)(1 + AIr=ao�)� "1 + AIraon �e2aon(�T�� 0) � 1�+ AIrao� e2aon(�T�� 0)#): (4.21)From (4.11) we obtain�2Z = D2 " 1ao� �1� e�2ao� [T ��(� 0)�� 0]�+ 1aon �1� e�2aon��#e2ao� [T ��(� 0)�� 0];(4.22)where � and � 0 are smaller than Ton. Finally W T0 (�=� 0) becomes from (4.16):W T0 (�=� 0) = aonIr�2Z e2ao� [T ��(� 0)�� 0]e�2aon�� exp 24�Ir �1 + e2ao� [T ��(� 0)�� 0]�2aon��2�2Z 35�J0� Ir�2Z eao� [T ��(� 0)�� 0]�aon��: (4.23)From these expressions and the integral equation (4.12) one can calculatethe stationary passage time probability P (�). The validity conditions of thismethod can be explicitly obtained in the following way [174]. The referencevalue Ir must be in a deterministic region, Ir � D=minfaon; ao�g, such thatsaturation e�ects are negligible, AIr � minfaon; ao�g. Then the followingcondition is obtained D � "(minfaon; ao�g)2A # : (4.24)To understand the behavior of the system under random modulation con-ditions it is useful to introduce two dimensionless parameters:ron = aonTon; ro� = ao�To� : (4.25)



112 CHAPTER 4The �rst parameter ron is associated to the pulse rising and it corresponds tothe ratio between the time spent by the laser above threshold and the timeneeded to reach the on{state. The second one, ro� , gives the ratio between thetime spent by the laser below threshold and the pulse decay time. These pa-rameters can be used to characterize all possible situations. The case ron � 1is not considered because it corresponds to a situation such that the probabil-ity of occurrence of a pulse in an on{period is low. Note that in our analysiswe have assumed that in an on{period a pulse is always emitted. In the op-posite situation, ron � 1, the laser spends enough time above threshold toreach the on{state, given by Ion = aon=A. Then, all the pulses saturate to thisvalue. In this case a complete analytical treatment is possible (see below). Inthe intermediate case ron � 1 di�erent pulse heights are obtained for di�erentvalues of � . The probability density of the pulse maximum intensity, PH(Im),can be easily obtained [174] from P (�) (see (4.13)) by solving the deterministicequation (4.19) with the initial condition I(�) = Ir. The pulse height is givenby Im = I(�T ) as a function of � . By using the inverse function [174]�(Im) = �T � 12aon ln Im(AIr � aon)Ir(AIm � aon) (4.26)we get the pulse height distributionPH(Im) = P [�(Im)]=[2Im(AIm � aon)]: (4.27)As concerns pulse decay, two cases ro� � 1 and ro� � 1 are considered.In the �rst case the o�{state is reached at the end of an on{period. Thenthe initial condition for a pulse always corresponds to this state. However,in the second case the behavior of the system during a pulse depends on theprevious sequence of \zeros" and pulses. Note that in this case ro� can not bevery small, since we have assumed that the reference level Ir is always crossedduring the pulse decay.4.3.1 Repetitive Q{switching (ro� � 1)For large values of ro� the laser is below threshold at the end of an on{periodduring a large enough time To� to reach the o�{state. In this steady stateassociated to a control parameter �ao� the laser intensity is mainly due tospontaneous emission noise. In this case the laser is in the o�{state at the



Statistical analysis of pulses in systems with random modulation... 113end of all the periods. Then the initial condition at the beginning of a pulsealways corresponds to this stationary state (repetitive Q{switching), and theconditional probability W (m+1)T0 is independent of the number m of \zeros"between two pulses. Therefore the passage time distribution is independentof the kind of modulation, periodic or random. As shown in [174] in theseconditions the argument of the Bessel function in (4.23) is small. Then, using[184] J0 � 1, the conditional probability (4.23) becomes separable and onerecovers from (4.12) and (4.23) the well known expression of P (�):Pr(�) = N exp "�2aon� � ao�aonIrD(aon + ao�)e�2aon�# : (4.28)The mean passage time and variance are readily obtained as:�r � 12aon  ln " Iraonao�D(aon + ao�)#�  (1)! ; �2r �  0(1)4a2on (4.29) and  0 being the digamma function and its derivative, respectively [184].4.3.2 Memory and pattern e�ects (ro� � 1)When ro� is not large enough the o�{state is not reached during the pulsedecay. Then the initial value for the intensity at the beginning of a pulsedepends on whether the previous bit was a \zero" or a \one" (a pulse). In thiscase we say that the system has memory or that pattern e�ects are important.The laser has a memory of length n (or n{periods memory) if the behavior ofthe system during a pulse depends on the previous n periods. This memorylength can be estimated as the number of o�{periods required after one pulse toreach the o�{state. In this case the laser stays below threshold with a = �ao�during a time Tmem = To� + nT such that ao�Tmem � 1. Therefore, after n\zeros" the initial condition for a pulse will correspond to the o�{state. Asa consequence there are only n + 1 di�erent terms in the integral equation(4.12), since the conditional probability W (m+1)T0 corresponds to that of therepetitive Q{switching case for m � n.Due to the memory a multimodal distribution for the passage time can beobtained. The statistical properties of the laser can be understood as a super-position of the statistical properties associated to the last \one" of 2n di�erentperiodic sequences. Each of these sequences, composed of n + 1 bits, is �xed



114 CHAPTER 4and it is obtained by taking one of the 2n possible distributions of n bits \zero"and \one" and a \one" as the last bit. The passage time distribution P (�) forthe random modulation case with p = 1=2 can be obtained in the followingway [164, 183]: When a sequence is periodically repeated the passage timedistribution associated to the last one of the sequence is obtained. P (�) isgiven by the superposition of these 2n passage time distributions associatedto the di�erent periodic sequences. The maximum number of peaks of P (�) is2n in the n{memory case. However, it should be noticed that is not likely toobserve 2n peaks since many of the di�erent sequences could give close peakswhich are not distinguishable. This will happen when the separation betweenthe peaks is smaller than the width of the passage time distribution associ-ated to the sequences. Multimodal distributions due to memory e�ects havebeen also observed in semiconductor lasers modulated at high speed [164, 183].Two sequences are especially relevant: the periodic sequence without \zeros"between pulses and the one associated to the repetitive Q{switching. Thislast sequence corresponds in the n{memory case to n \zeros" between twoconsecutive pulses. The number of photons at the beginning of a pulse de-creases when the number of previous \zeros" increases. As a consequence, thelargest and smallest values for the passage time will correspond to the repeti-tive and periodic sequences, respectively. Therefore, a multimodal distributionwill be observed when the overlapping between the probability distributionsassociated to these two sequences is small [164, 183].It is interesting to consider the limiting situation such that at the end ofa pulse the intensity is below the reference level Ir, but large enough for the
uctuations to be negligible. This case corresponds to small values of ro� .Then in the periodic modulation case the number of photons at the beginningof a pulse is also large, and the switch{on is mainly due to the stimulatedemitted photons. As shown in [174] in this deterministic limit when the laseris above threshold on the average, i. e. ro� < ron, a deterministic steady stateis reached for the periodic modulation case, Ppm(�) = �(� � �D), where�D = 12aon "ln AIr(aon + ao�)aonao� !+ 2ao�T (1� �)� ln �1� e�2aon�T+2ao� (1��)T�#: (4.30)Since ro� < ron the last term in �D can be usually neglected. Then, the switch{



Statistical analysis of pulses in systems with random modulation... 115on time in the periodic modulation case is approximately a linear function ofro� with a slope given by (aon)�1 [174]. In this deterministic limit an analyticalcondition for the multimodal character of the distribution P (�) can be given.Using the criterion based on the overlapping between the distributions associ-ated to the periodic and repetitive sequences the condition (�r� �D) > �r (seeEqs. (4.29) and (4.30)) is obtained.4.3.3 Pulse saturation ron � 1In this limiting case the pulses always saturate to reach the on{state: Ion =aon=A. The intensity in an on{period at time Ton is then given by Ion. There-fore, the passage time � is independent of the passage time of the previouspulse � 0. After changing the pump parameter from above to below thresholdthe laser spends a decay time�1 = 12ao� ln aon(ao� + AIr)AIr(ao� + aon) (4.31)to cross the reference level Ir. Then � + �(�) is a constant given by Ton + �1(see Fig. 4.1). Substituting � 0 + �(� 0) by this constant in (4.22) and (4.23),we obtain a conditional probability W (m+1)Tsat (�) that only depends on � . Theintegral equation (4.12) can be trivially solved in this case obtaining for P (�)P (�) = 1Xm=0 p(1� p)mW (m+1)Tsat (�): (4.32)According to the previous discussion, when the memory length is n all theterms in (4.32) with m � n corresponds to the repetitive Q{switching casegiven by (4.28). Therefore, only (n+ 1) di�erent terms must be considered in(4.32).An interesting situation occurs when ro� is small (deterministic periodicmodulation) and the memory length is 1, that is Tao� � 1. In this case wehave W Tsat(�) � �(� � �D), whereas W (m+1)Tsat (�) for m > 0 corresponds to therepetitive Q{switching case (4.28). A better approximation for W Tsat includingthe e�ect of 
uctuations can be obtained in the following way. As shown in[174] the deterministic limit corresponds to a large value of the argument ofthe Bessel function in (4.23). Then, using [184] J0(x) � exp(x)=p2�x andreplacing � 0 + �(� 0) by Ton + �1 in (4.23) we get
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W Tsat(�) � PD(�) = exp (�aon(� � �D))q2��2D � exp 264��1� e�aon(���D)�22a2on�2D 375 ; (4.33)where �2D = D(aon + ao�)2Ira3onao� "AIr(aon + ao�)aonao� e2ro� � 1# : (4.34)The mean and variance of the passage time associated to the deterministicperiodic modulation are given by �D and �2D, respectively.By using (4.28) and (4.33) in (4.32) the following distribution is obtainedfor the random modulation caseP (�) � pPD(�) + (1� p)Pr(�): (4.35)This distribution is bimodal when the separation between the peaks at �D and�r is greater than the width of Pr(�) (see (4.29) and (4.30)). The mean valueof � , p�D + (1� p)�r, is given byh�i = 12aon "2pro� + p lnAIr � (1� p)� (1) + ln DIr�+(1� 2p) ln aonao�aon + ao� #: (4.36)When p = 1=2 the last term in (4.36) is zero and the switch{on time is a linearfunction of ro� with a slope given by (2aon)�1. This slope is one half the onefor �D in (4.30). The variance of � is given from (4.35) by�2� = (1� p)�2r + p�2D + p(1� p)(�r � �D)2: (4.37)This variance has a maximum value when the probability p of pulses ispmax = 12 � (�2r � �2D)(�r � �D)2 : (4.38)In the bimodal case when the peaks are clearly separated pmax � 1=2, that isthe result for a random variable that can take only two values.
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Figure 4.2: Probability density function P (�) for di�erent values of the param-eters: (a) T = 2, ao� = 10, � = 0:6; (b) T = 2, ao� = 3, � = 0:6; (c) T = 1:2,ao� = 3, � = 0:45. Other parameters are a = 10, A = 1, D = 10�3, Ir = 0:1,and p = 0:5. Histograms correspond to numerical simulations of Eq. (4.14),solid lines correspond to theory (Eq. 4.12) and dashed lines to the analyticalapproximations given by Eq. (4.28) (a) and Eq. (4.35) (b)



118 CHAPTER 44.4 Comparison between theory and numeri-cal simulationsIn this section we compare theoretical and simulation results for the pulsestatistics of randomly modulated gas lasers. The stationary passage timeprobability density is obtained by solving the integral equation (4.12) witha standard numerical algorithm. In some cases (see Sec. 4.3.3) an analyticalsolution can be obtained. In the numerical simulations we have considered atransient of 100 periods to ensure that the system has reached the steady{state conditions. A very good agreement between theory and simulations isobserved in Fig. 4.2 for di�erent types of distributions P (�). Figs. 4.2a and4.2b correspond to the case of pulse saturation, ron � 1, and di�erent valuesof ro� . In Fig. 4.2a this parameter is large and P (�) is given by the repetitiveQ{switching distribution (4.28). When ro� is decreased a bimodal distributionis obtained in Fig. 4.2b due to memory e�ects. This situation correspondsto the last case discussed in the previous section with a memory length of1 period. The two peaks are associated to the periodic modulation (nearlydeterministic) and the repetitive Q{switching. In this case the analytical re-sult (4.35) for P (�) is in good agreement with the numerical simulations. InFig. 4.2c the period T decreases and then both ron and ro� are also reduced.As a consequence di�erent pulse heights are obtained (no pulse saturation).However, the passage time distribution is also bimodal, because the memorylength is similar to that of the case in Fig. 4.2b.In Figs. 4.3 and 4.4 we show the mean value and variance of the passagetime versus ro� for the pulse saturation case. Analytical results have beenobtained from (4.32). The values of aon and T are kept �xed and the valueof ao� is changed. Two di�erent values of � are considered that ful�ll thecondition ron � 1. In this way the value of ro� can be changed by varying ao�or To� = (1 � �)T . Two di�erent types of modulation, periodic (p = 1) andrandom (p = 1=2), are compared in these plots. A very good agreement be-tween theory and simulations is obtained. For large values of ro� the repetitiveQ{switching regime is reached and the results (see (4.29)) are independent ofthe type of modulation. When ro� decreases h�i and �� are given by (4.36)and (4.37), respectively. This situation corresponds to a deterministic periodicmodulation and 1 period memory. A linear behavior is observed for the meanpassage time versus ro� with a relation of one half between the slopes of the
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Figure 4.3: Mean switch{on time < � > as a function of ro� for periodic,p = 1, (upper plot) and random, p = 0:5, (lower plot) modulation. Asterisksand crosses (diamonds and triangles), obtained from simulations, and solid(dashed) lines, obtained from theory (Eq. 4.12) correspond to � = 0:4 (� =0:6). Three{dot{dashed lines correspond to Eq. (4.29) and long{dashed linescorrespond to Eq. (4.36). Parameter values are the same as in Fig. 4.2, withT = 2 and ao� variable.
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Figure 4.4: Variance of the passage time �� as a function of ro� for the sameparameter values as in Fig. 4.3. Long{dashed lines correspond to Eq. (4.37).



Statistical analysis of pulses in systems with random modulation... 121random and periodic modulation cases, as predicted by the theory. In therandom modulation case h�i is only a function of ro� and the same result isobtained for the two values of �. However, a slight di�erence is observed inthe periodic modulation case due to the last logarithmic term in (4.36). Asconcerns the variance, when ro� decreases a very di�erent behavior is observedin Fig. 4.4 for the periodic and random modulation cases. In the �rst case(p = 1, only pulses) the number of photons at the beginning of a pulse in-creases when ro� decreases. Then the 
uctuations decrease. However, in therandom modulation case a bimodal distribution appears, and �� is mainly dueto the separation between the peaks of P (�). Then the linear behavior of ��with ro� is due to the linear increase of �D with this parameter.The variation of the statistical parameters h�i and �� with the probabilityp of occurrence of pulses is shown in Fig. 4.5. We have considered the pulsesaturation case for two di�erent values of �. Both values correspond to thesituation described in Sec. 4.3.3 by (4.35). Then the analytical results canbe obtained from (4.36) and (4.37). A very good agreement is found betweentheory and simulations. The �rst value � = 0:6 corresponds for p = 1=2 tothe bimodal distribution shown in Fig. 4.2b. In this case, according to (4.38),the maximum value of the variance is obtained when p � 1=2. In the secondcase (� = 0:4) the peaks of the distribution are not clearly separated, since wehave (�r� �D) � (�r+�D). Then the maximum of �� is obtained for a smallervalue of p � 0:3.Finally we have analysed the statistics of pulse heights Im. The corre-sponding density PH(Im) is obtained from the passage time distribution byusing (4.27). In Fig. 4.6a the pulse height distribution for the case of Fig.4.2c is shown. In this case ron is not large enough for all the pulses to saturateand a bimodal distribution for the pulse heights is obtained. When there is a\zero" before a pulse the passage time is large, and then the on{state Ion isnot reached during Ton. These passage times correspond to the broad peak inFig. 4.2c. The narrow peaks in Figs. 4.2c and 4.6a are associated to pulsesthat follow another pulse. When the period is increased all the pulses haveenough time during Ton to saturate and a distribution peaked around Ion isobtained (see Fig. 4.6b). In this case the parameters are similar to those ofFig. 4.2b.
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Figure 4.5: Mean value < � > and variance �� of the passage time as a functionof p for two values of � as obtained from simulation (symbols) and from theory(lines). Asterisks correspond to � = 0:4 and diamonds to � = 0:6. Solid linescorrespond to Eq. (4.12) and dashed lines to Eqs. (4.36) and (4.37)
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Figure 4.6: Probability density function PH(Im) as a function of height forT = 1:2 (upper plot) and T = 2 (lower plot). Histograms correspond tosimulation and dashed lines to theory (Eq. (4.27)). Other parameters are thesame as in Fig. 4.2(c)
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Chapter 5Theoretical calculation ofturn{on delay time statistics oflaser diodes under PeriodicModulation (PM)
5.1 IntroductionThe light sources used in high{capacity, long{haul �ber{based communicationsystems are typically single{mode laser diodes, either DFB or DBR lasers.These devices remain in stable single{mode operation under fast modulation ofthe injection current. For such laser sources one factor that limits the systemperformance is timing jitter, i.e., the 
uctuations in the delay between theelectrical and optical pulses (turn{on delay). This uncertainty in the switch{on time of the laser is due to the stochastic nature of the spontaneous emissionprocess.For periodic modulation at frequencies of the order of MHz timing jitterstrongly depends on bias current. Both turn{on delay time and jitter arereduced when biasing above threshold, due to the fact that the spontaneousemission noise is negligible compared to the stimulated emission. This slowmodulation regime corresponds to the repetitive gain{switching, i.e., the gain{switching events are essentially independent. In this case enough time elapsesbefore each turn{on time pulse so that the laser starts from the stationary ini-125



126 CHAPTER 5tial condition �xed by the bias current. However, at modulation frequencies ofseveral GHz the timing jitter becomes almost independent of the bias currentin a periodic modulation regime. The initial condition at the beginning of apulse is not determined by the bias current, since the laser has not enoughtime to relax to the steady state associated to this current. This initial con-dition is given by the dynamics of the system, and plays an important role indetermining the evolution of the following pulse.Most of the theoretical results for turn{on time statistics are based on nu-merical simulations of the stochastic rate equations for the laser. However,simulations can not give information on the rare events that contribute toerror rates as low as 10�9, due to the large amount of computational timerequired. A theory has been developed[182] to obtain the turn{on time prob-ability distribution in the periodic modulation regime at GHz rates. Thetheory is based on a consistency condition for the statistical properties associ-ated with two consecutive pulses. This theory is valid also for low modulationfrequencies when the laser is biased below threshold. However, for bias currentabove threshold it is restricted to large enough rates of the order of severalGHz. This range corresponds to the situation such that the photon numberbetween pulses is small. Then laser operation can be splitted into two regimes:a stochastic regime with a low number of photons in which noise is relevant,and a deterministic regime in which noise can be neglected.Here we report a new combined method, numerical and analytical, for ob-taining the turn{on time statistics for laser diodes under periodic modulationof the injected current. This method is valid for lasers biased above thresholdfor any modulation frequency. The main result of the method is an integralequation for the turn{on time probability density. This equation is derivedfrom a consistency condition between two consecutive pulses [182]. However,now the approach followed in Ref. [182] to obtain the kernel of this integralequation is not useful, because the laser evolution can not be separated into thetwo regimes, stochastic and deterministic. When the modulation frequency isnot very high the laser intensity relaxes to the steady{state associated to thebias current above threshold. During these relaxation oscillations the stochas-tic evolution of laser intensity can not be decoupled of the carrier numberdynamics.The chapter is organized as follows. In Section 5.2 we describe the stochas-tic rate equations, modulation regimes and the parameters used in the calcula-tions. The method previously developed for the periodic modulation case[182]



Theoretical calculation of turn{on delay time statistics... 127is also reviewed. A new method is introduced in Section 5.3 to obtain the turn{on time distribution for lasers biased above threshold under periodic modu-lation conditions. Turn{on time statistics for di�erent bias currents abovethreshold and di�erent modulation frequencies are obtained. Theoretical re-sults are compared with numerical simulations of the stochastic rate equations,and a good agreement is obtained.5.2 PM with bias current below threshold.Our analysis is based on single{mode laser rate equations including a randomterm that describes spontaneous emission noisedE(t)dt = 1 + i�2 [G(t)� 
]E(t) +q2�N(t) �(t); (5.1)dN(t)dt = C(t)� 
eN(t)�G(t)jE(t)j2; (5.2)where a gain{saturation factor of the form q1 + sjE(t)j2 is included in thegain[185] G(t) = g[N(t)�N0]q1 + sjE(t)j2 : (5.3)Units have been chosen so that the laser intensity I = jE(t)j2 and N corre-spond to the number of photons and the number of minoritary carriers withinthe active layer, respectively. The meaning of the symbols and the values ofthe di�erent parameters appearing in (5.1)-(5.3) are listed in Table 5.1. Therandom spontaneous emission process is modeled by a complex Gaussian whitenoise term �(t) of zero mean and correlationh�(t)��(t0)i = 2�(t� t0):The injection current C(t) follows a square{wave modulation of periodT = ton + to� , taking its \on" value Con during ton, and then dropping to thebias level, Cb, where it stays during to� . For very large to� the laser reachesthe stationary state given by Cb. This situation corresponds to the repetitivegain{switching regime. To study the dependence of the laser response on the



128 CHAPTER 5Parameter Symbol Value UnitsThreshold current Cth 3.76 � 1016 s�1Di�erential gain g 5.6 � 104 s�1Carrier number at transparency N0 6.8 � 107 adim.Nonlinear gain saturation s 1.2 � 10�6 adim.Spontaneous emission factor � 1.1 � 104 s�1Linewidth enhancement factor � 5.5 adim.Inverse photon lifetime 
 4 � 1011 s�1Inverse carrier lifetime 
e 5 � 108 s�1Table 5.1: Meaning and values of the di�erent parameters appearing in themodel.bias current, we �x Con = 3:5Cth, and to examine the dependence on themodulation frequency, we take to� as a free parameter while we �x ton = 90ps. For the parameter values of Table 5.1 this choice of ton gives a convenientpulsed operation of the laser in which only the �rst spike of the relaxationoscillations is excited[164].The turn{on time � is de�ned as the delay between the beginning of theperiod and the emission of the pulse, given by the time at which the laserintensity �rst surpasses a reference level Ir. We take the reference intensity tobe 10 % of the steady{state intensity Ist corresponding to Con for bias currentbelow threshold and 50 % of Ist for bias current above threshold. In thisway we avoid errors due to spurious turn{on induced by relaxation oscillationsduring to� for bias current above threshold. For the parameter values used inthis work a pulse is always emitted during ton and all the pulses decay fromtheir maximum values to cross the reference level during to� (see Fig. 5.1).In the following we consider the turn{on time probability density functionP (�) in the stationary regime. In this regime this distribution becomes inde-pendent of the initial conditions and the statistical properties of the turn{ontime are the same for two consecutive pulses. This consistency condition canbe used[182] to get the following integral equation for P (�),P (�; N� ) = Z T0 d� 0 Z 10 dN� 0 W (�; N�=� 0; N� 0)P (� 0; N� 0) ; (5.4)where W (�; N�=� 0; N� 0) is the joint conditional probability of reaching Ir attime � with carrier number N� , when the reference level is reached at time � 0
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Figure 5.1: Time evolution for the intensity I(t), carrier number N(t), andinjection current C(t) for periodic modulation. The bias current is Cb =0:95Cth.



130 CHAPTER 5in the previous period with carrier number N� 0 (see Fig. 5.1). The 
uctua-tions of the carrier number N(0) at the beginning of a period are very small.Since the dynamical evolution of the carriers is deterministic, the probabilitydistribution of N� 0 is a delta function. N� 0 can be obtained by neglecting thestimulated emission term in the carrier evolution. This leads to a linear equa-tion for the carrier number evolution uncoupled from photon dynamics. Theinitial condition N(0) can be obtained from the numerical integration of thedeterministic nonlinear rate equations. An analytical estimation of this valuecan be also given [182]. Then (5.4) reduces to the following equation,P (�) = Z T0 d� 0 W (�=� 0; N� 0)P (� 0) : (5.5)An approximation for the conditional probability W (�=� 0N� 0) has beenobtained in reference [182] by splitting laser operation into two regimes, astochastic regime with low number of photons, I < Ir and a deterministicregime, I > Ir. This approximation is valid when the carrier dynamics isnot coupled to photon dynamics (stimulated emission is neglected) during thestochastic regime. This corresponds to a small number of photons during to� ,which is always the situation for lasers biased below threshold. However, whenCb > Cth this is not the case for modulation frequencies smaller than 2 GHz forthe parameters considered in this work. We consider in this section the caseof a bias current below threshold. In the following section a new method isdeveloped to obtain the kernel of the integral equation for lasers biased abovethreshold.We now review the method developed to obtain the kernel of the integralequation for lasers biased below threshold [182]. In the stochastic regime wecan neglect the nonlinear gain saturation term in (5.3) and the stimulatedemission term in (5.2). The resulting stochastic rate equations are linear,hence the statistical distributions are easily obtained[193, 182]. The initialconditions in this stochastic regime (see Fig. 5.1) are I(� 0 + �) = Ir andN(� 0 + �) = N�. The time spent in the deterministic region �(� 0) can beobtained by numerical integration of the nonlinear deterministic rate equationswith the initial I(� 0) = Ir, N(� 0) = N� 0 and �nal conditions I(� 0+ �) = Ir (seeFig. 5.1). The value of N� 0 is obtained as explained before. The electric �eldcomponents are given (see Sect. 2.2) by



Theoretical calculation of turn{on delay time statistics... 131Ei(t) = hi(t) exp�12 Z t� 0+�fg[N(s)�N0]� 
gds� (5.6)whereN(t) = N� exp[�
e(t� � 0 � �)] + Z t� 0+� exp[�
e(t� s)]C(s)ds; (5.7)and hi(t) = Ei(� 0 + �) + Z t� 0+�q2�N(t0)� exp �12 Z t0� 0+�fg[N(s)�N0]� 
gds! �i(t0)dt0 (5.8)are Gaussian processes of mean hhii = Ei(� 0 + �) and variance�2hi = �2h = Z t� 0+� 2�N(t0) exp � Z t0� 0+�fg[N(s)�N0]� 
gds!dt0: (5.9)The intensity I in the linear regime is given byI(t) = E21(t) + E22(t) = �(t) exp�Z t� 0+�fg[N(s)�N0]� 
gds� ; (5.10)where �(t) = h21(t) + h22(t). Substituting t by � and I(t) by Ir, we �nd arelationship between � and �(�):�(�) = Ir exp�� Z �� 0+�fg[N(s)�N0]� 
gds� : (5.11)Note that �(�) also depends on � 0 and N� 0 through N� and �. From eq. (5.11)we can calculate the kernel of the integral equation through the statisticalproperties of �. The probability density P� can be easily calculated from thestatistics of h1 and h2, givingP�(x) = 12�h exp��Ir + x2�h �I0  pxIr�h ! ; (5.12)



132 CHAPTER 5where I0 is the Bessel function of order zero.It has been shown [182] that the results obtained with this method for theswitch{on time statistics are in good agreement with the numerical simulationswhen Cb < Cth for any modulation frequency. However, for lasers biased abovethreshold the theory fails when the modulation frequency is smaller than 2.5GHz. Then a di�erent approximation must be developed when Cb > Cth toobtain the kernel W in the integral equation (5.5).5.3 PM with bias current above thresholdIn this section a new method is developed to obtain the switch{on time distri-bution for lasers biased above threshold under periodic modulation conditions.The method is also based on the integral equation (5.5), but now the approachconsidered in the previous section to obtain the kernelW is not valid when themodulation period is greater than 500 ps. In this case the number of photonsbetween pulses is not small (see Fig. 5.2), and the laser evolution can not beseparated into the two regimes, stochastic and deterministic. When I < Ir thestochastic evolution of laser intensity is coupled with carrier number duringthe relaxation oscillations (see Fig. 5.2).The integral equation (5.5) takes into account the fact that for modulatedsystems the initial condition at the beginning of a pulse is dependent on theprevious pulse. For low enough modulation rates this \memory" e�ect dis-appears. When to� increases the steady state associated to the bias currentis reached at the end of a pulse. Then the initial state of the following pulsecorresponds to this steady steady state. Fig. 5.3 shows the memory e�ect fordi�erent modulation frequencies. The results for the turn{on time statisticsare obtained from numerical simulations by considering the pulses that arepreceeded by a pulse with a given value of � 0. The dependence on the turn-ontime of the previous pulse corresponds to that of the conditional probabilityon � 0. Memory e�ects are observed in Fig. 5.3 for a laser biased 10% abovethreshold even at frequencies of 1 GHz.In order to obtainW (�=� 0N� 0) we consider the stochastic equations in termsof the �eld amplitude A = pI,dAdt = 12 "g(N �N0)p1 + sA2 � 
#A + �NA +q2�N(t) �A(t); (5.13)
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Figure 5.2: Time evolution for the intensity I(t), carrier number N(t), andinjection current C(t) for periodic modulation with a bias current Cb = 1:1Cthand period T = 1590 ps. Solid lines correspond to numerical simulations ofEqs. (5.1) and (5.2), dot{dashed lines to the deterministic evolution, anddashed lines to the linearization around the deterministic solution.



134 CHAPTER 5dNdt = C(t)� 
eN � g(N �N0)p1 + sA2 A2; (5.14)where �A(t) is a real white noise with correlationh�A(t)�A(t0)i = �(t� t0): (5.15)When I < Ir the stochastic evolution of laser intensity is coupled with car-rier number during the relaxation oscillations (see Fig. 5.2). However, thedeviation from the deterministic evolution in the relaxation oscillations can betreated in a perturbative way. Then we linearize the rate equations around thedeterministic evolution, that is obtained by numerical integration of (5.13){(5.14) without the noise term. As shown in Fig. 5.2 for one typical realizationa good description of the dynamical evolution is obtained in this way. It isexpected that this approximation will work better when increasing the biascurrent. The resulting equations are stochastic linear equations with time de-pendent coe�cients. The probability distribution of A(t) is Gaussian and it iseasily obtained. The photon number probability distribution PI(I; t=� 0; N� 0) isderived from the �eld distribution. The turn{on time probability distributioncan be evaluated from PI(I; t=� 0; N� 0) by noting that the probability that thecrossing time of the level Ir will be greater than � equals the probability thatI is less than Ir at time � . Therefore, we obtainW (�=� 0; N� 0) = � @@� Z Ir0 PI(I; �=� 0; N� 0) dI : (5.16)The results obtained with this method for the turn{on time statistics forlasers biased above threshold are plotted in Figs. 5.4 for di�erent values of thebias current above threshold. A good agreement of the theoretical results withnumerical simulations is observed for a wide range of the modulation period,even when the laser is biased close to threshold. The oscillations observedin the mean turn{on time and in the jitter correspond to the relaxation os-cillations in photon and carrier number. The turn{on time distribution P (�)obtained from the method is compared with numerical simulations in �gure 5.5.A qualitative agreement is obtained even for bias current close to threshold.The agreement is better when Cb and/or the modulation period T increases.In particular the repetitive gain{switching regime, that is achieved for longvalues of to� , is well described by the theory (see Fig. 5.6).
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Figure 5.3: Mean switch{on time h�i and timing jitter �� as a function of theswitch{on time of the previous pulse for Cb = 1:1Cth and two values of themodulation period T : solid lines correspond to T = 590 ps and dashed linescorrespond to T = 990 ps.
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Figure 5.4: Mean switch{on time h�i and timing jitter �� vs. the modulationperiod T for periodic modulation and di�erent values of the bias current Cbabove threshold. Solid lines correspond to theory and symbols to numericalsimulations: diamonds for Cb = 1:1Cth, asterisks for Cb = 1:15Cth and squaresfor Cb = 1:2Cth.
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Figure 5.5: Turn{on time distribution, P (�), for di�erent values of the modula-tion period T and bias current Cb > Cth. Histograms correspond to numericalsimulations and solid lines to theory
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Figure 5.6: Turn{on time distribution, P (�), for the repetitive gain{switchingcase (T = 4000 ps) with Cb = 1:1Cth. Histogram corresponds to numericalsimulations and solid line to theory.In conclusion, we have developed a new method for calculating the turn{ontime statistics for laser diodes biased above threshold under periodic modula-tion of the injected current. The results obtained with this new method are ingood agreement with numerical simulations for any value of the modulationfrequency. When considering pseudorandom word modulation, the method canbe used to study sequences with any number of \0" bits before a pulse (\1"bit). The main advantage of the method is that it allows to obtain the turn{ontime probability distribution without performing numerical simulations of thestochastic rate equations. Then very low error rates can be estimated usingthis method.



Chapter 6Theoretical calculation ofturn{on delay time statistics oflaser diodes under PRWM
6.1 IntroductionThe limitations imposed by directly modulated lasers on high capacity op-tical communication systems are becoming more apparent as bit rates areraised up to and beyond 10 Gb/s. The optimum performance of �ber{basedsystems is obtained with monochromatic light sources, either DFB or DBRlasers, that remain single{mode, even under fast large{signal pseudorandomword modulation (random sequence of \1" and \0" bits). Recent laser develop-ments have greatly improved direct modulation rates and have reduced spectralwidths, so that �ber dispersion causes less degradation. Noise in semiconduc-tor lasers introduce 
uctuations that can degrade the system performanceconsiderably[163, 83]. Two main limiting factors of high{speed intensity mod-ulation/direct detection systems are timing jitter and the resulting chirp noise.The 
uctuations in the delay between the electrical and optical pulses (turn{ondelay) are due to the stochastic nature of the spontaneous emission process.Nonlinear dynamics amplify the indeterminacy of the turn{on time so thatpulses of di�erent pulse height, energy and width occur. The characteristics ofpulse statistics such as the distribution of pulse height[186, 187, 188, 93, 189],energy[189] and width[189] are easily related to the statistics of turn{on time.139



140 CHAPTER 6Chirp noise is another important factor in �ber{based communication sys-tems. The laser frequency chirping arises from the dependence of the laserfrequency on the refraction index, which varies with the carrier density as thelaser is modulated. Due to turn{on time 
uctuations the chirp range duringeach pulse 
uctuates randomly (chirp noise). This leads in combination withthe chromatic dispersion of the �ber to di�erences in the spreading of opticalpulses observed in �ber transmission. As a consequence chirp noise can pro-duce a bit{error{rate (BER) 
oor[190] in transmission (error rate 
oors occurwhen large increases in power at the receiver only marginally improve the errorrate of the system). Since timing jitter and chirp noise depend on spontaneousemission noise, both are related[165, 191, 192]. Then the calculation of thelaser turn{on time probability density function P (�) is essential to evaluatethe chirp noise induced error rate 
oor[193].The statistical properties of the turn{on time in laser diodes have been ex-tensively studied [83, 92, 93, 164, 182, 183], [193]{[209] either experimentallyor by theoretical calculations including numerical simulations of stochasticrate equations. In most of these studies the statistics is based on essentiallyindependent gain{switching events. In this situation, called repetitive gainswitching, enough time elapses before each turn{on time event so that the laserstarts from the stationary initial conditions �xed by the bias current. For suchslow modulation regime, the turn{on delay time and jitter are reduced whenbiasing above threshold[197, 199, 203], due to the fact that the spontaneousemission noise is negligible compared with the stimulated emission. However,when the laser is modulated at high frequencies, of the order of gigahertz, ithas been shown by numerical simulations[201, 164], analytical calculation[182],and tested experimentally[202] that the situation becomes very di�erent. Un-der a periodic modulation (\...111...") of the injected current, timing jitter isalmost independent of the bias current. In addition, pulse statistics becomerather independent of the modulation frequency when biasing slightly belowthreshold. These results can be explained in the following way[183]. Whenthe laser is modulated at high frequencies, before a pulse begins, there is notenough time for the laser to relax to its steady state determined by the biascurrent. Then, at the beginning of each optical pulse the laser starts froman e�ective initial condition given by the dynamics of the system itself. Thisinitial condition becomes essentially independent of the bias level and playsan important role in determining the statistics of the following pulse.Under pseudorandom word modulation (PRWM) at frequencies of 1 GHz



Theoretical calculation of turn{on delay time statistics... 141it was found experimentally in DFB lasers[200] that the turn{on time prob-ability density is bimodal (two maxima) when biasing below threshold. Nu-merical simulations have shown[164, 205] that the situation changes at largermodulation speeds. The distribution is always single peaked for bias slightlybelow threshold, while for a given bias above threshold (not greater than 25 %the threshold value) the distribution becomes double peaked for large enoughmodulation speed. As a consequence for high frequencies, timing jitter andthe dispersion in the pulse height become larger when biasing above thresh-old that when biasing below threshold[164]. The multimodal character ofthe distribution functions is due to the fact that the laser has a \memory",i.e., it remembers a �nite number of bits previous to a \1" bit. The dif-ferent peaks of the turn{on time distribution correspond to di�erent periodicsequences[164]. Memory e�ects have been experimentally corroborated in �berlasers[210]. A memory diagram to study the memory dependence on bias leveland modulation frequency in laser diodes has been introduced[205, 183, 206].A no{memory band (region where pattern e�ects are not important) is ob-tained when biasing slightly below threshold for modulation frequencies above1 GHz. Then this bias current avoids pattern e�ects, that have shown to bethe main cause of chirp noise[192].Almost all available theoretical results for turn{on time statistics underPRWM at high rates are based on numerical simulations of the stochastic rateequations. The e�ect of pattern dependence[211] of the laser turn{on timeand the e�ect of coding[212] on the time jitter have been analyzed using adeterministic model. However, the deterministic laser model, including theimpact of a random bit sequence, does not give the experimentally observederror rate 
oors[193]. Then the stochastic nature of spontaneous emission mustbe taken into account to calculate the BER of optical communication systems.Error rate as low as 10�10 in audio and video communication systems or 10�14in data transmission may be unacceptable. Simulations fall four or �ve orderof magnitude short of predicting realistic error rates, due to the large amountof computational time required. Then theoretical analysis are needed to getinformation of rare events. The in
uence of a previous pulse on the delay of agiven pulse has been investigated in Ref. [208]. The turn{on delay probabilitydensity function including bit{pattern e�ects has been calculated[209] for zero{biased lasers. The error rate 
oor due to laser turn-on delay 
uctuations andresulting chirp noise for lasers biased below and at threshold has been alsocalculated[193]. In this calculation the turn{on time density function was



142 CHAPTER 6obtained, but the combined dependence of this distribution on the bias leveland on the modulation frequency was not analyzed.In this chapter we report a new combined method, numerical and analyti-cal, for calculating the turn{on time statistics for single{mode semiconductorlasers under pseudorandom modulation of the injected current. The laser isdescribed by stochastic rate equations that include the e�ect of the sponta-neous emission noise. The method allows the calculation of the turn{on timedistribution for lasers biased below and above threshold, and for di�erent mod-ulation frequencies. The statistical properties of other pulse characteristics,such as the height and the width, can be obtained[189] by using the determin-istic evolution from the turn{on time. The method takes into account the factthat for modulated systems the initial condition, at the beginning of a pulse, isdetermined by the �nal evolution of the previous pulse. A consistency condi-tion for the statistical properties associated with two consecutive pulses is used.The main result of the method is the derivation of an integral equation for theturn{on time probability density function from this consistency condition. Asimilar method has been used to study gas lasers under periodic[174, 214] andrandom[213] modulation conditions (see Chapter 4). The method follows thequasideterministic approach, originally used[170] to study the decay from anunstable state. In this approach two di�erent evolution regimes, stochasticand deterministic, are considered.Gas lasers can be described in the good cavity limit by a one{dimensionaldynamical system. However, semiconductor lasers are two{dimensional dy-namical systems due to the carrier population dynamics, that must be alsoconsidered. Under a periodic modulation of the injection current (\...111...")at GHz rates, pulses switch o� when the bias current is set at the bias level.The small number of photons at the end of the pulse is rather independent ofthe bias current, below or above threshold, because the laser has not enoughtime to reach the steady state �xed by the bias current[164]. Then carrierpopulation dynamics is uncoupled from photon dynamics during the stochas-tic regime[182, 193] with low photon number, and the system can be treatedas an one{dimensional system. Based on this fact a theory for the calculationof semiconductor laser turn{on time distribution under periodic modulationat GHz rates has been developed[182]. This theory has been applied to obtainthe error due to transient mode partition noise[214].However, this theory fails[182] for bias current above threshold when thelaser is modulated at low rates. In this situation the laser approaches through



Theoretical calculation of turn{on delay time statistics... 143relaxation oscillations the steady state given by the bias current. In this regimecarrier dynamics is coupled to photon dynamics, and both spontaneous emis-sion noise and nonlinear deterministic dynamics must be considered to obtainturn{on time statistics. The same problem occurs for lasers under PRWMwhen the bias current is above threshold. A large number of photons is ob-tained, even at high modulation frequencies, before a pulse (\1" bit) thatappears after several \0" bits, that is for sequences \...00001". A new theoryhas been developed in chapter 5 for lasers biased above threshold with peri-odic modulation at low frequencies of the injection current. Using this theorya similar method to that developed in Chapter 4 for gas lasers[213] can beapplied to get the turn{on time distribution for laser diodes under PRWM.The chapter is organized as follows. In Section 6.2 we review the methodsdeveloped for the periodic modulation case for bias below [182] (see Sect. 5.2)and above threshold (see Sect. 5.3). In Section 6.3 we develop a method forlasers under PRWM. Turn{on time statistics for di�erent bias currents, belowand above threshold, and di�erent modulation frequencies in the GHz rangeare obtained. Theoretical results are compared with numerical simulations ofthe stochastic rate equations, and a good agreement is obtained.6.2 Periodic modulation regimeOur analysis is based on single{mode laser rate equations (5.1){(5.2), thatincludes a random term to describe spontaneous emission noise. The meaningof the symbols and the values of the di�erent parameters are listed in Table 5.1.The form of the injected current C(t) (expressed as number of injectedcarriers per unit time) depends on the modulation scheme chosen. Here weconsider a return{to{zero (RZ) scheme. The huge amount of standard single{mode �bers installed in terrestrial systems makes the analysis of this modula-tion format an interesting proposal[215]. It has been shown that for externallymodulated lasers RZ{transmission has a better performance than nonreturn{to{zero (NRZ) transmission when short ampli�er spacings[215] are considered.For directly modulated lasers the pulses are more similar at the �ber outputfor RZ than for NRZ. If the decision circuit is designed after the average pulses,as in Ref. [190], RZ o�ers better pulse waveform reproducibility, and patternse�ects can be suppressed by biasing the laser slightly below threshold[192].However, RZ requires a larger detector and driver bandwidth than the NRZ



144 CHAPTER 6scheme.Two di�erent modulation regimes in the RZ scheme are considered: peri-odic (PM) and pseudorandom (PRWM) modulation. In the PM regime theinjection current C(t) follows a square{wave modulation of period T = ton+to� ,taking its \on" value Con during ton, and then dropping to the bias level, Cb,where it stays during to� . This behavior corresponds to a \1" bit. For verylarge to� the laser reaches the stationary state given by Cb. This situation cor-responds to the repetitive gain{switching regime. In the PRWM regime theinjection current is composed of a random sequence of \0" and \1" bits withequal probability for the two symbols. For a \0" bit the current stays constantat the bias level during the full period T . Then the PM corresponds to asequence \...111..." only composed of \1" bits. The response of the system,when it is used for transmission of a signal in the RZ scheme, is modeled byusing the PRWM regime. A sequence \01001" is shown in Fig. 6.1. To studythe dependence of the laser response on the bias current, we �x Con = 3:5Cth,and to examine the dependence on the modulation frequency, we take to� as afree parameter while we �x ton = 90 ps. For the parameter values of Table 5.1this choice of ton gives a convenient pulsed operation of the laser in which onlythe �rst spike of the relaxation oscillations is excited[164].The turn{on time � is de�ned as the delay between the beginning of theperiod for a \1" bit and the emission of the pulse, given by the time at whichthe laser intensity �rst surpasses a reference level Ir. We take the referenceintensity to be 10 % of the steady{state intensity Ion corresponding to Confor bias currents below threshold. If Cb > Cth, we take Ir = 0:5 Ion, since inthis way we avoid errors due to spurious turn{on during \0" bits induced byrelaxation oscillations. For the parameter values used in this work a pulse isalways emitted for a \1" bit, and all the pulses decay from their maximumvalues to cross the reference level during to� (see Fig. 6.1).In the following we consider the turn{on time probability density functionP (�) in the stationary regime. After an initial transient of around 102 periodsthis regime is reached and the distribution P (�) becomes independent of theinitial conditions. In the stationary regime the statistical properties of � arethe same for two consecutive pulses. This consistency condition can be usedto get an integral equation for P (�). In the periodic modulation case thefollowing equation is derived[182]
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Figure 6.1: Time evolution for the intensity I(t), carrier number N(t), and in-jection current C(t) during a \01001" sequence for pseudorandom word mod-ulation. The bias current is Cb = 0:95Cth.



146 CHAPTER 6P (�) = Z T0 d� 0 W (�=� 0; N� 0)P (� 0) ; (6.1)where W (�=� 0; N� 0) is the conditional probability of reaching Ir at time �when the reference level is reached at time � 0 in the previous period (see Fig.5.2). The value of N� 0 is obtained by using the linear equation for the car-riers uncoupled from photon dynamics (see Sect. 5.2). This equation is thebasis of the method used in Ref. [182] to obtain the turn{on time distributionfor lasers under PM at GHz rates. The method is valid for Cb below andabove threshold, because at these modulation frequencies the laser behavioris rather independent of the bias current[164]. Before a period begins thereis not enough time to relax to the steady state given by Cb. Then betweenpulses the photon number is small, even when Cb > Cth, and carrier dynamicsis uncoupled from photon dynamics. The conditional probability W can beobtained[182] by splitting laser operation into two regimes[193]: a stochasticregime with a low number of photons I < Ir in which noise is signi�cant,and a deterministic regime with I > Ir in which noise can be neglected (seeSect. 5.2). The turn{on time statistics obtained from this method are in goodagreement with numerical simulations for Cb < Cth. However, when Cb > Cththe theory fails for small modulation frequencies[182]. In this case photon andcarrier dynamics are coupled when the laser approaches through relaxationoscillations the steady state corresponding to Cb (see Fig. 5.2). The pho-ton evolution is stochastic, and then both noise and nonlinear deterministicdynamics must be considered to get a correct description. The same prob-lem appears, even at high bit rates, under PRWM for sequences of the type\...00001".In Sect. 5.3 a new method has been developed to obtain the turn{on timedistribution for lasers biased above threshold under periodic modulation con-ditions. The method is also based on the integral equation (6.1), but now anew approach has been followed to obtain the kernel W . When I < Ir thestochastic evolution of laser intensity is coupled with carrier number duringthe relaxation oscillations (see Fig. 5.2). However, the deviation from thedeterministic evolution in the relaxation oscillations can be treated in a per-turbative way. Then the rate equations are linearized around the deterministicevolution. The resulting equations are stochastic linear equations with timedependent coe�cients. The probability distribution of E(t) is Gaussian and itis easily obtained. The photon number probability distribution PI(I; t=� 0; N� 0)



Theoretical calculation of turn{on delay time statistics... 147is derived from the �eld distribution. The turn{on time probability distribu-tion can be evaluated from PI(I; t=� 0; N� 0) (see Sect. 5.3) by noting that theprobability that the crossing time of the level Ir will be greater than � equalsthe probability that I is less than Ir at time � . The results obtained with thismethod for the turn{on time statistics for lasers biased above threshold are ingood agreement with numerical simulations for a wide range of the modulationperiod (see Fig. 5.4).6.3 Pseudorandom word modulation regimeWhen the laser is under PRWM conditions the following equation is obtainedin the stationary regimeP (�; N�=i) = Z T0 d� 0 Z 10 dN� 0 1Xj=0(1=2)jW (�; N�=� 0; N� 0; i; j)P (� 0; N� 0=j) ;(6.2)where the P (�; N�=i) is the joint probability for the turn{on time � and carriernumber at � associated to a pulse that is preceeded by a number equal to iof \0" bits (see Fig. 6.1 for i = 2). The kernel W of (6.2) is similar to thekernel used for the periodic modulation case in (6.1), but now the number of\0" bits preceeding a pulse is not �xed (see Fig. 6.1 for j =1 and i = 2). Onthe contrary in the periodic modulation case this number is always zero. Thenfor PRWM the number of \0" bits before a pulse must be taken into accountin the conditional probability W .The integral equation (6.2) is similar to that used for gas lasers in chapter 4[213], but now the problem is two{dimensional due to the carrier dependence.As in the periodic modulation case, the 
uctuations in the carrier number fora given number i of \0" bits preceeding a pulse are negligible. In Fig. 6.2 andFig. 6.3 it is shown that for the any of the di�erent sequences with i = 0,1,2...the relative 
uctuations are smaller than 0.3 %. Then the values of the carriernumber given by the deterministic evolution can be used in the kernel W . Inthis way the following equation is obtainedP (�=i) = Z T0 d� 0 1Xj=0(1=2)jW (�=� 0; N� 0 ; i; j)P (� 0=j) : (6.3)
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Figure 6.2: Carrier number distribution at the end of a \1" period, P (N),as obtained from numerical simulations for PRWM at a frequency f = 6.25GHz with bias current Cb = 0:92Cth. Solid line histogram corresponds tothe total distribution, three{dot{dashed line to sequences \11", dot{dashedline to sequences \101", dashed line to sequences \1001", and dotted line tosequences \10001". Arrows indicate the deterministic values of the carriers forthe di�erent sequences.
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Figure 6.3: Same as in Fig. 6.2 for Cb = 1:1Cth.Then the calculation of P (�) = Pi P (�=i)(1=2)i is reduced to that of theconditional probability W (�=� 0; N� 0 ; i; j).Two di�erent methods are used, as in the periodic modulation case, to ob-tain the conditional probability W for bias currents below and above thresh-old. When Cb < Cth the laser evolution can be separated into the two regimes,stochastic and deterministic, and the same method than in Ref. [182] is used.For lasers biased above threshold the new method developed for the periodicmodulation case is applied to obtain W (�=� 0; N� 0; i; j).The results obtained for the mean turn{on time and timing jitter are ingood agreement with numerical simulations for di�erent bias currents aboveand below threshold, and for a wide range of the modulation period (see Figs.6.4 and 6.5). As found in numerical simulations[201, 164], timing jitter be-
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Figure 6.4: Mean switch{on time h�i and timing jitter �� vs. the modulationperiod T for di�erent values of the bias current below threshold. Symbolscorrespond to simulations and curves to theory.
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Figure 6.5: Same as in Fig. 6.4 for di�erent bias current above threshold.



152 CHAPTER 6comes larger under PRWM at GHz rates when biasing above threshold thatwhen biasing below threshold. This large jitter is related to the bimodalcharacter of the turn{on time distribution due to pattern e�ects. It is alsofound that timing jitter is independent of the modulation frequency when Cbis slightly below threshold. At this bias current pattern e�ects are suppressedand the laser response is almost independent of previous input bits[164, 183].The turn{on time distributions for PRWM at GHz rates and bias above andbelow threshold obtained from the theory are in good agreement with nu-merical simulation results (see Figs. 6.6{6.9). Pattern e�ects appear belowthreshold at frequencies around 1 GHz and above threshold at higher frequen-cies (5 GHz). When the bias is slightly below threshold (Cb = 0:98Cth) patterne�ects disappear and P (�) is independent of the modulation frequency. Thisbehavior has been analyzed in great detail in Ref. [164].In summary we have developed a new method to obtain the turn{on timeprobability distribution of lasers under PRWM. The method is valid for lasersbiased below and above threshold and for a wide range of modulation frequen-cies. The distribution P (�) can be used following the approach of Ref. [193]to calculate the bit error rate in optical communication systems for di�erentbias currents and bit rates.
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Figure 6.6: Probability density function P (�) for a bias current Cb = 1:1Cthand di�erent values of the modulation frequency f . Histograms correspond tonumerical simulations and solid lines correspond to theory.
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Figure 6.9: Probability density function P (�) for di�erent values of the biascurrent Cb and modulation frequency f . Histograms correspond to numericalsimulations, solid lines correspond to theory for f = 1 GHz, and dashed linescorrespond to theory for f = 5 GHz.



Chapter 7Soliton Generation by DirectModulation of Laser Diodes
7.1 IntroductionLinear transmission systems employing optical ampli�cation are a�ected bynonlinear and dispersion e�ects. The use of solitons is an attractive way toovercome these e�ects in ultra{long distance and/or ultra{high speed optical�ber systems. Many researches have demonstrated ultra{long distance[139,216, 217] or ultra{high speed[218, 219, 220]. Several kinds of pulse sources at awavelength of 1.55 �m have been used. Pulse sources based on single{chip laserdiodes are interesting, due to their stability, reliability, compactness and highrepetition rate. Gain{switched DFB lasers [216, 219, 220], sinusoidally drivenmonolithically integrated DFB lasers with electroabsorption modulators[217,221], and monolithically integrated mode{locked lasers[222, 223] are promisingcandidates. The �rst two pulse sources have also the advantage of a widelytunable repetition rate.Pulses generated by direct modulation of laser diodes are severely chirpedand narrow{band optical �lters are required to achieve transform{limited pulsegeneration[152]. The main advantage of this pulse source is that pseudo-random sequences of solitons can be generated by direct modulation of theinjected current[154]. In this way external modulators to codify the mes-sage can be avoided. However, when using gain{switched laser diodes a largepulse spreading has been observed for transmission distances of a few thousand157



158 CHAPTER 7kilometers[131]. This pulse spreading is due to the pulse{to{pulse frequencyjitter originated during the gain-switching process by spontaneous emissionnoise. The carrier frequency of the soliton pulse is randomly shifted, whichleads to changes in the group velocity through dispersive transmission �bersand thereby the arrival time of the optical pulse 
uctuates. This e�ect limitsthe bit{rate product, as does the Gordon{Haus e�ect[127] due to the ampli�ernoise. An optimum value for the laser bias current under pseudorandom wordmodulation (PRWM) operation has been obtained[154] to reduce noise e�ects.When the bias current is slightly below threshold the response of the laser toa bit "1" is independent of the previous input bits[183]. Then pattern e�ectsare avoided and 
uctuations are strongly reduced.Another factor that limits soliton transmission is soliton interaction[235].The e�ect of soliton interaction is dependent on the soliton relative phase:attraction for solitons in phase and repulsion for solitons out of phase. It isexpected that interaction e�ects will be reduced when solitons are generatedby direct modulation of laser diodes. Due to the spontaneous emission noisethat is intrinsic to the process of pulse generation, the soliton relative phasewill be random. Then the interaction should be smaller that in the case ofrelative phases 0 and �. However, at high bit rates pulse width must be re-duced to avoid interaction e�ects. Pulse compression can be achieved by usingdispersion compensating �bers with normal dispersion at the laser wavelength.Here we consider several factors that can limit gain{switched laser diodesas pulse sources for soliton transmission. We analyze in Sect. 7.2 the noisee�ects on soliton generation and transmission for di�erent values of the biascurrent. In Sect. 7.3 the energy transfer to the soliton component of the laserpulse is obtained for di�erent values of the linewidth enhancement factor. Sect.7.4 includes a discussion of interaction e�ects for solitons generated by laserdiodes as compared to perfect solitons.7.2 Generation of solitons under PRWMWe consider a single{mode laser diode that is modulated by varying the in-jection current at frequencies in the GHz range. The transient response of thelaser is described by the noise driven rate equations for the electric �eld andcarrier number inside the cavity



Soliton Generation by Direct Modulation of Laser Diodes 159dEdt = (G� 
)(1 + i�)E2 +q2�N�(t) (7.1)dNdt = C(t)� 
eN �GI; (7.2)where G = g(N � N0)=q(1 + sI) and I = EE� is the light intensity. �is the linewidth enhancement factor, that governs the transient dynamics ofthe optical frequency. The spectral properties of the pulses emitted by thesemiconductor laser are then strongly dependent on the value of this factor.The meaning of the symbols and typical values of the di�erent parametersinvolved in these equations are listed in Table 5.1. The random spontaneousemission process is modeled by a complex Gaussian white noise term �(t) ofzero mean and correlation < �(t)��(t0) >= 2�(t � t0). The injection currentC(t) is periodically modulated with a step function of maximum value Conduring a �xed ton = 80 ps and a dc bias current Cb during to� (ton + to� isthe whole period of modulation). Modulation frequencies in the GHz rangehave been considered to generate solitons[152, 154]. The pulses obtained inthis way are far from being transform-limited, since a frequency down-chirpinevitably occurs due to carrier density modulation. Therefore these pulsesare unable to generate solitons in the �ber. A narrow band Lorentzian �lterwith GHz has been used to limit the bandwidth of the severely chirped laseroutput[216, 152].During gain switching the 
uctuations of the switch{on time lead in theleading edge of the optical pulse to random variations of the maximum instan-taneous frequency[191]. Hence frequency chirping becomes a random processand it is the responsible of the large pulse spreading observed[131] in solitontransmission with gain switched lasers. In Fig. 7.1 we show the dynamicalevolution for the output power, carrier number and frequency of several typ-ical pulses for a bias current 10% above threshold. The injected current isperiodically modulated (PM, a sequence composed of all "1" bits) at 5 GHz.Similar results are obtained when the laser is biased slightly below threshold.The 
uctuations in the turn{on time (timing jitter) are almost independenton the bias current for modulation frequencies in the GHz range. This cor-responds to the fact that the laser has not enough time during to� to relaxto the steady state associated to the bias current. Then the initial conditionat the beginning of a pulse is determined by the laser dynamics and not by
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Figure 7.1: Time evolution for the output power P (t), carrier number N(t),and frequency for ten di�erent pulses obtained from periodic modulation at 5GHz with a bias current Cb = 1:1Cth.



Soliton Generation by Direct Modulation of Laser Diodes 161the bias current. However, when pseudorandom word modulation (PRWM) isconsidered timing jitter is strongly dependent of the bias current. When thelaser is biased above threshold timing jitter increases due to pattern e�ects.Under PRWM operation a random sequence of "0" and "1" bits is gener-ated. The resulting pattern e�ects come from the correlation of the di�erentbits belonging to the random sequence[183]. The turn{on time distributionbecomes multimodal (see Figs. 6.6{6.8) with peaks that correspond to the dif-ferent periodic sequences and thereby timing jitter increases. Fluctuations ofthe pulse characteristics such as height, width and chirp range are related tothe statistics of the turn{on time. Then, for laser biased above threshold it isnot possible to generate pseudorandom sequences of solitons due to the largepulse 
uctuations[154]. In particular the 
uctuations of the peak power andthe chirp range are of the order of 20 %, whereas in the PM regime they aresmaller than 10 %.Pattern e�ects disappear when the laser is biased slightly below thresh-old. The optimum value of the bias current is 2% below threshold (Cb =0:98Cth). For this special bias current the results are independent of themodulation regime, periodic or pseudorandom, and of the modulation fre-quency (see Fig. 6.9). However, it has been shown numerically that pseu-dorandom sequences of solitons can be generated by direct modulation of alaser diode with a bias current between 5% below threshold and the thresholdcurrent[154]. This behaviour is re
ected in the large power spectrum 
uctu-ations (see Fig. 7.2). When Cb < Cth power spectrum 
uctuations are verysimilar under PM and PRWM while for a laser biased above threshold these
uctuations can increase in an order of magnitude under PRWM. The samebehavior than for Cb = 0:98 Cth is observed in the range from 0.95 Cth to Cth.To take into account only the e�ect of the initial frequency jitter (Gordon{Haus e�ect is not considered), an ideal lossless �ber has been considered for thetransmission of �ltered pulses[152, 154]. Pulse spreading during transmissionis related to the dispersion � �f of the mean frequency �f of the pulses at theinput of the �ber. The e�ect of the �lter changes[154] with its center frequencyf0. The best position for the �lter is the one that minimizes � �f . When Cb isslightly below Cth the frequency jitter is less sensitive to f0 than when usinga bias current above Cth (see Fig. 7.3). It is also observed that the frequencyjitter is independent of the modulation frequency when the laser is biased belowthreshold. A similar behavior is obtained for Cb = 0:95Cth and Cb = Cth thanfor Cb = 0:98Cth. This means that in this range of bias current, from 0.95
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Figure 7.2: Fluctuations of the power spectrum vs. frequency. Solid (dashed)line corresponds to Cb = 0:98Cth and PM (PRWM). Dotted (dash{dotted) linecorresponds to Cb = 1:1Cth and PM (PRWM).
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Figure 7.3: Frequency jitter vs. center of the �lter. Plus signs (triangles) cor-respond to Cb = 1:1Cth and 2.5 GHz (5 GHz); squares (diamonds) correspondto Cb = 0:98Cth and 2.5 GHz (5 GHz).



164 CHAPTER 7Cth to Cth, the frequency jitter is independent of the modulation frequencyand 
at enough to make the �lter position not very important. This behaviorcan be understood by considering the 
uctuations of the laser power spectrumbefore �ltering[154]. The increase in the frequency jitter when the �lter peakis located at low frequencies is related to the increase of the power spectrum
uctuations at these frequencies (see Fig. 7.2).We �nally consider the results obtained[154] for the timing jitter vs. thetransmission distance for the �ltered pulses. The propagation of the �lteredpulses inside the �ber is described by the non-linear Schr�odinger equation.The dispersion and non-linear parameter values are the same as those of [39].The chosen �lter location f0 corresponds to the minimum value of the fre-quency jitter. The non-linear Schr�odinger equation is numerically solved byusing the split-step Fourier method. Numerical calculations are performed overpropagation distances of 8,000 km. The pulses keep their shape for distancesz � 2; 000 km with slight variations in their width and height (see Fig 7.4).The mean width of the soliton pulses is 28 ps (26 ps) when the bias is above(below) threshold. The pulse arrival time is random because of the frequencyjitter. This timing jitter can be characterized by using the standard deviation,�tmax , of the timing of the maximum of the pulse, tmax.We �rst consider sequences of solitons generated in the PM regime. Theresults show that when Cb < Cth the timing jitter is nearly independent of themodulation frequency (see Fig. 7.5 a) and c)). However, when Cb > Cth thetiming jitter is smaller at 5 GHz than at 2.5 GHz and it approaches the valuesobtained for a laser biased below threshold. When the laser is modulatedat 5 GHz the switch-on time is almost independent on the bias current andthe pulse 
uctuations are similar for di�erent bias currents above and belowthreshold.When the PRWM regime is considered the pulses emitted by a laser biasedabove threshold can not generate solitons in the �ber as discussed above. Ithas been shown that when using a special bias for the laser diode, Cb �0:98Cth (5.88 mA for our laser parameters), the statistical properties of theoptical pulses at the laser output are independent of the modulation frequencyand also of the modulation regime (no pattern e�ects). Due to the lack ofpattern e�ects pulse 
uctuations are similar in the PM and PRWM regimesand pseudorandom sequences of solitons can be generated. It can be seenin Fig. 7.5 that for this special bias current timing jitter is small and it isindependent of the modulation frequency and of the modulation regime (PM



Soliton Generation by Direct Modulation of Laser Diodes 165

0.0 2000.0 4000.0 6000.0 8000.0
Z [km]

0.0

1.0

2.0

σ W
 [

ps
]

24.0

26.0

28.0

30.0

W
id

th
 [

ps
]

0.00

0.20

0.40

0.60

σ P m
ax

 [
m

W
]

4.0

4.5

5.0

P m
ax

 [
m

W
]

2.0

3.0

4.0

5.0

6.0

σ E
 [

fJ
]

139.0

140.0

141.0

142.0

143.0

144.0
E

ne
rg

y 
[f

J]

Figure 7.4: Mean value and standard deviation for the energy, maximum powerand pulse width of 200 solitons transmitted through 8000 km of �ber as ob-tained from numerical simulations. Input pulses are produced by periodicmodulation of the injection current with Cb = 0:98Cth.
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Figure 7.5: �tmax vs. transmission distance. The lines correspond to numericalsimulations and the symbols to an analytic estimation at 8000 km [154]. a)PM and 2.5 GHz. Solid line and stars hold for Cb = 0:95Cth. Dotted line anddiamonds hold for Cb = 0:98Cth. Dashed line and triangles hold for Cb = Cth.Dot{dashed line and squares hold for Cb = 1:1Cth. b) same as a) but underPRWM. c) same as a) but for 5 GHz. d) same as b) but for 5 ghz.



Soliton Generation by Direct Modulation of Laser Diodes 167and PRWM). These results also hold when Cb varies from 0:95Cth to Cth.7.3 Energy transfer to the solitonGain{switched pulses are far above the Fourier{transform limit, due to fre-quency chirp. This e�ect is observed in the form of a time{bandwidth product�t�f much higher than the value obtained for the unchirped pulse. Exper-imental results with chirped pulses indicate that the loss of energy due tochirping of the initial pulse forms a dispersive nonsoliton pedestal. This dis-persive radiation can have a highly detrimental e�ect on soliton propagation.Here we study the energy transfer from pulses generated by direct modulationof laser diodes to the soliton component during �ber propagation. Severalvalues of the linewidth enhancement factor � are considered. The e�ect of�ltering on the energy transfer is also analyzed.The optimum power and width of chirped pulses that maximize the energytransfer to the fundamental soliton has been obtained[225] in an exact wayfor �eld envelopes of the form E(t) = Asech1+j�(t). The maximum achievableenergy transfer is given by Rmax = 2=(1 + p1 + �2), normalized relative tothe initial pulse energy. Then for a value of � = 2 the maximum energytransfer is R = 0:6 (see Fig. 7.6 (a)). The critical values of the � factor for thefundamental soliton are given by �c = (4A2�1)1=2, where A is the normalizedpulse amplitude. All these analytical results correspond to a model for thepulse without �ltering before the transmission in the �ber. Note than in thiscase the maximum energy transfer decreases very quickly when the � factorincreases (see the inset of Fig. 7.6 (a) for � = 5). When the e�ect of �ltering isconsidered no analytical results can be obtained. We have performed numericalsimulations of the nonlinear Schr�odinger equation for input pulses of the formE(t) = A0sech1+j�(t=T0) and for a typical pulse generated by a DFB laser(obtained by solving numerically the rate equations with � = 5). The valueof the pulse width before �ltering is T0 = 8:5 ps. We have normalized thepulse amplitude A to that of a soliton with the width of the pulse obtainedafter �ltering. When a narrow band �lter is used the energy transfer is clearlyincreased (see Fig. 7.6 (b) and (c)). It is also shown that the results are almostinsensitive to the value of the linewidth enhancement factor. The maximumenergy transfer is similar (around 85%) for sech{pulses and for the pulsesgenerated by the DFB when the �lter bandwidth is small.
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Figure 7.6: Maximum energy transfer after 2000 km as a function of thenormalized pulse amplitude A, for di�erent values of the � factor and di�erent�lter bandwidth. Lines correspond to simulations and symbols correspond totheory.
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Figure 7.7: Propagation of a pair of pulses with a pulse width of 18 ps anda pulse separation of 66:7 ps for three di�erent cases: solitons with a relativephase of \0" (a), solitons with a relative phase of \�" (b) and semiconductorlaser pulses (c).7.4 Soliton interactionWhen a pair of perfect solitons propagate in an optical �ber the interactionstrongly depends on the relative phase between them: if they are in phasethey attract and repel periodically while propagating. If the relative phase is\�" they repulse to each other during the whole propagation distance. Twosolitons that are placed very close to each other behave as in �gure 7.7 a) andb) if the relative phase is \0" or \�", respectively. In our example the distancebetween the solitons was taken as � 67 ps (which would represent a frequencyof � 15 GHz), the full width at half maximum (FWHM) of the solitons � � 18ps. This corresponds to a pulse separation of 3.7 � . The ampli�ers were placedat a relative distance of 20 Km. Ampli�er noise was not considered to focuson soliton interaction e�ects.Pulses generated by a laser diode are far from being transform{limited(� � �f � 0:4, where �f is the spectral power width). A Lorentzian �lterwith a bandwidth of 7:5 GHz was used to limit the bandwidth of the severelychirped laser output. In �gure 7.7 c) we show how a pair of solitons generated
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Figure 7.8: Pulse separation for the same cases as in �gure 7.7.by a diode laser propagates under the same conditions of the perfect solitons.By carefully looking at the evolution it can be seen that the behaviour is notas if they were in phase or antiphase. Moreover, they behave as if their relativephase takes an intermediate value. This is exactly the case since the phasebetween two consecutive pulses produced by a diode laser is random, due tothe fact that the pulse generation process is strongly in
uenced by spontaneousemission in the laser. This fact appears as an advantage since the interactionis reduced.In �gure 7.8 we have plotted the mean value of the pulse separation when100 pairs of pulses are transmitted through 8000 km of �ber. In this �gure itis again evident that the evolution of the laser pulses is an intermediate statebetween the evolution of solitons in phase and the evolution of solitons withopposite phase. The reduction of interaction e�ects makes solitons generatedby laser diodes very attractive for soliton communication systems.When ampli�er noise is considered, soliton interaction have an importante�ect on the probability distribution of soliton arrival time at the receiver.For a single pulse the Gordon{Haus jitter follows a Gaussian distribution.However, when the separation of in{phase solitons becomes lower than 2 pulsewidths, the jitter probability density function has higher values in the inner
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Figure 7.9: Same as in Fig. 7.8 but for an initial pulse separation of 2.5 pulsewidths.wing of the distribution, due to soliton attraction, than the values given by aGaussian distribution [226, 227]. A method has been recently developed [228]to evaluate the system performance for in{phase solitons. In this method itis considered that when the soliton separation becomes lower than 2:5 pulsewidths the attraction of the pulses is rapid and the collision is inevitable.However, when solitons are generated by laser diodes the situation is di�erentdue to the random character of the phase di�erence of consecutive pulses.We show in Fig. 7.9 that the interaction e�ects are clearly reduced for thesepulses. In this case no collision is observed. The increase of the mean valueof the pulse separation is probably due to the fact that for most of the phasedi�erences the interaction is repulsive.In conclusion, we have shown that interaction of solitons produced by gainswitching of a diode laser is less strong than in the case of perfect solitons ofphase \0" or \�". This behaviour corresponds to a random relative phase,due to the spontaneous emission noise during the process of generation of thesoliton.
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Chapter 8Comparison of the performanceof semiconductor and �ber lasersources for soliton transmissionwith two guiding{�lter solitoncontrol techniques
8.1 IntroductionSoliton transmission o�ers a great potential for exploiting the enormous ca-pacity of EDFA based transmission lines, with impressive demonstrations overboth transoceanic and terrestrial distances [229]. A critical component for theimplementation of high bit{rate soliton transmission systems is the opticalpulse source. Major demands for the produced optical pulses are related toboth their spectral and temporal characteristics (shape, duration, repetitionrate and wavelength) as well to their quality (transform limited, low jitter).There are two main categories of soliton sources: i) semiconductor{based andii) �ber{based. Concerning the semiconductor sources, the simplest and mostpractical approach is based on gain{switched DFB lasers [230]. However, dueto the frequency chirping induced by the large carrier density variations, theproduced pulses are far from being transform{limited. External cavity mode{locked lasers have been also used for soliton generation [231], producing near173



174 CHAPTER 8transform{limited pulses. Another method for soliton generation is the use ofan electroabsorption modulator in combination with a DFB laser [232, 217],with the advantages of the small size and easy integration with lasers andother waveguide devices. A characteristic representative of �ber{based sourcesis the actively mode{locked erbium �ber ring laser (EFRL), which is capableof producing very high quality soliton pulses [233]. These sources producetransform{limited pulses, with short pulse durations, high powers and broad-band tunability, but su�er in terms of device compactness and stability [234].As far as the pulse quality is concerned, the gain{switched DFB laser andthe erbium �ber ring laser represent two extreme cases. On the other hand the�rst method has the advantages of compactness, reliability, a widely tunablerepetition rate and low cost. Another advantage of this pulse source is thatpseudorandom sequences of solitons can be generated by direct modulationof the injected current[154]. In this way external modulators to codify themessage can be avoided. However, when using gain{switched laser diodes alarge pulse spreading has been observed for transmission distances of a fewthousand kilometers[131]. This pulse spreading is due to the pulse{to{pulsefrequency jitter originated during the gain-switching process by spontaneousemission noise. This e�ect limits the bit{rate product, as does the Gordon{Haus e�ect[127] due to the ampli�er noise. Another factor that limits solitontransmission is soliton interaction[235]. It is expected that interaction e�ectswill be reduced when solitons are generated by direct modulation of laserdiodes. Due to the spontaneous emission noise that is intrinsic to the processof pulse generation, the soliton relative phase will be random. Then the inter-action should be smaller that in the case of relative phases 0 and �. So it wouldinteresting to �nd out the limits of the DFB source concerning ultra{long dis-tance soliton transmission and to investigate in which cases the solution ofusing the EFRL should be preferred.In this chapter a comparison of the performance of a gain{switched semi-conductor laser (SCL) and an EFRL source for soliton transmission is carriedout. Two models have been developed for the simulation of soliton generationwith the SCL and EFRL sources. The produced pulses are transmitted overultra{long distances (8000 km), with the use of two guiding{�lter soliton con-trol techniques, i) �xed{frequency �ltering along with nonlinear gain and ii)sliding{frequency �ltering. In Sect. 8.2 a brief description of the laser modelsis presented, while in Sect. 8.3 the two guiding{�lter based control methodsare described. The results of the comparison of the performance of the two



Comparison of the performance of semiconductor and �ber laser... 175soliton sources, concerning the transmission of a single pulse, a pair of pulsesand pseudorandom bit sequences are given in Sect. 8.4.8.2 Brief description of the laser models8.2.1 Semiconductor Laser (SL)The description of the semiconductor laser is based on single-mode rate equa-tions (7.1){(7.2) including a random term that describes spontaneous emissionnoise The meaning of the symbols and the values of the di�erent parametersare listed in Table 5.1. In order to generate the pulses the injection currentC(t) (expressed as number of injected carriers per unit time) is modulatedusing a return-to-zero (RZ) scheme. In this scheme C(t) follows a square-wavemodulation of period T = ton + to� , taking its on value Con = 3:5Cth dur-ing ton = 80 ps, and then dropping to the bias level, Cb = 0:98Cth, whereit stays during to� = 120 ps with Cth being the threshold current. The timeton is chosen short enough to excite only the �rst spike of the relaxation os-cillations [164]. In the case of pseudorandom sequences this corresponds to abit \1". For a bit \0" the current stays constant at the bias level during thefull period T . With this choice of Cb the statistical properties of the pulsesat the laser output are independent of the modulation frequency and also ofthe modulation regime [164] and pseudorandom sequences of solitons can begenerated [154]. In order to obtain sequences of pulses at 15 GHz we performtime division multiplexing (TDM) of the original 5 GHz sequences.Pulses generated in this way are far from being transform-limited (� ��f �0:4, where � is the pulse width and �f is the spectral power width), because afrequency down-chirp occurs as a result of carrier density modulation. There-fore, these pulses are unable to generate solitons in the �ber. A Lorentzian�lter with a bandwidth of 7:5 GHz is used to limit the bandwidth of theseverely chirped laser output [216]. Besides that, pulses at the laser outputhave a full width at half maximum (FWHM) of � � 25 ps. After TDM themean value of the separation between pulses is �T = 66:7 ps for a modula-tion frequency of 15 GHz, giving rise to a very low value for the ratio pulseseparation/pulse width: �T=� < 3. In order to reduce interaction during thepropagation through the �ber we produce pulse compression through 1:2 kmof a normal dispersion �ber (�2 = 40 ps2/km) before �ltering. In this way we
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Figure 8.1: A typical pulse from a semiconductor laser (solid lines) at thelaser output (top graphs) and after �ltering and compression (bottom graphs),compared with perfect solitons of the same width and height (dashed lines).obtain a FWHM of � � 14 ps and a time-bandwidth product of � ��f � 0:4.In Fig. 8.1 we can see an example of a pulse produced by a semiconductor laserat the laser output (top graph) and after �ltering and compression (bottomgraph) compared with perfect solitons of the same width and height.8.2.2 Fiber Ring Laser (FRL)The con�guration of the mode-locked Fiber Ring Laser that we consider isdepicted in Figure 8.2. The functional parts of the cavity are: the optical�lter, the erbium doped �bre, the amplitude modulator, the isolator and theoutput coupler. The model considers that the initial optical �eld is low powernoise. The propagation along the �ber in every round trip, is governed by theperturbed Non-Linear Schr�oedinger Equation (NLSE) [146]i@E@z = 12�2@2E@t2 � �NLjEj2E � i�l2 E; (8.1)where E is the complex �eld envelope, t the retarded time frame, z the lon-
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OutputFigure 8.2: Schematic representation of the Erbium Fiber Ring Laser.gitudinal coordinate, �2 the group velocity dispersion parameter, �l the �berloss coe�cient, and �NL the nonlinear parameter. The NLSE is numericallysolved with the well known Split-Step Fourier method [141]. The cavity �beris considered to be Polarization Maintaining (PM).The signal undergoes a similar treatment during its propagation along theErbium doped �bre (EDF). The di�erence is that a gain term is added to theNLSE. The total net gain that the optical �eld feels along the EDF is calculatedby a simple formula which takes into account the low power gain, the inputpower saturation e�ect and the bandwidth of the optical ampli�cation. Theoptical �lter acts in the frequency domain with a Lorentzian transfer function,while the amplitude modulator acts sinusoidally in the time domain, assuminga perfect timing with the incoming signal. During the �rst transient phase, the�eld power is low, so the gain is almost equal to the \small signal gain". Fromround to round the �eld power increases and consequently the gain saturates.This mechanism leads �nally to the steady state. The number of round tripsthat are required to achieve this convergence, is not known from the beginning



178 CHAPTER 8Parameter Value UnitsOptical �lter central wavelength 1:55 �mOptical �lter bandwidth 1:5 nmOptical �lter loss 3:4 dBModulation frequency 2:5 GHzModulator losses 4:7 dBCoupling ratio of output coupler 0:9 adim.PM �ber length 5 kmChromatic dispersion of PM �ber 16 ps/nm/kmCross section of PM �ber 50 �m2Doped �ber length 30 mChromatic dispersion of doped �ber �60 ps/nm/kmCross section of doped �ber 20 �m2Maximum optical ampli�cation 26 dBAmpli�er bandwidth 30 nmTable 8.1: Meanings and values of the parameters employed in the FRL model.of the procedure. Typically, one hundred round trips are su�cient. With anappropriate combination of the power level (controlled by the pumping powerof the active �bre) and the length of the �bers, the cavity can support thegeneration of solitons. The main bene�t from this fact, is that the widthof the solitons can be controlled by the pumping power. The FRL cavityparameters that were used in this study are given in Table 8.1. In Fig. 8.3 wecan see an example of a pulse produced by a FRL (pulse width � = 14:1 ps)compared with a perfect soliton of the same width and height. It is evidentthat, contrary to the pulses produced by the SL, the FRL pulse quality is veryhigh both in the time and frequency domain (the time{bandwidth product is��f � 0:34).
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Figure 8.3: A typical pulse from a �ber ring laser (solid lines) compared witha perfect soliton of the same width and height (dashed lines).



180 CHAPTER 88.3 Description of the transmission systemcon�guration and the guiding{�lter con-trol methodsA typical con�guration of the transmission system under investigation, isshown in Figure 8.4. It is supposed that each transmission segment con-sists of a �ber line, a linear optical ampli�er and a soliton control module.The propagation of the pulses between two successive ampli�ers is governedby the perturbed Non-Linear Schr�oedinger Equation (8.1), which includes theterms of �ber dispersion, nonlinearity and loss. The path-averaged power overone ampli�cation period is maintained equal to the fundamental soliton powerPsol, according to the average soliton concept. The ampli�er spacing is keptsmaller than the soliton period in this study. The addition of the ASE noiseto the soliton, changes its central frequency in a random way. In our model,the noise is represented with complex numbers added to the signal in the timedomain. The real and imaginary noise parts follow a Gaussian distributionwith variance �2 = PASE=2, where PASE is the noise power [236]:PASE = nsph�(G� 1)��;where nsp is the excess noise factor, � the central frequency, G the power gainof the ampli�er and �� the noise bandwidth. The excess noise factor nsp isrelated to the optical ampli�er noise �gure through the equation [141]:NF = 2nspG� 1G :We consider two guiding{�lter soliton control techniques: i) �xed frequency�ltering alongh with nonlinear gain (NLG), and ii) sliding|frequency �lter-ing (SF). The �ltering action in both control methods, is represented by themultiplication of the pulse envelope in the frequency domain, with H(!) =j1 + 2i(! � !0)=Bj�1, where ! is the normalized angular frequency, !0 is thepeak gain frequency of the �lter, and B is the normalized �lter bandwidth.The real �lter bandwidth BW is related to the normalized distributed �lterstrength � through [237]: � = c��2DBW2La
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ReceiverFigure 8.4: Schematic representation of the transmission line. Soliton controlmethods are applied after each ampli�er.where c is the light velocity, � the operating wavelength, D the dispersionparameter, BW the real �lter bandwidth and La the ampli�er spacing. When�ltering is applied, an excess gain is necessary, in order to compensate for theloss to the wings of the soliton spectrum due to the �lter. In the cases wherenonlinear gain is applied (after the �xed-frequency �lter), the �eld envelopeis multiplied in the time domain, with GNL = exp[�NLLajEj2=(LDP0)] [237],where �NL is the nonlinear gain coe�cient, LD the dispersion length and P0the soliton peak power. In this case, the �lter strength �, nonlinear coe�cient�NL and excess gain �, should satisfy the relation � = 2�NL + 3� [138]. Sincewe have used a value of the excess gain � = 0:01 for all values of �, the relation�NL = (��0:03)=2 holds. However, when pulses are generated by SL it is foundthat soliton energy increases during the transmission when strong �ltering isapplied. To avoid this instability the value of the nonlinear gain coe�cient isslightly reduced. For example, the corresponding value of �NL for � = 0:3 isreduced from 0.135 to 0.130.In the sliding-frequency �ltering technique, the central frequency !0 of the�lter is gradually decreased along the transmission line, with a normalized rate�0 = ��=3 [136] or in real units:�!0�z = � �1:763�LD ;where � is the pulse width. The excess gain � in this method, also depends onthe �lter strength � [238]: � = 0:3958�:



182 CHAPTER 8Symbol Parameter Value Units� Operating wavelength 1:55 �m�dB Fiber loss 0:24 dBD Dispersion parameter 1 ps/nm/kmAe� E�ective core area 35 �m2� Pulse width 14:1 psLD Dispersion length 50:2 kmPsol Soliton power 5:443 mWP0 Peak power 13:515 mWLa Ampli�er spacing 40 kmGL Ampli�er power gain 9:6 dBNF Ampli�er noise �gure 4:3 dBTable 8.2: Meanings and values of the parameters employed in the modellingof the transmission line8.4 Performance comparison of the two soli-ton laser sourcesIn this section we compare the performance of soliton control techniques forboth di�erent soliton sources, semiconductor lasers and �ber ring lasers. Inorder to do that comparison we evaluate the timing jitter as a function of thepropagation distance and �lter strength � for three di�erent cases: sequences ofone pulse, sequences of two pulses and pseudorandom sequences of 12 bits. Inthe case of two{pulse and pseudorandom sequences the initial pulse separationis �T = 66:7 ps which corresponds to a modulation frequency of 15 GHz.Since the average value of the initial pulse width is � = 14:1 ps, the ratio pulseseparation/pulse width has a value �T=� = 4:7. With this value interaction isexpected to be important, specially for FRL pulses. In fact, with these valuesof pulse width and pulse separation and in the absence of any control methoda pair of FRL pulses would collapse in � 2500 km. The transmission of one{pulse sequences will allow us to evaluate the performance of soliton controltechniques when no interaction is present.



Comparison of the performance of semiconductor and �ber laser... 1838.4.1 One pulse transmissionIn Figs. 8.5 y 8.6 we have plotted the timing jitter obtained from numericalsimulations for the propagation of 200 sequences of 1 pulse using both solitoncontrol methods and both soliton sources. In these �gures we have used twovalues of the normalized �lter strength, � = 0:15 and � = 0:3, which corre-spond to a �lter bandwidth BW= 81:4 GHz and BW= 57:5 GHz, respectively.Other parameters employed in the simulations are given in Table 8.2. It isfound that the use of the NLG method is generally more e�cient in reducingthe timing jitter. As can be seen in Figs. 8.5 and 8.6 the increasing of timingjitter is well controlled by both soliton control methods. In the worst case(sliding �lters and � = 0:15 in Fig. 8.5) the jitter increases less than 3 ps. Itshould be noticed here that the �nal jitter for SL pulses (Fig. 8.6) is alwayshigher than the �nal jitter for FRL pulses (Fig. 8.5), although the jitter in-crement is smaller for SL pulses. The reason for that is the initial jitter of SLpulses, caused by spontaneous emission in the laser diode, of about 3:5 ps. Inspite of this, the �nal value of the jitter for SL pulses is low enough to allowtransmission at 8000 km with a bit error rate (BER) smaller than 10�9. Thebest results for the jitter reduction are obtained for NLG and, as expected, forthe strongest �lters (� = 0:3) for both soliton sources (see Figs. 8.5 and 8.6).8.4.2 Pulse pair transmissionWhen two pulses propagate together with a ratio �T=� < 5, pulse interactionis expected to play a role in the increasing of the timing jitter, specially in thecase of FRL pulses. In this case pulses have the same phase and interactionis always attractive. However, this is not the case for SL pulses. The phase ofSL pulses varies randomly from pulse to pulse and then interaction e�ects arereduced (see Sect. 7.4). This is clearly seen when comparing timing jitter for1 and 2 pulse sequences transmission for both soliton sources. The increase oftiming jitter during propagation for pulses generated by laser diodes is of thesame order when sequences of 1 and 2 pulses are transmitted (see Figs. 8.6and 8.8). On the contrary, for solitons generated by FRL an increase of timingjitter due to interaction e�ects is observed when sequences of 2 pulses aretransmitted. The NLG method is e�ective in reducing this increase providedthat strong �ltering is applied (see Figs. 8.5 and 8.7).
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Figure 8.5: Timing jitter as a function of the propagation distance for twovalues of the �lter strength � and for both soliton control methods as obtainedfrom numerical simulations. Averages are obtained from the propagation of200 sequences of 1 pulse produced by the �ber ring laser.

Figure 8.6: Same as in Fig. 8.5 for input pulses produced by the semiconductorlaser.



Comparison of the performance of semiconductor and �ber laser... 185

Figure 8.7: Same as in Fig. 8.5 for 200 sequences of 2 pulses.

Figure 8.8: Same as in Fig. 8.6 for 200 sequences of 2 pulses.



186 CHAPTER 88.4.3 Pseudorandom bit sequence transmissionWe consider now the transmission of pseudorandom sequences of solitons gen-erated by SL and FRL. It is expected that interaction e�ects play an inter-mediate role between the case of transmission of sequences of 1 and 2 pulses.Since for the pulses generated by the SL interaction e�ects are not important,the results shown in Fig. 8.10 are similar to those obtained for sequences ofone and two pulses. On the other hand, for solitons generated by FRL timingjitter is greater than for sequences of one pulse and smaller than for sequencesof 2 pulses, as expected.When comparing the results for the transmission of solitons generated bySL and FRL, we conclude that the increase of timing jitter is of the same orderfor transmission over transoceanic distances. However, due to the initial jitterof SL pulses originated in the gain{switching process, the timing jitter for SLis greater than the one for FRL pulses. Therefore, if the same criteria areused to evaluate the BER from timing jitter, the performance of FRL pulses isbetter. However, due to interaction of these pulses a more restrictive criterionmust be used [228]. When the pulse separation becomes smaller than 2:5 pulsewidth the attraction of the pulses is rapid and the collision is inevitable (seeFig. 7.9). Then more restrictive time windows than for SL pulses must beused. Here we consider a time window of 31:5 ps for the FRL pulses anda time window of 66:7 for SL pulses. The results obtained in this way (seeFigs 8.11 and 8.12) show that it is possible to transmit solitons generated byboth sources at distances of 8000 km at 15 Gb/s with a BER lower than 10�9.This BER is obtained for values of � in the range 0:15{0:3.In summary, we have compared the transmission of solitons generated bySL and FRL. Timing jitter is greater for SL pulses due to the initial 
uctuationsduring the gain{switching process. However, since the relative phase of twoconsecutive SL pulses is random, the interaction e�ects are reduced. FRL showno intial jitter since possible instabilities are not considered. The jitter dueto the transmission is similar for both soliton sources. Interaction e�ects areshown to be more important for FRL pulses. Nonlinear gain is very e�ectiveto reduce these e�ects, due to the pulse width reduction. BER evaluationtaking into account interaction e�ects for FRL pulses shows that transmissionof solitons over transoceanic distances at 15 Gb/s is possible for both solitonsources.
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Figure 8.9: Same as in Fig. 8.5 for 50 pseudorandom sequences of 12 bits.

Figure 8.10: Same as in Fig. 8.6 for 50 pseudorandom sequences of 12 bits.
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Figure 8.11: BER obtained from timing jitter for 50 pseudorandom sequencesof 12 bits generated by FRL. Upper plot corresponds to NLG and lower plotto SF.
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Figure 8.12: Same as in Fig 8.11 for pulses generated by SL.
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