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Abstract— We study a control-constrained optimal con-
trol problem governed by a semilinear elliptic equation.
The control acts in a bilinear way on the boundary, and
can be interpreted as a heat transfer coefficient. A detailed
study of the state equation is performed and differentiability
properties of the control-to-state mapping are shown. First
and second order optimality conditions are derived. Our
main result is the proof of superlinear convergence of the
semismooth Newton method to local solutions satisfying
no-gap second order sufficient optimality conditions as
well as a strict complementarity condition.

Index Terms— Optimal control, bilinear control, semis-
mooth Newton method, convergence analysis

[. INTRODUCTION

N this letter, we propose a semismooth Newton method to
solve the following bilinear optimal control problem:

(P) min J(u) := /QL(myu(x))dx—&-g/Fu?(x) dz,

UEUqq

where y,, is the state associated with the control u solution of

{ Ay +a(z,y) =0 in Q,

(D
On,y+uy=g onl.

Here Q ¢ R4, d = 2 or 3, is a bounded open connected set
with a Lipschitz boundary I', v > 0 and

Usd = {u € L*(T) : a < u(z) < B ae. in T},

with 0 < o < § < o0. The remaining assumptions regarding
the data of the control problem will be given in Sections II
and III. Typical examples would include the tracking type
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functional L(z,y) = 1(y — ya(z))? for some target state yq
and nonlinearities such as a(z,y) = y* or a(z,y) = exp(y).

Bilinear control plays an important role not only for the pur-
poses of parameter identification, but also as ways of changing
the intrinsic properties of the controlled system. Applications
of bilinear control to very distinct fields such as nuclear and
thermal control processes, ecologic and physiologic control
or socioeconomic systems can be found in the early reference
[10], where they are investigated in the framework of ordinary
differential equations. In the recent paper [16], the author
underlines the importance of bilinear boundary control of
partial differential equations in several applications, providing
references for them. The goal of that paper is not the analysis
of an optimization algorithm, but the obtention of error esti-
mates for the finite element approximation of (P), assuming
that the state equation is linear.

Our main goal is to analyze the convergence of the semis-
mooth Newton method applied to (P). The novelty of this
paper is twofold. First, the convergence analysis is carried
out under the assumptions of no-gap second order optimality
conditions and a strict complementarity condition, which are
the usual ones to study numerical optimization algorithms
in finite dimensional constrained optimization problems; see
e.g. [12]. This improves the previous results [1], [9], [13] for
distributed controls and [7], [8] for boundary controls, where
conditions leading to local convexity were assumed. Second,
as far as we know, there are no results in this direction for
boundary bilinear controls. In [3] we considered a problem
with distributed control acting as a source in the equation;
in [2] we turned our attention to a bilinear control problem
where the control appears as a reaction coefficient in the
partial differential equation. In the paper at hand, the control
appears as the Robin coefficient on the boundary condition
and a new difficulty appears: the control-to-state mapping is
not differentiable L?(T) if d = 3. In this paper, we focus on
the aspects of the proofs that are essentially different from
those in [2] and [3], and refer to those papers when necessary.

Il. STATE EQUATION

Let us state the assumptions associated to the state equation.
Assumption 2.1: The operator A is defined in 2 by

d
Ay - Z 8931‘ [aij (x)aa:,y] + apy.

ij=1

We suppose that ag,a;; € L*(2) for 1<4,j<d with 0 <



ag Z 0, and there exist 0 < A < Ay < o0 satisfying

d
Aalgl? <) ai(2)&85 < Aal¢f for aa. 2€Q and VEER,
i,j=1
Notice that Assumption 2.1 implies the existence of 0 < A4 <
A 4 such that the bilinear form

d

a(y, z) = /Q Z ;02 y0s, 2 + apyz | dz

Q=1
satisfies

vye H'(Q), ()
Vy,z€ HY(Q). (3)

a(y, y) >Aallyllin o
a(y, 2) <Aallyllz @) llzllz @)

Assumption 2.2: We assume that ¢ : @ x R — R is a
Carathéodory function of class C? with respect to the second
variable satisfying for a.a. z € €

e a(-,0) € LP(Q2) for some p > d/2,

Oa
72 > R
°ay($,y)_0Vy€ ;

2 .
Ma
¢ VM >0 IC, 1 st ; ]@(z,y)lsca,wlyl <M,

8%a

0%a
e Ve>0 and VM >03p>0 s. t. ‘Tyg(x, -5

(:C’ y2) <e
for all |y1], |y2| < M with |y; — yo| < p.

All the above constants are independent of z.

We suppose that g € L4(T") with ¢ > d — 1 and, without
loss of generality, that g < d.
To deal with the nonlinearity of the state equation, we observe
that ¢ = 2 is not enough in dimension d = 3. The proof of the
differentiability of the relation control-to-state requires ¢ > 2.
For linear state equations, ¢ = 2 is enough; see [16].

For d = 2 or 3 it is known that H*/2(I") ¢ L*(T") and there
exists Cr such that

yllzaery < Crliylla ), Yy € H'(Q). )

Throughout this paper the following notation will be used:
we fix s =2 if d =2 or s = q if d = 3 and define the set

Ag :={ue L*(T) : u > 0}. Q)

We denote B,.(u) = {u € L*(I") : ||u— 1l sy <7}
Theorem 2.3: There exists . > 0 such that for every u €

Ay equation (1) has a unique solution y,, € Y := H(Q) N

CY#(€)). Furthermore, the following estimates hold:

1Yall 2212 <C (llal, 0) || o) + gl zacry) » (6)
[yl Lo () < Moo([la(-; 0)llLr () + lgllLacry), (7)
[Yullcon@y < Cuoollal-, 0)l|Lr ) + [lul

Lo + lgllzay),
®)

where C, M, and C), , are independent of u.
Proof: We define the mapping

b: QA xR —R, b(z,y) :=alz,y) —a(z,0).

Assumption 2.2 implies that b(z,0) = 0 and g—;(a:,y) > 0.

Equation (1) can be written in the variational form

a(y,z)+/ b(x,y)zdx+/uyzdx
Q r

:/ —a(x,O)zdx—i—/gzdx Vze HY(Q). (9)
Q r

Using (3), Cauchy’s inequality, (4), (2) and the nonnegativity
of u imposed in (5), we infer that

0y, 2) + / wyzde <Ayl 2 lmey,  (10)
N

a(y7y)+/ruy2dw > allyll @) (1D

where Ay=A4 + [|ul|z2(r)CE. The proof of existence and

uniqueness of a solution in H*(2) N L>°(Q) of (9) as well

as estimates (6) and (7) follow as in [4, Theorem 3.1]. The

L*>°(Q) estimate is obtained following the approach of [14,

Theorem 4.1] and using that v > 0 and b(z, s)s > 0 Vs € R.
To prove (8) we write (1) in the form

Ay = —a(z,y) in £,
On,y=—uy—+g onl.

From Assumption 2.2 and the mean value theorem we infer
la(z,y)| <la(z,0)[ + Co.x K,

where K = ||y|[ (). In addition, we have || — uy||zsr) <
K||u||zs(ry. Then, from [11, Proposition 3.6] we infer that y
belongs to C%#((2) and satisfies (8) for some x € (0,1]. |
Next we consider the differentiability of the mapping u — y,,.

Theorem 2.4: There exists an open set A in L*(T") such
that 4y C A and equation (1) has a unique solution ¥y, € Y
Yu € A. Further, the mapping G : A — Y defined by
G(u) =y, is of class C? and Vu € A and Vv, v1,ve € L*(T)
the functions z = G'(u)v and w = G”(u)(v1,v2) are the
unique solutions of the equations:

0
Az + —a(x,yu)z =0 in Q,

dy (12)
On,2z+uz=—vy, onl,

0
Aw + —a(x,yu)w =0 in Q,

dy (13)
On W+ UW = —V1 2y y, — V2Zy, o0 T,

where 2, ,, = G'(u)v;, i =1,2.
Proof: We consider the space
Yar={yeY:Aye L’(Q), On,y € LI(I)}

endowed with the graph norm. We note that Y, is a Banach
space. We also define the mapping F : L*(T) x Y4, —
LP(Q) x LY(T) by

Flu,y) = (Ay + aly), Ony + uy — g)-

Since ¢ < s, F is well defined and of class C? due to
Assumption 2.2. For every (4,3) € Ag X Y4 the derivative
82 (4,9) : Ya — LP(Q) x LI(T), given by

0
—(u,y)z = (Az + 8—;(-,@)2,5”/42 + uz) Vz € Ya,



is linear and continuous. The open mapping theorem implies
that %—f(ﬁ, ) is an isomorphism if and only if the equation,
y

da, .
Az—«—a—y(x,y)sz in Q,

On,2+uz=h onT,

has unique solution z € Yy for all (f,h) € LP(Q2) x
L4(T"). This fact follows from Theorem 2.3. Observing that
F(u,y,) =0 for all u € Ay and taking § = yy, the implicit
function theorem implies the existence of €5 > 0 and g5 > 0
such that Vu € B, (@) the equation F(u,y) = 0 has a unique
solution g, in the open ball B. (y) C Ya C Y. Moreover,
the mapping u € Be,(4) — yu € Be,(y) is of class C?
Without loss of generality, we assume e < 2A4/(|T =2 C3).
Actually, for every v € B., the equation F(u,y) = 0 has
unique solution y € Y. Indeed, let y;, y2 denote two solutions
of F(u,y) = 0. We set y = yo—y1, subtract the corresponding
equations, and apply the mean value theorem to deduce that
1y satisfies

1o}
Ay+ @y + Ooy)y = 0 in Q,
Jy (14)

On,y+uy=0 onl,
where 0, : 8 — [0, 1] is a measurable function. Adding and

subtracting appropriate terms on the boundary, equation (14)
can be written as

da
Ay+ —(x,y1 + 0,y)y =0 in Q,
y ay( y1 +0:)y .
On y+ay=—(u—1u)y onT.

Testing the variational form of (15) with y we get

s—

s—2
° CIQ‘Hy”%Il(Q)'

Ayl ) < eall

s—2

Since ez < 3Aa/(IT|= C2), y = 0 holds. Defining in
L*(T") the open set A = Ugea,B:,(a) and G : A — Y
such that G(u) = y,, we have that G is of class of C2.
Finally, equations (12) and (13) are obtained differentiating
with respect to u the identity F(u, G(u)) = 0. |

Remark 2.5: Theorems 2.3 and 2.4 are valid if we
use the operator A* instead of A, where A*¢p =
— Z;‘i,j:1 0z, [a;i(2)0x, @] +aop. Therefore, for every u € Ag
we obtain the existence of € > 0 such that, for every
(f,h) € LP(Q) x LY(T) and u € B.: (), the equation

da

A*p + 3y (z,yu)p = f in Q,

On,.p+up=nh onT,

has a unique solution ¢ € Y. Without loss of generality, we
can assume that €5 < €}, so the equation is uniquely solvable
inY for all u € A.

I1l. ANALYSIS OF THE OPTIMAL CONTROL PROBLEM

In this section we proceed to the analysis of the optimal
control problem. To this end we make the following hypothe-
ses on J.

Assumption 3.1: The function L QxR — R is
Carathéodory and of class of C? with respect to the second
variable. Further the following properties hold for a.a. z € Q:

e L(-,0) € L*(Q),
oL
oYM >0, 3Ly € LP(2) such that ‘a—(:c,y)’ < Ly(x),
Y

2L
o VM >0, 3CL ar € R such that ‘Z—Q(x,y)’ <Cr.um,
Yy

e Ve > (0 and VM > 0 Jp > 0 such that

0%L 0*L ‘

TyQ(T/,yl) - Tyg(xva) <e

for all |y|, |y1],|y2] < M with |y; — y2| < p. All the above
constants are independent of x.
The following theorem states the differentiability properties of
the minimizing functional.

Theorem 3.2: The functional .J : A — R is of class C?
and its derivatives are given by the expressions:

J'(u)v = /(Vu — Yutpu)v Az, (16)
r

J" (u)(v1,v9) =

0?L 9%a
/Q [@(x, ) SDuaiyz(x’ yu):| Zu,vy Zuyvy AT (17)

7/ [Ulzu,m + vzzu,vl]wu dz + V/ v1v2 d,
I T

for all w € A and all v,v,v2 € L*(T'), where z,,, =
G'(u)v;, i = 1,2 and ¢, € Y is the adjoint state, the unique
solution of the equation

Oa OL
A +7I7.u = 5 T Yu inQ7
® ay( Yu ) ay( Yu) as)

On,.p+up =0 onl.

Proof: Existence, uniqueness and regularity of ¢,, follow
from Remark 2.5, Assumption 3.1, and Theorem 2.4. The
proofs of (16) and (17) are standard and can be established
working identically to [2, Theorem 3.4]. [ ]

According to Theorem 3.2 the mapping ® : A — Y given
by ®(u) := ¢, is well defined. Let us prove that it is C'L.
Theorem 3.3: The mapping ® is of class C' and for all
u € Aand v € L*(T") the function 7,, = ®'(u)v is the
unique solution of
da 0%L 0%a
A*n—&—a—y(x, Yu)= [W(x’ yu)—wua—yg(ﬂc, yu)} Zuy in €,

Oy o 11Huj= — v, on T,
(19)
where z, ., = G'(u)v.
Proof:  Using Assumption 3.1 and the fact that
Yus> Pu, Zuw € L°(Q) we obtain that the right hand side of
(19) belongs to LP(Q2) x L*(T"). Existence, uniqueness, and
regularity of 7, , follow from Remark 2.5. To establish the
differentiability of ® we define

Ya- ={peY: A0 e LP(Q) and d,,.p € LIT)}



and G : A x Yy — LP(Q) x LY(T) by
. da oL
g(“a‘%’) = <A (p+ @(;yu)spiaiy(’yu%anA*W‘i’U@)

From assumptions 2.2 and 3.1 we deduce that G is of class
C'. Moreover, %(u7 ©) 1 Yae — LP(Q) x LY(T) is a linear
and continuous mapping, and Vn € Y4+ we have that

9G da

%(u,w)n = <A n+ ay(~,yu)n,8m*n+w/> :

Using again Remark 2.5 we get that
0
A+ afg(%yu)n =f inQ,
On,.nm+un="h onl,

has a unique solution in Yy~ for all (f, h) € LP(Q2) x L4(T).
Hence, 29 (u, ¢) : Yq- — LP(Q)x L4(T') is an isomorphism.

] a(p
Then, applying the implicit function theorem and differentiat-
ing the identity G(u, ®(u)) = 0 the result follows. [ |

Combining (19) with (17) we deduce the following alternative
representation formula for J' (u).

Corollary 3.4: For every vy,vy € L*(T") and all u € A, the
following identities hold

T (wor,e0) = [

[V'Ul - (Wuzu,m + YuNu,vy )} vg dx
T

= / |:VU2 - (<p'lLZ'lL7’U2 + yunumg)} U1 dz. (20)
Remark 3.5: In dimension d = 3, we can also extend J'(u)
and J” (u) respectively to continuous linear and bilinear forms
in L?(I") and L*(T")? by the same expressions given above.
Indeed, we notice that for all v € L?*(T), the Lax-Milgram
Theorem implies that equations (12) and (19) have a unique
solution in H'(Q) C L*(9).
Theorem 3.6: Problem (P) has at least one solution. More-
over, if u € U,q is a local minimizer of (P) then there exist
Y, € Y such that

Ay + a(x,g) =0 in Q,
y+a(z,y) o
On, g+ug=g onl,
Oa oL
Ao+ —(x,9)p = —(x,y) in Q,
"2 ay( y)p 8y( ) )

On,.p+up=0 onT,
. 1
u(z) = Projy, g (Vy(x)go(x)) veel. (23)

Moreover, the regularity 4 € C%#(T") holds.

Existence of optimal solutions follows using standard tech-
niques. First order optimality conditions are an immediate
consequence of (16) and the convexity of U,q. The Holder
continuity of @ is a consequence of (23), the same regularity
for §y and ¢, and the Lipschitz property of the projection
Proji, 5(t) = max{a,min{f,t}}. In this paper a local
minimizer is intended in the L?(T") sense.

From now on (,%,p) € U.q x Y2 will denote a triplet
satisfying (21)-(23). Associated with this triplet we define the
cone of critical directions

Ca={veL?(T) : v(z)=0 if va(x)—ij(z)p(z)#0
a.e. in I" and (24) holds},

>0
<0

if u(x) = «,
v(@) { if aw = 8.

We proceed now to the second order optimality conditions.
The proof of the following theorem is standard; see, e.g. [5,
Theorem 2.3].

Theorem 3.7: If w is a local minimizer of (P), then
J"(@w? > 0 Yo € Cy holds. Conversely, if @ € Uuyq
satisfies the first order optimality conditions (21)—(23) and
J"(@W)w? > 0 Vv € Cy \ {0}, then there exist ¢ > 0 and
6 > 0 such that

(24)

]
J(ﬂ)"_iHU_ﬂ”%%F) < J(u) Yu € Uaq with [|u—a| 2y < €.
Definition 3.8: Let us define
Ya={z el :u(z) € {a, b} and va(z) — y(z)p(x) = 0}.

We say that the strict complementarity condition is satisfied
at @ if |3z| = 0, where | - | stands for the (d — 1) dimensional
Lebesgue measure on I'.

For every 7 > 0, we define the subspace

Tr={vel*') : v(z)=0 if |va(z)—y(z)@(z)| > 7}

Theorem 3.9: Assume that @ satisfies the strict complemen-
tarity condition. Then, the following properties hold:
1- TY = Cy.
2- If u satisfies the second order optimality condition
J"(@)wv? > 0 Vv € Cz \ {0}, then 37 > 0 and k > 0 such
that

T (@)? = ko3 Yo € TF.

For the proof the reader is referred to [2, Theorem 3.10].

(25)

IV. CONVERGENCE OF THE SEMISMOOTH NEWTON
METHOD

We define F:A—L*(T) by F(u)=u —Proji, g (£ Yutu)-
From theorems 2.4 and 3.2 we deduce that F' is well defined.
Due to Theorem 3.6, any local minimizer of (P) is a solution
of F(u) = 0. If a local minimizer @ satisfies J”(@)v? > 0
Vv € Cz\ {0}, it is the unique stationary point in Bs(@)NU,q;
see [5, Corollary 2.6]. We are going to apply the semismooth
Newton method sketched in Algorithm 1 to solve this equation.
Here OF(u) is a set valued mapping such that F' is OF

Algorithm 1: Semismooth Newton method.

1 Initialize Choose ug € A. Set j = 0.

2 for 7 >0 do

3 Choose M; € OF (u;) and solve M;v; = —F'(u;).
4 Set uj41 =u; +v; and j = j+ 1.

5 end

semismooth in the sense stated in [15, Chapter 3]. Local
superlinear convergence follows from the semismoothness of
F' and the uniform boundedness of the norms of the inverses
of the operators M. In order to define 0F(u) Yu € A we
introduce some additional functions.

S A L5(T), S(u) = %G(u)@(u),
Y:R-—R, (t)="Proj, 4(1),
U: A— L), Y(u)(z)=1(S(u)(x)).



For every u € A we define

OV (u) ={N € L(L*(T), L*(")): Nv = hS'(u)v Vv € L*(I")
and for some measurable function
h: Q — R such that h(z) € (S (u)(z))}.

We observe that ¢ is a Lipschitz function and by 0 (t) we

denote the subdifferential in Clarke’s sense; see [6, Chapter
2]. Note that

{1} ifte(a,p),
o(t) =9 {0} iftd [, p,
0,1 ifte {a, B}

According to [15, Prop. 2.26], ¥ is 1-order 0vy-semismooth.
Theorem 4.1: VU is J¥-semismooth in A.
The proof follows that of [2, Theorem 4.3]. Along that proof,
the Lipschitz continuity of S is obtained, which we state as a
lemma.
Lemma 4.2: For all u € Ay, there exists Lg > 0 such that

[1S(u1) = S(u2)llory < Lsllur —uz|| ps(ry Yur,uz € Be, ()

where ¢ is the one introduced in Theorem 2.4.
Corollary 4.3: The function F' : A — L°(T) is OF-
semismooth in A, where

OF(u)={M =I1—N:N€aU(u)},

and I denotes the identity in L*(T").

We select the operators M, : L*(T') — L*(T") for every
u € A as follows. First, we define the function A : R — R
by
1 ift e (a,p),

0 otherwise.

A(t) = {

It is obvious that A(t) € Jy(t) for every ¢t € R. We define
M, : L*(T) — L*(T) by Myv = v — hy, - S'(u)v, where
hu(z) = A(S(u)(x)) = A(Lyu(®)pu(z)). It is immediate that
M., € OF(u). For this selection we have the following result.

Theorem 4.4: Let (i, 4, ¢) € Uaq x Y2 satisfy the first order
optimality conditions (21)—(23), the strict complementarity
condition |X;| = 0, and the second order sufficient optimality
condition J”(@)v? > 0 for every v € Cy \ {0}. Then, there
exist § > 0 and C > 0 such that for every u € Bs(a) C A
the linear operator M, : L*(T") — L*(T") is an isomorphism
and || M, ]| < C holds.

Proof: For any u € A, we define

Bu={z €T p(@)oule) ¢ (0, )}

Lo={r €T pu(e)eu(a) € (@A)},

s0 Myv = v — L[zy00u + Yunu]X,,. Here xs stands for
the characteristic function of a set S. M, being obviously
continuous, it is enough to prove that the equation M, v = w
has a unique solution v € L*(T") for every w € L*(I"). Clearly,
v = w in A,, and hence, denoting b = w + %[Zu’xA wPu +
yunu,xAuw] € L*(T), to compute v we have to solve

1
X,V — (26)

;[zu,xﬂuv@u + yunu,xluv] =bin I.

Using (20), it is obvious that this equation is the optimality
condition of the unconstrained quadratic optimization problem

: _ i " 2 _
(@ min J) = 5o"(w)(x,2) / b da.

Here and elsewhere, for every measurable set ¥ C I' and
v € L1(X), xyv denotes the extension by 0 to I' \ . The
continuity of J” established in Theorem 3.2 and (25) imply
the existence of dy; > 0 such that

J" (u)v? > gHvHQLg(F) Vo € T} and Yu € Bs,(u).

Setting 6 = min{éo,aﬁ,i}, where ¢; and Lg are in-
troduced in Theorem 2.4 and Lemma 4.2 respectively, we
have that L%(I,) C T7 for all u € Bs(u); see [2, Theorem
4.5]. Therefore (Q)) has a unique solution v € L?(L,). Since
Zupy, v Ty, v € L*(T"), (26) implies that v € L*(I,) and,
consequently, v is the unique solution of the equation M, v =
w in L5(T).

To prove the uniform boundness of M, ! we proceed in
two steps. First, using the same technique as in [2, Theorem
4.5], we obtain the existence of a constant Cy > 0 such that
vl 2ry < Collw|psry. If d = 2 the proof is complete
with C = C5. For d = 3, we use Remark 3.5 and the
previous estimate to obtain |[zu,x, vllLe(r) + [T, vllLer) <
Csllv||z2(ry < C3Cs||w|| s (ry for some C3 > 0. Applying this
and (26), we get ||v||sq,) < |1b]lzs(r) +C’4(qu_XIuU\ Le(r) +
Mu,x, vlles@) < CsllwlLs(r), and the result follows for
C = max{1,Cs}. n

Algorithm 2 implements the semismooth Newton method
to solve (P). As a straightforward consequence of [15, Theo-
rem 3.13], Corollary 4.3, and Theorem 4.4 we conclude the
convergence of this algorithm.

Corollary 4.5: Let (u,y, p) € Uaq x Y? satisfy the first or-
der optimality conditions (21)—(23), the strict complementarity
condition |Xz| = 0, and the second order sufficient optimality
condition J”(@)v? > 0 for every v € Cy \ {0}. Then, there
exists § > 0 such that for all vy € B;s(u) the sequence {u,}
generated by Algorithm 2 is contained in the ball Bs(u) and
converges superlinearly to u.

The radius of the basin of attraction § depends on parameters
related to the continuity properties of the involved functionals
and its derivatives, the second order condition and the neigh-
borhood in L*(T") for which the state equation is meaningful.

V. A NUMERICAL EXAMPLE AND SOME COMPUTATIONAL
CONSIDERATIONS

Consider Q = (0,1)3, Ay = —Ay + v, a(z,y) = y> —
sin(27xy) sin(mwao) cos(3wxs), g = 0, L(z,y) = 0.5(y —
ya(x))?, with ya(z) = —512]_, (1 — 2;), v = 0.01, a =
0, and 8 = 1. We solve a finite element discretization of (P).
Continuous piecewise linear functions are used for the state,
the adjoint state, and the control. The Tichonov regularization
term is discretized using the lumped mass matrix. In this way,
the optimization algorithm for the discrete problem is exactly
the discrete version of Algorithm 2.

The convergence history for u¢ = 0 is summarized in tables
I and II for different mesh sizes. The expected superlinear con-
vergence can be seen in the relative errors between consecutive



Algorithm 2: Semismooth Newton method for (P).

1 Initialize. Choose ug € A. Set j = 0.

2 for 7 >0 do

3 Compute y; = G(u;)

4 Compute ¢; = O(u;)

s | SetA;=AYUA% and I; =T\ A;, where

A ={z €T : y;(x)p;(x) > v},
A ={z €T :y;(z)p;(z) <va}

6 Set wj(x) = —F(u;)(z):

—u;(z) + 8 if v € A7

wi(@) = —u(z) + Loj(@)y;(x) el

—uj(z) + if z € A
7 Compute z; = ZUij/\\]_'LUj and n; = nujvajwj
8 Solve the quadratic problem '

) 1
(@Qj) velg;gj)ﬂj(v) = o0 () (0, v)?

1
—/ (w; + - [zj95 +yimj])v dz
L
Name vy, its solution.

9 Set ujy1 = uj + X, wj + X, vy and j = j+ 1.
10 end

iterations, denoted 5]-. We also remark the mesh-independence
of the convergence history, which is to be expected since we
have obtained our results in the infinite-dimensional setting.

At each iteration we have to solve a nonlinear equation to
compute y; and solve an unconstrained quadratic problem to
compute vy;. We use Newton’s method for the first task and
the conjugate gradient method for the second one. Notice that
J;(v) = %(v, Ajv)r2a,y — (bj,v)L2(1,), Where by = Xi, (w; +
+[zi@; +y;m;)) and, for any v € L*(I;),

1
AjU =Xy |\ Y + ;[Zuj,x“jvSDj + nuj,x“jvyj] ;

see eqs. (12) and (19)

We include in the tables the number of Newton iterations
used to solve the nonlinear equation at each iteration. Each of
these requires the factorization of the finite element matrix, and
this number is a good measure of the global complexity of the
method. In contrast, each of the conjugate gradient iterations
used to solve (Q;) requires the solution of two linear systems,
but the matrix has been previously factorized in the last step
of the nonlinear solve.
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