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Abstract

In this work we study the evolution of the free boundary between two different fluids in
a porous medium where the permeability is a two dimensional step function. The medium
can fill the whole plane R? or a bounded strip S = R x (—7/2,7/2). The system is in the
stable regime if the denser fluid is below the lighter one. First, we show local existence in
Sobolev spaces by means of energy method when the system is in the stable regime. Then
we prove the existence of curves such that they start in the stable regime and in finite time
they reach the unstable one. This change of regime (turning) was first proven in [5] for the
homogeneus Muskat problem with infinite depth.
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1 Introduction

In this work we study the evolution of the interface between two different incompressible fluids
with the same viscosity coefficient in a porous medium with two different permeabilities. This
problem is of practical importance because it is used as a model for a geothermal reservoir (see
[6] and references therein). The velocity of a fluid flowing in a porous medium satisfies Darcy’s

law (see [3, 23, 24]) )

k()
where p is the dynamic viscosity, (Z) is the permeability of the medium, g is the acceleration
due to gravity, p(Z) is the density of the fluid, p(Z) is the pressure of the fluid and v(Z) is the
incompressible velocity field. In our favourite units, we can assume g = = 1.

v = _VP_gp(f)(Oa 1)7 (1)
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The spatial domains considered in this work are S = R?, T x R (infinite depth) and R x
(—m/2,7/2) (finite depth). We have two immiscible and incompressible fluids with the same
viscosity and different densities; p! fill in the upper domain S*(¢) and p? fill in the lower domain
S2(t). The curve

z(a,t) = {(z1(ayt), z2(a, 1)) : a € R}

is the interface between the fluids. In particular we are making the ansatz that S' and S? are
a partition of S and they are separated by a curve z.

The system is in the stable regime if the denser fluid is below the lighter one, i.e. p?> > p'.
This is known in the literature as the Rayleigh-Taylor condition. The function that measures
this condition is defined as

RT(a,t) = —(Vp?(2(a,t)) — Vp'(z(a, 1)) - O z(a, t) > 0.

In the case with k(Z) = costant > 0, the motion of a fluid in a two-dimensional porous
medium is analogous to the Hele-Shaw cell problem (see [7, 9, 17, 19] and the references therein)
and if the fluids fill the whole plane (in the case with the same viscosity but different densities)
the contour equation satisfies (see [11])

p (axf(x) — axf(x — 77))77
of =———PV. / dn. 2
=Y R @ - e )
They show the existence of classical solution locally in time (see [11] and also [I, 15, 16, 20])

in the Rayleigh-Taylor stable regime which means that p? > p', and maximum principles for
IIf ()]~ and ||0xf(t)||L~ (see [12]). Moreover, in [5] the authors show that there exists initial
data in H* such that ||0,f| 1~ blows up in finite time. Furthermore, in [4] the authors prove
that there exist analytic initial data in the stable regime for the Muskat problem such that the
solution turns to the unstable regime and later no longer belongs to C*. In [3] the authors
show an energy balance for L? and that if initially ||0, fo| L~ < 1, then there is global lipschitz
solution and if the initial datum has || fo||zs < 1/5 then there is global classical solution. In
[10, 27] the authors study the case with different viscosities. In [21] the authors study the case
where the interface reach the boundary in a moving point with a constant (non-zero) angle.

The case where the fluid domain is the strip R x (—,1), with 0 < [, has been studied in
[14, 15, 16]. In this regime the equation for the interface is

Ouf(z,1) = 'OQ_plP.v./R[ (0:f (x) — f;(l( - 1)) sinh (57)
21

sl cosh (37) — ) = f(z =)
(Ouf () + o f (x — n) sinh (Fn)
cosh (§n) + cos(5;(f () + f(z — n)))

For equation (3) the authors in [141] obtain the existence of classical solution locally in time
in the stable regime case where the initial interface does not reach the boundaries, and the
existence of finite time singularities. These singularities mean that the curve is initially a graph
in the stable regime, and in finite time, the curve can not be parametrized as a graph and the
interface turns to the unstable regime. Also the authors study the effect of the boundaries on
the evolution of the interface, obtaining the maximum principle and a decay estimate for || f||z
and the maximum principle for ||0, f||ze for initial datum satisfying smallness conditions on
|0z foll L and on || fo|| . So, not only the slope must be small, also amplitude of the curve plays
a role. Both result differs from the results corresponding to the infinite depth case (2). We note
that the case with boundaries can also be understood as a problem with different permeabilities

_|_

dn. (3)
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Figure 1: Physical situation

where the permeability outside vanishes. In the forthcoming work [18] the authors compare the
different models (2), (3) and (6) from the point of view of the existence of turning waves.

In this work we study the case where permeability «(Z) is a step function, more precisely,
we have a curve

h(a) = {(h1(a), ho(a)) : a € R}

separating two regions with different values for the permeability (see Figure 1). We study the
regime with infinite depth, for periodic and for "flat at infinity” initial datum, but also the case
where the depth is finite and equal to 7. In the region above the curve h(a) the permeability is
#x(Z) = x', while in the region below the curve h(a) the permeability is () = x% # k. Note
that the curve h(«) is known and fixed. Then it follows from Darcy’s law that the vorticity is

w(®) = w1 (a, t)0(Z — z(a, 1)) + wa(a, t)o(F — h(a)),

where w; corresponds to the difference of the densities, ws corresponding to the difference of
permeabilities and § is the usual Dirac’s distribution. In fact both amplitudes for the vorticity
are quite different, while zo; is a derivative, the amplitude w9 has a nonlocal character (see (5),
(7) and Section 2). The equation for the interface, when h(x) = (x, —ha) and the fluid fill the
whole plane, is

) [ (@uf(@) =8B — )
aufte) = IR [ R
1 [ waB)e = B+ .S @) (@) + o))
F=ag (z— B2 + (f(x) + ha)?

g, (4)

with

wa(r) =

k! — k2 k(p? — 'Ol)P.V./ O f(B)(ha + f(B)
R (

)
R e P+ (—ha — 1B 2



If the fluids fill the whole space but the initial curve is periodic the equation reduces to

_rpt=p) sin(z — )( f(x) — 0:1(8))dB
0uf (x) = —L—L2p. /T Cosh — (ﬁ))_m(x_ﬁ)
L f(x) sinh(f(x) + hg) + sin(z — B8))w2(5)dS
PV / cosh(f(x) + ha) — cos(z — f3) , (6)

where the second vorticity amplitude can be written as

k' (p? — p') ! — ’fQP / sinh(hy + f(8))0:f(8)dp
27 k1 + k2" Jp cosh(hy + f(B)) — cos(z — B)

If we consider the regime where the amplitude of the wave and the depth of the medium are
of the same order then the equation for the interface, when the depth is chosen to be 7/2, is

A2 (0:f(x) — 0./ (B)) sinh(z — B)
0f(@) = =PV [ st = B) - cos(F(@) — F(B))
SILEY (8:f(x) + 0, /(8)) sinh(x — B)
* PV'/Rcosh@—mcos( @)+ 1(8)

_|_

we(x) =

(7)

]

dp

ko [ e 5 s i
e [ty
where
w(e) = ’C%PV/ 0 O) ot I}XL io&ﬁf(ﬁ))”
"C%PV / % B) osh(a Smﬁ() fi;;(f—(le e
e R e o ey e L
e ey, | o, ©
with

sin(2h2)
Gy xc(z) = F! a (COSh(JC)JFCOS(?M)) (©)
2, 14 \/L_f-'( sin(2ha) ) (C)
o cosh(z)+cos(2h2)

a Schwartz function.

Remark 1 For notational simplicity, we denote K = 21123 and we drop the ¢ dependence.

The plan of the paper is as follows: in Section 2 we derive the contour equations (4),(6) and
(8). In Section 3 we show the local in time solvability and an energy balance for the L? norm. In
Section 4 we perform numerics and in Section 5 we obtain finite time singularities for equations
(4) (6) and (8) when the physical parameters are in some region and numerical evidence showing

that, in fact, every value is valid for the physical parameters.



2 The contour equation

In this section we derive the contour equations (4), (6) and (8), i.e. the equations for the
interface. First we obtain the equation in the infinite depth case, both, flat at infinity and
periodic. Given w a scalar, v, z, curves, and a spatial domain 2 = T or 2 = R, we denote the
Birkhoff-Rott integral as

BR(w. )7 = PV. [ w(3)BS(1(0).20(0).21(8). 2(8)ds, (10)
where BS denotes the kernel of VXA~ (which depends on the domain). If the domain is R?

we have
1 y—v T—
B ) = o <_(y— v+ (e —p)? (y—v)*+ (w—u)2> ’ ()

for T x R we have

1 —sinh(y — v) sin(z — p)
B8G) = 12 (it ) e i e ) 0

and for R x (—m/2,7/2) the kernel is (see [11])

1 sin(y — v) sin(y + v)
BS(zy,mv) = 4 <_ cosh(z — p) — cos(y —v)  cosh(z — p) + cos(y +v)’
sinh(z — p) sinh(z — p) 13
cosh(z — ) —cos(y — v)  cosh(z — p) + cos(y + 1/)> - (13)
2.1 Infinite depth
2.1.1 Assuming S = R?:
Using the kernel (11), we obtain
5)) 1 5))L
where (a,b)t = (=b,a).
We have
+ . i 1 wi(a)
v (z(a)) = ll_I)I(l) v(z(a) £ €9y z(a)) = BR(w1, 2)z + BR(wa, h)z F F5 BN (a)|23az(a) (15)
and
vt (h(@) = lim v(h(a) + edy h(a)) = BR(w1,2)h + BR(ws, h)h F ; | a“;éj; 50ah(). (16)

We observe that v (z(«)) is the limit inside S* (the upper subdomain) and v~ (z(«)) is the limit
inside S? (the lower subdomain). The curve z(a) doesn’t touch the curve h(a), so, the limit for
the curve h are in the same domain S°.

Using Darcy’s Law and assuming that the initial interface z(a,0) is in the region with
permeability x!, we obtain

(v (2(0)) = v (2() - az(@) = & (=0a(p~(2(a)) — p* (2(a))) — K15 — p)Buza ()
0 — k& (p?* = pHOaz2(c),



where in the last equality we have used the continuity of the pressure along the interface (see
[10]). Using (15) we conclude

wi(a) = =k (p? — p')daza(a). (17)

We need to determine wy. We consider

1] = ()
= —0u.(p~ (M) — pT(h(a)))

= 07

where the first equality is due to Darcy’s Law. Using the expression (16) we have

v 1 1 1 1
[E] - <E - F) (BR(w1, 2)h + BR(ws, h)h) - dah(a) + <ﬁ + ﬁ> @ (18)
We take h(a) = (a, —hg), with ha > 0 a fixed constant. Then
1
BR(ws, h)h - Ouh = (0, §H(wQ)> -(1,0) =0,

where H denotes the Hilbert transform. Finally, we have

w3(a) = —2KBR(wy, 2)h - (1,0) = K%P.V.Awl(ﬁ)%dﬁ, (19)
(see Remark 1 for the definition of K). The identity
[ 0stow((4 - 2(8) + (B - wa(3))) =0
gives us
1oy [ aanan 2@ = 2(5) 4(9)
27TP.\/./R( O 2(,3))‘2( 23 )Pdﬁ P.V. /8a 21 ( ( )‘zdﬂ,
and
ha + 22(,8) _ b - hl (5)
V- [ 0oy S = PV/a i) ™
Thus
/-;1( 2 ha + z2(B)
WQ(Oé) =K— PV /8a 2 mdﬂ
By [ @ = 2(0)
- KRN [ 0O R (0
and
)y [ 20 - a(8)
BR(, )z =~ =Y. [ (9

Due to the conservation of mass the curve z is advected by the flow, but we can add any
tangential term in the equation for the evolution of the interface without changing the shape of
the resulting curve (see [10]), i.e. we consider that the equation for the curve is

Oz(a) = v(a) + c(a, t)0qz().



Taking c¢(a) = —v1 (), we conclude

oz — 0" =Py / M@az(a) — 9a2(B))dB
2m R |2(a
_Pv/m (zla) = HA)* o

(a) = h(B)|?
+aaz(a)§pv. /R m(ﬂ)%dﬁ. (21)

|2(a) = h(
By choosing this tangential term, if our initial datum can be parametrized as a graph, we
have d;z1 = 0. Therefore the parametrization as a graph propagates.
Finally we conclude (4) as the evolution equation for the interface (which initially is a graph

above the line y = —hy). We remark that the second vorticity (5) can be written in equivalent
ways
ﬁl(ﬂz ha + f(B)
mao) = e, [ A G
- B
= d
RS, [ e e %)
10,2
= lc“('giww /R 0, log((« - 6)2 + (=ha — £(8))*)d5.

Remark 2 Notice that in the case with different viscosities the expression for the amplitude
of the vorticity located at the interface z(a) (see equation (17)) is no longer valid. Instead, we
have

—i1(p? — p)Ouza(0) = (42 — i) (BR(w1, 2)z + BR(ws, h)z) - Oaz(a) + <,u2 _g,u1> w1.

To this integral equation, we add the equation (18) or (20). Thus, one needs to invert an
operator. This is a rather delicate issue that is beyond the scope of this paper (see [10] for
further details in the case k! = x?).

2.1.2 Assuming S=T x R:

We have that (14) is still valid, but now w; are periodic functions and z(a + 2k7) = z(a) +
(2km,0). Using complex variables notation we have

o(# / Z1(8 dﬁ + o / w2 dﬁ
1 T (2k+1)m —(2k—1)m w1 (,8) WQ(,B)
= — [prv. / - / + / = + = dp.
2mi — ,; < (2k—1)r —(2k+ 1)1 T—z(B) - h(B)
Changing variables and using the identity

1 2z 1
- = VzeC
ot ; 22 — (2kw)?2  2tan(z/2)’ €M




we obtain

o L @1(5) @3 (f)
"=t (P'V'/Ttan«f—zw))/mdﬁ R R T >>/2>d6>'

Equivalently,

o1 —sinh(y — 22(8))w1(8)dpS
=g <P'V' / cosh(y — 22(B)) — cos(z — 21(B)

—sinh(y — ha(B))w2(B)dS
+P'V'/T cosh(y — ha(f)) — cos(x — hl(ﬁ))>
i sin(x — 21(B))w1(B)dB
T A <P'V' /11‘ cosh(y — z2(f8)) — cos(x — 2z1(f))
sin(z — hy(B))w2(5)dp )
7 cosh(y — ha(B)) — cos(z = (8)) )~

Recall that (17) and (20) are still valid if h(a) = (o, —hg) for 0 < hg a fixed constant. We have

+P.V.

/Taﬁ log(cosh(B — z3(3)) — cos(A — z1(8)))ds = 0,

thus, the velocity in the curve when the correct tangential terms are added is

Orz(a) = 1 (Kl(pQ_pl)P.v‘/ sin(z1(a) — 21 (S8 )))( wz(a) — 0a2(B )1)

47 1 cosh(zg(a) — 22(8)) — cos(z1(a) — 21(8))
sinh(z2 (o) + ho)wa(B)dS )
1r cosh(za(a) + hg) — cos(z1(a) — h1(5))

(Oaz2(a) sinh(za () + he) + sin(z1 () — h1(B)))w=2(8)dS
PV / cosh(ze(a) + hg) — cos(z1(a) — h1(5)) - (24

+(0nz1(a) — 1)P.V.

We can do the same in order to write ws as an integral on the torus.

we(a) = —2KBR(wq, z)h - (1,0)
_1 sinh(—hg — 23(8))w1(8)dB
- QWICP'V' /T cosh(—hg — 22(B)) — cos(hi(a) — z1(B))
_ K'(p*=pY) sinh(hs + 22(83))0a22(B)dp
o o ,CP'V'/ cosh(—hg — 23(B)) — cos(h1(a) — 21(8)) (25)

If the initial datum can be parametrized as a graph the equation for the interface reduces to
(6), where the second vorticity amplitude (7) can be written as

Y sinh(~hs — f(8))@1(8)dp
@) = 5-KPV. /T e A B

I Uy ) sinh(ha + £(5))0: f (8)df

_ K. /T oh(hs £ 7B — ool = (26)
_ (PP =) sin(z — f)dp3

B 27 KP'V'/T cosh(ha + f(B)) — cos(z — B)° (27)



2.2 Finite depth

Now we consider the bounded porous medium R x (—m/2,7/2) (see Figure 1). This regime
is equivalent to the case with more than two x* because the boundaries can be understood as
regions with k = 0. As before,

’U(Cﬂ,y) :PV/RW1(5)BS(CU,y,Zl(,ﬁ),ZQ(ﬁ))d,B+PV/sz(ﬁ)BS(CU,y,hl(,ﬁ),hQ(ﬁ))d,ﬁ

We assume that h(a) = (o, —hg) with 0 < hy < 7/2. We have that o is given by (17). The
main difference between the finite depth and the infinite depth is at the level of ws. As in the
infinite depth case we have

1 1 1 1
0= (? - ;> (BR(w1, 2)h + BR(w2, h)h) - dah(a) + (ﬁ - ﬁ) i

where now BR has the usual definition (10) in terms of BS in expression (13). In the unbounded
case we have an explicit expression for wwy (20) in terms of z and h, but now we have a Fredholm
integral equation of second kind:

K wo(B) sin(2hs) L o
wZ(a)—i_%P'V'/Rcosh(a—ﬁ)+cos(2h2)d5_ 2KBR(w1,2)h - (1,0). (28)

After taking the Fourier transform, denoted by F(-)(¢), and using some of its basic properties,
we have

K sin(2hs) B
Fe)(©) (14 = (2 ) (©)) = 2K F BRI (1L0)(O)

We can solve the equation for ws for any |K| < §(h2) with

V21

d(hg) =min < 1, : (29)
sin(2h2)
max¢ "7: (cosh(m)+0025(2h2)) ‘
We obtain
WQ(Oé) = —QICBR(wl, Z)h . (1,0)
9 F sin(2h2) (C)
+ 2K R, )b - (1,0) « F1 (C"Sh(”*ws@h”) (30)

A/ K sin(2h2)
2m L+ \/—27]: <cosh(:v)+0023(2h2)) (C)

Now we observe that if s(¢) is a function in the Schwartz class, S, such that 1 + s(¢) > 0 we
have that
s(C)

1+s(C)

in(2h2)
F <cosh(szv)+0023(2h2)> (C)
K sin(2h2)
1+ \/—2?‘/—-. (COSh($)+COQS(2h2)> (C)
Recall here that in order to obtain ws we invert an integral operator. In general this is a delicate

issue (compare with [10]), but with our choice of h this point can be addressed in a simpler way.
Using

€S,
and we obtain

GhQ,;C(CU) =F ! eS.

/Raﬁ log (cosh(z — z1(B)) £ cos(y £ 22(B))) ds = 0,

9



and adding the correct tangential term, we obtain

Ohzla) = MP_V_ / (Oaz(a) — Baz(B)) sinh (21 (@) — 21(B))

- A r cosh(z1(a) — 21(8)) — cos(z2 () — zg(ﬁ))dﬁ

)

KI(PQ - Pl) (Oaz1(a) = Oaz1(B), Oaz2(a) + Oa22(B)) sinh(z1 (o) — 21(B))
+ 47 P'V'/ cosh(z1 () — 21(B)) + cos(z2 () + 22(B)) dp
+iP.V. / @3(8)BS(21(a), 22(a), B, —h2)dB

a z SID(ZQ( )—|— hg)

PV / @2(P) CObh(Zl( ) — ) — cos(z2(ar) + hg)dﬁ
a z( ) sin(zg(a) — ha)
47 T 0V /R (ﬁ)cosh(zl(oz) - ﬁ2) + cos(zg(a) - hg)dﬁ' (31)

If the initial curve can be parametrized as a graph the equation reduces to (8) where ws is
defined in (9).

Remark 3 If hy = 7/4 by an explicit computation we obtain §(r/4) = 1, thus, any K is valid.
Moreover, we have tested numerically that the same remains valid for any 0 < hy < 7/2, so (9)
would be correct for any /.

3 Well-posedness in Sobolev spaces

3.1 Energy balance for the L? norm

Here we obtain an energy balance inequality for the L? norm of the solution of equation (8).
We define Q' = {(z,y), f(z,t) <y < 7/2}, @ = {(z,y),~h2 < y < f(z,1))} and Q* =
{(x,y)a _7T/2 <y< _hQ}

Lemma 1. For every 0 < k!, k? the smooth solutions of (8) in the stable regime, i.e. p> > pt,
case verifies

1@ ey + [ Ilisescragyy | INiogooaiactan oy _ g (32)
L2(R) 0 kL(p2 — pl) K2(p2 — pl) ollL2(r

Proof. We define the potentials
¢! (x,y,t) = £ (p(z,y,t) + ply), if (z,y) € QL

¢*(z,y,t) = &' (p(z,y,t) + p°y), if (z,y) € Q2
¢ (2,y,t) = > (p(z, y, 1) + p%y), if (z,y) € Q°.

We have v* = —V¢' in each subdomain S?. Since the velocity is incompressible we have
0= [ A¢'¢'dedy = — / [0 |2 dxdy + / 0, P ds.
Qi QO o0’

Moreover, the normal component of the velocity is continuous through the interface (x, f(z))
and the line where permeability changes (x, —hs). Using the impermeable boundary conditions,
we only need to integrate over the curve (x, f(z,t)) and (x, —hg). Indeed, we have

- - /Ql |Ul|2dxdy+"€1 /R(p(x,f(x,t),t)+p1f(x,t))(—v(x,f(x,t),t)-(@xf(x,t), —1))d$, (33)

10



0= —/ [0 dady + ffvl/(p(w,f(l’,t),t) + 2 f (@, 0)(—v(, f(z,1),0) - (=0 f(x,1),1))dz
02 R

T st /R (P, —hast) — pPho)(—v(z, —ha.t) - (0,~1))dz, (34)

0=— /QS [v?[Pdzdy + K /R(p(x, —ha,t) = p*ha)(—v(x, —ha,t) - (0,1))dz. (35)

Inserting (35) in (34) we get

il
0=— /Q2 |02 dxdy — ) /Q3 |v3|?dzdy
+%1/]1§(P($,f(fﬂ,f),f) + 2 f(@, ) (~v(z, f(z,0),t) - (=0uf (2, 1), 1))dz, (36)

Thus, summing (36) and (33) together and using the continuity of the pressure and the velocity
in the normal direction, we obtain

il
[ wPdedy+ %5 [ oPdedy =t [ (= o f@0-0f @ )de @D
QLuUN2 K= Jqs R
Integrating in time we get the desired result (32). O

3.2 Well-posedness for the infinite depth case

Let € be the spatial domain considered, i.e. 2 = R or = T. In this section we prove the short
time existence of classical solution for both spatial domains. We have the following result:

Theorem 1. Consider 0 < hy a fived constant and the initial datum fo(z) = f(x,0) € H*(Q),
k > 3, such that —hs < min, fo(x). Then, if the Rayleigh-Taylor condition is satisfied, i.e.
p?—p' >0, there exists an unique classical solution of (4) f € C([0,T], H*(Q)) where T = T(fy).
Moreover, we have f € C([0,T],C(R2)) N C([0,T],C*(Q)).

Proof. We prove the result in the case 2 = R, being the case ) = T similar. Let us consider the
usual Sobolev space H3(R) endowed with the norm

1z = Il + A £l 2,

where A = v/—A. Define the energy

E[f] = |1 flls + Id" (] e, (38)

with
1

(z = B)* + (f(z) + h2)*
To use the classical energy method we need a priori estimates. To simplify notation we drop
the physical parameters present in the problem by considering x!(p? —p!) = 27 and K = % The
sign of the difference between the permeabilities will not be important to obtain local existence.
We denote ¢ a constant that can changes from one line to another.

Estimates on ||ws||gs: Given f(z) such that E[f] < co we consider ws as defined in (22).
Then we have that ||ws||gs < ¢(E[f] + 1)F for some constants c, k.

d"[f)(z,B) =

(39)

11



We proceed now to prove this claim. We start with the L? norm. Changing variables in (22)
we have

2
; Oof(x — B)(ha + f(x — B))
||z < ¢ |[P.V. / ©01) B2+ (ha + f(x— B))? v 2
2
Ouf(x— B)(ha + f(z — B))
°I>v: /Bc(o y B+ (ha+ f(z—pB))? dﬁ L2
= Al + AQ.

The inner term, A;, can be bounded as follows

0.51c = D)t + 11z~ )
A= /PV/M Tt i@

) (0= (b + 1 =9) .
PV/OI + (ha + f(z = §))? e

< clld" [f]l[Zoe (1 + 1|1l zo2)* 10 f 1172

In the last inequality we have used Cauchy-Schwartz inequality and Tonelli’s Theorem. For the
outer part we have

0.fte= D0+ 112 )
SR AR e == e )

Ouf (x — &) (ho + f (x = &)
B¢(0,1) &+ (he + f(z —¢))? dédx

x P.V.

< (L + [l 10 fII72,

where we have used that fl 5 < 00 and Cauchy-Schwartz inequality. We change variables in

(23) to obtain
B

el =PV /R B+ (ha + f(z = B))
Now it is clear that ws is at the level of f in terms of regularity and the inequality follows using
the same techniques. Using Sobolev embedding we conclude this step.
Estimates on ||d"[f]||z=: The first integral in (4) can be bounded as follows

= HP'V'/R =2+ (f(a)— J(B))?

for some positive and finite k. The new term is the second integral in (4).

SdB.

< (B[f]+ D,

oo

ap

wa(x — B)(B + 0o f(x)(f(x) + h2))
B|gev | B+ (F(@) + ho)? P
—PV/ a3 dpy agll =4, +4
20 Iy ||. 127 e Loo_ P

Easily we have
A1 < clwallze 4"l (L + 100 Fllz (1 F e +1).

12



We split Ay = By + Bo

wa(z — B)B wa(z — B)B
B, = —PV d
2m Be(0,1) B2+ (f(2) + ha)? - (2 P
< cllwallpe (I fllzee + 1) + cl|Hwa| L + c||0pmal| e,

where H denotes the Hilbert transform. Now we conclude the desired bound using the previous
estimate on ||ws| g3 and Sobolev embedding. The second term can be bounded as

2 B2+ (f(x) + h)?

We obtain the following useful estimate

Bo=gopy. [ ZAECPRTOUD L i o oy (e + 1100
B<(0,1)

10 fll e < c(B[f] + 1)F. (40)
We have
d —@f( )2(f (= )+h)
adh[f] [+ () T )2 )22 < cd"[f]|d"[fllzo= (Il oo + D0ef ||

Thus, integrating in time and using (40),

A [F)(E + B) || oo < |dPLF)(8) ]| et T EUIFDF
and we conclude this step

N 0 e el PO V7

- < ¢(E[f] + 1)k

d h
Sl = ]

Estimates on ||02f||;2: As before, the bound for the term coming from the first integral
in (4) can be obtained as in [l 1], so it only remains the term coming from the second integral.

We have
_ 1 . w2 (z — B)(B + 9uf(x)(f (@) + h2)) N
= g [orrpy. [0 (PR ) asa

For the sake of brevity we only bound the terms with higher order, being the remaining terms
analogous. We have

I, = J3—|—J4+J5—|—J6+J7—|—1.O.t.,

_ 1 3 Rwy(x — B)S
=5 / 0, f(x)P.V. T+ (@) +h2)2dﬁdx,

D3y (x — )0, x)+h
n=gp [y [ SR R R e

2wy (z — B)(B + O f( )(f( )+ h2))(=f(x) — he)33 f ()
Js = /33 PV/ G ( OETADL dBdz,

)
g (e~ A)(f(@) + ha)OAf (2)
-5 [[obrwry. | Fay+hp 0

with

13



and

L [y tos ~ 0L RIE) 1,

In order to bound J; we use the symmetries in the formulae (0r = —0p) and we integrate by
parts:

I S P 2 (o p .
< el fll 21032l 2 (1 [f)17ee + 1" [f)l 2o + 1)

In J4 we use Cauchy-Schwartz inequality to obtain

Ja < c(ld"[f]l|zoo + VO3 f || 2105w 22102 fll oo (| f [l poe + ha)
The bounds for J5 and J; are similar:
Js < c(ld"[f1I7 + DI fII72 2]l oo (1 + 118 f loo (1 F [l 2o + ha)) ([l + ha),
Jr < c(d [ fllzee + VO3 f 172wl Loc 10 fll oo
Finally, we integrate by parts in Jg and we get
Jo < el f1Z2 (14" [T Lo + 1) (10wl oo (1l oo + 1) + [l oo |02 f ]| o)
+ |03 f 1172 (1" [f11 e + Dl poe 100 fl[poe (1 f | 2o + 1)%.

As a conclusion, we obtain
d
102 fllz= < e(E[f] + D",

Putting all the estimates together we get the desired bound for the energy:

d
@ i) < clElf] + 1) (41)
Regularization: This step is classical, so, we only sketch this part (see [22] for the details).

We regularize the problem and we show that the regularized problems have a solution using
Picard’s Theorem on a ball in H3. Using the previous energy estimates and the fact that the
initial energy is finite, these solutions have the same time of existence (7" depending only on the
initial datum) and we can show that they are a Cauchy sequence in C([0,T],L?). From here
we obtain f € C([0,7T], H*(2)) N L>*([0,T], H*(Q)) where T = T(fo) and 0 < s < 3, a solution
to (4) as the limit of these regularized solutions. The continuity of the strongest norm H? for
positive times follows from the parabolic character of the equation. The continuity of || f(t)]| s
at t = 0 follows from the fact that f(t) — fo in H® and from the energy estimates.
Uniqueness: Only remains to show that the solution is unique. Let us suppose that for the
same initial datum fy there are two smooth solutions f! and f? with finite energy as defined in
(38) and consider f = f! — f2. Following the same ideas as in the energy estimates we obtain

HfHL2<c(f07 L1, ELDIFI 2

Now we conclude using Gronwall inequality. U

14



3.3 Well-posedness for the finite depth case

In this section we prove the short time existence of classical solution in the case where the depth
is finite. We have the following result:

Theorem 2. Consider 0 < hy < 7/2 a constant and fo(z) = f(x,0) € H*¥(R), k > 3, an initial
datum such that || fo|lpee < 7/2 and —hy < min, fo(z). Then, if the Rayleigh-Taylor condition
is satisfied, i.e. p*> —p' > 0, there exists an unique classical solution of (8) f € C([0,T], H*(R))
where T = T(fo). Moreover, we have f € C1([0,T],C(R)) N C([0,T], C*(R)).

Proof. Let us consider the usual Sobolev space H3(R), being the other cases analogous, and
define the energy

Elf] = 1f s + 1" [z + 1AL 2o, (42)
with
A[f)(@.8) = : , (43)
cosh(z — ) — cos(f(x) + ha)
and
dlf)(z,5) = : (14)

cosh(x — B) + cos(f(z) + f(8))

We note that d"[f] represents the distance between f and h and d[f] the distance between
f and the boundaries. To simplify notation we drop the physical parameters present in the
problem by considering &' (p? — p') = 47 and K = % Again, the sign of the difference between
the permeabilities will not be important to obtain local existence. We write (8) as 0;f =
Iy + Iy + I3 + 14, being I;, I5 the integrals corresponding w; and I3, I the integrals involving
wso. We denote ¢ a constant that can changes from one line to another.

Estimate on ||ws| g3: Given f(x) such that E[f] < co and consider ws as defined in (9).
Then we have that ||| ys < ¢(E[f] + 1)*. We need to bound ||.J1 || s and ||.J2|| s with

B sin(hy + f(z — B))
Ji =PV. /Ramf(w - 0B) cosh(B) — cos(hg + f(z — ) w
- . sin(—hg + f(z — B))
Jy = —P.V. /Raxf( p) cosh(f) 4 cos(—hg + f(z — 5))d5
We have
Ouf(x — B)sin(hg + f(z — B))
1allze < [PV /B(o,l) cosh(B) — cos(hs + f(z — B)) dﬁ L2

_l’_

pv. [ Sellafintis o= 8,
e

cosh(f) — cos(hg + f(z — ) 2
< o0 fll2ld" [l o + cllOn fl L2,

where we have used Tonelli’s Theorem and Cauchy-Schwartz inequality. Recall that f — hy €
(—2h2, % — h2), thus

1 1
cosh(z — B) + cos(f(z) — ho) < cosh(z — B) — c(h2)’

and the kernel corresponding to wsy can not be singular and we also obtain

2]l 2 < l|0x f1| 2
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Now, as Gp, x € S, we can use the Young’s inequality for the convolution terms obtaining
bounds with an universal constant depending on hy and K. Indeed, we have

1Gha i * Jill L2 < el Jil| 2,

and we obtain
lwallr2 < c(ELf]+ 1)F.

Now we observe that

sinh(p)
r cosh(f) — cos(hz + f(z - B))

and we obtain ||03.J;||;2 < c(E[f] + 1)*. Using Young inequality we conclude

J =P.V.

A3, Jy =P.V. / sinh(5) dg,

r cosh(B) + cos(—ha + f(x — )

Izl s < e(B[f]+ 1),

Estimates on ||d"[f]| L~ and ||d[f]||r=: The integrals corresponding to w; in (8) can be
bounded (see [11]) as
I+ | < e(E[f] + D).

The new terms are the integrals I3 and Iy, those involving ws in (8). We have, when splitted
accordingly to the decay at infinity,

I3+ 1y = J3 + Jy,

where
1 wy(z — B) sinh(5) _ w(x — B)sinh(B)
|Js] < H 47TP'V' /R cosh() — cos(f(x) + ha)  cosh(f) + cos(f(x) — hZ)dﬂ Lo
< el ("l +1)
and
1 wa(r — )0, f(z)sin(f(x) + ha) | walx — B)0 f(z)sin(f(z) — ho)
02 | S e i cosh(3) + cos(f (@) — ha) |

< il 102 l1= (1" (= + 1)

We conclude the following useful estimate

10:fllze < c(E[f] + 1)F. (45)
We have
A opie sin(f(z) + h2)0:f(z) RN _
1] = ~ oo L < I e 01

Thus, using (45) and integrating in time, we obtain the desired bound for d"[f]:

" [f1(t + h)llzoe — ld* [F1(E)]] =

- < e(E[f] + D).

d h
I flll o = lim

To obtain the corresponding bound for d[f] we proceed in the same way and we use (45) (see

[14] for the details)
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Estimates on |03 f||;2: As before, see [14] for the details concerning the terms coming from
w1 in (8). It only remains the terms coming from tws:

_ 3215 wo(B)(sinh(z — B) + 0, f (x) sin(f (x) + ha))
I= /RP'V' /R 0t ()0, < cosh(z — B) — cos(f(x) + he)
@3 (B) (= sinh(z — B) + 0, f (x) sin(f(z) — h2))
cosh(z — B) + cos(f(x) — ho) ) dpdz.

_|_

We split
I = J7 + Jg + Jg + lL.o.t..

The lower order terms (l.o.t.) can be obtained in a similar way, so we only study the terms J;.
We have

f(x)03s(x — B)sinh(B) 93 f(x)0;wa(x — B)sinh(B)
1< / PV / cosh(f3) — cos(f(x) + he) cosh(f) 4 cos(f(z) — h2) dpd
< e 03 f |2 107wl 2 (14" [£] + 1),

03 f () Bwa(x — )0, f (x) sin(f(z) + ha)
ns [ov. [0 Eosh() = o[ + o)
2 f(2)Bwa(x — B)0: f (x) sin(f (x) + hy)
cosh(B) + cos(f(x) — he)
< cllO fll 2103wz | 2110w f Nl oo (|d" 1] + 11))-

dBdzx

The term Jy is given by

1 w2 (B)sin(f(z) + ho)
=5 AP.V.ABx(aif(x))Q <cosh(ac2— B) — cos(f(x)2—|— ha)

@3 () sin(f(x) = ha)
cosh(z — ) + cos(f(z) — ha)

) dpdzx.
Integrating by parts

ol < €l fll 2 (" [z + D) (10s 2|00 + w2z 102 f] )
+ e 2 (1" (1T + Dllwzllpee (1 + 185 ll2)

Regularization and uniqueness: These steps follow the same lines as in Theorem 1. This
concludes the result. O
4 Numerical simulations

In this section we perform numerical simulations to better understand the role of wy. We
consider equation (6) where k! = 1, p?> — p* = 47 and hy = m/2. For each initial datum we
approximate the solution of (6) corresponding to different . Indeed, we take different x? to

_ =999 -1 1 999
get K = 1501+ 3,0, 3 and 5p1-
To perform the snnulatlons we follow the ideas in [13]. The interface is approximated using

cubic splines with N spatial nodes. The spatial operator is approximated with Lobatto quadra-
ture (using the function quadl in Matlab). Then, three different integrals appear for a fixed

17



Case 1

K=0
K=-1/3
K=1/3 Ll
K=999/1001

——— K=-999/1001

-0.8— -

-09— -

. -

min_f
x
N
N
T
|

0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 2: Evolution of —||f||re for different K in case 1.

node x;. The integral between x;_1 and z;, the integral between x; and z;;; and the nonsin-
gular ones. In the two first integrals we use Taylor theorem to remove the zeros present in the
integrand. In the nonsingular integrals the integrand is made explicit using the splines. We use
a classical explicit Runge-Kutta method of order 4 to integrate in time. In the simulations we
take N = 120 and dt = 1073,

The case 1 (see Figure 2 and 3) approximates the solution corresponding to the initial datum

folz) = — (g - 0.000001) e,

The case 2 (see Figure 4 and 5) approximates the solution corresponding to the initial datum

folz) = - (g — 0.000001) cos(a?).

The case 3 (see Figure 6 and 7) approximates the solution corresponding to the initial datum

folz) = - (g - 0.000001) e~@=21 _ (g - 0.000001) e~ @ 4 o=a® cog?(y),

In these simulations we observe that ||f||c1 decays but rather differently depending on K.
If £ < 0 the decay of ||f||z is faster when compared with the case L = 0. In the case where
K > 0 the term corresponding to s slows down the decay of ||f||z~ but we observe still a
decay. Particularly, we observe that if K ~ 1 (k? ~ 0) the decay is initially almost zero and
then slowly increases. When the evolution of ||, f||z~ is considered the situation is reversed.
Now the simulations corresponding to K > 0 have the faster decay. With these result we can
not define a stable regime for X in which the evolution would be smoother. Recall that we know

that there is not any hypothesis on the sign or size of K to ensure the existence (see Theorem 1
and 2).
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Case 1

K=0

K=-1/3
K=1/3
K=999/1001
——— K=-999/1001

1, il -

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 3: Evolution of ||0, f| e for different K in case 1.

5 Turning waves

In this section we prove finite time singularities for equations (4), (6) and (8). These singularities
mean that the curve turns over or, equivalently, in finite time they can not be parametrized as
graphs. The proof of turning waves follows the steps and ideas in [5] for the homogeneus infinitely
deep case where here we have to deal with the difficulties coming from the boundaries and the
delta coming from the jump in the permeabilities.

5.1 Infinite depth
Let 2 be the spatial domain considered, i.e. 2 =R or 2 =T. We have

Theorem 3. Let us suppose that the Rayleigh-Taylor condition is satisfied, i.e. p?> — p* > 0.
Then there exists fo(x) = f(x,0) € H3(Y), an admissible (see Theorem 1) initial datum, such
that, for any possible choice of k', k? > 0 and hy >> 1, there exists a solution of (4) and (6) for
which limy_yp+ ||05 f(t)|| e = 00 in finite time 0 < T* < co. For short time t > T™ the solution
can be continued but it is not a graph.

Proof. To simplify notation we drop the physical parameters present in the problem by con-
sidering k' (p? — p') = 2m. The proof has three steps. First we consider solutions which are
arbitrary curves (not necesary graphs) and we translate the singularity formation to the fact
0av1(0) = 0;0,21(0) < 0. The second step is to construct a family of curves such that this
expression is negative. Thus, we have that if there exists, forward and backward in time, a solu-
tion in the Rayleigh-Taylor stable case corresponding to initial data which are arbitrary curves
then, we have proved that there is a singularity in finite time. The last step is to prove, using a
Cauchy-Kovalevsky theorem, that there exists local in time solutions in this unstable case.
Obtaining the correct expression: Consider the case 2 = R. Due to (21) we have

8aat2’1(04) = Il + IQ + Ig,
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where

-0.2

K=0
— K=-1/3
K=1/3
K=999/1001
—— K=-999/1001[]

04—

-0.6— -

-0.8— -

-12- —

0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 4: Evolution of —|| f||pe for different K in case 2.

an/‘Z1 ) (o ﬁ)(a z21(a) = Gaz1(a — B))dp,

PP
z2(a) + ho
13(04) 8 (8 21 PV /TEQ a— ) h(a—ﬂ)\2d5>

Assume now that the following conditions for z(«) holds:

e z;(a) are odd functions,

® 0,21(0) = 0,0421(c) > 0 Vo # 0, and 9,22(0) > 0,
z(a) # h(a) Yo

The previous hypotheses mean that z is a curve satisfying the arc-chord condition and 0,2(0)
only has vertical component. Due to these conditions on z we have 9, 21(0) = 0 and 922 is odd
(and then the second derivative at zero is zero) and we get that I3(0) = 0. For I; we get

_ 221 (8)21(8) + (Pazr(B)* . (Daz1(8)21(8))*
(o) =Y. 8~ Y. | e Gt B
9az1(B)z1(8)22(B) (0a22(0) — Jaz2(B))
R e Cata
We integrate by parts and we obtain, after some lengthy computations,
o-sneiors [ S
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K=0
K=-1/3
K=1/3
K=999/1001 |
= K=-999/1001

1, il -

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 5: Evolution of ||0, f| e for different K in case 2.

For the term with the second vorticity we have

) _ _
IQ(O):%P.V. R%dwr PV/R

1 2w2(—3)Bha 1 Do 22(0)wa (=) (=h3)
— QWP.V./Ri(m e dp — Pv/R 5 + 1) ds,

and, after an integration by parts we obtain

5a22(0)PV /OO (w2(8) + w2(=$))B?
2 o (8% + h3)?
Putting all together we obtain that in the flat at infinity case the important quantity for the
singularity is

w2(—5)5a22(0)d
62 + h2

&

I(0) = — dg. (47)

0 (0) = 9.z * _Oaz1(B)21(8)z2(B)
onn0) = 20za0) (42, [~ I ) -

’ZD' w 2

where, due to (20), wy is defined as
(ho + Zz 7))9az2(7)
= 2KP.V. / dy. 49
(ha+ 22+ B—z ()2 (49)

We apply the same procedure to equation (24) and we get the importat quantity in the
periodic setting (recall the superscript p in the notation denoting that we are in the periodic
setting):

0550) = 2,0 [ LD S S5)

(cosh(z2(8)) — cos(21(8)))
L[ (@5(B) + @5 (=f))(=1 + cosh(hy) cos(8))
Tir /0 (cosh(hg) — cos())? dﬁ) - (50)
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Case 3
-0.8

K=0
—K=-1/3
K=1/3
K=999/1001 H
= K=-999/1001]
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0.3 0.35

Figure 6: Evolution of —|| f||pe for different K in case 3.

and, due to (25),

o5 — sin(3 — (1) 1)
FH6) =K [ = ()0 .

ha + 22(7)) — cos(B — z1(7))

(51)

Taking the appropriate curve: To clarify the proof, let us consider first the periodic

setting. Given 1 < hgy, we consider a, b, constants such that 2 < b < ¢ and let us define

z1(a) = a — sin(a),

and )

sin(aa) Fo<a<™
a - T a’

. a—(m/a)

Sm@ﬁ@?ﬁﬁ T ca< ™
ha )2 a b’

25(a) = <;2W A T <a<™

—(; 2/7r><a—7r+ﬁ) ifﬁga<7r(1——),
27 b .

0 ifr(l—-)<a

Due to the definition of z9, we have

< hy + z(a) <

)

2 3ho
2 2

and using (51), we get
a7

|w§(,8)| < W—

Inserting this curve in (50) we obtain

Bat? (0) < I, + I + II2,

22
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K=0
K=-1/3
K=1/3
K=999/1001 ||
= K=-999/1001

1, il -
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Figure 7: Evolution of ||0, f| e for different K in case 3.

with
— cos sin(f — sin sinh ( Sned)
. /m (1= cos(B) s — sin() i ( aj ), ;
0 (COSh <%) —cos(fB — Sin(ﬁ)))
o /7r/2 (1 — cos(B)) sin(B — sin(B)) sinh <(_%_2/% > (8- %)) i3
(

7 /b+m)/3 <cosh << 2h2{72) (,8 — %)) — cos(8 — sin(fB >2
. /(27r7r/b)/3) (1 — cos(B)) sin(B — sin(S)) sinh < < hf/Q) a—m+ %))

o
2 b

E (cosh (— (F2£2 (a — 7+ 7)) ) — cos(8 — sin(8)))’

dg,

and Ig 2 is the integral involving the second vorticity wh. We remark that I, does not depend
on hy. The sign of [, 52 is the same as the sign of zo, thus we get [ {)12 < 0 and this is independent
of the choice of a and ho. Now we fix b and we take hy sufficiently large such that

27 1 + cosh(hg)

72 o fhe < he 0.

bt S (B 2) — 1 (cosh(ha) — 1)2
We can do that because

¢psinh(hg/3) h
< |17
(cosh(hy/2) + 1)2
or, equivalently,
inh(h 2 1 sh(h
I 41 = |pe) e < - CoSimR(Ra/S) a teoshlhz)

(cosh(hy/2) —1)2 * cosh(hg/2) — 1 (cosh(hg) — 1)2

if hy is large enough. The integral I, is well defined and positive, but goes to zero as a grows.
Then, fixed b and ho in such a way Igl 2+ ISQ < 0, we take a sufficiently large such that

I, + I,?Q + 132 < 0. We are done with the periodic case.
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Figure 8: z9 in (52) for a = 5,b = 3, hg = 7/2

We proceed with the flat at infinity case. We take 2 < b < a as before and 0 < § < 1 and
define

z1(a) = a — sin(a) exp(—a?), (53)
and ]
sin(aa) fo<a< z
a ~a’
a—(r/a)
51“( (/a)— (n/b)) T 0™
y b a b’
z(a) = (W_ 27r> a2 1fz§0z<z, (54)
—(W_ 27r>(a—7r+—> 1fﬁ<a<7r(1——),
77 % b
0 ifr(l—-)<a
We have

hg—hg < h2+22(,8) < h2—|—hg,

and we assume 1 < hy — h3. Inserting the curve (53) and (54) in (49) and changing variables,
we obtain

-1

(h2 +h)h5 (5 — )
’wQ(IB)’ S QPVA (h2 — hg)2 n (’7 _ Sin(ﬁ — 7)67(677)2)2 d7

We split the integral in two parts:

(ho + RO)R (5 — =)~

7y —2PV/
B(0,2(ha—h3)) (ha — h3)% + (v — sin(B — v)e~(B=)7)2

b<sid(5-5)"

and .
(ha + h5)h (5 — %)

- dry.
Be(0,2(ha—h3)) (h2 — h$)2 + (7 — sin(B — y)e~(F=7)?)2

Jo =2P.V.
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‘We have

> 1
K, =P.V. / :
' 2(ha—h3) (ha — h3)? + (v — sin(B — 7)e~(F=1)?)2
* 1
<P.V.
B /2(h2hg) (ha — h3)2 + 42 — 2ysin(8 — ~)e—(B-7?

dy

dy

o0 1
<P.V. / - dry,
2(ha—h3) (ha — B — )2 4 2y(hy — h§ — sin(B — 7)e=(B=7)%)

and using that ho is such that 1 < hy — hg, we get

o0 1 1
K, <PV. SR S N
2(ha—3) (ho — h —7)? hy — h3

The remaining integral is

—2(ha—h3) 1
Ky =P.V. /_OO (hs — hg)g + (77 — sin(B — 7)e—(B-1)%)2 dry
—2(ha—h3) 1
=PV /_oo (ha — 2 22 — 2y sin(f — )G 7
72(h27hg) 1
<P.V. /_OO (hy — h3 +7)2 — 2y(hy — hS + sin(8 — 7)@*(57v)2)d%

and using that ho is such that 1 < hy — hg, we get

—Z(hg—hg) 1 1
Ky <P.V. dy = .
2= /—oo (ha — h§ +7)? K hy — RS

Putting all together we get

and

Using this bound in (48) we get

h g1 (T _ T\
st (3-3)

Then, as before,
D1 (0) < I, + 1> + 122,

where I, Ig” are the integrals I1(0) on the intervals (0,7/a) and ((7/b+ 7)/3, (27 — w/b)/3),
respectively. We have
2h3

c < |1l
ETT
thus,
2hy % -1
R I = I 1 < e e (T )
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To ensure that the decay of ISQ is faster than the decay of Ig” we take § < 1/4. Now, fixing b,
we can obtain 1 < hg and 0 < ¢ < 1/4 such that 1 < hg — hg and I{)m —|—I§L2 < 0. Taking a >> b
we obtain a curve such that d,v1(0) < 0. In order to conclude the argument it is enough to
approximate these curves (52) and (54) by analytic functions. We are done with this step of the
proof.

Showing the forward and backward solvability: At this point, we need to prove that
there is a solution forward and backward in time corresponding to these curves (52) and (54).
Indeed, if this solution exists then, due to the previous step, we obtain that, for a short time
t < 0, the solution is a graph with finite H3(Q) energy (in fact, it is analytic). This graph at
time ¢ = 0 has a blow up for ||0;f|/z~ and, for a short time ¢ > 0, the solution can not be
parametrized as a graph. We show the result corresponding to the flat at infinity case, being
the periodic one analogous. We consider curves z satisfying the arc-chord condition and such
that

lim |z(a) — (a,0)] = 0.

|a| =00

We define the complex strip B, = {¢ +i&,( € R, |£| < 7}, and the spaces
X, = {z = (21, 22) analytic curves satisfying the arc-chord condition on B, }, (55)

with norm
12117 = 12(7) = (v, O 3 8,y

where H3(B,.) denotes the Hardy-Sobolev space on the strip with the norm
112 =3 [ 1#c ri)dc + [ 1081 % ri)Pdc. (56)
+

(see [2]). These spaces form a Banach scale. For notational convenience we write v = « & ir,
~" = a +ir’. Recall that, for 0 < r’ < r,

C

00 - || 22 (B, L2 (s,)- (57)

We consider the complex extension of (20) and (21), which is given by

7) = 217 = 8)@az(r) — duzly — B))
%y PV/‘ )~ 2y — B2 + (za(7) — zaly — B

(
1 2(7 = B)(2(+) — hiy — B)*
+%RV'/RH)— >Lumw+m>w

(22(7) + ho)wa(y — B)
Pv/z1 — = A+ (22(7) + )2

+ Onz(7y

dg, (58)

with

WQ(")/) ZQICPV/ (h2+22(7_5))3a22(7_/8) d,@ (59)

r (Y= 21(y = B))? + (ha + 22(y — B))?
Recall the fact that in the case of a real variable graph wy has the same regularity as f, but in
the case of an arbitrary curve wsy is, roughly speaking, at the level of the first derivative of the
interface. This fact will be used below. We define

,82
(21(7) = 21(y = B))? + (2(7) — 22(y = B))*’

d~[z](v,8) = (60)
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1+ 32
(21(7) = (v = B))? + (22(7) + h2)?

The function d~ is the complex extension of the arc chord condition and we need it to bound the
terms with ;. The function d” comes from the different permeabilities and we use it to bound
the terms with zoy. We observe that both are bounded functions for the considered curves.
Consider 0 < 7’ < r and the set

d"[z)(7.B) =

(61)

Or = {z € X, such that |z||, < R, [|d"[z][| >~ ®,) < R, ||dh[2]||Loo(]BT) < R},

where d~[z] and d"[z] are defined in (60) and (61). Then we claim that, for z,w € Og, the
righthand side of (58), F': Or — X, is continuous and the following inequalities holds:

1E s,y < —— H e (62)
Cr
| F'[z] — F[w]HHC*(BT/) < - T,HZ — | g3 B,); (63)
sup |Flz](v) — Flz](y = B)| < CrlBI. (64)
vEB,,BER
The claim for the spatial operator corresponding to w; has been studied in [5], thus, we only

deal with the new terms containing wsy. For the sake of brevity we only bound some terms,
being the other analogous. Using Tonelli’s theorem and Cauchy-Schwartz inequality we have
that

Iwall2s,) < clld[=llze (1 + (|22l oo ,)18az2ll 28, )-
Moreover, we get
2l 28,y < Crll|l:- (65)

For 93ty the procedure is similar but we lose one derivative. Using (57) and Sobolev embedding
we conclude

Cr
@2l B,y < ] | (66)

From here inequality (62) follows. Inequality (63), for the terms involving ty, can be obtained
using the properties of the Hilbert transform as in [5]. Let’s change slightly the notation and
write wa[z](7y) for the integral in (59). We split

- (wal) (7 — B) — walw](r — B)(=(v') — h(y’ — B)*
4 = PV/ (zl(v) (= B2+ (22(7) + a)?
8) ((=() = h(' — B — (w(+) — h(y' — B))")
+PV/ @) — (7 = B+ (22() + ha)?
hZ
+2V. [ maluly = ) - ny' - o) TEAZCELD
:Bl+B2+B3.

dp

In B3 we need some extra decay at infinity to ensure the finiteness of the integral. We compute

1+ 7]
+ 5%

h
|d"[z2] — d"[w]| < CRW (14 8)(z1 —w1) + 22 — wa| < CRrlz — w\

and, due to Sobolev embedding, we get

|Bsll2s,) < Crllwe[wll 2@,z — wlLem,) < Nz — wll s,y

r—r
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For the second term we obtain the same bound

R
|Ball2s,) < Crllwe[wll 2@,z — wlLes,) < — Nz — wll s,y

We split B; componentwise. In the first coordinate we have

_ HP'V'/ (wo[2] (7 — B) — wa w] (7 — B))(—22(7") — he)
R

1C1 2B,y = (V) — (7 — B))2 + (22(7') + ha)? 4

< Cgllws[z] — w2 (w]|| 28, )-

L2(B,/)

In the second coordinate we need to ensure the integrability at infinity. We get

_ (w2[2](v = B) — malw](y' = B))(z1(¥) = 7))
G o= BV / (z1(y ('y —B))% + (22(7') + ho)? ap
/ / ﬁdh[z] 1
+PV. [ (@aleltr = 6) = walult - 8) (75— 5 ) 48

+Hws[2](v) — Hwalw](7'),
and, with this splitting and the properties of the Hilbert transform, we obtain

1C2llr2,,) < Crllwa[z] — wa|w]|[L2(,,)-

We get

walz] — waw] = C3 + C4 + Cs,
where B) — waly — 8)dazalsy ~ B)

_ z2(y — wa\Y — az2\Y —
Comakpy. [ EL D s
(h2 + wa(y = B))(Oaz2(y — B) — Jawa(y — B))
Cy =2KP.V.
) B e o 13 e T
and
dh [z (y —
O =2 2. [ (s bty — Doaunty - p) =) A0 = BB g
From these expressions we obtain
1C5ll22s,) < Crllz — wllLe|[OazallL2(B, ),

[Callz2,,) < Crll0a(z — w)llL2( ),

and
1C5ll22m,) < Crllz — wllLe|[OazallL2(B, )

Collecting all these estimates, and due to Sobolev embedding and (57) we obtain

Cr

|B1llL2(B, ) —||Z — w| g3 (B, )-
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We are done with (63). Inequality (64) is equivalent to the bound |0;0,2| < Cr. Such a bound
for the terms involving wsy can be obtained from (61) and (65). For instance

B dam2(y = B)(2(7) — h(y = B))*
Ar = P'V'/R (z1(7) = (v = B))? + (22(7) + h2)?
~ (o (2(7) = h(y = B))*
P [ @it~ 5% ((zm) o) ey ey hz>2> w

< Crllwz|l g2(g,y 14" [2]| -

dB =

The remaining terms can be handled in a similar way. Now we can finish with the forward and
backward solvability step. Take z(0) the analytic extension of z in (54) ((52) for the periodic
case). We have z(0) € X,, for some ry > 0, it satisfies the arc-chord condition and does not
reach the curve h, thus, there exists Ry such that z(0) € Og,. We take r < g and R > Ry in
order to define Or and we consider the iterates

Zn+1 = 2(0) —i—/o F[z,)ds, zo = z(0),

and assume by induction that z; € Opr for kK < n. Then, following the proofs in [5, 14, 25, 20],
we obtain a time Tox > 0 of existence. It remains to show that

4™ [2ns1)ll oo B, 14" [Znaa] | Lo e,y < R,

for some times T4, T > 0 respectively. Then we choose T' = min{T¢x,Ta, T} and we finish
the proof. As d~ has been studied in [5] we only deal with d”. Due to (62) and the definition of
2(0), we have

1

(A [zna1]) "t > = — Cr(t* + 1),

Ry
and, if we take a sufficiently small T we can ensure that for t < T we have d"[z,,1] < R. We
conclude the proof of the Theorem. O

We observe that in the periodic case the curve z is of the same order as hs, so, even if
ho >> 1, this result is not some kind of linearization. The same result is valid if I << 1 for
any hy (see Theorem 4). Moreover, we have numerical evidence showing that for every |[K| < 1
and hy = m/2 (and not hy >> 1) there are curves showing turning effect.

Numerical Evidence 1. There are curves such that for every |K| < 1 and hy = m/2 turn over.
Let us consider first the periodic setting. Recall the fact that ho = 7/2 and let us define

z1(a) = a —sin(a), z(a) = sm(33a) — sin(«) (e_(a+2)2 + e_(o‘_Q)Q) for a € T. (67)

=

Inserting this curve in (50) we obtain that for any possible —1 < K < 1,

In particular
0av7(0) = I1(0) + I2(0) < 11(0) + [12(0)| < 0.

Let us introduce the algorithm we use. We need to compute

(%Uf(O):/ Il+/ Io,
0 0

29



where Z; means the i—integral in (50). Recall that Z; is two times differentiable, so, we can use
the sharp error bound for the trapezoidal rule. We denote dx the mesh size when we compute the
first integral. We approximate the integral of Z; using the trapezoidal rule between (0.1, 7). We
neglect the integral in the interval (0,0.1), paying with an error denoted by |ELy| = O(1073).

2(r—
The trapezoidal rule gives us an error |Ef| < WH(ﬁIlH roo. As we know the curve z, we

can bound §27;. We obtain

10°.

—0.1
5} < aa? ™00

We take dx = 10~7. Putting all together we obtain
(B < [Bby| + |EH+ < 30(107%) = 0(1072).
Then, we can ensure that

T Oqz1(B) sin(z1(5)) sinh(22(8))
%220) | e

We need to control analytically the error in the integral involving w?. This second integral has
the error coming form the numerical integration, E? and a new error coming from the fact that
w@? is known with some error. We denote this new error as E2. Let us write dz the mesh size
for the second integral. Then, using the smoothness of Zs, we have

dp < —0.7+ |E'| < —0.6. (68)

9, _ dx dz

We take dz = 107, It remains the error coming from wh. The second vorticity, @b, is given by
the integral (51). We compute the integral (51) using the same mesh size as for I, dz. Thus,
the errors are

|BL| < 0(107%),

Putting all together we have
|E?| < |EF| +|BL| < 0(107%),
and we conclude

0022(0) /7r (@@ (B) + @wh(—p))(—1 + cosh(hs) cos
T Jo (cosh(hg) — cos())?

w”dﬁ‘ <01+ |F* <02  (69)

Now, using (68) and (69), we obtain 9,0} (0) < 0, and we are done with the periodic case. We
proceed with the flat at infinity case. We have to deal with the unboundedness of the domain
so we define

sin(3a)
3

z1(a) = a — sin(a) exp(—a?/100), z(a) = — sin(«) (e_(a+2)2 + e_(a_2)2> L{jaj<r}-

(70)
Inserting this curve in (48) we obtain that for any possible —1 < K < 1,

1,(0) + [12(0)| < 0.
Then, as before,

80,2}1(0) = 11(0) + .[2(0) < 11(0) + |IQ(O)| < 0.

30



The function zs is Lipschitz, so the same for Z;, where now Z; are the expressions in (48) and
the second integral I is over an unbounded interval. To avoid these problems we compute the

numerical aproximation of
T—dx Lo
/ 11 —|—/ Io.
0.1 0

Recall that ws is given by (49) and then, due to the definition of z5, we can approximate it by
an integral over (0,7 — d~x) The lack of analyticity of z9 and the truncation of I5(0) introduces
two new sources of error. We denote them by E;Q and E[%{. We take dz = 1077, dz = 10~* and
Lo = 2m. Using the bounds z; < 7, 9,21 < 2 and z3 < he we obtain

|EL| < / Ti| <dz-02- 47> <8-1077,
T—dx
‘We have
(ho 4+ maxy |22(7)|) maxy [Oaz2(7)] A -3 -2
< 4 < — =C(p),
2 O A e+ )2+ (B -z ()2 )= iy (e + ()2 4 (B— () )

and we get C(8) < C(Ls) for B > Ly. Using this inequality we get the desired bound for the
second error as follows:

|C(La)| [ Ii5 _Am-3-2
2 —

The other errors can be bounded as before, obtaining,

B3| < 0.05<4-10"".

|BY < |Bpy| + |Ef| +|EL,| = 0(107%),

|B%| < |BZ| + | E7| + | Bg| = 0.42.

We conclude

> Oaz1(B)z1(8)22(8) 1
() -4P.V./O a8 < 07+ || < 05, (71)
and
* (w wo(— 2
‘_%P.V./O ( Q(ﬁ()ﬁjJr Zé)zﬁ))ﬁ dB| < 0.02 + |E?| < 0.5. (72)

Putting together (71) and (72) we conclude d,v1(0) < 0.

In order to complete a rigorous enclosure of the integral, we are left with the bounding of
the errors coming from the floating point representation and the computer operations and their
propagation. In a forthcoming paper (see [18]) we will deal with this matter. By using interval
arithmetics we will give a computer assisted proof of this result.

5.2 Finite depth

In this section we show the existence of finite time singularities for some curves and physical
parameters in an explicit range (see (75)). This result is a consequence of Theorem 4 in [14] by
means of a continuous dependence on the physical parameters. As a consequence the range of
physical parameters plays a role. Indeed, we have
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Theorem 4. Let us suppose that the Rayleigh-Taylor condition is satisfied, i.e. p*> — p' >
0, and take 0 < hy < 5. There are fo(z) = f(z,0) € H*(R), an admissible (see Theorem
2) initial datum, such that, for any |K| small enough, there exists solutions of (8) such that
limy 7+ |04 f(t)|| e = 00 for 0 < T* < co. For short time t > T* the solution can be continued
but it is not a graph.

Proof. The proof is similar to the proof in Theorem 3. First, using the result in [11] we obtain
a curve, z(0), such that the integrals in J,v1(0) coming from w; have a negative contribution.
The second step is to take K small enough, when compared with some quantities depending on
the curve z(0), such that the contribution of the terms involving s is small enough to ensure
the singularity. Now, the third step is to prove, using a Cauchy-Kovalevsky theorem, that there
exists local in time solutions corresponding to the initial datum z(0). To simplify notation we

take k'(p? — p') = 4. Then the parameters present in the problem are hy and K.
Obtaining the correct expression: As in [I] and Theorem 3 we obtain
aa’l)l(()) = 00421 (0) =1+ I,
where
1y = 20, 29(0) /OO Oa21(B) sinh(zl(ﬁ))sin(zg(ﬁQ) n a1 () sin h(zl(ﬁ))sin(zg(ﬁQ))dﬁ’
o (cosh(z1(B)) — cos(22(8))) (cosh(z1(8)) + cos(z2(8)))
and
I — Oa 22 / wa(—B)(— cosh(B) cos(ha) + 1)dﬁ
CObh (8) — cos(hs))?
(9 2’2 / wo(—B)(— cosh(B) cos(hg) — cos®(hs) + sinQ(hg))dﬂ
(cosh(B) + cos(hsg))? '
Taking the appropriate curve and K: From Theorem 4 in [I4] we know that there
are initial curves wg such that I[; = —a? a = a(wp) > 0. We take one of this curves and

we denote this smooth, fixed curve as z(0). We need to obtain £ = K(z(0),hs) such that
0av1(0) = —a? + Iy < 0. As in (61) we define

ol cosh?(3/2)
W) = ) (- B) — o) o) 7
and
COS 2
Ail21(1,8) = L ()

cosh(z1(y) = (v = B)) + cos(z2(y) — ha)”
From the definition of I5 it is easy to obtain

12| < C(h2)0a22(0)]|w2| Lo~

where

Clhy) = 1 / cosh(f) cos(ha) + 1 1 cosh () cos(hga) + cos(2hs)

ar (cosh(B) — cos(hz))? i Jp (cosh(B) + cos(hs))? ap-

From the definition of wy for curves (which follows from (9) in a straightforward way) we obtain
Jsallm < 8K10azall (Il + laflellim) (1+ <= 1C el ).
V2m ’
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Fixing 0 < he < /2 and collecting all the estimates we obtain

K
L] < C(h2)89a22(0)K||0az2| Lo (1A} 2]l + l|d5[2] |l ) | 1+ G :
12| < O(h2)800z2 (00K |0uzall s (Jld} |z + 145 12] 2 )( 7= S Gl

Now it is enough to take

(C(hg)SBazg(O)H(?angLoo)*chQ

[K1(2(0), he)| < — . ; : (75)
(18 el + 1d81ello~) (2 + <= supperct IGnsclon)
to ensure that d,v1(0) < 0 for this curve z(0) and any |K| < |[K1(2(0), ha)|.
Showing the forward and backward solvability: We define
_ sinh?(3/2)
d”z](v, B) = , 76
A ) = o) — 21— )~ cos(z27) — 22y — ) o
and )
h 2
o[, ) = ComtB) ()

cosh(z1(7) — z1(y — B)) + cos(22(7) — 22(y — B))

Using the equations (73),(74),(76) and (77), the proof of this step mimics the proof in Theorem
3 and the proof in [11] and so we only sketch it. As before, we consider curves z satisfying the
arc-chord condition and such that

lim |z(a) — (a,0)] = 0.

|| =00

We define the complex strip B, = {¢ + i£,¢ € R, [¢| < r}, and the spaces (55) with norm (56)
(see [2]). We define the set

Ogr = {z € X, such that ||z||, < R,|d” [Z]HLOO(BT) < R, Hd—"_[Z]HLoo(BT) <R,
I} 2]l o @,y < R, d5 (2]l Lo e,y < RY,

where d?[z] and d*[z] are defined in (73), (74), (76) and (77), respectively. As before, we have
that, for z,w € O, complex extension of (31), F': Ogp — X, is continuous and the following
inequalities holds:

Cr
1 F (23 B,y < erHra

’I"/
C
|Fle] = Flollas,) < ——llz = vllms@,),
sup |F[2](7) — Fle)(y — B)| < CrlB].
v€B,,BER

We consider .
i = 2(0) + [ Flanlds, 0= 2(0).
0

Using the previous properties of F' we obtain that, for ' = T'(z(0), R) small enough, z"*! € Og,
for all n. The rest of the proof follows in the same way as in [25, 20]. O
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