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ON A NONLOCAL ANALOG OF THE
KURAMOTO-SIVASHINSKY EQUATION

RAFAEL GRANERO-BELINCHON AND JOHN K. HUNTER

ABSTRACT. We study a nonlocal equation, analogous to the Kuramoto-
Sivashinsky equation, in which short waves are stabilized by a possibly
fractional diffusion of order less than or equal to two, and long waves
are destabilized by a backward fractional diffusion of lower order. We
prove the global existence, uniqueness, and analyticity of solutions of
the nonlocal equation and the existence of a compact attractor. Numer-
ical results show that the equation has chaotic solutions whose spatial
structure consists of interacting traveling waves resembling viscous shock
profiles.
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1. INTRODUCTION

In this paper, we study a family of nonlinear, nonlocal pseudo-differential
equations in one-space dimension for a function u(z,t) given by

1
(1) Ou + 0y <§u2> = ATy — eA"ou,
where € > 0 and A® is the fractional derivative
A= (=), Mu=|¢fa

We assume that the exponents §, v satisfy
(2) 0<o6<1, 0<y< 144

Equation (II) consists of an inviscid Burgers equation with a higher-order
linear pseudo-differential term that gives long-wave instability and short-
wave stability. It is analogous to the well-known Kuramoto-Sivashinsky

(KS) equation [28] [36, [37]
(3) 0w + Oy <%u2> = —9%u — edtu,

which has negative second-order diffusion stabilized by forth-order diffusion.
By contrast, we consider () in the parameter regime (2l), where the stabi-
lizing diffusion is second-order or less.

A special case of (), corresponding to v =60 = 1, is

(4) 0w + Oy (%u2> = Au + ed?u,
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which provides a simple model for the stabilization of a Hadamard instabil-
ity, with growth rate proportional to the absolute value of the wavenumber,
by second-order viscous diffusion. This type of instability occurs in scale-
invariant systems, such as conservation laws (e.g., the Kelvin-Helmholtz
instability for the Euler or MHD equations) and kinetic equations (e.g., the
Vlasov equations), in which the growth rate of long waves is determined by
a parameter with the dimensions of velocity. In particular, ({@l) provides a
model equation for the negative Landau damping of plasma waves [29] 33].

If v =0 and § = 1, then (Il is the Burgers-Sivashinsky (BS) equation
introduced by Goodman [20],

1
(5) Oru + Oy <§u2> = u + €d?u.

For (H), the growth rate of long waves is bounded independently of the
wavenumber, and its dynamical behavior is much simpler than that of ()
with v > 0.

The KS equation (B]) exhibits chaotic behavior and possesses a compact
global attractor [31], 32]. Furthermore, it has an inertial manifold [16] that
appears to contain a chaotic attractor when e is sufficiently small. (See
[4, [7, 20, 19, [34] for further results). The spatial analyticity of solutions
of the KS equation is addressed in [6, [22] and the temporal analyticity in
[23]. More recently, the authors in [I} 15, 41] have used computer-assisted
methods to study the dynamics of the solutions.

In this paper, we prove that (II) possesses a compact global attractor in
the parameter range (2) (see Theorem [6). Moreover, numerical solutions
indicate that if 0 < v < 140, then (Il) exhibits chaotic behavior with an in-
teresting spatial structure. Waves that resemble thin viscous shocks appear
spontaneously at different points, after which they propagate toward and
merge with a primary viscous shock. This spatial behavior is qualitatively
different from what one sees in the usual KS equation. (See Section [6l) By
contrast, solutions of the BS equation (B), with v = 0, do not behave chaot-
ically; instead, they approach a time-independent viscous sawtooth wave
solution as t — oo [20].

The numerical results suggest that (II) with exponents (2]) may have an in-
ertial manifold that can be parametrized in some way by the viscous shocks.
We do not investigate this question here, but in Section [5.2] we obtain an up-
per bound on the number of oscillations in solutions of (1) (see Theorem [T).

Nonlocal KS equations similar to () have been studied previously by
Frankel and Roytburd [I8]. Their results, however, are less detailed than
ours and they apply only in the case when § > 1. A different type of nonlocal
generalization of the KS equation has been studied in [3], [12].

We conclude the introduction by outlining the contents of this paper. In
Section 2, we prove the global existence of smooth solutions of (I]), and
in Section Bl we prove that these solutions gain analyticity in a strip. In
Sections [@H5], we prove the existence of an attractor for (1), and in Section [6],
we show some numerical solutions.
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2. GLOBAL EXISTENCE OF SOLUTIONS

In this section we use a classical energy method to prove the global exis-
tence of solutions of the initial value problem for (I,

1
Oru + 0y <—u2> = Ay — eA 0y, e, t>0,
(6) 2

u(z,0) = up(z), x €.

We consider either spatially periodic solutions or solutions on the real line,
with Q = T or 2 = R as appropriate. In the periodic case, we normalize the
length of T to 2.

To prove the existence result, we first obtain an a priori L°°-estimate,
using the ideas in [8] to handle the nonlocal operators (see also |2, 9]). This
step of the proof depends on the choice of 2 and § and is different in each
case. In Section [2.1] we obtain the existence of solutions for 0 < § < 1. The
gain of derivatives can be as small as 1/2+§/2, so the well-posedness results
are more delicate than for the usual KS or BS equations. In Section
we treat the simpler case § = 1. To simplify the notation, we omit the t-
dependence of u when convenient and use C' to denote a (harmless) constant
that can change from one line to another

First, we define what we mean by a weak solution of (6). We denote the
usual Sobolev spaces of functions with weak L2-derivatives of the order less
than or equal to s by H*(Q2), or H*, and the real or periodic spatial Hilbert
transform, with symbol —isgn &, by ‘H. In particular, A = HO,.

Definition 1. Let T > 0. A function u(x,t) with
u(a,t) € L0, T, H'®),  dulx,t) € L([0,T, H %)
is a weak solution of (6l) if the following equality holds for all test functions

146

¢e H= (),

146 146

/(b@tudm—l/ATéA 0 H(u?) da
Q 2 Ja

_ / A2 AT 2y d — / A2 N2 00 e 0<t<T,
Q Q
and u(z,0) = up(z).

We remark that the L?-boundedness of H, a Moser-type inequality [39],
and Sobolev inequalities, imply that

_ 148 18
A2 H@W?) 2 < AT (0?2 < CHUQHHI%S < Cllullpee|ull 15
< Cllull  wgsllull  1s,
H=Z HZ
so the nonlinear term in this weak formulation is well-defined.

2.1. The case 0 < § < 1. First, we consider spatially periodic solutions.
Since the mean of u is preserved by the evolution, we can restrict ourselves
to periodic initial data with zero mean,

/Tuo(x)dx =0.
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Lemma 1. If u(z,t) is a spatially periodic, smooth solution of (@), then
lu()ll oo ) < lluoll Lo r) exp (C(€,7,0)t) .
Proof. The fractional derivatives can be written as [2]

I(1+a)cos ((1—a)f )PV u(x) —u(n)

A“ =
u@) m R |7 — 77|1+°‘
~ (1 +a)cos (1-w3) ) —u(n)
= P.
(7) ™ Z V- / |z —n— Qkﬂ\”a
keZ
I'(1+ a)cos ( @)%) -n)
pu— P
2 V/ \77—2k7T!1+“ &
keZ
and
sin?
We start the proof with the case v = 1, for which we have a concise

expression for the kernel. Let z; denote the point where u(-,t) attains its
maximum, and suppose that the L>-norm |[u(t)| e ®) = () is achieved
at the maximum of u. A straightforward calculation shows that u(z;) is a
Lipschitz continuous function of ¢, so Rademacher’s Theorem [13] implies
that ||u(t)|| g (r) is differentiable pointwise almost everywhere. Now we can
apply the technique developed in [2, 8, [9 10], to obtain the evolution of
du(z;)/dt. Using the expressions for the kernels, we get

d 1 1 1
@l < %P.V./T(u(xt) — u(xz; — 1)) (Sing @ (ﬂ)2> dn

2
1 2¢I'(2 + 0) cos (0F)
%PV /11‘( u(zy) —u(ze —n)) <(n)2 |n|2+6 2 > dn.

2

The first term is not singular and can be estimated as follows:

1 1
I _%PV (ul@e) = ula =m)) (sin2 3 ¢ )dn

2llu(®)llLoe(ry [T 11
<2 [ )

8
< FHu(t)HLOO(T)-

Notice that there exists w = w(d, €) such that for 0 < |n| < w, we have

1 2¢I'(2 + 6) cos (65)
2 [n[2+0 =) <o
3) g

(u(we) — ulzr —n)) (
AN

We split the second term as

L <u<wt>—u<xt—n>><(

T
< Ji+Jo

1 2¢l'(2 + 0) cos (0F)
e )"
2
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with
P.V. 1 2el(246)cos (6%)
J = — u(zy) — u(re — — d
! 27 B(O,w)( () = ulm =) ((3)2 ||+ !
< 0,
and
1 1 2eI(2 + 6) cos (0F)
Jo = — u(xy) —u(zy —n - dn
2 Lo (u(we) —u(ze —n)) <(g)z 2+
< C(e,0)[[u(®)l Lo ()5
thus,
L=+ < J < C(E, 5)Hu(t)HLoo(T)
The same argument applies if ||u(t)|| ;o ®r) = — minger u(z,t), so

[[w(®)ll oo (r) < [luol|Loe ) exp (C(e, 0)1) -

In the general case v # 1, some extra terms appear. These terms corre-
spond to |k| > 1 in (). Since they are not singular, they can be estimated
as follows:

(1 +7)cos ( 7)5%) ) —u(ze —n)
P.V. d
Z / |77 — 2k7T|1+7 N
Ik[>1
< C[w®)l oo (my-
The rest of the proof remains unchanged. O

Next, we prove our main existence result.
Theorem 1. Suppose that e >0, 0<d <1, and 0 <~y <149. If
ug € H(T) N L>(T),
then the following statements hold:

o [fa>2+44, then for every 0 < T < oo the initial value problem ([])
has a unique classical solution

u(z,t) € C([0,T], H*(T)).

o If (1 -9)/2 < a <2+, then for every 0 < T < oo there ezists a
weak solution of (6] (see Definition[d) such that

u(z,t) € L®([0,T), H*(T) N L®(T)) N C([0, T], H*(T) N LP(T))

for every 0 < s <« and 2 < p < oo.
e These solutions gain regularity and satisfy

u(z,t) € L2([0,T), H* 5 (T)).
Moreover, if 3/2 < a+ (14 6)/2, then this weak solution is unique.

Proof. Step 1: L? estimate. We multiply (I)) by u and integrate by parts:

1d _ LI v _ EpL4S
3l = =50 e+ [ @) (47 = A1) ude.
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Using the Fourier transform, we get

1/(146—7)
v EA14S < 2y 2
/Tu(x) (A 2A )udx < (6(1 n 5)> ()72 ()

Inserting this into the previous bound we obtain

1/(146—7) )
) )25,

d 2 144 2 2’}/
Sl < A F ol +2 (2

and using Gronwall inequality,

®
¢ oy \ M) s
s+ [ exp (2 (irs) o) I8

, oy ) V)
< ol ow (2 (05 ) ).

14
)2y + / A ()2 ds

o N\ 1/(145-7)
2 Y
< HUOHL2(T) exp | 2 <m> t].

Step 2: H® estimate. We multiply ({) by A%2*u and integrate, which
gives

In particular

d
EHAQUH%?(T) =hL+ 1+ 13,

where

:/Aa+172”5uAa+112‘§H(u2)dx’
T

IQ = 2/ A%y (AA’y — EA1+6> A*udx < 0(6777 5)”Aau”%2('ﬂ‘)’
T 2

I = e A5 oy,
The term I; can be handled as follows (see also [26]): We use the Cauchy-
Schwarz and Kato-Ponce inequalities (see Lemma [6)) and the properties of
the Hilbert transform (see [38]) to get

I < A5 ] oy A () ey
< O™ ul 2 |A w2yl e .
Then, using
ot1 -0 —tat T2 4 (1 D
for t = =14 2/(1 4+ 6), and Hélder’s inequality on the Fourier side (with
p=1/tand ¢ =1/(1 —t)), we write

_ 140 1445 2(1-t)
AT w3 gy < AT |2 o A0 35 -
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Inserting this into the bound for I;, we obtain

atie o -
IL <CJ|A 5 UHIL;LE&T)HA uHi2€T)|’uHL°‘J(T)'

Using Hoélder’s inequality again (with p = 2/(14t¢) and ¢ = 2/(1 — t)), we
get
1+6

@ 2/(1— € «
I < C(e,0)[|A UH%Q(T)”UHL{L(T? + §HA B UH%Q(T)'

Using the estimate for [[u(t)| () and putting all the estimates together,
we obtain

d
(9) EHAO‘UH%%T) < | AulZ2 gy exp (C (6,7, 6, [[uollpoe(my) (1 + 1))
€ 148
— AT ull2r-
Finally, from Gronwall inequality, we conclude that

t
€ C(e,'y,é,HuO||Loo(v]1~))(l+t—s) 148
A A%+ () s

< 140 ey exp (exp (€ (€7, o 1 ey) (14 )
In particular,
(eilluglipoo (ry ) (1+1)

t 145 9
1 s < 2 Il ey

Step 3: Strong solutions. We denote by J. a positive, symmetric
mollifier. Then, in the case o > 2 + §, we define the regularized problems

O ((Ty * u9)®)

(10) 8,57149 + .,779 * 5

= Ty * (Aﬂ/ - 6A1+5> Ty * uy,

with initial data
uy(0) = ug.
By Picard’s Theorem, these regularized problems have a unique solution

uy € C1([0,T), H*(T)). Moreover, since the a priori estimates remain valid,
these solutions are global in time. Thus, for every T' > 0 there exists

u(z,t) € L ([0,T], H*(T))
such that (after picking a subsequence)
ug—u  in L2 <[0,T],H“+#(T)> .

Next, we want to show that uy — w in C ([0, 7], L*(T)). The method
is classical (see e.g., [30]) and we only sketch the proof. We subtract the
regularized problems corresponding to labels ¥ and w:

0(Fo 1)), 6l x )
2 2
= Ty * <A7 — eAH"S) Jo *uy — T * (A“/ — 6A1+5> T * Uy

Oty — Oy + T *

From this equation, we obtain

Uy — Uy C([0,T7],L%(T)) = , U0, Y5 € max \w — )
| I < (T §) max{w — ¥}
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and we get that
ug — uin C ([0,T], L*(T)) .

Using interpolation and the parabolic character of the equation, we have
uyg — uwin C ([0,T], H*(T)),

which shows that w is a classical solution. Uniqueness follows by energy
estimates.

Step 4: Regularized problems and compactness. We define the
regularized problems

1
(11) Oruy + Oy <§u§> = <A7 — 6A1+5) Uy,
with initial data
uy(0) = Ty * uo.
These problems have a global in time, smooth solution. Moreover, due to

the energy estimates in the previous step, these solutions satisfy a uniform
bound in the space

uy € LP([0,T], H*(R) N L®(R))
for all 1 <p < oo, and
ug € L*([0,T), H*H 3" (R)).

In particular, we get weak convergence in L2([0,T], H at e (R)) and weak-x
convergence in L*([0,T], L°(R)) of a subsequence to a function u. More-
over, by the weak lower semi-continuity of the norm, we have

The dual space of H1*9/2(T) is H-(1+9)/2(T), and the corresponding
norm of a function f is given by
/ fidx| .
T

H*(T) < L*(T) — H-+)/2(T),
where the first inclusion is compact and the second inclusion is continuous
(see [II]). To invoke the Aubin-Lions compactness Theorem (see Corollary
4, Section 8 in [35]) we need uniform bounds in the Bochner spaces

ug € L=([0,T], HY(T)),  dug € L2([0,T), H~F)/2(T)).
Multiplying () by ¢» € H1*9/2(T) and integrating by parts, we obtain

L2 [0,7] Ha+ ( R))’ HUHLOO([O,T},LOO(R)) SC(@@%UO)-

[ fllgr-aserr2(m) =
191l 146y /2y S1

We have

(| Orws]| - (1+6)/2(T < AT w3l g2 cry + AR ugllaqy + ell A3 ugll 2my
1-6 1+5
< ||A z uﬂHL2 ylws |l poo(my + HAQWHL? y +el|AZ ugl| 2y
Recalling that the energy estimates gives us uniform bounds
uy € L*([0,T], H"*)/2(T)), and uy € L([0, T], L(T)),
and using Poincaré inequality, we get a uniform bound

dyug € L2([0,T], H-+9/2(T)).
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Thus, we get
(12a) uy —u € L*([0,T], H*" 5" (T)),
(12b) dyug —yu € L*([0,T), H~O+9/2(T)).

Applying the Aubin-Lions Lemma, we get that

(13a) ug —u € C([0,T], L*(T)),
(13b) uy —u € C([0,T], LP(T)) for all 2 < p < 0.

Then, using interpolation in Sobolev spaces, we get
(14) uy — u € C([0,T], H*(T)), 0 < s < .

Step 5: Convergence of the weak formulation. We need to show
that the limit u of the regularized solutions in the previous step is a weak
solution in the sense of Definition Ml Let ¢ € H(1*9/2(T) be a test function.
Using the properties of mollifiers we obtain uy(0) — wug in L?. To show
convergence in the equation, we have to deal with the nonlinear term.

For 0 < § < 1/2, we have H% < L?/(1=20) and

/ A(1+5)/2¢A(1_6)/27-L (u% — u2) dx
T
< C(H) A2 (ug — u?) [|p2m)
< C(9) (||A(1_6)/2(u19 + )l 220 () llws — ull /sy
HIACD 2wy — )|y s + ll o))
< C(6) (A2 (g + )| oy o =l a7 oy
HIACD 2wy — )| g + ull o))
< C(6,¢,6,u0,7) (lug = ull s o)
HIACD 2wy — )|y )
For § = 1/2, we use HY/? < L* to get
[A0=9/29 (uj —u?) 22 (T)
< (IAC=72 g + )l gy g = oy
HIACD2 (1 — )| g + ull o cr))
< (IASTD2 g + )l g = wll oy

HIACD 2wy — )| g + ull o cry ) -
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For 1/2 < § < 1, we have H° < L> and
[AC=929 (uf — u?) I z2(T)
< (IAC72 g + )l ooy 1ty = wll 2y
HIACD2 (1 — )| agm g + ll o))
< (IASD72 g + w)ll 2y g — wll 2y
HIAT2 (g — )| agay o + ll oo
Using (I3D) and (I4]), we obtain

(15) sup ‘ / A2 NA=0/291 (y3 — u?) dz| — 0.
t T

Next, we test against ¢ € C([0, 7], H1+%/2(T)) and integrate in time.
Equation (I2al) gives
146

/T/ Ap(t)A° (uy(t) — u(t)) dedt — 0 0<s<a+ —5
o Jr

which ensures the convergence of the linear terms with s = v/2, (1 + J)/2,
while (I5)) ensures the convergence of the nonlinear terms. Since

CH ([0, 7], HIF2(T))
is dense in
L2([0, 7], H'H2(T),
it follows that u satisfies the weak formulation for every
¢ € L*([0,T], HITI/2(T)).

Taking ¢ independent of ¢, we find that the weak formulation holds almost
everywhere in time, which completes the proof of the existence of weak
solutions.

Step 6: Uniqueness of weak solutions. Suppose that ui, us are weak
solutions of (B) with the same initial data and let w = u; — uy. Testing
against w, we have

1d
—wl|?, = —/w2(9 u1 + wugdywdx
2dt" "'k r v
+/ wA“’w—e/ wA O wdz
R R
< Cllwlfz(furllgrsee + lluzll s+ +1),
and Gronwall’s inequality implies that w = 0. U

The proof of global existence for 2 = R is similar to the one for 2 = T,
but we need to modify the proof of the L°°-estimate to account for the
difference in the kernel of the fractional derivatives.

Lemma 2. If u(z,t) is a smooth solution of ([6) on Q =R, then
lu(@)ll oo ) < lluoll Lo r) exp (C(€,7,0)t) .
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Proof. The fractional derivative on R can be written as

Nmm):ﬂ§EW(éumnhﬂ§_mdn

where

T

c(a) =T(1+ a)cos <(1 — Q)E) .
Let x; denote the point where u reaches its maximum (this point is contained
in a compact set in the real line since u € H® where « is certainly greater
than 1/2) and assume that [|u(t)[| Lo (r) = u(x¢). Then, using Rademacher’s
Theorem as before, we get

d
%Hu(t)HL“’(R) = Oyu(wy)

Lpy, [ o ) (O et ),
™ R 7]
< l/ (u(ze) — ?J(rﬂft = U))dn
T Jin|>C(e,9) |
< O(e,7,0) [lu®) | oo m)-
Similarly, if [[w(t)||ze®) = —u(z:) where z; for the point where u attains
its minimum, we have

d
%Hu(t)HLOO(R) = —Oyu(wy)

/ ()| e @y + ulze — 1)) (e(1 + 8)e — e(y)|n|*+=7)
R [n[>+

1
= _ZP.V.

T
< C(e,7,0)[[ut)|| oo (r)
and it follows that
lu@)ll oo ) < lluoll Lo ) exp (C'(€,7,0)t) -
O

Using Lemma [21 and the same ideas as in Theorem [l we then get the
following result.

Theorem 2. Let 0 < d <1, 0<vy< 1490, and e > 0. If
ug € H*(R) N L™ (R)

with o > 24 6, then for every 0 < T < oo there exists a unique classical
solution of (@) such that

u(z,t) € C([0,T], H*(R)).

Moreover, the solution gains regularity and satisfies

(R)).

146
2

u(z,t) € L*([0,T), H*F
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2.2. The case ¢ = 1. In this case, equation (I]) becomes
1
(16) Oru + Oy <§u2> = ANu+ ed*u, z € Q,t >0,

The previous proofs do not apply directly since they use a kernel representa-
tion of A9 which is not valid if § = 1. Nevertheless, we have an analogous
existence result.

Theorem 3. Let ugp € H*(Q) with o > 1 be the initial data for equation
([@6), where e > 0, 0 < v < 2, and Q is T or R. Then the following
statements hold.

o If a > 3, then for every 0 < T < oo there exists a unique classical
solution

u(z,t) € C([0,T], H*(Q2)).
o If1 < a <3, then for every 0 < T < oo there exists a weak solution
u(z,t) € L®([0,T], H*()) N C([0,T], L*(Q2)).
e Moreover, the solution gains reqularity and satisfies
u(z,t) € L2([0,T), H*H(Q)).

Proof. We give only the a priori estimates. The proof then follows from the
one for 0 < § < 1 with minor changes.
The L? energy estimate is

1d € €
55““@)”%2(9) + §H<9mu||%2(n) = [|A"2u][F2 () — §||3xu\|%2(9)-

Using Fourier estimates and Gronwall’s inequality, we obtain

t
)20+ € [ 10:0(5) s < ol xp eler)).

In particular

T T
/0 ()13 ds < ¢ /O 102(5)[22 0 ds < C(T, g, 7. €).

The H' energy estimate is

1d c
§E||3xu(t)\|%2(g) < g||u(f)||%oo(9)||3xu(f)||%2(n) + (1A 0720
€
- 5”%””%2(9) < Cle M) I7 (@) + DIIsu(t)l|72(0)-
Also, using Sobolev and Gronwall inequalities we obtain

sup_[[u(t)|[} (o) < ellOsu(t)|F2i0) < Cle,,u0, ).
t€[0,T]

With these global estimate in H' and L, we can mimic the previous proof
that used H® norms. O
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3. INSTANT ANALYTICITY

In this section, we prove that solutions of (Il) immediately gain some
analyticity. As in [5] (see also [2, 10, 22]), our proof is based on a priori
estimates in Hardy-Sobolev spaces for the complex extension of the function
u in a (growing) complex strip

Bi(t) = {w+ i€z € Q, |¢] < ht},
where k is a positive constant. We also consider a (shrinking) complex strip
Vi(t) = {z+i€ €9, J¢] < h(D)},

where h(t) is a positive, decreasing function. When convenient, we do not
display the t-dependence of these strips explicitly.
We define the norms

ey = 3 /Q (e + k) 2de,
+

Hu”%{"(Bk) = HUH%%B,C) + H@?UH%%B,C)a

with their analogous counterparts for the strip V5. The corresponding func-
tion spaces have the same flavour as the Gevrey classes used in [14, [17]. In
particular, the tools in [14] may be adapted to get u(x,t) € Gf(£2), which
implies the analyticity for real spatial arguments x.

Theorem 4. Let u be a classical solution of (B) with (real-valued) initial
data ug, where € > 0 and v, § satisfy [@). Then the following statements
hold.

o Ifug € H3(Q) and k > 0, then there exists a time T (k, ug, €,8,7) > 0
such that u continues analytically into the strip By(t) for 0 < t <
T(k’ Uo; €, 6’ 7)

o Ifug € H3(Q) continues to an analytic function in a complex strip
of width hy > 0, then there exists a time T (ug,€,6,7) and a positive
decreasing function h : [0,T) — (0,00) such that h(0) = hy and u
continues analytically into the strip Vi, (t) for 0 < t < T(uo,¢€,0,7)
with finite H3(V})-norm.

Proof. Step 1: Growing strip. We prove the result in the case {2 = T; the
case ) = R is similar. We write z = x + ikt. Then the extended equation is

(17)  OQwu(z,t) + u(z,t)0u(z,t) = (A”’ - €A1+5> u(z,t), z € Q,t > 0.

First, we study the evolution of |ul|fs(g,). Since we consider periodic
solutions with zero mean, it follows from Poincaré inequalities that we only
need to estimate the L? norm of the third derivative.

Using Plancherel’s theorem, we have

%H@i’u\\%g(m) = 2§R/ o2u(2) (0s03u(z) + ikdpu(z)) da,
T

and from (I7)), we get that
(18)  9,03u = —3(0%u)? — 40,udu — udtu 4+ NPu — A3,
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We have the following estimates:
Ay = =3 [ (@Ru(2)Poduz)dn < Clobul o 02ul ey I02ul
< C|lRullza,),
Ay = =4 [ Deu(I02u(z) P < Clo2ulage, IOl
< ClloGullzzs,):
Az = :I:ik/ D3u(2)0%u(z)dx
T
= qiik/agﬂ(z)Aﬂagu(z)dx
T
i /T N2035(2) N2 HO u(=)d < 2| AV 20002,
Moreover, we have
Ay = ?R/ O3u(2)u(2)0tu(z)dx
T
= / ROZuRIIuRY 4+ SOZuIOuRudxe
T
+ / —RPPuSIEuSu + RIS PuSud
T
1 3,2
= —= [ |0 u|* RO udx
2 Jr
-2 / ROZuSOIuSu + ROZuSOZuS 0, uds
T
= —% / |03u*RO, udx + / ROZuSZuS O udx
T T
- 2/ {A1/2,Su] ROZUANPHSOudx
T
-2 / SuAVPROZUNVPHSI O udz,
T
so, using the commutator estimate (see Lemma [6])
|[a2F] 6| |, < clocF Gl 2,
we get that
Ay < CH@UH%%M)Haacu”Lw(Bk)
+ C|03ull L2 (8, |02l oo (B, A2 S03U| 125,
+ 2||A1/2a§u”%2(]8k)HC‘}UHL‘X’(B;C)

< C(||3§U||i2aaak) +1)
+ \\A1/25§u|’%2(3k) (21l e s,y +1) -
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Let A > |lug||r~ be a positive constant. Putting these results together and
using Poincaré’s inequality, we get

d
E”agu”%Q(Bk) <C(|83ull 72 (g, + 1)

+ [IAY 2030 T2,y (21l oo By — 20+ 20+ 2k + 1)

+ HAWQaguH%mBk) - 6\\A(1+6)/23§u\\%2(m)

<C(8%ul sy + 1) + IA2030)22 5, (20l o o) — 23)

+2(A 4k + 1) A 2900 75 ) — e A2 Ta g, -

Define a constant C(\, k,€,0,7) > 0 by
C(\ k,€,0,7v) = max [2 AN+Ek+1) |£|max{1”} - e|£|1+5}
£eR

max{1,7}

max{1,7}2 (A + k + 1) Ho—max{i}
e(1+9)
1446
B max{1l,7}2 (A + &k + 1) T+o-max{i}
‘ e(1+0) '
Then, using Plancherel’s theorem, we get that
20 +k+1) ”Amax{lﬁ}/zaguué(m) — e A2
< Ok, 6, 0,07 ul T2 s, )

(19) :2()\+k+1)<

and therefore
d
%Hagulliz(ﬁk) <C(|03ull 2w, + D' + 2|’A1/23§u\\%2(]3k) ([ISull oo,y — A)
+ C()‘, kj,E,(S,’}/)Ha%O’UH%%Bk)
We define a new energy by
lullg, = 1051725, ) + 14 W] oo @y
(Br)

where
1

A% —Ju(z)*

Note that |u(z)| < X as long as ||u||g, remains finite. We need a bound for
the remaining term in the energy ||u||g,. Using (I7) and Sobolev embedding
to estimate Oyu, we have

du)(2) =

d
S u) < A0 Jul o ) |0l sy < Clllullng + 1%

Thus, we obtain
t+h

Pt < Plyes ([ Clluls, +17%4s).

Finally, we have

d . @Ml + Bl e ry = 1A [l (8)]] os ()
S 147 [l oo my = lim ’

< O(fulls, +1)*.
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It follows that

d d d
prill- EHaguH%mgk) + aHdA[U]HLw(T)

< C(HaguHLQ(Bk) + 1)4 + C()‘a ke, o, 7)”&%””%%]&& + C(HuHBk + 1)4
< c[lullg, + 1)* + C\ ky €, 6,7)|ullg,

Thus,
llu(0) I,
Pellu@Ig, +COkie8m)
Y C()\’ k’ 6? 6? r}/) eXp C()\’ k’ 6? 6? r}/) C(A7k75767,y) + t
[u(t)[B, <

e (0)lg,,
log
i{:/cnu(mH%kw(x,k,e,a,w)

TONE.e0) +1

11 —cexp | 3C(\ k,€,6,7)

The time of existence of analytic solutions is then at least

20 log RV
(20) (||aguolliz+m) ‘

T(k,uo,€,0,7) = 3C(\, k,€,8,7) ’

where C'(\, k, €,6,7) is given by (), and we may choose A = v/2||ug | o0, for
example.

Now we approximate this problem using an analytic mollifier such as the
heat kernel. The regularized problems have entire solutions and satisfy the
same a priori bounds. Using the uniqueness of classical solutions, we obtain
the first part of the result.

Step 2: Shrinking strip As before, we consider the evolution in the
Hardy-Sobolev spaces in the strip V,. We write z = x 4 ih(t). Notice that
since the solution is real for real z we have

h(t)
OFu(x £ih(t)) — OFu(x £i0) = / oM ly(z £¢)d¢ = / ik Lu(z £i6)d6.
T 0
Thus, using the Hadamard Three Lines Theorem, we get

Ohu(z £ ih(t)) — Fu(z + w)( < h(t) sup s 5 Lz + i6)|
x <

< W05 ul oo v,)-
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Using Lemma [§ and equation (m) for 0;02u, we have
d 3 3
FlCIPAE o Y RETCE TR
— 10h/(t)Z/A8§u(x)3§u(x)dx
4+ JT
+2%Z/6t8§’u(z)8§u(z)dx
+ JT

=J1+ Jo+ J3 + Jy,

where

3
10 2)03u(z)dx

Jo = —10R/(t) Z / A u(z)Bu(x)dz

= 2§R/ — 40,udPu — udtu] PBu(z)dx
=K1 + K2 + K3,

Jy = 2%2/ <A“’ — 6A1+5) O3u(z)03u(z)dz.
= JT

We have the estimates

Jo < 2011 (1) |[uo|Frs.s exp (exp (Ce, 8,7, [luo || o= (1 +1)))) ,

1
Y T g o
J4 S 2 <€(1 + 5)> HamuuLQ(Vh)'

Moreover, following the previous ideas, and using Gagliardo-Nirenberg and
Sobolev inequalities, we find that

K1+ Ko < C|03ul 2y, |00t Lo (v, < CllO7ull72 (v, -
We also have
K3 =2 /T RuRZuRIZu + RuSuSPudz
+2 /T —SuROGuSIu + SuS0 uRIPuds
SCH&?UH%Q(V}L)||8xu||LoO(Vh) —4/TSU§R(9§US(9§de
<Cl|o3ulf2(y,) — 4 /T APHRZuAY? (SuSD2u) da.
The last integral can be written in terms of a commutator as

/ AR [Al/ﬂ 3 ]sagudx+ / AV2HRPuSUA 23w dz,
T T
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and using Lemma [6, we get
K3 < C||3§U||3L2(Vh) + C|AY203u]| 127,y 190 Sl poo (v, 1050 2.,

—4 / AVPHRPuSuA 2SO uda
T

3
< C(I103ullr2gv,) + 1)

3
< C (Haguup(w) +1)

2
+Ch(t) (103ull L2 v,y + 1) 1A 2030 T2y,
Collecting the bounds for K3 and for Ji, we have

K+ < C(18%uliewm, +1)°
2
+ (Ch) (193ull 2,y + 1) + 100 (1)) [IA203u) 22 s,

and, choosing

) kO = hO)exp (<10 [ (1Eu)ags, + 1) ds)

we obtain

d 3
%Hagu(t)”%%w) < C(|163ull 2w,y + 1)
2
+C (103wl 12(v,) + 1) luollFras exp (exp (C(e, 6,7, [fuol| e (1 + 1)) -

Finally, we use a standard Galerkin approximation method to obtain a local
solution that satisfies these estimates, which completes the proof. O

In the previous proof, we can choose the parameter k£ > 0 that determines
the strips of analyticity in any way we wish, but we get shorter existence
times for larger values of k, so we cannot conclude that the solution is entire
for t > 0.

To obtain an explicit estimate for the width of a strip that depends only
on the initial data (and the parameters in the equation), we choose

1 3
(22) k:(uaiuoumi), A= Vlluglloc
2 T T wls

in the proof of Theorem [4l Then the corresponding time 1" of analyticity is
given by (20)), and the width of the strip of analyticity at time 7 is at least
kET'. Using the preceding equations, we find that

_log(E/e+1)

2 T
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where c¢ is a constant, and £ is given by

(24)

max{1,7}

x{1,v}2(Vv2 oo ka1) | THo—max{1,7}
2 (V2| ol poo(ry + & + 1) <m L2Vl o | oo ()t )>

e(1+9)
5 =

3
(C——

UQ || 7,00
luoll7

148
max{l;y}Z(\/i”uo||L00(T)+k+1) I+o—max{l,y}
€ e(149)

3
(192022 + o)

l[uoll7 oo
Finally, we remark that by using this smoothing effect, one can prove the
ill-posedness in Sobolev spaces of the evolution problem backward in time.

Corollary 1. There are solutions 4 to the backward in time equation (),
such that ||@]|g4(0) < € and ||t| ga(p) = oo for all € > 0 and sufficiently
small > 0.

Proof. The proof follows the idea in [2| [10]. We consider the solution (for-
ward in time) u” to the equation (Il) with initial data u(x,0) = vv(z) where
veEH3 v¢ H* 0 <v < 1. Now define 7" (z,t) = u”(x, —t + p) for fixed,
small enough 0 < pu(v) < 1. This function is analytic at time 0 but it does
not belong to H* at time p. Taking 0 < v < 1 we conclude the proof. [

4. LARGE TIME DYNAMICS

In this section we prove the existence of an absorbing ball in LP for the
problem () in the periodic case 2 = T. We will require a Lemma similar
to the results in [20, 311, [40]:

Lemma 3. Let M € N, 6 > 0, and zg € T. Then there exists a smooth,
periodic function by) € C*°(T) and a constant

1 1 1/2
01(5, M) = 01(5) (W + m)

such that the following inequality holds: for everyu € C*°(T) with u(xy) = 0,

/bﬁj}(x)uQ(x,t)dx
T
Proof. We define

145
< C1(6, M)||A"2 ul| T2 -

big(z) = Y el

|§1<M
We have
/b?\?[($)u2(x,t)d$ = Z /u2(x’t)ez§(mx0)dx
' el<am’T
el<am’T
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where g(z) = u?(z + x¢). Since Y. g(¢) = ¢(0), it follows from the definition
of zg that > g(&) =0, and therefore

D)< 99

[€1<M €]>M
1/2 1/2
N 1
< Z 1€['+ (5(9))? Z GER
1€]>21 €1>M

1 140 1 1\ Y2
EHAQQHB(T) W+W .

The Kato-Ponce inequality then implies that there is a constant ¢;(d) such
that

L 1 1 \1/2
< c1(0)[[A7Z w2 A TS )

/ b3 (x)u? (2, t)d
T

which proves the result. O

Next, we prove that solutions of (I remain uniformly bounded in LP.
The key step is to prove the existence of an absorbing set in L?, and we do
this following the ideas of [20, [31].

Theorem 5. Suppose that ug € H*(T), where o > 1, has zero mean. Then
the solution u of the initial-value problem (Gl in the periodic case satisfies

1iﬁsup lw®) |l L2er) < ra(e, d,7),

(@)l r2(r) < max{[luoll2(r), 72} = R(€,6,7).
Moreover, for 2 <p <oco and 0 < <1, we have

1-2/p
limsup [[u(t)|| zp (1) < rg/p (max {\/gR, C (%) R}) .
t—o00 ™

Proof. We start by assuming that the initial data is odd.
Step 1: Absorbing set in L? Let s be a smooth, periodic function,
which we will choose later. We compute that

2
3371000 = lFaey = 1472 ul ey = AT+ 2l — [ 00
T 2
B / A+0)/2,, (6A<1+5>/23+ Aw—(1+6>/23) .
T

Using the inequality

1

€ 6y TFo—y
21£7 < — ]t for all R
€| _315\ + 0+ o) , for all £ €
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and the Plancherel theorem, we get

1d 2¢
5l = sl < —IA7 20z gy — SIAT 20l gy —
/ <)\— %) w’dx
+/A(1+5)/2u (—eA(1+5)/25+A””(1+5)/25> da,
T
where
1
6y T+6—v
2 = 1.
@) = (g

Then, using the Young and Cauchy-Schwarz inequalities, we obtain
€ )
|| (t) = sllF2emy < —IA2ulla gy — llullfz — gHA(H 2032

OrS
A — =2 ) wlde
A 2)

(o oo

€

2dt

Since the odd symmetry is preserved by (Il) and wy is odd, we have
u(0,t) = 0. For M € N, we choose s such that

(26) Ops(x) = —2X > e "= —2x [t (x) — 1].

0<lgl<M

Then from the preceding inequality and Lemma B, we get

S llu(t) = slZz

€
< APl Ty = llullF ey — gHA(H(S)/ZUH%%T)
2,0 3 5 —(145 2
+ /T Bl + /T ((~eatt92 4 x1=0592) ) g

€
< — APl Fa gy = ullF e — gHA(Hé)/QUH%%T)

(146)/2, 112 1 1\ 6 2
+aAA ullzeeny 37w T e )+ IAslzey-
We take M = M (e, d,) such that

6 ﬁﬂ N T S
e MW T SME ) SR

and we obtain

6
S llu(t) = sl172py < =20u®) = slZ2m) + 2lsl172r) + EHASH%%T)
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Using Gronwall inequality, we conclude that

3
2 2 2 —4t
Jut) = lEaqe < (o = slaey + Islaey + Zasliace )
3
+lsl 72 + EHASH%Q(T)

The existence of an absorbing set in L? is now straightforward. Thus we
have the existence of a constant R = R(e, d,y) such that

[u(®)l L2y < R(e,6,7).

Step 2: Absorbing set in L*° We assume u(z:) = [[u(t)|[ o (r). We
take v > 0 a positive number and define

Uy = {n € [—v,v] s.t. u(xy) — u(zy — n) > u(z)/2},
and Uy = [—v,v] — U;. We have

R?(€,8,7) > [lu(®)||72(n)
2
z/R(u(xt—n)) dn

> /MQ (u(zy —n))* dn

> <u(§t)>zlu2|-

4R?
[Ju(t )IILW(T)

Using the fact that the initial data has zero mean, we get

144, —u(zy — 1)
A Z/ 2k:7r|2+5 dn

Equivalently,
vV — |Z/{2| = |L{1|

kEZ
U(xt) —u(zy — 1) / u(zy) — u(ry —n)
> dn + dn
kZ|>O/T =27y T P
u(xt)
u(zy) — u(wg —n) 2
> d
> 3 [ B el

We define

o <U(]§t)>2’

(u())*** | 20(2 + S)u(ar)
AOu(zy) > 32+5;32(1+5) (2m)1+0 t

and we obtain
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As v < 7 this choice implies
We have

\/gR < u(zy).
d

1 1
i 1@ llpee(ry < AMu(z) — §A1+6u(9ﬂt) - §A1+6u(9ﬂt)

1 nes 20 902 0)u(xy
< O, ) @)l ) — <;§;;H®+ “@;L§)>

[[u ()H3+26
< O, O)|lw®) || Loo(ry — W-

On the other hand, if [|u(t)| oo () = — ming u(z,t), we define
U ={nel-v,v]st. —ulz)+ulxy—n) > —u(z)/2},
and U = [—v,v] — U;. We get

i”“(t)HLOO(T) = —ATu(ze) + A u(a) = A (~ule) — A (~u(ay)

[IG] [Fsre
< Oy, O)llw®)llo= vy — 5575 parirsy

Collecting these inequalities, we obtain the existence of an absorbing ball in

L with radius
3
Too = max{\/jR,C('y,é) R} )
T

Step 3: Absorbing set in LP For the case 2 < p < 0o, we use interpo-
lation. We get

laC)|zocry < )15 ) 120,

- 1-2/p
< R%/P max {\/jR, C(6) R, HUOHLO"(T)} ’
T

The radius for this case can be obtained in a similar way.

Step 4: Initial data without odd symmetry Following the same
ideas as in [20] (see also [7, [I8]), we introduce the set of translations of the
function s defined in (26):

S ={5:5(x) = s(x + x) with |x| < 7}.

Since the function uy has zero mean, the solution u(t) has zero mean for all
time, so there exists at least one point x(t) such that u(zo(t),?) = 0. Then,
for any particular time ¢, we consider, as in the step 1 above, the function

bﬁ(t) () defined in Lemma Bl where A was defined in (25]), and let

0.8(x,t) = =2 Z e~ ¥(z—zo(t)) — _9y [bxo(t)( ) — 1]
0<|¢|<M
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Notice that 5(z) = s(x+xo(t)), with s defined in (26]). As before, we obtain

d -
e+ #) = 50 Bz oy

5 12
< —dflu(t +1') = 3t) |20y + 4O 20r) + ?HAS(t)H%Q(’]T)
If follows that

Lt + 1)~ 50) ey LS
if
d(u(t), () = llu(t) = 5(t)l|L2(r) > 1.
As a consequence, we find that
d(u(t),5(t)) = [lu(t) = 88l L2(T)
is a bounded function of time. Since d(u(t),S) < d(u(t), §(t)), this completes
the proof. O

Corollary 2. Let ug € HY(T),a > 1 be the mean-zero initial data for the
problem (Il) with € > 1> ¢ in the periodic case. Then we have

1-2/p
[w(®)| Lo (r <HU0||L2(T maX{[lonHp (0) [[uoll z2(my l[uoll oo (r } ;

and
1-2/p
. 2/p
tnsup (0) 1 = 1o (mx{\f Ju0llz2(ry, € (3) ol z2ce }) .
t—o0
Proof. The result follows from Poincaré’s inequality. O

The existence of an absorbing set in the L?-norm and the regularity results
from Section 2l imply the existence of an absorbing set in higher Sobolev
norms. The proof is straightforward, and we just state the result.

Lemma 4. Suppose that o > 1 and ug € H*(T) has zero mean. Then for
every 0 < s < « the solution u of the initial-value problem ((6l) in the periodic
case satisfies

lim sup ”u(t)”Hs <C (87 €0,7, HUOHLQ(’E)) .
t—00

5. THE ATTRACTOR

In this section we prove the existence of an attractor for spatially periodic
solutions (2 = T) and derive some of its properties.

5.1. Existence. We denote the solution operators for (6) by S(¢), where
S(t)uo = u(z,t). The compactness of a nonlinear semigroup, or semiflow, is
defined as follows [40)].

Definition 2. The solution operator S(t)uy = u(t,x) defines a compact
semiflow in H?® if, for every ug € H® the following statements hold:

® S(O)UO = Ug-.
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e for all t,s,ug, the semigroup property hold, i.e.,
S(t+ s)ug = S(t)S(s)ug = S(s)S(t)uo.

o For every t > 0, S(t) is continuous (as an operator from H® to H®).
o There exists t1 > 0 such that S(t1) is a compact operator, i.e. for
every bounded set B C H®, S(t1)B C H® is a compact set.

It is then is straightforward to use our existence results to prove the
following lemma.

Lemma 5. Let ug € H*(T) for a > 3 be the initial data for the problem
([@). Then S(t)uo = u(-,t) defines a compact semiflow in H*(T). Moreover
S(t)uo is a continuous map from [0,T] to H*(T) for every initial data uo,
i.e., S(-)up € C([0,T],H®).

Now we can apply Theorem 1.1 in [40] to obtain the existence of the
attractor

Theorem 6. In the spatially periodic case with Q = T, equation () has a
maximal, connected, compact attractor in the space H*(T) for every o > 3.

Proof. The result follows from Lemmald] where the existence of an absorbing
set is proved, and Lemma [l where the properties of the semigroup are
proved. O

5.2. Number of wild oscillations. In this section we obtain a bound for
the number of wild oscillations that a solution v can develop. This bound is
similar to the bound in [22] for the standard KS equation (see also [27]), and
splits T into a set Iy where d,u is uniformly bounded and a set Rjy; where
Oyu may be large but u cannot have too many critical points. However, our
bound is valid for arbitrary initial data while the bound in [22] only works
for initial data in a neighborhood of a stationary solution.

Theorem 7. Let u be the solution of () for initial data ug € H?(T) and
define T > 0 as in 20), 22). Then for every M > 1, there exist Tpr > 0
and Inr, Ry C T, where Iy a union of at most [4/Tar] open intervals, such
that T = Ips U Ry and the following estimates hold for T/M <t < T':

\/iHUOHL“’(T)
< —_  — 7
- M
< A log (M /7ar)
~ log?2 ™

|0y u(z, )] for all x € I,

card{z € Ry : Oyu(x,t) = 0}

An explicit choice for Tps is

. % [1og(53/5+ 1)}’

where € is given by (24)).

Proof. From Theorem [, after time ¢ > 0 the solution becomes analytic in a
complex strip B (¢). In particular, choosing the parameters k, A as in (22]),
we get from (23]) that the width of the strip after time 7'/M is at least

1 [log (&/c+ 1)}

™= 38
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Using Cauchy’s integral formula and the definition of d*[u] in Theorem [,
we find that

lu)llze@,) A

Oyu(t I~ <1 R o L

[0zu(t)]| oo (B),) < ™ .

and an application of Lemma [0 with g = A\/M then gives the result. U

Theorem [Tl is local in time, but we can apply the result repeatedly to get
bounds on the number of oscillations on successive time intervals

[T/M,T\U[T+T/M,T+Ti|U...,

where T} is given by (20) with ug replaced by w(7"). In view of the uniform
H3-bounds on u(t), we can extend the estimates to arbitrarily large times,
but there are small gaps between successive time intervals in which the
estimates may not apply.

6. NUMERICAL SIMULATIONS

In this section, we show some numerical solutions of ({I), which we repeat
here for convenience

(27) 0w + Oy (%zﬁ) = Ay — eA 0,

with 2m-periodic boundary conditions. We approximate the spatial part by a
pseudo-spectral scheme, typically using 222 Fourier modes, and advance
in time with an explicit method such as the ode45 function in MATLAB.

In Figures [[H2] we show a numerical solution of 7)) with § =~ =1 in
—m < x < 7 for initial data

(28) up(x) = cosx + e sinz.

A primary “viscous shock” forms from the initial data, after which smaller
“viscous sub-shocks” develop spontaneously throughout the interval. These
sub-shocks grow, propagate toward the primary shock, and merge with it.
The number of sub-shocks and their rate of formation increases as ¢ de-
creases. Some movies of the numerical simulations are available at

http://youtu.be/8rO0QMgxZIMk?1ist=PLUwnEWNEnlmhroc7JS_cZ2PLN6pe-HiX7

In Figure B we show a solution of the usual KS equation (@) with the same
initial data as in Figure[[l The spatial “shock-like” structure of chaotic solutions
of (1) is qualitatively different from the “worm-like” structure of solutions of ().

Similar behavior is observed for (27]) with other valuesof 0 < 6 < 1,0 < vy < 144,
and € > 0. In Figure @] we show a solution for 6 = 0.5, v = 1.45, and € = 0.8, with
the initial data

(29) uo(x) = cosx.

Chaotic behaviour occurs for larger values of € as «y gets closer to 1+ 4. This is con-
sistent with the fact that the band of unstable wavenumbers k for the linearization
of 217) at u = 0 is given by

0 <k <ke(d,,¢) where ekl =1.

Thus, for a fixed value of €, the unstable band gets wider as -y increases toward
1+ 0. (We have k., = 100 in Figure 2l and k, =~ 87 in Figure @)

Figures BHT show the transition to chaos for ¢ = 0.5, § = 0.5 as v increases
toward 1.5. For each value of , we plot the L and L? norms of u at a number
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FIGURE 1. A spatially periodic numerical solution of the
nonlocal KS equation 27) with § = 1, v = 1, e = 0.01,
and initial data (28]).

=049

=249

FIGURE 2. A numerical solution of 27)) with 6 =1, v =1,
e = 0.01 and the same initial data as in Figure [I at ¢t =
0,0.49, 2.49.

of different times after the solution has approached its time-asymptotic state. For
~ < 1.3 the solution is steady, but for v 2 1.3 its norms fluctuate wildly in time.
We have k, =~ 32 at transition.
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FIGURE 3. A numerical solution of the usual KS equation
@) with € = 0.01 and initial data (28]).

|

FIGURE 4. A solution of (27)) with § = 0.5, v = 1.45, ¢ = 0.8,
and initial data (29]) at ¢t = 0,2.45, 7.

Similarly, in Figures BHIO, we show the transition to chaos for § =1, v = 1 as
€ decreases toward 0. The solution is steady for ¢ 2 0.04 and chaotic for e < 0.04,
with k., =~ 25 at transition.

APPENDIX A. AUXILIARY RESULTS

In this appendix, we state without proof several results used in the paper.
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flull -

FIGURE 5. The large time behavior of ||u||e for different
values of v € (1,1.4) with 6 = 0.5, ¢ = 0.5.

llull,2

FIGURE 6. The large time behavior of ||ul|z2 for different
values of v € (1,1.4) with 6 = 0.5, ¢ = 0.5.

We start with the Kato-Ponce inequality and the Kenig-Ponce-Vega commutator
estimate for [A%, F]| = A*F — FA®, where A = \/—02 (see [21] 24} [25]).
Lemma 6. Let F, G be two smooth functions that decay at infinity. Then, for
0<s<1, we have
[A*(FG) = FA*G|le < C ([ Fllwer [Gllr2)
Gl we-rps |0 F [ r4)

with

1 1 1 1 1

- =— 4+ —=—+— where 1 < pa,pg < 00, 1 < p,p1,p3 < 0.

p pP1 P2 P3 P4
Furthermore, if s > max{0,1/p — 1}, then

IA°(FG)|ory < C (IA°F | o w)l|Gll ez gy +IA° Gl 1os ) |1 Fll ra(wy) 5
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FIGURE 7. The large time behavior of ||0,ul|p~ for different
values of v € (1,1.4) with 6 = 0.5, ¢ = 0.5.

0.01 0,015 0.02 0.025 0.03 0.035 0.04 0.045 0.05—
€

FIGURE 8. The large time behaviour of ||ul/z~ for different
values of € € (0.02,0.2) with d =1, v = 1.

with

1 1 1 1 1

—=— 4+ —=—+— where 1/2 < p < 00,1 < p; < 0.
p P11 P2 P3 P4

We require the following uniform Gronwall lemma (see [40]).

Lemma 7. Suppose that g, h, y are non-negative, locally integrable functions on
(0,00) and dy/dt is locally integrable. If there are positive constants ay, as, as, r
such that

dy t+r t+r t+r
g < gy +h, / g(s)ds < aq, / h(s)ds < aq, / y(s)ds < as
t t t

fort >0, then
yt+r) < (% + a2) e
T



A NONLOCAL KS EQUATION 31

llull 2

llull,2

0.02 0.04 0.06 0.08 0.1 0.12 0.4 0.16 0.18 0.2 0.22

FIGURE 9. The large time behaviour of ||u||;2 for different
values of € € (0.02,0.2) with =1, v = 1.
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FIGURE 10. The large time behaviour of ||0,u|| fe for differ-
ent values of € € (0.02,0.2) with § =1, v = 1.

We also use the following result on the time derivative of a complex function

(see [A]).

Lemma 8. Suppose that h(t) > 0 is a decreasing, smooth function of t, and

oz £i¢,t) = Z Ag (t)et@Fio),

lEI<N
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Then

at§A|¢<xii<,t>| da
< hl—(g) ;/Tm(z +iC, t)p(x £ i, t)da
— 10h (t)zi:/TAqﬁ(x,t)qb(x,t)dx

+2§RZ/3t¢(x:|:iC,t)¢(:c:I:i(,t)d:c
— Jr

The last Lemma concerns the number of wild spatial oscillations of an analytic
function (see [22] and the references therein)

Lemma 9. Let L, 7 > 0, and let u be analytic in the neighborhood of {z : |Sz| < 7}
and L-periodic in the x-direction. Then, for any pn >0, [0,L] = I, U R, where I,

is an union of at most

(1]

2]

[%] intervals open in [0, L], and
o |Ou(x)| < p, forallx €1,

e card{z € R, : Jyu(xz) =0} < 10§2£10g (w) .
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