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ABSTRACT

We determine explicitly a boundary triple for the Dirac operator H := —ia - V + mf + V(x) in R?, for m € R and V(x) = |x|'(vI4 + uf -
ila - x/|x| ), with v, 4,1 € R. Consequently, we determine all the self-adjoint realizations of H in terms of the behavior of the functions of
their domain in the origin. When sup, |x||V(x)| < 1, we discuss the problem of selecting the distinguished extension requiring that its domain
is included in the domain of the appropriate quadratic form.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5063986

I. INTRODUCTION AND MAIN RESULTS

In this paper, we determine a boundary triple and describe all the self-adjoint realizations of the differential operator
H:=Hy+V, (1.1)

where Hy is the free Dirac operator in R? defined by
Hy := —iat - V + mf, (1.2)
with m € R,

I 0
ﬁ = (02 —I[z ), o = (061,0(2,063), OCJ' =

A
Qe
oS

‘7') forj=1,2,3,

and o; are the Pauli matrices

and finally
V(x) := |;1‘(11114 +up +/\(—ia-ﬁﬁ)) forx 0, (1.3)

where v, A, and y are real numbers, and 14 is the 4 x 4 identity matrix.
The operator Hy + V describes the motion of relativistic %—spin particles in the external potential V. In detail, setting

V= Vot Vie + Vam 1= va (%) + vic(x)B + vam(x)(*ioc : ﬁﬁ)
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for real valued v,j, Vs, and vam, the potentials V,;, V., and Vg, are called electric, scalar, and anomalous magnetic potential, respectively. This
particular class of potentials has the property that, in the case that v, Vs, and van, only depend on the radial variable, the action of Hy + V
leaves the partial wave subspaces invariant (see below). Moreover, in the case that they have a singularity ~|x| ™" in the origin, the potential has
the same scaling as the Dirac operator.

The dynamics of quantum systems is described in terms of self-adjoint operators, as shown by Stone’s theorem, see, e.g., Ref. 27. For
this reason, it is a primary task to describe all the self-adjoint extensions (if any exists) of a given symmetric operator associated with a
physical system. Von Neumann gave the first complete solution to this problem: his theory is fully general and completely describes all the
self-adjoint extensions of every densely defined and symmetric operator in an abstract Hilbert space in terms of unitary operators between its
deficiency spaces, see, e.g., Ref. 26. Von Neumann’s theory works at an abstract level: for specific classes of operators, it is desirable to have a
more concrete characterization of the self-adjoint extensions. In many cases, self-adjoint operators arise when one introduces some boundary
conditions for a differential expression: perturbing operators with potentials with a singularity in one point, one would like to establish a
direct link between self-adjoint extensions and behavior in the point of the functions in their domain. Referring to Refs. 5 and 12 for a general
overview on the theories of self-adjoint extensions, we cite here the theory of boundary triples, see Refs. 5, 9, 25, and 31 and references therein,
that gives this desired description. The main result of this paper (Theorem 1.5) is the explicit determination of a boundary triple for the
operator H: thanks to this, we are then able to describe all the self-adjoint realizations in terms of the behavior in the origin of the functions
in the domain.

The vast literature has been dedicated to the problem of the self-adjointness of perturbed Dirac operators. Making reference to the
Introduction of Ref. 7, to the survey,” and to the book’” for more details, we list here some relevant studies. In Ref, 18, it was observed that
thanks to the Hardy inequality,

1 ’ oo
s [ et orgecm () 0.9

4 Jm |5
and the Kato-Rellich theorem, it is possible to prove that, for |v| € [O, 1), the operator Ho + v/|x| is essentially self-adjoint on CZ°(R*)* and
self-adjoint on D(Hp) = H' (R*)*. In fact, the optimal range for the self-adjointness is |v| € [O, ?), as shown in Refs. 16, 28, 30, and 34. For

[v] > V/3/2, Ho + v/|x| is not essentially self-adjoint and infinite self-adjoint extensions can be constructed. Among these, for |v| € (%, 1),

there exists one distinguished extension Hs such that
D(Hp) ¢ D(r )" = {y e P(R)" : |5 /2y e IP(R)"} (15)

or equivalently D(Hp) c H 1/2(R)*: in other words, one requires that all the functions in the domain of the extension are in the form domain
of the potential and the momentum. For details, see Refs. 6, 14, 21, 23, 29, and 35. For |v| > 1, many self-adjoint extensions can be built, and
for |v| > 1, none appears to be distinguished in some suitable sense, see Refs. 17, 33, and 36. The definition of a distinguished extension for the
case |v| = 1 has been given in Ref. 11, where it is considered a potential V : R> - R such that for some constant ¢(V) € (-1, 1), T := sup(V) <

1+ ¢(V) and for every ¢ € C° (R3)2,

. 2
A(%+(1+C(V)+V)|<P\2)dxzo. (1.6)

In particular, for an electrostatic potential V(x) := V(x)I4, —v|x|™" < V(x) < 1+ V1 -v2,0< v < 1, the operator Hy + V is self-adjoint on a
suitable domain. If 0 < v < 1, the self-adjoint extension described is the distinguished one, as also shown in Ref. 22; for v = 1, the self-adjoint
extension described is the distinguished one, since continuous prolongation of the sub-critical case can cover it. Recently, in Ref. 10, it is
shown that this extension can be obtained as the limit in the norm resolvent sense of potentials where the singularity has been removed with
a cutoff around the singularity.

The approach of Ref. 18 could be used independently on the spherical symmetry of the potential: Hy + V is self-adjoint when Visa4 x 4
Hermitian real-valued matrix potential V such that

V(x)| < a|—1‘ +b, xeR\{0},
X

with b € R and a < 1/2, see Ref. 20, Theorem V 5.10. In Refs. 3, 4, and 19, more general 4 x 4 matrix-valued measured functions V are
considered, in the assumption that |x||V(x)| < v < 1, and a distinguished self-adjoint extension [in the sense of (1.5)] is constructed, exploiting
the Kato-Nenciu inequality
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2
/3 % dx < f3 |(~ia- V +mp +ie)y||x|dx, fory e CZ (R, m,eeR. (1.7)
R |x R
In our previous work,” we considered matrix-valued potentials as in (1.3) and we investigated the existence of self-adjoint extensions T
such that
J. Math. Phys. 60, 041502 (2019); doi: 10.1063/1.5063986 60, 041502-2
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Iilmin cT= T € Humax, (18)

where the minimal operator H,,;» and the maximal operator Hyayx are defined as follows:

D(Hin) = CZ(R*\{0})*, Hpiny := Hy  for ¢ € D(Homin), (1.9)
D(Hpar) = {y € I*(R*)* : Hy e I*(R*)*}, Hpaxw := Hy  for y € D(Hpax), (1.10)

where Hy in (1.9) is computed in the classical sense and in (1.10), Hy € L*(R?)* has to be read in the distributional sense. It is easy to see
that Hypiy is symmetric and (I:Im,-,,)* = Hpax. The strategy of Ref. 7 consists in considering the self-adjointness of Hy + V on the partial wave
subspaces: such spaces are left invariant by Hy and potentials V as in (1.3). We sketch here this topic, referring to Ref. 7 and Ref. 32, Sec. 4.6
for further details.

Let Y}, be the spherical harmonics. They are defined for n=0,1,2, ...,and [ = —n, —n + 1, ..., n, and they satisfy Ag: Y} = n(n +1)Y},
where Ag: denotes the usual spherical Laplacian. Moreover, Y, form a complete orthonormal set in L*(S?). For j = 1/2, 3/2, 5/2, ..., and
mj=—j,—j+1,...,j,set

T -1/2
O R AR vy
172 - - mi+1/2
\/?] J—m Yj_]l/z
- mj—1/2
mo 1 J+l-m; Yj+J1/2

Viap = 7/ ;
N ] N/ A B iy
then 1//;1’1 12 form a complete orthonormal set in L*(S?). Moreover, we set

r=|x, X=x/]x|, and L=-ixxV forxeR’\{0}.

Then,

m,

(-3 =Vi, and (L+a L)y, ==(+1/2)y}), ),

where 0 = (01, 02, 03) is the vector of Pauli’s matrices. For kj := +(j + 1/2), we set

o o lw]m:tjl/z oy o 0
mjx(j+1/2) T 0 > mj,x(j+1/2) *~ Wm} .
jF1/2

Then, the set { @;})kj, @, i }ikm, is a complete orthonormal basis of L*(S*)*. We prescribe the following ordering for the triples (j, mj, k;), for

=i ami=—j i ki=j+1/2,-j-1/2

1 1 11 1 1 11

(Bt (B () (),
22 22 2 2 22

1 1

(222 (B -ba) (222 (322)

22 22 22 22

(R WERR N NER YES N W
22 22 22 22

o o B2}
VA IEETN VR B Ve Al ERRRR VY R SRR

(1.11)

We define the following space:
1 . - - 4
Mok = {;(f;j,k](r)q):n],kj (2) + fo ks (1) @y 1 (R)) € *(RY) | fon i € L2(0)+°°)}-

From Ref. 32, Theorem 4.14, we know that the operators Hy,;, and Hna leave the partial wave subspace M, k; invariant and their action can
be decomposed in terms of the basis {d);j,k], @, ) as follows:

Jpd-auluo L2051 0/G2LGE8S L/986E905 L/E90L 0 L/1op/spd-ajone/dwil/die/io-die sqnd;/:dpy wouy pspeojumoq

J. Math. Phys. 60, 041502 (2019); doi: 10.1063/1.5063986 60, 041502-3
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

. j
Hypin = @ @ @ hm],kj) (112)

j=3.3, mj==j ky==+(j+1/2)

j
Huwz @ @ @ hy

j=3.3,... m="] k=%(j+1/2)

«»

where “” means that the operators are unitarily equivalent, with
0o 2
D(hpx,) = C (0, +00)%,

m+ L —a,+kfj*)(f+) (1.13)

ki+A - -
O+ = —m+ 2t S

Mgy (F5f ) o= (

and

D(hyg) = {(F".f7) € L*(0,+00) : by i (f*f ) € L*(0,+00)*},
m+ 2 —8,+k’%)L fr (1.14)
9, + ki vou (f7 )

—m+ E
where h;})kj (f*.f7) has to be read in the distributional sense as done in (1.10). It is easy to see that h;j)kj is the adjoint of hy, .

o (57 ) = (

The main result of Ref. 7 is the classification of all the self-adjoint extensions bk, such that hm}.,kj C tu g, = t;tj,k, c h;‘,,kﬁ as an immediate
consequence, we can build up self-adjoint operators T as in (1.8) setting

T= é é @ tmj,k] .

j=5.2 M= k=x(j+1/2)

oW

The self-adjointness of t,, 4, is related to the quantity
Ok = Ok (Ao, v) = (kj+A)* + i =%, (1.15)

In Ref. 7, Theorems 1.1, 1.2, and 1.3, we show that if 6kj > 1/4, then Lk, is essentially self-adjoint and if 6kj < 1/4, then there exists a one

(real) parameter family (t(@)mﬁkj) of self-adjoint extensions such that h,, 1, © #(0) %, = £(6) fnj,k] c h:nj,k]' In conclusion, we can define

0e[0,7)
a family of self-adjoint extensions parameterized by d real parameters, with

d:= > 1= > 2Jkl. (1.16)
jmk keZA {0}
(ki+d) >+ —v*<1/4 (k+A) 4+ —vP<1/4

In this paper, we show that the totality of the self-adjoint extensions is a much richer set. Indeed, they are in one-to-one correspondence with
the unitary matrices

U(d) = {UeC™:U*U = UU* = 1,},
that is, they are a family of d” real parameters. This correspondence relates the self-adjoint extensions to the behavior in the origin of the

functions in their domain. In order to do so, we exploit the theory of the boundary triples: we remind here its definition, following the
notations from Ref. 5, Definition 1.7.

Definition 1.1. Let E : D(E) ¢ H — H be a closed linear operator in a Hilbert space #, and let G be another Hilbert space. Let
I',T5 : D(E) — G be linear maps, and finally define (T',T;) : D(E) - G & G as (I'1, [2)y := (T1y, [Ly) for any y € D(E). We say that the
triple (G,T'1,T2) is a boundary triple for E if and only if

Jpd-auluo L2051 0/G2LGE8S L/986E905 L/E90L 0 L/1op/spd-ajone/dwil/die/io-die sqnd;/:dpy wouy pspeojumoq

(v E¥)a — (Ey, ¥ = Ty, Doy)g — Ty, oY) forall y, § € D(E); (1.17)
the map (T1,T2) : D(E) — G @ G is surjective; (1.18)
the set ker(I'y,T2) is dense in H. (1.19)
J. Math. Phys. 60, 041502 (2019); doi: 10.1063/1.5063986 60, 041502-4
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The theory of the boundary triples is well developed and powerful; the explicit knowledge of a boundary triple for a symmetric and closed
operator can be used to obtain many important results. In this paper, we exploit it to describe all the self-adjoint extensions: the following
proposition is a consequence of Theorem 1.2, Proposition 1.5, and Theorem 1.12 in Ref. 5 or equivalently of Proposition 14.4 and Theorem
14.10 in Ref. 31; hence, the proof is omitted.

Proposition 1.2. Let Ey be a symmetric operator on a Hilbert space H, and let (G,T1,T2) be a boundary triple for E* := (Eo)*. Then, the
following hold:

(i) if G={0}, Eq is essentially self-adjoint;
(ii) if G # {0}, Eo has many self-adjoint extensions. They can be classified in the following equivalent ways:

e Forany A, B bounded linear operators on G, the extension Ea p with domain

D(Ens) = {y € D(E") : AT\(y) = BL2(y)} (1.20)
is self-adjoint if and only if
AB* = BAY, (1.21)
A -B
ker( ) =0. (1.22)
B A

o There exists a one-to-one correspondence between the self-adjoint extensions of Ey and the unitary operators U(G). For U €
U(G), the corresponding self-adjoint extension Ey has domain

D(Ev) = {y e D(E") : i(lg+ U)T1(y) = (Ig - U)2(y)}. (1.23)

Remark 1.3. The descriptions of the self-adjoint extensions in (1.20) and (1.23) are equivalent and both useful and interesting. Indeed,
(1.20) is useful for the applications: for example, we will exploit it in Theorem 1.12 to determine the distinguished extension for the Dirac-
Coulomb operator. The description in (1.23) is interesting from a more theoretical point of view, since it gives a one-to-one correspondence
between the self-adjoint extensions and the elements of the unitary operators on G, allowing us to label these extensions with a unique choice
of parameters.

We introduce some notations.

Definition 1.4 Let
V) = X (s (D04 () + s (D034, (3)) € D)

Jommjsk;

and set f,, . = (f;,,k,’fr;j,k,) € D(h:nj,k,- )- Following the order given by (1.11), we array the triples (j, mj, k;) such that 8y, := (k; +A) rpt i<
1/4 and we denote this ordered set I; we have that I has exactly d elements. Moreover, we set

1
Pk = /|6kj\ forallj= >
Then, for any (j, mj, k;j) € I,

(i) ifo< 6k] < 1/4 from Ref. 7, Proposition 3.1 (iii), we know that

FuY A
(fm])k}(r) ) DkJ(A_rfykj ) r

e (1.24)

| W

. 1/2
lim /
r—0

=0, (1.25)

with Dy, € R**? being the invertible matrix

A+ki— vy v-u )
1 j i .
— ifA +kj—y #0,
Dy = Zy(“k’_”f)(‘(“#) ~(A+k =) o (1.26)
/ 1 u-v 2Vk, . o _ ’
74}% 2, (v +p) if A + Kk Vi, =0,
we set
Ly iy Fonyk) A*
( myks ks ):: Dk.( ,); (1.27)
Lo, Fonyi) \A
J. Math. Phys. 60, 041502 (2019); doi: 10.1063/1.5063986 60, 041502-5
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(i) if 6,(] =0, from Ref. 7, Proposition 3.1 (iv), we know that

fii () AN s
li Y - (M1 I =0, 1.28
lim (fr;,k](r) (M, logr +1) Al (1.28)
being M;, € R, M,%J = 0 defined as follows:
—(kj+A) —-v+
e (TR ) (1.29)
’ v+ ki+2
we set
T ok A"
(st (4), 050
rmj,kj (fm,,kj) A
(iii) if (Skj <0, from Ref. 7, Proposition 3.1 (v), we know that
FonY (A ]
li Y — E;. . =0, 1.31
rl_l)l(l) (fmj'k/(r) kj A_}’_lykl ’ ( )
being Ey € C?*? the invertible matrix
A+k—i V-
Ey = %( Y ) # ) (1.32)
T 2ip (A k—ip )\ -(v+u)  —(A+k—iyy)

we set

I (o +
( mj,k,-(f,,k,)):: Ekj(A ) (1.33)

Lo, (fonsi) A”
Finally, set T*,T™ : D(Hynax) — €4 as follows:
+ + d
W) = (Tt G ) 0 5t €€ (1.34)
Then, by definition, for any (j, m;, kj) € I,
(T*(¥)),,, = Tty Uim) € C. (1.35)

We are now in position to state the main result of this paper.

Theorem 1.5 (Boundary triples for Hyuax). Let Huax be defined as in (1.10), let d € N be as in (1.16) and assume that d > 0. Let T*, T~ be
defined as in (1.34). Then, ((Cd, I*,T7) is a boundary triple for Huax.

Remark 1.6. In general, boundary triples are not unique (see Ref. 5, Propositions 1.14 and 1.15). For example, a different boundary triple
is determined already by choosing an ordering of the triples different from the one in (1.11).

Thanks to the theory of the boundary triples, we can now describe all the self-adjoint extensions of Hy,: the following theorem is a
consequence of Theorem 1.5 and Proposition 1.2:

Theorem 1.7. Let Hyin be defined as in (1.9) and d € N as in (1.16). The following holds:

(i) ifd=0o, Iflm,-n is essentially self-adjoint;
(ii) if d >0, Huin has many self-adjoint extensions. They can be classified in the following equivalent ways:

e Forany A, B e C™9, the extension Tap with domain
D(Tas) = {y € D(Hmax) : AI"(y) = BT (y)} (1.36)

is self-adjoint if and only if

J. Math. Phys. 60, 041502 (2019); doi: 10.1063/1.5063986 60, 041502-6
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AB* = BA™,
A -B
ker(B A) =0.

e There exists a one-to-one correspondence between the self-adjoint extensions of Hyin and the unitary matrices U(d). For U e
U(d), the corresponding self-adjoint extension Ty has domain

D(Ty) = {y € D(Hmax) : i(Lg+ U)I"(y) = (s - U)I" (¥)}- (1.37)

Remark 1.8. It is difficult to obtain the results of Theorem 1.7 using Von Neumann’s theory. Indeed, to exploit it, one has to find all the
solutions to (Hmax + i)y = 0 that is hard to do for the general class of potentials considered in (1.3). By the way, Theorems 1.1, 1.2, and 1.3 in
Ref. 7 tell us that h,, ; has deficiency indices (1, 1) if 8, < 1/4 and (0, 0) if & > 1/4 on CZ°(0, +00)2. Consequently, H, has deficiency
indices (d, d), with d defined as in (1.16). We can now use Von Neumann’s theory, getting that all the self-adjoint extensions of H,in are
in one-to-one correspondence with the unitary matrices /(d), but we cannot provide an explicit bijection. Moreover, such correspondence
does not describe the self-adjoint extensions: in Theorem 1.7, we provide a much clearer characterization of them in terms of the boundary
behavior in the origin of the functions in their domain.

In the spirit of Refs. 4, 11, and 22 in Theorem 1.9, we select a distinguished self-adjoint extension among the ones defined in Theorem
1.7, requiring that its domain is included in the domain of an appropriate quadratic form. Let g : C2° (R* C*) — R be defined as

a(v) = [ [il=ia- 7yl = vy x.

If sup, ps|x||V(x)| < 1, this form is symmetric and non-negative as a consequence of (1.7), and hence closable: we denote its closure g (with
abuse of notation) and its maximal domain Q. In Theorem 1.9, we consider V as in the class in (1.3), to exploit the complete description of all
the self-adjoint extensions in Theorem 1.7. We show that the condition D(T) c Q selects a self-adjoint extension T in the case that V is not a
critical anomalous magnetic potential, i.e., V(x) # +ia - X8|x|"". Indeed, in this case, this approach does not select any extension, suggesting
that it is not possible to use this criterion for the general case.

Theorem 1.9. Let i be defined as in (1.9), Y, as in (1.24); let d € N be defined as in (1.16) and assume that d > 0. Assume moreover
that

supld[ V()| <1, V(x)#+ 2 5P

. (1.38)
xeR? ‘ |

Then, there exists only one self-adjoint extension Hpin € Tap S Hpax such that D(Tap) € O, with A,B € C™ determined by the following
conditions for all v € D(Hpax):

(i) forall (j, mj, k;) such that 0 # Vi = ki +A,
(s + A+ ) (T W), = (k=T W), (139)

(i) forall (j, mj, k;) such that 0 # yy, # kj + A,

@)W, = -t 1=y )W), . (140)
(iii)  for all (j, mj, k) such that yy, = 0;
(5 +)(T(¥)),, , = @=v)(T"(¥),, > (1.41)
or equivalently
@+ W),,, =+ )W), - (1.42)

Remark 1.10. In the case that V is a general Hermitian matrix-valued potential such that v := sup, s |x||V(x)| < 1, a classification of all
the self-adjoint extensions in the spirit of Theorem 1.7 is not available. However, it is still true that there exists only one self-adjoint extension
whose domain is included in Q. Indeed, thanks to (1.7), for all y € C°(R?)*,

Cia- vy — o2 N 7
q(l//)ZfRs[|x| i Vy|" - v ]dxz(l v )/}R3 ] dx (1.43)

x|
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that immediately implies Q ¢ D(r~/2). If there exists a self-adjoint extension T such that D(T) c Q, then it must be the distinguished

one, the only one whose domain is contained in D(r_l/ 2

D(T) < Qis not trivial, and it is the subject of Ref. 4.

), see Ref. 21. Vice versa, constructing a self-adjoint extension with the property that

Remark 1.11. In the case that sup, gs|x|[V(x)| = 1, the condition D(T) c Q appears not to be enough to select a self-adjoint extension
T. Indeed, for V(x) = +ia - %3 /|x|, condition (3.2) is true for all the functions in all the domains of self-adjointness. A similar phenomenon
was observed in Ref. 7, Remark 1.10.

Remark 1.12. As an application of Theorems 1.7 and 1.9, we describe the distinguished self-adjoint extension of the Dirac-Coulomb
operator H := Hy — ﬁh, for |v|< 1,

e for 0 < |v| < \/3/2, H is essentially self-adjoint;
o for \/3/2 < |v] <1, wehave thatd =4, 8, =6_1 =1 - v? € (0, 1/4), and I* = (I‘fl i, fl,Ffl _1,Ff _1). Then the distinguished
2’ 2’ 2’ 2’
extension has domain

D(Ta,1,) = {¥ € D(Hmax) : AT (y) =T ()}, (1.44)
with
1+\/Vm (3 0 O
o e 0 o,
0 0 Ry ) 0
0 0 0 Ry

o for|v|=1 wehavethatd=4,8,=0_1=0,T" = (l“fl S S B oy ), and the distinguished extension has domain D(T,g, ).
1,

1p —1>+ 1
! Pl

In the case that V = —1/|x|, Theorem 1.9 selects the distinguished self-adjoint extension, as defined in Ref. 11. In general, in the case that
V is the same as in (1.3), Theorem 1.9 selects the distinguished extension, as in Ref. 7, Propositions 1.7 and 1.8.

A fundamental tool in the Proof of Theorem 1.9 is the following improved version of (1.7) that we state independently.

Lemma 1.13. Let w € C°(R*)*. Then for all R > 0,

2

2 — Ruw(RX
fR3|xH*ior~V1//(x)|2dx2 fRs%d“l v - v (k) (1.45)

4 Jw |x]log’ (|x|/R)

Moreover, the inequality is sharp.

Remark 1.14. Theorem 1.13 can be considered the analogous of Ref. 10, Lemma 18 in the general case (1.38). Indeed, it allows us to
exclude a logarithmic decay in the origin for the functions in the domain of the self-adjoint extension.

This paper is organized as follows: in Sec. II, we prove Theorem 1.5 and in Sec. I1I, we prove Theorems 1.13 and 1.9.

Il. PROOF OF THEOREM 1.5

We first prove the following lemma:

Lemma 2.1. Let j€{1/2,3/2, ...}, mj e {—j, ..., j}, kj € {j + 1/2, —j — 1/2} such that (j, m;, k;) € I, and let h:n],k} be defined as in (1.14). Let
| T, x, be defined as in Theorem 1.4. Then, ((C, Ly I‘y_n],kj) is a boundary triple for hjn,,k,-

Proof. In this proof, we will suppress the subscripts, sincej € {1/2,3/2, ...}, mj e {—j, .. ., j}, kj € {j + 1/2, —j — 1/2} are fixed. We distinguish
various cases.
In the case 0 < & < 1, thanks to Ref. 7, Proposition 3.1 (iii), we have that f = (f*,f ") € D(hfnpkj) if and only if f € H' (¢,+00) for any €

1
> 0, and there exists (A*,A7) € C? such that (1.25) holds true, for D € R¥*? defined in (1.26). Moreover, for anyf = (7+,7_) € D(h:nj,k,)’ we
have
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N T ooy
lim fn £ = ’D(ﬁ_)D(é) >
=l () f () A
where, with abuse of notation, we denoted
a\(b\| _|ab
cJ)\d])| " |cd|

Then for f,f € D(h;;])kj ), by the dominated convergence theorem, we have that

Ly G- [T () T

_hmf fohr k(f)dr—f o i (F)Fdr =lim

=0

where in the last equality, we used the fact that f ,}(v € H'(e,+00)%. We get (1.17) combining in (1.

maps I, ., T, i, is easy to show: indeed let (A*,A™) € C* and let fe C*(0,4+00)* such that
Atr?

£(r) = D(A,r,y) forr<1,
0 for r > 2.

Then f € D(h;,,kj) and F,inpkj(f) are defined as in (1.27). Finally, (1.19) descends from the fact that CZ° (0, +00)? ¢ ker(l":ﬂ],k}, Lok

ARTICLE

f(e) f*(E)
FEfrEf

27), (2.1), and (2.3). The surjectivity of the

scitation.org/journal/jmp

(2.1)

(2.2)

(2.3)

Let us now consider the case that § = 0. Thanks to Ref. 7, Proposition 3.1 (iv), f = (f*,f ") € D(hfnj,k]) if and only if fe H' (¢,+00)* for any
€ >0, and there exists (I, ; (), Ti () = (A*, A7) € C? such that (1.28) holds true, with M € R*?, M? = 0 defined as in (1.29). Moreover,

foranyf = (f*,f ) e D(h;,,kj ), we have
o 79|
() ()

£ T
£ 0

lim

r—0

Reasoning as in the previous case, we get (1.17). Finally, (1.18) and (1.19) are proved as in the previous case.
Let us finally assume that § < 0. In this case, thanks to Ref. 7, Proposition 3.1 (v), we have that f = (f*,f~) € D(h;, &) if and only if f ¢

H' (e, +<>o)2 for any € > 0, and there exists (A",A7) € C? such that (1.31) holds true, with E € C>*? defined as in (1.32). Moreover, for any

F=0F"f)e D(h ), with the same notation of (2.2), we get

£ Fr(n)
()

Due to (1.33), one gets (1.17), (1.18), and (1.19) reasoning as before.

lim
r—0

o)

We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. Let us start proving the condition (1.17) in Theorem 1.1. Let for any y, ¥ € D(Hyax) such that

Hmaxlf/ Z hm] kfmj k]) Hmaxw Z hmj k/fmj J

ik ok
for appropriate f,, 1. andfmi,k] in D(h;;ﬂkj ). Then,

(Vs Hnax§ )2 (moys = (Hmax s ’]//V)LZ(]}@)“
Z (fmj k;> hmJ k,fm, ki /12(0,00)2 m) k)fm]k fmj ki /120,00 )2

Jomjki

= Z (fm],kﬁ hzlj,kfm],kj >Lz(0,<>o)2 - m] k/fm] k; fm,
jimjokj
(k) +u> —v<1/4

L2(0,00)2%>

(2.4)

(2.5)

(2.6)

where in the last equality, we used the fact that h:n],kj is self-adjoint when (k; +1)* + u> — v* > 1/4, as proved in Ref. 7, Theorem 1.1. Thanks

to Theorem 2.1, we conclude that
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(v, I’*’max%LZ(ﬂ@)4 - <HmaxW>w>L2(]R3)"
= Y k() T (D -To ()T () 27)

(o k;) el

that gives immediately (1.17).
The surjectivity of I'" and I'” descends immediately from the surjectivity of any T}, ok and I, that has been showed in Theorem 2.1.

Finally, since C° (R*\{0})* ¢ ker(T'*,T™), we deduce the condition (1.18). ]

I1l. PROOF OF THEOREM 1.9

In this section, we provide Proof of Theorem 1.13 and Theorems 3.1 and 1.9.

Proof of Theorem 1.13. By direct computation [see, for example, Ref. 32, Eq. (4.102)]

, _ ( 1 l+28~L)
—ia-V=—ia-%| O+ — — ——— |,
] I

where § is the spin angular momentum operator

1fo O
S=- . 3.1
2(0 0) 3.1)
Consider y € CZ° (R* C*). Since ia - % is a unitary matrix, we have
1 14281y [
‘/R3|x||—ux'Vl//|—zoc-V1//2dx:/l%3\x| (3r+m—T) dx
2 2
1 1+2S8-L
= O+ — d / ——vy| d
S| +|x|)‘”‘ e | ‘”‘ g

72Re/]Rj (8r+|;1|)1//(1+2S~L)1pdx.

It is standard (see, for example, Ref. 8, Lemma 2.1) to show that the last term in the previous equation vanishes, indeed 1 + 2S - L and 0, + ‘71|

are symmetric and skew-symmetric, respectively, on C2°(R*)*, and the two operators commute with each other.
Let ¢ := |x|y. We have that 9,¢ = |x|(3; + |x|”")y and consequently

/ x| ( O, ‘ dx—f /r|8,¢(ra))| dwdr.

Thanks to Proposition 2.4 (iii) in Ref. 7,

f / o, d(rw)* drdw > = f / "~ “75(:‘;’; (q:/(g;u)lzddw.

This inequality is sharp, as underlined in Ref. 7, Remark 2.5. Observing that |1 + 2S - L|> 1, we finally get the thesis. ]

Proposition 3.1 Forally € Q,
2
f{ BULC) NS (3.2)

<1} |x|log? ||

Proof. We show that forall y € O,

L e - Bure)[
123 [ g~ )
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Since Q = C?(R3)”.Hq, with |7 = g(*) + [ |3, there exists a sequence (y;); ¢ C:°(R”) such that ||y — yj|; — 0 and y — y; - 0 almost

everywhere as j — + co. Since (1.45) holds for y; — ym € CZ°(R?), (y;); is a Cauchy sequence in L*(R?, |x| " dx), for

(%) = yj(Rx/|x|) .

X0 = e )

vv(rz)

Consequently, y; — y € L*(R?, |x| " dx). On the other hand, since y; — y almost everywhere, then y; — Toa(7R) Almost everywhere, and we

conclude that y; — W n L*(R?,|x|""dx). In conclusion, (3.3) holds for y € Q.

Consequently,

2 2
/ Ing)l2 dxng “/’(x)‘\;ﬂl"’(RW)‘ dx+2f1 7 Jan| V(R \xl)‘ S:
{Ix<1}|x|log"(|x|/R) {Ix<1}  |x|log"(]x|/R) 0 rlog?(r/R)

The second term at right hand side is finite, since the numerator is constant with respect to r € (0, 1) and (rlog® ) ™" is integrable in the origin,
and the first term at right hand side is finite, as it is shown above. O

We can now finally prove Theorem 1.9.

Proof of Theorem 1.9. We first show that y;, > 0 for all j = 1/2, 3/2, .., that is, (k + A)* +u? —v* 20 forall k € Z\{0}. Indeed, since
Ix[[V(x)| = [v] + /u2+2% < 1, then v* < 1+ p” + 1% = 2\/u? + 2. Moreover, since |A| < I, then M := mingez (o3 (k +1)* +p* —v* =
(1-A[)? +u? - v*. Assume by contradiction that M < 0. Then, (1 —[A|)? + p® < v* < 1+p® + A% = 2,/ + A2, thatis, [A| > \/u? + A2 and this
is absurd. Incidentally, we remark that M = 0 only if 4 = 0.

We denote

I :={(j,mj,kj) eI:0 % Vi = ki+A},

I = {(j,Mj,kj) el:0+ Yk, * kj+l},

I5 = {(], mj,kj) el: ij = 0}.
Following (1.11), we identify

S € {1,. ,d} Ad (j,mj,kj) el
Thanks to this, we have that {I;, I, I3} is a partition of {1, . . ., d}.

In the following, we determine A, B € C%4 in such a way that D(Ta,g) € Q. Let y be a generic element in D(Ty,3). Thanks to Theorem
3.1, the condition D(T4,g) € Q implies that y verifies (3.2). Following the notations of Theorem 1.5, we denote

Ve - Z $ oy = ()@ () + s () (),

m=—j k=%(j+1/2)
fmj>kf = (fm],kj ’fmj,k] )
For all (j, mj, kj) € Iy N I, we have that f,, , verifies (1.25): since the singular behavior is not allowed by (3.2), we have necessarily that

A” = 0. Thanks to (1.27), we have that this is equivalent to (1.39) when (j, m;, k;) € I, and equivalent to (1.40) when (j, mj, k;j) € I,. We define
the matrices A and B accordingly

Ay = kj+l+)’kj) Bss =u—-v, fOI‘SN(j,YI’Ij,kj)GII
As=p+v, Bs:=—(ki+A-yg), fors ~ (j,mj, kj) € I,
As =By =0, fors~ (j,mjkj) e L uL,1<t<d,t+s.

For all (j, m], ki) € I, we have that f,, s verifies (1.28): since the logarithmic behavior is not allowed by (3.2), we have necessarily that
Ran(Fm Y ) € ker My,. This gives (1 41) and (1.42): they are equivalent since M has rank 1. Using the identification s ~ (j, mj, k;), we
define A and B accordmgly

As:=kj+A, Bg:=p—-v forss~ (jmjkj)els (3.4)
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or equivalently

As=p+v, Bs:=—(ki+L) fors~ (j,mjkj)els (3.5)

and Ay =By =0fors~ (j, mj, kj) e Is, te{l,...,d}, t #s.
In order to show that the extension that we have built is self-adjoint, we check the conditions (1.21) and (1.21) in Theorem 1.2: since A
and B are real and diagonal and we have that

AB* = AB=BA=BA",

that is (1.21). In order to show that (1.22), we show equivalently that det(AA™ + BB*) # 0 (see Ref. 1, Sec. 125 and Theorem 4). Indeed,
the matrix AA* + BB* is diagonal and the elements of the diagonal equal Css := (As)* + (Bss)? fors =1, ..., d. For s € I}, we have that
Cos=(kj+A+ ij)z +(p-v)* 2 (kj+A+ yk])2 = 4yﬁj > 0. For s € I, we have that Css = (4 +v)* + (kj + A + yk))2 > (kj+A - ykj)2 > 0. Finally,
for s € I3, we have that Cs = (k; +/\)2 +(p - v)2 or Cs = (kj +)L)2 +(v +y)2: in both cases, Cs = 0 ifand only if (v, 4, 1) = (0,0, 1) or (v, 4, A)
=(0, 0, —1), but this is excluded by (1.38).

The linear relation associated with A, B determines uniquely a unitary matrix U € U(d) such that Tap = Ty, defined as in (1.37), see
Ref. 24, Sec. 2; Ref. 2, Theorem 4.6; and Ref. 15, Theorem 3.1.4. This implies that T4 s is the unique self-adjoint extension with the required
properties and concludes the proof. O
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