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the statistics of point clouds sampled from Riemannian
submanifolds to the underlying geometry.
© 2020 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Integral invariants based on local principal component analysis have been introduced
in the literature, [1], [2,3], [4,5], [6,7], as theoretical tools to perform manifold learning
in computer graphics and geometry processing of low-dimensional submanifolds, like
curves in the plane and surfaces in space. This approach aims to provide a theoretical
link between the statistical covariance analysis of the underlying point-set of a domain
and the differential-geometric invariants at a point of the domain inside the manifold.
These local domains are usually defined by intersecting the submanifold with a ball in
the ambient space to cut out a point-set whose covariance matrix has an eigenvalue
decomposition that asymptotically expands with the scale of the ball. The relevance
of this analysis lies in the fact that the local eigenvalue decomposition series encode
information on the dimension, tangent and normal spaces and, hopefully, the curvature
information of the submanifold at the center of the ball.

The integral invariant viewpoint has been developed theoretically and numerically
especially in [8], [9], [4,5], [10], [6], [11], in order to process discrete samples of points to
determine features and detect shapes at scale, or study descriptor stability with respect
to noise [12], [13,14]. Voronoi-based covariance matrices have been also been of interest
[15,16]. The discretization and numerical analysis to apply this approach to point clouds
is a complementary development to the analytical establishment of this type of corre-
spondences, e.g., see [17,18], [19,20] or [21]. The eigenvalue decomposition of covariance
matrices of spherical intersection domains was introduced by [22,23] and [24,25] in order
to obtain local adaptive Galerkin bases for the invariant manifold of large-dimensional
dynamical systems. However those studies did not develop the second order structure
of the local eigenvalue asymptotic series to relate covariance analysis to curvature. The
present work precisely accomplishes that goal. We have shown, [26], that for regular
curves in R™ the Frenet-Serret frame is recovered in the scale limit, and ratios of the
covariance matrix eigenvalues provide descriptors at scale of the generalized curvatures.
In the present work, first introduced in [27], we generalize to embedded Riemannian
manifolds of general codimension our previous study of local eigenvalue decomposition
for hypersurfaces [28], that followed the theoretical study of surfaces in [13]. We shall in-
troduce a generalization to arbitrary codimension of the classical third fundamental form
in order to encapsulate all the curvature information hidden in the local eigenvalues at
second order. Our main results show how the eigenvalue decomposition of the covariance
of cylindrical and spherical intersection domains has an asymptotic expansion with scale
given in terms of the dimension, and the extrinsic and intrinsic curvature, as encoded in
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the traces of the third fundamental form. When the eigenvalues are different the limit
eigenvectors are also shown to converge to a frame of generalized principal directions
from these tensors.

The structure of the paper is as follows: in section 2 we define the integral invari-
ants in the context of general Riemannian submanifolds, along with the two types of
kernel domains on which we will perform the local eigenvalue decomposition (EVD) in
the Euclidean case. In section 3, the study of the geometry of submanifolds via the
second fundamental form is briefly reviewed and the little known third fundamental
form is generalized to submanifolds of general codimension. In section 4 we compute the
volume, barycenter and covariance matrix of a cylindrical domain inside an embedded
submanifold. In particular, we show that the scaling of the eigenvalues of the covariance
matrix singles out the tangent and normal spaces of the manifold at the point by the
span of the corresponding limit eigenvectors, and how the next-to-leading order term
in the asymptotic series of the eigenvalues is determined by those of traces of the third
fundamental form. In particular this gives a closed formula for the integrals appearing in
the eigenvalue expansions of [24,25]. In section 5 an analogous analysis is carried out for
the domain determined by the intersection of a ball in ambient space with the manifold,
which introduces considerable correction terms with respect to the previous case. This
leads to an eigenvalue decomposition of the covariance matrix with tangent part given
in terms of the Weingarten operator corresponding to the mean curvature normal vec-
tor; the normal part coincides with the cylindrical case. Finally, in section 6 we obtain
the limit ratios of the eigenvalues in terms of this curvature information, and invert the
asymptotic series to get descriptors at scale for the case of hypersurfaces. The cylindrical
descriptors complement the spherical ones of [28] due to better error bounds.

These results show how local eigenvalue decomposition can be carried out on an
embedded Riemannian submanifold to probe its local geometry. It establishes the most
general relationship between the statistical covariance analysis of the underlying point-
set of the manifold and the classical differential-geometric curvature tensors, furnishing
a conceptual dictionary between covariance eigenvalues and eigenvectors and generalized
principal curvatures and principal directions. Potential applications to manifold learning,
optimization and geometry processing are promising, e.g. by providing an algorithm to
characterize geometric descriptors at scale via this correspondence, cf. [28].

2. Integral invariants of Riemannian submanifolds

In our context, integral invariants are local integrals in ambient-space variables over
domains of an n-dimensional submanifold M C A determined by intersection with
spheres or cylinders sitting in /. Two such objects are the volume of the domain and
the point in the ambient manifold that represents the center of mass of the region. A
more interesting object is the covariance matrix obtained by integrating the relative
covariance of the degrees of freedom of the points in the domain, i.e., the products of
the coordinates of the points with respect to a chosen frame. In order to get a frame
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independent invariant, one takes the eigenvalue decomposition of the covariance matrix.
Since the kernel domains have a natural scale, e.g., the radius of the sphere, it is useful
to think of them as a matrix-valued function of scale at every point. Therefore, these
invariants correspond to eigenvalues and eigenvectors that can be interpreted respectively
as a set of scalar- and frame-valued functions of scale at every point. We define here these
general intersection domains in terms of the exponential map exp,, : T,N — N, ie., by
using the Riemann normal coordinates of N around p € M. Our computations however
will be performed in the Euclidean case, N = R™**_ but these definitions cover possible
future extensions to matrix manifolds, e.g., to relate this work to information geometry.
Here, r,, denotes the injectivity radius of NV, cf. [29].

Definition 2.1. The spherical component of radius € < rp, at a point p of a submanifold
M of a Riemannian manifold N is the domain given by:

Dy(e) = M {g € N : [lexp; (g)]] <= < ). 1)

In the Euclidean case this is just the set of points of M inside a Euclidean (n+ k)-ball
centered at p.

An element V in the Grassmannian Gr(m,n + k) is an m-dimensional linear subspace
of R"**, Fixing a point and m-dimensional ball inside V, the standard three dimensional
cylinder over the zy-plane can be generalized to an V-cylinder by taking all points in
the ambient space that project down onto the ball inside V.

Definition 2.2. The cylindrical component of radius ¢ < r;,, at a point p of a submanifold
M of a Riemannian manifold N over the m-plane V € Gr(m,n + k), upon a fixed
identification of T, = R"** is the V-cylinder intersection:

Cyl, (5, V) :=Mn{q €N : ||projy (exp, ' ()|l < & < rp}, (2)

where projy (+) is the orthogonal projection onto V as a linear subspace of T, N'. We shall
write Cyl,(¢) when V = T M is assumed.

In the Euclidean case this is the set of points of M whose projection to the linear space
V is inside the n-dimensional ball centered at p. For Riemannian manifolds embedded
in Euclidean space, M < N = R"** we have exp;l(q) = q — p as usual vectors, and
one recovers the common definition of local PCA invariants studied in the literature
(e.g., [13]). Thus, we shall compute the following objects for the domains above, D =
Dy () or Cyl,(e), asymptotically with the scale e:

Definition 2.3. Let the domain D C R™** be a subset such that the induced measure
dVol on D by restriction of the Euclidean volume form is well-defined, for example a
compact subset of a Riemannian submanifold, then the integral invariants of D are to
be defined as: the volume or mass
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V(D) =E[l- yp(X)] = / 1.dVol, (3)

the barycenter, or center of mass,

s(D) = EIX - xo(X)] = 7755 [ x avol (4)
D

and the eigenvalue decomposition {\,(D), eM(D)}Zi’f of the tensor or inertia, or covari-
ance matrix centered at ¢ € D, (where usually ¢ = s(D) is chosen):

Cy(D) =E[(X —q) & (X — q) - xp(X)] = / (X —q)@ (X — )T dVol, (5)

where the tensor product is to be understood as the outer product of the components
in a chosen basis. E represents taking the expectation value over all possible X in the
ambient space, and x p is the set-theoretic characteristic function of D (i.e., 1 if and only
if X € D, zero otherwise).

By an integral invariant descriptor F(D) of some geometric feature F' of a measurable
domain D, we mean any approximation of F' given in terms of V(D), s(D) and the
Zilf of Cy(D). Our domain D of will possess
a natural scale € determined by the size of the ball or cylinder that defines it, we shall

talk about descriptors at scale, cf. [28].

eigenvalue decomposition {\,(D), e, (D)

Our purpose is to establish the most general correspondence between the local eigen-
value decomposition, in this covariance analysis sense, and differential-geometric curva-
ture. In particular this dictionary is very well represented by the asymptotic relationship
of Corollary 6.1, which generalizes to any Riemannian submanifold the formula for curves
[26] and hypersurfaces [28]. Thus, this work shall confirm the universality of the idea
that ratios of local eigenvalues are proportional to curvature information, a potentially
promising approach for manifold learning and geometry processing. We encourage the
reader to check the detailed toy example of section 3 of [28], and section 5 of that paper
for an introduction to the type of steps needed in the proofs of this type of integrals,
which are of the same essence but more involved in the present paper.

3. Third fundamental form of a Riemannian submanifold

For a complete analysis of the geometry of Riemannian submanifolds see [29], [30],
[31], [32]. Let (M, g) be an n-dimensional manifold isometrically embedded in an (n+k)-
dimensional Riemannian manifold (N,g), and let V,V be the respective Levi-Civita
connections. We shall write g(-,-) = (-, -), classically called the first fundamental form
of M in N. Then, at any point p € M and for any vector y € T, M, and vector field
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X € I'(T M), the metric connection of M is the projection of the metric connection of
N:VyX = (VyX)", where ()" : T,N — T, M is the projection to the tangent space.
The second fundamental form II of M in N is defined to be the normal projection of the
ambient covariant derivative when acting on vectors fields tangent to M, i.e., denoting
(+)*:T,N — N,M for the normal space projection,

I(z,y) = (Vy,X)5, ie, VyX=V,X+II(z,y), (6)

for all ¢,y € T, M, and X € I'(T'M) such that X |, = . It is a symmetric bilinear form
on the tangent space at every point taking values in the normal space, Il : T, MQT, M —
N, M. Fixing a normal vector n € N, M, the scalar-valued bilinear form (II(x,y), n)
has a corresponding self-adjoint map S’n € End(T, M), called the Weingarten map at n,
such that:

(I(z,y), n) = (Spz, y) = (z, Sny). (7)

Fixing orthonormal bases {e,}};_; of T, M, and {n; }?:1 of NpyM, the components of
the second fundamental form at point p are:

k k
I(e,,e.) ZII e, e,)n Z (Il(e,,e,), Z S eu e )mn;.  (8)
Jj=1

Jj=1

The geometric meaning of II lies in the fact that the Weingarten map measures the
tangential rate of change of normal vectors to M when moving in tangent directions,
cf. [29, Eq. 11.2.4], S,z = —(VzN)T, for any N € I'(NM) such that N|, = n. From
this, [31, Ch. 4, Cor. 9, 10], II(z, ) is to be interpreted as the curve acceleration in N
of a geodesic inside M at p with tangent velocity x. Therefore, IT naturally measures
the extrinsic curvature of the embedding since it represents the forced curving of the
straightest lines inside M due to the bending of M itself inside N.

The inverse function theorem and [30, Ch. VII, Ex. 3.3] establish the following lemma
of fundamental importance for the computations of the present work.

Lemma 3.1. Let M be an n-dimensional submanifold of an (n+ k)-dimensional Rieman-
nian manifold (N, g), with the induced metric g|p. For any point p € M and orthonor-
mal basis {e#}ﬁ:1 of TpyM, it is possible to choose normal coordinates (yh,...,y"tH)
in N such that the coordinate tangent vectors at the origin Y*,.... Y™ coincide with
{eu}yiz1, and Y Y™ are an orthonormal basis {n;}s_, of NyM. Moreover,
M is locally given by a graph manifold y* = z*,... y" = 2" y"t! = fi(x),...,y"TF =
f¥(x), such that the components of the second fundamental form at p can be expressed
as:

k 2 i
(e =3 |5 O] i )
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The invariance of the trace of IT for any orthonormal tangent frame {e,}};_; leads to
the definition of the mean curvature vector:

n k n
H = Z II(e,, e,) = ZHjnj, where H’ = ZIIj(eweu). (10)
p=1 j=1

p=1

The study of the intrinsic geometry of (M, g) depends only on the metric and is given
in terms of the Riemann curvature tensor: R(x,y)z = (V4 Vy—Vy, V=V |5 1) Z, for any
x,y,z € Ty,M and Z € I'(T'M) such that Z|, = z. This fundamental tensor equivalently
measures the integrability of parallel transport, geodesic deviation and/l\ocal flatness. Its
traces yield the Ricci tensor Ric(x,y) = ZzzlA(R(eu,w)y7 e,) = (R, y), and the
scalar curvature, R = 3 Ric(ey,e,). Here, R € End(T,M) is the Ricci operator
associated to the Ricci tensor with respect to the metric.

The previous lemma and Gaufli Theorema Egregium below establish an expression
of the intrinsic curvature as particular combination of products of the local Hessians
through the second fundamental form, which along with equation (9) yields a local
expression for the Riemann curvature tensor in terms of the local Hessian matrices.

Theorem 3.2 (Gaufl equation). The Riemann curvature tensor of a submanifold M is
related to the curvature R of the ambient manifold N via

(R(z,y)z, w) = (R(z,y)z, w) + (Il(z, w), Iy, 2)) — (IL(z, 2), I(y,w)) (11)
forallz,y,z,w € T,M.

In classical differential geometry, [32, vol. 3|, [33], the third fundamental form is a
natural object to consider after the first fundamental form, I(z,y) = (x,y), and the
second fundamental form Il(x,y) = (S x,y), so it is defined for hypersurfaces, e.g. in
[34], as

l(z,y) = (Sz, Sy) = <§2w,y>~

However, it does not provide new information since it is completely determined by Gaufl
equation, [30, vol. 2, prop. 5.2], so inside ambient Euclidean space it is:

(3'233, y) = H(g'a:, y) — Ric(x,y), (12)

or, in terms of the Ricci operator, 3’2 = HS — R. For a manifold M of higher codimen-
sion k, there are k linearly independent normal vectors at every point and, as mentioned
before, the generalized second fundamental form takes values in the normal bundle pre-
cisely to reflect this structure in terms of the corresponding Weingarten operators at
every normal vector. Therefore, the natural generalization of (.‘AS x, S y ) to this context
is
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Definition 3.3. The third fundamental form of a Riemannian submanifold M C A is the
fourth-rank tensor III € (7, M*)? ® N, M* @ N, M, given at every point p € M by

(IIL(z,y)n, m) = (Smx, Sny), (13)
for any x,y € T, M, and n,m € N, M.

At any specific point, and because the Weingarten maps are self-adjoint, the linear
operator III(x,y) € End(N,M) is written as the following linear combination, when a
particular orthonormal basis {n; }z‘le of the normal space is fixed and 7 = g(-,n;) is
the dual basis:

k
I1I(x,y) Z Y ' @mn;. (14)

This is due to the linearity of the map n s S, : NpM — End(TpM); if =3, nin;
then

~

k
<Sn Zz, y> = <II($7y)7 ’I’l> = an<II(.’13,y), nj> = < an‘/s\’j T, y>7

for all z,y € T, M.
Let us define the tangent trace of a tensor A € (T,M*)* @ NyM* ® N,M as the
operator sum of the evaluations at an orthonormal basis {e,}};_; of T, M:

tr|A = Z A(e,,e,) € End(N,M); (15)

p=1
and let the normal trace of such a tensor be the bilinear form

k
tri A=Y (III(-, ) n;, n;) € (T,M")?, (16)

Jj=1

for any orthonormal basis {n, }le of N, M. These tensors are well-defined since these
sums can be easily shown to be independent of the orthonormal basis chosen.

Lemma 3.4. At any point p € M, for any x,y € T, M, and n,m € N,M, the normal
trace of the third fundamental form is

k
trLIII(w,y):Z<§j z,y)=((SH—-R+R)z, y), (17)
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where R and R are the Ricci operators of/\/l and N respectively. In particular, the sum
of squares of the Weingarten operators SJ, for an orthonormal basis {n; }J 1 of NyM,

1s independent of the basis. The tangent trace of the third fundamental form is a linear
operator on N, M whose components with respect to the metric are the Frobenius inner
products of the corresponding Weingarten operators:

( (trIID) m, m) = tr (SpSym). (18)
The total trace is
trITT = tr tr I = |[H|* - R + R. (19)

Proof. The normal trace bilinear form has components

k n
=33 (5jen. €,)(8)ea, €)

j=la=1

M»

tr TTI( eu,ey

k
Zi: I (ea, )l (eq, €,) Zn: II(eq,e,), Il(eq,e,)), (20)

that using Gaufl equation lead to the corresponding linear operator with respect to the

metric:

n

tr I1I(e,, e,) Z (Il(eq, €eq), I1(e,,e,) ) + Z(E(ea,eu)em eq)

a=1
— Z(R(ea,ey)eu, ey )
a=1

= (Il(e,,e,), H) + Ric(e,, e,) — Ric(e,, e,)
= (.g'He,L, e, )+ (ﬁe#, e,)— (’f?,eu, e, ).

This is the generalization of the operator of the classical third fundamental form, equation
(12). The tangent trace is trivial by definition of trace of a linear operator with respect
to the metric and the self-adjointness of the Weingarten operators:

((trIII) n, m) = Z<‘§m‘§" €y, e,)= (gm,gn)p.

p=1

In a fixed orthonormal basis this tensor is the linear combination

n k
tI“HIIIZ Z Z<§l§] 6N76H>T]i®’n]‘: Z tI‘(§ ‘/5\']) ni®nj,

i, j=1p=1 i,j=1
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whose components can be expressed in terms of the second fundamental form as

n

r (S, 3’ Z (S, €., ey (S’j ey, e,) = Z Il (e,, e,)l (e, e,). (21)

p, v=1

Taking the total trace of III is analogous to the complete contraction of the Riemann
curvature tensor indices to obtain the scalar curvature:

n

~ J—

I = trtr, L= Y ((Sg—R+Reu e,) =trSy—trR+ R

p=1
= tr I(e,e,) = > [[TI(eq, e5)]?, (22)
u=1 a, B

where tr S = ZZ:1<II(eu, e,), H) = | H|? and the traces of the Ricci operators are

by definition the scalar curvatures. 0O

The asymmetry of the components of the third fundamental form operator III(x, y)
encodes the curvature information of the connection defined on the normal bundle N M
by (VzIN)*, for any & € T,M, N € T'(NM), where an analog to Gauf} equation holds,
so we can write [29, Ex. I1.11] as

Lemma 3.5 (Ricci equation). The Riemann curvature of the induced normal connection,
R, satisfies:

(R, (xz,y)n,m) = (R(x,y)n,m) + (Ill(x,y)n,m) — (III(z,y)m,n), (23)
forall z,y € T,M, and n,m € N,M, at any point p € M.

Equations (20) and (21) will be recognized inside the elements of the tangent and
normal matrix blocks in our covariance matrices to express its eigenvalues in terms of
the third fundamental form.

4. Cylindrical covariance analysis

In this section we compute the integral invariants of the cylindrical domain around
a point on an n-dimensional submanifold M of R"** (i.e., R = 0). This serves as a
warm-up exercise for the more involved spherical computations, whereas at the same
time it provides descriptors with better error bounds (cf. sec. 6), and the normal block
calculations here are valid in both cases. When the cylinder is not normal to the manifold
at the point, we can only establish the leading order terms, but that is sufficient in the
generic case to be able to detect the tangent space of the manifold by the scaling behavior
of the eigenvalues of the covariance matrix. Once the cylinder is fixed to be normal to this
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tangent space, the local EVD can be computed to next-to-leading order in scale to see
how it encodes the geometric information of III. We shall solve the normal eigenvalue
integrals in [25], which requires to compute the covariance matrix with respect to p
instead of the barycenter.

We shall always work in a neighborhood U C R™** of p € M, sufficiently small so
that U N.M is given by a graph representation X = [z',..., 2", f}(x),..., f*(x)]" over
its tangent space, i.e., O represents p, x = [z!,...,2"]T € T, M, and V f7(0) = 0, so that
the manifold is approximated at p by its osculating paraboloid, [32, vol. 3, p. 42]. The
following local expressions of the metric and induced volume element for graph manifolds

are an easy exercise in these coordinates.

Lemma 4.1. The first fundamental form components of a graph manifold M C R"F,
parametrized by X = [z1,... 2", fi(z),..., fF(x)]T € T,M & NyM 2Rk qre:

OX 0X, o NS Of 0P
oxr’ Oxn! T Ot Oxv”

j=1

Gpr(®) = (

(24)

Thus, the induced measure on M is given by the volume element (cf. [32, vol. 1, pp.
911-312)):

2

dVol = \/detg(z)d"z = | 1+ = ZZ zn:( fjg;ﬁ )xﬂ +0(%) | d"x.

(25)

Proof. Equation (24) follows from the definition of tangent space of a graph. Equation
(25) is immediate from equation (24) by usual expansion of a determinant of the form
det[I + H] in terms of 1 + ¢rH + ..., which then yields the leading order contribution
in 27 after Taylor-expanding the functions f7(x). O

In the rest of this paper we shall abbreviate second derivatives at the origin by

. _ 92 fi
J_
Kag = Kga '= 3553 (0),
motivated by the notation of hypersurface principal curvatures, which are the eigenvalues
of the local Hessian. We can now compute the Taylor expansion of the integral invari-
ants in the chosen coordinates, and then relate the terms to the curvature differential
invariants which are always combinations of second derivatives.

Theorem 4.2. The n-dimensional volume of the cylindrical component for a generic V €
Gr(n,n + k), such that V- N T, M = {0}, is to leading order the volume of the ellipsoid
of intersection between the V-cylinder and T, M:
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V(CyL (e, V) = V(1) H 0+ O™, (26)

p=1
where £, are the principal semi-axes of the ellipsoid. When V =T, M, the volume is

2

V(Cyl (c)) = Va(e) {1 + m tr ITI + O(e?) (27)

where tr IIL = ||H||> — R, and V,,() is the volume of the n-dimensional ball of radius e
(cf. Appendiz).

Proof. To compute the leading term of V' (Cyl, (e, V)) we can approximate M near p by
its tangent space, such that, fixing local coordinates with a basis for T, M & N, M, a
point is specified by X = [z, 0], with € T,M, 0 € N, M. Since V- NT,M = {0}, we
have T, M@®V+ = R"™* and of course V& V- = R"™*. Let {e, }""_, be an orthonormal
basis of T, M, and {uq }7_; U{v; };?:1 an orthonormal basis of V@V, then the elements
of the former are a linear combination of the latter, so there are matrices A, B such that:

n k
— a J .
e, = E Ajua + E Blv;.
a=1 j=1

We need to find the region [[projy (X)|| < ¢, and since X =} a"e, when X € T, M,
the projection is

n n n
projy (X) = Z(X, Uy ) Uy = Z Zm”Afjua,
a=1 a=1 pu=1
hence, the domain of integration in @ in this approximation is

n

n 2
Iprojy (X)II* =) (Z m“A;j) <e
p=1

a=1
This is a quadratic equation that can be written as
n

> A

a=1

o’ =al[A- Az =y" -y =|ly|* <<,

n
>
ps v

where y = ATx. The matrix [A-AT] is positive definite since it is clearly nonnegative from
the last equation, and if € ker AT for nonzero @, then projy(X) = 0, thus X € V+,
which contradicts X € T, M under our assumption V+ N T, M = {0}. Therefore, the
cylindrical domain is an n-dimensional ellipsoid in the tangent space at p, whose volume
is given in terms of its principal semi-axes £,;:
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7.(.n/2 .
V(Cyl,(e,V)) = ETD H £, + O,
2 n=1

When V = T, M, the local graph approximation of M over T, M yields
projr, pm(X) = [Iprojg, p([@, f1 (@), ... fE(@)])] = |zl <e,
thus, we are integrating \/det g(x) in equation (25) over the ball BZ(]n)(E) C TpM, which

can be computed in spherical coordinates using the integrals in the appendix, as it will
be done from here onwards in the rest of the paper:

. 2
vy = [ ds [it |1 ZZ prm L0 | dp
sn—1 0 i=1 a=1 =
gnt2 k. n 5 4
= _ TPz n
Va(e) + T D) lelz,%aﬁfsw / 7ZTdS + O(e")
=1 a= Sn_l

Here the spherical integral is only nonzero when 5 = -, and the sums of the last equality
are the component expression of equation (19). O

Proposition 4.3. The barycenter of the cylindrical component, for V as in the previous
theorem, is

s(Cyl,(e,V)) = 0+ O(e?). (28)

In the case V =T, M, the barycenter is:

62

ST D) HI" +0(h). (29)

s(Cyl,(e)) = [0,

Proof. For generic V, approximating the manifold again by its tangent space, X =
[£,0 + O(e?)]T, the normal component does not contribute until order two and the
tangent component also vanishes at order 1 in e. When V = T, M, we saw that the
integration domain reduces to a ball. The integrals of the tangent components z* weighed
by v/det g are of order O(¢"**), since the first terms in the expansion have odd powers
in the coordinates. Abbreviating V' = V(Cyl,(¢)) and s = s(Cyl,(¢)), cf. equation (4),
the normal components integrate to leading order as:
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V-[s) = /dS/f] Vdet gp"tdp

/ dS/ ‘ pQ:EO‘:rB+O(x3) dp
:1
02 €n+2

7 n+4
ST 9) H)+0("™).

n+2 n
_ a8 n+4y _
)] E /{ /x:vdS—l—O(e )=
Sn—1

Dividing by V cancels Coe™ = V,,(¢) to leading order. O

In order to study the eigenvalue decomposition of the covariance matrix we need to
establish how to determine the limit eigenvectors and the first two terms of the series
expansion of the eigenvalues, so that computing the integrals in an arbitrary orthonormal
basis produces blocks identifiable in terms of the coordinate expressions of the second
and third fundamental forms in that basis.

Lemma 4.4. Let C(e) be an (n+ k) x (n+ k) real symmetric matriz depending on a real
parameter € with convergent series expansion in a neighborhood of 0 such that:

Cle) =& (—’—“Id" 0) b et (A B) +O(),
Ok xn | Okxk Bixn [Trxk
where a # 0, and the blocks A,B,T are not completely zero. Let [V]1,[V]L denote the
first n and last k components of a vector in R"**. If C(e) has no repeated eigenvalues the
series of eigenvectors of C(g) form a unique orthonormal basis of R"* that converges
for e = 0. The first n eigenvalues are A, () = ag + A, Wes 4 O(g%), where )\ffl) and the
corresponding limit eigenvectors {VLO)}Zzl satisfy the eigenvalue decomposition of A:

()‘/(jl) Idn*A) [V/(LO)]T = Opx1, [VI(I,O)}L = Ox1-

The last k eigenvalues are \;(e) = )\(»4)64+O(€5), where )\(4) and the corresponding limit

(0)}n+k

etgenvectors {V 1 satisfy the eigenvalue decomposition of I':

A1, D) [Vl =00x1, V)7 = 0nsa

Therefore, the fourth-order term of the eigenvalues is given by the eigenvalues of the
blocks A and T', with the respective eigenvectors as the limit eigenvectors of C(g) for
e —0.

Proof. The eigenvalue decomposition C(e)V(e) = A(e)V (e) can be written as a con-
vergent series expansion in ¢ within a neighborhood of 0 for all Hermitian matrices of
converging power series elements [35]:
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Id, |0 A,xn|B
(< (#) o (B X r) FOE) ] VO + Ve vO2 L] =
kxn |Vkxk kxn kxk

= (AWel p A@2 L NGO L AWt 1 VO v L v@e2

The zero matrix C(0) is the limit when ¢ — 0, with A(0) = A\ = 0 as a totally
degenerate eigenvalue of multiplicity (n+k). By [35, ch. I, Th. 1], for £ > 0, this eigenvalue
branches out into (n+k) eigenvalues \;(¢) with (n+k) orthonormal eigenvectors V';(¢), all
convergent in a neighborhood of 0. Thus, if C'(¢) has no repeated eigenvalues, the vectors
VZ(.O) = lim._,0 V;(¢) form an orthonormal basis of R"** that is uniquely determined by
the perturbation matrix.

The eigenvalue difference between C'(g) and its full diagonalization is bounded by the

matrix norm difference between them, which implies A1) = \®) = 0, and also )‘52) = a,
fori=1,...,n, and )\Ez) =0,fori=n+1,...,n+k, since C(e) is already diagonal up
to that order. One can obtain the relations satisfied by A(*) and v equating order by

2 . .
order. At second order, /\E ) — 4 is nonzero for i = 1,...,n, hence

(D Ok ) g, gy o (S Dk ) po)
Ok xn |Orxk ! ! Ok xn |—aldg !

implies that [VELO)] 1 = 0gx1, for the limit of the first n eigenvectors. At fourth order we

A B, Id, |0,
AD 1d g - (BZX" Fk*:)wﬁ“ = (Jﬁo - Ok*:) = A 1due ] VI,
Xn X Xn X

which in the present case, i = 1,...,n, makes the right-hand side become 0 for the first
n rows. On the other hand, [VZ(»O)]L = O x1 makes B not contribute in the left-hand side,
hence the first n rows lead to the equation:

have

AP 1d, = A) [VIO) = 001

When ¢ = n+1,...,n+k, an analogous argument using /\52) =0, leads to [VEO)]T = Opx1,
and in turn to:

A 1d, —T) VO], = 041
Since the limit eigenvectors are an orthonormal basis they cannot be zero and, therefore,
the previous equations establish )‘1(4) and the nonzero components of [VZ(»O)] as the eigen-

value decomposition of A and I', which always has a solution due to being symmetric
matrices. O

The previous lemma is a fundamental step to establish the main theorem of this and
the next section.
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Theorem 4.5. For V € Gr(n,n + k) such that V- N T,M = {0}, i.e. for non-normal
transversality, and when V(Cyl,(e,V)) is finite, its covariance matriz centered at p,
Cp(Cyl,(g,V)), has as limit eigenvectors spanning T, M those corresponding to the first
n eigenvalues, which scale as €2. The other k eigenvalues scale at higher order and have
limit eigenvectors that span NpM:

2 n
_ & n+3 _
Au(Cyly(e, V) = — — 50 Va(1) a|:|1£a + O, p=1,....n, (30)
Ai(Cyl,(e, V) =0+ O("+?), j=n+1,...,n+k (31)

where {,, are the principal lengths of the ellipsoid in 4.2. When V = T, M, let \[]
denote taking the l-th eigenvalue of a linear operator at p, or of its associated bilinear
form with respect to the metric. Then the eigenvalues of the covariance matriz of the
cylindrical component are:

Au(Cyl,(e)) = Va(e) LE; + O ;;(n+4> (tr IIT + 2\, [ tr  TIT]) + 0(56)] (32)
4
)\j(Cylp(e)) = Vn<5) {m/\‘][ﬂ ® H + 2tI"HIII] + 0(86):| (33)

forally =1,....n, and j = n+1,...,n + k. Moreover, the corresponding first n
eigenvectors converge to the principal directions of the operator tr \ III = S — R, and
the last k eigenvectors to those of H @ H + 2tr | I1L

Proof. For generic V the manifold is again approximated by its tangent space as X =
[x,0], which produces no contribution to the normal block at leading order O("*2).
Choosing the tangent orthonormal basis to be aligned with the principal axis of the
ellipsoid, and changing variables so that z# = y*{,, the tangent block becomes an
integration over an n-dimensional ball:

G = [ eeea= [y []
aT A ATp<e? Y, y2<1 o=t
€n+2 n
_ n+3
= G5 lul Va(1) I te+0("").
a=1
Thus, the covariance matrix leading term is proportional to diag(¢%,...,¢2,0,...,0),

which has limit eigenvectors corresponding to the first n eigenvalues spanning 7, M, and

the other k eigenvectors spanning N, M, by a straightforward extension to Lemma 4.4 at

order €2. For V = T, M, we shall compute the integrals of the matrix blocks [zHa" ] et

and [f*f7] f j=1, 50 the next-to-leading order elements of those blocks will suffice to obtain
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the eigenvalues and limit eigenvectors by the results of the previous lemma. The tangent
block is:

[Cp(Cyl,(e)]" = ata¥/det g(x) d"x

B™)(¢)
y 1 kK n 2
= / dS/p"Hf“f” 1+ 22 Zm ﬁpx +0(2*) | dp
§n—1 0 i=1 a=1 =
€n+2 n+4 k n
- / FTAS + 5 Kb gk / T'TTTVdS + O(e"T),
S§n—1 =1 a,B,y Ssn—1

and the last integral is only nonzero for the following combination of indices using the
notation explained in the appendix:

/ FEFT S = Ca(1w ) + Cas [ /TVB MV /M/Bv ] (34)
Sn—l

This simplifies the sums using the relationship between Cj4,Cos and Cs, and writing
(1 —6,.) to enforce pu # v in the last two terms of Cao:

5/WC’2€H+2
n—+2

Coemtt & " n
+mz 80 S (k)2 4 O S (k)2 4 21— 0,) S L

i=1 a=1 a, B a=1
B#u
g2 Vo(e)e
= V 5 v n v 2 n+6 .
<E)n+2 " +2(n+2 n+4) O ;Zﬂ 0‘5 ‘4 ;;“au av O(e )

Using equation (9), the component expression of equations (20) and (22) identify this
block matrix at order O(e"™*) as the matrix elements of the operator [(tr | tr ( III)Id,, +
2tr ) IT1] in our chosen orthonormal basis, whose eigenvalues are then by Lemma 4.4 the
next-to-leading order contribution to the first n eigenvalues of Cp(Cyl,(¢)), and whose
eigenvectors are the limit eigenvectors of Cy,(Cyl,(¢)).

We perform now the integration of the normal block, which truncated to leading order
is [po o) fi(x) f!(x)d"x, therefore:

n+3 n
[Cp(Cyl, (e ) = / dS/ deZHaBH STOTPTT + O ),

S§n—1 a,B 7,0
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where the angular integral is only nonzero in the same cases as in equation (34) above,
but with the indices relabeled accordingly. This again simplifies every summation by
matching the combination of indices and using the relations among the constants:

; €n+4
[CP(Cylp(s))] I = 4(n T 4) Cy Z ﬂaa aa + C22 ; Haa ’y’Y +2 Zﬁ Hoz/j’ﬁ(xﬁ
aFy a#pB
+ O(€n+6),

in which the first sum precisely completes the elements missing from the other two, which
written in terms of the components of the second fundamental form yields:

Vale)e l - . |
= 4(n+2—n+4 <Z II eomeoz ) <; IIJ(€7,67)> + QZII (ea,eB)HJ(ea,eB)

o,
+ O™,

In this last expression we clearly identify the components in our orthonormal normal basis
of [H ® H]", and those of 2tr | II1, using the definition of H and equation (21). O

We shall see below that the spherical covariance matrix has the same normal eigenval-
ues, to leading order, as the cylindrical case above. In [24,25] these were expressed as an
average of the squares of the curvatures of curves inside the manifold M. Therefore, our
previous computation provides an explicit formula for this interpretation of the normal
eigenvalues.

Corollary 4.6. Let M be an n-dimensional submanifold of Euclidean space R™**, then
the first generalized curvatures k(vy,x,m;) of curves v C M passing through p with
tangent vector x and principal normal vectors any of the eigenvectors n;, j =1,... Kk,
of [H ® H + 2tr | II1], integrate to:

etV (e)

I€2(’)’, T, nJ) d"xz = m

N[H ® H + 2tr | I1L]. (35)

B (¢)
In particular:
k

Z K2 (v, ,mj) d"x =

jle(n)(S)

B H” - 2R _
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5. Spherical covariance analysis

The difference between the cylindrical and spherical intersection domains for a graph
manifold lies in the irregular projection onto the tangent space: by definition the cylinder
is the extension in the normal directions of the ball B,g")(s) C T, M, so the points of
the graph manifold satisfy |[proj,, ([, Ff(@)])|| = ||z|| < &, and thus the integration
region is a perfect ball. However, in the spherical case the domain of integration is
||| + || f(x)||?> < €2, which is nontrivial and in general cannot be parametrized exactly.
One can straightforwardly apply the same procedure as done originally in [13] and [28]
to find the leading order corrections to the ball domain in the tangent space coordinates.

Lemma 5.1. For € > 0 small enough so that M is a graph manifold over T, M, using
cylindrical coordinates, the radial parametric equation of a point X = [pz',...,pT",

FHT), ..., fR(pm)]T in ODy(e) = M NS)(e) is

r(Z) = p(T1,...,Tp) =€ — %@)253 + O(e"), (37)

where T € St C Ty M, and

K(®)? = |1I(Z,Z)|? = ZZZ K BH s TTP T T (38)

i=1 a,8 7,0

is the square of the ambient space acceleration of a geodesic curve of M with tangent
vector T at p (cf. [31, ch. 4, Cor. 10]).

This allows us to perform the same type of integrals over the radial coordinate as
before but over an irregular tangent domain in order to obtain explicitly the higher-order
contributions to the tangent eigenvalues, as studied to leading order in [23], [24,25].

Proposition 5.2. The n-dimensional volume of the spherical component is

2

€ 2
St (2tr IIT — | H|*) + O(*) | . (39)

V(Dy(e) = Vale) |1+

Proof. In contrast to the proof of the cylindrical domain, the radial integration intro-
duces new angular corrections due to r():

()
VD) = [ ds [ ot detglm) do

Il
—

()" r(@)"t? n+3
Td8+ mz Z Haﬂna'yx SC’de+O( )
Sn—1 Sn—1 =1 o,B,y
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the second integral is the same to leading order as in the cylindrical case, hence

gn K(@)? , 3 V() €2
= dS— |1—-—n——=— ————trIII nt3
/ n{ n—g e“ 4+ 0(e?) +2(n+2)r +0(E")
Sn—1
n k n n ) ) v (E) 62
= Z D Kkl / TTPTT dS + htr ITI + O(e" ),
R R} n+D

where the integral is only nonzero as in equation (34), thus

Cp en+2 " noo no
=Vnle) - 8(n+2) Z 3 (Kia)? + D Kaatity +2 ) (Kp)?
o=t oy b
Vo(e)e?
o _trIIT 3
2n+2) rIIT+ O(e"™)

Collecting terms and using the first summation in the braces to complete the other two
double sums, we can recognize a term as (), Il(eq, eqs), > Il(ey, e,)) = |H|?, and
the another term as trIII. O

Remark 5.3. Notice that it is not known the dependence of the error generated by the
irregular radius r(Z), O(e"™3) in the previous proof, and whether it cancels at that order
upon spherical integration, so the spherical component invariants may have error terms
at lower order than the cylindrical ones.

Proposition 5.4. The barycenter of the spherical component is to leading order the same
as for the cylindrical component:

2

ST D) H 1" + 0. (40)

s(Dy(e)) = [0,

Proof. The new contributions from (%) to the cylindrical computations are at least of
the same order as the overall error, O(g?), so they can be neglected. O

The covariance integral invariants for the spherical domain were obtained for hyper-
surfaces in [28] by performing the computations in the basis of principal and normal direc-
tions. In arbitrary codimension, the different osculating paraboloids of fi(x),i = 1,...,k,
cannot be diagonalized simultaneously to a common basis in general. The amount of
terms and simplifications needed in this general case is of much higher complexity than
for hypersurfaces but, nevertheless, an analogous result for the eigenvalue decomposition
obtains.



J. Alvarez-Vizoso et al. / Linear Algebra and its Applications 604 (2020) 21-51 41

Theorem 5.5. Let \;[] denote taking the I-th eigenvalue of a linear operator at p, or of its
associated bilinear form with respect to the metric. Then the eigenvalues of the spherical
component covariance matriz, Cs(Dp(€)), with respect to s(Dy(e)) are:

g2 e ~
Au(Dy(e)) = Vi(e) [n R oo yomgry 2t IIL— |[H|> =4\, [SH]) + 0(55)}
(41)
X (Dy(e)) = Vale) [m Al T = —— H & H] + 0(66)] (42)

forall w = 1,....n, and j = n+ 1,...,n + k. Moreover, the corresponding first n
eigenvectors converge to the principal (tangent) directions of the Weingarten operator at
H, and the last k eigenvectors to those of [tr TIT — n+-2H ® H] in the normal space.

Proof. From Lemma 4.4 again, only the tangent and normal blocks need to be computed.
Now, however, the covariance matrix is taken with respect to the barycenter, so there is
an extra matrix contribution from the tensor product,

Cs(Dp(e)) = / X ® X dVol — / X ® s dVol,
Dy(e) Dy (e)

because the other two products cancel each other upon integration. From the proof of
the barycenter formula, this integral is to leading order:

O(5n+8)n><n| ( n+6)’ﬂ k )

O(6n+6)k><n (n(+)2)2H & H

/ X ®sdVol=V(D,(e))s®s = (
Dp(e)
There is no difference in the normal block computations of this covariance matrix and

the cylindrical case proved before, since the corrections coming from r(Z) are O(e" ).
Thus, subtracting the barycenter contribution:

Vo(e)et Vo (e)et
T2y (& H 20 1) — o H o H
B Vo (e)et 1

For the tangent block, the number of correction terms due to the spherical domain
irregularities in the coordinate boundary makes a substantial contribution at O(g"*4)
compared to the cylindrical case:

(@) k n
[C(Dp(e))]™ / / T % Z Z Z Khp pT? | +0®) | dp
A =1 a=1

Sn—1
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€n+2 B _VK(E)2€2
= 8, C2 — (n+2) / T'T TdS +0(?)
Snfl
= Z Z KL gkl T TPTdS + O(e"HP)
2(n+ 4 aftay
i=1 a8,y sn—1
Vn(€)2 gntt S i n+4 o i
=ow oy Yo D | 22 FastenCluwsm = == D D FaghsCluvaprs)
i=1 | a,B,y a,B 7,6
+0(e"?),

where we have made use of equation (38), and written C(,4...) for the integral over
S™=1 of the monomial product Z°Z” ..., (notice here the indices are not exponents
but contravariant coordinate components). The first summation simplifies again with
equation (34) to yield the cylindrical tangent block, but the other set of sums comprises
the 31 spherical integrals of all possible monomials of degree six:

Cluvapys) = / T T T T T AS = Co(pwapyo) +
Sn—1

+C24[ uvm uvag 5) + ul/a575 uva375 w'f&Bv'éH(ﬁ@B%H
(uvaﬁv5 /W_B”{é MMH(W%W ul/aﬁﬁ Wflf}ﬁ?)‘i‘(;ﬂ/‘o‘é@éﬂ‘
uvaﬁvé WL(F }

+0222[ HVC%%[ V@YH uw@l uﬂvﬁé uvaﬁw (;&a@SH

(@%H(u }+ uva573 (uva ]5 E]} uvagfyg) (lﬁéﬂmﬂH
(abnt) + (o)

Each of these contractions are only nonzero when the connected indices are equal, and
at the same time different from the indices of the other connected groups, for instance:

n n n n
2D wahsliabid) = 8 303 Kkl
a,B v,0 aFEUYFER
rFa
Matching all the indices in this way for each of the terms just found, and taking into
account the relation of Cg, Cyy and Cygo to Cs in the appendix, we take out a common
factor Tnis) +2) , and abbreviate the sum notation to produce all the terms of order O(e"4):
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8 Vi (€)€? Copentt , o
D L= M 46 5 i \2 5 i i
COuDlw = * 25— s T 4); o 2 ) + 8 D

BF#u

+ 120, ("i ) 155;“/( )2 =39 Ouw (K;va) +5m/( Kby, + KV pwhvw + "iw’ﬂw
a aFtp

% § % i § i \2
+ Kyy K V;L + K/l//_LK/,u,y. + K’[LUK'[L;L + K/,LL}LK’V}L + K’[L}LKJ,U/V 5!“’ Raakuy + (K/Ozl/)

aFp aFu
+ D () D (i) + D (i) + D
aFtp BF#u BF#u YFEH
D 2 ekt 2 D0 (Rag) D0 Y (Kap)? | —Hu { D i
aFEp YEp,Q aFtp B#p,a aFp BFEp,o YERV
+ Z ’{ZB%B"' Z Hzﬂ”f@’v—" Z Kixtﬁfvv+ Z Hi&u“ia_F Z K“fw’ifx'/
BFpv BF#p,v YFE MV aFp,v aFp,v
+ D0 KigRus T D Kowfa T D Kaaki b D KigR T D KouKoy
BF v aFp,v aFp,v BF v aFp,v

+ Y Khakib, | +O0@E"P)

aFp,v

Many of the resulting summations are the same after relabeling indices and using /{fx 5=
n%a, so they can be gathered into common factors to yield:

Vo ’ Va i i i i
=0 n(i); + o 2(;5371 vy Z 82/@1” K 12/%,/(/%“ + K, — 4Ky, Z Ko
aFEp,v
_SZ’%QM Va+5ﬁ“f 42 aﬁ 32 Faa) +21 w - WZH
aFE v aFp aFp
—12) (KL =D D Rhakh, =23 Y (k)P +8 ) (kb7 | +OE™).
a aFp yFo,p aFp BFo,p aFp

Some terms inside the curly braces complement the missing elements of other summa-
tions:

21(/@2”2—2/1;“2/@3 —122 ocu —|—SZ au

aFp o
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= 15(“Lu)2 - 2’%# Z“iaa - 42(’%#)27
and

i \2 i i i \2 i 2
=3 (Kha)? =D D Kok =23 D (Kap)® == Y Kaakny =2 D (Kap)
aFp QFE P YF O aFp BFo,p a,YFE N a,B#p
Now, notice that this last type of double sum decomposes as follows

- Z [']ow:_Z[']av“‘Z['}av"'Z[']av_[']uw

a,YFEp

therefore, the right hand side of the previous two equations complement each other:

2
[C(DP(E))]HV = 5#1;2/:_(62)6 + 8(n Znéz:()n_i_zl Z 82”04# Koy 12K/LD( ftu + Hf/v)

uvzﬁ *8211(,“”&

aFEp,v aFp,v

o 4D (00 120850 = D oty =23 (0)* 1| o

a, a,”y a, B

To simplify further, use 12(,%;”)2 to complete the remaining sums and cancel terms:
8ZKQ;L Va_ ;u/( ;L,LL—’_F':VV _8 Z "{a# ua+8( ‘ )25#1/:07
aFp,v
and
7411’;”(’{2” + Kiu) - uu Z Kaoz + 4( mt) pv = uu Z Haoz
aFp,v

Finally, all these computations lead us to the simple expression:

[C(Dy ()] = %
V,(g)et i | - n
’ % 21: O 2;("%5)2 —(H )2 — 4k, H"| + O(e +5)

where Y, 5, H' = (Il(e,e,), H) = (S e, e,), and ¥,(2 5, 4(kis)% — (HY)?) =
2tr III — || H||? identify the covariance tangent block to be the component matrix of the
Weingarten operator at the mean curvature normal, plus a constant, in the orthonormal
basis chosen. O
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Making k& = 1 in the previous theorem recovers part of the results of [28]; setting
n = 2 as well recovers the patch domain equations of [13]. When the generalized principal
directions of the Weingarten operator and the [tr | ITT— %HH ® H] operator are different,
the limit eigenvector obtained from the covariance analysis play the role of an adapted
Galerkin basis in the sense of [23] and [25].

6. Correspondence between local EVD and curvature

Curvature descriptors in terms of the covariance eigenvalues were introduced for sur-
faces in [13] and in [28] for hypersurfaces. The formulas of the previous section recover
those results for n = 2 and k = 1 respectively. A limit formula for the ratio of the eigen-
values was found for curves in [26], establishing a direct relationship between the local
covariance analysis of a domain containing the point p and the Frenet-Serret curvature
information at p, which in the case of curves completely determines the curve locally up
to rigid motion [36, Th. 2.13]. This furnishes a reconstruction correspondence between
local eigenvalues of covariance and curvature descriptors at scale. The two main theo-
rems of the present work generalize this type of result to general submanifolds by directly
taking the limits with € of the covariance matrix eigenvalue expansions obtained.

Corollary 6.1. Writing A, (p,e) for the tangent eigenvalues of the cylindrical covariance
matriz C(Cyl,(€)), they satisfy the asymptotic ratio

. A
lim Vi (€)=Y

i( )>A (p(, 5 S e (O BT DR

and the normal eigenvalues satisfy

n+k

n+2 9
ggr(l)“— ;IA Pe) = It +4)(||HH +2¢rIII), (44)
for any u,v =1,...,n. Let Xu(p, e) denote the eigenvalues in the case of the spherical

domain covariance matriz, C(D,(c)), then the corresponding limits are

X,u(pae)*}v‘v(p7€) _ n+2 Y rQ _N Q
IV e~ 2 e g (Bl —RulBal). @)
and
- Va(g) nik N . n+2 . 2
g—>0 Xu(p, €)Xy(p7 5) j=n+1 )\j (p, 6) B 2(n + 4) (t = ”H” ) (46)

The operators on the right-hand sides are understood to be evaluated at the point p.
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Notice that normalizing the covariance matrix to the volume of the ball in equation
(5) simplifies our results further, since V,,(¢) would disappear from these asymptotic
relations.

For hypersurfaces, the obtained terms of the series expansion of the eigenvalue de-
composition can be inverted to extract the curvature descriptors upon truncations of the
series. In the spherical case, the descriptors of the cited works are recovered.

Corollary 6.2. [28] Let us write A(p,e) = X Dy(¢)),Vyp(e) = V(D,(€)) for the integral
invariants of a spherical domain on a hypersurface S, then the corresponding scalar,
mean and principal curvature descriptors, at scale € > 0 and point p € S, for any
w=1,...,n, are:

R(Dp(e)) = 2(n +2)*(n + 4) Ati(p,e) _ 8(n+1)(n+2) (g:(f)

netV,(e) ne?

- 1) (47)

H(D,(e)) = <i>\/4<n+ 2)2(n 4 4)2nt1P:E) | B+ 2)7 (1 - VE%) (48)

ne*V,(e) ne? V(e
2(n42) [Vple)  n+d [ & Au(p, €)
ru(Dp(e)) = ZH(DI () [Vn(s) + <n+2 s ) — 1] : (49)

where the overall sign can be chosen by fixing a normal orientation from

() = sgn{ent1(Dy(e)), 8(Dp(€)) )

The eigenvectors e, (Dy(€)) and e,1(Dp(€)) are descriptors of the principal and normal
directions respectively. The errors are:

[H?(p) — H*(Dp(e))| < O(e),  [R(p) = R(Dy(e))] < O(e),
|15 (p) — 57, (D ()] < O(e).

However, the cylindrical domain descriptors of the present work may determine in
general the squares of the principal curvatures with better truncation error than their
spherical domain counterparts.

Corollary 6.3. Denote A(p,e) = M(Cyl, (€)), Vp(e) = V(Cyl,(€)) the integral invariants of
a cylindrical domain on a hypersurface S, then the corresponding curvature descriptors
at scale € > 0 and point p € S, for any p=1,...,n, are:

R(Cyl,(e)) = 2n +2) {2(” +4) Aa(pe) ( (e)

g2 e? Vi (e)

V
H(Cy, €)= (iv A At D henlnd (1 2 C

m
.
—~
at
=)
=

£2
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mﬂqg@»=”+2[

: ”+4<M@ﬁ) e?)_»q@

2 \ V(o) nt2 Vn(a)+1}’ (52)

where the overall sign can be chosen by fixing a normal orientation from

(£) = sgn(ent1(Cyl,(€)), s(Cyl,(€)))-

The eigenvectors e, (Cyl,(e)) and en+1(Cyl,(€)) are descriptors of the principal and
normal directions respectively. The truncation errors are:

[H?(p) — H?(Cyl,(e))] < O(?),  [R(p) = R(CyL,(e))| < O(?),
|5 (p) = K (Cyl, ()] < O(?).

Proof. Solving for the next-to-leading order term in the volume formula (27), and for

the normal eigenvalue in equation (33), we get a system of two equations H? — R =
A(e), 3H? — 2R = B(e), whose solution is H? = B — 2A and R = B — 34, where

2

Ae) = 2n +2) <¥:E2 - 1) + 0(?), B(e) = An+ 28)4@ 4 )\"‘Zg)’zs) + O(e?).

Finally, solving for 2 from the tangent eigenvalue equation (32), and using A(e) =
o K2, the last formula obtains. O

A concrete algorithm using hypersurfaces to implement this procedure to estimate
the Riemann curvature tensor of a Riemannian submanifold of arbitrary codimension is
presented in [28].

7. Conclusions

We have studied kernel domains of local principal component analysis determined by
the intersection of embedded Riemannian submanifolds with higher-dimensional cylin-
ders and balls in the ambient space. We have introduced a generalization of the classical
third fundamental form to submanifolds of any codimension and showed how it relates
to the Weingarten and Ricci operators. Then the covariance analysis of these domains
was found to have local eigenvalues encoding curvature in terms of the third funda-
mental form. For cylindrical domains the first n eigenvalues are related to those of the
normal trace of the third fundamental form operator and the corresponding eigenvectors
converge to its principal directions, whereas the last k eigenvalues and eigenvectors are
related to the tangent trace of this tensor. In the case of the spherical domain the tan-
gent eigenvalues and eigenvectors of the covariance matrix are related to the Weingarten
operator at the mean curvature normal vector, and the normal eigenvalue decompo-
sition is the same as in the previous case. These results show how integral invariants
in terms of the local eigenvalue decomposition at scale relate to curvature information
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traditionally characterized by differential-geometric invariants. We have expressed the
most general form of this correspondence as an asymptotic equality between the ratio
of the difference and product of local eigenvalues and the difference of generalized prin-
cipal curvatures. These results represent a fundamental step towards understanding the
underlying connection between the statistics of point clouds sampled from Riemannian
submanifolds and their geometry, a core goal of manifold learning, e.g., for optimization
inside higher-dimensional matrix manifolds.
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Appendix A. Integration of monomials over spheres
Let = [2!,...,2"]T € R", and denote unit the sphere and ball of radius ¢ in R™ by:
S"l={zcR": |z =1}, B"(e)={xecR":|z| <)

All the integrals in the text are separated into radial and angular parts using general
spherical coordinates, (p, ¢1, ..., ¢n—_1), where p = ||x||. However, to integrate monomials
over the unit sphere, it is sufficient to work with the direction cosines 7 := z#/p € S"~1,
instead of the angles, so that the formulas below apply straightforwardly.

Definition A.1. For any integers p1,...,p, € {0,1,2,...}, the integrals of the monomials
(x)Pr... (2™)Pn over the unit sphere are denoted by:

e, = [ @@y as, (A1)
Sn—1

where dS"™! = sin""2(¢1)sin™ 3(¢o) - - -sin(¢,_2)doy - - - ddp_1, is the induced Eu-
clidean measure on the sphere, abbreviated to dS in the text since our dimension n
is arbitrary but fixed throughout.

The following formula is crucial to the computations of the present paper.
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Theorem A.2. [37] Let b; = £ (p; + 1), then the values of the integrals (A.1) over spheres
are

(n) 0, if some p; is odd,
cn = [(b))T(bg)---T'(by) (A2)
T(by +ba 4+ +by)’ if all p; are even

Example A.3. We shall need the relations among integrals of monomials of even powers:

L)) /2 Cs
O —1 QdS_Q 2 2 _ C _/ 1\2 QQdS:
= [ @) MG+5h rgey 2T ) WS
Sn—1 §n—1
3C C!
—1\4 _ 2 1\2/,.2\2(..3\2 _ 2
04_/(95) as =22 — 30y, 0222_/(33)(95)@;) 45 = gl
Sn— gn—1
1\2/— 3Cs
_ 12 (=24 _ _
024— / (x ) (l‘) dS_—(TL+2)(TL+4) 30222
Snfl
_ 15Cy
1\6
o= [ @05~ Gy =0

The volume of a ball of radius ¢, and the area of the unit sphere satisfy V,,(¢) =
Vol(B"(g)) = &"Cq, Sp—1 = Area(S"™1) = n Cs.

The integral of a general combination of coordinates depends on the superindices
involved, which must not be confused with exponents. For instance

/ 'TVTPT dS = Cy m )+ Caa |( [ 2% 5 H’Y ﬂVﬂ’Y ]

Sn—1

is the general value of the integral of any product of 4 coordinates, that can be all equal to
produce CYy, or be a couple of different pairs to result in Cy. We introduce the following
notation:

m

(MVﬁ’Y) = 5uzx 5676;16,

L1

so that the symbol is 1 only when the connected indices are equal and the nonconnected
indices are different, and 0 otherwise, and where ﬂuﬁ := (1 —6,p) is the negation of the
Kronecker delta, i.e., nonzero only if i # 5. An example of order 6 is

(/,Ll/a%’yg) = 5}1"/ 6115 5&5 ﬁuu ﬁua 51/0&'
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