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Abstract We examine the band-gap structure of the spectrum of the Neumann problem for
the Laplace operator in a strip with periodic dense transversal perforation by identical holes
of a small diameter ¢ > 0. The periodicity cell itself contains a string of holes at a distance
O(e) between them. Under assumptions on the symmetry of the holes, we derive and justify
asymptotic formulas for the endpoints of the spectral bands in the low-frequency range of
the spectrum as € — 0. We demonstrate that, for € small enough, some spectral gaps are
open. The position and size of the opened gaps depend on the strip width, the perforation
period, and certain integral characteristics of the holes. The asymptotic behavior of the
dispersion curves near the band edges is described by means of a ‘fast Floquet variable’ and
involves boundary layers in the vicinity of the perforation string of holes. The dependence
on the Floquet parameter of the model problem in the periodicity cell requires a serious
modification of the standard justification scheme in homogenization of spectral problems.
Some open questions and possible generalizations are listed.
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1 Introduction

In this section, we formulate the spectral problem under consideration, cf. Section [Tl and provide
some background which relates it with a parametric family of homogenization problems, the so-
called model problem. In Section we provide the structure of the paper while its framework
in the literature is in Section [[.2
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Figure 1: a) The perforated strip I1I°. b) The periodicity cell w®.

1.1 Formulation of the problem

Let
= {x=(2,22) €ER?: 11 €R, 25 € (0, H)} (1.1)

be an open strip of width H > 0 and let w be a domain in the plane R? which is bounded by a
smooth simple closed curve dw and has the compact closure @ = w U Qw inside II. Let ¢ = N1
where N is a large natural number. We introduce the strip I1°, see Figure [l a), obtained from II
perforated by the family of holes

wi(j, k) ={x: e (o) —jag —ckH)€w}, j€Z k=0,1,...,N—1, (1.2)

distributed periodically along line segments parallel to the ordinate z-axis. Each hole is homo-
thetic to w of ratio ¢ and translation of ew = w®(0,0). Namely,

N-1
I° =\ where O =[] (] w (k). (1.3)

JEZ k=0

The period of perforation along the abscissa x;-axis in the domain II° is made equal to one by
rescaling, which also fixes the dimensionless width H > 0. The period along the xs-axis is e H
with ¢ < 1.

We consider the spectral Neumann problem

~ Auf(z) = Xuf(a), x € I, (1.4)

dyut(x) =0, x € OIIF, (1.5)

where 0, is the directional derivative along the outward normal while 9, = +0/0x5 at the lateral
sides Yo = {x : 1 € Ryxy = (H £ H)/2} of the strip (ILTI)). The variational formulation of
the problem (L4), (LI) reads: to find a function ¢ in the Sobolev space H'(II), u® # 0, and a
number \* € C such that the integral identity

(Vous, Vv e = A (uf, 0% Vo© € HY(ITF) (1.6)

is valid, cf. [I9]. Here, V, = grad, A, = V, - V, is the Laplace operator and (, ) stands for the
natural scalar product in the Lebesgue space L*(II¢).

Since the bi-linear form on the left of (L6) is positive, symmetric, and closed in H'(II¢),
problem (6] is associated with a positive self-adjoint operator A° in the Hilbert space L?(II¢)

with the domain
D(A%) = {u® € H*(II¥) : (L) is verified}.



Co ) <o)

Figure 2: The strip = with two different possible geometries for the hole w.
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Clearly, the spectrum o(A®) belongs to the closed real positive semi-axis [0, +oc) = Ry C C.
Moreover, according to the Floquet—Bloch—Gelfand theory, see for instance [40} 42} [33] 18] 1], the
spectrum gets the band-gap structure

o(A%) = U 5, (1.7)

peN

where the bands (7 are connected and compact sets in R, = [0, +oc0). The 3, are related to the
eigenvalues, cf. (2.9]), of the model problem in the periodicity cell

wt ={xell*: |x| <1/2}, (1.8)

see Figure [l b), which itself constitutes a homogenization problem, cf. (22)-(23). The spectral
bands (3, and (3, , may intersect each other but can also be disjoint so that the spectral gap v,
becomes open between them. Recall that an open spectral gap is recognized as a nontrivial open
interval in R, which is free of the essential spectrum but has both endpoints in it. If 3,03, # 9,
then we say that the gap v, is closed. In Figure il the open spectral gaps correspond with the
projections of the shaded bands on the ordinate axis.

The main goal of our paper is to show that, under certain restrictions on the width H and the
perforation shape, the problem (L)), (LH]) can get at least one open gap in its spectrum. Also, we
aim to derive asymptotic formulas for the position and geometric characteristics of several bands
and gaps in the low-frequency range of the spectrum. It should be mentioned that the traditional
homogenization procedure in the problem (L4]), (LE) does not help to detect open gaps. The
crucial role is played by the boundary layer phenomenon, cf. Section B, while the width of the
gaps is expressed in terms of certain integral characteristics of the Neumann hole w of unit size
in the strip II with the periodicity conditions at its lateral sides, cf. (T3], (C1) and Remark B4
At the same time, we construct explicitly only the main correction term in the asymptotics of
eigenvalues of the model problem in the periodicity cell and analyze different situations when this
term is not sufficient to conclude whether a concrete spectral gap is actually open or not (see
Section [§). Moreover, for a technical reason, cf. Section 5], and for simplification of asymptotic
structures, we make the assumption

w={{=(&.&) eR?: (&, H - &) ew}. (1.9)

which means that the holes possess the mirror symmetry (see Figure 2l). Also, for simplicity, we
assume that the boundary of w is of class C*°.

1.2 State of art

The continuous spectrum in a cylindrical waveguides of different physical nature is always a ray
[Af, +00) so that, above the cutoff value A\; > 0 wave processes surely occur. The spectrum of a
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periodic waveguide gets far complicated band-gap structure (7)) and the spectral bands implying
passing zones for waves can be separated from each other by spectral gaps which do not permit
propagation of waves with the corresponding frequencies and, therefore, become stopping zones.
This phenomenon is used in different engineering devices, such as wave filters and wave dampers.

Within the Floquet—Bloch—Gelfand theory, see e.g. [8, [40] [42] [41] 18, B3, 12], mathematical
studies of spectra with the band-gap structures need to find out the eigenvalues of spectral el-
liptic boundary value problems which are posed in the periodicity cell and involve an additional
continuous parameter n € [—m, 7|, the Floguet parameter or the Gelfand dual variable. It is a
very rare situation when such a problem admits explicit solutions while computational methods
become rather expensive to present the whole family of dispersion curves, projections of which
on the ordinate A-axis involve the spectral bands. As usual, variational and asymptotic methods
help to prove or disprove the existence of open spectral gaps in a certain range of the spectrum
and to estimate their geometrical characteristics.

There are numerous publications in which open spectral gaps are detected due to high-contrast
of coefficients in differential operators or shape irregularities of the periodicity cells, see [15 16,
45, 29, Bl 4, B 6] and [26, 34], B9, B5, [7] among others. Such singular perturbations often provide
disintegration of the periodicity cells in the limit and, as a result, the appearance of sufficiently
wide gaps in the low- and/or middle-frequency ranges of the spectrum. Both variational and
asymptotic methods have been employed in the cited papers to detect and describe those gaps.

Another way to open spectral gaps related to the splitting of band edges, is used in our paper.
In the case when two spectral bands of the limit problem, cf. Section 2.2] intersect but just touch
each other at a point, that is, there is a common edge of the bands, small perturbations of the
coefficients or of the boundary may lead to a separation of these bands and the opening of a
narrow gap between them, cf. Sections [6.1] [6.4l [[.1] and [[.2l This effect is well-known in the
physical literature, but its mathematical study using operators theory and spectral perturbation
methods started in [27) 10, 11, BT]. In this paper a new type of the singular perturbation of the
periodicity cell is analyzed by means of the homogenization technique and several ways to open
spectral gaps are highlighted.

Finally, let us mention that, from a geometrical viewpoint, [32] is the closest paper in the
literature. It addresses the Dirichlet perforation in a quantum waveguide. The asymptotic of the
spectrum of the equation (L4l), with the Dirichlet condition u® = 0 on JII¢ is considered, finding
out the position and sizes of the spectral gaps and bands. However, the results differ very much
from those in this paper. Indeed, roughly speaking, the Dirichlet spectrum consists of small, of
order O(e), spectral bands which are separated from each other by spectral gaps of width O(1). In
contrast, the Neumann spectrum here considered consists of long, of order O(1), bands which are
separated from each other by short spectral gaps of order O(g), or even less. The latter makes the
asymptotic analysis much more complicated and delicate; in particular, it becomes multiscale in
several variables, not only in the geometrical ones, but also in the Floquet parameter. As outlined
above, the justification procedure also becomes much more complicated. For a link between the
model problem in the waveguide with Neumann or Dirichlet conditions, let us mention [14].

1.3 Architecture of the paper

In Section [ we formulate the model spectral problem in the periodicity cell, b) in Figure [l which
is itself a parametric spectral homogenization problem. We obtain the homogenized problem by
the classical homogenization theory in perforated media, see, e.g., [20], that is, a problem in the



Figure 3: The dispersion curves of the limit problem in the cases H < 1/3, H = 1/4/8 and
H=1/2.

rectangular periodicity cell without perforations. We list explicit solutions of the homogenized
problem and we study the dispersion curves which form the trusses in Figures Bl and [, while
we classify the truss nodes, namely, the crossing points of the dispersion curves. In Section [2.3]
we show the convergence result for the spectrum of the model problem towards that of the ho-
mogenized one as a consequence of another stronger one, which also allows a perturbation of the
Floquet-parameter.

In Section Bl we discuss the boundary layer phenomenon arising in the vicinity of the perfora-
tion. In particular, we examine several solutions of the Laplace equation in the unbounded strip
IT with the only hole @, and we introduce the integral characteristics m;(Z), mo(Z) and m3(Z)
for the Neumann problem in the domain = = IT \ @ (see Figure @l and ([B.])) with the periodicity
conditions on the lateral sides, cf. the traditional harmonic polarization and virtual mass tensors
in the exterior domain R? \ @ in [38].

In Section 4] we perform the preliminary formal asymptotic analysis for simple eigenvalues
using the method of matched asymptotic expansions, cf. [43], 41l [I7, 21] for two scale asymptotic
expansions. In Section [{] we derive error estimates in the case of simple eigenvalues which will
help us to detect open gaps after a much more thorough analysis of multiple eigenvalues. The
perturbation of crossing dispersion curves require serious modifications of the standard asymptotic
procedures because we can no longer deal with a fixed Floquet parameter but we must investigate
the asymptotic behavior of the eigenvalues in a neighborhood of each truss node, i.e., with the
Floquet parameter in a certain short interval. Recalling an idea from paper [27], in Section [ we
introduce a fast Floquet parameter to describe this behavior and detect, in different situations,
open spectral gaps of width O(¢e), cf. Figure [l a)-b), which appear due to splitting of the nodes
marked with o and o in Figure @l This involves the characterization of the projections of the
shaded rectangles on the ordinate axis in Figure Bl which represent the narrow gaps.

It should be noted that our detailed calculation in Section [f] demonstrates that the first cor-
rection term in the eigenvalue asymptotics is not able to assure the gap opening and we need to
discuss higher-order asymptotic terms. In fact, Section [@is devoted to deriving the formal asymp-
totic analysis and its justification in the case where the eigenvalue under consideration is multiple
and therefore gives rise to a node of the dispersion curves in Figure [ a)-b) for the homogenized
problem; in particular, we consider the nodes (1o, Ao) = (0,47?) and (1o, Ag) = (7, 7%). Provid-



Figure 4: The dispersion curves in the limit problem in the cases a) H € (1/v/8,1/2), b) H €
(1/2,1) but H # 1/v/3 and ¢) H € (1, +00).

ing the error estimates for the whole range of the Floquet parameter adds the most complication
to the justification scheme (see Theorems [B.]] and [6.3]). The common procedure for deriving
error estimates in the homogenization theory does not support our conclusions of opening spec-
tral gaps (see Section [7]) because the model problem in the periodicity cell w® depends on the
Floquet parameter 1 € [—m, 7| and the eigenvalues (2I1)) of the limit problem in w® change their
multiplicity at the nodes. As usual, to provide appropriate error estimates, we use a well-known
result on almost eigenvalues and eigenfunctions from the spectral perturbation theory (see [44]
and Lemma[5.3]). However, we need to construct different approximations for eigenfunctions in the
vicinity of the nodes and at a certain distance from them. This is performed in Sections and
As a result, we find proper small bounds for asymptotic remainders that justify our formal
computations of the band edges and gap width. It turns out that these bounds are uniform in n
but in different regions.

As regards the spectral model problem, the somehow classical convergence of the spectrum
towards that of the homogenized problem is in Corollary 2.2 We obtain this result as a conse-
quence of a more general convergence result, c¢f. Theorem 2T, which allows a certain perturbation
of the Floquet variable. This result is new in the literature of model problems for waveguides,
and shows somehow a strong stability of the model problem on the parameter 1. It becomes
essential to control the number of eigenvalues below certain constants, cf. Propositions and 2.4
Theorem [5.1] provides some estimates which establish the closeness of eigenvalues depending on &
and the first three dispersion curves. As a consequence, Corollary gives a uniform bound for
the convergence rate of the first eigenvalue at a certain distance from the nodes. Theorems and
involve a correcting term and improve convergence rates in a small neighborhood of the above
mentioned nodes (0,472) and (£, 7?). Combining the results in Sections [l and B, in Section [7],
we determine the existence of opening gaps and their width depending on H, cf. Theorems [7.1]
and [.2l Finally, in Section [§] we provide some hints on open problems for other nodes in Figure @l
and other geometrical configurations, cf. Figures [[3] and T4l



2 The model problem in the periodicity cell

In this section, we introduce the spectral model problem and its limit problem, both of which
depend on the Floquet parameter n € [—m, 7|, see Sections 21l and 22 respectively. In Section 23]
we show the spectral convergence as € — 0, and its stability under a certain perturbation of the
parameter 7. In particular, this proves useful for controlling the eigenvalue number of the model
problem below some bounds.

2.1 The FBG-transform and the quasi-periodicity conditions
The Floquet-Bloch—Gelfand transform (the FBG-transform in short), see [13] 40} B3], 42 [1§],

u (z) — Us(x;n) = \/% Ze_ipnua(ffl +p, 72) (2.1)

PEZL

converts the problem (L4, (LH) in the infinite waveguide II° into a boundary value problem in
the periodicity cell w® defined by (L), cf. Figure [ b).
This problem consists of the differential equation

— AU (z5m) = A (U (z;m), = € @, (2:2)

the quasi-periodicity conditions on the lateral walls

U€<%,a:2;n> = ei"U5< — %,1'2;77), x9 € (0,H), (2.3)
8U5<1 ) :ein8U€< 1

Z o — = X9 H 2.4
83:1 27$2777 83:1 27$2777>7 Ty € (07 )7 ( )

and the Neumann condition on the remaining part of the boundary of the periodicity cell (L))

O,U(z5m) =0, xz € {x € 0w® : |xy| < 1/2}. (2.5)

Here, n € [—m, ] is the Floquet parameter while A%(n) and U¢(-;n), respectively, are the new
notations for the eigenvalues and eigenfunctions in the model problem. Notice that x € II° on the
left of (1) but = € w® on the right. Basic properties of the FBG-transform can be found in the
above-cited publications.

The variational statement of the problem (2.2))-(2.3]) appeals to the integral identity [19]

(VU Vo Vo) e = AS(US, V) e WVE € HLI(9), (2.6)

per

where H)1(ww®) is the Sobolev space of functions satisfying the stable quasi-periodicity conditions
Z3) and (Z4). In view of the compact embedding H'(w®) C L?(w®), the positive self-adjoint
operator A°(n) in L*(w®) associated with the problem ([0, cf. [9 Section 10.2], has a discrete

spectrum constituting the unbounded monotone sequence of eigenvalues

0< A‘i(n) < Aé(n) <... < A;(n) <o = 400, as p — 400, (2-7)
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Figure 5: The dispersion curves of the perturbed problem with the mirror symmetry of the hole
w in the cases a) H € (1/v/8,1/2),b) H € (1/2,1) but H # 1/y/3 and ¢) H € (1, +00). Spectral
gaps are the projections of the shaded rectangles on the ordinate A-axis.

where their multiplicity is taken into account. Furthermore, the functions
[-m 7 >n = Aj(n), peN, (2.8)

are continuous and 27-periodic (see again any of the above-cited references). Hence, the sets in

(m) JE—
By ={Ay(n) : € [=m, 7]} CRy (2.9)

are closed, connected, and finite segments. Indeed, formulas (L7) and (23] for the spectrum of
the operator A%(n) and the boundary-value problem ([L4]), (IH) are well-known in the framework
of the Floquet-Bloch—Gelfand theory.

2.2 The limit problem and the limit dispersion curves
In Section we will prove the relationship
0
As(n) — Ap(n) ase — +0 (2.10)
between entries of the sequence (2.7)) and those of the sequence
0 < AY) < AY(n) < -+ S AYn) <+ > 400, asp— +o, (2.11)
which consists of eigenvalues of the limit problem in the rectangle
@’ ={z: |2 <1/2, 2, € (0,H)}

obtained from the periodicity cell (L&) by filling all voids, cf. (82). Above, the convention of
repeated eigenvalues has been adopted, and the limit problem is also referred to as homogenized
problem. It involves the differential equation

—A,U°(z;m) = A°(n)U°(z;m), = € &°, (2.12)
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Figure 6: The hypothetical dispersion curves of the perturbed problem without the mirror sym-
metry of the hole w in the cases a) H € (1/v/8,1/2), b) H € (1/2,1) but H # 1/v/3 and c)
H € (1,400). Many more spectral gaps are opened than in Figure [

the Neumann conditions on the horizontal sides of the rectangle
ou® ou® 11
(0, 0:m) = S (g, Hem) = 0, <__,_), 2.13
O (21,0;m) O (1, Hin) 1 € 25 (2.13)

and the quasi-periodicity conditions on its vertical sides, cf. (23]) and (2.4]),

1 4 1
UO(§,$2;77) = 6mU0( - _,1'2;77),

2
. . (2.14)
ou® /1 . oU 1
— (=, x| =e""—| — =, xo; H).
85171 (2737277]) € 81’1 < 27:1:277])7 Ty € (07 )
This problem has the following explicit eigenvalues and eigenfunctions
Adu(n) = (0 +2m))? + 7 fp5,
JEZ, ke Ny=NU{0}. (2.15)

Upo(51) = 2721 cos (”k‘%)

It should be mentioned that renumeration of the eigenvalues in (2.I5]) is needed to compose the
monotone sequence (2.1T]).

Graphs of several eigenvalues (2.10)) of the problem ([ZI2))-(214), that is, the dispersion curves,
are drawn in Figure @] a)—c), respectively, for the following cases:

1 1 1

ﬁi) b) He (5,1) c) He(1,+00).
Figure Bl also displays dispersion curves of the limit problem in the cases H € (0,1/3), H = 1//8
and H = 1/2, respectively. Figures [3] and ] show the great variety of behaviors of the dispersion
curves and, consequently, the complexity to open spectral gaps depending on H.

As was mentioned in Section and depicted in Figure[d due to the perturbation by holes of
the periodicity cell, the dispersion curves for problem (22)—(2X5) may separate at the truss nodes
marked with the signs o and o in Figure @ (see Section [1).

a) He(
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2.3 The convergence results

First, we obtain some estimates for the eigenvalues and provide an extension for eigenfunctions
over the whole @ necessary to show the convergence. The constants appearing throughout the
section ¢, and C,,, are independent of both variables £ and 7.

Let n € [—m, 7] be fixed and let UZ,(-;n) € H(w®) be an eigenfunction of the problem (2.6

per
corresponding to the eigenvalue A2 (n). The minimax principle assures the estimate

A (n) < ey for e € (0,6, (2.16)
with some positive €, and ¢,,. Indeed, we write

A (n) =
i) = Y T WV V)

where the minimum is computed over the set of subspaces E;, of Hl}éﬂ(wa) with dimension m. To
prove (ZI6]), we take a particular ES that we construct as follows: we consider the eigenfunc-
tions corresponding to the m first eigenvalues of the mixed eigenvalue problem in the rectangle
(1/4,1/2) x (0, H), with Neumann condition on the part of the boundary {1/2} x (0, H), and
Dirichlet condition on the rest of the boundary. We extend these eigenfunctions by zero for
x € [0,1/4] x (0,H), and by symmetry for z € [—1/2,0] x (0, H). Finally, multiplying these
eigenfunctions by e gives E°, and the right hand side of (Z.I6) holds.

Let us construct an extension for the eigenfunctions to be uniformly bounded in H'(w"). Being
normalized in L?(ww®), on account of (Z.I), the eigenfunctions of (ZG) satisfy

IVaUgs LA(@9)1* = AL ()| Ur: L2(@°) [ = AL(n) < e for € € (0,

Therefore, we can extend UZ,(-;n) over the holes (32) and obtain a function UZ (+;n) € H) (")
such that for € € (0,¢,,),
U,fL(L n)=U; (x;n) forz € w® and

R (2.17)
1Un (5 m); HH (@) || < C|UR; HY (@F) || < C,

see, for example, Section 1.4.2 in [37] for such an extension. In addition, from (2I7) and the
estimate

IV (@ 0 {[an] < e})|]? < Cel|V; H (=) VvV e HY (=)
(see, e.g., Lemma 2.4 in [22]), they satisfy

1T () 2@\ )| < ee|| Uy H (@) < Cre. (2.18)

Moreover, the following results state the spectral convergence for problem (Z0]), as ¢ — 0.
As a matter of fact, Theorem [2.I] also shows the stability of the limit of the spectrum of the
perturbation problem (2.2)—(2.5]) under any perturbation of the Floquet-parameter 7.

Theorem 2.1. For each sequence {(cx,nx)}7e, such that e — 0 and ny — 1 € [—7m, 7 as
k — 400, the eigenvalues Ak (ng) of problem [22)-23) when (e,m) = (eg, i) converge, as
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k — 400, towards the eigenvalues of problem [ZI2)—-RI4) for n =1 and there is conservation of
the multiplicity. Namely, for each m = 1,2,---, the convergence

ASe(ne) = AL (D), as k — +oo,
holds, where A% (7)) is the m-th eigenvalue in the sequence
0<AY®) < Ay(@) < S AR(A) < - — +o0,  asm — +o0,

of eigenvalues of (2ZI12)—-2I4) for n =1, which are counted according to their multiplicities. In

addition, we can extract a subsequence, still denoted by e, such that the extension {ﬁﬁ}ﬁ:l
converge in L?(w®), as e, — 0, towards the eigenfunctions of [ZI2)—ZI4) for n =1, which form
an orthonormal basis of L*(w?).

Proof. For each ¢ and 7, we write the integral equation satisfied by the eigenvalue A%k (n;) and
corresponding eigenfunction U5k (-, my):

(VoUgk , VoV ) e = Ak (i) (Usk, Vb ) e YV € H ) (w®F), (2.19)

Since the constants appearing (217) and (2I8) are independent of n € [—m, 7| and ¢, the
estimates hold € and 1 ranging in sequences of {ey} and {n}x, in the statement of the theorem.
Thus, we use an extension of Ugk(-;7) over the holes [3.2) denoted by Ui+ (-;n) € H,;*(w"), which
satisfies R

U Cme); HY(=°)|| < Cry and
1T i) L@\ )P < Conel| Ut (5 m); HY (2%)|* < G
for sufficiently small ¢4, with a constant C,,, independent of ¢, and 7.

In view of (2.16]) and (220, for each fixed m > 1 and for each subsequence of k, we can extract

a subsequence, still denoted by k&, such that

(2.20)

~0
Ack —A,,, ask— 4oo,
() (2.21)

~ A~

Uk (5 m) — U?n weakly in H'(w®) and strongly in L*(w®), ask — +oo0,

for some real number A° > 0 and some function U° € H'(w") which we determine below
depending on 7.

We take a test function V' € C*(w?) verifying the periodicity condition at the lateral sides of
@ and consider V¥ = Vet which satisfies the quasi-periodicity condition in (ZI4)) with n = .
For Ve = V¥ we rewrite the integral identity (ZI9) in the form

(Valiit, VaV o = A () (U, V) = (VU VoV ) oo wme = AZ ) (O, Voo (2:22)
According to (220) and (ZI6]), the modulo of the right-hand side of ([2.22]) does not exceed

(1+ e[ T @) [V HY@\ @) < e (VF)mess (@ \ &) 2.23)
[VF@)|, 102, VE(@)], 100, V(@) ek < Crn(V)(L + 1)

< e ma, o

Thus, the right hand side of ([Z22]) converges towards zero as k — +o0o. Let us analyze the left
hand side in further detail.

11



In order to do this, let us consider the well-known change Ut (- ;) = VEr(-; )€1 which
converts the Laplacian into the differential operator

2
—(aixl +z’n> (8%71 +z’n> — 88—585’

while the 7, quasi-periodicity condition for ﬁfnk (+;m) becomes a periodicity condition for Vk (-5 ny).
Consequently, Ver(-m,) € HY (w°) and since n, — 7 as k — +o0o (equivalently, g, — 0), we

per
also have the bound for V:F in H;er(wo) which holds uniformly in 7, and €, and a convergence

of V& (by subsequences, still denoted by k) towards a function V) € H}, (") holds in the weak
topology of H*(w"). Let us show that

V0 = U0 e (2.24)
To do this, it suffices to show
|05 me 1 — The ™ L2(@0)]| 0 as b= +oc,
and we check this by considering
|T3 (s me)em e — U L2 ()
< (O o) = Oy, e LA(@)| + U, (7™ — 7)) L),

the convergence (2.21]), the smoothness of the exponential function and the convergence of 7.
Introducing the change V* = Vet in ([2.22)), we write

(VU Vo (Ve ) go — Ak () (U, Ve ) o
= (VU Vo (Ve ) o + (VoUk, Vo (V (e — ¢ion))) o (2.25)
— A () (038, V™) o — A (qe) (U5, V (et — e1)) o

Let us show ' _
Vet Vel in HY (@)  as k — +oo (2.26)

and therefore, from (2.21]), also the convergence
(VaTit, VaV(E = €)= A2 () (T8, V(e — 1)) g0 225540,
holds. Indeed, on account of the smoothness of V', we have
[V (e — ey J () |2
< C(v)<“€i7’]k-’ﬂl e L2 (0)|12 + et — ﬁemml;Lz(wo)]F) m(}j

for a certain positive constant C'(V'), and this shows (2Z.26]).

Then, taking limits in ([2.23) as k& — oo, on account of ([Z.21)), (2.23)), [2.20) and [224]), we
obtain the integral identity
(V.00 Vo (Ve™)) o — A (T, V™) o =0 ¥V € C=(z0) N HY,, (=°),
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while, by a completion argument, we can write

(V, 00V, (Ve ™)) o — A (U0 Ve) o =0 YV e H)

per (w(])’

or equivalently,
~ ~0 ~ _
(VU2 VV)mo — A, (U2 V)o =0 VV € HY1(Y). (2.27)

per

On account of (2.24]), also ﬁ?n € H'1(z") and, consequently, (2:27) is nothing but the weak

per

formulation of (212)-2I4) for n = 7.

Furthermore,
=[O (me)s L)1 = 102G L@ = 10 Come); L2 (@ \ =) |1
and taking limits as k — +o0, on account of (Z20)) and ([2.21]), gives
10%,; L2(@)||* = 1.

This, together with (2.27)), identifies (K?n, U ) with an eigenpair of (ZI12)—(2I4) when 1 = 7).

Therefore, we conclude that ./AX?n is an eigenvalue with the corresponding eigenfunction IAJ?n of
the limit problem (ZIZ)—~(@I4) when n = 7, and we get a dependence of A° on 7, so we write
A, = A, (7).

Note that the extracted subsequences and limits may depend on m. However, using a diag-
onalization argument, for each sequence of k, we can extract another subsequence, still denoted
by k, but independent of m, such that (Z2I]) holds Vm € N. Then, by the construction, we have
obtained an increasing sequence

0<AYM <A@ <--- <AL < ... (2.28)
In what follows we prove that the sequence {A° (7)}>_, converges towards infinity while the whole
sequence coincides with that in (ZI]) when n = 7.
From the orthogonality of UZk(-;n;) in L?(ww®), we write

o~

U2 Cm), Ut G me))wo = (U (5 m0), UL (5 ) woreen ¥mum €N, m#

and use ([2.20) to get the orthogonality of the eigenfunctions {ﬁ?n}zzl in L?(w"). This shows
that the sequence in (2.28) converges towards infinity as m — oo.

In order to show that with the above limits ([2.28) we reach all the eigenvalues in the entry
(ZIT) when 7 = 7, namely, that A° (7)) = A° (7)), it suffices to show that the set {U° }_ forms a
basis of L?(w"). Indeed, this is a classical process of contradiction (see, for instance, Section II1.1
of [37] and Section II1.9.1 of [2]). In this way, we have proved that (ZI0) holds for any p € N,
WlAlere {Kg(ﬁ) o2, are the set of eigenvalues of (212)-(2.I4) when = 7 and the eigenfunctions
{Up}o2, form an orthonormal basis of L?(w”). Consequently, the sequence (228) coincides with
(210), and the theorem is proved. O

Corollary 2.2. For anyn € [—n,n|, the eigenvalues A5, (n) of problem [22)—(23) in the sequence

&) converge, as e — +0, towards the eigenvalues of problem [ZI2)-2I4) in the sequence [2.1T)
and there is conservation of the multiplicity. In addition, for each sequence, we can extract a

13



subsequence, still denoted by e, such that the extensions {US}°°_, converge in L*(w@°), as e — 0,
towards the eigenfunctions of ([ZI12)—(I4), which form an orthonormal basis of L*(w®). Also,
for each ez’genfunction U0 of RI2)-(2I4) associated with the eigenvalue Ag(n) of multiplicity n,,
A)(n) =A), (n) == A2+n _1(n) in 210D, there is a linear combination U of eigenfunctions
corresponding to the ezgenvalues Ap(n), Apa(n)y s Asy, i(n) in @), that converges towards
Uy in L*(w).

Proof. The first two assertions hold from Theorem R.1] taking 7, = n fixed for all £ with minor
modifications. Moreover, the last result is obtained using the technique in Theorem III.1.7 in

3. O

In addition to the bounds (2.16]), we state the following lower bounds for the first eigenvalues
of problem (2.6]).

Proposition 2.3. Let H € (0,1). Let 6, > 0 (and < 7). Then, there exists a positive constant

g1 = e1(H,01) such that the entries A5(n) and A5(n) of the eigenvalue sequence ([2.7) meet the
estimates

A5(n) > 7 + K, formel, =[—m+ 61, m— 1], € < ey, (2.29)
As(n) > 7° + K, forn € |—m 7|, e <e, (2.30)
where 21— ) 272(1 - H?)
. 7T - . 7T J—
K, :mln{Qﬂdl,T}, K, :mln{2W2,T}. (2.31)

Proof. We proceed by contradiction, denying (2.29). This implies that for any e; > 0 there exist
e < & and n € I; such that A5(n) < 72 + K. Tt is clear that we can take a sequence {g;}72, such
that ¢, — 0 as k — 400, and an associated sequence {n;}7>, which is bounded from above and

from below, and satisfies
A (m) < 7% 4 K. (2.32)

By subsequences, we can construct a sequence (still denoted by k) such that
(1> €x) — (77,0) as k — 400,

for certain 77 € I;. Let us show that this last assertion leads us to a contradiction.
According to Theorem 7], taking limits in ([Z32)), we get AS(7) < 72 + K. Since AY(7) can
only be (2 — |7])? or (n/H)? + |n|* with 7 € I}, we obtain

2

min {(7‘( +61)%, T

}<A°( n <7+ Ky,

and this contradicts the hypothesis on the chosen K;. Consequently, (2.29) is proved.
Analogously, we proceed by contradiction, denying (2.30). Thus, as in the proof of (2.29]), there
exists 1) € [—m, 7] such that AJ(7)) < 72 + Ks. Since AY(7) can be only (27 + |7])? or (7/H)? + |7]?

(7 € [=m, ),

2
min {471’ Hz} < AYD) < 7+ Ky,

and this contradicts the hypothesis on the chosen K. O
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Proposition 2.4. Let H € (0,1/2). Let 03 > 0 (and < 7). Then, there exists a positive constant
g1 = e1(H,03) such that the entries A5(n) and A5(n) of the eigenvalue sequence ([2.7) meet the
estimates

A5(n) > 47* + K forn € I3 = [—m, —d3] U [d3, 7], € < ey, (2.33)
A5(n) > 47* + K4 forn € |—m, 7|, e < e, (2.34)
where
. (1 — 4H? . (1 — 4H?
Kg = 1min {471'53, %} > 0, K4 = 1min {477'2, %} > 0. (235)

Proof. First we prove (2.33]) with the same analysis as in Proposition 2.3l We proceed by contradic-
tion, denying (Z33). Thus, as in the proof of ([2:29), there exists 7) € I5 such that AY(7)) < 47%+ K.
Since H < 1/2, A(7) can only be (27 + |7])? or (7/H)*+ |7]? (7 € I3). Therefore, we get

2
min {(% + 532, % + 5§} < A7) < 472 + K,

and this contradicts the hypothesis on the chosen Kj.

Finally, we proceed by contradiction, denying (2.34]). Thus, as in the proof of ([2.29]), there
exists ) € [—m, 7] such that AY(7)) < 47% + K. Since H < 1/2, AY(7) can only be (47 — |7|)? or
(m/H)? + |n|? for i € [—m, ]. Therefore, we get

. m? .
min {97r2, ﬁ} < A)®) < 4n® + Ky,
and this contradicts the hypothesis on the chosen Kj. O

3 The boundary layer phenomenon in the periodicity cell

The traditional results of the homogenization theory given in Corollary do not help to conclude
on the splitting of band edges and in this section we examine special solutions of a boundary-value
problem in the strip II with the only hole @ of unit size. Let us define

= =1\w. (3.1)

Although we apply these solutions under the symmetry assumption ([L9), we only use it in Sec-
tion B.4} see Figure

3.1 The problems in = and their solvability
According to [32], near the perforation string

w(0,0),...,w°(0,N = 1) C & = {o: |z1| < 1/2,25 € (0, H)}, (3.2)
cf., (L2)), there appears a boundary layer which is described in the stretched coordinates
£=(6,8) = (21,22 — ekH) (3.3)
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by means of a family of special solutions to the Laplace equation

—AW() =0, (€5, (3.4)
or the Poisson equation
—AW(E) = F(), { €E, (3.5)
with the periodicity conditions
ow ow
W&, H) = W(&,0), 8—52(51’}[) = 8—52(51’0)’ & eR, (3.6)

and the Neumann condition on the boundary of the hole @ inside the strip (1), either homoge-
neous

8,,(5)W(§) =0, § c 8w, (3.7)

or inhomogeneous

Oy W (&) = G(§), € € Ow, (3.8)

with particular functions F'(§) and G(§). Here, v(§) = (11(§), v2(€)) is the outward (with respect
to =) normal vector on dw and, therefore, the inward one with respect to w.

Remark 3.1. The boundary condition [B.1) is directly inherited from the original condition (L)
on the boundary of the perforation string [B.2). For any A° < C, we have

A, + A = 2(Ag + %A%) with 2A° < C¢?

and the main asymptotic part A¢ of the above differential operator is involved with the Laplace
equation ([B4). The periodicity conditions [B.8) have no relation to the original quasi-periodicity
conditions (23), @A) but are needed to support the standard asymptotic ansatz

Us ~ w(xy)W(e '),
where w is a smooth function in x5 € [0, H] and W is a function H-periodic in & = e ay.
We proceed with the variational formulation

(V. VeV)z = (FV)z + (G, V)a, WV € H\(E) (3.9)

per

of the Poisson equation (B.0) with the periodicity ([3.6) and boundary ([B.8]) conditions. Here,
H! (Z) is the completion of the linear space C° (=) (infinitely differentiable H-periodic in &,

per per
functions with compact supports) in the norm

1WA @] = (IVeW: @) + W 22 ERR) ) (3.10)

per
where R is a fixed positive constant such that
wCZ(R)={{€=": |&4] < R} (3.11)
Also, for convenience, we introduce here the cut-off functions, x+ € C*(R),
X+(t) =1for £¢>2R and x4(t) =0 for +¢ < R, (3.12)
with a fixed R > 0 satisfying (B.11]).
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Proposition 3.2. Let the functions on the right-hand sides of the problem ([B3), (34), B8) meet
the inclusions
(1+&HVPF e [2(2), G e L*(0w) (3.13)

and the orthogonality condition

[P+ [is—o. (3.14)

= Ow
Then the problem has a solution W € H,,,(Z) which is defined up to an additive constant.
Proof. We consider the perturbed equation

—AW(E) + pXr(OW(E) = F(§), £ €E, (3.15)

with the boundary conditions (3.0]) and (B.8)); here, ;1 > 0 is a parameter and Xp is the charac-
teristic function of the truncated domain Z(2R), i.e. Xg(§) =1 for [£1] < 2R and Xg(§) = 0 for

|€1] > 2R. The variational formulation of the problem (B.13]), (B.8)), (3.6]) reads:
(VeW, VeV)z + u(W,V)zer) = (F.V)z + (G, V)aw YV € Hy (). (3.16)

per

In view of the one-dimensional Hardy inequality

/) (@)

applied to the functions Z(4£1, &) = x+ (&)W (€1, &) with x4 defined by (8.12), and integrated
in & € (0, H), the norm (B.I0) is equivalent to the norm

dgl_ 4/\2 &) \2‘151 VZ € C=(R, +0),

(Ivaw: @) + 0+ &) w: 22@)) (3.17)

Notice that the last Lebesgue norm in ([B.I0) is computed over a compact set while the weighted
Lebesgue norm in (3.1I7) involves the whole infinite domain =.

It is self evident that the left-hand side of the integral identity (B.I6) with x> 0 can be taken
as a scalar product in the Hilbert space ?—[per(:). Hence, according to the equivalency of the
norms ([B10) and (BI7), and, owing to (BI3), the right-hand side of ([BI0]) defines a continuous
functional in ”H;ll,er(:). Thus, the Riesz representation theorem assures that the problem (B.10])
with g > 0 has a unique solution W € H,,,.(Z) in the case (B.I3).

According to the above mentioned equivalence of norms, considering the space H,,,(Z) with
the norm (B.I7), and the fact that the embedding H,,,.(Z) C L*(Z(2R)) is compact, for any fixed
i, the spectral problem associated to (B.10])

(VgW VSV)E + M(W V):(QR = I/(W V):(QR) vV e 7‘[11)6,(:) (318)

has a discrete spectrum with the corresponding eigenfunctions being orthogonal both in Hper( )
and L*(Z(2R)). In addition, v = p is an eigenvalue of ([B.IR) with the associated eigenspace
of the constant functions €. Thus, considering the decomposition ’Hper(”) = ¢Pet with ¢t
the subspace formed by the elements of Hper(:) which are orthogonal to the constants, by the
Fredholm alternative, problem (3.9) has a unique solution in €+ provided that the functional
on the right hand side of ([83) is in the dual space (€1)*, namely, provided that it satisfies the
orthogonality condition (B:I4]). This concludes the proof of the proposition. O
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3.2 Integral characteristics

First of all, we recall that, according to the general theory of elliptic problems in domains with
cylindrical outlets to infinity, see [33, Ch. 5] and [24] Section 3, 5], the homogeneous problem
B4), B9), 1) has just twd] linearly independent solutions with the polynomial behavior at
infinity. It is evident that the first solution is a constant, and we set

W) =1. (3.19)
Let us seek the second solution to the problem (B4, (36), (31) in the form
WHE) = & + W5 (§+C (3.20)

where C'is a certain constant, cf. [B28), and Wy € H,,,.(Z) satisfies the Laplace equation (3.4),

the periodicity conditions (B.6) and the inhomogeneous Neumann condition

81,(5)W01(§) = =061 = —11(§), € € dw. (3.21)
Proposition 3.3. There is a unique solution of problem ([B.4), (3.6]), (B1) with the decomposition
WHE) =D xal&@)(& £ mi(E) + W () (3.22)

-

where v+ is defined by BIL)-BIZ), mi(Z) is a constant, and the remainder WH(&) and its
derivatives get the exponential decay O(e 2™&/H) qs &, — +o00. The quantity m,(Z) in B22) is
given by

- 1 -
m(E) = 5 (VW PE)P + o) > 0, (3:23)

where |w| = mesyw and Wy is a solution of B4), B8) and B2I) in the space H,,.(Z). In
addition, any solution of the problem BA4), B.6), B.7) with polynomial growth at infinity is a
linear combination coW® 4+ c; W with some coefficients cy, c;.

Proof. In the case F' = 0 and G(§) = —03,& the equality (3.14) is evidently fulfilled and, thus,
the problem (3.4), (3.6), (B2I) in its variational form ([B3.9) has a solution W € H!_ (Z) which

per
is uniquely defined up to an additive constant. Since the boundary dw is smooth, this solution is

infinitely differentiable in = and the Fourier method, in particular, gives the decomposition

Wi (€)= L (€n)Cu + Wi (€) (3.24)

with the exponentially decaying remainder W&, and some constants Cy which can also depend on

R, cf. (BI1). Setting '
C= —§(C’+ +CL), (3.25)

12 = %(2 x 2) where the last 2 is the number of outlets to infinity in the domain = and the next to the last
2 is the number of linearly independent, H-periodic in & and polynomial in &;, harmonics in the intact strip II,
namely 1 and &; in our case. This mnemonic rule works for many other problems in domains with cylindrical and
periodic outlets to infinity, see the review paper [24, Section 3, 5].
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the function W(&) = & + W (&) + C becomes the desired solution ([320) of the problem (B.4),

(38), (B7) admitting the representation (3.22) with m,(Z) = 3(C — C_).
To prove the relation ([3.23), we apply the Green formula twice and write

- / (60 + W) Do frdse = — / E1DhepErdse + / W (€)W (€)dse
Ow Ow

ow

_ / VebaPde + [Vl 2E)? = w] + IVeWd; LX),

where we have used equalities (B.2I]) and (39). Similarly, we write

/(fl + W (€)Oe)&1dse = / ((&1+ Wy ()01 — E10u(e) (&1 + Wy (£))) dse

Ow Ow

T ¢ )

— lim F W) a2 — Erae (&1 + W d

i >0 / (6w ~aggta+Wi©)  d

H

— 1 1 - _ =

- Jm % [ Wi Gl = ~2tm @),
0

and the relationship ([3.23)) follows immediately. O

Remark 3.4. The quantity [B23) is an integral characteristics of the Neumann hole @ in the
strip 11 of width H with the periodicity conditions at the lateral sides. This characteristics looks
quite similar to the classical virtual mass tensor in the exterior Neumann problem, although it is
a scalar, cf., [38, Appendiz GJ. For any set W of the positive area mesyw, we have my(Z) > 0. At
the same time, in the case of a crack T =w along the & -axis we observe that 0,)&1 = 0 on Ow,
W) = C} and mesy Y = 0, therefore, mi(IT\ T) = 0. However, the smoothness assumption on

the boundary in Section [T excludes cracks from our present consideration.

3.3 Other special solutions

It proves necessary to introduce here two solutions of boundary value problems in =. First, let us
introduce W? a solution of the problem (3.4)), (3.6) and the inhomogeneous Neumann condition
(B21) with the replacement 1 — 2, namely

Dy eW?(€) = =Oye)62 = —12(€), € € Ow. (3.26)

The compatibility condition (B.I4]) is again fulfilled so that the problem (3.4, [B.6), ([B.26]) has
a bounded solution which is uniquely defined up to an additive constant and, therefore, is fixed
uniquely in the form

W2(E) =Y xa(€)ma(E) + W2(E) (3.27)

—_
—

where my(Z) is a constant, and the remainder W2(¢) and its derivatives get the exponential decay
as & — too.
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In contrast to the quantity [B23) the coefficient my(Z) in [B27) can get arbitrary sign (see
Section B.4]). Notice that the following integral representation is valid, cf. (3:20) and (B.21)):

/ W (€)Be) dse — / (W2E) By WH(E) — WDy W()) de
Ow Ow
OW?

1
- i 3 / (T ) S (T ) - W T ) S

T—+o0 g

(£T,62) ) dgy = —2Hms (2).

(3.28)
Finally, we introduce a solution W? to the Poisson equation
—~AW3E) =1, £ €E, (3.29)
with the boundary conditions ([B.0]), (B.7]) which can be found in the form

W) = 56+ 2 aln) (p + ma(2)) + W50 (3.30)

where m3(Z) is a constant, and the remainder W3(§ ) and its derivatives get the exponential decay
as & — Foo. To show thls, we accept the representation W3(&) = W3 (€) — £2/2 and observe that
W3 is a solution of the problem (34, (3:6) with the Neumann condition

al/(&)Wg(g) =11(§)&, € € Ow.

Thus, the argument in the proof of Proposition to get Wy and W' (cf. B20)) gives us a
solution with the linear growth as & — 400, and we can provide the decomposition

Wi©) = Y xa() (Gl + Ciw) ) + WH(E),

for certain coefficients C} and C§(w).
To compute the coefficient C}, we apply the Green formula twice as follows:

2 a (6) T—+o0
ow

H
1 0
—|w |—/ ——&ldse = /&/(s Wi (€)dse = _lim Z?/a—&wg’(iﬂ &)déy = —2HCY.
+ 0

In contrast to C}, the coefficient Cf depends on the shape of w but we will not use it in the sequel,
and we avoid introducing here its computation.

3.4 The symmetry assumption and its consequences

As pointed out in Section [[LT] we can describe the band-gap structure of the low-frequency range
of the spectrum (7)) only in the case of the mirror symmetry of the hole. Therefore, we will
justify the derived asymptotics under the supposition ([L9]), cf. Section @l First of all, we realize
that

ma(Z) =0, (3.31)

so that all asymptotic expansions will simplify. This is a consequence of the fact that the boundary
layer terms have the following important properties.
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Lemma 3.5. Under the assumption ([L3), the functions W', W3 and W?2, respectively, are even
and odd in the variable &, — H/2 and, hence,

oW oW

0 =2 (6 H) =0, & €R, j=1,3

W2(£1,0) = W2(£1,H) =0, £1 € R.

The results in Lemma are a consequence of the definition of functions W¢, i = 1,2, 3, and
the uniqueness of the solutions of the problems that they satisfy in the way stated throughout the
section. Equation (331 follows from the evenness of W' and formula (328).

4 Formal asymptotic analysis of simple eigenvalues

In this section, by means of matched asymptotic expansions, we construct a corrector improving
the first approximation (2I0). In particular, we provide the complete analysis of the first cor-
rection term of the eigenpairs of ([22)—(2X) in the case where the limit eigenvalue is simple (see
Remark [A.T] for multiple eigenvalues). The asymptotic structures here constructed will give us a
reason to introduce the symmetry assumption (9], see Section and Remark

4.1 Asymptotic ansatze

Let us fix the Floquet parameter ) € [, 7] such that the eigenvalue A)(n) of the problem [2I12)-
([214) is simple. In other words, only one dispersion curve crosses the point (1, A)(n)). Let us fix
U} (+;m) a corresponding eigenfunction (see (E24)). We employ the method of matched asymptotic
expansions, see e.g. [36], 21], in the interpretation |28 [30], to obtain corrector terms for Ag(n) and

Uy (5m).
Let us accept the simplest asymptotic ansétze
A(n) = Ag(n) + A (n) + 52Ag(n) + ..., (4.1)
Uy (x;m) = Uy (a;n) + eUp(5n) + Uy (z3m) + ..., (4.2)

We regard (A2) as the outer expansion, which fits in @\ ¢ at a distance from the vertical mid-line
¢={x: 2 =0,29 € (0, H)}. We have excluded the line segment ¢ in the equation (£2) because
of the perforation string (B8.2]) which provokes the boundary layer phenomenon. Here, and in what
follows, dots stand for higher-order terms which are inessential in our formal asymptotic analysis.

Note that, although we will not determine the second order terms A7(n) and U}/ (x;n), they
are involved with the asymptotic procedure. Also, we emphasize that the main term UI? in (12)
is a smooth function in " but the correction terms may present jumps through «.

Inserting these ansétze into the equations (2.2)—(2.35]) and extracting terms of order ¢ readily
yield the following restrictions for the first order terms A7 () and U} (x;n): the differential equation

— AUy (w:m) = AUy (sm) = A (n)Up(im), © € @°\, (4.3)

the quasi-periodicity conditions (ZI4]) at the vertical sides, the Neumann conditions on the punc-
tured horizontal sides

our, our, 1 1
Y Y 1 - 4.4
81’2 ($1>0777) 81’2 (IlaHan) Oa T1 € ( 2>0> U <0a2>a ( )
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and some transmission conditions on ¢ that we determine by the matching procedure (cf. (AI2I)
and (£23)). This is the aim of Section f.21and .3 below, while A7 (n) is determined in Section 441
In order to do this, we introduce the inner expansion

Up(a3n) = wy(w2;m) + ewy (& wa3n) + ewy (€ w23m) + ... (4.5)
where we have assumed that the main term w} is constant in &, cf. [B.3), while the functions arising
in further terms, w), and w,, depend on § and satisfy a periodicity condition in the &;-direction,
namely, conditions (BEI)

4.2 The first transmission condition

The Taylor formula implies

Uy
U i) + Uy i) + <20, (w3m) = US(0, i) + & (U (£0,05m) + €15 2(0,203))
T
/ 2 02U0

, our,
62<Up’(:|:0,:c2, M)+ 6t (0 mim) 3 53

(0, x27n)> +.... (4.6)

Hence, comparing terms of order 1 in (£5) and (6]) leads us to the formula
wy(w231) = U, (0, 22; ). (4.7)

In addition, taking derivatives with respect to ¢ in equations (2.2)) and (2.5), inserting (£.3)
in (2.2) and (2.5), and extracting the terms of order e, we obtain that the first order term in
the inner expansion (LX) satisfies the equation (B4]), with periodicity conditions ([B.0) and the
inhomogeneous Neumann condition

0

ou
au(ﬁ (€7I2a ) - _a—£(0>$2;77)8u(5)§2, 5 € aw> (48>

which takes into account the discrepancy in (3.7)) of the main term (4.7) due to its dependence on
the slow variable x5. Indeed, we have used the formula for the directional derivative:

ov 1 oV ov

8V—(x)(§’x2) = gﬁV—(@(&xZ) + V2(§)a 2(5>I2)

Furthermore, the matching of the outer and inner expansions at the first order prescribes the
following behavior at infinity for wy,
0

ou,
w;;(ga T2 ) 51 (0 L2; ) + U],)(j:oa L2; 77) as 51 — :tOO, (49)

cf. (7)) and the factor of ¢ on the right-hand side of (.Gl
The solution of the problem ([B.4)), (3.6]), (4.8]), (9] is nothing but a linear combination

0 0
wh (&, a5 m) = 8—;;(0, wo; mW(E) + 8—;2’(0, o3 MW2(E) + Cp (a3 ) W° (4.10)
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of the solutions of the problems on Z introduced in Section and B3] see (B, where the
factor C)(x2;7) is related to (A9), not determined yet. However, it does not influence our further
analysis.

Using the decompositions ([8:22), (B27) and recalling ([3.19), we find the following expressions
in (4.9):

U oU°
U%i&x%n%:i<a1«)@ﬂﬁmﬂ5%%5£{mem (5»+{7@% n. (411)

Although the traces (A1) are not yet fixed, we compute the jump of U] through g,

that is,
, o o _
[Uylo(w25m) = 287(0’@;77) 1(E) + 28—(0 T2;m)me(E), x2 € (0, H). (4.12)
1 T

4.3 The second transmission condition

To proceed, we have to deal with the third term of the inner expansion (L5 which after inserting
into the problem (22)-(23]) and extracting terms of order £* leads to the problem

—ADewy (§,w93m) = [ (§,22im), £ € E,

Dueywy (&, a;m) = gy (€, w25 m), € € Ow,

with the periodicity conditions (3.6). According to (L), (2I2) and (ZI0), the right-hand sides
of ([AI3) are given by
2 /

f:(&%;ﬁ) :Axwg(fafb’z;??)+A2(77)w;2(573€2; n) + 8 20, (f T2;1m)
UL Uy oW U, oW?

(4.13)

(4.14)

- &rfp (0,932;77)+2m(0>$2;77)8—§2(5)+2 022 (0,225 )8—52(5)’
a /
341602 = 15O G2 E )
0*U° 82U0 80'
= —Vz(f)ax1822 (0, o5 m)WH(E) — 1() 2 F(0, ;) W(E) — 10(6) 52 O E(xa;m).

Furthermore, the matching procedure and the Taylor formula (Z6), up to the order &2, establish
the following behavior at infinity:

2 !

2 0 ou,
wy (&, w95m) ~ 51 8932p (0, z9;m) + 51 (:tO zo;m) + U (£0,295m)  as & — Foo. (4.15)
1
We observe that, owing to (3.22]) and (Bﬂ), the derivatives OW?/0&; decay exponentially at
infinity while the first term on the right-hand side (AI4]) is constant in £. Thus, a solution of the
problem (LI3), (B.6), (£15) admits the quadratic growth as {; — +oo, and we set
0?UY

8 2p (0’ L2; U)W3(€) + @;;/(67 IQ; 77)7 (416)
L7
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where W3 is given by ([3.30). The remaining part w, verifies the problem
_Aﬁﬂ)\];/(é-vx% 77) = fp//(gu T2; 77)7 5 S E7

al/(f){ﬁ;;/(ga L2 77) = g;)/(€> T2; 77)7 6 € aw?
with the periodicity condition (B.6]), where

(4.17)

2U0

ax%p (07:1:277]) S L2(E)7

fp”(é-v T2; 7]) = f;lyl(é-v T2; 7]) +
and gets an exponential decay at infinity. A solution of such a problem exists in the form

By (&, w2im) = > #x (€)(Ca(wa; )€1 + Col2im)) + ) (€, 723 ) (4.18)
+

for certain coefficients 60 and 61, and a remainder w, which gets the exponential decay as

§1 — Foo. To derive the second transmission condition for U arising in (L3J)), it suffices to

compute the coefficient 61 because the other coefficient 60 proves to be of no further use.
Indeed, by applying the Green formula in ([£I7), we readily obtain

/\

/f// é‘ Ta;M )df—l—/gp(§ Ta;M )d85 — lim Z:l:/ aé_ :l:T 52,2[‘2, )dgg —2HC1(SL’2, )

T—+00
Ow

(4.19)
Let us to process the left-hand side. First, we take V = & and W = W9 with ¢ = 1,2 in formula

B9), and we get
oW
92

(€, ) dE — /V2(§)Wq(£,x2)ds§ —0, g=1.2

Using these formulas in the definitions of ]?p” and g, we have

-~ O*U)
[ Ftamnds+ [ g ammdse =5 0.03m) [ ©OW(E)ase
2 Ow Ow
U ocC!
+ GO [ OWHOdse = 52 ) [ (€.
Ow Ow

Now, let us note that by the Green formula it follows

/V2(§)d35 = /&/(g)fzdé’g =0,
Ow

Ow

which cancels the term containing the derivative of C}(x2;7). Besides, from (3.26) and (3.9), we
obtain

—/ W (E)W?(E)dse = /W DueyW?(€)dse = ||[VeW? LA(E)|? = M(E) > 0. (4.20)
Ow
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Finally, considering (3.28) and using (L.I9)-[Z20), we get
o*U) 0*U?

Gathering (4.15)), ([AI10), (£I8)), ([E21) and (B30) we conclude that
ou! 02U0 w| O°U M (=) 0*UY
10 = 0, z9; — 0,29;n)+ 20, z9:7). 4.22
8,’,5'1( 1'2,77) :FmQ( )8$18 2( >5172777):F2H 8 ( >5172777) 2OH 8:1}'% ( >5172777) ( )
Thus, we obtain the jump through ¢ for the normal derivative of U}
ou’ o*U? \w|02U0 M (=) 0*U)
_r ) = —9m (= (0. 2o 0, o L0, 29:m).  (4.23
|5t ] (2) = —2malE) g S 0si) = T Ot = O i) (4.23)

This completes the problem for correction terms Aj (1) and U, (+;n) in the ansétze (A1) and ([£.2).

Namely, they are the unknowns of the problem (4.3)), (4.4)), (214)), (£12) and ([A.23)). The existence
and uniqueness of both terms is provided below.

4.4 Computing the correction term in the eigenvalue asymptotics

Since, by our assumption, the eigenvalue Ag(n) is simple, the solution of problem (4.3, (44,
(2.14), (412), (£23) has only one compatibility condition. Indeed, it must satisfy the orthogonality
condition, in the sense of the Green formula, of the right-hand side of ([4.3]) to the eigenfunction

Ud(x;n) = jok(x; n) = M1 cog <7rk%), (4.24)

e ([ZI5). This determines completely A7 (1) as we show below (cf. (£23])).
First, we observe that, by (E24),

1
—(1+dx0)H,

1T; L2 (@) = U L (I = 5

where ¢;; denotes the Kronecker symbol. Then, we multiply (A3]) by the conjugate of UI? and
integrate over @w? \ ¢ to get

30+ B HN ) = = [ (.U (ain) + M) Uy(asn)) Do

=0
Because of (A4)), 2I4) and (£24), the Green formula yields

+0
dflfg
r1=—0

H ou’ 007
S0+ aen) ) = [ (T2 i) - Uyt g 2 i)

= [ (T 3,2] )~ 0t ) 5 0,

Now, taking into account the jump conditions (4I12) and ([A.23)), and using (424,

/OH cos’ <7rk‘%>dl'2 = g(l + 00) and /OH cos <7Tk%> sin <7Tk‘%>da72 =0,
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we have

1 , _H |w] o M(Z) /mh\2 N2
5 (14 d0) HAL(n) = = (1 + dr0) (ﬁ(ﬂ*'%]) g (ﬁ) —2(n+2m5)*my(2)).
As a result, we obtain the relationship
, w2k? M(2) 9 — |w|
() = —2< o+ (1 2m) () - —2H>)' (4.25)

Notice that, according to (£.20) and (B.23]), the right-hand side of (£.27) is negative. Also, the
process determines uniquely the terms A’ and U in the asymptotic series (1)) and (Z2).

Remark 4.1. Assuming that (1, A)(n)) is a crossing point of two dispersion curves does not affect
the formal computations in Sections [4.THA.3]| UI?(-, n) being any of the corresponding eigenfunctions
in ([@24) with & = 0. Also, in Section 4] when determining the second term of the asymptotic
expansions A7 (n) and U)(-,n), there is no contradiction since the corresponding eigenfunctions
only depend on x7, namely, rewriting computations we obtain

A (n) = —2(n+ 27Tj)2(m1(5) - %)

while there are two associated solutions U) (-, 1) one for each eigenfunction of Ag(n).

4.5 On the symmetry assumption

The first term (L7) of the inner expansion (£.3]) meets the Neumann condition (2.5) at the sides
x9 = 0 and 9 = H of the periodicity cell w® because US does. Let us examine the second term
(EI0) which satisfies

2] 0o 2 )

0—1'2 »=0 _g 852 9 0:)31 852 ?’ 01'2 (4 26)
UL 1 UL x ocy '
0,0: W= 0 20, 0:n)W2( 2L 0)+=—2(0:n).
+ gy 00 (Z,0) + 520,02 (2,0)+ 5 (05 )

A similar formula is valid at o = H. Using (2.13) the second and third terms on the right-hand
side of (4.26]) vanish. Similarly, the last term vanishes because, by construction (cf. (AI0), (9]
and (4.4)), it satisfies

oc;, oc;,
—P00n) = —P(H:n) =
3, i) = 5 (H;m) =0,
but the other addends do so only if
ow't
w(&,O) =0, W?&,0)=0, & €R, (4.27)
2

cf. also ([4.24]). There is no reason for ({.27) to be fulfilled for any asymmetric hole w but, owing to
Lemma 3.0 the assumption ([L9) gives us the relations (8.32) and, therefore, (4.27). Furthermore,
all terms on the right-hand side of (£26) vanish.
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Remark 4.2. If the relation ([£27) is denied, the inner expansion ({I0) leaves in the Neumann
condition (Z.I) discrepancies of order 1 which are localized in the vicinity of the points (0,0),
(0, H) and decay exponentially at a distant from them. To compensate, a new boundary layer is
needed involving solutions to the Neumann problems for the Laplace operator in the half-planes
with semi-infinite families of holes, that is, in

]R2\U 1kandR2\U —k),

k=0

cf. (C3). Asymptotics at infinity of solutions to elliptic boundary-value problems in angular
domains with periodic boundaries have been investigated in [23] 25]. However, such a two-
dimensional boundary layer seriously complicates the asymptotic procedure and we postpone
the research in the case of more general perforation for another paper.

5 Some bounds for convergence rates

In this section, we obtain some important complementary results on the approximation (ZI0). In
particular, we get some estimates which establish the closeness of eigenvalues A®(n) of problem
22)—([2.3) and the first three dispersion curves of the homogenized problem (see Theorem [5.1]).
As a consequence, we can identify the first eigenvalue Aj(n) at a certain distance from the nodes
(N0, Ap) = (£, %) where the question of their splitting does not appear at all (see Corollary [5.2).
For this first eigenvalue, we get a uniform bound for the convergence rate. The analysis of this
section does not take into account the multiplicity of the eigenvalues of the limit problem.
Let us summarize the results of the section:

Theorem 5.1. There exist A5(n) and A%(n) eigenvalues of the problem ([2.2)—(2.5) which satisfy

|Ai(77) - A(l](n)‘ S C0€ fOT ne [_ﬂ-vﬂ-]v 0<e< €0, (51)
AL () — AL(n)] < Coe forn € |—m 7|, 0 <e < ey,

where A%(n) = n* and A%.(n) = (n+27)? are eigenvalues of problem ZI12)—(2.14)), and the positive
constants g and Cy are independent of € and 7.

Corollary 5.2. Let H € (0,1). Fized 06 € (0,), there exists eg = €o(H) such that the eigenvalue

A5 (n) of problem R2)—~ZH) in the sequence ), and the eigenvalue A(n) of problem ([ZI2)-
ZI4) in the sequence ZII) satisfy

|AS(n) — AY(n)| < Coe forne|-m+d6,m— 6 and 0 < e < &,
where the positive constant Cy is independent of the parameters € and 1.

The proofs of these results are in Section [5.4] and use the lemma on almost eigenvalues which
we introduce in Section 5.l They rely on the construction of approximations to eigenvalues and
eigenfunctions which is done in Sections and
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5.1 The abstract setting

We first reformulate the spectral problem ([Z2)—(2.5) in terms of operators on Hilbert spaces, cf.
(EH). In the space HY" () we consider the scalar product

per
(U, V) ey = (VU Vo VE) e + (US, VE) e (5.3)
and the positive, compact and symmetric operator 3°(n),

(BE(n)U=, V) = (U, V) e VU,V € HYI (). (5.4)

per

The space HY"(w®) equipped with the scalar product (5.3)) is denoted by H¢(n) and ||U®; HE(n)]]

per

denotes the norm generated by (B.3)).
Comparing (53), (54) with (2.0), we see that the variational formulation of the problem
[Z2)-[23) is equivalent to the equation

B (n)U* (n) = M*(n)U*(n) in H=(n) (5.5)
with the new spectral parameter
Me(n) = (1+A%(n) ™" (5.6)

The following result (a lemma on almost eigenvalues, cf. [44]) is a consequence of the spectral
decomposition of resolvent, cf. [0 Ch. 6].

Lemma 5.3. Let M (n) € R and U.,(n) € H*(n) \ {0} verify the relationship
1B=(n)Uzs () — Mgy (n)Ugy(n); H ()| = 0| Uz, (n); H=(n)]]- (5.7)
Then, there ezists an eigenvalue M®(n) of the operator B°(n) such that
[M* () = Mg (n)] < 0.
In(%)tions and below, we provide M: (n) and US,(n) and obtain a bound for the rest
0. in .

5.2 Approximate eigenvalue and eigenfunction

Let A% (n) = (n £ 27)? be eigenvalues in (ZIH) corresponding to a fixed Floquet parameter
n € [—m, m]. According to (5.6) we take

M (n) = (1+AL(n) ™" (5.8)

as an approximate eigenvalue (£ respectively), and

UL (e3) = XU v + (= X () (020) 40 5 2(00)) + exolo) 20 (2),

(5.9)
as an approximate eigenfunction constructed from the asymptotic expansions in Section @l (cf.
E2), (&), (ET) and EIT) which holds for n € [—m, 7). Wy is the bounded harmonics in =, see

(B.20) and B.24),
U3 (wy;m) = €200, (5.10)
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X(x1) = 1=xy(21/e)—x_(21/¢), i.e. X°(x1) =1 for |z1| > 2Re, X°(x1) =0 for |z;| < Re,
Xo € COO(R), Xo(l’l) =1 for |LU1| < 1/6, Xo(l'l) =0 for ‘l’1| > 1/3, (511)
where the even smooth cut-off functions x4 are defined by (8.12)). Notice that, for 0 < |n| < m,

A%(n) is a simple eigenvalue so that it corresponds to the only eigenfunction (5.I0), see (ZI5)
with j = £1 and k& = 0, so that the sign plus or minus is fixed in these formulas.

5.3 Estimating the discrepancy

The function (5.9]) satisfies the Neumann condition (2.3) as well as the quasi-periodicity conditions
23), @4). To conclude these assertions, we recall ([8.32]) and (B321]), and observe that X¢(z1) = 1
and xo(z1) = 0 near the points x; = +1/2.

In order to apply Lemma [5.3] we multiply (5.7) by ||US,(n); H?(n)||~" and obtain the relation

03(n) = ULy H ()| 7HI1B(n) UL — ME(n)UL; HE ()
= UL H= ()T M2 (n) sup [(VoUZ, VoVE)me — AL () (UL, VE) | (5.12)
= [|ULH ()| ML () sup [(AUS + AL (1)UL, VE) e .
Here, the supreme is computed over all function V¢ € H®(n) with unit norm and this calculation
takes into account definitions (5.3)), (£.4)), (5.8) and the Green formula together with the Neumann

and quasi-periodicity conditions for UZ and the Neumann and periodicity conditions for W, (3.0
and (B.21]), respectively. Let us show the estimate

05.(n) <ce for e < e, (5.13)

with some constants ¢ and ¢y independent of 7.
Indeed, by (5.9), we write

AUZ (i) + AL UZ () = 3 S5 4 (i) (5.14)

j=1
with
S5 o (w;m) = X (1) (A UL (21590) + AL () UL (21;9)),
0

S5 4(o5) = [, X)) (02(0130) — U2(0:0) — 11 5 =0,

. 10U9
Sz (x;m) = ga—;(o;ﬁ)Xo(ﬂfl)Aswol(f),
5 0 a[]:(I): 1
S4,i(55§77) = 5Ai(77)X0(551)8—$1(0§77)W0 (£),
U

5 4(30) = €20 A xo ()W 6)
S5 +ls) = ALO)(1 = X)) (U205) + 1 20,

here, [A., x] stands for the commutator, i.e. [A,, x]U := A, (xU) — xA,U. Note that [A,, x]U =
2V,x - V.U +UA,x and [A,, 1 — X5(x1)] = —[A,, Xo(x1)].
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We have S (z;n) = 0 and S5 (z;1) = 0 because of the equations ([2.2) for UY and (B.4)
for Wg. Since Wj admits the representation ([3.24)) and, therefore, is bounded together with its
derivative, we conclude that

(554 Ve | < cesup (Wo (OIIVE L2 ()| < Ce |V L (@)l (5.15)

Moreover, since the coefficients in the commutator [A,, xo(z1)] do not depend on € and have their
supports in the union of the rectangles Y, = {x : +x; € [1/6,1/3],25 € [0, H]}, and VW, has
an exponential decay, we have

(95,45 Ve | < CEsup(lwo( I+ &l Ve W () [V L (@) < Cel[VE L)l (5.16)

On the other hand, owing to (B.I1I), the support of S5, belongs to the union of the thin
rectangles Y5 = {z : £ € [Re,2Re],z2 € [0, H]|} and the coefficient of the derivative and the
free coefficient in the commutator

LOX° ()

A X @0]() = 25— ()5

+ A X5 (21) ()

1 2

are of order e~" and £~ ¢ respectively. Besides, the inequality

Ve L2 (0 < e 2[VEH ()]

is valid, see for example the proof of ([2I7) and (2I]). Thus, based on the Taylor formula for UY,
we see that

2

0*UY
(95,45 V)| < CZlTE /2 max i(fvl;n)' IVE LAY < ceVEH Il (5.17)

2
zeTs | Oxd

Similarly, since the support of S§ . is included in ©° = [~2Re, 2Re] x [0, H], we have
(S5, V)we| < ClOT2(IVELA(O7)[| < Ce |[VEH ()] (5.18)
Finally, by definition of US (see (£.9) and (5.10)), it can be proved that
U5 HE )P == (U9 (=) |2 + (| V.U LA(@)|? = (1 + A% () H. (5.19)

Based on the representation (5.12), (5.14), the estimates (5.15), (5.16), (5.17) and (5.18), and
the convergence (5.19J), we arrive at (5.13)).

5.4 Asymptotics of the eigenvalues

Considering the estimate (5.13), Lemma [5.3] gives us an eigenvalue M5 (n) of the operator B%(n)
such that

| M5 (n) — ME(n)| < ce (5.20)
where the factor ¢ is independent of 7. Recalling (5.6), we derive from (5.20) that
[AG(n) — AL(n)] < ee(1 + AL())(1 + AL(n)), (5.21)
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and, hence
(L+AL(m))(1 —ee(1+ AL(n) < 1+ AL(n).

Let us set

1
0T 501+ An?)

Then, for € < gy and n € [—7, 7], we have (1 — cg(1+ A%(n))>1/2 and therefore
IAL(n) — A% (n)] < 2ce(1+ A% (n)? < 2ce(1 4 97%)% =: Coe. (5.22)

This ends the proof of (5.2]).

In a similar way, replacing A% (n) and U2 (x1;n) by AY(n) = n? and U (z1; 1) = € respectively
in (5.8) and (5.9), we obtain some constants €y, Cy > 0 and certain eigenvalues AS(n) of (2.2)—(2.5)
which satisfy (5.1). Thus, the proof of Theorem [B.]is completed.

Finally, on account of (2.29), there cannot be more than one eigenvalue Aj(n) in the box
[—7 + 0, ™ — &) x [0,7% + K] for any § > 0 and K; defined by (231)), and hence we can identify
the eigenvalue A5(n) given in Proposition [5.1] with the first eigenvalue Aj(n) at a distance ¢ from
ng = =7 and Corollary (2] holds.

6 Asymptotic analysis near nodes

The main difference between the asymptotic analysis in the previous and the next sections is that
in what follows the limit eigenvalue under consideration is always multiple and gives rise to a
node of the dispersion curves in Figured a)-b). Furthermore, examining the splitting of the band
edges and the opening of spectral gaps requires much more precise asymptotic formulas for the
eigenvalues in (2.7]) which are valid in a neighborhood of a certain value of the Floquet parameter
7. This seriously complicates the asymptotic analysis as well as the justification procedure. In fact,
the asymptotic analysis is somehow double, since it takes into account the small parameter and the
small neighborhood of the nodes (70, Ao) = (0, 47?) and (ng, Ag) = (£, 72). In Sections [6.IHG.3)
we perform all the computations for the node (0,47?) while, for the sake of brevity, we sketch
the main changes for the nodes (&, 7?), cf. Section B4l Section contains the asymptotic
analysis based on asymptotic expansions while Sections contain a justification scheme for
the abstract formulation in Section Gl

6.1 The node (10, Ao) = (0,47?) for H € (0,1/2)

This node marked with o occurs in Figure@a) (cf. also Figure[]) under the assumption H € (0,1/2)
as the intersection point of the two (plus and minus) limit dispersion curves

AL(n) = (n+2m)%, n € [-m, . (6.1)
The problem (212)—(2Z.I4) with n = 0 has the eigenvalue A° := AJ(0) = A3(0) = 47 of multiplicity

2 with the eigenfunctions '
UY () = et?minn, (6.2)
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To investigate the perturbed dispersion curves (Z8) with p = 2,3 near the point (7o, Ao) =
(0,472), we use the idea in [27] by introducing the rapid Floquet variable

Y =clp (6.3)
in a neighborhood of 7 = 0, and perform the asymptotic ansatz for the eigenvalues
€ 0 2
A(n) = A" +eN () + "N () + ... (6.4)

with p = 2,3 as in Figure [l a). To shorten the notation, we do not display the index p in the
terms of the anzatze.
We assume the outer expansion for the corresponding eigenfunction

Us(zym) = U%a50p) + U’ (x50)) + *U" (z0h) + . ... (6.5)

to be valid in @ \ ¢, where
U9 0) = ()™ 1 a_()e 2o, (6.6)

1 is a parameter, 1y = O(1), and a(v)) = (a4 (v),a_ (1)) is a column vector in C? to be determined
together with the correction terms A’(¢)) and U’(+; ) in the ansétze (6.4]) and (6.5]), respectively.
We follow the technique developed in Sections [ IHL.4l and we only outline the main differences.
As in Section @] the terms A”(¢) in (64]) and U”(x;4) in (6.5) are not of further use.

We look for an inner expansion in the vicinity of the transversal perforation string (3.2))

Us(z;n) = w’(z9; ) + e (&) + W (&;9) + ..., (6.7)

where we have assumed that the main term w® does not depend on ¢ = ¢!z while the functions

arising in further terms, w’ and w” satisfy a periodicity condition in the &-direction. Following
the scheme in Section M, the immediate result of the matching procedure at the first order is

w(z239) = U°(0;9) = (a+(¥) + a- (V)W = a4 (¢) + a-(¥), (6.8)

cf. (A1) and BI9). Since the main term (G.7) is independent of the transversal variable, the
dependence on 5 (not on &!) disappear in all terms and we will write the argument z; instead
of z on the right-hand side of (€3] and omit x5 on the right-hand side of (€.1).

We continue with the matching procedure at the second order taking into account the Taylor
expansion for (6H), cf. ([@0). The Taylor formula applied to (6.0]) gives

U2;9) = ay (¥) + a-(¥) + 2miz1 (a4 (¥) — a-(4)) — 27727 (a1 (¥) + a— () + O(Jz1[),  (6.9)

where O(|z1|?) depends on 1, and, recalling the solution ([3.20) of the problem ([B.4), (3.6)), (3.7),
cf. (4I0), we set

w'(& ) = 2mi(as (¥) — a—(¥))WH(E) + a' () W* (6.10)
with some factor a(¢)) which can be fixed arbitrarily at the present stage of our analysis. In
contrast to (I0) the solution W? is absent in (6.I0). Thus, the first jump condition for the
correction term in (6.3]) is (cf. (@6]), ([AI2) and (69)):

U’

[U)o(¥) = 28—351(0;@7”1(5) = 4miay () — a_(1))my (). (6.11)
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This formula coincides with ([I2) because 9,,U°=0, and it is independent of z.
The matching procedure at level 2, in the same way as in Section 3] gives

w"(§¥) = 4n*(ay (V) + a- (L)W (E) + a” (V)W + 0" (&)

where TW? is the solution (330) of the problem ([3.29), (30), (B17), a”(¢) is some factor which can
be fixed arbitrarily at the present stage of our analysis and the remainder w” gets the exponential

decay as & — +oo (cf. ([AI10), (£I8) and (4.21])). Besides, the second jump condition ([£23]) now
takes the simplified form (cf. (£.23) and (6.9]))

(0:) = 47, () + a_(0)) 1] (6.12)

[8U’} () = _|w|0*U°

or 1o’ H 023

Other restrictions on U’ are readily inherited from (2.2), (2.5) and (€4]), cf. Section 4.1k
=AU (w31)) = AU (2590) = N (U (23 9), # € @°\

(6.13)

ou’ ou’
8252 (Ila Oa w) - 8252

(21, H:)) =0, 7, € (—%,o) U (0%)

In the quasi-periodicity conditions it is also necessary to take into account the fast Floquet pa-
rameter ([6.3) and the Taylor formula

e = = = 1 4 igtp + O(e2). (6.14)

In this way, inserting (6.5) into (2.3)), ([2.4)), collecting terms of order ¢ and using (6.6) yield

U (5o 0) ~U" (= 5, 0050) =00 (= 5,3 9) = =0 () + a_(9),

ou' /1 ou' s 1 oul s 1
e . . - . —iah 2 [ = . —9 —a._ )
8:1}'1 <271’27¢) 8:1}'1 < 2,$2,¢> “ﬁ 8251 < 27$27¢) Ww(a+(¢) a (¢))

The problem (6.11), (€12]), (6€13), (6.15) has two compatibility conditions which can be derived
by multiplying the partial differential equations in (6I3) by the eigenfunctions (€2]) and applying
the Green formula on @ \ . Thus, we have

(6.15)

N () Has(d) = — / G (AU (a39) + AT (;.)) de

w0

— /OH@_Z(x;w)isz’(x;w)) 5:_ldxﬁ/OH[a_U'(x;qp)izsz’(x;¢)]0dx2,

0:)31

(6.16)
Notice that the factor H on the left-hand side is due to the formula
H€:I:2i7r:c1;L2(w0)|| _ H1/2.

Using the inhomogeneous data in (GI1)), (€I2) and (GID), we observe that the integrands are
constants and reduce (G.I0) to the system of two linear algebraic equations with the spectral
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parameter A’(1)):

jwi

V@) = (1] = s (@) +4m0) 0. 0) + (102le] 4 s2n(2)) o (0),

| ll

(6.17)
N(W)a_ () = (47%% + 87r2m1(E)) ay (Y) + (47?2 Vi 8m%my (Z) — 4@) a_(y).

The two eigenvalues of this system are

N () = 4 <2w(% - ml(E)> + \/47r2 (m1(5)+%)2 + ¢2) . (6.18)

In particular, we have A’ (¢)) < 0 and A/, (¢») > 0 because

jwi

A_() < =167*my ()  and A;(qp)zgﬁﬁ, (6.19)

and mq(=Z) > 0, see ([B.23) and Remark 1] to compare.
In addition, the corresponding eigenvectors a* (1)) = (a3 (1), a=(¢))) can also be easily com-

puted. Finally, the compatibility conditions in the problem (6.13), (611)), (612), (G.I5) are satis-
fied and it has a solution U’(x; ) which is defined up to a linear combination of the eigenfunctions

([E2) but, in the sequel, it can be fixed orthogonal to them and therefore become unique. This
condition determines all the terms in the asymptotic ansétze ([6.4)), (6.5) and (G.1).

According to (6.19) we have A’ () > A’ (¢), so that the eigenpair {A’ (¢)),a™(¢))} can be
related to the eigenpair {A5(n), Us(z;4¢)} of the problem (Z2)-(2H) while {A’ (), a*(¢)} does

to {A5(n), Us(z;9)}.
Now, we formulate our result on the splitting edges of the second and third limit spectral
bands giving rise to the open gap 5 (cf. Figure[§ a)). Its proof is in Sections [6.2H6.3l

Theorem 6.1. Let H € (0,1/2) and b9 > 0. Then, there exist positive g = eo(H, 1)) and
C = C(H,vy) such that, for e € (0,g0], the entries A5(n) and A5(n) of the eigenvalue sequence
220 with n = ey, || < 1y, meet the estimates

|A5(e9)) — Am® — eN (¥)] < C&?,
|A5(e1p) — 4m* — eA ()| < Ce?,

where the quantities N/ (v) are given by (6.18]).

6.2 Approximate eigenvalues and eigenfunctions

Recalling Section [5.1] based on calculations in Section [6.1] we set

M () = (14 4n% 4 e ()7} (6.20)
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where A/, (¢) are taken from (G.I8). Similarly to (B.9), based on the asymptotic formulas in
Section [6.1] we define the approximate eigenfunction

U (3) = X* (1) (U (013 ) + UL @15 9)) + exola) (@ (Z30) + 04 (534) ) + 2 Ri(aiv)
ouy 2PV, e -~ oL
o 3 gt 0045 2 (VL0 0) +n g <fo,w>))-

T=%

+<1—X€<x1>>(Ui<o;w>+x1 (0:) +

(6.21)

Let us describe the terms arising in (G.21]).
The cut-off functions are defined in (EI1). The main term UY is the linear combination

U (a:0) = ()" 4 aF()e",
where, for each sign +, the coefficient column vector a*(¢)) = (a£ (), a(¥)) is the eigenvector of

the system ([617) with A’'(v)) = A’L(¢)) and UL is a solution of the problem (613), (G.15), (611,
([612)), the compatibility conditions of which are fulfilled due to ([GIT). Both, UL and U, depend

on the variable z; only. We fix the main term by prescribing the normalization condition

la=(1)| = 1 which implies ||UL; H*(=")|| = Cy > 0. (6.22)
Then, the solution of the problem (G.13), (615), (611]), (CI2) meets the estimate
1U%; C*(@® N {ay > O} + (|04 C* (@ N {ay < O} < Cu(1+ [9]) (6.23)

due to the factor ¢ on the right-hand sides of (6.15) and (G.18).
The boundary layer terms w/, and @/ take the form

au?

T W) = 52O (€) = 2rilat(h) - ()T € (6:24)
and
BLE) = =5 OO + 5 3 G (0T © (625

where Wol is the exponentially decaying remainder in the decomposition (3.24]) while W3is a
bounded part of the solution ([B:30]) of the problem ([3.29)), ([B.€), (37), that is,

W) = Wi + 5 - Y v eoide. (6.26)
Recalling Proposition and the relation (6.22)), we write
76 H(2)] < Gy with any o € (0, %”) (6.27)
Finally in ([G21]), we fix RS to get Us € H*(n) \ {0}. First, we take functions R € H?*(w")
such that they have support in [1/4,1/2] x [0, H ] and satisfy the boundary conditions
oy 009 = )
1

(3
R€< xw):a—?(eww 1—z€¢)Ui< ;¢> g1(62€¢—1)U'i(—§;¢),xge(o,H),
(-

(1’1,H¢ O T €

OR, an 1 v 0 OULL L
(9:171 5#?) (6 ) 03:1 <_ §7w>> Ty € (OaH)

(6.28)

(5,172; w> = (" — 1 —iey))
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Applying the Taylor formula to €%, and taking into account (6.22) and (6.23)), we find a function
< such that, in addition to (6.28)), satisfies

1RS; HA(@")[| < Cal|(1+ [0]). (6.29)

Owing to the relations ([6.28), the approximate eigenfunction (G.2I]) meets the quasi-periodicity
conditions (23)), (24]) with n = e¢. Thus, U3 falls into H=(n) \ {0}.

Note that the function (G.21]) satisfies the Neumann boundary condition on the lateral sides
x9 = 0 and xo = H of the periodicity cell because of ([6.28)) for R and (3:32) for (6.24]) and (G.23]).
At the boundaries of the holes w®(0, k) with £k = 0,..., N — 1, by definition (5.I1]) of the cut-off

functions, (6.24), (6.:25) and (3.3), we obtain for x € dw*(0, k):
e . an (9Uj: Nl
Vst ) =( G 0:0) #53 Gr r0:09) (1) + 2 T 0)
P20

o7 00)(1(©6 — 2 TT(E)).

Now, by (B21) and 32, we have that 8, We(£) = —11(€). Moreover, since W3 is defined by
([626) with W? satisfying [B1), we get 9, W?(£) = &4 (§). Therefore, for z € 9w®(0, k), we get

6.3 Estimating the discrepancy

We take the value (6.20) and the function (€2I]) to be the almost eigenvalue and eigenfunction
respectively and follow the analysis of Section 5.3 To make it easier the analysis, we also keep
the same notations.

Let us proceed to apply Lemma Considering (620), we have

05(¢) = UL H (=) | HIB (ew) UL — My (4)US; H ()|

Ly 2, Al (6.30)
= [|UL 1 (e) I My (¢) sup [(Ap UL+ (4m”+eAL () UL, VE) e -

The supreme is computed over all function V¢ € H%(e¢)) with unit norm and this calculation
takes into account definitions (5.3)), (5.4]) and the Green formula together with the Neumann and
quasi-periodicity conditions for Uf. For any fixed ¢y > 0, let us show the estimate

65 (V) < c()e?  for || < vy, € < &g (6.31)

with (1) and g9 = £0(1)g) some constants independent of 1) but they depend on .
Indeed, we write

10
ALUS (:0) + (47° + N () US (z3) = Y S5 (x39)), (6.32)
j=1

36



where

St (w39) = X(21) (A, UL (21;9) + AmUL (215 9)),
5.(0:) = X () (AuU ;) + 47U (i) + Ny (DU 43 0)
S5 (@) = e (X (@) AL (V)UL (w159) + (Ap 4+ 47 + AL (¢)) R (239)) |
S0 = (1 + AL @)1 - X (o) (02000) + 500+ BB 00
L= X)) G2 000),
5 4l 0) = (427 + L)1 = X5 T (UL030) + a5 20509
—
870) = 180 X)) (0200 0) - 020:0) — 2 S 000) - BE R 00,
il ) = el X)) (Ul v) = 3 3 (000 + G0 ) ),

S5+(@19) = xo(an) (e AL (&) + AL (€:v) ).

S5+ (2;9) = e[A x,xO(:Bl)](wi(f;@b)+€@l(§;¢))
Sto.s(@39) = e(dn® + ey (v))xo(@1) (W(&; ) + e@L(E; ¥)).

Let us estimate the scalar products
(Ve ) = (S5, V)we for j=1,2,...,10 and V= € H*(e1)).

First of all, according the definitions of UY and U’ (cf. [212) and (GI3)) there holds S§ =
and S5 = 0 so that
E(VE) = 0 and I5(VE; ) = 0. (6.33)

Furthermore, by (6.I8), (6.23) and ([6.29) we readily derive the estimate
5V 9)| < eie®(L+ )V L (=)
Now, using the definition of U2, we write
i (i) =eNy()(1 — X°(21))UL(0; )

+ (4 + e () (1 — X°(21)) ( an

" omy

2 92770
ﬂan,
1o

Thus, by construction of the test function X, the support of Sj ., is included in ©° = [-2e R, 2¢ R] x
[0, H] and we easily obtain the estimate

——(0;9) +

[IE(VE0)| < eoe(1+ [W)|O°[V2|[VE LA(O7)[| < cae® (1 + [NV H (e9)])-

Similarly, we obtain
IE(VE )] < ec®(L+ [Q)?(IVEH ().
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In a similar way to (5.I7)), using the Taylor formula for UY yields the inequality

0

>PU
&Ugi (xl;w)‘ IV LT < e’V H ()]l (6.34)
1

|15 (Ve )| < C5Z|T |1/2¢ max

As regards S7 . and S5, or equivalently, first we note that

OUQE]
oxy lo
for ox; >0, o€ {—1,+1}.

0 U’
> Z (U40050) + 015250, )) = UL ) + a5 =00 9) = S0 ()~ T

Besides, [y, X(1)] = ~[80, 1 (01/2)] ~ B,y (r1/2)], and e g
oU,
Ry I N AR ACIOREN N T0)
U/
% ZTAEXT §1) + [ i} ZTA§ §1x+(61))-

The first term can be estimated and the others will be when they are joined into S5 . Indeed, let

us write ,

S (w5) + So (i) = > Tiy(259)), (6.35)

=1
where

/

ou.
T u(a:) = —2 3 (A X (01/2)) (VL (21:0) = Ub(00) = 217 £ (000),

o=+

T3 (e:0) = e xolan) (Aeh(€:) + 2 UL(0) 3 72 (6)).

75 (0i0) = volen) (Bc(6 ) + [ 52] 0) T raelenc @)
T ) = (1= xo(en)) (5040 (0) > rhcx(6) + [%Zﬂ () Y rAde (&)

Similarly to (B17) and (6.34)), using the Taylor formula for U’ yields the inequality

2Lﬂ
%i (21; w>‘ [V LAY < ere® (L + DIV H ()]

0
(T52 Vel < s 3 TE[Y2 max
+

zeTs

(6.36)

Now, by formulas (6.24), (324), [611), [625), (626) and (BI12), and the fact that AW = 0,
—AV? =1 and anE(—I—O ) = %(_0 V) (cf. [@22))), it follows that

Tza,i(l"; V) = Tga,i(ff? ¥) =0.
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On the other hand, since the support of (1 — xo(z1)) is contained in {|z|>1/6} (see (EIT))
and the support of the derivatives of x is in {+& € [R,2R]} (see (B.12)), under the condition
£ < ﬁ, we have that Tj , (z;¢) = 0. Thus, by (6.33) and (6.30), we get

[IZ(VE ) + I5(VE )| < (14 [IIVE HA(e9) -

Now, we consider S5 .. In a similar way to (5.IG), since the coefficients of the commutator
[A,, xo] do not depend on & and have their supports in the union of the rectangles Y%, while
wi (&), Vew! (&¢) and Vew/(€;1)) are exponentially decaying functions and wf(&;7) is a
bounded function (see (6.24)—(6.26])), we have

15 (Ve 9)] < ce? Sglél;(l&l@i(&)l + &7 Ve, BLE)|+[DL(E)|+ €] [Ve, DL DIVE L* (=) |
< O+ [9)) Ve L ().

Finally, to estimate I5,(V*;4), we introduce the following lemma:

Lemma 6.2. Let x; € C®(R), x1(z1) = 1 for |x;| < 1/3, x1(z1) = 0 for |xy| > 2/3. There is
g0 > 0 such that, for e < g, the inequality

le=l=loa Ve L) || < eoet/? (Ve HY ()| (6.37)
is valid for all V¢ € HY(w®) with any o > 0 and a factor c, independent of €.

Proof. Without loss of generality we assume that V* is a real function. We consider the extended
function V¢ constructed in such a way that satisfies (ZI7). We have

1/2 1/2 1/2
[ o)V ) ey = [ e [ O ()Pt ) di]
—1/2 —-1/2 T1
1/2 /2
<o [emmian [(|Gwm)] + 7k @
~1/2 w1
/2
< aCo/(’%(t, x2)\2 + \f/f(t,mﬁ) dt.
r1
Integrating the above formula in x5 € (0, H), cf. (21I7), we get (6.37]). O
In addition, using the periodicity of w/(&;1) in &, cf. (B3) and ([6.24]), we have
sl (Z:0): L2 < eet et (6 0 L@, o (0,57). (6.38)

Thus, gathering ([6.37), (638), ([627) and the boundedness of wY (;1), we conclude that
V5 Il 0] (700 L2 [V 2] + cesup [ Vs 22
SS)

<ce(l+e(1+ [4])) (2l a@ly; L2 (E)|| 2|V HY (@) || + e (L9 DI[VE L (w09) )
<cie(L+[¥)? Ve HY (=)
(6.39)
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Also, fixed 1y > 0, by definition of U5 (see (G2I)—([6.22)), it can be proved that
|US; H () | == |UL; L2(@°)|* + V.U L(@°)| = (1 + 47 H (6.40)

for || < ). Finally, on account of (6.30), (6.32)), the estimates (6.33)([6.39), and the convergence
([6.40), we arrive at (6.31)).

We are ready to apply Lemma [5.3] ending the proof of Theorem
For any fixed 1y > 0, we consider (630) and (G31). Lemma (.3 gives eigenvalues M5 (e¢)) of
the operator B°(n) admitting the estimates

[ME () — Mi“(¥)] < e(tho)e? (6.41)

where ¢(t)y) is independent of e. Similarly to (B2I)-(522) we derive from (G.41) that under
the restriction € < £(vy), the corresponding eigenvalues A% (£¢)) in the sequence ([2.7) satisfy the

relations
A (e9p) — 4n” — e ()] < C(yo)e?,

A% (et)) — 47 — eA” ()] < Ctho)e?,

where A/, (1)) are given by (G.IS).
Now, to identify A® (e7)) and A% (e9)) we use that

(6.42)

Al A/ 2 — |w| 2 2

() = AL(W) = 87y [472 (mu(8) + 107 ) + ¥

and hence A® (e¢)) < A% (e)) for 1| < ). Besides, from (6.42)) and (G.I8)), we can check that
A% (ey)) < 4m? + K, for ¢ < ¢ and € > 0 small enough, and consequently, by [Z34)), A% (ey)) <
A5(e¢)) under the assumption H € (0,1/2). Finally, since A7(0) = 0 # A®(0), we can identify
A® (ev)) = A5(evp) and A5 (ev)) = A5(ew)) for [¢| < 4hy. This ends the proof of Theorem

6.4 The node (15, Ag) = (£, 7?) for H € (0,1)

Following the scheme in Sections for the node (1o, Ao) = (0,47?), we consider the node
(o, Ap) = (&, 72) under the assumption H € (0,1); cf. Figure @l a) and b). For the sake of
brevity, here we only outline the main changes.

Thanks to the 2r-periodicity in 7, we consider the node (1o, Ag) = (&7, 72) as the intersection
point of the dispersion curves

A =n%and A = (27 — n)? with 5 € [0, 27].

In other words, we extend by periodicity the truss in Figure [ a) as it is depicted in Figure [1]

a). Correspondingly, the dispersion curves in Figure [§] a) are extended periodically as well, cf.,
Figure [ D).

Let us list the changes with respect to Section[6.I]which are necessary to support the asymptotic

ansitze (6.4) and (G.5), [€7) for the eigenpairs {A(n), Us(x;4)}, p = 1,2, of the problem (Z.2)-
(ZX) with the fast Floquet variable

Y =et(n—m) (6.43)
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Figure 7: Duplication of the dispersion curves, limit a) and perturbed b).

instead of (G.3)).

To the eigenvalue A° := A9(7) = Aj(m) = 7? of the problem ([ZI2)-(2Id), there corresponds
the eigenfunctions U (z) = e*™*. Now, the main term in the outer expansion (6.5) becomes the

linear combination of these eigenfunctions

U°(150) = ay ()™ +a_ ()™,

Notice that again no dependence on x5 occurs. The main term in the inner expansion (6.7)) keeps

the form (6.8) but the correction terms look as follows:
w'(§51)) = milas (¥) — a—(V))WH(E) + ' ()W

and

w'(§¥) = 7 (a4 () + a () W(E) + a" (V)W + @"(&;0).
Similarly to (G.11), (€I12)), the jump conditions now read

[U'o(¢) = 2mi(ar(y) — a—(¥))ma(Z), 22 € (0,H),

50,0 =@ +a ), e

Moreover, instead of (6.14]), we have
e = (mev) = eim(1 + jeyp + O(e2)) = —1 — ieyp + O(g?),

so that the somehow quasi-periodicity conditions of the type (G.I3]) turn into

U (5000) + 0 (= o) = —0°(( = 3,00 = ~las () —a_ (8),

8U’<1

f— x2'
8LU1 2’ '

w) + gg:( - %;@ﬂﬁ) = —Wg—glo< - %7@;10) = —iﬂ¢(a+(¢)+a—(¢))-

(6.44)

(6.45)

It is worth mentioning that the relations (G.I5]) are nothing but inhomogeneous pure periodic-
ity conditions while the relations (€45) imply inhomogeneous anti-periodicity conditions of the

function U’.
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The problem (6.13), ([6.44), (647) with A° = 72 has two compatibility conditions which can
be obtained by inserting the data of (6.45]) and (6.44)) into the Green formula as follows:

N () Hay () = —/eT (AU (z;4) + AU (z;0)) da

=0
i ou’ r 8U'

— Frixy [ 7 . -r 7/ . /
/e <8x1 (x;9) £ miU (SL’,¢ . d:cg +/ 8x1 V) £ iU’ (x; )| dag
0 2 0

They convert into the system of two algebraic equations

! 2wl 2 = 5 |wl —
N@)ap () = |m°= = 2r"my(E) + 270 | ar (¥) + | 7°—= + 20°my(B) | a—(¥),
(5 R G A
V@) = (el (@) auw) + (2] - ) - 20 ) o)
with the eigenvalues
NL() = 2 Q(% — (@) £/ (m (@) w), (6.47)
where
A () < —4n*my(2) and A, (1) > 2%2%. (6.48)

The corresponding a* (1)) = (a= (1)), a=(¢))) can be easily computed from the algebraic equations
([644). We again have A’ () > A’ (¢) and therefore, we establish the relation of the eigen-
pairs {A’ (¢),a”(¢)} and {A’ (), a™ (¢¥)}, respectively, with the eigenpairs {Af(n), Us(z; )} and
{A5(n), Us(x; )} of the problem (2.2)—(2.35]) with n defined by (6.43).

Now, we formulate our result on splitting edges of the first and second limit spectral bands
giving rise to the open gap 7§ (cf. Figure[la) and b)); here, we take into account the 2r—periodicity
in 7 of the functions As(n).

Theorem 6.3. Let H € (0,1) and 1y > 0. Then, there exist positive £g = eo(H, 1) and
C = C(H, 1) such that, for e € (0,e0], the entries A5(n) and A5(n) of the eigenvalue sequence
220 with n=m+ e, || < b1, meet the estimates

[AS(r+ey) — m* — eA, (¢)] < C€?,
|AS(T4e) — % — e (¥)] < Ce?,
where the quantities N (V) are given by (G.AT).

7 Opening the spectral gaps

In this section, we show that, under the mirror symmetry condition of the holes, cf. (I9]), there
are open spectral gaps for the spectrum (L7) of the original problem (L4])—(LH]) in the perforated
waveguide I1¢, cf. (L3)); see also Figures [[l and @ Further specifying, for the values H € (0,1)
we show that there is at least one open gap while for H € (0,1/2) there are at least two open
gaps. We provide asymptotic formulas for their localization and width, cf. Figure B b) and a)
respectively and formulas (CI)-(Z3)), (Z6) and (). In Sections [[1] and [[2 respectively, we
broach the cases where H € (0,1) and H € (0,1/2).
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7.1 Opening spectral gap near the node (7, Ap)

Recall (ng, Ag) = (&, 72). Based on asymptotic formulas in Theorems [5.1] and 6.3 we prove in

this section that
e }Ai (n) < 7 —4r*emy(2) + O(e?),
ne|—m,m

min A5(n) > 7+ 27°e— + O(&?).
776[_7‘-77‘—} H
In this way, since m1(Z) + (2H) '|w| > 0 (see Proposition B3)), the spectral gap
Y = (max Ay (n), min Ay 4, (1)) (7.2)
with p = 1 stays open and has the width
IVE| > dn’e <m1(E) + M) +O(e?). (7.3)
2H
Let us prove () for H € (0,1). We divide the proof in two parts depending on whether
n € I or n € Iy where the sets [} = [—m+ 01,7 — 1] and Iy = [—7m, =7+ ;| U[r — &1, 7] for certain

61 € (0, ), cf. Figure[® For simplicity, we choose d; such that A (71 — ;) = (7 + 6,)* < 7% + K,
where K is defined by (Z31]). Thus, by Proposition 2.3, we have that there exists e; = (H, 1) > 0
such that

A;(’f}) >7T2—|—K1 fOl"’/]EIl,8<€1, (74)
Ag(’f}) > 72 + Ky for nel,e<ey, (75)

where K7 and K> are defined by ([231]) and K; may depend on ¢;. In addition, when 7 € I, we
separate again into two parts n € LN{n : 7 —|n| < ey} and n € L N{n : 7 — |n| > ey, } for a
certain constant 1, > 0 that we will determine below.

|
|
|
|
t
1
|
|
|
|
|

% +K,

w2 + Ky -1~
vi I
I

-l -+

—m+eY;

R3

B

t t
- 83 | T

- ey o ey

Figure 8: The different boxes R, for p = 1,2, 3, 4.

Firstly, we estimate Aj(n) and A5(n) for n € I, where (Z4) holds, namely, the case where, for
¢ small enough, there cannot be more than one eigenvalue AS(7) in the box Ry := I x [0, 7° + K1].
Thus, it is evident that

2€|W|

A5(n) > % + 27 F—i—O(éz) for n € 1.
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Besides, by Corollary 5.2 we have
AS(n) < AY(n) + Coe < (= 61)* + Coe < w° —dm?my(B)e forp € Iy

and e small enough, which concludes the proof in I;.

Secondly, we estimate A5(n) and A§(n) for n € I, where (Z.0) holds, namely, the case where, for
e small enough, there cannot be more than two eigenvalues A$(n) in the boxes Ry := I |0, T2+ Ky).
Now, for any ¢; > 0, Theorem [6.3] and ([6.48]) allow us to obtain, for € small enough, the extremum
in (7)) restricted to n € I, N {n : m — |n| < eyp1}. Moreover, for Cy the constant arising in (5.1))

and (5.2), fixing
’QZ)l > C0/27T,

we observe that the eigenvalues A5(n), A (n) defined by Theorem [ satisfy
AZ(n) = AL(n) = AZ(n) — AJ(n) — 2Coe =dm (7 — 1) — 2Coe > 0

forp > 0,m—n > ey, and A® (n) < A° () + Coe < A% (7 —61) + Coe < 72 + K, for n € [ — 6y, 7]
and ¢ small enough. As a consequence, we can identify A5(n) = AS(n) and A5(n) = A= (n) for
n € [m— 1, ™ — ehy], cf. (CH). Thus, using Theorem Bl and taking

47r2m1(5) + C(] C()H + 27r2|w\
7r ’ 2nH ’

Y = max{

for € small enough, we have

Ai(n) < A)(n) + Coe = 7* — (7 +n)(m —n) + Coe

<% —n(r—n)+ Coe < 7% — 4m*my (E)e for n € [m — §1,m — ey,
A5(n) = A2 (n) — Coe = 7 + (37 — n)(m —n) — Coe

> 72 + 2n(w —n) — Coe 2#2—1-27?2%5 for n € [ — 01, m — ey].

In a similar way, we can estimate Aj(n) and A5(n) for n € [—7 + ey, —7 + 1], where now
A5 (n) = A5 (n) and A5(n) = A5 (n). This concludes the proof for n € Is.

Now we formulate our result on opening spectral gap 75 (see Figure [ a)-b)):

Theorem 7.1. Let H € (0,1). Then, there exists a positive constant g = eo(H) such that, for
e € (0,0], the asymptotic formulas ([T1) are valid and the gap ([L2) with p = 1 has positive length

3).

7.2 Opening spectral gap near the node (70, Ao)

Recall (1o, Ao) = (0,47?). Similar computations on the base of Theorems [E.], and prove
that
max A5(n) < 4n? — 167%em,(Z) + O(?),

776[_”77'(]
(7.6)
min  A§(n) > 4n% + 87r25M + 0(g?),
776[_7‘-77‘—} H

so that the gap (C2) with p = 2 opens and gets the width

. 2 (0 =y . 19l 2 7.7
ng| > 167 5<m1(_)+2H) +O(). (7.7)
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Let us prove (ZA) for H € (0,1/2). Now, we divide the proof in two parts depending on
whether 1 € I3 or n € I, where the sets I3 = [—m, —d3] U [03, 7] and Iy = [—d3,d3] for certain
b5 € (0,m), cf. Figure B For simplicity, we choose 03 such that A% (d3) = (27 + 03)* < 47* + K4
where K is defined by (2.38). Thus, by Proposition 2.4l we have that there exists ¢; = ¢(H,d3) > 0
such that

A5(n) > 47 + K3 forn € I3, e < ey, (7.8)
A5(n) > 47 + K4 fornp € Iy, ¢ < ey, (7.9)

where K3 and K, are defined by (238) and K3 may depend on d3. In addition, when n € I3 or
n € Iy, we separate again into two parts, namely, we distinguish the four cases n € I3 N {n :
T lnl <etnhne L0 {n: m—|n > en}, 0 € [~ o] C Land g€ LA {n : || > e}
for a certain g, 11 > 0.

Firstly, we estimate A5(n) and A§(n) for n € I3 where (Z.8)) holds, namely, the case where, for ¢
small enough, there cannot be more than two eigenvalues A7 (7)) in the boxes Rz := I3 %0, 42+ K3).
Thus, it is evident that

|w]

A5(n) > 4m® + 87r25ﬁ +0(e?) forn € Iy = [—m, —d3] U [ds, 7).

Besides, for any 1; > 0, by virtue of Theorem and (G.47), we get that
As(n) 7%+ K(¢n)e <27 forpe Lyn{n : m—[n| <en}

and ¢ small enough. Now, fixing ¢; > Cj/2 and repeating the arguments in the previous
Section [T] related with the set I, we can identify A5(n) = A°(n) for n € [d3,m — 4] and
A5(n) = A%(n) for n € [—7 + €1, —d3]. Thus, by virtue of Theorem B.1] we can check that

As(n) < 472 — 167T25m1(5) + 0(52) fornme IsnN{n : m—|n| > e}

and € small enough. This concludes the proof on the interval I5.

Secondly, we estimate A§(n) and A§(n) when n € I, where (Z9) holds, namely, the case
where, for e small enough, there cannot be more than three eigenvalues AS(n) in the box Ry :=
Iy x [0,47% + K4]. Now, for any 1y > 0, Theorem and (6.19) allow us to obtain, for £ small
enough, the extremum in ([Z6) restricted to {n = e : || < 1ho}. Moreover, fixing 1y > Cy/4m,
we observe that the eigenvalues A% (1) defined by Theorem [5.1] satisfy

A% (n) — A% (n) = A%(n) — A% (n) — 2Coe = 87 — 2Cpe > 0 for 1) > ey,

and A% (n) < A% (n) + Coe < A%(83) + Coe < 4n? + Ky, for n € [0,03] and ¢ small enough. As a
consequence, we can identify A5(n) = A% (n) and A5(n) = A% (n) for n € [y, d5]. Note that, by
Corollary B.21 A5(n) = A5(n) for n € [—d3,03] and there cannot be more than three eigenvalues
AS(n) in the box I x [0,47* + K,]. Thus, using again Theorem 5.1l and taking

1/} _max{167T2m1(E)—|—Co COH+87T2‘W|}
0 — ) 9

3T 47 H
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for € small enough, we have
A5(n) < A%(n) + Coe = 472 — (47 — n)n + Coe < 41 — 37 + Coe
<Adx? —167*my(Z)e  for n € [exby, 03],
A5(n) > A% (n) — Coe = 4n* + (47 +n)n — Coe > 4n* + 4y — Coe
> 47? + 8%2%5 for n € ey, 03]
In a similar way, we can estimate A5(n) and A5(n) for n € [—d3, —e1)y], where now A5(n) = A% (n)
and A§(n) = A% (n). This concludes the proof for n € I4.

Now we formulate our result on opening spectral gap 75 (see Figure [l a)):

Theorem 7.2. Let H € (0,1/2). Then, there exists a positive constant eg = eo(H) such that, for
e € (0,0], the asymptotic formulas ([TG) are valid and the gap [[2) with p = 2 has positive length

@D).

8 Concluding remarks and open problems

We comment on other possible spectral gaps arising from other nodes of the limit dispersion curves
which are not considered in previous sections.

8.1 Closed and shaded gaps

We note that the nodes marked with e and m in Figure @ a)—c), can separate when dealing with
the perturbed problem, but do not give rise to spectral gaps because they are shaded by other
dispersion curves in Figure[§la)—c). More precisely, the node (0, 47%) marked with o in Figure [ a)
gets the symbol e in Figure @l b) and c¢) because the spectral gap described in Theorem is
shaded by a small perturbation, see Section [ of the limit dispersion curves

2 1

A= I +n% nel-mn], forHc (%,%)
A:W—2+(7]:F27T)2 +n € [0, 7] f01"H>L
H? ’ . V3
In a similar way, after perturbation, the node (&, 7?), marked with o in Figure @ a) and b)
provides an open spectral gap when H € (0, 1) but the same node in Figure [ ¢) is marked with

m because the gap around it is shaded by a small perturbation of the dispersion curve

7.‘.2

A= i +n% n€[-mn], for H>1.

Other nodes such as (ne, Ae) = (0,72H2) and (na, Am) = (7, 72(1 + H™2)), also detected
in Figure Ml a)—c), do not give rise to open spectral gaps with some possible exceptions: H = 1,
H=1/V3, H=1/2, H=1/\5, H=1//8 and others (cf. Figures B and [). To examine these
nodes in these exceptional cases, important modifications of our calculations in Section and
are needed and we postpone their study.

The nodes marked with « and » in Figure [l a), do not give rise to open gaps due to another
reason as depicted schematically in Figure both cases of perturbed curves do not provide a
gap. A rigorous justification of the absence of spectral gaps around nodes generated by similar,
either ascending, or descending, dispersion curves can be found in [31].
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Figure 9: The exceptional cases H =1, H = 1/y/3 and H = 1/2.

o

Figure 10: The perturbation of ascending curves.

8.2 On the symmetry assumption and possible generalizations

Under the symmetry assumption (L9) we reduce the problem ([Z2))-(2.3) to the lower half of the
periodicity cell (L)

—AU(z;m) = A°(n)Us(x;m), ze{rew: xo < H/2},

o (gon) =0 (i), e (05) o
(o) =G (). e (05) |

U () =0, ze{re€dw: |r1| <1/2, xo < H/2}.

On the truncation line ¥° = {z € @w® : x9 = H/2}, we impose an artificial boundary condition,

either the Neumann condition

oue
s (x;m) =0, x € X, (8.2)
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or the Dirichlet one
Us(x;n) =0, x € ¥°. (8.3)

Clearly, in view of the geometrical symmetry the even (in the variable x5 — H/2) extension above
¥:f of an eigenfunction of the problem (81), (82]) becomes an eigenfunction of the problem (2.2)—
(ZX) with the same eigenvalue while the odd extension does the same with an eigenfunction of
the problem (&), (83)

A similar reduction of the limit problem (2.I2))-(2I4) divides the family (2.I5) of eigenpairs
into two groups containing even (¢ = 2j) and odd (¢ = 1+2j) in the variable x5 — H/2 eigenfunc-
tions (Z.I3]). Hence, the eigenfunctions in the first and second groups satisfy the Neumann and
Dirichlet artificial boundary conditions on the horizontal mid-line {x € II¢ : 25 = H/2} of the
perforated strip I1°. The limit dispersion curves are drawn in Figure [l a) and b), respectively.
The previous asymptotic analysis applied to problems ([81]), (83) and (1)), (82) independently
leads to the dispersion curves in Figure [[1] ¢) and d), respectively. Furthermore, the common
graph in Figure[{b) is obtained by uniting the latter graphs after perturbations so that the nodes
o in Figure @ b) do not separate in contrast to the nodes marked with o and o (see Figure [2). We
recognize this fact as the lack of interaction between the intersecting curves (G.]) with the index

couples (j, k) = (£1,0) and (5, k) = (0,1) in ZIT).

a) b)

.____
- —
o — — —

1+-———

Figure 11: Disjoint trusses under the symmetry condition.

SN

Figure 12: The perturbation of similar and dissimilar curves.

As depicted in Figure [ b)—c), all nodes marked with ¢ in Figure [l do not split due to the
geometrical symmetry (L9). One may hope that denying the symmetry assumption ([Z9]) provides
separation of the nodes o to open many gaps in Figure[fla)—c)d. However, we cannot confirm such
a splitting of band edges by our present asymptotic analysis.

2Actually these dispersion graphs are taken from the paper [3I] which analyze a quantum waveguides with
regularly perturbed walls.
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Another way to conclude on splitting by analyzing the first correction term in the eigenvalue
asymptotics only is to treat either inclined perforation springs, Figure [[3] a) or holes of varying
size, Figure [[3 b). Again both modifications require a serious complication of calculations.

OO0000e

Figure 13: The distorted periodicity cells.

JEINERRNEER

Figure 14: The waveguide with periodic strata.

A similar spectral problem in a stratified strip in Figure [[4] a) with foreign acoustic material
in shaded thin rectangles can be solved explicitly by separating variables. However, in the case of
straight and homogeneous strata as in Figure [[4 b), we again cannot conclude on the splitting of
the nodes o while dealing with the first correction term only. To clarify the possibility of opening
corresponding spectral gaps, one can disturb the strata as depicted in Figure[[3]c) and d), or even
deal with curved stratum in the periodicity cell, namely

¢ ={r: 1€ (0,H), —eh_(z2) <1 — j <ehy(22)},
where hd+ € C*°[0, H]| are profile functions such that
h(ZL'Q) = h+(1’2) + h_(ZL'Q) >0, 9 € [0, H]

However, this perturbation on the thin strips and those outlined in Figure [I3] stay as open prob-
lems. A study of the corresponding spectrum will be undertaken in the forthcoming paper of the
authors.

Acknowledgments

The work has been partially supported by MICINN through PGC2018-098178-B-100, PID2020-
114703GB-100 and Severo Ochoa Programme for Centres of Excellence in R&D (CEX2019-000904-
S).

References

[1] G. Allaire and C. Conca, Bloch wave homogenization and spectral asymptotic analysis,
J. Math. Pures Appl. 77 (1998) 153-208.

49



2]

3]

[10]

[11]

[12]

[13]

[15]

[16]

H. Attouch, Variational Convergence for Functions and Operators. Applicable Mathematics
Series, Pitman, Boston, 1984.

F.L. Bakharev, G. Cardone, S.A. Nazarov and J. Taskinen, Effects of Rayleigh waves on
the essential spectrum in perturbed doubly periodic elliptic problems, Integral Equations
Operator Theory 88 (2017) 373-386.

F.L. Bakharev and S.A. Nazarov, Gaps in the spectrum of a waveguide composed of domains
with different limiting dimensions, Sibirsk. Mat. Zh. 56 (2015) 732-751 (English transl.: Sib.
Math. J. 56 (2015) 575-592).

F.L. Bakharev, S.A. Nazarov and K.M. Ruotsalainen, A gap in the spectrum of the Neumann-
Laplacian on a periodic waveguide, Appl. Anal. 92 (2013) 1889-1995.

F.L. Bakharev and E. Pérez, Spectral gaps for the Dirichlet-Laplacian in a 3-D waveguide
periodically perturbed by a family of concentrated masses, Math. Nachr. 291 (2018) 556-575.

F.L. Bakharev and J. Taskinen, Bands in the spectrum of a periodic elastic waveguide,
Z. Angew. Math. Phys. 68 (2017) paper 122, 27pp.

A. Bensoussan, J.-L. Lions and G. Papanicolau, Asymptotic Analysis for Periodic Structures,
North-Holland Publishing Co., Amsterdam, 1978.

M.S. Birman and M.Z. Solomyak, Spectral Theory and SelfAdjoint Operators in Hilbert
Space, Reidel Publishing Co., Dordrecht, 1987.

D.I. Borisov and K.V. Pankrashkin, Gap opening and split band edges in waveguides coupled
by a periodic system of small windows, Mat. Zametki 93 (2013) 665-683 (English transl.:
Math. Notes 93 (2013) 660-675).

D.I. Borisov and K.V. Pankrashkin, Quantum waveguides with small periodic perturbations:
gaps and edges of Brillouin zones, J. Phys. A 46 (2013) €235203, 18 pp.

C. Conca, J. Planchard and M. Vanninathan, Fluids and Periodic Structures. Masson, Paris,
1995.

[.M. Gelfand, Expansions in characteristic functions of an equation with periodic coefficients
[in Russian|, Doklady Akad. Nauk. SSSR 73 (1950) 1117-1120.

D. Gémez, S.A. Nazarov, R. Orive-Illera and M.-E. Pérez-Martinez, Remark on justifica-
tion of asymptotics of spectra of cylindrical waveguides with periodic singular perturbations
of boundary and coefficients, J. Math. Sci. 257 (2021) 597-623 (translated from Russian:
Problemy Matematicheskogo Analiza 111 (2021) 43-65).

R. Hempel and K Lienau, Spectral properties of periodic media in the large coupling limit,
Comm. Partial Differential Equations 25 (2000) 1445-1470.

R. Hempel and O. Post, Spectral gaps for periodic elliptic operators with high contrast: an
overview, in: Progress in Analysis, Proceedings of the 3rd International ISAAC Congress
Berlin 2001, World Scientific Publ., River Edge, NJ, pp. 577-587, 2003.

50



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[20]

[27]

[28]

[29]

[30]

A.M. II'in, Matching of Asymptotic Expansions of Solutions of Boundary Value Problems,
Am. Math. Soc., Providence, RI 1992.

P. Kuchment, Floquet Theory for Partial Differential Equations, Birkhauser Verlag, Basel,
1993.

O.A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, 2nd ed.,
Nauka, Moscow 1970, 288 pp.; (English transl., 2nd Eng. ed., rev. and enlarged, Math. Appl.,
vol. 2, Gordon and Breach Science Publishers, New York-London-Paris 1969, xviii+224 pp.).

M. Lobo, O.A. Oleinik, M.E. Pérez and T.A. Shaposhnikova, On homogenization of so-
lutions of boundary value problems in domains, perforated along manifolds. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. 4¢ série, 25 (1997) 611-629.

V.G. Maz’ya, S.A. Nazarov and B.A. Plamenevsky, Asymptotic Theory of Elliptic Boundary
Value Problems in Singularly Perturbed Domains Vols. 1 & 2, Birkhauser Verlag, Basel, 2000.

V.A. Marchenko and E.Ya. Khruslov, Boundary Value Problems in Domains with a Fine-
Grained Boundary, Naukova Dumka, Kiev, 1974 (in Russian).

S.A. Nazarov, Asymptotic behavior of the solution of a Dirichlet problem in an angular
domain with a periodically changing boundary, Mat. Zametki. 49 (1991) 86-96 (English
transl.: Math. Notes 49 (1991) 502-509).

S.A. Nazarov, Polynomial property of selfadjoint elliptic boundary value problems and the
algebraic description of their attributes, Uspekhi Mat. Nauk. 54 (1999) 77-142 (English
transl.: Russian Math. Surveys. 54 (1999) 947-1014).

S.A. Nazarov, The Neumann problem in angular domains with periodic and parabolic pertur-
bations of the boundary, Tr. Moskov. Mat. Obs. 69 (2008) 182-241 (English transl.: Trans.
Moscow Math. Soc. 69 (2008) 153-208).

S.A. Nazarov, An example of multiple gaps in the spectrum of a periodic waveguide, Mat.
Sb. 201 (2010) 99-124 (English transl.: Sb. Math. 201 (2010) 569-594).

S.A. Nazarov, Opening a gap in the continuous spectrum of a periodically perturbed waveg-
uide, Mat. Zametki. 87 (2010) 764-786 (English transl.: Math. Notes. 87 (2010) 738-756).

S.A. Nazarov, Variational and asymptotic methods for finding eigenvalues below the contin-
uous spectrum threshold, Sibirsk. Mat. Zh. 51 (2010) 1086-1101 (English transl.: Sib. Math.
J. 51 (2010) 866-878).

S.A. Nazarov, A gap in the essential spectrum of an elliptic formally selfadjoint system of
differential equation, Differ. Uravn. 46 (2010) 726-736 (English transl.: Differ. Equ. 46 (2010)
730-741).

S.A. Nazarov, Asymptotic expansions of eigenvalues in the continuous spectrum of a regu-
larly perturbed quantum waveguide, Teoret. Mat. Fiz. 167 (2011) 239263, (English transl.:
Theoret. and Math. Phys. 167 (2011) 606-627).

51



[31] S.A. Nazarov, Asymptotic behavior of spectral gaps in a regularly perturbed periodic waveg-
uide, Vestnik St.-Petersburg Univ. 7 (2013) 54-63 (English transl.: Vestnik St.-Petersburg
Univ. Math. 46 (2013) 89-97).

[32] S.A. Nazarov, R. Orive-Illera and M.-E. Pérez-Martinez, Asymptotic structure of the spec-
trum in a Dirichlet-strip with double periodic perforations, Netw. Heterog. Media 14 (2019)
733-757.

[33] S.A. Nazarov and B.A. Plamenevsky, Elliptic Problems in Domains with Piecewise Smooth
Boundaries, Walter de Gruyter & Co., Berlin, 1994.

[34] S.A. Nazarov, K. Ruotsalainen and J. Taskinen, Essential spectrum of a periodic elastic
waveguide may contain arbitrarily many gaps, Appl. Anal. 89 (2010) 109-124.

[35] S.A. Nazarov and J. Taskinen, Elastic and piezoelectric waveguides may have infinite number
of gaps in their spectra, C.R. Mecanique 344 (2016) 190-194.

[36] G. Nguetseng and E. Sanchez-Palencia. Stress concentration for defects distributed near a
surface. in: Local Effects in the Analysis of Structures, Stud. Appl. Mech. 12, Elsevier, pp.
55-T4, 1985.

[37] O.A. Oleinik, A.S. Shamaev, G.A Yosifian. Mathematical Problems in Elasticity and Ho-
mogenization. Studies in Mathematics and its Applications, 26. North-Holland, Amsterdam,
1992.

[38] G. Polya and G. Szego, Isoperimetric Inequalities in Mathematical Physics, Annals of Math-
ematics Studies, vol. 27, Princeton Univ. Press, Princeton, NJ 1951.

[39] O. Post, Spectral Analysis on Graph-Like Spaces, Springer, Berlin, 2012.

[40] M. Reed and B. Simon, Methods of Modern Mathematical Physics. III: Scattering Theory,
Academic Press, New York, 1979.

[41] J. Sanchez-Hubert and E. Sanchez-Palencia. Vibration and Coupling of Continuous Systerms.
Asymptotic Methods. Springer-Verlag, Berlin, 1989.

[42] M.M. Skriganov, Geometric and arithmetic methods in the spectral theory of multidimen-
sional periodic operators, Proc. Steklov Inst. Math. 171 (1987) 1-121.

[43] M. Van Dyke, Perturbation Methods in Fluid Mechanics, Appl. Math. Mech., vol. 8, Academic
Press, New York-London, 1964.

[44] M.I. Vishik and L.A. Ljusternik, Regular degeneration and boundary layer for linear differ-
ential equations with small parameter, Amer. Math. Soc. Transl. 20 (1962) 239-364.

[45] V.V. Zhikov, Gaps in the spectrum of some elliptic operators in divergent form with periodic
coefficients, St. Petersb. Math. J. 16 (2005) 773-790.

52



	1 Introduction
	1.1 Formulation of the problem
	1.2 State of art
	1.3 Architecture of the paper

	2 The model problem in the periodicity cell
	2.1 The FBG-transform and the quasi-periodicity conditions
	2.2 The limit problem and the limit dispersion curves
	2.3 The convergence results

	3 The boundary layer phenomenon in the periodicity cell
	3.1 The problems in  and their solvability
	3.2 Integral characteristics
	3.3 Other special solutions
	3.4 The symmetry assumption and its consequences

	4 Formal asymptotic analysis of simple eigenvalues
	4.1 Asymptotic ansätze
	4.2 The first transmission condition
	4.3 The second transmission condition
	4.4 Computing the correction term in the eigenvalue asymptotics
	4.5 On the symmetry assumption

	5 Some bounds for convergence rates
	5.1 The abstract setting
	5.2 Approximate eigenvalue and eigenfunction
	5.3 Estimating the discrepancy
	5.4 Asymptotics of the eigenvalues

	6 Asymptotic analysis near nodes
	6.1 The node (,)=(0,42) for H(0,1/2)
	6.2 Approximate eigenvalues and eigenfunctions
	6.3 Estimating the discrepancy
	6.4 The node (, )= (,2) for H(0,1)

	7 Opening the spectral gaps
	7.1 Opening spectral gap near the node (, )
	7.2 Opening spectral gap near the node (,)

	8 Concluding remarks and open problems
	8.1 Closed and shaded gaps
	8.2 On the symmetry assumption and possible generalizations


