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Abstract

We develop three asymptotic models of surface waves in a non-Newtonian fluid with
odd viscosity. This viscosity is also known as Hall viscosity and appears in a number
of applications such as quantum Hall fluids or chiral active fluids. Besides the odd
viscosity effects, these models capture both gravity and capillary forces up to quadratic
interactions and take the form of nonlinear and nonlocal wave equations. Two of
these models describe bidirectional waves, while the third PDE studies the case of
unidirectional propagation. We also prove the well-posedness of these asymptotic
models in spaces of analytic functions and in Sobolev spaces. Finally, we present a
number of numerical simulations for the unidirectional model.
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1 Introduction

The equations describing the motion of an incompressible fluid take the following
form:

p(%u—i—(mV)u) =V-7 inQ@)x][0,T],

V-u=0 inQ() x[0,T],

3
5P+ Y wp) =0 inQ@) x[0,7],

where u, p and .7 denote the velocity, density and stress tensor of the fluid, respec-
tively. This stress tensor takes different forms depending on the physical properties
of the fluid. On the one hand, we have the case of inviscid fluids where the previous
equations reduce to the well-known Euler system with a stress tensor given by

P i
ﬁj— p8j.

On the other hand, we have the case of viscous Newtonian fluids where the tensor
takes the classical form

. . 0 0 .
:Zl = —p(S} + Ve <Eul + a—XIMJ) .

Due to the symmetries of the tensor, this viscosity is called even or shear viscosity.
Fluids in which both time reversal and parity are broken can display a dissipationless

viscosity that is odd under each of these symmetries. This viscosity is called odd or

Hall viscosity. In this case, the stress tensor takes the following form (cf. Khain et al.

2020):
. . 9 9\t .
i gl (L e J

“71' - p8j+v0<aXi(u) +<3xi> ! )’

where for a vector a = (ay, ap), we used the notation

at = (a2, —ay).

Situations where such a viscosity arise in a natural way are, for instance, the motion
of quantum Hall fluids at low temperature (cf. Avron et al. 1995), the motion of
vortices (cf. Wiegmann and Abanov 2014) or chiral active fluids (cf. Banerjee et al.
2017) among other applications (see Souslov et al. 2019 or Abanov et al. 2020 and
the references therein).

Since the seminar works of Avron et al. (1995) (see also Avron 1998; Banerjee
et al. 2017; Ganeshan and Abanov 2017; Ganeshan and Monteiro 2021; Lapa and
Hughes 2014; Souslov et al. 2019), the effect of the odd viscosity has been an active
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research area. Fluids that experience odd or Hall viscosity have a rather counterintuitive
behavior. For instance, while a rotating disk immersed in a fluid with even viscosity
experiments a friction force that opposes the rotation, the same disk rotating in a fluid
with odd viscosity feels a pressure in the radial direction (see Avron 1998, Section 5.3
and Lapa and Hughes 2014 for more details).

While in three dimensions, terms in the viscosity tensor with odd symmetry were
known in the context of anisotropic fluids, Avron noticed that in two dimensions, odd
viscosity and isotropy can hold at the same time (cf. Avron 1998). This motivated
the study of two-dimensional incompressible flows with odd viscosity effects. This
situation can be described by the following system (cf. Avron 1998; Ganeshan and
Abanov 2017):

p(%u—i—(mV)u) = —Vp—l—v(,AuL in () x [0, T], (1a)
V-u=0 1inQ(t) x [0, T], (1b)
%p—}-V(up) =0 inQ@) x[0,T], (1c)

where u, p and p denote the velocity, density and pressure of the fluid and v, is a
positive constant reflecting the influence of odd viscosity.

2 The free boundary problem
2.1 Derivation

We observe that using the divergence-free condition, system (1) can be rewritten as:

1Y (%M + (M . V)u) = —V(p — vo(v . MJ‘)) in Q([) % [0, T], (2&)
V-u=0 inQ() x[0,T], (2b)

0
E,o—i—u-Vp:O in 2(t) x [0, T]. 2¢)

This system needs to be supplemented with appropriate initial and boundary condi-
tions.

We stress that the viscosity tensor takes the form of a gradient and, as a consequence,
it can be absorbed into the pressure in the bulk of the fluid once we define the modified
pressure

p=p—vo(V-ub).
However, the odd viscosity affects the boundary conditions (cf. Ganeshan and Abanov
2017). This is of particular importance when considering free boundary problems for

flows under the effect of odd viscosity. Such free boundary flows have been reported
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in experiments by Soni, Bililign, Magkiriadou, Sacanna, Bartolo, Shelley & Irvine
(see Soni et al. 2018, 2019). The purpose of this paper is to study the dynamics of a
incompressible, irrotational and homogeneous fluid bounded above by a free interface
under the effect of gravity, surface tension and, more importantly, odd viscosity.

We consider the (to be determined) moving domain

Q) = [ (1. e R x e Rovy < (.0}
for certain function 7. The free interface is then
re = [(xl,xz) eR? x; eR, xp = r](xl,t)}.

This function 7 is advected by the fluid and as a consequence it satisfies a transport
equation.

Since we consider surface tension effects, the stress tensor satisfies the following
boundary condition:

9;”]' = yKn;,

where 7 is the unit upward pointing normal to the surface wave, y is the surface tension
strength and C denotes the curvature of the free boundary

Nxy1x1
K=—""— onI().
3/2
(1+n3,)"

Since the fluid is homogeneous, we have that the density p remains constant. It
is well-known that the occurrence of viscosity creates a boundary layer near the sur-
face wave. However, the thickness of this boundary layer is small when the physical
parameters are in a certain regime (see Dias et al. 2008; Lamb 1932 for instance). In
particular, the vorticity is confined to this narrow boundary layer near the surface (see
Abanov et al. 2018). Then, following the ideas in Abanov et al. (2018), Dias et al.
(2008) and the references therein, we consider potential flow with a modified boundary
conditions for the redefined pressure p. Let us emphasize that we are dealing with an
approximate model of surface odd waves where the boundary layer is replaced by a
modified Bernoulli’s law instead of the original free boundary problem for the surface
waves with odd viscosity.

As a consequence, we assume that

u=Vo,

where 6 is the scalar velocity potential. This velocity potential, by virtue of the incom-
pressibility condition, is harmonic. Then, the effects of boundary layer are captured
by the odd viscosity modified pressure term (see Abanov et al. 2018; Ganeshan and
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Monteiro 2021 for the reasoning behind this fact)
~ 2v,
P=yK = Gy

This new boundary condition for the modified pressure encodes the contribution of
the narrow boundary layer and gives an accurate description of the physical problem.

Thus, to describe surface waves under the effect of gravity, capillary forces and
odd viscosity in an accurate way, it is enough to consider the following free boundary
problem (Abanov et al. 2018; Abanov and Monteiro 2019; Ganeshan and Monteiro
2021):

AO =0 inQ(@) x[0,T], (3a)
02 +02 2 n
X1 X2 o t
I — = r T
,0(9,+ > —|—Gr/> 12,8 (1+77)2(1)1/2 (1""7)2;1)1/2 onI'(¢) x [0, T],
x|
(3b)
N = —Nx0x +60, onl@) x[0,T], (30)

where 6 is the scalar potential (units of length®/time), n denotes the surface wave

(units of length) and G (units of length/time?) is the gravity acceleration. The

constant v, reflects the odd viscosity contribution and has units of (length?/time).
As is customary (see Zakharov 1968), we use the trace of the velocity potential

E(t, x1,x2) = 0(t, x1, n(t, x1)).

Thus, (3) can be written as

A6 =0 1inQ() x[0,T], (4a)
0=E& onI'(¢r) x [0, T], (4b)
0% + 63 14 Nxyx
&+ == +Gn = _#32 + ze (_77x19x1 + sz)
2 P(1+n3)”

4 2 ! r (1) x [0, T]
— on x [0, T,
po (w2 \ A0 )

(40)
N = —Nx by +0x, onl()x[0,T] (4d)
The system (4) is supplemented with an initial condition for  and &:
n(x, 0) = no(x), )
£(x,0) =&o(x). (6)
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2.2 Prior Works

System (4) is the odd viscosity analogue to the water waves system with (even) vis-
cosity in the work of Dias, Dyachenko & Zakharov (see Dias et al. 2008). A careful
inspection shows that the system with odd viscosity is of purely dispersive nature,
while the system in Dias et al. (2008) is of cross-diffusion type. This free boundary
problem with even viscosity has received a large amount of attention in recent years
both from the applied mathematics viewpoint, which is interested in new and better
mathematical models that capture the main dynamics in suitable regimes, and from the
pure mathematics community that studies the dynamics of the underlying differential
equations. We refer the reader to Dutykh (2009), Dutykh and Dias (2007b, a), Kakleas
and Nicholls (2010), Ngom and Nicholls (2018), Ambrose et al. (2012), Granero-
Belinchén and Scrobogna (2019a), Granero-Belinchén and Scrobogna (2020b, ¢).
Even if the odd viscosity effects are most visible at the free surface of the fluids (see
Ganeshan and Abanov 2017; Abanov et al. 2018, 2020) and the phenomenon has been
described experimentally (cf. Soni et al. 2018, 2019), the number of results studying
surface waves with odd viscosity remains, to the best of our knowledge, small.
Letus briefly summarize the available literature on surface waves with odd viscosity.
Very recently, Abanov et al. (2018) considered the free surface dynamics of a two-
dimensional incompressible fluid with odd viscosity. Besides studying the dispersion
relation of such waves derived a number of weakly nonlinear models. First, after
neglecting gravity, surface tension and terms of cubic order, they obtained the following
Craig-Sulem-type model (see equations (49) and (50) in Abanov et al. 2018)

ur — [HwHu)ly, + 2voAuy, = —2v, [[[H, h]]Hu]
hy +Hu = — [[[H, hﬂHu]

xpxpxy ’

X1’

where [-, -] denotes the commutator and  and A stand for the Hilbert transform
and the fractional Laplacian, respectively (see below for a proper definition). As the
authors point out in their work, this system is Hamiltonian. In addition, the authors also

considered the small surface angle approximation to conclude the following model
(see equations (51) and (52) in Abanov et al. 2018)

hy = —[(Hhohele, —2voHhyxyx, -

This latter equation has the same nonlinearity as the 7—model in Granero-Belinch6n
and Shkoller (2017) while keeping a linear operator akin to the classical Benjamin—
Ono equation. Indeed, the previous model can be equivalently written as

Uy = — [(HU)U]XI - ZVOHUXIJC] .

In this new variable, we recognize a well-known nonlinearity already heavily studied
in the literature (see Castro and Cérdoba 2008; Bae and Granero-Belinchon 2015; Li
and Rodrigo 2011 and the references therein).
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In addition, Abanov et al. (2018), starting from the previous small angle approxi-
mation, derived and studied what they named the chiral Burgers equation

ur + 2uny, = 2iVolly,x, -

We would like to emphasize that all these models are obtained with heuristic arguments
instead of a more rigorous asymptotic approximation.

Later on, Abanov and Monteiro (2019) presented a variational principle which
accounts for odd viscosity effects in free boundary incompressible flows.

Moreover, Ganeshan and Monteiro (2021) studied the case of waves with odd
viscosity in a shallow fluid and derived the celebrated KdV equation as a model in the
long wavelength weakly nonlinear regime.

2.3 Contributions and Main Results

The purpose of this paper is twofold. On the one hand, we obtain three new models for
capillary—gravity surface waves with odd viscosity. These new models are obtained
through a multiscale expansion in the steepness of the wave and extend the previous
results in Aurther et al. (2019), Granero-Belinchén and Scrobogna (2019a), Granero-
Belinchén and Scrobogna (2019b). Furthermore, our models consider both gravity
and surface tension forces and, as a consequence, generalize those in Abanov et al.
(2018). In particular, we obtain the model

fir=—=Af —BAf +aoAfiy, +6 [—H ((Hft)2) + (I, fﬂAf)]
e[ e (I fIAfi) + BIH INF] - onTx (0,71 ()

X1

Noticing that the terms that are O(ew,) and O(gf) are much smaller that the rest, we
can also consider the following PDE:

fir ==Af = BAf 4o fir, +& [-H(HF?) + ([H, £]Af)],, onT x [0,T1. (8)

Similarly, if we restrict ourselves to the study of unidirectional surface waves, we can
derive the following dispersive equation:

1
2ft +Ol0Af[ = g {fx1 +Hf + (o — /S)folxl}

+H AL = [H, fIAf + (@ — B)[H, fIA3F, onT x [0, T].
©9)

Conservation of mass is a limitation of some models of viscous fluids (Eeltink et al.
2020). In that regard, let us remark that the models here derived conserve the total
mass of water for periodic domains and for waves that decay fast enough at infinity.
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On the other hand, we prove a number of mathematical results establishing the well-
posedness of our new models in appropriate functional spaces (see Granero-Belinchon
and Scrobogna 2020a, ¢, 2021 for some related results).

Roughly speaking, we prove the following theorems (see below for the precise
statements):

(1) Equation (7) is locally well-posed for analytic initial data. The proof is based on
a Cauchy—Kowalevski-type argument that relies in finding appropriate bounds for
a cascade of linear equations as in Aurther et al. (2019).

(2) Equation (8) is locally well-posed in H 43(R) x H3(R) when the Bond number
B > 0. The required energy estimates exploit the commutator structure of the
nonlinearity in a very precise way.

(3) Equation (9) is locally well-posed in H 3(R) when the odd Reynolds number «,, is
strictly positive regardless of the value of the Bond number §. Furthermore, when
0 < a, = B, the problem admits a distributional solution in A '~ (R).

The plan of the paper is as follows. First, in Sect. 3, we write the dimensionless
problem of gravity—capillary waves with odd viscosity in the arbitrary Lagrangian—
Eulerian formulation. Next, in Sect. 4, we derive and study the case of a bidirectional
gravity—capillary wave with odd viscosity. In particular, we obtain two new nonlinear
and nonlocal wave equations (see Equations (7) and (8)). These PDEs describe the main
dynamics in the weakly nonlinear regime and consider the case where the steepness
parameter ¢, the odd Reynolds number ¢, and Bond number 8 are small. Moreover,
we establish the local strong well-posedness of (7) and (8) in appropriate functional
spaces. Then, in Sect. 5, we study the case of unidirectional waves and obtain the
new nonlocal and nonlinear dispersive equation (9) in the case of right-moving waves.
Furthermore, we establish the local strong well-posedness of (9) in Sobolev spaces
provided that the odd Reynolds number is positive. Finally, we also prove a local in
time existence of distributional solution with limited regularity for (9). In Sect. 6, we
conclude with a brief discussion presenting the main novelties of our work.

2.4 Notation

Given a matrix A, we write A; for the component of A, located on row i and column
Jj. We will use the Einstein summation convention for expressions with indexes.
We write

_or . _0f
fXj P ft— 9t

- ax]'

for the space derivative in the j—th direction and for a time derivative, respectively.
Let f(x1) denote a L? function on R. We define the Hilbert transform  and the
Dirichlet-to-Neumann operator A and its powers, respectively, using Fourier series

HE(k) = —isgn(k) f(k), Nfk) = [k|f k). (10)
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where

fk) = \/%/l;f(x1)e_ikxlrmdx1.

Finally, given an operator 7, we define the commutator as

[T, fle=T(fg) — fT().

3 A Model of Gravity-Capillary Waves with Odd Viscosity
As mentioned above, we use the trace of the velocity potential
§(1,x1,x2) = 0(1, x1, n(t, x1)).

Thus, (3) can be written in dimensionless form (see Granero-Belinchén and Shkoller
2017 for more details) as

A =0 inQ@) x [0, T]. (11a)
0=E& onI'(t) x [0, T], (11b)
0% + 03
Gre T gy o % + 20y, (=€, 00, + Os) (11c)
(1 + (enxl) )
ta ! il onT'(1) x [0, T]
“Tren) P\t en?)? ) o
1
(11d)
N = —ena by + 0, onT(0) x [0, T], (11e)

where ¢ is known as the steepness parameter and measures the ratio between the
amplitude and the wavelength of the wave while ¢, is a dimensionless parameter akin
to the Reynolds number that represents the ratio between gravity and odd viscosity
forces. Due to this similarity, we call it odd Reynolds number. Similarly, § is the Bond
number comparing the gravity and capillary forces.

Now, we want to express system (11) on the reference domain 2 and reference
interface I

Q=R x (—00,0), I'=Rx{0}. (12)
In order to do that we define the following family of diffeomorphisms

v [0, TIxQ— Q@),
(x1,x2,1) = ¥ (x1,x2,1) = (x1,x2 +&n(x1,1)) .
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We compute

_ 1 0 _ o 1 0
e ("’"’7)61 (1, 1) 1)’ A== <_87]x1 (x1. 1) 1>' (1

We define the ALE variables
®=0o01.

We can equivalently write (11) in the (fixed) reference domain as follows:

Al (A’;@xk)x{ —0 inQ x0TI (142)
®=& onl x[0,T], (14b)
&
b+ 2 AKO, L0y, + 1 = % +e450,,450,,42 (14¢)
(l + (enyx,) >

+ o i onI" x [0, T]

0 a-+ 8277)2(1)]/2 (1+ 8277)%])1/2 N s s
(144d)
n = A’}@XkAj onTl x [0, T]. (14e)

Using the explicit value of A];, we can regroup terms and find that
A® =¢ (lexl ®x2 + 277)(18)51)(2) - 82(77)(1)2@)(2)627 in X [09 T] ) (153)
®=¢& onl x[0,T], (15b)
€
‘S;:l = _E [(®x1)2 + (Sﬂxl ®x2)2 + (®x2)2 - 2877){1 ®x2®x1]
— 1+ 60y, (—eny O + 620120, + O, )
B1xix,

(1 n)) "

+

Ui
Ol()(1+82n)2q)1/2 ((1_{_8277%1)1/2

N = —eNy Ox, + &7 () ?Oxy + O, onT x [0, T]. (15d)

+ ) onI x [0, T], (15¢)
X1

4 The Bidirectional Asymptotic Model for Waves with Odd Viscosity
4.1 Derivation

We are interested in a model approximating the dynamics up to O(g?). As a conse-
quence a number of terms can be neglected with this order of approximation, and we

@ Springer



Journal of Nonlinear Science (2022) 32:28 Page110f33 28

find
A® =¢ (Uxm Oy, + 21y, @Xm), inQ x [0, 7], (16a)
®=¢& onl x[0,T], (16b)
b === [0+ (0] - n+ 202
t 5 [ (©n X N+ e0%, + Bnxx + ooty onT x [0, T],
(16c)
N = —€Ny, Oy +0Ox, onl x[0,T]. (16d)

In order to obtain the asymptotic model for the interface under the effect of odd
viscosity, we will assume the following form for the unknowns:

© (x1,x2,1) = Y "0 (x1,x2,1)
n
(e, )=y "€ (x1,0),
n

G0 =y "™ 0. (17)

For the case n = 0, we have that

AB® =0, inQxI0,T], (18a)
OO =0 onr x|0, 7], (18b)
£0 = @ 4 0@ +an® onT x[0,T], (18¢)
7 =00 onl x[0,T]. (18d)

The solution of the associated elliptic problem for the first term of the velocity potential
is given by

OO (k,x,1) = Pk, )e™  inQ x [0, T],
SO
0 0
®§c2) =At®  onT.
Then, we find that the linear problem for the first term of the series for the interface is

0 0
n® = —An©@ — BAO +a,An onT x [0, T].
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The second term in the expansion is

AW =50 00 +2706¥ | inQx[0,T], (19a)
O =¢M onrT x [0, T], (19b)
1
%-r(l) — _5 I:(®,(r(1)))2 + (@)(3))2] _ n“) + (®)(c2))2 + ,3;7)(61&] + ‘1077;(;1;: onI" x [0, T],
(19¢)
0 = -n0e® + el onrl x[0,T]. (19d)

We recall now the following lemma:

Lemma 4.1 (Granero-Belinchén and Scrobogna 2019a) Let us consider the Poisson
equation

Au (x1, x2) =b(x1,x2), (x1,x2) €R x (-00,0),
u(xg,0) =g (x1), x; €R, (20)
limx2—>—oo an/l (xl» x2) = 07 X1 € R,

where we assume that the forcing b and the boundary data g are smooth and decay
fast enough at infinity. Then,

0
Uy, (x1,0) =/ e¥22b (x1, y2) dys + Ag(xy). (21)
—00
Using this lemma, we find that

1
el

— AgD _ [[A, nﬂ»]] AE© (22)

x2=0

and we can write system (19) as

1
60 = =2 [0 + (As 2] =9 + (A 0)? + Bl +aonlt] onT x[0.7],

(23a)
nM = OO 4 g — |[A, n<0)]]Ag<°) on'x [0, T].  (23b)
Recalling that
0
1 = g0,
and Tricomi’s identity
(Hf)? = 2 =2H(fH]), (24)

Wwe can compute
1 0 0 1
D — B, —H (n,( )Hn )) — M +O{0nt(x1 onT x [0, T],
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1 0 0
0D = nOmHn® 4+ Ag® - [[A, n(‘”]]m( ) onT x [0, T].

Taking a time derivative and substituting the value of Aét(l), we compute that

1 1 1
m(z) A — gA3y® +a0A77t(x3 _A <(’Hm( ))2) n ([[H ”(O)HA"(O))X
1

+B ([[H, U(O)]] A3n(o))x - ([[H n(O)HAn(O)> onI x [0, T].

If we now define

Fon ) =00, 0 +enVx, 1),

after neglect terms of order O(g?), we conclude the following bidirectional model of
gravity—capillary waves with odd viscosity

fit = =Af = BN f taph fug e [=H (01£0) + (1. £1A )]
te [—ao ([H. £1A fix,) + BIH. f]]A3fL1 onT x[0,T].  (25)

With an appropriate choice of the parameters, (25) recovers the quadratic 1—model
in Aurther et al. (2019), Matsuno (1992), Matsuno (1993b), Matsuno (1993a), Akers
and Milewski (2010), Akers and Nicholls (2010).

Furthermore, we observe that some of the terms are O(ew,) and O(ep), i.e., they
are much smaller than the rest of the nonlinear contributions. Then, one can expect
that they can be neglected to find

fir =—=Af = BN f+ oA fry + & [“H(Hf)?) + ([H. fIAS)],, onT x [0, T].
(26)

A similar equation was obtained in Granero-Belinchén and Scrobogna (2019a),
Granero-Belinchén and Scrobogna (2020c, 2021) for the case of damped waves under
the effect of even viscosity.

4.2 Well-Posedness for Analytic Initial Data

We recall the definition of the Wiener spaces in the real line (see Gancedo et al. 2020
for more properties)

A (R) = {h e L'(R) s.t. ||h] o, = / e h(n)|dn < oo}.
R

This section is devoted to the proof of the following result:
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Theorem 1 Let B8, a, > 0 be fixed constants. Assume that the initial data for equation
(25) satisfies

(fo, f1) € L'(R) x L'(R)

and

1 D .
- k 1kx1dk
Sfo(x1) «/E/;D fo(k)e ,

1 D .
= — kye'k¥1dk
fi(x1) m/_Dﬁ( )e ,

for some 1 < D < +00. Then, there exists 0 < T* and a unique solution to equation
(25) such that

(f, f1) € L=, T*; Aj(R)) x L=(0, T*; Aj(R)) N C(0, T*; Ags(R))
xC(0, T*; Ags5(R)).
Proof We look for a solution of the form
o0
fon =Y 2O 27)
=0

for some A to be fixed later. By substituting this expression into (25) and matching
terms, we get that f(©) satisfies the equation

i = —AfO =AY O LA S

X1

+ jz:;) [ -H (Hft(j)Hf,(é—l—j)) +H (f<j>Af<e—1—j)) _ f(j)HAf(l—l—j)]

X1

-1
-~ DA FE1=DY _ G (E=1=j)
273 j=0 [ (H (f(l)Af’xl ! ) f(])HAftxl ] )]Xl
el () A3 ell—1—)) (D A3 £=1=))
J “=D) U -
P L[ (sOw D) = pOmad ] o

with initial conditions

0 if £ £ 0,

0} _ 10 _ 0if¢#0,
f (xl,O)—{%i”:O. and f (xl,O)_{

Liife=o.

Using the Fourier series expansion, from (28) we get that each f“) (x1, t) satisfies the
differential equation

PO, 1) = =1k FO, 1) — BIkP FOh, 1) + i aoklk| £ (k, 1) + F(k, 1)
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where
—1 00 ) )
F(k,t) = |k Z/ sen(m) £ (m, tysgnk —m) £ (k — m, Hydm
—0 —00
=1 oo
+ Z/ TP, F Dk =m0 kil = m| = k(k = m) [dm
i—0 —00
-1 oo '
tia, Z/ FDm, ) F D e = m, 1)k — m)[|k||k —m| — k(k — m)]dm
j=0"7%

-1 oo
+8 Z/ T, T e =m0 = m)* [kl = m| = k(k = ) [dm,
j=077%°
(29)

Solving (28) for £ = 0, we get

1 A P A Al
PO 1) = s (U =i ol = Ly = ir* fole™)

where

aok|k| £ /aZk* 4+ 4(k| + BIkI?)

+ +
= k) =
r r=(k) 5

Similarly, for £ > 0, we obtain
1 ! . o
J/c\(e)(k t) — / F(k S) {etr+(t—s) _ elr (t—S)} dS
TCEE N S
with F(k, t) given in (29). Thus,
1 ! . o
A(K)(k, )= —— F(k,s) {r+e”+(t_‘v) —r7é’ (t_s)] ds.
' rt—ro) Jo

Let us exploit the commutator structure of the nonlinearity (cf. Granero-Belinch6n
and Scrobogna 2020a). In particular, we note that

[Ikllk —m| — k(k —m)] = |k|[k — m|[1 — sgn(k)sgn(k —m)] < 2|k||k — m|
for k < m and
kllk —m| —k(k —m)] =0

otherwise. Hence,

T Ukllk = m| = k(k —m)] = 2v/|m[lk = m| = 2(1 + |m[)[k —m][.  (30)
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Letus fix I < D < R € Z+ such that

D(R+1) <1
1+ R2 —

Since the series (27) are respectively bounded by

o0 00
(4
sup Y A O@)a, and  sup YA £ @), G1)
0=r=T ;2 0=r<T |2,

by proving the boundedness of (31), we get the absolute convergence of (27) and,
hence, the existence of solutions. We start by considering the truncated series

R R
Ski=Y A fOGn and §} =D 2O @ 0. (32)
=0 =0

Thus, because of (29) and (30), we obtain

o0

=1 00 ) T
LF OO gy < / e“”“l”k‘/o ZU VIR @, )T e = m, s)ldm
[ee] /:0 —0Q

+z/°° lk —m|(1+ [mDI 9 m, )| fED k- m, 5)|dm

o0 . AP i
+2ao/ k — m> (1 + 1mDI O m, ATk = m, 5)dm
—00

o0
+28 / lk —m|*(1 + |m|>|f<f)<m,s>||f‘“—1—f><k—m,s)|dm] dsdk
—0Q

1 =1 ) )
< Ci(@o. B) /0 S A Oages IAT Ol
j=0

1PN ag I F T g,
- —1—j
FIFD Mg T T ) ages

1PN T g | ds

where we have used Fubini’s theorem together with f (0, 1) = 0 and the inequalities

1+ k| < vk eR
k" < nle vk e R

L5} |k—m|+|m]|
k| <cec <ce ¢ Ve eZy.
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Moreover, using the commutator structure again, we obtain that

+

,
ﬁl LIkl — m] = k(k —m)] < 2(m]| + aolm|? + aolm )k — m]

for k < m and, hence, we also find that

1A O g, < C2(@o. B) / Z LA O Mg 1T O g

+ ||f<f'>(s>||AR+z,z||f<"—‘—f><s)|mk+z,g

i —1—j
R Y P A AT O Y P
+ ||f<f'>(s)||AR+2_z||f“*‘*f><s)||AR+2_z] ds.

On the other hand, since R+2—¢ < R+2—¢+j=R+1— (£ —1—j),wehave
I N aggae < IO N aggrory-
Furthermore, since R+2—¢=R+1—-{—-1) <R+ 1—jforj <f—1,wealso

have . .
1D N agsrs < NFD N agar;-

As a consequence, we find

4
1Ol + 1 Ollager
11

< C(e0. B) / Z (ARG PN A O] P

—1—j
+ ||f(j)(5)||AR+2_g ARO[
1D g I TP o ] ds

=1 ) )
< C@o, B) fo > [”ft(j)(S)HARH__, LA O gy,
j=0

| .
FIFPO N ap 1A O gy

+ 1D iy 1T g | ds

with C(ay, B) = 2max {C(a,, ), C2(,, B)}. Let us define

Ae(t) = C(ay, Be T DR+ [

OO+ 1 O]
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First we observe that, since R > 1,forO0 < j <¢—1,

L+1 42> —1—j+1 G+
14 ¢R? T 14+W—-1—j)R?> 14 jR¥

(33)

so that

_ I+l _%DRI_HIDRI
e 1rrz PERFD < ¢?e HU-I-)R? R+ )e R DRE ).

Hence, the former recursion for || f O (1)l o, , + I f;(l)

written as

()| Ag.,_, can be equivalently

;=1
A1) < € /0 D Aj(s)Ap-1j(s)ds.

J=0

We define now
Bi(t) = e Au(1),

and find that B, satisfies

Py

B0 = [ 8,008 01
i=0

First, let us observe that

Bo(t) = 2C (o, e P E D [1 £ O D gy + 17Ol ]

2 D r
- Cla, 7D(R+1)/ R+DIK | 7 SN N ae
= 7 (a0, Ple _De [fol + pea—
e? P fl
< ——C(ay, )/ | fol +|—=| | dk
TR B G voy
_ Gl follag, I fillag, Iillz0)
< . .
We fix
A= Cl follags 1fillag, 1f1llLr)
then, we prove by induction that
Be(t) < Cyt* (34)

with C; being the Catalan numbers,
-1
C = ZCjCI—l—j,
j=0
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which behave as ,
G~ 01 24 forl >> 1. (35)

Since we have already seen that (34) holds for ¢ = 0, we continue with the induction

step. For £ > 1, we have

;-1

Bos [ Yo BB
(e
-1

< / Zstng_l_jsl_l_jds
0

J=0

Therefore, because of (35), we find

OO Na, + 12O < 1FCONagsr, + 12O Nap,

1 o YL DR+l

46 t@
In a similar way,

LFOOla, + 152 s, < CUfollag: I £1llags 11l

Then, the truncated series (32) satisfies the estimates

1 A R bwen pk+h N\t
ISrlla, = Cl follag, 1fillag, Il f1llg) + 2m Ze 1R <4e I+HCR2 At)
’ (=1

< CUl follas filla ||J‘1||L1>+2LZR:(4W)Z
= 0 0 Cla,, B) -
as well as
5 R
IS% 14, < CUl follags Il fillags 1fillLn) +2—=——= ) " (4ern’,
RIA] f 0 fl 0 flL C(Olo,ﬂ);

Thus, we conclude that, if

<T*< ! .
4eC (Il follag> 1 f1llag> I f11IL1)
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we can take the limit as R — +o0 in (32) and we obtain the existence of

fxi,0) =S84 and fi(x1,1) = S%.
We also observe that the above estimates ensure f, f; € L™ (O, T*; Al). In addition,
since both f and f; are analytic functions in space, using the Cauchy product of power

series, we also find that f, f; € C (0, T*: Ao.s)- At this level of regularity, we can
perform standard energy estimates and find the estimate

Ifi = grll2 + UM = @)lz2 = (Ui = gillz + 1A (fo — g0)ll.2)C @ fi g0, 81)
where f and g are two solutions of the equation (25) with different initial data com-

pactly supported on Fourier space. The uniqueness in this space of analytic functions
follows from a standard contradiction argument. O

4.3 Well-Posedness for Sobolev Initial Data
We recall the definition of the standard L2-based Sobolev spaces

H'R) = {h € L*(R) s.t. |k = /(1 + n*)h(n)|>dn < oo}.
R

In this section, we prove the well-posedness of equation (26) with periodic boundary
conditions. In order to do that, we will make extensive use of the following commutator
estimate (Dawson et al. 2008):

9L, u]}a;?uHLp <C ”af+muHLoo lle, pe(l,00), &meN, (36)

and the fractional Leibniz rule (see Grafakos and Seungly 2014; Kato and Ponce 1988;
Kenig et al. 1993):

IA° @v)lie < C (1A ullLrvllLre + A VI Les llullprs)

which holds whenever

1 1 1 1
—=—+—=—+—  wherel/2 < p<oo,1 < p; <o0,
p P1 p2 p3 P4

and s > max{0, 1/p — 1}.
Our result reads as follows:

Theorem 2 Let B > 0 be a constant and (fo, f1) € H*>(R) x H3(R) be the initial
data for equation (26). Then, there exists 0 < T* and a unique solution

(f, fi) € L0, T*, H*>(R)) x L>®(0, T*, H*(R)).
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Proof Without loss of generality, we fix ¢, = & = 1. The proof follows from
appropriate energy estimates after a standard approximation using mollifiers (see
Granero-Belinchén and Shkoller 2017). As a consequence, we will focus in obtaining
the a priori estimates. We define the energy

EW) =BIfOlgas + 1 f Ol gss + 11 f: @l g3

In order to estimate the low-order terms, we test the equation against f;. Integrating
by parts and using that

(Hf)x = Afis
we find that

d
Ea(”ft”iz“‘||f||§{o.5+,3||f||21.5) :/R([[H, FINS),, fidxr < @),

Using the fundamental theorem of calculus, we obtain that
d 2 2
g1/l =2 Rffzdm <2l f N2l fill 2 = CE@)
To bound the high-order terms, we test the equation against A° f;. Then, we find

ST <||fz||H3 1S s+ BIF Ias) = I + Do,

where
/R H(GLF?) ACfdn,
/ ([, FIAS),, A fidxr.

We integrate by parts and find that

- /R (H )P A fdxy
- /R (H£)295, A fudxy
=— A 03 (Hf)*0] A fidx)
_ /R (HfiA favmas + 3 S A fre) 2, A
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with
‘Il] = —2/ HﬁAfxlxllaxlAfxlxlld‘xl’
R
]12 = —6/ AftAftxlaxlAfxlxltdxl'
R

Integrating by parts and using Holder’s inequality, we find that

ﬁ:fAﬁMﬁmﬂMSCamv
R
le = 6/R3x](AftAftX|)AfX|X1tdxl

= 6/;@(AfxltAftxl + AftAftxlxl)Afxlxltdxl,

< CEM)*.
We have to handle the second nonlinear contribution. We compute that
== [ (NGAD + (i) 86

= - /I.Q 831 (A(fAf) + (ffxl)xl) ftxlxlxldxl

=J) + I+ T+ TS,

with
7 =- fR (AP A frrax) + (Ffesimx)n) fron i,
I3 =- fR (AL A S + (fey frivas)n) S dxy
== fR (A e Afx) + et ferx)xt) frepen dxi
I =- /R (A e AP + e fen) fixn dat.

Using Holder’s inequality and the fractional Leibniz rule, we find that
J3 4+ U3+ 0 < CER) .
We observe that we can find a commutator structure in le. Indeed, we have that

]2] = — ‘/l\g ([[As f]]Afxlxlxl + fxlfxlxlxlxl) ftxlxlxld-xl
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< I fle ITAS FIA Frran 2 + E@)°.

This commutator in Fourier variables takes the following form:

[A, flg = /R('”' — n = m]) f(m)g(n — m)dm.

In particular, using Young’s inequality for convolution, Sobolev inequality and
Plancherel theorem, we conclude that

I[A, flellz2 < 11 1F1plighe < Clfllp2ligl e

Inserting this commutator estimate in J21, we conclude that

< Clfllgs Pl fllgs + E@)° < CE@.

As a consequence, we find the following differential inequality for the energy
d 2
Eg(” SCEM +EWM),

and we can ensure a uniform time of existence 7* such that
E(t) < 2£(0).

Once this uniform time of existence has been obtained, the rest of the proof is standard
so we only give a sketch of the argument. First, we define approximate problems using
mollifiers. These mollifiers are such that the previous energy estimates also holds for
the regularized PDE. Then, we repeat the previous computations and find the uniform
time of existence T* for the sequence of regularized problems. Finally, we can pass
to the limit. The uniqueness follows from a contradiction argument and we omit it. O

5 The Unidirectional Asymptotic Model for Waves with Odd Viscosity
5.1 Derivation
Let us consider the following ’far-field” variables,

X=x—1t, T=E¢L.

An application of the chain rule leads to

2

d ax
Wf(x(xv t)s T(t))

ot ax at
_fXXE - fxra +8ffx¥ +8frr§

Sxx — &fxe — &y +82frr-
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So that, neglecting terms of order O(d), equation (25) reads

(F =26 o), = (= Hf — M [(AS?] + @A f +aeh f;
+e[H. SIAS —eco[H. FIN’f — BHAS + e[ IS )
onI" x [0, T].

Integrating on x, reordering terms and abusing notation by using x| and ¢ as variables
again, we are led to the equation

1
2fi oA fr = g {fxl +Hf + (2o — ,B)folxl}

+HAL? = [H, FIAS + (@0 — B[H, f]A3f, onT x [0, T].
37)

This equation reminds the classical Benjamin—Ono equation (cf. Brooke Benjamin
1967; Ono 1975) and Burgers—Hilbert equation (cf. Biello and Hunter 2010) (see also
Riafio 2021). It is also similar to the equation derived in Durdn (2020). This similarity
is not only due to the linear operators. Indeed, in the new variable

u=Af,
we find that (37) contains the classical Burgers term:

1 1 {
gZ—i—a,,A

Ur =

Uy, + Hu + (0(0 - ﬁ)Huxlxl }
1
T g (0 ) — ATH. flu+ (o — BA[H. f1A*u}. onT x [0, T].
(38)

5.2 Well-Posedness for Sobolev Initial Data

In this section, we study the well-posedness of equation (37).

Theorem3 Let o, > 0 and B > 0 be two constants and fy € H3 (R) be the initial
data for equation (37). Then, there exists 0 < T* and a unique solution

f e L®0, T*, H (R)).

Proof As before, the proof follows from appropriate energy estimates and a suitable
sequence of approximate problems. Thus, we start with the energy estimates. We test
the equation against A® f and we find that

1d 2 1 2 3 6
Sl —/RH%A (HAF? — [H. FIAS + (@0 — B)[H. FIAP £} AS foxy.
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Integrating by parts we have that

ld 2 _ 1 2 _ 3 2 A4
33 == [ e (HOALR [ FIAS + (oo = PI. FIN° )55 4% Pt

4
Y P 2 _ _ 3
= [ 8 (AP = [ IAS + @0 = PIH. FIA ) 5o,
Using the bound
A4
Hmf - =W fllass

together with the commutator estimate for the Hilbert transform (36), we find that

1d
zanfn%p < ClfIB,s-

This differential inequality leads to a uniform time of existence. Equipped with the
uniform time of existence, the existence of solution can be obtained using a sequence
of regularized problems (see Granero-Belinch6n and Shkoller 2017). The uniqueness
is a consequence of a contradiction argument and the regularity of the solution. O

5.3 Distributional Solution with Limited Regularity

Let us consider the case o, > 0 and B = «,.
Before stating our result, we define our concept of distributional solution: we say
that f is a distributional solution of (9) if and only if

T
- fR 2 + apA)p(r1, 0) folry)dxyds — fo fR 2+ apA)gr (x1. 9) £ (x1, $)dxyds
1 T
=—-/ /f(XhS)soxl(m,S)+H§0(x1,S)f(X1,S)dX1ds
€Jo JR
T
+f f{H(Af)z—[[H, f]]Af}(p(x1,s)dx1ds,
0 R

forall ¢ € C2°([0, T) x R).
Theorem 4 Let o, > 0 and B = a, be two constants and fy € H!S (R) be the initial

data for equation (37). Then, there exists 0 < T* and at least one distributional
solution

f e L®0,T*, H([R)).
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Proof We consider the regularized problem
Y OB ORI L YO BP0
ft +a ft fxlxl - s fxl + f

H (Af(”)>2 _ |[H, f<”>]] Af®. onT x [0, T],
(39)

with the mollified initial data
FPx1,0) = pu * folx),

where p,, is a standard Friedrich mollifier.
We test the equation against £ and use Holder and Sobolev inequalities to find

d d
GIF T+ I T + ||f(”>||L2 < ClI£P15..
Now, we test the equation against A f . We find that

2
||Af(n)||L2+ |A1 5f(ﬂ)||L2+ ||fx(:1)21 ”L2 = /R’H (Af(n)) Azf(")dxl

_ / HH’ f(n>]] AFOAZ Oy,
R
The first nonlinear contribution vanishes. Indeed,
2, 2
f H(Af(n)) A f(n)dx1 :/ (Af(n)) Afx(l")dxl
R R
=0.

The second nonlinear contribution can be handled as follows:

[ [ ] armaz s as = - [ o) + 10 0y Oan
R R

- f HOFDAFO) 4 f0 p0)) 70 gy
R

< I3,
= C”f(n) H1/6
< CIEPIN £ gos.

As a consequence, if we define
E@) = 1PN, + A% FOU2, + 1A D2, + 1A FO)2,,
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we have that
d
€0 < CEM)*.
We thus conclude the uniform-in-n time of existence 7 such that
f(n) e L0, T*, g5 (R)),
with a bound that is independent of n. This implies that
FOEf e L0, T*, H(R).
Furthermore, using the regularity of f together with
I 72 = 1ALl < CIAfIIF 025 < CIAFITIAf 1705
and we can compute
e 1>, T*, LA(R)),

with a bound that is independent of n.
In particular,

f™ e L0, 7%, H ([—1, 1])),
M e 1>, T*, L*(-1, 1])).

Then, a standard application of the Aubin—Lions theorem ensures that we can obtain
a subsequence such that

FMUY > fay € L2O.T* H (=1, 1]).
Similarly, the elements in this sequence satisfy

F™ e 1>, 7%, H'([-2,2])),
e L0, T*, LA([-2,2])),

s0, we can extract another subsequence such that
fD) — foy € L2(0.T* H'([-2,2])).
Due to the uniqueness of the limit, we have that
foy = fo
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at least in the common interval [—1, 1]. Then, for each m, we can repeat this procedure
and find different subsequences f"»()) of the original sequence . Now, we use
Cantor’s diagonal argument. Then, we define the sequence

f(ﬁ) — f(nz(@))
These f© are a subsequence of the original sequence £ and then

f(K) c LOO(O, T*, HIS(R)),
O e >0, T*, L2R)).

Now, we observe that for each interval [—k, k], we have that
O > fe L0, 7% H' ([—k k).

Indeed, it is enough to note that the elements f ® for £ > k + 1 are elements of a
subsequence that converges in [—k, k] and that the resulting limit must be unique. In
addition, if we fix an arbitrary compact set i/ C R, we have that

O = feL*0, T, H'W)).

Now, if we fix a test function ¢, we have that the distributional form of the approximate
problems reads

T
—/(2+a01\)¢(m,0)pe * fo(xp)dxids —/ /(2+a0A)wt(X1,S)f“)(m,S)dmds
R 0 R
T
=—l/ /f“)(xl,s)tpxl(m,S)+H¢(x1,S)f“)(X1,s)dx1ds

//{ f(e) [[ fuz)]] f<€)}¢(xl,s)dx1ds+/[ (e)wx.x,dmds

Due to weak-* convergence, it is easy to see that the linear terms converge

T
_/(2+aoA)<P(x1,O)pz * fo(x)dxids —/ /(2+a0A)(/)t('xl’S)f(l)(-xl,s)dXIds
K o Jr
T
-~ _/(2+“0A)§0(x1,0)fo(x1)dx1ds_/ /(2+Olo1\)§0r(x1,S)f(xl,s)dxlds,
® 0o Jr
T
- é/ / FOC1 9)¢x (x1,9) + Hop(xr, 9) [0 (x1, 5)dxids
o Jr

1 T
— —7/‘ /D‘gf(xl’s)%'(xl’s)+H¢(x1s5)f(x1,3)dx1ds,

f(i)
[0 (D) ——— @y v dxids — 0.
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Fig.1 Evolutioninthecasee =a = =1and N = 210

The first nonlinear contribution can be handled as follows:

1= /OT /RH [(Af“) n Af) (Aﬂ@ . Af)] odx;ds
— fT /M (Af“) + Af) (Af“) - Af) Hedxids
0 —-M
< Col N f© = Flaqm,my = O

The commutator term is of lower order and can be handled similarly. Then, passing to
the limit, we conclude that the limit function f satisfies the distributional form (39).
O

Remark 5.1 We would like to emphasize that it is possible to find uniform-in-time
energy estimates for the H! norm (instead of the H'- norm). However, the notion of
solution seems unclear at that level of regularity.

5.4 Numerical Study

In this section, we report a preliminary numerical study of equation (38) with periodic
boundary conditions in [—m, 7].

These numerical results have been obtained using a spectral method to simulate both
the differential and the singular integral operators. In particular, in order to simulate
(38), we use the Fourier collocation method. This method considers a discretization of
the spatial domain with N uniformly distributed points. Then, we use the fast Fourier
transform and inverse fast Fourier transform (IFFT) routines already implemented in
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Fig.2 [lux, (1)l Loo (left) and |y, x, ()] oo (right) in the case ¢ =a = = 1 and N = 2!!

Octave to jump between the physical and the frequency spaces. In this way, we can
take advantage of the fact that in Fourier variables, the differential operators and the
Hilbert transform are defined by multipliers. With this method, the problem reduces
to a system of ODEs in Fourier space. To advance in time, we used the standard
adaptative Runge—Kutta scheme implemented in the Octave function ode45.

Case 1: We consider the initial data for (38) given by
u(xy, 0) = —sin(xy).

The physical parameters are ¢ = @ = B = 1. Here, we see that the solu-

tion is getting steeper and steeper (see Fig. 1). However, when we compute

leex, (t) || Lo and ||ux, x, (£)]| Loc, We cannot conclude the existence of a finite

time singularity (see Fig. 2). In particular, both the first and the second deriva-

tive grow, however, they seem to remain O(10%) and O(10*), respectively.
Case 2: We consider the initial data for (38) given by

u(xy, 0) = —10sin(10x7).
The physical parameters are ¢ = 0.1, « = B = 1. Here, we see that the solu-

tion oscillates. In particular, the solution is getting steeper but then depletes
(see Fig. 3).

6 Discussion

In this paper, we have obtained new asymptotic models for both bidirectional and
unidirectional gravity—capillary odd waves. Besides the derivation, we have also stud-
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Fig.3 [ux; ()|l o0 (left) and |Jux,x; (1|00 (right) in the case € = 0.1, = =1and N = 2l

ied some of their mathematical properties rigorously. In particular, we have proved
a number of local in time well-posedness results in appropriate spaces. Furthermore,
we have also studied the unidirectional model numerically trying to find a numerical
scenario of finite time singularities. At this point, this scenario remains undetermined
and the question of finite time singularities or the global existence of smooth solutions
remains as open problems.

Acknowledgements R.G-B was supported by the project “Mathematical Analysis of Fluids and Appli-
cations” Grant PID2019-109348GA-100 funded by MCIN/AEI/ 10.13039/501100011033 and acronym
“MAFyA.” This publication is part of the project PID2019-109348GA-I00 funded by MCIN/ AEI
/10.13039/501100011033. R.G-B is also supported by a 2021 Leonardo Grant for Researchers and Cultural
Creators, BBVA Foundation. The BBVA Foundation accepts no responsibility for the opinions, statements,
and contents included in the project and/or the results thereof, which are entirely the responsibility of the
authors. Part of this research was performed when R.G-B was visiting the University Carlos III of Madrid.
R.G-B is grateful to the Mathematics Department of the University Carlos III of Madrid for their hospitality
during this visit. R.G-B would like to acknowledge discussions with MA. Garcia-Ferrero, S. Scrobogna
and D. Stan.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

28 Page32o0f33 Journal of Nonlinear Science (2022) 32:28

References

Abanov, A.G., Monteiro, G.M.: Free-surface variational principle for an incompressible fluid with odd
viscosity. Phys. Rev. Lett. 122(15), 154501 (2019)

Abanov, A., Can, T., Ganeshan, S.: Odd surface waves in two-dimensional incompressible fluids. SciPost
Phys. 5, 010 (2018)

Abanov, A.G., Can, T., Ganeshan, S., Monteiro, G.M.: Hydrodynamics of two-dimensional compressible
fluid with broken parity: variational principle and free surface dynamics in the absence of dissipation.
Phys. Rev. Fluids 5(10), 104802 (2020)

Akers, B., Milewski, P.A.: Dynamics of three-dimensional gravity-capillary solitary waves in deep water.
SIAM J. Appl. Math. 70(7), 2390-2408 (2010)

Akers, B., Nicholls, D.P.: Traveling waves in deep water with gravity and surface tension. SIAM J. Appl.
Math. 70(7), 2373-2389 (2010)

Ambrose, D.M., Bona, J.L., Nicholls, D.P.: Well-posedness of a model for water waves with viscosity.
Discrete Contin. Dyn. Syst. B 17(4), 1113 (2012)

Aurther, C.H., Granero-Belinchén, R., Shkoller, S., Wilkening, J.: Rigorous asymptotic models of water
waves. Water Waves 1(1), 71-130 (2019)

Avron, J.E.: Odd viscosity. J. Stat. Phys. 92(3), 543-557 (1998)

Avron, J.E., Seiler, R., Zograf, P.G.: Viscosity of quantum hall fluids. Phys. Rev. Lett. 75(4), 697 (1995)

Bae, H., Granero-Belinchén, R.: Global existence for some transport equations with nonlocal velocity. Adv.
Math. 269, 197-219 (2015)

Banerjee, D., Souslov, A., Abanov, A.G., Vitelli, V.: Odd viscosity in chiral active fluids. Nat. Commun.
8(1), 1-12 (2017)

Biello, J., Hunter, J.K.: Nonlinear Hamiltonian waves with constant frequency and surface waves on vorticity
discontinuities. Commun. Pure Appl. Math. 63(3), 303-336 (2010)

Brooke Benjamin, T.: Internal waves of permanent form in fluids of great depth. J. Fluid Mech. 29(3),
559-592 (1967)

Castro, A., Cérdoba, D.: Global existence, singularities and ill-posedness for a nonlocal flux. Adv. Math.
219(6), 1916-1936 (2008)

Dawson, L., McGahagan, H., Ponce, G.: On the decay properties of solutions to a class of schrodinger
equations. Proc. Am. Math. Soc. 136(6), 2081-2090 (2008)

Dias, F.,, Dyachenko, A.I., Zakharov, V.E.: Theory of weakly damped free-surface flows: a new formulation
based on potential flow solutions. Phys. Lett. A 372(8), 1297-1302 (2008)

Durédn, A.: An asymptotic model for internal capillary-gravity waves in deep water. arXiv preprint
arXiv:2004.11939 (2020)

Dutykh, D.: Visco-potential free-surface flows and long wave modelling. Eur. J. Mech. B/Fluids 28(3),
430-443 (2009)

Dutykh, D., Dias, F.: Dissipative boussinesq equations. C.R. Mec. 335(9-10), 559-583 (2007)

Dutykh, D., Dias, E.: Viscous potential free-surface flows in a fluid layer of finite depth. C.R. Math. 345(2),
113-118 (2007)

Eeltink, D., Debbie, Armaroli, A., Brunetti, M., Kasparian, J.: Reconciling different formulations of viscous
water waves and their mass conservation. Wave Motion 97, 102610 (2020)

Gancedo, F., Granero-Belinchdn, R., Scrobogna, S.: Annales de I’Institut Henri Poincaré C, Analyse non
linéaire. Surface tension stabilization of the rayleigh-taylor instability for a fluid layer in a porous
medium. 37(6), 1299-1343 (2020)

Ganeshan, S., Monteiro, G.: Non-linear shallow water dynamics with odd viscosity. Bull. Am. Phys. Soc

Ganeshan, S., Abanov, A.G.: Odd viscosity in two-dimensional incompressible fluids. Phys. Rev. Fluids
2(9), 094101 (2017)

Grafakos, L., Seungly, O.: The kato-ponce inequality. Commun. Partial Differ. Equ. 39(6), 1128-1157
(2014)

Granero-Belinchdn, R., Scrobogna, S.: Models for damped water waves. SIAM J. Appl. Math. 79(6),
2530-2550 (2019)

Granero-Belinchdn, R., Scrobogna, S.: Asymptotic models for free boundary flow in porous media. Physica
D 392, 1-16 (2019)

Granero-Belinchdn, R., Scrobogna, S.: On an asymptotic model for free boundary darcy flow in porous
media. STAM J. Math. Anal. 52(5), 4937-4970 (2020)

@ Springer


http://arxiv.org/abs/2004.11939

Journal of Nonlinear Science (2022) 32:28 Page330f33 28

Granero-Belinchdn, R., Scrobogna, S.: Well-posedness of the water-wave with viscosity problem. J. Differ.
Equ. 276, 96-148 (2020)

Granero-Belinchdn, R., Scrobogna, S.: Well-posedness of water wave model with viscous effects. Proc.
Am. Math. Soc. 148(12), 5181-5191 (2020)

Granero-Belinchén, R., Scrobogna, S.: Global well-posedness and decay for viscous water wave models.
Phys. Fluids 33(10), 102115 (2021)

Granero-Belinchdn, R., Shkoller, S.: A model for Rayleigh—-Taylor mixing and interface turnover. Multiscale
Model. Simul. 15(1), 274-308 (2017)

Kakleas, M., Nicholls, D.P.: Numerical simulation of a weakly nonlinear model for water waves with
viscosity. J. Sci. Comput. 42(2), 274-290 (2010)

Kato, T., Ponce, G.: Commutator estimates and the Euler and Navier—Stokes equations. Commun. Pure
Appl. Math. 41(7), 891-907 (1988)

Kenig, C.E., Ponce, G., Vega, L.: Well-posedness and scattering results for the generalized Korteweg-de
vries equation via the contraction principle. Commun. Pure Appl. Math. 46(4), 527-620 (1993)
Khain, T., Scheibner, C., Vitelli, V.: Stokes flows in three-dimensional fluids with odd viscosity. arXiv

preprint arXiv:2011.07681 (2020)

Lamb, H.: Hydrodynamics. Cambridge University Press, Cambridge (1932)

Lapa, M.E,, Hughes, T.L.: Swimming at low reynolds number in fluids with odd, or hall, viscosity. Phys.
Rev. E 89(4), 043019 (2014)

Li, D., Rodrigo, J.L.: On a one-dimensional nonlocal flux with fractional dissipation. STAM J. Math. Anal.
43(1), 507-526 (2011)

Matsuno, Y.: Nonlinear evolutions of surface gravity waves on fluid of finite depth. Phys. Rev. Lett. 69(4),
609 (1992)

Matsuno, Y.: Nonlinear evolution of surface gravity waves over an uneven bottom. J. Fluid Mech. 249,
121-133 (1993)

Matsuno, Y.: Two-dimensional evolution of surface gravity waves on a fluid of arbitrary depth. Phys. Rev.
E 47(6), 4593 (1993)

Ngom, M., Nicholls, D.P.: Well-posedness and analyticity of solutions to a water wave problem with
viscosity. J. Differ. Equ. 265(10), 5031-5065 (2018)

Ono, H.: Algebraic solitary waves in stratified fluids. J. Phys. Soc. Jpn. 39(4), 1082-1091 (1975)

Riafio, O.G.: Well-posedness for a two-dimensional dispersive model arising from capillary—gravity flows.
J. Differ. Equ. 280, 1-65 (2021)

Soni, V., Bililign, E., Magkiriadou, S., Sacanna, S., Bartolo, D., Shelley, M.J., Irvine, W.: The free surface
of a colloidal chiral fluid: waves and instabilities from odd stress and hall viscosity. arXiv preprint
arXiv:1812.09990 (2018)

Soni, V., Bililign, E.S., Magkiriadou, S., Sacanna, S., Bartolo, D., Shelley, M.J., Irvine, W.T.M.: The odd
free surface flows of a colloidal chiral fluid. Nat. Phys. 15(11), 1188-1194 (2019)

Souslov, A., Dasbiswas, K., Fruchart, M., Vaikuntanathan, S., Vitelli, V.: Topological waves in fluids with
odd viscosity. Phys. Rev. Lett. 122(12), 128001 (2019)

Wiegmann, P., Abanov, A.G.: Anomalous hydrodynamics of two-dimensional vortex fluids. Phys. Rev. Lett.
113(3), 034501 (2014)

Zakharov, V.E.: Stability of periodic waves of finite amplitude on the surface of a deep fluid. J. Appl. Mech.
Tech. Phys. 9(2), 190-194 (1968)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2011.07681
http://arxiv.org/abs/1812.09990

	On the Motion of Gravity–Capillary Waves with Odd Viscosity
	Abstract
	1 Introduction
	2 The free boundary problem
	2.1 Derivation
	2.2 Prior Works
	2.3 Contributions and Main Results
	2.4 Notation

	3 A Model of Gravity–Capillary Waves with Odd Viscosity
	4 The Bidirectional Asymptotic Model for Waves with Odd Viscosity
	4.1 Derivation
	4.2 Well-Posedness for Analytic Initial Data
	4.3 Well-Posedness for Sobolev Initial Data

	5 The Unidirectional Asymptotic Model for Waves with Odd Viscosity
	5.1 Derivation
	5.2 Well-Posedness for Sobolev Initial Data
	5.3 Distributional Solution with Limited Regularity
	5.4 Numerical Study

	6 Discussion
	Acknowledgements
	References




