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Abstract We consider a spectral homogenization problem for the linear elas-
ticity system posed in a domain {2 of the upper half-space R3*, a part of its
boundary X being in contact with the plane {x3 = 0}. We assume that the
surface X is traction-free out of small regions 7, where we impose Winkler-
Robin boundary conditions. This condition links stresses and displacements
by means of a symmetric and positive definite matrix-function M (z) and a
reaction parameter (§(e) that can be very large when e — 0. The size of the
regions T¢ is O(r.), where r. < ¢, and they are placed at a distance € between
them. We provide all the possible spectral homogenized problems depending
on the relations between ¢, r. and §(¢), while we address the convergence, as
e — 0, of the eigenpairs in the critical cases where some strange terms arise
on the homogenized Robin boundary conditions on Y. New capacity matrices
are introduced to define these strange terms.
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1 Introduction

In this paper, we address the asymptotic behavior of a spectral problem associ-
ated with the vibrations of a deformable elastic solid 2 C R** = {z : 23 > 0}
whose boundary 02 has a part clamped to an absolutely rigid profile Iy, and
the other part X C {x : 3 = 0} in contact with a strainer Winkler foundation
which can be modeled by a series of small springs periodically placed along X,
the reaction regions T<. On these small regions, the boundary conditions are
of Winkler-Robin type, also so-called of spring type, while outside, they are
traction-free. The small regions T¢ have diameter O(r.) and are at a distance
€ between them, where € measures the period of the structure. Here € and 7.
are two small parameters r. < € < 1; see Figure 1.

The elastic coeflicients of the small springs are defined through the so-
called Robin reaction matriz, which we denote by SB(e)M(x). Matrix M (x)
depends on the point where the reaction regions T° are placed, while the
parameter (3(e), which is referred to as the reaction parameter, can range from
very small to very large. Each T¢ is assumed to be a domain of the plane
R? homothetic to a fixed domain T, with a Lipschitz boundary. Analyzing the
different relations between the three parameters of the problem, e, . and 3(e),
it is crucial to detect several behaviors of vibrations of the structure. We study
the asymptotic behavior of the eigenvalues and eigenfunctions, when ¢ — 0;
this also involves asymptotics for solutions of associated stationary problems.

The stationary problem, for an isotropic homogeneous media, and a surface
X which is stuck to the plane along the regions T, has been studied in [21] and
[6], where they provide a critical size of the stuck regions O(g?) (cf. (1) with
ro > 0), which is somehow classical in the literature of applied mathematics.
For this size, the asymptotic behavior of the solution is intermediate between
the extreme cases. Namely, for r. > £2 the stuck regions are large enough and
the body behaves as if the whole X is stuck to the plane, for r. < 2 the stuck
regions are very small and the surface behaves as if it were traction-free, while
for r. = O(g?) a Winkler-Robin boundary condition is asymptotically imposed
as an intermediate condition between Dirichlet and Neumann. It contains the
so-called strange term, and links stresses and displacements, the elastic coef-
ficients of this spring being given by a constant matrix: the so-called capacity
matriz (cf. (25) and (26) for Wi% = W),

Here, we deal with a different problem, and obtain the above-mentioned
homogenized problems only for a particular relation between the parameters,
in the case of the isotropic media (cf. Remark 2). As a matter of fact, in
addition to the critical size, it appears a critical relation for parameters (cf.
(3) with 8* > 0) which also provides asymptotic behavior of solutions differ-
ent from extreme cases. Now, several kinds of elastic capacity matrices arise,
which are obtained from the microstructure of the problem and depend on
the macroscopic variable. This dependence is due to both, the nonhomoge-
neous media filling {2 and the nonconstant Robin matriz M. A formal study
of the problem, based on asymptotic expansions, has been addressed in [14]
describing convergence as an open problem that we broach here. For the sake
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of completeness, we provide all the homogenized problems depending on the
relations between ¢, 7. and §(g) (cf. Section 3).

Notice that other different boundary homogenization problems in linear
elasticity have been studied in the literature. Let us mention [29] and [16],
which treat stationary homogenization problems for the elasticity system in
a perforated media along a plane, the size r. of the perforations in the plane
being r. = O(e). Also, [5] considers a cylindrical body, the regions where the
displacements vanish being thin bands which are rolled around the body. For
the case of a certain non periodical distribution of the regions T¢, for extreme
cases, let us mention [30]. For a strongly oscillating boundary, see [26].

Other papers investigating homogenization problems for the elasticity op-
erator, with the same geometrical configuration here considered, are [17] (for
re < ¢ ) and [13] (for r. = O(e)). Both deal with spectral problems with alter-
nating boundary conditions of Steklov type and, consequently, they strongly
differ from our problem. Also the results are very different.

All these works belong to a large class of boundary homogenization prob-
lems for several operators, which have been studied for a long time: in this
respect, we refer to [14] for an extensive annotated bibliography on vector and
scalar problems. Below, we mention just some of the pioneering works in the
literature, either because of the geometry or the key words here used. See [23],
[36] and [9] for critical sizes and strange terms in scalar problems. See [24],
[20] and [8] for different “sieve” scalar models. For the Stokes fluid problem in
a perforated domain along a plane, we mention the works [2] and [12] where,
also, a so-called Stokes capacity matrix appears on the transmission condition
on X when r. = O(e?); the large parameter () appears in [12] related to the
adsorption process. See [35] for various effects on the perforated walls in fluid
models. See [10] for critical parameters in a fluid homogenization problem. We
mention [15] and [33] in connection with the homogenization of spectral prob-
lems, for the Laplacian, with large parameters on the boundary conditions; the
technique cannot be extended to the vectorial case here considered. [14] and
the present work represent the first spectral boundary homogenization models
with large parameters in elasticity theory; [14] contains the formal procedure
which differs completely from the technique here used for justifications.

Let us introduce parameters ro, 3° and #* which play an important role in
the description of the homogenized problems. They are defined through three

limits:
r

fim 5 = o W
lim r.8(e) = 89, (2)

e—0

and )
L Bl

e—0 52

=" 3)

In the case where rg > 0 we deal with the classical critical size of the reaction
regions T° mentioned above. (2) provides a relation between sizes of reaction
regions and the reaction parameter which is important in determining the local
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Fig. 1 Geometrical configuration of the problem

problems. The case where 8* > 0 is referred to as the critical relation between
parameters (critical reaction, in short). It occurs when the total area of the
reaction regions O(e~2r2) multiplied by the reaction parameter 3(¢) is of order
1.

The most critical situation happens when ry > 0 and 8° > 0 which also
amounts to 79 > 0 and S* > 0, cf. the intersecting lines in Figure 2. In this
case, the strange term has a character completely different from that obtained
in the literature. It contains a so-called extended capacity matriz C¢(x), cf.
(20), which depends on the Robin matrix M (x) in a non trivial way. It also
contains the parameter V.

Fig. 2 Two examples of critical relations between parameters

The rest of the critical relations between parameters, for which a spring
type boundary condition intermediate between Dirichlet and Neumann is ob-
tained, deal with ro > 0 and 3° = 400 or * > 0 and ¢ = +o00. The first one,
ro > 0 and B° = 400 (also B* = +00), asymptotically amounts to regions T¢
stuck to the plane because of the large reaction parameter and, consequently,
the spring boundary condition ignores M (x). It contains a new capacity matriz
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C(x), which depends on the macroscopic variable 2 but only due to the nonho-
mogeneous media filling 2. The second relation 5* > 0 and ro = +00, always
keeping 7. = O(f(e)~1/%¢), provides an averaged spring type condition on ¥
where the Robin reaction matrix is M (z) multiplied by the average constant
B*|T), cf. (27). Let us refer to [28] for other extended capacity matrices in very
different problems.

For the sake of brevity, throughout the paper, we address the convergence
in the two cases where the strange terms arise, namely 7o > 0 and 8° > 0
or Y = +oco (cf. Remark 1). In both cases, the local problems providing mi-
croscopic information are elasticity problems posed R3*, cf. Figure 3, with
the macroscopic variable appearing as a parameter, the corresponding media
being homogeneous, but anisotropic, while a nonhomogeneous Winkler-Robin
boundary condition (a Dirichlet one, respectively) appears on the unit reaction
region T'. These problems appear for the first time in homogenization theory
and, hence, their correct setting in suitable Hilbert spaces and the smoothness
properties of solutions in the above-mentioned parameter are new in the lit-
erature (cf. Sections 4 and 7.1). Note that constructing test functions to pass
to the limit in the variational formulation of homogenization problems relies
on the solutions of these problems (cf. Sections 5-6 and 7.2-7.3).

On the other hand, it should be emphasized that the usual techniques for
scalar problems (cf. [3], [24], [20] and [33]) based on results of convergence
of measures on manifolds and comparison of measures do not work for the
elasticity system under consideration, and therefore, we use a technique based
on projections over spaces of finite elements (cf. [23], [32] and [22] in this
connection).

Finally, the structure of the paper is as follows. Section 2 contains the
setting of the spectral homogenization problem. The corresponding stationary
problem and some preliminary results are collected in Section 2.1. Section 3
presents the list of homogenized problems both stationary and spectral prob-
lems. It also describes the corresponding stationary local problems which allow
us to define the strange terms. Throughout Sections 4-7, we show the conver-
gence. Further specifying, for 7 > 0 and 3° > 0, Section 4 contains the setting
of the parametric family of local problems in the suitable Hilbert spaces, as
well as certain smoothness properties of solutions in the macroscopic vari-
able (the parameter). Section 5 deals with the construction of test functions,
and Section 6 addresses the convergence of solutions and spectra. Section 7
contains proofs for ro > 0 and 8° = +o0.

2 The setting of the problem

Let {2 be a bounded domain of R? situated in the upper half-space R3* =
{z € R3 : 23 > 0}, with a Lipschitz boundary 02. Let ¥ be the part of the
boundary in contact with the plane {x3 = 0} which is assumed to be non-
empty and let I'o be the rest of the boundary of 2: 02 = I'o U X. Let T
denote a bounded domain of the plane {3 = 0} with a Lipschitz boundary.
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Without any restriction we can assume that both X' and T contain the origin
of coordinates while |X| and |T'| stand for their surface measures.

Let € be a small parameter, € < 1, and r. be another parameter such that
re < e. For k = (k1, k2) € Z?, we denote by 7§ the point of the plane {z3 = 0}
with coordinates Zf = (ki¢, kae, 0), and by T7%, the homothetic domain of T
of ratio r. after translation to the point zj:

TE =7 +r.T.

If there is no ambiguity, we shall write 7y instead of 2}, and T instead of Tz .

In this way, for a fixed €, we have constructed a grid of squares in the plane
{x5 = 0} whose vertices are inside the regions T¢ (cf. Figure 1). Let J¢ denote
Je={keZ?: T: C X'}, while N, stands for the number of elements of J¢:

Bl _oe). (4)

9

Ne

12

Finally, if no confusion arises, | J7 implies the union of all the T° contained

in 3
Ur= U ..

keJe

In what follows & = (x1,z2,x3) denotes the usual cartesian coordinates,
while by & = (1, 22) we refer to the two first components of x € R?. Also, we
use the summation convention over repeated indexes.

Under the basis that the domain 2 is filled by an elastic material, for
i,7,k,1 =1,2,3, we denote by a;;r () the elastic coefficients of the material,
which are assumed to be C(£2) functions and satisfy the standard symmetry
and coercivity properties (see, e.g., [31] and [37]):

aijr (%) = aji(z) = apii(x), 0,5, k,1=1,2,3, Vre and

(5)

3")/1 >0 : aijkl(x)&j&d > 'Ylgijgij V£ Symmetric matrix, gij ER, VI’Eﬁ,

& = (&;j)i,j=1,2,3- For a given displacement vector u(x) = (u1(x), uz(x), us(x))
we use the standard notations for stress and strain tensors o(u) and e(u);
namely, we denote by (0;;(u)); j=1,2,3 the stress tensor which is related to the
strain tensor (e;;(u)); j=1,2,3 by the Hooke’s law

1,0 0
O'ij(u) = aijkl(x)ekl(u), with ekl(u) = 5 (aixlj + aqu;) (6)
In connection with the boundary conditions on 7%, let us introduce a 3 x 3-

symmetric matrix M, with M;; € C(¥), i,j = 1,2,3, and positive definite,
namely,

Fve >0 : 64M(a:1,302,0)64T > yaal VaeR? V(x1,79,0) € X, (7)

where & = (a1, 2, a3) and T indicates transposition.
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Let us consider the spectral problem

Jo; )
- = \u in 2,

61‘]‘
u® =0 on I, i=1,2,3, (8)
o5n; =0 on X\ JT=,

ofng + Ble)Mijus =0 on (JT°,

where A° is the spectral parameter, and u® = (u§, u§,u§) the corresponding
eigenvector. u® is related to stress and strain tensors by (6). In particular, in
(8), we have set

o5 = 04 (u) = aijrrer(u®), (9)
while 7 represents the unit outer normal to {2 along X', namely, 7 = (0,0, —1).
The parameter 3(e) arising in the equations on T°¢ is positive and can range
from very large to very small; in particular, it can be of order one.

2.1 Some background

Let us denote by V the space obtained by completion of {v € (C*(2))? :
v =0on I'p} in the norm generated by the scalar product, an elastic pseudo-
energy bilinear form

(u,v)y = /eij(u)eij(v) dx . (10)

2

For fixed ¢ > 0, the weak formulation of problem (8) reads: find \° € R,
u® € V, u® # 0, satisfying

/Uij(ug)eij(v) dx + B(e) / M;ufv; d = /\E/ufvi de YveV. (11)
I7; ur: 2

On account of (5) and (7), the left hand side of (11) defines a bilinear,
symmetric continuous and coercive form on V C (L?(£2))3. Consequently,
(11) has the discrete spectrum:

0<AT <A< <A < 2 4o, (12)

where we have adopted the convention of repeated eigenvalues according to
their multiplicities. The corresponding vector eigenfunctions form a basis in V
and (L2(£2))3, and we assume that they are subject to the orthonormalization
condition

(un,a“’un,e) (13)

(L2(£2))3 = 5n,m~

Based on the minimax principle we obtain the uniform bound:

0<C <A, <Oy Ve > 0, (14)
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where C and C,, are constants independent of ¢. For the sake of completeness,
we outline this proof, cf. [14] for further details.

The left hand side of (14) is obtained using the Poincaré and Korn inequal-
ities (cf., e.g., [31] and [37]), (5) and (7) . Indeed, we have

Joulut ey ) et 5(0) | Migulug* di
TE
A, > A = > C.
! fuLEU;’E dx,
(93

(3

For the right hand side, we write
f oij(v)ej(v)de + B(e) [ Mjvwv,;di

€ . Jrs
A, = min max
E, CV vEE, ,v20 J vivida
2
f”w v)ei;(v) de
< max = =)\
T vEE: ,vZ0 fvividx "

where the minimum has been taken over the set of all the subspaces F,, of
V of dimension n. For the last inequality, we have taken the particular space
E} generated by the eigenvectors [ul? u?0 ... u™°] corresponding to the
eigenvalues {\{,\9,--- A2} of the Dirichlet problem

/Uij(u Jeij(v) dx = /\O/U?Ui de Vv e (Hy(02))? (15)

o) 2
(cf. also (29), (32)-(33)). Therefore, (14) holds true.

In this paper, we address the asymptotic behavior of (A%, u®) as e — 0, de-
pending on the different values of 7, 3% and 8* in (1), (2) and (3) respectively.
The proof of the convergence (cf. Theorems 4 and 8) is based on a general re-
sult on spectral perturbation theory (cf. Section III.1 of [31] and Section II1.9.1
in [3]). In order to be self-contained, we introduce below a simplified version
of such a result, cf. Lemma 1.

On account of this result, (13) and (14), showing the convergence for the
eigenpairs of (11) amounts to showing the convergence of solutions of as-
sociated stationary problems. Hence, it proves useful to introduce here the
stationary homogenization problem:

Find u® € V satisfying

/ oij(u®)e;; (v) dz + B(e) M;jusv; d = / fivide Yv eV, (16)

Q urse [0

where f = (f1, f2, f3) € (L?(£2))? represent given forces acting on the body.
Because of the Korn and Poincaré inequalities, (5) and (7), the unique

solution of (16) satisfies
[ufllv < C, (17)
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with C' a constant independent of ¢, cf. (10). Therefore, for each sequence of
{u}c>0 we can extract a subsequence, still denoted by e, such that

e—0

ut ———u®  weakly in (H'(£2))3, (18)

for some v’ € V. .C {v € (H'(2))? : v =0o0n I} (cf, eg., [4], [31] and
[37]). As usual in homogenization, we aim to identify u® with the solution of a
homogenized problem. In Section 3, we provide the list of possible stationary
homogenized problems depending on the relations between the parameters ¢,
re and B(e).

The following result links convergence of stationary and spectral problems;
we refer to Lemma 1.6 in Section III.1 of [31] for the proof.

Lemma 1 Let H be a separable Hilbert space with the norm || -||. Let L(H)
denote the space of continuous linear operators on H. Let A%, A° € L(H) and
W be a subspace of H such that Im A° = {v|v = A% : we H} C W. We
assume that the following properties are satisfied:

i1). A° and A° are positive, compact and self-adjoint operators on H and
|.A%]| £y < €, where ¢ denotes a constant independent of €.

i2). For any f € W, ||Af — A°f|| = 0 ase — 0.

i3). The family of operators A° is uniformly compact, that is, for any sequence
¢ € H such that sup, || f¢]| < ¢, we can extract a subsequence 1< satisfying
| A" f<" — | — 0, as &’ — 0, for a certain w® € W.

Let {ps}2, ({19152, respectively) be the sequence of the eigenvalues of A®
(A, respectively) with the usual convention of repeated eigenvalues. Let {w$}5°,
and ({wd}32,, respectively) be the corresponding eigenvectors which are as-
sumed to form an orthonormal basis in H.

Then, for each fized k, u, — ul, as e — 0. In addition, for each sequence,
still denoted by €, we can extract a subsequence € — 0 such that

A wi —wi]| =0 as & —0,

where w} is an eigenvector of A° corresponding to uY) and the set {w}}2,
forms an orthogonal basis of H.

3 The homogenized problems

In this section, for the sake of completeness, we state all the stationary ho-
mogenized problems. They can be obtained as in [14], using the technique of
matched asymptotic expansions, with minor modifications. We also state the
local problems that allow us to describe the strange terms in the boundary
conditions.
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P1).

P2).

In the most critical situation where 8° > 0 and rg > 0, the homogenized
problem reads: Find u® € V satisfying

/aijym(uo)eij,x(v) dx+r0/ij(:%)u?vj di = /fivi dr YveV, (19)
Q 5] Q
where, for & € X', the matrix C¢ = (ij)i,j:m,g is defined as
;@) = [ oty (W 4)dj, (20)
T

WHME heing the solution of the M (#)-dependent local problem

& 1,M,#
9, -
dy,
ofj}y(Wl’MV“")nj =0 on {ys =0} \ T, (21)
05y (W) — BOMy;(2) (e = W™ ¥) =0 on T,
WHME (y) — 0 as |y| — 00, y3 > 0,

i =1,2,3. Above, and in what follows, y = (y1,y2,ys) are auxiliary vari-
ables in R3 (cf. (23)), and lower indexes z or y in the components of the
stress and strain tensors mean the variable for derivation. The upper in-
dex Z is a parameter which refers to the elastic homogeneous media with
constant elastic coefficients a;;x:(2). Namely,

055, (V) = aijei(2)ery (V). (22)

Also, ¢! stands for the unit vector in the y;-direction, while I = 1,2, 3.
Macroscopic and local variables, as usual, are related by
Xr — ik
y = . (23)

Te

According to Proposition 2, using the Korn and Poincaré inequalities we
deduce that there exists a unique solution of (19) in the space V.

For the critical size 79 > 0, when 8 = +oo, the homogenized problem
reads: Find u° € V satisfying

/oij,x(uo)eij,x(v) d:c—!—ro/(?ij(:ﬁ)u?vj dz = /fﬂ/i dr Yw eV, (24)
2 b %)

where the matrix C = (Cij)i,jzl,Z,S is defined as

Cij(i) = *<C’i3,y(Wj’m)» 1>H—1/2(T)XH1/2(T)7 (25)
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W% being the solution of the &-dependent local problem

97 g ot
dy;
afj’y(Wl’j)nj =0 on{ys=0}\T , i=1,2,3, (26)
Whe(y) = el onT
WheE(y) — 0 as |y| = oo, y3 >0

o}, and el in (25) and (26) are defined as in the previous item, cf. (22).
As in item P1), problem (24) has a unique solution (cf. Proposition 6).
P3). For the critical relation where 8* > 0 with o = 400, the homogenized

problem reads: Find u® € V satisfying

/Jijvx(uo)eij@(v) dz + B8*|T| /Mij (i)u?vj dz = /f,-vi dr YveV. (27)
(9] X 2

P4). For the extreme cases where 8* = 0 or rg = 0, the homogenized problem
is the mixed boundary value problem: Find u® € V satisfying

/Jijvm(uo)eijyz(v) dxr = /flvl dr YveV. (28)
Q

2

P5). For the extreme cases where 7o = +o0o and, 8 > 0, or 8° = +o00, or 8 =

0 and 8* = +00, the homogenized problem is the Dirichlet problem: Find
u® € (H}(02))3 satisfying

/aij’z(uo)eij(v) dx = /fl-vi dx Yv e (H&(Q))g. (29)
Q

(9]

The existence and uniqueness of solution of (29) and (28) are classical while
that of (27) holds as that of (16).

In Sections 6 and 7, we show the convergence of the solutions and the
corresponding spectra in the two critical cases P1) and P2) (cf. Remark 2 for
the rest). Hence, for convenience, we introduce here the associated spectral
problems

_M — /\Ou? in
UO:O OIle_Q7 Z:17273a (30)
ija(u)n; + Tonjug =0on X
when r¢g > 0 and £° > 0, and
_M — )\O’LL? in Q
8.I‘j .
u® =0 onlp’ 1=1,2,3, (31)
ija(u)ng + Tocz‘ju? =0on X
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]R3+

T

Fig. 3 The domains of setting for homogenized and local problems

when 79 > 0 and 3° = +00. We recall the different definition of the elastic
capacity matrices C¢ = (ij)i,jzl’z,g and C = (Cj;)i,j=1,2,3 appearing in (30)
and (31). They depend on the macroscopic variable. However, this dependence
for Cf; is due to both, the nonhomogeneous media and the nonconstant Robin
matrix M (cf. (20) and (21)), while that for C;; ignores M (cf. (25) and (26)).

The variational formulation of (30) and (31) reads: Find \° € R, u° € V,
u® # 0, satisfying

/aij,z(uo)eijym(v) dx + ro/Biju?vj dz = )\O/u?vi de YveV, (32)
Q b Q

where B = C® when dealing with (30) and B = C when dealing with (31). We
denote the discrete spectrum by

0< A <A< <A< 2 e, (33)

where we have adopted the convention of repeated index. Also, we can choose
the corresponding vector eigenfunctions {u™°}2%; to form an orthonormal
basis in (L2(£2))3.

From the definitions of C¢(&) and C(&), cf. (20) and (25), it is self-evident
that the discreteness of the spectrum of problems (30) and (31) is linked to
the setting of problems (21) and (26), as well as to the properties of their
respective solutions. All this is addressed in Sections 4 and 7.1.

Note that (32) is also the spectral problem associated with (28) when
ro = 0, and that associated with (27) when we replace matrix 7B by the
averaged Robin reaction matriz $*|T|M, * > 0 in (3). The spectral Dirichlet
problem associated with (29) is (15).

4 The parametric family of local problems

In this section, we describe certain properties of the solutions of the parametric
family of local problems (21) which are necessary for the correct setting of
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the homogenized problem (19), cf. (20). They are also necessary to obtain
appropriate estimates for test functions, cf. Section 5.

Let (D(R3+))? be the space of functions which are the restrictions to R3+
of the elements of (D(R?))3. Consider the space V, completion of (D(R3+))?
with respect to the norm

3 3 1/2
10y = (D lewsa@) oy + D I10illiery ) (34)
=1

ij=1

Due to Korn’s inequality in bounded Lipschitz domains of R3* whose bound-
ary contains T', the continuous embedding V C (H},.(R**))? holds.

For each fixed | = 1,2,3 and & € X, problem (21) has the variational
formulation: Find WHM-# ¢ V) satisfying

L/U%Ameﬁkmﬂvﬁw+ﬂW%ﬂﬁ[/W¢M@Wd@
R3+ T

(35)
= BOMH(QE)/VZ» dy VYV eV.

T
Indeed, it is simple to verify that (35) is the weak formulation of (21);-(21)s,
while the condition at infinity (21)4 for the solution of (35) is obtained as a

consequence of the following theorem which provides the precise convergence
rate at infinity.

Theorem 1 For each & € ¥ and | = 1,2,3, problem (35) has a unique so-
lution WHM% ¢V and it can be represented in terms of the Green matriz-
function G*(y) as follows:

WP (g1, ya, s) = /U;’i(flvﬁz) Gy — &1, y2 — Eo,y3) d&rde,  i=1,2,3.
T
(36)
Here,

o,l,:i’ = (O'll’ia O-IQ@a 0'13@) = (UljS,y(WlﬁM’i% UQiS,y(Wl’M@)a G?fii,y(Wl’M‘j)'

and G* = (G?j)i7j:17273 is a symmetric tensor which depends on the elastic
constants of the media a;;ry(L) and admits the representation

G y) = [y|* d*(w) with A=-1, yeR* weS2, (37

where % is a symmetric matriz whose elements are smooth functions on the
unit semi-sphere in R, S = {y € R*" : |y| = 1} > w. In addition, &*
depends continously on the parameter & € X, in such a way that for i,j =
1,2,3,

max |@fj (W) <C  and max
#eX¥,wes? #eX¥,wes?

VoW <0 3))

where V, is the gradient-operator on the sphere, and C' a certain constant.
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Proof In order to show the existence and uniqueness of solution of (35), we
denote by az(.,.) the bilinear, symmetric, continuous and coercive form on V:

(U, V) = / oF (e (V) dy + My (2) / UV, dj YU,V € V.
T

R3+

On account of (5) and (7), cf. (22), az(.,.) defines a norm in V equivalent to
I - ]v. Also, we consider the linear continuous functional on V

Fi:(U) = /BOMil(j:)/Ui dy YU e V.

T

Then, the Riesz representation theorem ensures that there exists a unique
function WHM:2 € V satisfying az (WHM2 V) = F, ;(V) VV € V. This is
nothing but (35).

The representation (36) for the solution of (21) can be derived as that
for Bussinesq-Cerutti tensor in the case of an isotropic media, but without
explicit computations of the components of the Green matrix-function (37):
see, e.g., [19] for the Bussinesq-Cerutti tensor; see also [1] and [18] for the
Mindlin tensor and other related tensors. Since the half-space is a cone with
generator the semi-sphere, for anisotropic media, the representation (36) is
supported by general results in [25]. Indeed, explicit formulas for the Green
matrix-function and accompanying tensors are known in the case of isotropy
and, for their existence and main properties in anisotropic media, we refer
to Sections 2 and 5 of [25] where more general boundary value problems for
elliptic systems in conical domains are considered.

To conclude on the structure (37) of the matrix function G% and its con-
tinuous dependence on the parameter Z as well as the representation formula
(36), it suffices to mention some basic facts: first, the columns of the amplitude
part in (37) are eigenfunctions of a pencil 2(A) of differential operators on the
unit sphere and its equator corresponding to the eigenvalue A = —1 € C. Sec-
ond, according to the usual Green’s formula for the elasticity equations in R3*,
the adjoint pencil for 21(A) is nothing but 21(1 — A) so that A(—1)* = 2A(0).
Third, the eigenspace of 21(0) consists of constant vector functions because any
solution |y|4¥(w) with A = 0 is a translational rigid motion. Finally, the eigen-
value A = 0 and, the eigenvalue A = —1, are algebraically simple and have
geometrical multiplicity 3 the number of translations in R3. The above-listed
information provides all desired properties of the Green matrix-function on the
basis of the theory of non-selfadjoint operators [11], see also the monographs
[27] and [18].

To show that the function with components defined by the right-hand side
of (36) belongs to V, we follow the technique based on a density argument in
Theorem 4.1 of [21], with minor modifications, taking into account that o’®
denotes the normal component of the stress tensor, corresponding to WM& ¢
V, on the plane {y3 = 0}, which has a compact support on T. Consequently,
(36) is the solution of (35), and this concludes with the proof of the theorem.
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Proposition 1 For [ = 1,2,3, the solution WHME depends continuously on
T € X in the norm of V. In addition, for l,p,i,j =1,2,3, the functions

/%y(WZ’M‘E)eij,y(Wp’M’i’)dy, /WZ’M’in’M’jd@ and /Gfg,y(Wl’M’j)dQ
R3+ T T

are continuous in 2., too.

Proof Let us show that for each 7 > 0, there is d,, > 0 such that if g%,xA’ e Xy
satisfy | — 2/| < 8, then |[WHM:2 — leM*’?’HV <.

Let us consider the integral identity (35) with V = W2 — WM a5 well
as the same identity for WEM and V = WhMa' _ jyrbM.é, Then, summing
up, performing straightforward computations, and using (5), (7) and (34), we
derive

HW@? i — HWI,M,QE _ Wl,M,g?/ i
< CF° maxg [Myy(8) = My (@] [WH | gy ([WH | oy +IT)

o max g (@) =i (@)] [leay (W) agas llewn (W)

i,4,k,p=1,2, L2(R3+)"

Now, we take into account the continuity of a;;z; and M;;, and the inequalities

3
|whAE <C and Y les (WP

ij=1

JSC VaeX, (39)

HL2(T) )||L2(]R3+

where also C is a constant independent of & (cf. identity (35) with V =
WHME) i this way, we can choose &, such that

||Wl7M,i o Wl,M,z'”LQ(T) S n and ||Wl7M,i . Wl7M’w,||V S n.

The contAinuity of ‘Fhe scalar products (e;;,(WHM-) | e¢j7y(W”7M’i)>L2(R3+)
and <Wil’M’x , Wf’M’$>L2(T), hold because of the estimates (39) and the con-
tinuity of W»M:% in the norms of V and L?(T): we choose §, such that for

& —&'| < &y,

‘ <€ij7y (WZVM@)v eij,y(Wp’Mj»Lz(Rsﬂ - <eij,y (Wl,M?z/)a eij7y(Wp7M’zl)>

L2(R34)

and

‘G/VZ,M,@7 Wp,]\/[,i> <W1,M,gg/7 Wp,M,z/)>L2(T)‘ <.

L2(1) ~

Finally, according to the equation on T in (21), we write

[ ooy — [ of (w4 dg
T T
= 800 (3) [ (W) dg 4 5008 (8) My ) [ (=
T T

=n
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Again, from (39), the continuity of M;; and that of W]lMx in the topology of
L?(T), the continuity of <O’,?37y(Wl’M’j), 1) 2¢7y also holds and the proposition
is proved.

Corollary 1 Forl = 1,2,3 there is a positive constant C independent of &,
such that for y € R3F, with |y| large enough, we have

: 1 owhME
Wity <O and |

1
<C—, i,j=1,2,3. (40
B 29; (y)] < J (40)

yl?”
Proof Bounds (40) with the constant C' = C; depending on the parameter &
are a consequence of (36), (37) and (38). Using the equation on 7" in (21) and

(39), we derive that C; is uniformly bounded for & € X, and the proposition
is proved.

Proposition 2 For each fized & € X, the matriz C°(&) defined by (20) is
symmetric and positive definite and depends continuously on & € X.

Proof For each fixed [, we multiply the elasticity equations in (21) by WHM:2
and integrate over the half-ball B(0, R) N R3T. Then, we apply the Green
formula and take limits as R — oo. On account of (40) and the boundary
conditions in (21), we obtain the chain of equalities

PJY
R3+ T

= BOM;;(#) / (el —WhME) dy = / ol (WM n dg = C5 (%), (41)
T T

/0_37: (Wl,M,i)eij(Wi,M,i) dy + BOij<.,i)/(el_Wl,M,i)j(ei_Wi,]\/f,ﬁf)p d:l)

In this way, the symmetry of C¢ comes from that of M and (5); while the
positivity is due to (5)2 and (7). Indeed, it is simple to verify that 3y > 0,
such that Va € R a # 0,

3 3
@Ce&TEV( > Hez‘j,y(alwl’M’i)HQLz(RH) + Hal(el_wl’M’i)iHiz(T) )

ij=1 i=1
Finally, from Proposition 1 and (41), it follows that the elements Cf;, for
i,7 = 1,2,3, are continuous functions in X. Hence, the proposition is proved.

5 Test functions for critical size and critical reaction.

In this section, based on the solution of (21), we introduce some functions
which prove to be essential to define the test functions for obtaining the con-
vergence of the solution of (16) towards that of the homogenized problem (19),
when ¢ > 0 and £° > 0.
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Let us consider ¢ € C*[0,1], 0 < ¢ <1, ¢ = 1in [0,1/8] and Supp(y) C
[0,1/4]. We define the function

1 for € Uy ze Bt (Ek,rer%),
(W) fora € C3F, ke g (12)

€
0 for z € 2\ Uyese BT (Tu, e + %) .

¢ (x) =

where J¢ = {k € Z* : T C X}, B¥(Zy,r) = B(Tx,7) N {x3 > 0} is the
half-ball of radius r centered at the point Zy, and Cg;f the half-annulus (cf.
Figure 4)

e ~ 3 ~ 9
CEL+ = B+ (I'k,”f'e —+ Z) \B+ (xk77”5 —+ g) .

Fig. 4 The half-annulus centered at Ty.

For [ =1,2,3, and k € J¢, we construct the functions Wk (z), Wl’k’e(x)
and W#(z) using the solutions W@« of the local problems (21), as follows:
xr — 51{

Wl,k,a(x) _ WLMﬁk ( ) (pa(aj) for xe€ BT (:fk,rs + i) , (43)

Te

Wl,k,e(x) =el — Wl’k’g(x) for ze€ Bt (%k,re + Z) .
The last one is extended by e’ in 2\ Uy 7e BT (Zk, 7= + ). Finally, we set

— Whke(z) for z € BT (Fy, 7. +5), ke Je,
Wl’s(l‘): ( ) ( € 4) (44)
el for € 2\ Uyese BT (Tu,re + %) .
Below, C' denotes a positive constant independent of € and 7y, with k € J°.
Also, 2; denotes any Lipschitz domain, 2, C 2 with X1 := 92, N X # 0.
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Proposition 3 There is a constant C' such that, for © € C;j, and ¢ suffi-
ciently small, the inequalities

0p° 1
- <C-, j=1223, 45
@ <0z (45)

= — 7 oW LM T — Tk r
W?’M’”kw’<CE i <cle i1=1,23
‘ [ ( re ) = 55 8xj ( re ) = 527 1,0, ) Hy Dy
(46)
and
W@ <o, | D o)l <ot =128 @)
7 x — E’ 8xj x — 827 Zv.]7 At A

are satisfied. In addition, for I,p=1,2,3, and £, C 2, we have

W5l i gays <C and - W —22 56l weakly in (H'(2))%,  (48)

lim Uij,x(wl’s)@ij,x(wp’s)dx27“0//U%y(WZ’M’i)emy(Wp’M’i)dyda%

e—0
2 X R3+
(49)
and

liH(l) B(e) /MijNM/ilvENHrijEda? = 1o3° Mij(i)/(el_er,M.,:E)i(ep_VVp,M,fc)jdg div.
e—
ElﬂU Te P
(50)

Proof Estimate (45) is a consequence of the definition (42), while estimates
(46) are a consequence of (40). From (45) and (46), estimates (47) are also
satisfied. In order to show (48), we evaluate

— . 2 . 9 e 5
eij,x(Wl’ ) L2(Q)§~Z Heij,z(Wl,k’ )HLQ(C;f)JFZ Heij,m(Wl k )HLQ(B‘*(Ek,rE-&-%))
T Fi
2
<C3 2 / drtre ) leis sV 2ot 0atessy < © (51)
Tk

T
k C;;—

where we have employed (47), (23), (39), (4) and ro > 0 in (1).

Now, we show that the convergence in (48) holds in the topology of (L?(£2))3
by applying the Poincaré inequality on each half-ball and the Korn inequality
in £2. Indeed, using (51), we readily obtain

. 112 Lke||?
HW e H(L2(.Q))3 S%} v EH(LZ(B*(fk»Tﬁ%))P

3
< 062 Z Z Hvail,kf 2

e (L2(B+ e +§))°
1= Tk

3 2
<Ce ;:1 Ve (W; e’) Ly S Ce

2
< Ce2.
L2(9)

6¢j,z(Wl7E _ ez)‘
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Therefore, also (48) is proved.
In order to verify (49), we proceed in a similar way as in (51):

/Uz‘j,m(wl’s)@ij,m(wp’s) dr= Z / 0. (WH) e o (WPRE)da + o(e)
.Ql EkEEIB+(5kaT5+§)

= 2 @ijq () erq.a (W) esj o (W) da + o(c)

5k€213+(5k77’a+%)

> / ijq (i) erq.y (W) e, (WPMT) dy + o(1)

TEX B+(O,1+8L,)

Z © / oy WHMB) ey, (WMD) dy + o(1),

zk€21 R3+

where o(e) stands for a function bounded by Ce, and o(1) is any infinitesimal
as € — 0. For these formulas, we have considered (47), (23), (39), (4), the
continuity of a;jrp(z) on x € 2, 19 > 0 in (1), the fact that the sum of all the

terms in which d(Zy,0%1) <r. + { is also o(¢), and the inequality

Z Te / wy(WlMM)ew (WP M) dy

TREZL {(y|>14 52, y3>0}

<CZ7’€ / ||2dy<o)

TxEX 1+

which is based on estimates (40). Now, taking into account Proposition 1, the
last chain of equalities leads us to (49).

Let us obtain (50). In each integral on 75 we introduce the change (23)
and obtain

B(E) / Mijﬁ?il’eng’ed.fﬁ

ElﬂUTE
) 30 o [ MGk grofe - W) e - W) g
T eX) T
g)rie 2 Z e2 M, (Tx) /(el — WHMB), (P — WP ME) L 4 o(1),

TREX T

where we have used (3), (2) and (1), (4), (39), the continuity of M and Propo-
sition 1. Due to the same argument, the last integral converges towards the
right hand side of (50) and, therefore, the proposition is proved.
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Proposition 4 For 2, C 2, & € C(£21) and l,p = 1,2,3, we have

e—0

Hm [ 0352 (Whe)eij o (WPE)bda =rg /@(:z)/ of  (WhMye,  (WPME)dy dz,

2 P R3+
(52)
lim (e / MWk 5Wl “Pdi=rof / i(2) /(el—leva)i(eP—vaM@) ;dy di
X4 ﬁU Te T
(53)
and

Iy /Oij,z(wwl’a)eij,z(wwp “)@dzx + f(e) / i Wi WP ddi
e—
2, 2inyTe

- / Ce (8)P(3) di. (54)
X

Proof Let us first verify convergence (52)-(54) for any stepwise function @ in
£2,. Without any restriction we can assume that 2; = (2.
Let {Q.n}M_, be a partition of £2: Qm a Lipshitz domain, Qm C2,QnN
Qm/ = () when m # m’ andeU 1 Q- Also, qu 1 S where
S = 0Q, NX. Let &(x) = Z%ﬂ OémXQm( ), with xq,, the characterlstlc
function of @,, and «,, a constant.
Then, we apply the convergence (49) on each @,,. We obtain

51% O'ij7x(Wl7s)eij7x(Wp’€) dm = ;lj)n Z O[m/ 0ij, _g 6” _K(Wp )d
2 "=l G
:ro/dﬁ(a})/ ol (WM B e s (WPM)dy di,
> R3+

and (52) is proved.
Let us show (53). We write

M
TleTiA, . Srletrle ga
) / MWW dds = B(e) Y am / MWW di
uTe m=l g AUT:

and apply the convergence (50) to each S,, so that (53) also holds. Hence, (54)
is a consequence of (52) and (53) and definition of C¢, cf. (41).

Next, we verify (52), (53) and (54) for & € C(£2;).

For each k,l = 1,2,3, we consider the Radon measures uj,; , and p s,
defined by

P, 2, () = /Uz’j,x(Wl’s)eij,x(wp*g)é(x)dx
L1
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and
fit, 2, (P) = B(e) / My Wi WPeddz.
>inyTe

As a consequence of (48), (23), (39), (4), and the finite limits (1) and (2), we
obtain the uniform bounds (independent of €) in the topology of M(£2;)

||Hiz,91”/v1(§1) <C and ”“EL&HM(E) <C.

2 3 3
Consequently, for each sequence there are subsequences of measures pug;

and p1f; 5, (still denoted by €), and some ik, o, , fik,s, € M(£21), such that
the convergences

€ e—0 ~ d e e—0 ~
Mil,0p =7 Hkl,0, Al Mg, s, = Ukl

occur in the weak* topology o(M(£21),C(£21)) (see, e.g., Chapter 4 of [4] in
connection with the space of the Radon measures M(§2,)). From the above
convergence for stepwise functions, we identify fr o, and fg, s, with the
measures defined by the right-hand side of (52) and (53), respectively. Thus,
the proposition is proved.

6 Convergence for critical size and critical reaction.

Throughout the section we set rg > 0 and 8 > 0 in (1) and (2). In Sections 6.1
and 6.2, we show the convergence of the solutions of the stationary problems,
cf. (16) and (19). In Section 6.3, we derive the convergence of the eigenvalues
of (8) towards those of (30) with conservation of multiplicity. The main results
are stated in Theorems 3 and 4.

6.1 The convergence for solutions of stationary problems

Since the solution u® of (16) already converges towards some u® in the weak
topology of (H'(£2))3, cf. (18), in this section, we identify u® with the solution
of (19).

For ¢ € (C1(12))3, ¢ = 0 on I'y, and W< defined by (44), we consider the
vector-function ¢;(2)Whe(z). On account of (48), we have that ¢; Wb — ¢
weakly in (H'(£2))3, as e — 0. Also, we verify

_ e e
13 e (GW) = €1y (W) + 3 (D270 4 D27,

We insert the test function v(x) = ¢l(x)wl7€(x) into (16). We write

/O’ij@(us)eij,m(d)lwl’s)dx+ﬂ({-j) / Mijuféﬁzwf’edf:/fiszwil’sd% (56)
(2]

Q urs
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and considering (48) and (18), the limit passage as ¢ — 0 in (56) gives

/am(uo)em. dﬂ?—/fiqbi dx

= — hr% /O’w 2 (u)eijq( Wl Vo dx + Be / M;jus QSIWI € dm) (57)
e—
Q Ure
Next, we show that the limit on (57) is given by rg fCU 9¢;dz. In order to
do it, we use the following theorem which is proved i 1n Section 6.2.

Theorem 2 For any u® € V which is the weak limit in (H*(£2))? of a subse-

quence of u®, still denoted by e, cf. (18), we construct a sequence u¢ € V such
that

u° — u® weakly in (H (2))®, ase —0, (58)
B(e) / (u; —u)’dz < C, p=1,2,3, (59)
ure

and, for any ¢ € (CY(2))2, with ¢ = 0 on ', the following convergences
occur:

i ([ o5 (@) ey (W) i 5(6) [ MisTzT ) _ro/cw W0z,

e—0
2 uTe
(60)
215% /Uuz ez] 1( 7E)ﬁbl dx"’ﬁ / sz _u§)¢le,s djj) =0
Q uTe
(61)
So that, accepting (60) and (61), we write
/ 0.0 (U%)es; o (WH) gy da + B(e) / Mijus s Whe di
2 urs
= /Uij’m(ﬂs)eijwz(wl)s)qsl dx + 5(5) / Mijﬂiqslel"s dz
1} Urs
+ / 040 (Uf — T )es; .0 (WH) gy da + B(e) / M (u§ — U)W, * di.
2 Urs

and the limit as e — 0 gives that u° satisfies

/Uij,w(uo)eij,w(gb) dxz+ro z] 1¢J dz= /szSz dx Vo e ( ))37 ¢|FQ:

2 X
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By a density argument, we get that u° is the unique solution of (19), and we
have proved the following result.

Theorem 3 The solution u of (16) converges weakly in (H(£2))?, ase — 0,
towards the solution u® of (19).

6.2 The auxiliary functions: proof of Theorem 2

In this section, we prove Theorem 2. We follow an idea in [32] based on pro-
jections over spaces of finite elements; see also [22] for a scalar problem. We
divide the proof in several steps. To make the reading easier, we prove (61)
first, under the basis of the existence of u° satisfying (58), (60) and (59).

6.2.1 Proof of (61)
Assuming (58)-(60), d* denotes the difference d° := u® — u® which satisfies
d° —=% 50 weakly in (H'(£2))?. (62)

In (55) we replace W€ by d¢, so that for the first integral in (61), we have

L= - / 01y (d)ey o (W) da = — / 01y (A $r)eisa(WHE)da + o(1).
(9] (9]

Hence, using the definition (44), we write

L=) / i (d° B eij o (Ta W) da + (1)

T Bt (@, re+)

= / 0450 (A° P17 )eij o (e WHM ) da + 0(1)

T B+ (Fie,re+5)

where 7, denotes the change y — x, cf. (23), and in the last term o(1) we have
gathered the terms of the integrals in the half-annuli C;;j', cf. (42), which are
sums of

. 0¢° i 09°
Z /O'ij7w(ds(bl)TwWé’M" kaiqul' and Z /aijkld;(ﬁleij(TwW;’M’ k)@dl‘,

ik EEk
C;i(+ C;;’

for i,7,p,q,l,k = 1,2,3. Let us show that indeed, all these terms vanish in the
limit as e — 0. Using estimates (45), (46), (47) and (4) the first sums above
are bounded by

3
c= v > (3 / |TmW1§’M’§k|2dx>1/2 < CeV2,
p=1

Ty c§»+
Ty
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For the second sums, we use the same estimates as well as (62) so that they

are bounded by

1

o3 ( fuy Z/

ues*

N)\»—-

I,M,T
€ij,x TQJW k)

1 3
dm)2§ Z ep)

where (see, e.g., Lemma 2.4 in [23])

L., = lime™* / (d5)’dx =0, p=1,23. (63)

e—0
O<z3z<e

All together, along with (5), (22) and (23), give
I, = Z ija(Ta WM e, (d5 o) da + o(1)
BBt @icre+5)
= T‘EZ / 2] y(WlMxk)elj,y( €¢l<ps)dy+0(1)a
T B+ (0, 14+15)

where, to obtain the last o(1), we have used the continuity of the elastic coef-
ficients, estimates (39) and (45) and convergences (62) and (63).

Thus, considering (42) for ¢°, and applying the Green formula, cf. (21), we
get
L. = %Z/ 05y W)y (df 1) df + o(1)
Ti T
-y / B My (B (el — W7 (d2 ) + (1),
Ze o
Using this, (23) and (44) yield
/Uz] w(d )ezj :E(Wl )d)l dl‘—‘rﬁ / zjdfd)lwladx
o) UTe
— e Y [ M@ - W o
B2 S [ M@+ rei)my i ) — W) g+ of1) = o),

where, the term o(1) in the last equality has been obtained by means of
straightforward computations, taking into account (39), (62), (59), (4), the
continuity of M and (2). Consequently, the convergence (61) holds true.
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6.2.2 The construction of u° satisfying (58)-(60).

Since 04,2 (Wl’g) takes values different from zero only in a neighborhood of X,
and u® = 0 on Iy, there is no loss of generality for the proof to assume that
the domain (2 is a polyhedron and the boundary I, can be written as a finite
union of plane faces. For each fixed h > 0, we create a regular triangulation
{Ahq}évill of the domain 2 composed of tetrahedrons of diameter h (see, e.g.,

[7] and [34])
My
= U Ap,- (64)

Let IT,u denote the projection of the element u € H'({2), with u = 0 on
T, on the subspace Y" of the continuous functions over {2 which are affine
functions on each tetrahedron Ap, and take the value 0 on I'g. As it is well
known, for any u € H*(£2), with u = 0 on I,

ul = I, (u) = u in H'(2), ash—0. (65)

We divide the rest of the proof into four steps.

First step: a first approach to the construction of u® satisfying (58).

For u® = (u§,u$,u5) the solution of (16), for u° the limit in (18), and
for I = 1,2,3, let u§" and u" denote the projections on V" of u§ and u)
respectively. We set

= ughwhe, (66)

On each Ay, we introduce the polynomial

“lah’Ahq = 21,0(&, hg)Tr + u(e; hy) (67)
u?h|Ahq = 21,0 (hg)Tr + i (hy),

whose coefficients z; (e, hq), cu(e, hq), z1.r(hg), au(hg) are real numbers, and
r =1,2,3. On account of (18), for any fixed h > 0, these coefficients satisfy

zl’r(ahq)&zl,r(hq) and al(E,hq)LO>al(hq), q=1,2---, M.

(68)
From (48), (66), (67) and (68), we deduce the convergence
ah —2% 4% weakly in (H'(02))3. (69)

Second step: a first approach to the convergence (60).
For any @ € C1(£2), @ = 0 on I, we set
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I.n= / 040 (W) es o (W) D d + B(e) / Miﬂfhgzin’E di,
1) urs

Lo = 1o / C5ulh di, k=123
b

I, =7o / CHu)P di.
)

We decompose the integrals above in §2 into the sum of integrals over Ay,
while the integrals on X' into the sum of integrals over 0 Ay, NX covering
X, cf. (64), and we use (66)-(69), (55) for ¢ the affine function in (67), and
Proposition 4. For fixed h > 0, and k = 1,2, 3, we define

Arenyi = / 2,:015.0(WHE)eij o (W) D da+(e) / & My WP W di

Dhg Ohp,NUT*

and

Blrahqk = / O'ij@(wl’s)eij@(Wk’s)@dx + 5(6) / MijWil’EWf’E@di,
Ahq aAhquTE

and we have
My,

gig(l) Lgn= z; glg% (Zur(& hq)Atren,k + (e, hq)Blrehqk)
=

My,
:Z(Zl,r(hq)m / z,.C, @ d + ay(hg)ro /Cf,ﬂ%iﬁ)
q=1

EﬂaAhq EﬂaAhq

= 1o [Chu" D di = T} . (70)
X

In addition, on account of (65), and the trace embedding theorem, we obtain

lim «°" = 4% in (H'(2))®> and lim Iin =1 (71)
h—0 h—0

Third step: a first approach to the estimate (59).
Similarly, to the previous step, we define

Jorn = B(e) / (ug)2dz,

uT:
MWZWMﬂWW/@—MM%W@ﬁ,k:m& (72)
X T

Jp = ﬂ%/wfﬂi—wﬂﬂmwwf

Py T
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and obtain
My,
. . . = .
Jim T = i 5(e)) / (21,08 hg)r + cule, hg))? (Wy°)2di
a=1 dan,NUJTe
My,

—hmZﬂ 7 / 210 (8. hg) ((B)r 8,72+ e, b)) (e~ WM (9))2dg

xkezh

:limz,é’ e)re Z re (21,0 (€, hg) (Zx)r + cule, hy) 2/ Wlek(ﬁ)) dy

e—0
Ik€2€ T

e—=0

=lim - Ae)reree™ Y € (210 (hg) (@)r + enlhy))’[ (ef = W™ ™ () *d,

where X5 =0 sy, NUT®. That is,

My,
lim Jo e =Y B%0 / (21,0 (hq)Er + au(h 2/ — WM ()2 dy di
e—0

=1 OAp,NZ: T

= v W) [ = W) dds =

P T

In the limits above, we have used (67), the change of variable (23), the in-
equality |y] < C on each integral, (68), (2), (1) and Proposition 1. Now, by
the trace embedding theorem, Jy, j, converges towards J, as h — 0, see (72).
Thus, in short, we have proved

lim Je,k,h = th and lim J]%h = Jk, k= 1, 2, 3. (73)
e—0 h—0

Fourth step: the function u® satisfies (59) and (60).

Gathering the above convergence results, as e — 0, and as h — 0 (cf. (69),
(70), (71) and (73)), we get the following convergence in the the topology of
(L?(02)) x R%:

(Tfh, Ia’k,h aJE,k),h) — (’U,Oh, Ik,h; Jk,h) in (LZ(Q))?’ X RQ, as € — 0,
@, Ty Jip) — (WO, I, Ji) in (L3(2))? x R?, as h — 0.
Then, we apply a result on convergence for double indexed subsequences,

see, e.g., Corollary 1.18 in Section 1.2 of [3], to extract a sequence h(e) — 0 as
€ — 0 such that

@, L oneys Jepnie) = (u, T, Ip) in (L7(2))? x R?, ase — 0. (74)

Now, denoting u° = u"(®), (74) gives that u° — u° weakly in (H*(02))?

as
e — 0 and (62). Taking ¢ = (bk, where ¢ = (¢1, P2, ¢3) € (CH(£2))3, $ =0 on
I'q, converts I, j () into the sum for k = 1,2,3, and we derive (60).
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Also, taking into account (74), and replacing h by h(e) in (72) leads to

Jekene) = B(e) / (ug)?di < C.
ure

This, along with (16), (18), the continuity of M, (7), and the Cauchy-Buniakovsky-
Schwarz inequality, provides (59). Hence, Theorem 2 is proved.

6.3 The spectral convergence

In this section, based on Lemma 1, we derive the convergence for the eigenpairs
of (11), when ro > 0 and 8% > 0 in (1) and (2).

Theorem 4 For each k, k=1,2,3..., X5 in (12) and X} in (33) satisfy
T, ase—0,

where {A2}2° | are the eigenvalues of (32) with B(&) = C°(&). In addition,
for each infinitesimal sequence €, we can extract a subsequence, still denoted
by €, such that the corresponding eigenfunctions us* converge towards u®* in
(L2(£2))3, where u®F is an eigenfunction of (32) corresponding to X}, and the
set {u®*}22 | forms an orthogonal basis of (L*(£2))3.

Proof Let us introduce the operators A°, A° : (L?(£2))® — (L?(£2))3. For
f € (L2(2))3, we set A°f = u, where v € V is the unique solution of
(16). Similarly, we set A°f = u®, where u® € V is the unique solution of
(19). So that the eigenpairs of A% are {((A7) ™1, u®*)}52, with {(A,u®"*)}52,
the eigenpairs of (11), and, the eigenpairs of A% are {((A))~!,u®*)}22, with
{(AQ, u%F)}2 | the eigenpairs of (32).

We define W = V, and considering Theorem 3, properties il1) and i2)
in Lemma 1 becomes self-evident. To prove property i3), we consider f¢ €
(L?(£2))? uniformly bounded in (L?(£2))3, and hence, we find a subsequence
¢ — 0 and a certain f € (L2(£2))3 such that f& — f weakly in (L2(£2))3.
We replace f by f¢ in (16), and since (17) also holds, we rewrite the proof of
Theorem 3 with minor modifications, to show the convergence of solutions u
towards u° weakly in (H'(£2))3, as ¢’ — 0, and property i3) is also verified.

Consequently, the convergence of the eigenvalues and the corresponding
eigenfunctions in the statement of the theorem holds from Lemma 1.

7 The other critical case

In this section, we address the convergence of solutions of the stationary prob-
lem (16) and the spectral problem (11), as ¢ — 0, when ro > 0 and 8° = 40
in (1) and (2). The main results are Theorems 6 and 8.

We follow the scheme in Sections 4-6 with the suitable modifications. Sec-
tion 7.1 presents properties of the solutions of the z-dependent family of local
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problems (26). The convergence for the stationary problem is in Section 7.2,
while the spectral convergence is in Section 7.3.

Now, the stationary homogenized problem reads (24), where the matrix
C(2) = (Cij(®))i j=1,2,3 is defined by (25) with W!# the solution of (26). The
spectral homogenized problem is (32) with B = C, cf. (31).

7.1 Abstract framework for the stationary local problem (26)

Below, we derive the properties of Z-dependent solutions W% and those of
matrix C(Z).

Let (D1(R3+))? denote the space of functions in (D(R3+))? which vanish
in a neighbourhood of @et 0 and *U; be the spaces obtained by completion
of (D(R3+))? and (D; (R3+))3, respectively, with respect to the norm

3 ) 1/2
10l = (3 llewy @agssy ) -

i,j=1

Due to Korn’s inequality in bounded Lipschitz domains, the continuous em-
bedding U; C (H},.(R3T))? holds, and the elements of U; have null traces on
T.

For each [ = 1,2, 3, we take a function
vl e (D(R31))%, @' =¢' in a neighboorhood of T.

Then, the variational formulation of (26);-(26)3 reads: Find W% € w! 4 9,
satisfying
/ o ,(Whey (V) dy =0 VV €Dy, (75)

R3+

Problem (75) has a unique solution which is independent of ¥ (see, e.g., Sec-
tion 4 in [21]). The condition at infinity (26)4 is a consequence of Theorem 5;

see [21], [6] and [14] for an isotropic media. Also, O'Z'g(Wl"%)|y3=0 is a distribu-

tion having compact support contained in T and belongs to H’1/2(T). Thus,
applying the Green formula, we write

T L,z _ T L,z
/ Jpj1y(W )el’j’y(v) dy - <0pj,ynj(W )» ‘/;>H*1/2(T)><H1/2(T)

R3+
YV € (D(R31))3. (76)
By a density argument, we have (76) for any V € 2, and consequently, for
V =Wwr:

/ Ugjvy(Wl’j)erﬁy(Wi’j) dy = *<J§3,y(Wl’j)v e;>H—1/2(T)XH1/2(T) = Cu(2).
R+

(77)
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The following propositions deal with results analogous to Proposition 1
and 2 about the continuous dependence of W% on & € X as well as other
related functions. In their statements and proofs C' denotes a positive constant
independent of Z.

Proposition 5 Forl=1,2,3, the solution WHE of (75) depends continuously
on & € X in the topology of V. In addition, for l,p,i,7 =1,2,3, the functions

/ eij’y(Wm)eij’y(Wp@)dy’ and <U§37y(Wl7i>7 e;7>Hfl/2(T) x H'/2(T)

R3+

depend continuously on & € X, and

Proof Let us show that for each 7 > 0, theres is §,, > 0 such that if Z, ex
satisfy | — 2/| < §,, then |[WhE — Whe' || < 7.

First, we obtain bounds for the norm of W%® in 2 which are independent
of &. To this end, we consider (75) taking V = V&% := Wh® — ¢! € 99, and
we obtain

5.y (WHF)

‘ <c. (78)
H=1/2(T)

/U?j,y(vl’j)eij,y(vl’i)dy:_/g?j,y(wl)eij,y(vl’i)dy'

R3+ R3+

Applying the Cauchy-Buniakovsky-Schwarz inequality, (22) and the continu-
ity of the elastic coefficients provides the uniform bound for ||[V%||q. Conse-
quently, cf. (77), we obtain

3
Z ||€ij»y(Wl’i)||L2(R3+) < C and ’<O.1§3»y(Wl’i)7 eif’>H—1/2(T)><H1/2(T) < c

1,j=1

vieX. (79

Next, we take V = W& — W' in (75), and similarly, in the formulation (75)
for Wh*' | we take V = Wh% — Whe' By subtracting the second identity from
the first one, we obtain:
/ O,g”:j’y(Wl@ B Wl’;/)Eij(Wl’i’ . Wl,a?/) dy
R3+

= / (@ikp(27) = @ijip(2))enp,y (W Vi, (WHE — W) dy.

R3+

Now, using (5), (79), we choose &, > 0 such that |[Wh® — Whe' ||y < 1.
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From this and (79), the continuity of (e;;,, (W"?), eij,y(Wp’i)>L2(R3+) holds:
indeed, we choose 4, > 0 such that
<eij7y(Wl’i)’ eij,y(Wp"i)>L2(R3+) B <eii,y(Wl7m/) ) ei.7'7y(Wp7m/)>L2(Rs+) <

Finally, the continuity on X of the term <o§3’y(Wl75”), ef,)
is a consequence of (77), cf. (5) and (22).
As for the estimate (78), we use the trace embedding theorem for the space

H=1/2(T)xH/2(T)

do};,(U)

{v e mor)nEr) =g

€ (L2(B(0, Ry) mR3+))3},

with a fixed Ry such that T C B(0, Ro). Indeed, because of (26); and (79),

we write

which concludes with the proof of the proposition.

oy, (WHT) eijy(WH?)

3
<C
H-1Y/2(T) — ”2_231 L2(B(0,Ro)NR3+) —

Proposition 6 For each fized & € X, C(Z) defined by (25) is a symmetric
and positive definite matriz. In addition, its coefficients depend continuously
on i€ X.

Proof Considering (77) the symmetry and positivity of C are due to (5): see
the reasoning in Proposition 2. In addition, from (77) and Proposition 5, C;j,
for i,5 = 1,2, 3, are continuous functions on X, and the proposition is proved.

Theorem 5 For each & € ¥ and | = 1,2, 3, the solution WH% € Wl 49, of
problem (75) can be represented in terms of the Green matriz-function ij (y)
as follows

1,3

Wz‘l7§?(y17y27y3) = <Uj ) Gzi_;(yl — Y2 = "y3)>H*1/2(T)><H1/2(T)’ (80)

where o'% is defined by

% Lz Lz 12 i \& © 2 L )
ot = (le)azxaasx) = (0%3,y(Wl z)aU§3,y(Wl 1)7U§3,y(Wl “)s

and G* by (37), with &% (w) satisfying (38). In addition, there is a positive
constant C' independent of &, such that for y € R3*, with |y| large enough, we
have

owh®

W»l’iy <(C— and —
W ) i

7 =

1 .
(y)|§0y|2, i,p=1,2,3. (81)
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Proof On account of (22) and (37), we follow the proof of Theorem 4.1 of [21],
using a density argument, with minor modifications, to obtain the representa-
tion (80) for the solution of (75).

Estimates (81) are a consequence of (80) and the chains of inequalities

A~ 2 A T * 1 1
W (4 <c’ Byl HGW H <C = =
WO < Cllefss Wy 196" |y <C\ar )+ a7
and

J— ) ) oGV
L < s | |
| Y, (y)| < JJ3,y( )H*1/2(T) Oyp HY(T)

1 1
<C ),
diy*, T)*  dy*,T)°
where y* is any point with y5 > 0, C'is a constant independent of both y* and
& and G373 is defined by

GoV (61,6) = GH(yr — €1, s — €1, 43) V(L&) €T

To obtain the above estimates, we follow the technique in Proposition 4.1 of
[21] when the media is isotropic, with minor modifications, using the contin-
uous embedding of HY/?(T) ¢ H'(T), formula (37) and the uniform bounds
(38) and (78) (cf. also the proof of Corollary 1 for a more smooth vector-
function ¢'%). Thus, the theorem is proved.

7.2 The convergence of solutions of stationary problems

Throughout this section, we employ Whe constructed as in (44) replacing
WHEMZ by W in (43), namely,

I*%k

Wl,k,e(l,) = Wh¥k < > (ps(gj) for ze€ Bt (Ekﬂ"s + Z) . (82)

Te

For simplicity, we use the same notation for the global function Wie. Proper-
ties (45)-(49) in Proposition 3 also hold using (82) instead of (43). The same
occurs with the convergence (52) in Proposition 4.

Hence, for ¢ € (C1(£2))3, ¢ = 0 on I'n, we take the test function v(z) =
¢1(z)Whe(x) in (16). Since v vanishes on |JT¢, we have

/ i (Uf)es; o (GWHF) da = / fiWEe da. (83)
(9] (9]

Applying the same arguments as in (55)-(57), the passage to the limit in (83),
gives

/Uij,w(uo)eij,w(¢) dx—/fiéf)i dr = _gii%/Uij,w(us)eij,x(wl’s)(bl dr. (84)
o o

9]
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Accepting that the limit in (84) is given by rq [ Cjjud¢;d (cf. Theorem 7
b

below), u® satisfies

/Uij,z(uo)eij,z(¢) dﬂer?‘o/CijU?(ﬁj dz :/fi¢i dr V¢ € (C'(R2))°, |y, = 0.

2 5 2

By a density argument, we conclude that u° is the unique solution of (24).
Therefore, we have proved the following result.

Theorem 6 The solution u of (16) converges weakly in (H(£2))?, ase — 0,
towards the solution u® of (24).

Finally, we obtain the limit in the right hand side of (84) as a consequence
of the following theorem.

Theorem 7 For any u® € V which is the weak limit in (H*(£2))? of a sub-
sequence of u®, still denoted by ¢, cf. (18), we construct a sequence u¢ € V,
such that

u*=0 on UTE, a° — % 40 weakly in (H'(02))3, (85)

and, for any ¢ € (C1(£2))3 with ¢ = 0 on L'y the following convergences occur:

111?% oij,x(ﬂs)eij7w(wl’5)qbl dr = To /Cuu?%di, (86)
e—
2 X
and
lim [ 0400 — u®)ei; (W) gy da = 0. (87)
e—0
(9]

Proof We follow the steps in Section 6.2 with suitable modifications which
we outline below. As a matter of fact, some integrals on T transform into
dual products in H~/2(T) x H'?(T) and the corresponding proof must be
changed.

First, note that the construction of u® satisfying (85) and (86) repeats
the proof in Section 6.2.2: indeed, it suffices to take into account that all the
integrals over T (T respect.) containing u° (W' respect.) vanish, as well as
the definition (77) of C.

Now, we show (87) as follows. We repeat the proof in Section 6.2.1 to
obtain

I. = 7/Uij7r(ue — U)esj 0 (W) oy da
2

e / oty (WET)ei (d° i) dy + o(1).
T Bt (0,14 15)

4re
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Then, since ¢ = 0 on BT (i, 7= + §) N {x3 > 0}, * = 1 on T% , and u° =0
on T% , by applying the Green formula and relation (78) we get

| = re

Z<Uz3y Wl fﬁk Ty(d§¢Z)>H*1/2(T)><H1/2(T) +O(1)

ST Z HUzS y( (W ||H*1/2(T)’|Ty(u§¢l)”Hl/2(T) +o(1)

< Cree 123:( )1/2-1-0(1).

Hence, performing the change y — x in the integrals

vt ipsary = [ g+ [ [ PO s () =l @R o

cf. (23), we obtain

H1/2(T)

Ty

3 1/2
L|<Ce 'y 2 ( H1/2(T5 ) +0(1)
1 c
<>ZH<> 0
1< 1
- O% ; ‘ ] PPV oll) < 085(6) ol

Here, x| - denotes the characteristic function of the set [ J, . 7¢ I%, , and we
have used the equation on X in (16), cf. (9), the continuity of M, the trace
embedding theorem and (17). Now, since 3° = +o00 in (2) and ro > 0 in (1),

we have that lin% I. =0, and (87) holds. Thus, the theorem is proved.
e—

7.3 The spectral convergence

In this section, we show the convergence of the eigenpairs of (11), when ¢ > 0
and 9 =

Theorem 8 For each k =1,2,3..., X in (12) and A} in (33) satisfy
TN ase—0,

where {\}}32., are the eigenvalues of (32) with B(&) = C(%). In addition, for
each sequence, we can extract a subsequence, still denoted by €, such that the
corresponding eigenfunctions us* converge towards u®* in (L?(£2))3, where
u®* s an eigenfunction of (32) corresponding to A}, and the set {u®F}
forms an orthogonal basis in (L?(§2))3.
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Proof We follow the scheme of the proof of Theorem 4 with minor modifica-
tions. We mainly apply Lemma 1 using the result and proof of Theorem 6
instead of Theorem 3.

Remark 1 In connection with the convergence of solutions in the rest of the
cases stated in Section 3, we observe that when ro = 0 the convergence (48)
takes place in (H'(£2))3, and the proof of convergence simplifies providing that
u? in (18) is the solution of (28). When 7o = +o00, a very different technique
should be applied to show convergence towards the solution of (27): cf. e.g.,
[15] in the case of scalar problem in porous media.

Remark 2 It should be emphasized that our technique allows us to apply and
extend the results in [21] and [6], the regions T being stuck to the plane, to
the case where the media is heterogeneous and anisotropic. The technique can
also be applied to other boundary homogenization problems, both scalar and
vector, in heterogeneous media.
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