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To perform an asymptotic analysis of spectra of singularly perturbed periodic wavequides,
it is required to estimate remainders of asymptotic expansions of eigenvalues of a model
problem on the periodicity cell uniformly with respect to the Floquet parameter. We
propose two approaches to this problem. The first is based on the max—min principle and

is sufficiently easily realized, but has a restricted application area. The second is more
universal, but technically complex since it is required to prove the unique solvability of the
problem on the cell for some value of the spectral parameter and the Floquet parameter in

a nonempty closed segment, which is verified by constructing an almost inverse operator
of the operator of an inhomogeneous model problem in variational setting. We consider
boundary value problems on the simplest periodicity cell: a rectangle with a row of fine

holes.



1 Introduction

1.1. Motivation. In this paper, we study the model problem on a periodicity cell coming from
the Floquet-Bloch theory [1]-[4] in the analysis of the spectrum of a periodically perforated
waveguide (cf. Figure 1). Eigenvalues of the model problem depending on the Floquet parameter
n € [—m, ] (the dual variable of the Gelfand transform [5]) determine the location and size of
spectral segments and gap opening between them, i.e., generate the band-gap structure of the
waveguide spectrum. The main (and essentially new) problem appearing in the justification
of asymptotic expansions of eigenvalues of model problems on the periodicity cell is to derive
n-uniform estimates for remainders of asymptotic expansions since only such estimates provide
a competent information about spectral segments. We note that estimates of such a quality are
not necessary in the usual situation of a single spectral problem, but they are required if we
deal with a family of problems parametrized by the Floquet parameter. The known justification
schemes involve elements that, after adaptation to the class of problems under consideration, do
not guarantee the required uniformity. In this paper, we discuss approaches to compensate this
lack.
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(a)
Figure 1. Periodic waveguide (a) and its periodicity cell (b).

We study several boundary value problems on the same cell of the simplest shape as in
Figure 1 (b) for which we have different formulations and different proofs of the corresponding
results. In Sections 2 and 3, calculations and arguments are rather simple since they are based
on variational methods, whereas a new rather complicated and laborious analysis including new
ideas and tools is required to study some problems in Section 4. The approaches we propose
can be also applied to other methods of periodic singular perturbations of cylindrical and even
originally periodic waveguides.

1.2. Statement of the problem. Let Q = {x = (z1,22) : |21] < 1/2,|x2| < H} be a
rectangle in the plane R?. We consider the family of fine holes

w; ={z: ¢ =e (21,70 - 2Hej) €w} CQ, j=-N,...,N. (1.1)

Here, w is a domain such that its closure @ = w U Ow is contained in the rectangle [J =
(—h,h) x (—H, H), h, H are fixed positive numbers, and £ = (1 + 2N)~! is a small parameter,
i.e.,, N is a large natural number. In the perforated cell of a periodic waveguide (cf. Figure 1

(a), (b))
N
=0\ |J o, (1.2)
j=—N
we consider the differential equation
—Aut(z;n) = (s (z;n), =€ X, (1.3)

where A is the Laplace operator and A° is the spectral parameter. We consider Equation (1.3)



with the Neumann condition and quasiperiodicity condition on the rectangle sides

out out 1

+H:; =+ +H:n) = — 14
on (1‘1, a77) 8:132 (.CL‘l, 777) Oa |$1| < 9’ ( )
OPus 1 OPyf 1
a—ﬁ<+§7$2;77) :emﬁ—xﬁ’(?m;n)’ lzo| < H, p=0,1, (1.5)

where 7 € [—m, 7] is the above-mentioned Floquet parameter caused by applying the Gelfand
transform [5] to the problem in an infinite waveguide as in Figure 1 (a) and 9,, := 9/0n is the
normal derivative with respect to the inward normal on the boundaries of the holes (1.1) that are
assumed to be piecewise smooth, consequently, n is the outward normal to the boundary 9€2° of

the perforated rectangle. On the contours Ow® y, ..., 0wy, we impose the Dirichlet conditions
N
u®(z;m) =0, x€dw = U ow; (1.6)
j=—N

or the Neumann conditions
Opu®(z;n) =0, € Juw'. (1.7)

In what follows, we deal with a composite rectangle. Together with Equation (1.3), we also
consider the differential equation

~TAug(z;n) = TA(n)upe(2;m), z €ws, j=-N,...,N, (1.8)
in the holes (1.1) and the transmission conditions on the boundaries of the inclusions
U%O($,7’]) :U%D(Jf,ﬂ)v Taﬂu%o(xvn) :an’u%m(l'ﬂ’]), xeaw;;? .] = _N’7N7 (19)

connecting the restrictions u7,, on w® and u75 on Q° of the function u7 defined in £ and the
normal derivatives of these restrictions. Moreover, T' € (0,400) is also a parameter of the
problem. We emphasize that, in the particular case T" = 1, the singular perturbation vanishes
since the transmission conditions (1.9) are transformed to the continuity conditions, whereas
Equations (1.3) and (1.8) remain unchanged (cf. Remark 1.2). For the sake of brevity we
sometimes omit the subscripts 1", 7 and o, [.

The problems (1.3)—(1.6) and (1.3)—(1.5), (1.7) will be denoted by £7%,(n) and Z5(n) re-
spectively, whereas the problem (1.3)—(1.5), (1.8), (1.9) will be mentioned as Problem #5.(n).
The variational statement of the last problem is associated with the integral identity

ap(uf, 3 Q) = Apbp(up, 3 Q) 9 € Hy (), (1.10)

where H%(Q) is the Sobolev space of functions satisfying the stable (p = 0) quasiperiodicity
condition (1.5). Furthermore, (1.10) involves the bilinear forms

a5 (U5, 13 Q) = (Vatus, Vath)ar + T(Vatig, Vath)ue, -~
B (U5, 13 Q) = (U, ) + T (U5, ¥ ) '

where V = grad and (-, -)q- denotes the natural (scalar or vector) inner product in the Lebesgue
space L?(2?). The variational problem (1.10) will be mentioned as Problem _#£(n). The integral



identities of Problem _#7,(n) corresponding to Problem &5,(n) with M = D and M = N have
the form

(Vuly, Vi )as = Ny (Ui, ¥%)as, &7 € Hy 3 (F). (1.12)

As above, H% N (€29) is the Sobolev space of functions satisfying the first (p = 0) quasiperiodicity
condition in (1.5), and functions of the subspace H% p(QF) C H% N (9°) additionally satisfy the
Dirichlet conditions (1.4) on the boundaries of fine holes.

Remark 1.1. The integral identity of Problem #5 (1) can be obtained from Problem #7(n)
as T'— +0, but the limit passage to “absolutely rigid” inclusions as T — 400 does not lead to
Problem ¢#7(n). This situation is discussed in Subsection 5.1.

The left-hand sides of the integral identities (1.10) and (1.12) are positive symmetric and
closed bilinear forms in the spaces H,(€2) and H% N (829), H}] p(§°) respectively. Hence Prob-
lems 225.(n) and 275, (n), &5 (n) are associated (cf. [6, Chapter 10]) with unbounded selfadjoint
positive operators @7 (n) and <75 (n), @75(n) in Hilbert spaces L?(2) and L?(QF). By [6, Theo-
rems 10.1.5 and 10.2.2], the spectrum o5,(n) of the operator <75, (n) with M =T, N, D forms a
monotone unbounded sequence of eigenvalues

0< A5 S A3 < Ajp <L <A, <o = oo, (1.13)
where the multiplicty is taken into account.
We can assume that the eigenfunctions uj, u5q, 53, - -, U5, ... of the problems (1.10)

with M =T and (1.12) with M = N, D respectively satisfy the orthonormality conditions

and
(ui\/lmvuiwn)ﬂi = 6m,n7 M = N,D (115)

Here, 0y, is the Kronecker symbol and m,n € N = {1,2,3,...}. Moreover, A\3,; > 0 and
the operator o7f;(n) is positive definite. The problem with the Dirichlet conditions is studied in
Section 3, but the most difficult point of the paper appears when we study Problem 227 (n) which
is used to pass continuously from Problem Z7j(n) with the Neumann perforation to Problem
25 (n) on the whole cell.

Remark 1.2. For T' = 1 the forms (1.11) become (Vu, Vi))q and (u,v)q, i.e., the foreign
inclusions disperse, whereas Problem #5.(n) with T' = 1, denoted by &(n), loses its dependence
on the small parameter €. As a result, the eigenpairs {A(n),u(-;n)} satisfying the differential
equation in the whole rectangle

—Au(z;n) = Mn)u(z;n), =€, (1.16)

and the conditions (1.4) and (1.5) on its sides (the superscript ¢ is not necessary now) take the
explicit form
2,2
mp
)‘P,Q(n) = 4H2 + (T’ + 27Tq)2’
(1.17)

up q(7;1M) = cos (%(932 + H)) e"(n+27rq)r1’

where p € Ng = NU{0} and g € Z = {0, £1,£2,... }. Tt is clear that the eigenvalues (1.17) with
two indices should be re-enumerated to obtain a monotone sequence (1.13). The re-enumerated



eigenpairs are denoted by {\;(n),u;(-;n)} with one index j € N, and the eigenfunctions satisfy
the orthonormality conditions (cf. (1.14) in the case T'=1)

(uj(:5m), ue(5m) = ik, J,k € N. (1.18)

1.3. Two scenarios of obtaining uniform estimates for remainders. Usually, a
scheme for justifying asymptotic expansions of eigenvalues and eigenfunction (eigenvectors) of
singularly perturbed spectral problems consists of three steps. First, formal asymptotic expan-
sion of eigenpairs is constructed. Second, the global asymptotic approximation to the eigenfunc-
tion is obtained when we glue together the external and internal expansions obtained by the
method of matched asymptotic expansions (cf., for example, [7, 8]) or summarize smooth type
solutions with boundary layer type solutions within the framework of the method of composite
asymptotic expansions (cf., for example, [9, 10]). Then it is possible to calculate the residuals
generated by the approximate eigenpair in the singularly perturbed initial problem and, finally,
to apply the lemma about almost eigenvalues and eigenvectors [11] provided by the spectral
representation of the resolvent (cf., for example, [6, Chapter 6]). Thus, at the second step, in a
small neighborhood of the »(n)-multiple eigenvalue A9, (1) of the limit problem, we can find
the terms

Aaepe () ()5 -+ s Ayt pe () 4. () -1 (1) (1.19)

of the subsequence of eigenvalues of the initial problem 275,(n). It is important that the factor
¢(n) in the final estimates

P‘?\/[Plf(n)+p(77) - /\%Jk(nﬂ < Ck(”)gaov p=0,..., %k(n) -1 (1.20)
can be made independent of the Floquet parameter n € [ny — d, o + o] for some oy € (0, 1]
and ng € (—m, 7], dp > 0 (we refer to Subsection 5.2 for details).

It remains to verify that P;(n) = k in the list (1.19), i.e., to realize the third step of the
scheme. Traditionally, for this purpose one uses the so-called convergence theorems establishing
the limit passage as ¢ — +0 (usually, the spaces in (1.21) should be specified, but it is not
necessary for our goals):

() — )‘g/[J(j) (n), 1.21)
. :

ujyi(5m) — uMJ(j)(~; n) weakly in H' and strongly in L2
The number J(j) € N of the eigenpair {A‘Z)\/[J(j)(n),u%ﬂj)(gn)} of the limit problem is not
specified at this step, but it becomes j after completing proofs of all necessary results. Thus,
owing to formula (1.21) for any j € N and n € [—m, 7], it is possible to prove by contradiction
that, in the case € € (0,¢;(n)], there are no “superflous” eigenvalues satisfying (1.20). Therefore,
it is easy to prove that P;(n) = k in the list (1.19) for sufficiently small .

We note the brittleness of the third step: we do not know the character of dependence of
gj(n) on j and 7. Consequently, it is not clear whether the estimates (1.20) with P;(n) = k are
uniform with respect to the Floquet parameter.

In this paper, we propose two approaches to overcoming the above-mentioned difficulty
arising in the justification of asymptotic expansions of spectral segments

v?\/lk = {/\ = X}:Wk(n) | ne [_71-77(}}7 keN, (1'22)



generating the spectrum of an infinite waveguide with the periodicity cell (1.2) (cf. Figure 1 (a)).
We emphasize that if estimates for the remainder in the asymptotic expansions of the eigenvalues
Ak (1) are not uniform with respect to 7, then we cannot make any conclusion about geometric
characteristics of the connected compact set v5,, for € € (0,e M) even if ey > 0 is small.

The first approach (cf. Sections 2 and 3) is to somehow use the classical max—min principle
(cf., for example, [6, Theorem 10.2.2]) to prove the inequalities

Ak (n) — e(m)e? < Ayp(m) < Mpr(m) + e(m)e?, (1.23)

where 6 > 0 and
en) < co, € [m7l. (1.24)

By (1.23) and (1.24), it is easy to show that it is not necessary to use convergence theorems in
the justification scheme and we can verify that Pg(n) = k in the list (1.19) for every n (we refer
the reader for details to [12], where this approach is realized for a singularly perturbed cell of
some other shape in the space R?, d = 3).

According to the second approach, it is not necessary to exclude the above-mentioned con-
vergence theorems from the scheme, but we can ignore the fact that we do not know whether
the convergences (1.21) are uniform by verifying the following assertion: if A, is not eigenvalue
of the limit problem 222.(n) for any 1 € [1e — e, 7e + Ja), then the point Ae does not belong to
the spectrum (1.13) of Problem #5.(n) for € € (0,&(ne, de)] and £(ne,de) > 0. Thus, the arcs
{A=A.(n) ‘ 7 € [Ne — de,Me + 0o} of dispersion curves do not intersect the segment

Ao :={(An) [ A= Xe;n € [Ne = G0, 10 + 0]} (1.25)

Hence for | — ne| < do the multiplicity of the spectrum o5.(n) on the closed interval [0, A,] is
constant for all € € (0,(ns,de)]. Thus, it becomes indifferent for which value of the parameter
the multiplicity is calculated.

In Subsection 5.2, we present another way to use this fact. Namely, since the eigenvalues
A7 (n) of Problem £%.(n) continuously depend on two parameters 7' € [0, 1] and 1) € [1e — e, e+
Je], the dispersion curves cannot intersect the horizontal segment (1.25), and, consequently, on
the segment [0, As|, the multiplicity #o(n) of the spectrum o(n) of Problem &2(n) = ‘@%(n)szo
on the whole cell Q2 coincides with the multiplicity #0%,(n) of the spectrum o%;(n) of Problem
Py = ‘@%(n)‘T:O on the cell with the Neumann perforation. Thus, the asymptotics of
the spectral segments (1.22) is justified without convergence theorems since the lemma about
almost eigenvalues and eigenvectors asserts that there are at least #o0(n) eigenvalues (1.19) of
the problem (1.3)—(1.5), (1.7) on [0, Ae]. By the aforesaid, the number of eigenvalues is equal

to #a(n).

1.4. Structure of the paper. In Section 2, we use the max—min principle to obtain the
right inequality in (1.23) for the eigenvalues of Problem £27.(n); here, we use rather elementary
calculations. This method does not provide the required result completely, but we can slightly
modify Equation (1.8) (cf. Subsection 2.2), and then use the same principle to obtain the left
inequality in (1.23) for 7" > 1. Unfortunately, the modified problem is useless to study Problem
Z5(n) (cf. Remark 5.1).

In Section 3, we study Problem £%(n). Owing to the Dirichlet conditions on the hole
boundaries, we can derive weighted estimates (Lemma 3.1 and Proposition 3.1). Based on these
estimates, we use the max—min principle to prove (1.23) completely. In a sense, the problem



with the conditions (1.6) is simpler than other problems. In Subsection 5.3, we show that the
second approach is also applicable to obtain uniform estimates for remainders of asymptotic
expansions.

Section 4 represents a technically difficult result. We show how the second approach is
realized by considering Problem £7%;(n). To establish the unique solvability of Problem 225.(n)
with parameters A = A\ and 1 € [1e — de, e + ds], We construct almost inverse operators for
the operators A%.(Xe;7) of the family of problems. We first use the trick [13] of smoothing the
right-hand side of the singularly perturbed problem and then, in fact, repeat the procedure for
constructing asymptotics for the solutions and estimate the appeared small residuals.

The proposed method for verifying whether there are eigenvalues on the segment (1.25) can
be also used in other approaches to the study of singular perturbations of periodicity cells.
Therefore, we mention some works dealing with differential equations with strongly contrast
coefficients [14]-[17], the case where the periodicity cells split in limit [18]-[21], the case of thin
domains [22]-[25], and the case of regular and singular perturbations of boundaries [26]-[28].

In Section 5, we describe the second approach by considering Problems &27.(n), T € [0,1],
and &% (n). This section also contains auxiliary results used in this paper.

2 Max—Min Principle

2.1. Problem 25(n). By [6, Theorem 10.2.2], the term numbered by k& € N in the
subsequence (1.14)7 is expressed by

a7 (u®, u®; Q)

71(n) = max inf (2.1)

&k (n) ueeshm)\fo} b (uf, us; Q)7

where we have the bilinear forms (1.11) and &X(n) is any subspace of the space H%(Q) of
codimension k — 1, in particular, &1(n) = H,%(Q)

We denote by .Z*(n) the linear span of the eigenfunctions uy(-;n), ..., ux(-;n) of the problem
(1.16), (1.4), (1.5) (cf. Remark 1.2). Since dim .#*(n) = k, the intersection &¥(n) N Z*(n) is
not empty: it contains a nontrivial linear combination

b1 () Zaf Ty (), (2.2)

Jj=1

k ok
where 3 o572 = 1. By (1.18), (2.1), (2.2),
j=1

(q/é” (n) q/o”’“( ): Q)

¢ <m . 2.3
In what follows, we omit the superscript 57'3(77) in the notation. Since
lap (%, % ; Q) — (VU NU)o| =T — 1|(VU ,NU) e < ci|T — 1] mes g0, (2.4)

where mes ow® = (1+2N)e?mes ow = O(g) and mes sw is the area of w, we see that the majorant
in (2.4) does not exceed Ci|T — 1|e; moreover, Cy, is independent of k and can be taken the same



for all n € [—m, w]. Thus,
’a%(%a 02/; Q) - (V%7V%)Q| < Ck|T - 1|57

(2.5)
05U U Q) — (U, U )a| < Ck|T — 1],
and
k
(VU NU)a=>_ Ni(m)as* < Ak(n),
j=1
. (2.6)
(%, %)= la* =1
Jj=1

since A\j(n) < Ag(n), 7 =1,...,k. Thus, from (2.3)—(2.6) we obtain the following assertion.
Proposition 2.1. The eigenvalues (1.13) of Problem 27(n) satisfy the estimate

Ak(m) < Ae(n) + Ci|T — 1e, (2.7)

where k € N, \i(n) are the eigenvalues of the limit problem 2 (n) (cf. Remark 1.2) and Cj are
independent of n € [—m,w| and T > 0.

The case T' = 0 corresponding to Problem 5 (n) with the Neumann condition (cf. Remark
1.2 and Subsection 5.1) is covered by Proposition 2.1 because no essential modifications are
required to verify formula (2.7) in this case. As shown in Subsection 3.3, the eigenvalues of
Problem #f,(n) with the Dirichlet conditions satisfy an equality similar to (2.7).

2.2. The modified problem £7(n). Unfortunately, the max-min principle does not yield
immediately the left inequality in (1.23) for the eigenvalues of Problem 22%.(n). We discuss one
problem to which this approach is applicable by using elementary calculations. Namely, for
T > 1 we replace Equation (1.8) with the following;:

~TA (wsm) = MR (aim), mEws, j=—N,...,N. (2.8)

In other words, we eliminate 7" from the right-hand sides of the differential equations (1.8), and
thereby the “material density” of the cell 2 becomes constant. We assign the symbol b denot-
ing this operation to ingredients of the relations (1.3)-(1.5), (1.9) generating Problem 225 (n).

The eigenvalues of this problem are denoted by )\%(n). We assume that the corresponding

eigenfunctions uf,?j(-; 7n) satisfy the orthonormality conditions (1.18).

We apply the max—min principle to the operator <7 (n) of Problem Z(n) = @%(n)’Tzl,
consisting of Equations (1.16), (1.4), (1.5) without the parameter ¢ and make the required
changes in formula (2.1). The linear span .Z¢’(n) of the eigenfunctions w3, (:;n), ..., u(:;1)
of Problem L@%b(n) intersects each subspace &ni(n) in the max—min principle, whereas the

intersection of these sets contains the following linear combination similar to (2.2):
k
U (w;n) =Y ab(n)us’ ().
j=1

Since ||%°(-;n); L2(Q)|| = 1 in view of (1.18) and the second identity in (2.2), we have

(V%°(5n), V%°(51)a
M) S s @ Con) 2 G




= ;}IVI%)(CLET(W(-;77)7@”(';77);9) — (T =D)[VZ° i) L(Q)) < A (n). (2.9)

Proposition 2.2. If T > 1, then the eigenvalues of the problems (1.3)—(1.5), (2.8), (1.9)
and (1.16), (1.4), (1.5) are connected by

Ae(n) < A (m) < Xiln) + CL(T — 1), (2.10)

where C,E is independent of the Floquet parameter n € [—m,m| and small parameter ¢ € (O,Eka)
with some E%«k > 0.

Proof. It suffices to note that the transformations providing Proposition 2.1 can be also
used for the Rayleigh fraction in the max—min principle

13 £ €. Q
)x%lv’k(n) = max inf 76@(“ U5 9)

P (2.11)
£ (musesf oy (us,u)g

for the eigenvalues of the operator fob(n), i.e., in fact, the second inequality in (2.10) is not
different from (2.7). The first inequality in (2.10) is contained in (2.9). O

3 Perforations with Dirichlet Conditions

3.1. The limit problem £9. By the conditions (1.6) on the boundaries of the densely
located fine holes (1.1), Problem £75,(n) significantly differs from other problems considered in
the paper because of the Poincaré—Friedrichs inequality

72|l L2005 \ wf)II? < enll Vs (07" \ w5)12, (3.1)

valid in view of the Dirichlet condition on dw$, where D?Eh = {z : |z1| < 2he,|xe — 2Hej| <
2¢ H}; moreover, w_j‘S C Djh. The inequality (3.1) is verified by stretching variables x + &7 (cf.
formula (1.1)). Summarizing the inequality (3.1) with respect to j = —N,..., N, we get the
estimate
72 |u®s L2 (Qe)II” < cnwl| Vs L2 (95|17, (3.2)
where € = {x € Q° : |z;| < £}. Since the factor on the left-hand side of (3.2) is large, we
can conclude that the limit problem of 7% (n) is Problem 2% (n) consisting of the differential
equation
—Au’(x;n) = A0 (x;m), € Q\T, (3.3)
the conditions (1.4), (1.5) on the lateral sides of the rectangle 2, and the Dirichlet condition on
its vertical mean line Y = {z : 1 =0, |z2| < H}

u(z;m) =0, z €. (3.4)

A detailed analysis of the limit passage as ¢ — +0 can be found in [29].
The problem (3.3), (3.4), (1.4), (1.5) has the explicit solution

0 20 TP

)\pyq:ﬂ_ q +W7 pEN7 quv (35)
0 sin(mqzy) cos(mp(2H) " (x2 + H)), x1 >0,

Up q(3m) = (3.6)

e~ sin(rqry) cos(mp(2H) Y (xg + H)), w1 <O.



It is remarkable that the eigenvalues (3.5) are independent of the Floquet parameter. Owing
to this fact, the asymptotic analysis in [29] shows that there are narrow spectral segments
(cf. Figure 2) separated by wide gaps in the spectrum of the periodic waveguide with Dirichlet
perforation (cf. Figure 1 (b)). We emphasize that the dependence of the eigenfunctions (3.6) on
7 is largely fictitious; the periodicity cell in the waveguide is taken in an arbitrary way and, by
the quasiperiodicity conditions (1.5), the eigenfunctions in the shifted cell Q7 = (0,1) x (—H, H)
take the form sin(mqx1) cos(mp(2H )~ (z2 + H)) without the Floquet parameter.

[ |
N

Sovoes

REES R !

-7 O T

Figure 2. The dispersion curves for Problem &% are shown with bold lines. The wide
gaps are the projections of tinted rectangles on the ordinate axis. The dashed lines
indicate admissible values A\q of the spectral parameter for which it is easy to construct
the almost inverse operators (cf. Subsection 5.3).

We omit the argument 7 even in the notation of the functions (3.6) and denote by &?p the
limit problem (3.3), (3.4), (1.4), (1.5). We enumerate the eigenvalues (3.5) in nondescending
order and re-numerate terms of the subsequence {Ag}jeN with one index. We assume that the

0 satisfy the orthonormality conditions (1.18).

corresponding eigenfunctions u;

3.2. Weighted estimates. We first apply the one-dimensional Hardy inequality
R R Jv )
/toV(t)Pdt < 4/‘E(t)‘ dt (3.7)
0 0

which is valid for any R > 0 and V € C(0, R] vanishing at ¢ = 0. Indeed,

R t

/t‘2|V(t)|2dt: 2/Rt—2/V(7)ﬂ(7)det < 2/R|V(T)| ’%(T)’/Rt_zdtch
0 0 T

dr
0 0

R . e R 12 , R oo 1/2
:20/"/(7)‘ ’E(T)K; — E)d’i‘ < 2( /T_z\V(T)]2d7'> ( /‘E(T)‘ d’]’) )

0 0

Lemma 3.1. For uf € H}hD(QE)
(2 +21) 712" LX) < ew| Vs L2, (3.8)

where ¢, is independent of € and uf.

10



Proof. Let 2. € C°(R) be a cut-off function such that

1, |$1| > 2¢h,
Ze(z) = 0< 2:<1,
07 |$1| < €h7
X, Cy (3.9)
< R h72 h)
S @] < T Il € feh,2en]

0Z¢
0r1
By (3.3), the product 2 (x1)u®(x1,x2) satisfies the inequalities

IV (22u); L)1 < e([|Vuss L2QO)|* + 2 Juts L (supp [V 22) ) < el Vs L2(Q7) |
Integrating (3.7) with V(t,z2) = 2,7 (t)u®(t, x2) with respect to 2o € (—H, H), we get
e |7V L2QEN QI < efllaa |7V LAQ)? < el VVE LAQ) < ¢ Vus; L2(Q)]. (3.10)
From (3.1) and (3.10) we obtain the estimate (3.8). O

h(z1) =0, |v1|¢ [eh,2¢eh].

In the following assertion, we use the trick proposed in [30] and used, in particular, in [12].

Proposition 3.1. Let ui(;n) € HlD(Qg) be the normalized (by (1.18)) eigenfunction of
Problem 27%,(n) corresponding to the ezgem)alue A.(n). Then there are § € (0,1], g > 0, ¢g >0
such that for € € (0,e0] and n € [—7, 7]

(e + 22) " Vg (50); L2HQ) | + 11 + 23) ™ g (50); L) < coXi (). (3.11)

Proof. We substitute 1° = RZ%u; € H%jD(QE), where R.(z) = (e2 + x2)'/2, into the
integral identity (1.12)p. In what follows, we omit 7 in the notation. We set U = Rgeui. By
(3.8), we have

10z LHQ)IP < R Mgy L2 < | Vugs LA(Q9)|P = eXi(m)

since Ro(z)'7% < (2 4+ 1/4)179 < 1 for € € (0,2¢], where g9 < v/3/2. A simple transformation
shows that

UG L2(Q9) 2 = AL (UR, ¥%)as = (Vug, Vi )or
= (RZOVuS, VU)o + 0(RZOVus, USRZ VR, o
= | VU L2()|* = 6(U R: 'V Re, VU o
+0(VU;, U RZ'V R - — 0*|[US RV R,; L2(Q9)]2. (3.12)
Two terms on the right-hand side cancel, and the remaining two terms satisfy the relations
IVUE L2(99) |1 > 5®| R UL L2(99) |1,
R (@)|VRe(2)| S RTM(z) = |URRZ'V R L*(9°) || < || RZMUR; L2(99) 1.

Thus, for § < (2¢,)~" the right-hand side of (3.12) is estimated from below by 2||VUg; L*(9°)]|?
which, in turn, exceeds || R-1~%ug; L2(QF)[|? with ¢ > 0 in view of Lemma 3.1. We have

1RV uis L2(Q°)|* < 2(| VUE; L2(9) [ + U REVRZ %, L2() ) < O VUE: L))

which completes the proof. ]
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Remark 3.1. By construction, the exponent 6 in Proposition 3.1 cannot be large. Thus,
in the limit problem &p without small parameter e, but with the Dirichlet condition (3.4), we
have # < 1/2 in view of smoothness of the eigenfunctions (3.6).

3.3. Application of the max—min principle. In the following representation of the
eigenvalues of the operator of Problem £77,(n), similar to (2.1) and (2.11),
[Vus; L2() |

£ .
n) =max  inf oo (3.13)
i &) useskm\{o} [lus; L2(Q)]|

each subspace &%(n) C H} 12.0(§2%) of codimension k — 1 intersects the k-dimensional span .2
of the functions U5 = Z. u(}j Jj= k. We 1ntroduced the cut-off function (3.9) to satlsfy
the Dirichlet condltlons (1. 6) and guarantee that 2-u? p; belong to the space H, " p(€2). At the
same time, for the eigenfunctions (3.6) (which are enumerated and satisfy (1. 18)) we have the
elementary estimates

ubj(@)] < flaal, [V ()] < ¢ (3.14)
which imply that the smoothing functions Uj, ..., U} with small ¢ inherit the linear indepen-
dence property of uODl, ol D+ Furthermore, for the linear combination

k k L
2SOy = PV e shmngg, T [aPPP =1, (3.15)
Jj=1 Jj=1

we find
2 P = 3 o, e+ (22— Dul )

J,q=1

= (|17 L2(0)|° = 1] < exe?,

k
IV%; ()| = ) ajog((Vul, Vud)a + (22 — 1)Vud, Vud)o (3.16)
Jq=1
+ (2:Vuf, u)V 22)a + (ufV 22, 2.V u))a + (u§V 22, ugV 22)a)

k
= IV 2@ = 3 Joy P < G
j=1
For the sake of brevity we omit the argument 7 and do not indicate that the linear combination
(3.15) belongs to &F(n) in the notation. In (3.16), we used formulas (3.9), (3.14) and their
consequence ]uoDJ(x)] < 209-h5, x € supp |VZ¢|. From (3.13) and (3.16) it follows that

. T2 €
() < e V@)

< A(n) + Che.
mex Sz S 0

A similar calculation for the max—min principle (3.13) at £ = 0, i.e., for the eigenvalues of
the problem (3.4), (1.4), (1.5) without parameters n and ¢, yields the estimate

Vs L) _

)\ max ———"—s
mn) e 2@ S

Dr(n) + Cre™. (3.17)
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We explain necessary replacements. First of all, &%(n) is the subspace of the space H% p(Q)
of functions vanishing on the mean line T of the rectangle ) and some test functions in this
subspace have the form

k k
€ 2 : €,,€ 2 : €12
j=1 j=1

where u$ are the eigenfunctions of Problem Z5,(n) satisfying the orthonormality conditions
(1.15), and, as above, the cut-off function (3.9) satisfies the Dirichlet conditions on Y.

By the weighted estimate (3.11) in Proposition 3.1,
e lupys L (supp [V 22 )| + [ Vuy: L (supp [V 22 )| < ¢z
Taking into account this estimate, we obtain the following assertion from (3.17).

Theorem 3.1. The eigenvalues of the problems (1.3)—(1.6) and (3.3), (1.4), (1.5), (3.4) are
connected by the inequalities

Abr — Cre® < Apy(n) < Ay, + Cre, (3.18)

where 6 € (0,1) is the exponent in Proposition 3.1 and Cy is independent of n € [—m,n| and
e € (0,ex] for some g, > 0.

As was shown in Subsection 1.3, Theorem 3.1 is sufficient to realize the first approach for
obtaining uniform estimates for remainders of asymptotic expansions. This fact was verified in
[29] by other arguments.

We note that the max—min principle was also used in [12] to prove analogues of (1.23).
This max—min principle is based on a priori weighted estimates for eigenfunctions of the model
problem on a three-dimensional periodicity cell with the Neumann condition on the boundary
of a single small cavity. The multidimensional (d > 3) case can be treated in the same way,
whereas the plane problem has not been studied yet.

4 Solvability of Singularly Perturbed Problem
in Perforated Cell

4.1. Almost inverse operator. If the spectral parameter A\, is fixed, we can associate the
variational statement of the inhomogeneous problem #%.(n)

ap(uf, 3 ) = A (u, 5 Q) = f1(¥), o € Hy 7(%), (4.1)

with the mapping
Hy, () 3 uf = ff = A7 (n; Me)u € Hy (), (4.2)

where H 7%T(Q) is the Sobolev space H%(Q) equipped with the norm depending on the parameter
T € (0,1]

s Hy ()| = (0% (u, ufs Q) + b (ufp, u; )1/

= (IVuf; L) + T Vs L2 (@)1 + s LA(Q)I? + Tllu; L2 (W) )12, (4.3)
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Here, a% and b7 denote the bilinear forms (1.11) and f7 € H%T(Q)* is a linear continuous
functional on H%T(Q) In this subsection, we assume that 7' > 0. The case T' = 0 is considered
in Subsection 4.6.

Let ne € [—m, 7| and A\¢ > 0 be such that the operator A(ne;As) of the problem in  is
invertible for small € > 0. Then there is Jo > 0, such that the invertibility property of A(n; \e)
is preserved for all ¢ € (0,ee] and 1 € [e — Jde,7e + Je|, Where g, is independent of 7. We
emphasize that, in the case 1, = 4, to make sense of the last inclusion, the objects should be
periodically continued to a neighborhood of [—,7].

The goal of this section is to prove the following assertion.

Theorem 4.1. Under the above invertibility assumption on A(ne; Ne), there exist positive
numbers €4 and de such that the operator A%.(n; Ae) is an isomorphism for all ) € [Ne—0e, Ne+04),
e € (0,e4] and, T € [0,1].

We emphasize that the operator A%.(n; Ae) is selfadjoint, i.e., to prove Theorem 4.1, it suffices
to verify the invertibility of this operator.

To prove Theorem 4.1, we construct the so-called almost inverse operator
R (m:Ae) + Hyp ()" — Hy () (4.4)

such that

1A% (0 Ae) B (15 Ae) — 1ds Hyy ()" — Hyy p(Q)7]] < cos™, (4.5)
where 1) € [1)e — de, e + Je], e > 0 is the exponent and Id is the identity mapping. Then the op-
erator A%.(n; Ae) R5:(1; ) is invertible for small € € (0,s] and R (1; Ae) (A5 (175 Ae) R (0 Xe)) ™t
is the usual inverse of the mapping (4.2). It is important that e and ¢, in (4.5) are independent
of the Floquet parameter.

We fix a functional f7 € H%T(Q)* and construct R%(n; Xe) f5 € H%T(Q) step by step. We
assume that 7" € (0, 1].

4.2. Auxiliary problem near perforation. We impose the artificial Dirichlet conditions
on T;t ={x: x1 = £{,|z2| < H} and consider the problem on the narrowed (¢ < 1/2) rectangle
Qe=A{z: o] <L |22| <H}

a5 (uif % Q) — Neb5 (ugf % Q) = fHE(0F), wF e HI%(Q). (4.6)

The superscript # means, for example, that a test function ¢ satisfies the additional boundary
condition
V(£ 20) =0, |zo| < H.

The right-hand side f;ﬁ(z/}) = f%(xgzp) of (4.6) is a functional, where X(ﬁ) € CP(R) is a cut-off
function such that 0 < x% <1,

1, ‘1'1’ < 5/2,

(4.7)
0, ‘$1| > 26/3.

Xb(z1) =

It is clear that
1 * *
155 Q) | < cll f3 HE ()]
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Proposition 4.1. For ¢! € H ()

Il L2 Q) 11 + TII@D”; L2(@)|* < ex(0 + )|l Hyfp ()1, (4.8)

where QF = {x € Q° : |z1| < L} = Qy\ we is the perforated rectangle Qy and cy is independent of
¢ € (0,1/2] and € € (0,e9] for some g9 > 0.

Proof. We begin by constructing a suitable extension W¢ to the holes (1.1) of the restriction

o such that

¢ﬁ

195 L2(00) | < el Vs 25| < el HEE(90)]) (4.9)
Namely, we set U¢ = ¢f on 2 and

Ue(z) = wj—l—w( Yoy, e N zy — 2HeY)), rew;, j=-N,...,N, (4.10)

where Ejﬁ is the mean value of 1! over the contour dw:
V= [ s, (4.11)
7 mes 16%‘?
8w]5.

and 121\;1 is an extension of 0"\ @ 3 & — {Z;Jﬁ(g) = i(e€y,2Hej + exy)) — Ejﬁ on the rectangle
0% = (=2h,2h) x (—H, H) admitting the natural estimate in the H'(w)-norm. We have

IVadf; 2O = Ve ks LM < en IV L2OM |2 + [4F — 3 L2@M) 1)
< C|| Ve L (DM \ w)|| = C[|Vo*; LA(O°" \ ). (4.12)

Here, we used the Poincaré inequality for functions @j with zero mean over the contour dw in
accordance with the definition (4.11):

-4 — e — —

9% = 65 LAO"\@)|| < el Ve = 97); L@\ @)|| = | Vew; LX(O" \ @)l
Summarizing the relation (4.12) with respect to j = —N,..., N, we obtain the estimate (4.9).
Integrating the one-dimensional Friedrichs inequality on (—¢,¢) > x; with respect to xy €
(—H,H), we get

) . ou
I L2(Q) 1> < 1195 L*(92

O < T2 )| < Qivwt @i @

It remains to consider the norm v/T'||¢f; L?(w®)|| in (4.3) and the left-hand side of (4.8). Since
T < 1 and the difference ¢! — U¢ vanishes on 8w5- , we find

T Z I — W% L2(5) || < ee®T Z IV (9% —0%); L (w5) |2

j=—N Jj=—N

N
<2e? Y (T Vb LA(w5) 1P + V0% L(O5)[1P) < Oy H, 5 (920)]°, (4.14)
j=—N

Tl L*(w)|* < 27 (]| w5 L2(w€)|!2 + [ = 0% L2 (W) )?)

< (L2 VU5 L2 Q)| + 7|0 Hy'h (Q0)]17). (4.15)
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From (4.14), (4.15), and (4.9) we obtain the required estimate for the norm /7% L?(w®)]|,
which completes the proof of (4.8) in view of (4.13). O

The problem (4.6) is uniquely solvable for small ¢ and ¢ in view of the Riesz representation
theorem and the following inequality obtained from Proposition 4.1:

1

1
e (ot ot COABE (ot ot Zab (bt - -
aT(d} P 795) )"bT(d} P 795) Z 2QT(¢ P 795) + <2Cﬁ £2 1 (2

N )b (5, 0 ).
Moreover, for uig €H ;FT(QE) we have
et it ef. rrlf * e. g7l *
lugs Hy'p Q)| < cll f7 Hy () || < Cllfps Hyy ()7
To conclude the first step, we define the first term
K5t = st (4.16)

in the coming representation of the almost inverse operator

Ry ) f = 5% + R + - (4.17)

The cut-off function X’i € C°(R) satisfying X% xg = X% was introduced to (4.16) since

(4.18)

4.3. Smooth solution in ). Taking ¢ € H})T(Q) and substituting the test function
Pt = 1/1)(% into the integral identity (4.6), we get

Fi(xh) = FHxD) = af(uf, o Qr) = A (uff, o Q)
= ap (X, ¥ Q) = A (o, 95 9) + (Vi 9V o — Vg, Vo, (4.19)
Thus, the residual
7(0) = (1= x§)¥) = (Vuf, 99X ) + (w3 Vxd, Vib)o (4.20)
left by the first term (4.16) in the expression (4.17) satisfies the estimate
LF7%; Hy ()| < Ol f75 Hy (). (4.21)

At the same time, an extremely important property of the functional (4.20) obtained precisely
at the first step is that, according to the definitions (4.18) and (4.7), the functional f5 vanishes
on test functions that vanish in the rectangle Q3 = (=£/3,¢/3) x (=H, H), i.e., supp f5%

Q\ Qg/o. Thus, the solution usft € H,%(Q) to the problem

(Vui, Vib)a = Ae(uf, 0)a = f72 (), ¢ € Hy(9), (4.22)
existing by the assumption of Theorem 4.1 and satisfying the estimate

Il Hy ()] < el /7% Hy ()", (4.23)
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becomes infinitely differentiable, at least, in the rectangle €2y/3. In particular, in view of local
estimates for solutions to elliptic equations, we have

s O™ ()| < emll 775 Hy ()], m € No. (4.24)

Furthermore, Equation (1.3) holds in /3 and Equation (1.8) holds in w5. Therefore, the resid-

uals left by the sum .@;ﬁ + %5 in the representation (4.17) are concentrated on the boundaries
of the inclusions (1.1). Indeed,

(UT ﬂﬁ, ) Ao b7 (uT ’ 79) - %Q(W

N N
—1) D (VUi Vilus — e (05, )e 1) Y (s . (4.25)

j=-N J==N
To compensate such residuals, we construct a boundary layer.

4.4. Boundary layer problem. As usual, near the row of fine holes we have the boundary
layer phenomenon described by the solutions to the problem in the strip II = (—=H, H) x R:

—Aqwz(§) =0, {ellp=1\w, (4.26)

—TAcwo(§) =0, €€w, (4.27)

we(§) —we(§) =0, Fpwa(§) — TOhwe(§) = g(§), & € Ow, (4.28)
owpg owr

wl](fh H) = wlﬂ(fl, _H)7 (é-l? ) = (517 )’ 51 €R. (429)

23 23

Here, wg and w, are the restrictions of w on Il and w respectively. The Laplace equations
(4.26) and (4.27) are obtained from the Helmholtz equations (1.3) and (1.8) by passing to the
stretched variables ¢ = ez, where A, + X = €*2A5 + A, i.e., the Laplacian A¢ is the leading
part of the asymptotics of the Helmholtz operator A, +A. The transmission conditions (4.28) are
inherited by the similar conditions (1.9), whereas the periodicity conditions (4.29) are artificial,
are not related to the quasiperiodicity conditions (1.4), and will be used to construct a global
solution of boundary layer type.

The variational statement of the problem (4.26)—(4.29) has the form

(ng, v{@)l’[o + T(ng, vf‘ﬁ)w = (g, ‘P)@w» p e %,per(n)a (4-30)
on the space A7 per(II) obtained by completion of the linear set C29.,.(I) of infinitely differ-

entiable compactly supported functions that are 2H-periodic with respect to £ in the energy
norm

0 - per ()| = (I Vewps L (o) | + Tl| Vs LA(w) |? + loom; s L2 () |2) /2. (4.31)

By the Poincaré inequality on the sets {£ € IIg : |[£1| < 2h} and w and the one-dimensional
Hardy inequality (3.7) with R = 400, the norm (4.31) is equivalent to the weight norm

(IVes LA(Io)|1* + T Vieips L (@) > + |1 + €3) 7120 L(IL)|* + Tl s LA(w) |1)1/? (4.32)

uniformly with respect to the parameter T' € (0, 1]. As known, the constants belong to the space
7 per (1), in particular, the norms (4.32) are finite. Thus, the following assertion holds (cf., for
example, [31, Section 3]).
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Proposition 4.2. The problem (4.30) with g € L?(0w) has a solution w € 7 pe,(I1) if and
only if
/ 9(&)dse = 0. (4.33)
ow
This solution is defined up to an additive constant and is unique provided that

[ ws(yise = o (4.34)
ow

moreover,
Hw%%ﬂﬂper(ﬂ)” < CH95L2(8W)H7

where ¢ is independent of g and T € (0, 1].

If the contour Ow and the right-hand side g of the second transmission condition in (4.28)
are smooth, then the components wr and w, of the solution w € J7 ., (II) are also smooth on
the sets IT \ w and @ respectively. In the general case, the component wg is smooth outside any
neighborhood of the compact set w, whereas the component w, is smooth inside the domain w.
These obvious facts are true because of local estimates for solutions to elliptic equations: based
on the periodicity condition, it is possible to reduce the problem (4.26)—(4.29) to the case of the
cylindrical surface R x Sof7, where Sy, is the circle of length L.

By the Fourier method, we have the representation

w(é) = (&) + > Ex=()cw (4.35)
+

and the following estimate for the remainder:
IV2G(E)| < ee” DTG gy > b, m e Ny (4.36)

Moreover, ¢, is a constant and x4+ € C*°(R) are cut-off functions vanishing on @,
1, £&
0, +&

2h,
h.

X+ (1) =

AN\

We emphasize that the function (4.35) is stabilized, generally speaking, to different constants cfj
as £ — to0, i.e., the representation (4.35) providing the zero sum of these constants ci =ty
distinguishes the solution w € J7 pe, (1), i.e., it is a counterpart of the orthogonality conditions
(4.34) in Proposition 4.2.

In what follows, we need two (¢ = 1,2) special solutions #; to the problem (4.26)—(4.29)
(or (4.30)) with g9(§) = —0p&y. In both cases, the solvability conditions (4.33) are satisfied,
Wy € I per(Il), and (4.35), (4.36) hold.

4.5. Component of boundary layer type. Thus, in the construction (4.17) of an almost
inverse operator, we set

%7 (x) = up(x), (4.37)
B(x) = (T — 1)y (21) Z Wo(e tar, e trg) Ouz? (0, z2)
0 I 1 ’ Oxg
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=: z-:xg(:vl)yg(x) = 6)(%(961) Z ().

q=1,2

(4.38)

We recall that one of the factors in (4.38), namely, the trace on T of the derivative of solution
u5f to the problem (4.22) is a smooth function on the segment [—H, H] > x3. Taking into

account formulas (4.24) and (4.36), we obtain the estimate
192 Hy ()11 < el f7: Hy ()"
Furthermore,

(V5. Vi )q = e(F°VXE, Vi©)g — e(V.9°,4°Vxh)a + (V.72 V(xhv))a.

(4.39)

(4.40)

The moduli of the first two inner products on the right-hand side of (4.40) do not exceed

=[5 L (93| 1653 HL ()]
since the estimate (4.36) applied to the solutions #'¢ implies
Wo(e™ra)| < e, |Vag(eta)| < Cyele™™*, 7>0, z¢€supp \wag|.
Furthermore,

(Vo2 VX)), = (D08, X505 )0y, + £(On(a) 75 X0UE)) ot

We consider each term .75 (1¢). Since the smooth function

Mo sy
852 (57 :l:H) =¢e axQ (

decays at infinity at a rate O(e~H)~'mlz1l/e) (cf. (4.35), (4.36) and (4.41)), we find

ﬂ,iH)
g

1/2

0.7
S [ G ) o, ) da = S ) + TR + T,

(4.41)

(4.42)

1/2
|ﬂ3<¢5><c||u%”;02<m/3>u< / H/dx> S E( £H); LA (—1/2,1/2)]
+

—-1/2

< e Plug; O Q) 1975 Hy ()]

(4.43)

Note that the estimates for the L?(—1/2,1/2)-norm of the test function ¢ are obtained from

the usual trace inequality for the extension (4.10) of the restriction °
class H' satisfying the relation

Qe

1% HY Q)| < elly® HHQO) < ellvs Hy o (Q)].

Furthermore, since # is harmonic in IT \ @ and w, we get
8uaﬂ
10,06\ — (0 T
Oustt
Oxg

Q
B Oug

T’ ng)ws)

eQ
ous:
Oxg

T - 1)5(((vx%)Tvz

xiuE) A+ T((Va )TV

T’nge)we)'

on ) in the Sobolev
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Taking into account formulas (4.35) and (4.36), we derive the estimate

g (09| < cllv®s Hy p()] Stelg(lvxueTQ(ﬂf)\ + [V3uz ()

x (I#4; L2 3) I + TN H# g5 L2 + 1V W L2 (Q)IP + TNV W L)1)/

) L/3 1/2
<cs|]u§9;02(QL/3)\<1+g / e_H1”|x1|/8dx1> 1955 Hy ()]
~L/3
< e 2|us C2( Q)[4 Hy ()] (4.44)

We represent the remaining terms .#2(¢%) in (4.42) as

(T ‘ WTQ . T s,
(w b J—Z:Naw/w on 8xq( 1’0)W<5)>d
o) Y [ w2 oy ()
G==Ngie 1
N P
+eT-1) Y [ (@) ( >8n0 (x1,0)ds,
J="Nay
o> [ow 2l (D) (G w0 - 28 @)
N n(z) \e/\ Oz, Oz,
= IPW) + IPWE) + TPW). (4.45)

By the definition of the special solutions #; (cf. Subsection 4.4), the sum
FE(°) + I (1)
N T N
= —e(T-1) Y / ¢€(x)<n—) Veui(@)ds, = —(T—1) Y (0nui,9)ous  (4.46)
j:_Nasz- J=-N
coincides with the expression (4.25) taken with the opposite sign, i.e., the residual generated by
the smooth solution uETQ are eliminated.
We deal with another pair of terms on the right-hand side of (4.45) as follows:

IWF) < cells Hy ()| e 2(|#4; L (0w)| Sup Vauz' (@)

< 2% Hy p(Q)|||us; C2(Q3)l,
4.47
oust (4.47)

B 8ueQ
I (W) < el Hy ()] 6210, #4; L (0w) || sup |2 .
q

zeY 833(1

() =

(1‘170)
< e V2% Hy () eus; O (R 5)].
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We summarize the above calculation. First, the estimates (4.18), (4.23), and (4.39) show that
the norm of the mapping (4.4) is uniformly bounded. Second, the sum (4.17) of the three
terms (4.16), (4.37), and (4.38) generates the residual ff(@bg) in the problem (4.1) satisfying the
inequality N
P2 < e fis Hyy o () 1055 Hyy ()7

in view of (4.19), (4.20), (4.25), (4.46), and also (4.21), (4.24), and (4.43)—(4.44), (4.47). It is
this inequality (4.5) with exponent ae = 1/2 that was required to construct the almost inverse
operator (4.4) and, consequently, the true inverse operator (4.2) of the problem (4.1). Thus,
Theorem 4.1 is proved for T € (0, 1].

4.6. Case T = 0. All calculations and arguments of the previous subsections can be easily
adapted to Problem 275, (n). In fact, it suffices to set ' = 0 in all formulas and remove the
first identities from the transmission conditions (1.9) and (4.28), i.e., transform them to the
Neumann conditions (1.7) and d,w(&) = g(§) for £ € dw respectively. It is obvious that the
obtained estimates are uniform with respect to the Floquet parameter 7 € [1e — de, 7e + Je]. The
fact that €4 > 0 can be different in the situations T' € (0, 1] and 7' = 0 does not affect the final
formulation of Theorem 4.1 which thereby is valid for all T' € [0, 1].

5 Comments

5.1. Limit as T'— +0. We fix € > 0, i.e., the inclusions (1.1) are not assumed to be small,
and construct the formal asymptotic expansions of the eigenvalues (1.13)7 of Problem 22%(n)
as T — +0. We refer, for example, to [32] for asymptotic procedures including the proof of
estimates for remainders of asymptotic expansions (the uniformity in the Floquet parameter is
not necessary).

The transmission conditions (1.9) split into two boundary conditions as 7' — +0, so that the
Neumann conditions are imposed at the more rigid inclusion, whereas the Dirichlet conditions
are related to the softer one. Thus, the asymptotic ansétze for eigenpairs {7, (), w7, (+;n)} of
the problem (1.3)—(1.5), (1.8), (1.9)

Te(n) = Aop(n) + TAY () + ..., (5.1)
Wy (251) = ugp (a3 ) + Tugm(sn) + .. (5.2)
Uk (T3 1) = ko (25 1) + Tufo(23m) + . .. (5.3)
contain eigenpairs of the limit problem consisting of the equation
—Augg(;n) = Ao (Mugra(@;n), v € @7, (5.4)

the Neumann boundary conditions (1.4), (1.7), the quasiperiodicity conditions (1.9), and the
equations
—Augpo(xin) = Nop(Muoro(x5m), T €wj, j=-N,...,N, (5:5)
with the Dirichlet boundary conditions (1.6). The dots in (5.1)—(5.3) mean lower-order terms
that are not essential in our formal analysis.
The eigenvalues A%, of the Dirichlet problems (5.5), (1.6) are independent of 1 and satisfy

the estimate
jok 2)‘21 :Ei2Awa j=—N,...,N, (56)
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where A, > 0 is the first (least) eigenvalue of the Dirichlet problem in the domain w. Conse-
quently, for £ € (0,e,) and some &, > 0 (which is acceptable) the required segment [0, \s] is
free from the spectrum of the problem (5.5), (1.6). This segment can contain the eigenvalues of
the problem (5.4), (1.4), (1.7), (1.9) which depend on 7 € [1e — Jde,7e — o] in a complex way
(cf. Figure 3 (a) and Subsection 1.3). In particular, they can be multiple for some values of the
Floquet parameter 7. Let A5, (n) be a »(n)-multiple eigenvalue, i.e.,

Nr—1(m) < Ap(n) == )‘§Vk+%k(n)f1(77) < )\§Vk+%k(n)(77)
in the ordered subsequence of eigenvalues. We consider the asymptotic ansitze (5.1) for A%, ()
with correction terms AJ'(n). In what follows, p = k,...,k + s4(n) — 1. The leading terms
ug, of the ansatz (5.2) for the restrictions u7, 4 of the eigenfunctions u5,, onto the perforated
rectangle Q¢ are looked for in the form

(@) = b (@) + 4 6 Uk (-1 ), (5.7)
and corrections in these ansitze are denoted by u;’m. Here, ug,m, - -, ugy 4o (n)—10 AT€ eigen-
functions of Problem 2% (n) satisfying (1.15), and ¢(P) = (c,(f), e ’Cl(:&)-%k(n)—l)—r e R*(™) are

such that (c\@)Te® =6, .. p,g=Fk,....,k+ 34.(n) — 1. The leading terms ug,., of the ansétze

(5.3) for the functions u%,, = u7,| . are solutions to the problems in the fine domains (1.1)

1>
wj

- Auépo ($7 n) = Agk(n)ugpo(x; 77)7 S sz‘v

ks, () —1 (5.8)
ugpo(x; 77) = u(jeplﬂ (.1‘7 77) = C%)Ugmm ($> 77)7 TE aw§7
m=k
where j = —N,...,N. These problems are uniquely solvable since A\{, < A%, in view of (5.6).
It is obvious that
k+se(n)—1
who(zsn) = Y PDufo(an). (5.9)
m=k

Finally, the correction terms u;’m are found from the equations

— Augn(z;n) — X (mugn(z;n) = X (n)ug,a(z;n)

o ()1
=Xm Y dPugap(nn), ©e (5.10)
m=k

with the conditions (1.4), (1.5) on the unilateral sides of the rectangle 2 and the inhomogeneous
Neumann conditions on the boundaries of the holes (1.1)

k434, (n)—1
O () = OnuGpo(min) = Y BOuf,e(xsm), z€0wf, j=-N,...,N. (511)
m=k

The equalities (5.10) and (5.11) are obtained by substituting the ansétze for eigenpairs into
Equation (1.3) and the second transmission condition in (1.9) and collecting after that coefficients
of the small parameter T'.
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The solvability conditions for the problem (5.10), (5.11), (1.4), (1.5) are obtained with the
help of the Green formula in the domain ¢ for functions u;’m and ufy,:

X (m)el® = X (1) / g () U 7)

QS
=~ [ v ) (Suagain) + Ny lmugs (i )
QE
= / (i (5 m)Onuyy (23 1) — ulyy (25 m)Onug (x5 1)) ds,
Owe
k42, (n)—1
=—/U%q(w;n)anui'm(w;n)dsxz— >y /U%q(w;n)anﬁvmo(w;n)dsx
Owe m=k Owe
ke (m)—1 k54, (n)—1
—— Y [t = > M)l
m=k Owe m=k

Using (5.8), (5.9) and integrating by parts over the domains w; (recall that n is the inward
normal on 0w?), we get

Mg (1) = Aok (1) (Wivg (55 1) uivg (5 1))ws = (Vg (53m), Vg (43m) e (5.12)

where ¢,m = k,..., k4 s,(n) — 1. Thus, the asymptotic corrections A/ (n), ..., )\Z’jL%k(n)_l(n)

are eigenvalues of the symmetric (2;(n) X s¢(n))-matrices M¢(n) with entries (5.12).

Thus, we have constructed the leading terms of the asymptotic expansions (5.1) of the
eigenvalues of Problem £5.(n). The estimates

Mo (m) = A(n) = TN ()] < Cr(mT??, k€N,

obtained in [32] provide the required continuity of 7"+ \5,.(n) at 7' = 0.

By [33, Theorem 7.1.8], if A\5,(n) is a simple eigenvalue (s¢,(n) = 1 in the list (5.7)), then
this function is an analytic real-valued function on [0, Ty(e,n)]. This property is important, but
plays no role in this paper.

Remark 5.1. 1. At the first glance, in view Proposition 2.2, it is much easier to deal
with the modified problem (1) in Subsection 2.2 which can be transformed to Problems
Z5(n) and P(n) by passing to the limit as 7" — 40 and T — 1 — 0 respectively. However,
first, the right inequality in (2.10) holds only if 7" > 1, i.e., it is useless in the limit passage
and, second, additional difficulties arise while constructing the almost inverse operator for the
operator A (\e;n) of the problem (1.3)-(1.5), (2.8), (1.9).

2. As known, passing to the limit as T'— +o00, we obtain the problem (1.3)—(1.5) with the
following integro-differential boundary conditions on the boundaries of the holes (1.1):

£

uso(w;m) = ¢5, = € 0w;, / Onus (x;n)dsy =0, j=—N,...,N.

1>
awj
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Moreover, the constants ¢ are not a priori fixed, but are found when we solve the problem. The
variational statement (1.12) of the problem is considered in the subspace

H%’oo(ﬂg) ={u, € H%(QE) susy(mm) = cj, T € (%);, j=—-N,...,N}.

5.2. Justification of the asymptotics the spectral segments with the Neumann
perforations. A simple result presented in [32] and rewritten in Subsection 5.1 leads to the
following important conclusion: Theorem 4.1 shows that the multiplicities of the spectra on
[0, o] coincide for Problem £75,(n) with the Neumann conditions on the boundaries of holes
(1.1) and Problem Z?(n) on the whole cell. We consider an example to show how to apply this
result.

Formula (1.17) for the eigenvalues of the limit problem £?(n) involving Equation (1.16) in
the rectangle Q = (—1/2,1/2) x (—H, H) and the conditions (1.4), (1.5) on the sides of  shows
that the corresponding dispersion curves form a truss of a rather complex structure. The lower
part of the truss is shown in Figure 3 (b), (c) in the case 1/6 < H < 1/4, where two gaps 73,
and 7%, (the projections of tinted rectangles on the ordinate axis in Figure 3 (a)) can appear
in the spectrum of an infinite periodic waveguide with the Neumann perforation (cf. Figure 1
(a)). These gaps are located in ce-neighborhoods of the points Ay, = 72 and Ay, = (2H) 272,
To identify the gaps 75, we need asymptotic formulas for the upper and lower bounds of the
spectral segments v%;; and v5,, respectively. Due to the interwining of dispersion curves, the
justification of asymptotics for A5 (1) and A54(n) is performed in two steps. First, Theorem
4.1 applied to the segment Ae1 = {(Ne1,7) ‘ In| < 1} (cf. the definition (1.25)) shows that only
one dispersion curve can pass through the rectangle [0, \e1] X [—d1, 1] in Figure 3 (a). Second,
Theorem 4.1 applied to the segment Agoy = {(/\.2,77)‘ n € [m — 282, 7|} yields the opposite
observation: the rectangle [0, Ae2] X [ — 281, 7] in Figure 3 (a) contains arcs of two dispersion
curves. We emphasize that the rectangle is not necessarily symmetrically located because the
function n — A5, (n) is even. Since we can choose Ae1 < g2 and §; > 7 — 282 (cf. Figure
3 (b), where the segments Aq; and Ao+ are marked with dash-dotted lines ending with the
symbol ), we can derive the required uniform estimates with respect to the Floquet parameter
for the remainders in the asymptotic representations of the eigenvalues and obtain exhaustive
information about the spectral segments (1.22)y with K =1 and k = 2.

(b) |

—~
5
SN—

N By

—T

Figure 3. The dispersion curves in the model problem with the Neumann perforation
(a) and on the whole cell (b) and (c¢). The dash-dotted line ended with the symbol e
represents the segment (1.25) which is free from the spectrum of Problem 22%(n).

To study the opening of the gap 7%,;, we use Figure 3 (c). The upper and lower bounds of
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the segments v%;, and v5;4 are determined by the eigenvalues A5 (7) and A5(n), but, in view of
the structure of the truss of dispersion curves, we need to justify the asymptotic expansions of
four eigenvalues A% (7)), ..., Ay4(n) on n € [—d3, d3]. The segments Aqg3 and Aesq are presented
in Figure 3 (c) as above. It is natural to expect that similar coverings of the range interval of
the Floquet parameter can be also constructed for more complicated trusses.

5.3. Another approach to justifying asymptotics for spectral segments with
the Dirichlet perforation. The asymptotics of the eigenvalues of the problem (1.3)—(1.6) is
constructed in [29]. The asymptotics of narrowed spectral segments justified in (1.22) (cf. Figure
2) can be done by different methods, in particular, by using the inequality (3.18) in Theorem 3.1.

The second above-discussed approach is also applicable. Namely, the construction of an
almost inverse operator for mapping

Ap(m;Xe) + Hyy p(Q) = Hy p(Q)° (5.13)
of the inhomogeneous problem Z77,(n) in the variational setting

(Vuh, Vip)as = Ae(up, ¥D)os = [H(UD), ¢ € Hy p(2°)

repeats (with some simplifications) the arguments of Section 4. Moreover, because of the sim-
plicity of dispersion curves, in Problem 9]03 we deal with horizontal segments of level A = Apg.
Therefore, we choose points \e & {Apg }ren for which the operator (5.13) realizes an isomor-
phism for all n € [-m, 7], € € (0,c1e] and some e > 0. As a result, for such values of &
the multiplicities of the discrete spectra of Problems 275 (n) and 2% on [0, As] coincide. Since
the asymptotic expansions of the eigenvalues A7, (7) are obtained in [29], it is obvious that the
estimates for the remainders are uniform in n € [—7, 7).
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